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Introduction and overview

Over the years, the study of stochastic orders has attracted a great deal of attention
from practitioners from diverse fields such as, Insurance, Finance, Economics, Medicine

etc. (Stoyanov et al. 2012). Basically, a stochastic order is a rule that defines the sense in
which one stochastic variable is greater than or less than another. For instance, it would
seem reasonable to conjecture that a random variable X is greater than another random
variable Y if their expected values are similarly ordered. This defines the very simple order
in expectation. It is the simplest stochastic order that compares distributions in terms of
their location. See e.g. Shaked and Shanthikumar (2007). Hence, it is no surprise that it is
not without deficiencies of its own—sometimes the expected values do not exist, as is the
case with the Cauchy distribution.

Many more rules have been proposed in the literature. See Shaked and Shanthikumar (2007).
It is the purpose of this note to discuss the various ways in which stochastic orders can be
applied in Reliability. Throughout this thesis, by increasing we will mean “non-decreasing”;
by decreasing we will mean “non-increasing”. When we have random variables X and Y
and say that Y preceeds X in some specified order, we will also say the same about their
respective distributions.

The rest of this note is organised into five chapters, which in turn divide into subsections.
Chapter 1 discusses some of the most commonly used stochastic orders and their applications
in Reliability. In Chapter 2 we discuss the ordering of the sub-family of Weibull distributions.
Mixtures are presented in Chapter 3. This chapter also lays down the basics of what is
presented in the penultimate chapter, which recalls some results on burn-in in heterogeneous
populations. Finally we draw our conlusions in Chapter 5.
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Chapter 1

An overview of common
stochastic orders

1.1 Introduction

We present herein, an overview of the most important univariate stochastic orders already
common in the literature. By stochastic order we mean any rule that gives a probabilis-
tic meaning to the inequality X 5 Y where X and Y are (univariate) random variables.
Stochastic orders have already been applied in Actuarial Science (e.g. in ordering risks) and
Reliability (e.g. in ordering lifetimes). Usually in Reliability, one is concerned only with
non-negative random variables. In the sequel, by lifetime we will mean a non-negative ran-
dom variable and the terms will be used interchangeably. The majority of stochastic orders
in the literature have the following desirable properties:

1. X 5 Y and Y 5 Z imply that X 5 Z (or the order 5 is transitive),

2. X 5 X (or the order 5 is reflexive),

3. X 5 Y and Y 5 X imply that X = Y (or the order 5 is antisymmetric).

An order with all three of the above-listed properties is referred to as a partial order. See
Kasriel (1971). It is common in Stochastic Order literature to use the terms “increasing”
and “decreasing” as meaning “non-decreasing” and “non-increasing”, respectively. We adopt
this convention in this note.
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1.2 Order in expectation

A lifetime X is said to less than another lifetime Y in expectation if E[X] 5 E[Y ]. It can
easily be shown that the order in expectation is closed under convolutions. To this end,
suppose that two sequences of independent random variables {Xi}ni=1 and {Yi}ni=1 are such
that E[Xi] 5 E[Yi]. It follows that

E

[
n∑
i=1

Xi

]
5 E

[
n∑
i=1

Yi

]
.

Theorem 1.2.1. Let {Xi}∞i=1 denote a sequence of random variables with common mean

E[X]. Define random sums S =
∑N
i=1Xi and S′ =

∑M
i=1Xi, where E[S] 5 E[S′] and

both counting variables N and M with N < M are independent of the Xi’s. Then
E[S] 5 E[S′].

Proof. The conditional expectation of S is given by

E[S|N = n] = nE[X],

hence
E[S|N ] = N E[X].

The well-known law of total expectation gives

E[S] = E{E[S|N ]}
= E[N ] E[X]. (1.1)

We then have
E[S] 5 E[S′] = E[M ] E[X].

The example below shows that the order in expectation is preserved under the formation of
series systems whose components have Exponentially distributed lifetimes.

Example 1.2.1. For i = 1, . . . , n, let Xi ∼ i.i.d Exp (λi) and Yi ∼ i.i.d Exp (µi) be sequences
of lifetimes that satisfy E[Xi] 5 E[Yi] (or equivalently, µi 5 λi). Define new lifetimes
T = min15i5n{Xi} and T ′ = min15i5n{Yi}. One might wonder whether or not E[T ] 5 E[T ′]
is satisfied. To show that this is indeed the case, we write

Pr{T > t} =

n∏
i=1

Pr{Xi > t}

=

n∏
i=1

exp{−λit}

= exp{−t
n∑
i=1

λi}.

2



Hence T ∼ Exp (
∑n
i=1 λi). Similarly, T ′ ∼ Exp (

∑n
i=1 µi). Since

∑n
i=1 µi 5

∑n
i=1 λi, it

follows that E[T ] 5 E[T ′].

In the following example, by X ∼W(α, λ) we mean that X follows a (2-parameter) Weibull
distribution with shape parameter α > 0 and scale parameter λ > 0. The density function,
distribution function and mean of this distribution are given by (see e.g. Tijms 2003)

f(x) = αλ(λx)α−1 exp{−(λx)α}, x > 0,

F (x) = 1− exp{−(λx)α}, x > 0,

and

E[X] =
1

λ
Γ

(
1 +

1

α

)
,

respectively.

Example 1.2.2. Suppose Xi ∼ W(α, λi) and Yi ∼ W(c, µi) are sequences of independent
lifetimes that satisfy E[Xi] 5 E[Yi]. Define T and T ′ as in Example 1.2.1. It can be shown
using arguments similar to those in Example 1.2.1 that

T ∼W(α,

n∑
1

λαi )

and

T ′ ∼W(α,

n∑
1

µci ).

If c = α, then a necessary condition for the inequality E[Xi] 5 E[Yi] to hold is that µi 5 λi.
It follows that, if µi, then

∑n
i=1 µ

c
i 5

∑n
i=1 λ

α
i and hence

Γ(1 + 1/α)∑n
i=1 λ

α
i

= E[T ] 5
Γ(1 + 1/c)∑n

i=1 µ
c
i

= E[T ′].

One of the other many cases in which the inequality E[Xi] 5 E[Yi] holds is if c < α and
µi = λi. In this case we have

Γ(1 + 1/α)∑n
i=1 λ

α
i

= E[T ] 5
Γ(1 + 1/c)∑n

i=1 µ
c
i

= E[T ′].
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The preceding example gives some conditions under which the order in expectation is closed
under the formation of series systems of Weibull distributed lifetimes.

Next we investigate closure with respect to the formation of parallel systems.

Example 1.2.3. A random variable X has a Standard-Power distribution if its density is
given by (see Leemis & McQueston 2008)

f(x) = βxβ−1, 0 < x < 1.

It can be shown that

E[X] =
β

β + 1
.

Suppose that for i = 1, . . . , n, Xi denotes a random variable from a Standard-Power(βi)
distribution. Suppose also that for i = 1, . . . , n, Yi denotes a random variable from a
Standard-Power(ξi) distribution, where βi ≤ ξi. It follows then that E[X] 5 E[Y ]. Our
interest is in whether or not it follows that E[max15i5n{Xi}] 5 E[max15i5n{Yi}].

Let T = max15i5n{Xi} and T ′ = max15i5n{Yi}. It can be shown that

T ∼ Standard-Power

(
n∑
i=1

Xi

)
.

A corresponding expression can be written for T ′. Since
∑n
i=1 βi 5

∑n
i=1 ξi, it follows that

E[T ] =

n∑
i=1

βi

1 +

n∑
i=1

βi

5

n∑
i=1

ξi

1 +

n∑
i=1

ξi

= E[T ′].

The order in expectation is not very informative—perhaps this explains why it has not been
widely used in the literature. What is more, expected values do not always exist. The
Cauchy distribution is perhaps the most common distribution with this deficiency. A more
informative and more widely used order is the usual stochasitc order. This is considered
next.

1.3 The usual stochastic ordering

Consider two random variables X and Y which could be continuous or discrete. If

Pr[X > x] 5 Pr[Y > x] for all x ∈ R, (1.2)

then X is said to be smaller than Y in the usual stochastic order (written X 5st Y )
(Shaked & Shanthikumar 2007, p. 3). Suppose also that the random variables X and Y have

4



distribution functions F (·) and G(·) respectively. Then Equation 1.2 can be equivalently
restated as

F̄ (x) 5 Ḡ(x) for all x ∈ R, (1.3)

where F̄ (x) = 1 − F (x) and Ḡ(x) = 1 − G(x) denote the survival (or reliability) functions
of X and Y respectively. It can also be shown (see Shaked & Shanthikumar 2007, p. 4)
that X 5st Y if and only if E[φ(X)] 5 E[φ(Y )] for all increasing functions φ(·) for which
the expectation exists. If we set φ(x) = x, we see that the usual stochastic order implies
the order in expectation. However, the converse is not true; it is not true in general that if
E[X] 5 E[Y ] then X 5st Y . As a simple counterexample consider 3 random variables X1,
X2 and, X3, where X1 has a Student-F distribution with 2 and 3 degrees of freedom, X2

has an Exponential distribution with λ = .5 and, X3 has a Gamma distribution with rate
α = 2 and shape parameter λ = 1. It is easy to see that E[X1] = E[X2] and E[X1] = E[X3]
yet, as can be seen in Fig 1.1, each of the three corresponding survival functions bounds all
the others at least once in the interval [0,∞).

0 2 4 6 8 10

0.
2

0.
4

0.
6

0.
8

1.
0

x

S
ur

vi
va

l P
ro

ba
bi

lit
y

Student−F
Exponential
Gamma

Figure 1.1: Survival functions of the Student-F, Exponential and, Gamma random variables.

It is well-known that the distribution of a convolution of n independent homogeneous Ex-
ponential random variables is an Erlang distribution with parameters n and common rate
λ. We find it interesting to see how one would order a convolution of heterogeneous Expo-
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nential random variables and a corresponding Erlang distribution. The example below is a
special case of that in Shaked and Shanthikumar (2007, p. 13).

Example 1.3.1. Let Xi ∼ Exp(λi) for i = 1, 2 denote two Exponential random variables and
let Y ∼ Erlang(2, ξ). We are interested in finding a necessary and sufficient condition for the
inequality Y 5st X1 + X2 to hold. Recall that the distribution function of an Erlang(n, ξ)
distribution is given by

G(y) = 1−
n−1∑
i=0

e−ξy
(ξy)i

i!
, y ≥ 0.

In the special case of n = 2 we have

G(y) = 1− e−ξy(1 + ξy).

Also, the density function corresponding to the convolution X1 +X2 is given by,

fX1+X2
(t) =

∫ t

0

fX1
(x1)fX2

(t− x1) dx1

=

∫ t

0

fX2
(x2)fX1

(t− x2) dx2,

where fX1(·) and fX2(·) denote the density functions of X1 and X2, respectively. Hence if,
Xi ∼ Exp(λi) for i = 1, 2, and we form the convolution X1 +X2, then

fX1+X2
(t) =

∫ t

0

fX1
(x1)fX2

(t− x1) dx1

=

∫ t

0

λ1e−λ1x1λ2e−λ2(t−x1) dx1

=
λ1λ2

λ1 − λ2
e−λ2t

[
1− e−t(λ1−λ2)

]
(1.4)

From Equation 1.4 we get,

F̄X1+X2(x) =
λ1

λ1 − λ2
e−λ2x − λ2

λ1 − λ2
e−λ1x

Now we have
Y 5st X1 +X2

if and only if
λ1

λ1 − λ2
e−λ2t − λ2

λ1 − λ2
e−λ1t ≤ e−ξt(1 + ξt) (1.5)

6
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Figure 1.2: Survival functions of the Erlang distribution and the convolution of heteroge-
neous Exponentials.

for all t.

Panel (a) of Figure 1.2 displays Ḡ(·) in black and F̄ (·) in red for values λ1 = 2, λ2 = 8 and,
ξ = 3 that satisfy

√
λ1λ2 > ξ. For panel (b), in which the stochastic order is reversed, ξ = 5

while the other values remain unchanged so that
√
λ1λ2 < ξ.

The theorem below, restated (without proof) is a special case of a more general theorem
in Shaked and Shanthikumar (2007, p. 6), states that the usual stochastic order is closed
under convolutions.

Theorem 1.3.1. Suppose that two sequences of independent random variables {Xi}ni=1

and {Yi}ni=1 are such that Xi 5st Yi, then
∑n
i=1Xi 5st

∑n
i=1 Yi.

Another interesting result from Shaked and Shanthikumar (2007) related to Theorem 1.3.1
is stated in the following theorem.
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Theorem 1.3.2. Let {Xi}∞i=1 denote a set of independent non-negative random variables,
and let M be another non-negative integer-valued random variable independent of the
Xi’s. Let {Yi}∞i=1 denote another set of independent non-negative random variables,
and let N be a non-negative integer-valued random variable independent of the Yi’s. If
Xi 5st Yi for all i = 1, 2, . . ., and if M 5st N , then

∑M
i=1Xi 5st

∑N
i=1 Yi.

1.4 The hazard rate ordering

The hazard (or failure) rate function of a nonnegative random variable X with density f(·)
and survival function F̄ (·) is defined by (see e.g. Ross 1983, p. 25)

r(t) =
f(t)

F̄ (t)
.

An alternative expression that affords a simple interpretation is

r(t) = lim
δt→0

Pr[t < X 5 t+ δt|X > t]

δt
, (1.6)

from which it is seen that, for small δt, Pr[t < X 5 t+δt|X > t] ≈ r(t)δt (or the probability
that a lifetime that survives time t does not survive a further δt time units). The hazard
rate order compares lifetimes with respect to their hazard rates. A lifetime X is said to be
smaller than another lifetime Y in the hazard rate order (written X 5hr Y ) if rX(t) = rY (t)
for all t = 0 where rX(t) and rY (t) are the hazard rate functions of X and Y . An equivalent
condition for X 5hr Y to hold is that Ḡ(t)/F̄ (t) be non-decreasing in t, where F̄ (·) and
Ḡ(·) are the survival functions of X and Y , respectively (Boland et al 1994). This is just
another way of saying X 5hr Y if Ḡ(t) ≥ F̄ (t) for all t ≥ 0. Hence, if we let t → −∞, we
have proved the following theorem:

Theorem 1.4.1. If X 5hr Y then X 5st Y .

The following theorem is repeated from Shaked and Shanthikumar (2007, p. 18). It asserts
that the hazard rate order is closed under increasing transformations.

Theorem 1.4.2. If X 5hr Y and φ(·) is any increasing function, then φ(X) 5hr φ(Y ).

Closure of the hazard rate ordering under convolutions requires that all the random variables
have log-concave survival functions. A random variable X that has a log-concave survival
function is said to be IFR (or to have an increasing failure rate)(see Shaked & Shanthikumar
2007). We state this closure property in the next theorem, also repeated from Shaked and
Shanthikumar (2007, p. 19).

8



Theorem 1.4.3. Suppose that two sequences of independent random variables {Xi}ni=1

and {Yi}ni=1 are such that Xi 5hr Yi. If for all i = 1, . . . , n the Xi’s and the Yi’s are all
IFR, then

∑n
i=1Xi 5hr

∑n
i=1 Yi.

For i = 1, . . . , n, denote by rXi(t) the hazard rate of a random variable Xi. Further, let
T = min15i5n{Xi}. If the Xi are independent then it can easily be shown that

F̄T (t) =

n∏
i=1

Pr{Xi > t}

= exp

{
−
∫ t

0

n∑
i=1

rXi(s) ds

}

= exp

{
−
∫ t

0

rT (s) ds

}
from which we see that the hazard rate of a series system consisting of n independent
lifetimes is the sum of the n hazard rates. Hence if for each i = 1, . . . , n, Xi 5hr Yi, i.e. if
rXi(t) = rYi(t) for all t > 0, then

n∑
i=1

rXi(t) =
n∑
i=1

rYi(t) for all t = 0.

The foregoing result implies that the hazard rate ordering is preserved under the formation
of series systems (see Boland et al. 1994). We have thus proved the following theorem.

Theorem 1.4.4. Denote by X1, . . . , Xn and Y1, . . . , Yn two sets of independent lifetimes.
If Xi 5hr Yi for i = 1, . . . , n, then T = min15i5n{Xi} 5hr T

′ = min15i5n{Yi}.

In the example below we consider a special case of a more general result that has been
proved in the literature.

Example 1.4.1. Let X ∼ Exp(λ) and Y ∼ Exp(µ) denote two Exponential lifetimes that
satisfy X 5hr Y . If we denote the distribution functions of X and Y by F (·) and G(·),
respectively, let H(·) = pF (·) + (1 − p)G(·) denote the distribution function of another
lifetime Z for some 0 < p < 1. It is easy to show that

H̄(z) = (1− p)e−µz + pe−λz

and

rZ(t) =
pλe−λt + (1− p)µe−µt

pe−λt + (1− p)e−µt
.

Now write,
pλe−λt + (1− p)µe−µt

pe−λt + (1− p)e−µt
≥ µ,

9



or equivalently

pλe−λt + (1− p)µe−µt ≥ pµe−λt + (1− p)µe−µt,

from which we get λ ≥ µ. Again write,

pλe−λt + (1− p)µe−µt

pe−λt + (1− p)e−µt
≤ λ

or
pλe−λt + (1− p)µe−µt ≤ pλe−λt + (1− p)λe−µt,

which in turn implies that λ ≥ µ. Hence, µ ≤ rZ(t) ≤ λ.

The foregoing example shows that a random variable whose distribution is a mixture of
two distribution functions of hazard rate ordered Exponential random variables is bounded
from above and below, in the hazard rate order sense, by these two random variables. This
result can be shown to hold in general. This is stated in the following theorem (Shaked &
Shanthikumar 2007, pp. 27-28).

Theorem 1.4.5. Let X and Y be two random variables with distribution functions
F (·) and G(·), respectively. If Z is another random variable with distribution function
pF (·) + (1− p)G(·) where 0 < p < 1, and if X 5hr Y , then X 5hr Z 5hr Y .

Before we discuss other interesting closure properties of the hazard rate order, we recall the
concept of a so-called k-out-of-n system. If a system consists of n components, but can
actually provide the required service with as few as k < n operating components, then it
is called a k-out-of-n system (see e.g. Sherwin & Bossche 1993). Order statistics play an
important role in the study of k-out-of-n systems. A result that concerns the hazard rate
order and order statistics is stated next.

Theorem 1.4.6. Suppose that {Xi}ni=1 is a sequence of independent and identically
distributed random variables. Suppose that {Yi}ni=1 is another such sequence and, that
Xi 5hr Yi for all i = 1, . . . , n. Then X(k) 5hr Y(k).

Now consider a k-out-of-n system with independent and identically distributed component
lifetimes X. If another such k-out-of-n system with component lifetimes Y is such that
X 5hr Y , then τk|n 5hr τ

′
k|n where τk|n and τ ′k|n denote lifetimes of k-out-of-n systems with

component lifetimes X and Y , respectively (Lynch et al. 1987, cited in Boland et al. 1994).
That is, k-out-of-n systems whose components have identically distributed lifetimes preserve
the hazard rate ordering (Boland et al. 1994). The following intuitive result is proved in
(Boland et al. 1994).

Theorem 1.4.7. τk+1|n 5hr τk|n for all k = 1, . . . , n− 1.
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The following theorem is a by-product of a result proved in Boland et al. (1994).

Theorem 1.4.8. Suppose that X(1) < X(2) < · · · < X(n) denote order statistics cor-
responding to the sequence of independent lifetimes {Xi}ni=1. Then X(1) 5hr X(2) 5hr

· · · 5hr X(n).

The result in the theorem above remains true when the hazard rate ordering is replaced by
the weaker usual stochastic order (Boland et al. 1994).

1.5 The reversed hazard rate ordering

The hazard rate function happens to have a dual function that has also been seen to have
interesting features in Reliability (Finkelstein 2002). For a lifetime X, the reversed hazard
rate is defined as r̃(t) = (∂/∂t) logF (t) (Shaked & Shanthikumar 2007, p. 36). We then
see that the distribution function of X can be expressed in terms of the reversed hazard
rate thus F (t) = exp{−

∫∞
t
r̃(s) ds}. Block et al. (1998) show that non-negative random

variables cannot have increasing reversed hazard rates. If the respective reversed hazard
rates of X and Y are denoted r̃X(t) and r̃Y (t), then X is said to be smaller than Y in the
reversed hazard rate order (denoted X 5rh Y ) if

r̃X(t) 5 r̃Y (t) for all t > 0.

Theorem 1.5.1. If X 5rh Y then X 5st Y .

Proof. If X 5rh Y then for all t > 0,
∫∞
t
r̃X(s) ds 5

∫∞
t
r̃Y (s) ds. Hence for all t > 0,

F (t) = exp

{
−
∫ ∞
t

r̃X(s) ds

}
= exp

{
−
∫ ∞
t

r̃Y (s) ds

}
=G(t),

and the proof is complete.

To derive more results analogous to those obtained under the hazard rate order, let Xi for
i = 1, . . . , n denote a set of independent lifetimes. If for i = 1, . . . , n the reversed hazard
rate of Xi is denoted by r̃Xi(t), then it can easily be shown that the distribution function
of T = max15i5n{Xi} can be expressed as Pr[T < t] = exp{−

∫∞
t

∑n
i=1 r̃Xi(s) ds} (i.e. the

reversed hazard rate of a parallel system consisting of components with independent lifetimes

11



is simply the sum of the reversed hazard rates of the individual components). From this it
can easily be shown that the reversed hazard rate order is preserved under the formation of
parallel systems. We state this observation without proof in the following theorem.

Theorem 1.5.2. Denote by X1, . . . , Xn and Y1, . . . , Yn two sets of independent lifetimes.
If Xi 5rh Yi for i = 1, . . . , n, then T = max15i5n{Xi} 5rh T

′ = max15i5n{Yi}.

Proof. The proof is trivial and has been left out.

1.6 The likelihood ratio ordering

Suppose that lifetimes X and Y have respective densities f(·) and g(·). Then X is said to
be smaller than Y in the likelihood ratio order (written X 5Lr Y ) if

f(x)

g(x)
=
f(y)

g(y)
for all x 5 y.

The above condition can be restated as follows: X 5Lr Y if the likelihood ratio g(x)/f(x)
is non-decreasing in x (Ross 1983, p. 266).

The example below shows how one would order a family of Binomial(n, p) random variables
for fixed n.

Example 1.6.1. Let X ∼ Bin(n, θ) and Y ∼ Bin(n, π) denote two Binomial random variables.
The respective densities are

f(x) =

(
n

x

)
θx(1− θ)n−x

and

g(y) =

(
n

y

)
πx(1− π)n−y.

The likelihood ratio

g(t)

f(t)
=
(π
θ

)t(1− π
1− θ

)n−t
=
(π
θ

)t( 1− θ
1− π

)t−n
is non-decreasing in t for all θ ≤ π. Hence we see that for Binomial random variables
X ∼ Bin(n, θ) and Y ∼ Bin(n, π) that satisfy θ ≤ π, we have X 5Lr Y .

A family of random variables {Xθ|a ≤ θ ≤ b} is said to be a monotone likelihood ratio
family if Xθ1 5Lr Xθ2 when θ1 ≤ θ2 (Ross 1983, p. 281). Example 1.6.1 above shows that

12



the family of Binomial(n, p) random variables (with n fixed) has monotone likelihood ratio.
This property is also enjoyed by some other families of random variables.

A theorem in Shaked and Shanthikumar (2007) states that X 5Lr Y =⇒ X 5hr Y and
X 5Lr Y =⇒ X 5rh Y . The authors further show by example that neither the hazard
rate order nor the reversed hazard rate order (even if both simultaneously hold) implies the
likelihood ratio order. Below we repeat a theorem and its proof from Ross (1983, p. 266).

Theorem 1.6.1. If X 5Lr Y then X 5hr Y .

Proof. Denote the density and distribution functions of X by f(·) and F (·) respectively.
Similarly, let g(·) and G(·) denote the density and distribution functions of Y . If X 5Lr Y
then for all x > t,

f(t)

g(t)
=
f(x)

g(x)
,

or equivalently f(x) 5 g(x)f(t)/g(t). We then have

rX(t) =
f(t)∫ ∞

t

f(x) dx

=
f(t)∫ ∞

t

{g(x)f(t)/g(t)} dx

=
g(t)∫ ∞

t

g(x) dx

=rY (t),

which completes the proof.

Suppose that lifetimes X and Y have Exponential distributions with respective rates λ
and µ. An example in Ross (1983) shows that X 5Lr Y when µ 5 λ. Now, let Xi have
an Exponential distribution with rate λ independently for all i = 1, . . . , n and Yi have an
Exponential distribution with rate µ independently for all i = 1, . . . , n where µ 5 λ so that
Xi 5Lr Yi for i = 1, . . . , n. We show that T =

∑n
i=1Xi 5Lr T

′ =
∑n
i=1 Yi. To this end, we

note that the ratio of densities of T ′ and T

gT ′(x)

gT (x)
=
(µ
λ

)n
exp{−(µ− λ)x},
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is nondecreasing in x since µ 5 λ. This result implies that the likelihood ratio order is
closed under convolutions at least for homogeneous Exponentially distributed lifetimes.

The following example is somehow an extension of the previous one. Here we assume that
the Xi’s and the Yi’s are heterogeneous; but we consider only the case of n = 2.

Example 1.6.2. It was shown in Example 1.3.1 that the density of the convolution X1 +X2

where Xi ∼ Exp(λi) for i = 1, 2 is

fX1+X2
(t) =

λ2λ1

λ2 − λ1
e−λ1t[1− e−t(λ2−λ1)].

Suppose now that Yi ∼ Exp(µi) and Xi 5Lr Yi (i.e. µi ≤ λi) for i = 1, 2.

gZ(t) =
µ2µ1

µ2 − µ1
e−µ1t[1− e−t(µ2−µ1)]

gZ(t)

fW (t)
=

µ2µ1

µ2 − µ1
· λ2 − λ1

λ2λ1
· 1− e−t(µ2−µ1)

1− e−t(λ2−λ1)
e−t(µ1−λ1) (1.7)

The foregoing function can be shown to be non-decreasing in t for µi ≤ λi. Hence we have
W 5Lr Z.

A result even more general than the one in Example 1.6.2 is proved in Shaked and Shan-
thikumar (2007, p. 46). We restate it below but omit the proof.

Theorem 1.6.2. Suppose that two sequences of independent random variables {Xi}ni=1

and {Yi}ni=1 are such that Xi 5Lr Yi for i = 1, . . . , n. If the Xi’s and the Yi’s all have
log-concave densities, except possibly one Xl and Yk (l 6= k), then

∑n
i=1Xi 5Lr

∑n
i=1Xi.

A result related to Theorem 1.6.2 but which involves random sums is stated in our next
theorem. See Shaked and Shanthikumar (2007, p. 47).

Theorem 1.6.3. Let {Xi}∞i=1 denote a sequence of lifetimes with log-concave densities.
Let M and N be two discrete positive integer-valued random variables such that M 5Lr

N , and assume that M and N are independent of the Xi’s. Then
∑M
i=1Xi 5Lr

∑N
i=1Xi.

Theorem 1.4.6 stated that a random variable whose distribution is a mixture of two distri-
bution functions of hazard rate ordered random variables is bounded from above and below,
in the hazard rate order sense, by these two random variables. Shaked and Shanthikumar
(2007) show that this theorem remains valid with the hazard rate order replaced by the
likelihood ratio order. This is our next theorem.
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Theorem 1.6.4. Let X and Y be two random variables with distribution functions
F (·) and G(·), respectively. If Z is another random variable with distribution function
pF (·) + (1− p)G(·) where 0 < p < 1, and if X 5Lr Y , then X 5Lr Z 5Lr Y .

The example below is an application of the theorem above to a mixture of Exponential
random variables.

Example 1.6.3. Define random variables X, Y and Z as in Example 1.4.1 above. The density
of Z is then given by,

fZ(t) = pλe−λt + (1− p)µe−µt.

Now since
fZ(t)

fX(t)
= p+ (1− p)µ

λ
e−t(µ−λ)

and
fY (t)

fZ(t)
=

µ

pλe−t(λ−µ) + (1− p)µ
are both non-decreasing in t if µ ≤ λ, it follows that X 5Lr Z 5Lr Y .

Results stated in Theorem 1.4.8 for the usual stochastic order can be stated for the likelihood
ratio order with slightly stronger assumptions. This is the content of the next theorem.

Theorem 1.6.5. Suppose that X1:n < X2:n < · · · < Xn:n denote order statistics cor-
responding to the sequence of independent lifetimes {Xi}ni=1. If the Xi’s are identically
distributed, then X1:n 5Lr X2:n 5Lr · · · 5Lr Xn:n.

Proof. Each Xk:n has density (see e.g. Rice 2007, p. 105)

fk(x) =
n!

(k − 1)!(n− k)!
f(x)F k−1(x)[1− F (x)]n−k,

where F (·) and f(·) denote the common distribution and density functions of the Xi ’s,
respectively. Hence we have,

fk(t)

fk−1(t)
=
n− k + 1

k − 1
F (t)[1− F (t)],

which is obviously non-decreasing in t for all k = 2, . . . , n since 0 ≤ F (x) ≤ 1 and hence
F (x) ≥ F 2(x) for all x.

The density and distribution functions of a Log-Normal random variable X with parameters
µ and σ are given by (see e.g. Tijms 2003, p. 443)

f(x) =
1

xσ
√

2π
exp

{
−(log x− µ)/2σ2

}
, x > 0
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and

F (x) = Φ

(
log x− µ

σ

)
, x > 0.

The likelihood ratio

fk(t)

fk−1(t)
=
n− k + 1

k − 1
Φ

(
log t− µ

σ

)[
1− Φ

(
log t− µ

σ

)]
,

except for the positive multiplicative constant (n− k+ 1)/(k− 1), is displayed in Figure 1.3
for µ = 5 and σ = 3.
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Figure 1.3: Plot of the likelihood ratio fk(t)/fk−1(t) for Log-Normal random variables.

It is necessary that the Xi’s in Theorem 1.6.5 be identically distributed for the conclusions
therein to be true. Even if the Xi’s come from the same sub-family and differ only in
parameter values, we cannot conclude that X1:n 5Lr X2:n 5Lr · · · 5Lr Xn:n. We see this in
Example 1.6.4 below.

Example 1.6.4. Consider the first two order statistics X1:n and X2:n of random variables
from respective densities f(x) = λe−λx and g(x) = µe−µx. From the latter densities we
have,
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f1(x) =
n!

(n− 1)!
f(x)[1− F (x)]n−1

=nλe−λxe−λx(n−1)

=nλe−nλx,

and

g2(x) =
n!

(n− 2)!
g(x)G(x)[1−G(x)]n−2

=n(n− 1)µe−µx(1− e−µx)e−µx(n−2)

=n(n− 1)µe−µx(n−1)(1− e−µx).

From these we have

g2(x)

f1(x)
=(n− 1)µe−µx(n−1)enλx(1− e−µx)/λ

=(n− 1)µe−x(nµ−µ−nλ)(1− e−µx)/λ. (1.8)

The expression in Equation 1.8 is increasing if and only if µ = λ; otherwise it is non-
monotone, in which case there is no likelihood ratio order. In panel (a) of Figure 1.4 we
have the case of µ = λ = 3; panel (b) displays the case of µ = 6 and λ = 3. In both cases
we have set n = 10.

1.7 Other univariate stochastic orders

The stochastic orders discussed in the previous sections (with the exception of the reverse
hazard rate order) are what one may call the most common and important ones. Some
other less common orders have also been proposed in the literature. These include, but are
not limited to (see e.g. Shaked & Wong 1997),

1. the convolution order, denoted 5conv,

2. the Laplace transform order, denoted 5Lt,

3. the Laplace transform ratio order, denoted 5Lt-r,

4. the reverse Laplace transform ratio order, denoted 5r-Lt-r,

5. the increasing convex order, denoted 5icx, and,

6. the increasing concave order, denoted 5icv.
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Figure 1.4: Plot of the likelihood ratio g2(t)/f1(t) for: (a) homogeneous and, (b) heteroge-
neous Exponential random variables.

Let us briefly discuss the first three orders. A random variable X is said to be smaller than
another random variable Y in the convolution order (written X 5conv Y ) if there exists a
non-negative random variable U independent of X such that Y =st X+U (Shaked & Wong
1997). The convolution order implies the usual stochastic order, is closed under increasing
linear transformations (i.e. X 5conv Y =⇒ a + bX 5conv a + bY ) and, is closed under
convolutions, among other properties. It can be shown (see Shaked & Shanthikkumar 2007,
p. 71) that X 5conv Y is equivalent to the condition that,

LY (s)

LX(s)
be completely monotone in s ≥ 0.

We use this characterisation to order Exponential random variables in the following example
(see Shaked & Shanthikumar 2007, p. 71).

Example 1.7.1. Suppose that X ∼ Exp(λ) and Y ∼ Exp(µ) where µ < λ. We then have,

LX(s) =

∫ ∞
0

λe−t(s+λ) dt

=
λ

s+ λ
,
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from which we see that
LY (s)

LX(s)
=
λ

µ
· s+ µ

s+ λ

is completely monotone in s ≥ 0. Hence, we have X 5conv Y .

The Laplace transform of a non-negative random variable X with distribution function F (·)
is defined by (Shaked & Wong 1997),

LX(s) =

∫ ∞
0

e−st dF (t), s ≥ 0.

A random variable X is said to be smaller than another random variable Y in the Laplace
transform order (written X 5Lt Y ) if LX(s) ≥ LY (s), s > 0 (Shaked & Wong 1997). We
say that a lifetime X is smaller than another lifetime Y in the Laplace transform ratio order
(written X 5Lt-r Y ) if

LY (s)

LX(s)
is decreasing in s > 0;

while if,
1− LY (s)

1− LX(s)
is decreasing in s > 0,

then X is said to be smaller than Y in the reverse Laplace transform ratio order (denoted
X 5r-Lt-r Y ) (Shaked & Wong 1997).

In the next example, we find a sufficient condition for a homogeneous convolution of Ex-
ponential random variables to preceed its heterogeneous counterpart with respect to the
Laplace transform ratio order. Specifically, we show that that if the common parameter µ
of the Yi’s is less than all the different parameters λi of the Xi’s, then

n∑
i=1

Xi 5Lt-r

n∑
i=1

Yi.

In proceeding with the example we will need the following elementary but important result:

If functions f(·) and g(·) and their respective derivatives are positive, then so is the derivative
of their product,

(f · g)′ = f ′(x)g(x) + g′(x)f(x). (1.9)

Example 1.7.2. For i = 1, . . . , n, let Xi ∼ Exp(λi) and Yi ∼ Exp(µ). Laplace transforms of
the sums S =

∑n
i=1Xi and S′ =

∑n
i=1 Yi are given by

LS(s) =

n∏
i=1

(
λi

λi + s

)
,
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and

LS′(s) =

(
µ

µ+ s

)n
.

respectively.

The ratio of the above Laplace transforms can be written

LS(s)

LS′(s)
=

∏n
i=1

(
λi
λi+s

)
∏n
i=1

(
µ
µ+s

) =
λ1

λ1 + s
· µ+ s

µ

λ2

λ2 + s
· µ+ s

µ
. . .

λn
λn + s

· µ+ s

µ

=
λ1

µ
· µ+ s

λ1 + s
· λ2

µ
· µ+ s

λ2 + s
· · · λn

µ
· µ+ s

λn + s

=

n∏
i=1

(
λi
µ
· µ+ s

λi + s

)
Now since

∂

∂s

(
µ+ s

λi + s

)
> 0

if (and only if) λi > µ and because we have(
µ+ s

λi + s

)
> 0,

then successive application of the prelude stated above this example gives

∂

∂s

(
n∏
i=1

λi
µ
· µ+ s

λi + s

)
> 0.

This implies that the ratio LS′(s)/LS(s) is increasing for s > 0, or equivalently, that its
reciprocal LS′(s)/LS(s) is decreasing for s > 0. Hence we have

n∑
i=1

Xi 5Lt-r

n∑
i=1

Yi.

It is shown in Shaked & Wong (1997) that the order 5r-Lt-r is equivalent to the following
condition,

∫ ∞
0

e−stF̄Y (t) dt∫ ∞
0

e−stF̄X(t) dt

is decreasing in s > 0, (1.10)
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where F̄X(·) and F̄Y (·) denote the survival functions of X and Y , respectively. It can be
shown that the above-mentioned stochastic orders are related thus (see Shaked & Suarez-
Llorens 2003),

X 5conv Y =⇒ X 5r-Lt-r Y =⇒ X 5Lt Y.

Some interpretations of the orders 5Lt-r and 5r-Lt-r have been proposed. For example, if
a machine with survival function F̄ (·) produces one unit of some output when functioning.
The present value of one unit produced at time t is 1 · e−st, where s is the discount rate.
Then the expected value of the total output produced during the lifetime of the machine is∫∞

0
e−stF̄ (t) dt. From this observation and (1.10) it is seen that X 5r-Lt-r Y implies that

the expected present value of a machine with lifetime Y—relative to the expected present
value of a machine with lifetime X—increases as s gets smaller (Shaked & Wong 1997).
The following chains have been proved in the literature,

X 5hr Y =⇒ X 5r-Lt-r, X 5rh Y =⇒ X 5Lt-r Y,

X 5Lt-r Y =⇒ X 5Lt, X 5st Y =⇒ X 5icv Y,

X 5icv Y =⇒ X 5Lt Y.

1.8 Applications in Reliability and some Closing Re-
marks

The last sections looked at some of the most common stochastic orders, their properties
and, relationships among them. The order in expectation was the weakest partial order we
considered. The latter order has not received much attention in the literature; the stronger
usual stochastic order on the other hand has been investigated in multiple references and,
has perhaps been the most widely used partial order in Reliability (see e.g. Bloch-Mercier
2001). It is common in the literature to refer to the usual stochastic order simply as the
“stochastic order”. This is unfortunate since the term stochastic order is also used to refer
to other orders when there is no need to specify to which order one is referring. Accordingly,
when referring to a general order and there is possibility for confusion we will use the term
“partial order”.

A famous reliability application of stochastic ordering concerns Poisson shock models. Sup-
pose that an item is subjected to shocks arriving according to a Poisson process with rate
λ. If N denotes the number of shocks the item survived and T the lifetime of the item, then
T can be shown to have survival function (Shaked & Wong 1997),
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H̄(t) =

∞∑
n=0

(λt)n

n!
e−λt Pr{N > n}, 0 ≤ t <∞.

One might be interested in comparing lifetimes with survival functions of the above form
for different distributions of N . To this end, let N1 and N2 be two positive integer-valued
random variables, and for j = 1, 2, let Tj have survival function

H̄j(t) =

∞∑
n=0

(λt)n

n!
e−λt Pr{Nj > n}, 0 ≤ t <∞.

Shaked and Wong (1997) have shown that T1 5Lt-r T2 if and only if N1 and N2 are similarly
ordered. This result remains true if the order 5Lt-r is replaced by 5r-Lt-r.

Another important ordering that we considered is the hazard rate ordering. Recall that we
denoted the lifetime of a k-out-of-n system by τk|n. Boland et al. (1994) have shown that,
for any k, τk|n is greater than τk+1|n in the hazard rate ordering but not in the stronger
likelihood ratio ordering.

In Reliabilty Theory, one might find it of interest to examine which modifications of some
system result in an improvement (Gaede 1991). To this end, and as a motivation for the
application of partial orders to Reliability Theory, we define what has been referred to as a
standard reliability system1. Suppose that a system S consists of n units each of which can
either be “functioning” (“up”) or “failed” (“down”) and σ “service (or repair) facilities”.
Suppose also that if k of the units are up at time t and k ≤ m (where m ≤ n is a given
number), then all k functioning units are “working” (“operating”). If m < k, then k −m
of the functioning units are “spares” (“in cold standby”). If unit i is working, it has a
positive random lifetime Xi with given distribution function Fi(·); a unit in spare status
cannot fail. When a working unit fails, it is immediately replaced by a spare, if available;
the failed unit is immediately sent one of the σ repair fascilities. Repair begins immediately
unless all repair fascilities are occupied. Each unit i has positive random repair time Zi with
given distribution function Gi(·). If at time t the number n − k of failed units is greater
than σ, then n− k − σ units have to “queue” for repair. All lifetimes and repair times are
independent random variables.

A unit of our standard reliability system can then be in one of the following states:

• state q (= queueing)

• state r (= repair)

• state s (= spare)

• state w (= working)

1We owe the following arguments to Gaede (1991).
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and we denote by X = {q, r, s, w} the state space of each unit. Stochastic ordering can then
be used to examine which modifications of a system result in an improvement. For instance,
one would hope that the system is improved if one uses “shorter” repair times. Since
the repair times are stochastic variables, stochastic ordering is needed to give meaning to
“shorter”. Another modification that would possibly improve the system is if a working unit
is not only replaced upon failure, but also when its current working period has a given age
T . This replacement policy has been referred to as an age replacement policy. A policy that
replaces a working unit upon failure and at times T, 2T, 3T . . . is called a block replacement
policy because it is usual in practice to replace not only a single unit but a block of units
at times T, 2T, 3T . . .. This replacement policy can only be useful if the residual lifetime
T = X|X ≥ t of a working unit is “shorter” than the lifetime of a new unit. We see then
that stochastic ordering is needed to compare residual lifetimes of units with different age.

The mean residual lifetime is one of the many ways of defining the ageing of a reliabilty
system. It is defined as,

µX(t) = E[X − t|X ≥ t] (1.11)

=
1

F̄ (t)

∫ ∞
t

F̄ (u) du. (1.12)

where F (·) denotes the distribution function of a non-negative random variable X (Gupta &
Bradley 2003; Shaked & Shanthikumar 2007, p. 81). If Y is another lifetime with distribution
function G(·), then we say that Y is greater than X in the mean residual life ordering if
µX(t) ≤ µY (t) for all t > 0 (see e.g. Gupta & Gupta 2010). We denote this by X 5mrl Y .

Relationships between the mean residual life order and other orders have been proven in the
literature. See Shaked and Shanthikumar (2007). For instance, it has been shown that this
order is weaker than the hazard rate order and, only under some conditions does it imply
the usual stochastic order.

In Risk Theory, partial orders can be used to compare “risks” from different sub-families
of distributions. For instance, Kaas et al. (2001, pp. 239-240) show how one would order
random variables from the sub-family of Gamma distributions with respect to the usual
stochastic order and other partial orders presented therein. Our next chapter explores a
similar problem but for the less straight-forward case of the Weibull distribution. Also in
the next chapter, we introduce and discuss a partial order that is very much related to the
mean residual life order, viz., the stop-loss order. In the main, we will consider how one
could order Weibull(α, λ) random variables according to this order in the (α, λ) plane.
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Chapter 2

Order in the family of Weibull
distributions

2.1 Basic notions

In this chapter we show how one would order a sub-family of Weibull random variables.
Recall that if a lifetime X follows a Weibull distribution with shape parameter α > 0 and
scale parameter λ > 0, we write X ∼ W(α, λ). The Weibull distribution is one of those
distributions whose moment-generating functions cannot be written in closed form; however,
the expected value and variance of such a distribution can be shown to be given by

E[X] =
1

λ
Γ

(
1 +

1

α

)
,

and

Var(X) =
Γ(1 + 2/α)

λ2
−
[

Γ(1 + 1/α)

λ

]2

,

respectively, where the density is written

f(x) = αλ(λx)α−1e−(λx)α , x > 0.

Also, the hazard rate of X can be written,

rX(t) = αλαtα−1, (2.1)

from which we see that the Weibull distribution reduces to an Exponential distribution if
α = 1, in which case the hazard rate would be constant. It is also immediately evident
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that, if α > 1, then the hazard rate increases with t and, if α < 1, then the hazard rate
decreases with t. To see another property possessed by the Weibull distribution, suppose
X ∼W(α, λ) and let Y = kX for k > 0. If F (·) and G(·) denote the respective distribution
functions of X and Y , we have

G(y) = Pr{Y ≤ y}
= Pr{kX ≤ y}
= Pr{X ≤ y/k}
=F (y/k),

from which we get Y ∼ W(α, λ/k). Hence if X ∼ W(α, λ), then λX ∼ W(α, 1), or the
Weibull distribution is multiplicative in the scale parameter λ.

A non-monotone hazard rate function of the Weibull distribution can also be obtained. Since
the hazard rate function of a series system consisting of independent lifetimes is simply the
sum of the hazard rate functions of the individual lifetimes, it follows that

r(t) = abtb−1 + cdtd−1, t > 0 (2.2)

denotes the hazard rate function of a series of two Weibull lifetimes. Note the slight dif-
ference in parameterization from that in Equation 2.1. The distribution whose hazard rate
function is given by Equation 2.2 has been called the Additive Weibull Distribution, usually
abbreviated as AW (see Lemonte et al. 2014). If a ≥ 0, c ≥ 0, b > 1 and d ≤ 1 then
the hazard rate in Equation 2.2 becomes bathtub-shaped. In Fig 2.1 the solid line shows
a pronounced bathtub-shaped hazard rate function. Many lifetime distributions have such
hazard rate functions and many real-life data exhibit this property. The region of decreasing
r(·) represents infant mortality, the region in which r(·) does not change rapidly with t rep-
resents random failure, and the region in which r(·) increases with t represents the wear-out
region (Lemonte et al. 2014).

2.2 The dangerousness and stop-loss orders

Up to this point we have assumed that the non-negative random variables with which we deal
represent lifetimes of objects, say. Non-negative random variables have also been widely used
to represent losses. This is particularly true for insurance applications, in which a random
variable X > 0 might be interpreted as a loss incurred by an insurer as a result of a claim
from a policy-holder (see e.g. Kaas et al. 2001). Recall that we have previously called X > 0
a lifetime. For insurance applications, an analogous term to lifetime is loss (or risk).

A reinsurance contract that covers only part, say d, of the loss X is called stop-loss rein-
surance. Under this treaty, a policy-holder insures a risk X with the direct insurer who
retains only a portion d of the risk X. The direct insurer in turn lets the reinsurer pay
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Figure 2.1: Plot of the AW hazard rate function for some parameter values (a = c = 1).

the remainder Y = (X − d)+. We see then that the loss incurred by the reinsurer can be
written (Kaas et al. 2001, pp. 10-11),

Y = max{X − d, 0} =

{
X − d, if X > d

0, if X ≤ d.

The stop-loss premium corresponding to the risk X is then defined as the expected value of
the above random variable. For the case in which X is a continuous random variable, the
stop-loss premium is denoted,

πX(d) =

∫ ∞
d

(x− d)fX(x) dx

=

∫ ∞
d

F̄X(x) dx

Since the reinsurer pays the net premium Y = (X−d)+, it might be of interest to him when
this quantity is “smaller” than a net premium Z = (X ′ − d)+ corresponding to another
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risk X ′. Since X and X ′ are random variables, we need a partial order to compare them
stochastically.

If the distribution functions of lifetimes X and Y cross once, then the lifetimes are ordered in
the sense of the stop-loss order, and when this happens—i.e. when the distribution functions
cross once—one lifetime is said to be more dangerous than the other, depending on where
they cross (Hürlimann 2008). What is more, Kaas et al. (2001, pp. 229) state that densities
crossing twice means distribution functions crossing once. If Y is more dangerous than
X, one might write X 5D Y , where the stochastic order relation 5D could be called the
dangerousness order relation. See (Hürlimann 2008). However, it can be shown that the
dangerousness order is not a proper partial order, as it is not transitive. See (Hürlimann
2008). A counterexample and a way around this problem are given in Kaas(2001, pp. 230-
231).

2.3 The more dangerous Weibull distribution

Our object in this part of the note is to compare the lifetime X defined above with another
Weibull lifetime with parameters c and µ, say. Suppose that X ∼ W(α0, λ0), for fixed α0

and λ0 and Y ∼W(α, λ), where α and λ are allowed to vary as long as E[X] = E[Y ]. That
is

1

λ
Γ

(
1 +

1

α

)
=

1

λ0
Γ

(
1 +

1

α0

)
(2.3)

or equivalently,

λ = λ0 ·
Γ(1 + 1/α)

Γ(1 + 1/α0)
= k · Γ(1 + 1/α). (2.4)

It is then of interest to sketch the graph defined by Equations 2.3 and 2.3. Although the
function y = Γ(1/x) is monotonically increasing, the function z = k · Γ(1 + 1/x) is non-
monotonic for any k ∈ R+. This implies that the line in the (α, λ) plane joining points
corresponding to parameters of Weibull distributions with equal mean has at least one
turning point. Actually it has one turning point that can be shown numerically to be
reached at τ = min0<α<∞ Γ(1 + 1/α) = 2.1662.

We then see that we can have E[X] = E[Y ] for the case in which α0 > α and λ < λ0 and,
the case in which α0 > α and λ > λ0. See Fig 2.2. We now proceed to prove that for any
two Weibull random variables X and Y with parameter combinations along the line shown
in Fig 2.2, one of the two random variables is more dangerous than another.

Theorem 2.3.1. Suppose X ∼ W(α, λ) and Y ∼ W(c, µ) where E[X] = E[Y ], λ 6= µ
and α < c. Then X is “more dangerous” than Y .
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Proof. The likelihood ratio of the two densities can be written

gY (t)

fX(t)
=

cµ(µt)c−1 exp[−(µt)c]

αλ(λt)α−1 exp[−(λt)α]
(2.5)

∝ tc−α exp{−(µt)c + (λt)α}.

Now denote
L(t) = tc−α exp{−(µt)c + (λt)α}.

We see that the derivative

∂L

∂t
=[(c− α)tc−α−1 + tc−α(αλαtα−1 − cµctc−1)] exp{−(µt)c + (λt)α}

=tc−α−1[c− α+ αλα − cµctc−α] exp{−(µt)c + (λt)α} (2.6)

will be positive for

t <

(
c+ αλα − α

cµc

)1/(c−α)

= m, say,

and negative otherwise. This in turn implies that the likelihood ratio in 2.5 crosses any
horizontal line at most twice. Note that m will always be greater than 0 since we have
assumed that c > α. Now, since the usual stochastic order implies the order in expectation
and in this case there in no order in expectation (because we assumed E[X] = E[Y ]), then
there is no usual stochastic order and the densities should cross more than once. Hence the
densities should necessarily cross twice, which implies that one of the two distributions is
more dangerous than the other. The proof is complete since it can be shown that E[X2] >
E[Y 2].

To see apply these results, consider the following numerical example.

Example 2.3.1. One of the many cases in which 2.3 is satisfied is if one sets c > α, then
picks a µ > 0 and sets λ = µ ·Γ(1 + 1/α)/Γ(1 + 1/c). Figure 2.3 displays this case for c = 4,
α = 3 and µ = 5.

Suppose we have a point (α0, λ0) where α0 is assumed to be greater than the turning point
τ = 2.1662. It can be shown that points below the curve λ = λ0Γ(1 + 1/α)/Γ(1 + 1/α0)
to the left of (α0, λ0) correspond to Weibull distributions that are larger than the Weibull
distribution with parameters α0 and λ0 in the sense of the stop-loss order. See the shaded
region in panel (a) of Figure 2.5; panel (b) shows the region of parameter combinations
corresponding to stop-loss smaller Weibull distibutions.

Similarly, it can be proved that points to the left of (α0, λ0) and above the horizontal
λ = λ0 correspond to Weibull distributions that are smaller than the Weibull distribution
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Figure 2.2: Plot of λ = λ0 · Γ(1 + 1/α)/Γ(1 + 1/α0) where α0 and λ0 are held fixed.

with parameters α0 and λ0 in the sense of the usual stochastic order. Panel (a) of Fig-
ure 2.6 illustrates this case, whereas panel (b) shows the region of parameter combinations
corresponding to stochastically larger Weibull distibutions.

2.4 Closing remarks

We opened the current chapter by giving some basic properties of the two-parameter Weibull
distribution. For instance we recalled that the Weibull distribution can have a constant,
increasing, or decreasing hazard rate. See e.g. Sherwin and Bossche (1993). The Additive
Weibull distribution, whose hazard is the sum of two individual Weibull hazards can also
exhibit a bathtub-shaped failure rate, which is an important property in, e.g. burn-in prob-
lems. This will be discussed in Chapter 4. We showed also that the Weibull distribution is
multiplicative in the scale parameter.

The stop-loss transform of a random variable X was defined by,

πX(d) =

∫ ∞
d

F̄X(t) dt,
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Figure 2.3: Plots of L′(t) and L(t) for c = 4, α = 3 and, λ = µΓ(1 + 1/α)/Γ(1 + 1/c).

and the random variable X was said to be preceded by another random variable Y in the
sense of the stop-loss order if πX(d) ≤ πY (d) for all d > 0. See Kaas et al. (2001) and
also Hürlimann (2008). The stop-loss order is also known in the literature as the increasing
convex order (Hürlimann 2008). An important characterisation of the latter order is that
if the distribution functions of lifetimes X and Y , say, cross once, then the lifetimes are
ordered in the sense of the stop-loss order (Hürlimann 2008).

The current chapter’s main result is contained in Theorem 2.3.1. In this theorem we
showed how one would order Weibull random variables in the (α, λ)-plane in terms of
“dangerousness”—a term we also defined. More of our findings were stated without proof.
We fixed a point (α0, λ0) and located points in the (α, λ)-plane that corresponded to stop-
loss larger (or smaller), and stochastically larger (or smaller) Weibull distributions. See
Fig 2.5 and Fig 2.6.
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Figure 2.5: Regions corresponding to Weibull distributions that are stop-loss larger and
stop-loss smaller than the Weibull(α0, λ0) distribution.
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Figure 2.6: Regions corresponding to Weibull distributions that are stochastically smaller
and stochastically larger than the Weibull(α0, λ0) distribution.
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Chapter 3

Ordering of mixture
distributions

3.1 Introduction

Suppose that we have a lifetime T with cumulative distribution function F (t) and corre-
sponding survival function S(t) and hazard rate λ(t) = f(t)/S(t). Suppose further that F (t)
is indexed by another random variable Z with density π(z) and support D in the following
sense

F (t|z) = Pr{T ≤ t|Z = z},
and that the corresponding probability density function f(t|z) exists. Similarly, the corre-
sponding conditional hazard (or failure) rate will be denoted by λ(t|z). This is expressed
as

λ(t|z) =
f(t|z)
S(t|z)

,

where S(t|z) = 1−F (t|z) denotes the conditional survival function. The random variable Z
will be referred to as a frailty or mixing random variable and its distribution will be referred
to as a frailty distribution1. The function

Fm(t) =

∫
D

F (t|z)π(z) dz (3.1)

is a monotone function of t increasing from 0 to 1 and hence is itself a distribution function.
See e.g. Feller (1971, p. 53). If F (·) has a continuous density f(·), then Fm(·) has a density

1We owe this terminology to Gupta and Gupta (2010)
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fm(·) given by

fm(t) =

∫
D

f(t|z)π(z) dz. (3.2)

Equation 3.1 defines a cumulative mixture distribution function. Similarly, Equation 3.2
is the corresponding mixture density. Mixture distributions have widely been used in a
number of disciplines, e.g. Actuarial Science, Reliability, Finance and, Demography. In fact,
some distributions commonly used in, e.g. Reliability arise as mixtures. One such example
is the Burr distribution, which has also been used in Actuarial Science. Another common
distribution that arises as a mixture, although not so commonly used in Reliability, is the
generalised negative binomial distribution. This distribution is often used to model counts
when the Poisson distribution does not provide a good fit because of overdispersion. See
Rice (2007, p. 302). The probability mass function of this distribution is

p(m|s, λ) =

(
λ+m− 1

λ− 1

)(
λ

s+ λ

)λ(
s

s+ λ

)m
, m = 0, 1, 2, . . . (3.3)

Let us show how Equation 3.3 arises as a mixture. Suppose that some discrete random
variable M follows a Poisson distribution with mean ξ, where ξ itself is a random variable
that follows a Gamma distribution with shape and scale parameters λ and λ/s, respectively.
It follows then that the unconditional2 probability mass function of M (or the mixture
probability mass function) becomes

p(m|s, λ) =

∫
pM |ξ(m|ξ)f(ξ) dξ, (3.4)

where

pM |ξ(m|ξ) =
ξm

m!
e−ξ,

and

f(ξ) =

(
λ

s

)λ
1

Γ(λ)
ξλ−1e−λξ/s.

Substituting the last two probability mass functions in Equation 3.4 yields

2unconditional on ξ
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p(m|s, λ) =

(
λ

s

)λ
1

Γ(λ)

1

m!

∫ ∞
0

ξm+λ−1e−ξ(1+λ/s) dξ

=

(
λ

s

)λ
1

Γ(λ)

1

m!

Γ(λ+m)

(1 + λ/s)m+λ

=
Γ(λ+m)

m!Γ(λ)

(
λ

s+ λ

)λ(
s

s+ λ

)m
.

Figure 3.1 is a plot of the probability mass function of the generalised negative binomial
distribution for some values of s and λ. Although we will concern ourselves mostly with
continuous mixing distributions, one should note that discrete mixing distributions have
also been considered in the literature. These arise as follows. Instead of integrating with
respect to a density π(·), one can sum with respect to a discrete probability distribution: if
z1, z2, . . . are chosen arbitrarily and if pk ≥ 0,

∑
pk = 1, then f(t) =

∑
k f(t|zk)pk defines

a new probability density (Feller 1971, p. 53).
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Figure 3.1: Plot of the probability mass function of the generalised negative binomial dis-
tribution for λ = 3 and s = 5.

The survival function and failure rate corresponding to Equations 3.1 and 3.2 are
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Sm(t) =

∫
D

S(t|z)π(z) dz (3.5)

and

λm(t) =

∫
D

f(t|z)π(z) dz∫
D

S(t|z)π(z) dz

, (3.6)

respectively. In the sequel we will refer to the above failure rate as the mixture failure rate.
The example below considers an Exponential baseline and a 3-parameter frailty distribution
expressed in terms of a special function, viz., the Bessel function. The methodology in this
example is due to McNolty et al. (1980); but we present our own derivations. It is the shape
of the resulting mixture failure rate we are interested in. Before we proceed, and for the sake
of completeness, we recall from Feller (1971, p. 58) the modified Bessel function of order
ν > −1, denoted Iν(x) defined for all real x. It is written

Iν(x) =

∞∑
k=0

1

k!Γ(k + ν + 1)

(x
2

)2k+1

(3.7)

Example 3.1.1. Suppose that conditional on z, the baseline distribution is Exponential with
mean z−1. That is

F (t|z) = 1− e−zt.

Suppose further that the density π(·) is given by

π(z) =

(
2

β

)P−1

z(P−1)/2αP e−αze−β
2/4αIP−1(β

√
z),

where Iν(x) denotes the modified Bessel function of the first kind of order ν as defined in
Equation 3.7 above. From Equation 3.5 we have

Sm(t|z) =

(
2

β

)P−1

αP e−β
2/4α

∫ ∞
0

z(P−1)/2e−z(α+t)IP−1(β
√
z) dz (3.8)

In accordance with Equation 3.7, the integral on the right-hand side can be written
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∫ ∞
0

z(P−1)/2e−z(α+t)IP−1(β
√
z) dz

=

∞∑
k=0

1

Γ(k + P )

1

k!

(
β

2

)2k+P−1 ∫ ∞
0

zP+k−1e−z(α+t) dz

=

∞∑
k=0

1

Γ(k + P )

1

k!

(
β

2

)2k+P−1
Γ(k + P )

(α+ t)P+k

=(α+ t)−P
(
β

2

)P−1 ∞∑
k=0

(
β2

4
· 1

α+ t

)k
=(α+ t)−P

(
β

2

)P−1

eβ
2/4(α+t).

The legitimacy of the term-by-term integration performed above is justified because Iν(x)
has a radius of convergence R > 0. See Stewart (2008, pp. 729-730). Substituting the last
expression into Equation 3.8 gives

Sm(t|z) = αP (α+ t)−P exp

{
− β2t

4α(α+ t)

}
.

Differentiation gives the mixture density,

fm(t) =
αP

(α+ t)P+1

[
P +

β2

4(α+ t)

]
exp

{
− β2t

4α(α+ t)

}
.

It follows that the mixture failure rate which is simply the ratio of the latter two expressions,
becomes

λm(t) =
P

α+ t
+

β2

4(α+ t)2
.

Note that the latter is decreasing for all t > 0, yet we are mixing variables of constant (but
different) hazards.

The mixture failure rate in Equation 3.6 has also been expressed as (Lynn & Singpurwalla
1997)

λm(t) =

∫
D

λ(t|z)π(z|t) dz

where the conditional density (conditional on T > t) can be shown by using Bayes’ rule to
be given by
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π(z|t) =
S(t|z)π(z)∫

D

S(t|z)π(z) dz

.

In survival analysis or, more specifically, in the context of frailty models, Z is modelled
as an unobservable random effect (Gupta & Gupta 2010).

3.2 The proportional hazard frailty model

Different functional forms of the conditional hazard rate can be assumed. For instance, the
following multiplicative model has been considered in the literature.

λ(t|z) = zλ(t) (3.9)

In survival analysis, the frailty model in Equation 3.9 is a particularly useful tool in
handling heterogeneity unexplained by the observed covariates (see Gupta & Gupta 2010).
The following relations are well-known

S(t) = exp

{
−
∫ t

0

λ(u) du

}
(3.10)

= e−Λ(t), (3.11)

where Λ(t) =
∫ t

0
λ(u) du is known as the cumulative hazard rate. It follows (from the fun-

damental theorem of calculus) then that the density corresponding to the survival function
above is given by

f(t) =

(
∂

∂t

∫ t

0

λ(u) du

)
exp

{
−
∫ t

0

λ(u) du

}
(3.12)

=λ(t) exp

{
−
∫ t

0

λ(u) du

}
(3.13)

If we now assume the model in Equation 3.9 we obtain

S(t|z) = exp

{
−
∫ t

0

λ(u|z) du

}
(3.14)

= exp

{
−z
∫ t

0

λ(u) du

}
(3.15)
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and

f(t|z) =λ(t|z) exp

{
−
∫ t

0

λ(u|z) du

}
(3.16)

=zλ(t) exp

{
−z
∫ t

0

λ(u) du

}
. (3.17)

The numerator of Equation 3.6 becomes

∫
D

f(t|z)π(z) dz =λ(t)

∫
D

z exp

{
−z
∫ t

0

λ(u) du

}
π(z) dz (3.18)

=λ(t)

∫
D

ze−zΛ(t)π(z) dz, (3.19)

and the denominator becomes

∫
D

S(t|z)π(z) dz =

∫
D

exp

{
−z
∫ t

0

λ(u) du

}
π(z) dz (3.20)

=

∫
D

e−zΛ(t)π(z) dz. (3.21)

Hence for the frailty model, the mixture failure rate can now be written

λm(t) = λ(t)

∫
D

ze−zΛ(t)π(z) dz∫
D

e−zΛ(t)π(z) dz

(3.22)

for an arbitrary distribution of Z with support D. Now let us define

λρ(t) =

∫
D

λ(t|z)π(z) dz.

It can be shown that λρ(t) ≥ λm(t) for all t > 0.

40



3.3 Gamma frailty

It is of interest to see what form the mixture failure rate in Equation 3.22 takes when the
frailty distribution is specified. To this end suppose that the frailty distribution is Gamma.
That is

π(z) =
βα

Γ(α)
zα−1e−βz, z > 0.

The next two examples show that one can mix an increasing failure rate (IFR) baseline
distribution with a Gamma frailty and obtain a mixture distribution that is not necessarily
of IFR type.

Example 3.3.1. Assume that we have a Gamma frailty and that the baseline hazard (i.e.
λ(t) ) is that of a Weibull distribution. That is,

λ(t) = γtγ−1

and the corresponding cumulative hazard rate is given by

Λ(t) =

∫ t

0

γuγ−1 du

= tγ .

We further assume that γ > 1 so that the hazard rate of the Weibull distribution is increas-
ing3. The shape of the resulting mixture failure rate is now of interest. This has previously
been investigated in Finkelstein and Cha (2013) and our results will follow to a major extent
those presented therein. Applying Equation 3.22 we get in the numerator,

λ(t)

∫ ∞
0

ze−zΛ(t)π(z) dz =
γtγ−1βα

Γ(α)

∫ ∞
0

zαe−z(t
γ+β) dz

=
γtγ−1βα

Γ(α)
· Γ(α+ 1)

(tγ + β)α+1

=
αγβαtγ−1

(tγ + β)α+1
,

and

3The increasing failure rate Weibull distribution is often used for modelling ageing processes (see Finkel-
stein & Cha 2013).
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∫ ∞
0

e−zΛ(t)π(z) dz =
βα

Γ(α)

∫ ∞
0

zα−1e−z(t
γ+β) dz

=

(
β

tγ + β

)α

in the denominator. The mixture failure rate is then

λm(t) =
αγtγ−1

tγ + β
. (3.23)

This failure rate can be shown by differentiation or otherwise that unlike the increasing
baseline hazard, it is non-monotonic. See Figure 3.2. Figure 3.3 exhibits the case of mixing
a decreasing failure rate (DFR) baseline distribution with a Gamma frailty. The resulting
mixture is also of DFR type. This is a special case of a more general and widely known result
that states that mixtures of DFR distrubtions are always DFR (see Barlow & Proschan 1975,
cited in Finkelstein & Cha 2013, p. 144).
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Figure 3.2: The mixture failure rate for the Weibull baseline distribution with γ = 2, and
α = 1.
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Figure 3.3: The mixture failure rate for the Weibull baseline distribution with γ = 1, and
α = 1.

Example 3.3.2. Next assume a Gompertz baseline hazard and a Gamma frailty. That is

λ(t) = aebt, a, b > 0,

from which we easily obtain

Λ(t) =
a

b
(ebt − 1).

Proceeding like we did above in the Weibull-Gamma mixture model, we obtain
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λ(t)

∫ ∞
0

ze−zΛ(t)π(z) dz =
aebtβα

Γ(α)

∫ ∞
0

zαe−z{β+a(ebt−1)/b} dz

=
aebtβα

Γ(α)
· Γ(α+ 1)

{β + a(ebt − 1)/b}α+1

=
aαβαebt

{β + a(ebt − 1)/b}α+1 , (3.24)

and

∫ ∞
0

e−zΛ(t)π(z) dz =
βα

Γ(α)

∫ ∞
0

zα−1e−z{β+a(ebt−1)/b} dz

=
βα

Γ(α)
· Γ(α)

{β + a(ebt − 1)/b}α

=

(
β

β + a(ebt − 1)/b

)α
. (3.25)

Dividing 3.24 by 3.25 we obtain the following expression for the Gompertz-Gamma mixture
failure rate,

λm(t) =
aαebt

β + a(ebt − 1)/b
. (3.26)

We can write out the right-hand side of Equation 3.26 as

bαebt

ebt + bβ/a− 1
.

If bβ = a we see that the Gompertz-Gamma failure rate will be constant. If bβ > a, then
λm(t) increases to bc and if bβ < a, it increases to bc.

In the preceeding two examples it was not necessary to carry out all the derivations ab initio
if we had realised that if we assume a Gamma frailty and an arbitrary baseline distribution
then the integral in the numerator of Equation 3.22 evaluates to
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∫ ∞
0

ze−zΛ(t)π(z) dz =
βα

Γ(α)

∫ ∞
0

zαe−z{β+Λ(t)} dz (3.27)

=
βα

Γ(α)

Γ(α+ 1)

{β + Λ(t)}α+1
, (3.28)

while in the denominator we have

∫ ∞
0

e−zΛ(t)π(z) dz =
βα

Γ(α)

∫ ∞
0

zα−1e−z{β+Λ(t)} dz (3.29)

=
βα

Γ(α)

Γ(α)

{β + Λ(t)}α
(3.30)

It follows then that

λm(t) =
αλ(t)

β + Λ(t)
. (3.31)

Hence to obtain a mixture failure rate one simply needs to obtain the cumulative hazard
rate from the baseline hazard rate and use Equation 3.31. It can easily be shown that for
this frailty model, the mixture failure rate is also given by,

λm(t) = λ(t)
E2[Z]

E[Z] + Var[Z]Λ(t)
.

The phenomenon illustrated in Figure 3.3 of Example 3.3.1 above can be shown to hold in
general at least for a Gamma frailty by differentiating Equation 3.31. To this end, assume
that the baseline distribution is DFR, hence λ′(t) < 0. We then have from Equation 3.31,

λ′(t) =
αλ′(t){β + Λ(t)} − αλ2(t)

{β + Λ(t)}2
,

which is negative for all t since

αλ′(t){β + Λ(t)} − αλ2(t) < −αλ2(t) < 0, for all t > 0.

We consider one last example of an IFR baseline distribution and a Gamma frailty.

Example 3.3.3. In reliability, the Gumbel (or Extreme value) distribution has been used
to model, for example, the time for the first of an unknown number of corrosion sites in
a pipe to progress to a hole (Sherwin & Bossche 1993, p. 14). The density, hazard rate
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and cumulative hazard rate functions of a Gumbel distribution with mode zero and scale
parameter ν−1 are given by (Sherwin & Bossche 1993, p. 14)

f(t) = νeνt−eνt , ν > 0

λ(t) = νeνt

and

Λ(t) = eνt − 1,

respectively. The hazard rate is obviously increasing. Assuming a Gamma frailty, we get
from Equation 3.31

λm(t) =
ανeνt

eνt + β − 1
,

from which we have

λ′m(t) =
αν2(β − 1)eνt

{eνt + β + 1}2
.

We see then that if β = 1 the mixture failure will be constant at λm(t) = αν, whereas if
β < 1 it will be negative and positive if β > 1. See Figure 3.4.

The Gamma distribution has thus far been the most widely assumed distribution for the
frailty random variable Z because it yields neat results. A justification of making this dis-
tributional assumption in some real situations can be found in Finkelstein and Cha (2013).
Another interesting result presented in the reference just cited is that if one assumes an
Exponetial frailty then, asymptotically, the mixture failure rate does not depend on the
mixing distribution at all. This property is, however, not limited to the Exponential distri-
bution.

Below we state and prove a (perhaps well-known) result that posits that the hazard rate of
any one of the units from a heterogeneous population of Exponentially distributed lifetimes
in decreasing (see Follmann & Goldberg 1988).

Theorem 3.3.1. Let T1, . . . , Tn represent times to failure of a single repairable unit. If
conditional on a value of λ, T1, . . . , Tn are independent Exponential random variables
with parameter λ, and if λ is itself random across units, then the hazard rate of any one
of the Ti’s is decreasing.
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Figure 3.4: The mixture failure rates for a Gumbel baseline and Gamma frailty with α = 1.

Proof. The marginal density function of Ti can be written,

f(ti|λ) = λe−λti .

If we denote the density of λ by g(λ) then the unconditional density of ti becomes,

f(ti) =

∫ ∞
0

f(ti|λ)g(γ) dλ

=

∫ ∞
0

λe−λtig(λ) dλ

The corresponding CDF becomes
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F (ti) =

∫ ti

0

f(t) dt

=

∫ ti

0

∫ ∞
0

λe−λtig(λ) dλ dt

=

∫ ∞
0

(∫ ti

0

λe−λtig(λ) dt

)
dλ

=

∫ ∞
0

(1− e−λti)g(λ) dλ.

The derivative of the hazard rate of Ti becomes

d

dti

f(ti)

1− F (ti)
=
f ′(ti)[1− f(ti)] + [f(ti)]

2

[1− F (ti)]2
. (3.32)

To show that he hazard rate λ(ti) is decreasing it suffices to show that the numerator of the
foregoing is negative. Note that

f ′(ti) = −
∫ ∞

0

λ2e−λtig(λ) dλ.

Hence we have in the numerator of Equation 3.32,

[∫ ∞
0

λeλtig(λ) dλ

]2

−
∫ ∞

0

λ2eλtig(λ) dλ

∫ ∞
0

g(λ)eλtig(λ) dλ

=

(∫ ∞
0

a(λ)b(λ) dλ

)2

−
(∫ ∞

0

[a(λ)]2 dλ

)(∫ ∞
0

[b(λ)]2 dλ

)
, (3.33)

where a(λ) =
[
e−λtig(λ)

]
and b(λ) = λa(λ). From the Schwartz inequality4 of integrals

Equation 3.33 is non-positive. It can further be shown that it is actually negative. See
Follmann and Goldberg (1988) for details.

The example below illustrates results stated in the theorem above for the case where the pa-
rameter of the Exponential distribution is modelled as a variate from a Gamma distribution.
The methodology in our example originates with Follmann and Goldberg (1988).

4The Schwartz inequality of integrals states that
∫
E |fg| dµ ≤

(∫
E |f |

2 dµ
)1/2 (∫

E |g|
2 dµ

)1/2
. See e.g.

Kingman and Taylor (1966, pp. 183-184).
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Example 3.3.4. A sample of heterogeneous Exponential random variables was simulated as
follows:

Simulate a variate λ1 from a Gamma distribution with shape and scale parameters α and β,
respectively. Then simulate a sample T11, T12, . . . , T1,50 of size 50 from an Exponential distri-
bution with parameter λ1. Simulate a λ2 from a Gamma distribution with parameters α and
β and, simulate a second sample T21, T22, . . . , T2,50 of size 50 from an Exponential distribu-
tion with parameter λ2. Continue in this fashion until the 50th sample T50,1, T50,2, . . . , T50,50

is simulated from an Exponential distribution with parameter λ50. Note that this gives a
total sample size of 2, 500 heterogeneous Exponential random variables.

Finally we fit a Gamma distribution5 using maximum likelihood estimation for different
combinations of α and β. Results are summarised in Table 3.1.

Parameters of Maximum likelihood
Gamma distribution Estimates

α β λ γ

1.0 0.2 0.15 0.59
2.5 0.5 0.18 0.84
5.0 1.0 0.20 0.93

10.0 2.0 0.17 0.91
50.0 10.0 0.21 1.02

Table 3.1: Maximum likelihood estimates of a Gamma distribution.

The final column of Table 3.1 shows all but one of the shape parameters of the Gamma
distribution to be less than unity. This is indicative of a decreasing hazard. We see that if
we wronly assume that lifetimes are independent and identically distributed, when in fact
they come from heterogeneous Exponential distributions, then we wrongly infer that the
lifetimes come from a decreasing hazard rate distribution.

Results in Theorem 3.3.1 and Example 3.3.4 above highlight an important aspect of reliabil-
ity modelling that can easily be overlooked. Suppose that some item that is known to come
from a heterogeneous population of an Exponentially distributed subpopulation is scheduled
for replacement. If the replacement item is also known to come from the same population,
then replacement should be questioned as the mixture failure rate is decreasing—it might
well happen that failure rate of the replacement item is larger than that of the used item.
The problem of a truely decreasing observed hazard rate and heterogeneity has been con-
sidered in the literature. In this regard, the reader might refer to Follman and Golberg
(1988).

An intuitive explanation of how heretogeneity brings about a decreasing hazard is as follows
(Follman and Goldberg 1988): “Intuitively, units with larger λ’s tend to fail first, so that
the average hazard rate of the remaining units tends to decrease with time.” In describing

5In the original example in Follmann and Goldberg (1988), the authors fit a Weibull distribution.
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the lifetime following repair, it can be important to differentiate between a heterogeneous
population and a true decreasing hazard rate. To see how this is so, suppose that, conditional
on a unit, each lifetime follows an Exponential distribution, then a new or just-repaired unit
is no more likely to fail than an old unit. That is, there is no risk following repair. However,
if each lifetime has a decreasing hazard rate, then in this case there is risk following repair
(see Follman & Goldberg 1988).

It is interesting to find out if the conclusion reached in Theorem 3.3.1 holds for a distribution
other than the Exponential. The closure of DFR distributions under the formation of
mixtures shows that Theorem 3.3.1 holds for a wider range of distributions. Actually,
Theorem 3.3.1 can be seen somehow6 as a special case of the following result due to Proschan
(1963).

Theorem 3.3.2. If Fi(t) has a decreasing failure rate, i = 1, . . . , n, then G(t) =∑n
i=1 piFi(t) has a decreasing failure rate, where each

pi > 0,

n∑
i=1

pi = 1.

Proof. Note that we have,

E{F̄i(t)} =

n∑
i=1

piF̄i(t), and E{−f ′i(t)} =

n∑
i=1

{−pif ′i(t)}.

Since the density of any DFR distribution must be a decreasing function, we have by the
Schwartz inequality7

n∑
i=1

piF̄i(t)

n∑
i=1

{−pif ′i(t)} ≥

{∑
i=1

pi[F̄i(t){−f ′i(t)}]1/2
}2

.

Since fi(t)/F̄i(t) is decreasing, we have

d

dt

fi(t)

F̄i(t)
=
f ′i(t)F̄i(t) + {fi(t)}2

[F̄i(t)]2
≤ 0,

or simply,

f ′i(t)F̄i(t) ≤ −{fi(t)}2.
6We say “somehow” because here the mixing distribution is discrete, whereas Theorem 3.3.1 concerns

continuous mixing distributions.
7The Schwartz inequality states that if u and v are any two vectors in Rn, then |u · v| ≤ ||u||||v|| where

|| · || denotes the conventional inner product.
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Hence,
n∑
i=1

piF̄i(t)

n∑
i=1

{−pif ′i(t)} ≥

{
n∑
i=1

pifi(t)

}2

,

which implies that

Ḡ(t)g′(t) ≤ −[g(t)]2,

or that G(t) is DFR.

It should be borne in mind that, in the foregoing theorem and elsewhere, we have used the
term “decreasing” for “non-increasing” and “decreasing” for “non-increasing”. It follows
then that the Exponential distribution, which according to our terminology is DFR, is also
covered in Theorem 3.3.2. That is, convex combinations of Exponential random variables
have a decreasing hazard.

The example below investigates what happens to the distribution of the pooled lifetimes
when some of the Fi’s are DFR and others IFR. The parametrisation of the Weibull distri-
bution used below will be

f(y) = γ
( y
λ

)γ−1

exp
{
−
( y
λ

)γ}
,

but we will assume that γ = λ.

Example 3.3.5. A sample of heterogeneous Weibull random variables was simulated as fol-
lows:

Simulate a variate ν1 from a Gamma distribution with shape and scale parameters α and β,
respectively. Then simulate a sample T11, T12, . . . , T1,50 of size 50 from a Weibull distribution
with shape and scale parameters both equal to ν1. Simulate a second ν2 from a Gamma
distribution with parameters α and β and, simulate a second sample T21, T22, . . . , T2,50 of
size 50 from a Weibull distribution with shape and scale parameters ν2. Continue in this
fashion until the 50th sample T50,1, T50,2, . . . , T50,50 is simulated from a Weibull distribution
with parameters ν50. This gives a total sample size of 2, 500 heterogeneous Weibull random
variables.

Finally we fit a Weibull distribution using maximum likelihood estimation for different
combinations of α and β. Table 3.2 summarises the results of the simulation.

It is only in the final column of Table 3.2 do we see evidence of a DFR distribution; all other
cases suggest IFR Weibull distributions. To further investigate what exactly happened
in this example, we traced all the values of the ν’s generated from the mixing Gamma
distribution. In the simulation whose results occur in the first row of Table 3.2, 14 out of
50 ν’s were less than 1. In the second row, only 1 of the ν’s was less than 1. The rest of the
simulations had ν’s greater than 1.
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Parameters of Maximum likelihood
Weibull distribution Estimates

α β λ γ

1.0 0.2 9.59 0.14
2.5 0.5 4.92 1.28
5.0 1.0 4.65 2.26

10.0 2.0 5.17 2.63
50.0 10.0 4.93 3.97

Table 3.2: Maximum likelihood estimates of a Weibull distribution.

3.4 The Inverse Problem

In the previous sections of this chapter we assumed a baseline distribution and a frailty
(or mixing) distribution and obtained a mixture failure rate. The current section considers
the inverse problem. It is well-known in survival analysis that the failure data alone do
not uniquely define a mixing distribution and additional information should be taken into
account (see Finkelstein & Cha 2013). However, at least for the additive and multiplicative
models, one can analytically obtain the failure rate λ(t) of the baseline distribution, given
a mixture failure rate λm(t) and frailty density π(z) (Finkelstein & Cha 2013).

Assume that we have an additive model (i.e. λ(t|z) = λ(t) + z). Then the baseline survival
and density functions are

S(t|z) = e−{Λ(t)+zt}, and f(t|z) = (λ(t) + z)e−{Λ(t)+zt},

respectively. The mixture survival function becomes

Sm(t|z) =

∫ ∞
0

S(t|z)π(z) dz

=e−Λ(t)

∫ ∞
0

e−ztπ(z) dz

=e−Λ(t)π∗(t), (3.34)

where π∗(t) = L{π(z)} denotes the Laplace transform of the mixing (or frailty) density. We
then have

λm(t) = λ(t) +

∫ ∞
0

ze−zt dz∫ ∞
0

e−ztπ(z) dz

(3.35)
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Since we have

π∗(t) =

∫ ∞
0

e−ztπ(z) dz,

and

d

dt
π∗(t) = −

∫ ∞
0

ze−zt dz,

then Equation 3.35 can be re-written

λm(t) =λ(t)− d{π∗(t)}/dt
π∗(t)

=λ(t)− d

dt
log π∗(t).

Hence for the additive model, the baseline hazard can be expressed as

λ(t) = λm(t) +
d

dt
log π∗(t). (3.36)

To demotrate how one would use Equation 3.36, let us consider a simple example.

Example 3.4.1. Assume that we have a Gamma frailty and we want to end in a constant
mixture failure rate. That is we have,

π(z) =
βα

Γ(α)
zα−1e−βz,

and
λm(t) = c.

It can easily be shown that the Laplace transform of the frailty density is given by,

π∗(t) =
βα

Γ(α)

∫ ∞
0

zα−1e−z(t+β) dz

=

(
β

β + t

)α
.

After a couple of elementary manipulations we obtain
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d

dt
log π∗(t) = − α

β + t
.

Hence from Equation 3.36 we obtain

λ(t) = c− α/(β + t)

as the baseline hazard rate.

The baseline hazard in the example above is obviously increasing for any values of α and
β. We see then that one can start with an IFR baseline and an IFR frailty distribution and
end in a constant mixture hazard rate.

For the multiplicative model the mixture survival function becomes

Sm(t|z) =

∫ ∞
0

e−zΛ(t)π(z) dz = π∗(Λ(t)).

The general solution to the inverse problem in terms of the Laplace transform is then given
by

π∗(Λ(t)) = e−Λm(t), (3.37)

where Λm(t) =
∫ t

0
λm(u) du denotes the cumulative mixture failure rate. If we now apply

the inverse Laplace transform L−1(·) on both sides of Equation 3.37 we obtain

Λ(t) = L−1{e−Λm(t)}
as the cumulative baseline hazard. The baseline hazard can then be obtained by differenti-
ation.

The next example inverts what was done in Example 3.3.1. That is, we begin with a Gamma
frailty distribution and the mixture hazard rate given in Equation 3.23 and see if we end in
a Weibull baseline distribution.

Example 3.4.2. Note that the cumulative hazard rate corresponding to the mixture hazard
rate in Equation 3.23 is given by,

Λm(t) =αγ

∫ t

0

xγ−1

β + xγ
dx

=α log(β + xγ)
∣∣t
0

=− log

(
β

β + tγ

)α
. (3.38)
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Recall that for a Gamma frailty we have

π∗(t) =

(
β

β + t

)α
.

From Equation 3.38 we obtain

e−Λm(t) =

(
β

β + tγ

)α
,

and from Equation 3.37 we get

(
β

β + Λ(t)

)α
=

(
β

β + tγ

)α
,

which implies that Λ(t) = tγ , or equivalently, that λ(t) = γtγ−1.

There is an alternative way of carrying out the inversion in the previous example, at least
for a restricted class of distributions. For a distribution from the exponential family, the
density can be written,

π(z) =
e−θzg(z)

η(θ)
, (3.39)

where g(·) and η(·) are some positive functions and θ is a parameter (Finkelstein & Cha
2013, p. 161).

For a Gamma distribution with parameters α and β we have, η(β) = 1/βα and g(z) = zα−1.
What is more, the Laplace transform π∗(s) of this distribution is given by

η(β + s)

η(β)
=

(
β

β + s

)α

Λ(t) = η−1(e−Λm(t)η(θ))− θ (3.40)

To demostrate how one would apply Equation 3.40 we will reconsider Example 3.4.2. To
this end, we assume a Gamma frailty and a mixture failure rate given in Equation 3.23. We
note that

η−1(x) =
1

x1/α
.

55



Since

e−Λm(t) =

(
β

β + tγ

)α
,

we have from Equation 3.40,

η−1(e−Λm(t)η(β)) = β + tγ .

Hence
Λ(t) = η−1(e−Λm(t)η(β))− β = tγ ,

or equivalently,

λ(t) = γtγ−1.

For a Gamma frailty distribution and an arbitrary mixture failure rate, it can easily be
shown that Equation 3.40 becomes

Λ(t) =η−1(e−Λm(t)η(β))− β
=β(eΛm(t)/α − 1),

or

λ(t) =
β

α
λm(t)eΛm(t)/α. (3.41)

If we assume that the mixture failure rate is constant, i.e. , λm(t) = c, then from Equa-
tion 3.41, it follows that in order to obtain a constant mixture failure rate, the baseline
hazard should be exponentially increasing as Equation 3.41 becomes,

λ(t) =
β

α
cect/α.

This is an intriguing result, as we are mixing the exponentially increasing family of failure
rates and arriving at a constant mixture failure rate (Finkelstein & Cha 2013).

Another inverse problem was studied by McNolty et al. (1980). It can be stated as follows:
given that the baseline distribution is the Exponential distribution, obtain the mixing distri-
bution for an arbitrary mixture survival function. For an Exponential baseline distribution
and arbitrary mixing (or frailty) distribution, the mixture survival function is given by8

8Here we adopt notation different from that we used previously—the frailty variable is denoted by Λ
instead of Z. The latter will denote a complex variable.
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Sm(t) =

∫ ∞
0

e−λtπ(λ) dλ. (3.42)

Because of the resemblance borne by Equation 3.42 to the classical Laplace transform, the
following inversion holds:

π(λ) =
1

2πi

∫ c+i∞

c−i∞
eλzSm(z) dz

where i =
√
−1. The evaluation of the above integral requires complex integrals around

some astutely chosen contours and can be quite tedious.

3.5 Closing remarks

In this chapter we concerned ourselves mostly with the shapes of mixture failure rates.
We proved—of course not for the first time in this note—that an item drawn randomly
from a heterogeneous Exponential population has a decreasing hazard. The presence of
heterogeneity in a population should thus be investigated in Reliability as heterogeneous
failure rate data may exhibit a spurious decreasing hazard. If an item from a heterogeneous
Exponential population is scheduled for replacement, it may well happen that the failure
rate of the replacement item be larger than the failure rate of the used one (Finkelstein &
Cha 2013). It has actually been seen that many types of electronic components have an
Exponential life distribution (Davis 1952, cited in Proschan 1963). Hence it would seem
reasonable that the distribution formed by pooling failure intervals for a given component
operating in different types of equipment would have a decreasing hazard rate (Proschan
1963).

Heterogeneity could also explain why semiconductors seem to exhibit a DFR distribution.
It might be that the units within a given production lot exhibit a constant failure rate since
semiconductors do not wear out, but that the failure rate varies from lot to lot as a result of
inescapable manufacturing variability. In accordance with Theorem 3.3.1, one may conclude
that the life distribution of units for the various units combined would have a decreasing
failure rate (Proschan 1963). It should not however, be inferred that data come from a
heterogeneous population when they suggest a decreasing hazard, as there may be a true
decreasing hazard. One then needs to distinguish between heterogeneity and decreasing
hazard rates. See Follmann and Goldberg (1988).
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Chapter 4

Burn-in for heterogeneous
populations

4.1 Basic notions

A method that has widely been accepted as effective for screening out initial failures due
to the large failure rate at early stages of components’ life is burn-in (Finkelstein & Cha
2013). Burn-in is a method of elimination of initial failures (infant mortality) of components
before they are shipped to customers or put into field operation. This process is carried
out by exposing, for a fixed time period, manufactured components to electrical or thermal
conditions that approximate the working conditions in field operation prior to the actual
operation. Only components that survive this burn-in procedure will be considered to be of
satisfactory quality; those which fail in the process will be scrapped or repaired.

Often the observed failure rate is initially large but decreases more or less steeply as the
component goes into its useful life period where it is relatively small and nearly constant. It
has been suggested that the initial decrease in the observed failure rate is due to the com-
position of the population of the manufactured items—this population is often composed
of two subpopulations, viz., the subpopulation with normal lifetimes (i.e. the main distri-
bution) and the subpopulation with relatively shorter lifetimes (i.e. the freak distribution).
An intuitive justification of the foregoing is as follows: units with the larger failure rates
(i.e. those from the freak distribution) tend to fail first, so the average hazard rate of the
remaining units tends to decrease with time (Follmann & Goldberg 1988).

Burn-in can be useful for instance, for electronic and mechanical devices which often exhibit
initially decreasing hazard rates. The burn-in procedure in this case shifts the failure rate
function to the left to avoid its initially large values. An important problem in burn-in is to
determine the length of the burn-in period. We will refer to this period as the burn-in time.
A burn-in time that is too short will result in shorter lifetimes remaining in the population;
on the other hand, a burn-in time that is too long shortens the lifetimes of the stronger
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subpopulation. This suggests that the time to stop the burn-in procedure given a certain
criterion to be optimised should be sought for. This time is called the optimal burn-in time.
Some of the criteria that have been considered in the literature are:

• the mean remaining lifetime

• the probability of a mission success

• the mean number of failures

• system availability

Since burn-in is often costly, studies around this topic have also been carried out with the
objective of minimising costs incurred in the process (see e.g. Shafiee et al. 2014). Although
several other criteria have been considered in the literature, burn-in mainly focuses on
maximising the mean residual life and minimising the expected total costs (Wu & Su 2002).
Park (1985) presents a study on burn-in to increase the mean residual life; a study on burn-
in with the objective of reducing costs can be found in the work of Stewart and Johnson
(1972), among others.

We have seen that the mixture of ordered failure rates (or the mixture of heterogeneous
populations) is the main cause of decreasing failure rates. It is for this reason that we will
devote the most part of this chapter to the burn-in procedure under the mixing setting.
Burn-in for homogeneous populations is obviously justified if the hazard rate is decreasing.
For heterogeneous populations, however, burn-in can also be justified for increasing hazards.
In this chapter the usual stochastic order and the hazard rate order will be used to define
the “nature” of the heterogeneity of our populations.

4.2 Burn-in for increasing the proportion of strong items

To see the effect of burn-in in heterogeneous populations, consider a population consisting of
a strong subpopulation and a weak subpopulation with proportions π and 1−π, respectively.
Denote the density, distribution, and hazard rate functions of the strong subpopulation
by f1(t), F1(t), and λ1(t), respectively. Denote the corresponding functions for the weak
subpopulation by, f2(t), F2(t), and λ2(t), respectively. It follows then that the survival
function and the hazard rate function of the population as a whole are given by

F̄m(t) = πF̄1(t) + (1− π)F̄2(t)

and

λm(t) =
πf1(t) + (1− π)f2(t)

πF̄1(t) + (1− π)F̄2(t)
,
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respectively. If the population with survival function and hazard rate given above is sub-
jected to burn-in for a time of length b, then the survived population has survival function,

F̄m(t|b) = π(b)F̄1(b+ t)/F̄1(b) + (1− π(b))F̄2(b+ t)/F̄2(b),

where the proportions of strong and weak components are given by,

π(b) =
πF̄1(b)

πF̄1(b) + (1− π)F̄2(b)
and, 1− π(b).

If the strong subpopulation is “bigger” than the weaker subpopulation in the sense of the
usual stochastic order (i.e. F̄1(t) ≥ F̄2(t) for all t ≥ 0), then for all b ≥ 0,

π(b) =
π

π + (1− π)F̄2(b)/F̄1(b)
≥ π.

The above inequality shows that the quality of the population (as measured by the pro-
portion of strong items) improves for any burn-in time b > 0. If additionally, the two
subpopulations are ordered in the sense of the hazard rate order, then the proportion of
strong items π(b) will increase in b. Consider the example below.

Example 4.2.1. Suppose that we have F̄1(t) = e−5t and F̄2(t) = e−10t. Suppose also that
π = 1 − π = 0.5. We then have π(b) = (1 + e−5b)−1 > 0.5 for all b > 0. If we take b = 10,
we already have π(b) very close to unity. That is, an item picked up at random from the
survived population is almost certain to be from the strong subpopulation. Notice that
not only is π(b) greater than π for all values of b > 0, but it is also increasing in b. This,
obviously, is due to the fact that the usual stochastic order is equivalent to the hazard rate
order in the case of the Exponential distribution.

One can easily simulate variates from the mixture defined above, and also from the corre-
sponding population that has survived burn-in. Panel (a) of Figure 4.1 is a histogram of a
sample of size 100 from the mixture before burn-in; panel (b) displays a sample of 100 of
variates that have survived burn-in time of b = 10. The mean of this sample was calculated
as 0.19. This is evidence that after burn-in of 10, the sample consisted almost entirely of
items from the strong subpopulation, which had a mean of 0.2.

It can be argued that items are not always dichotomously divided into “strong” and “weak”,
since some may have the defect to a lesser degree than others (see e.g. Sherwin & Bossche
1993, p. 18). To this end, we suppose that instead of only two subpopulations we have
n subpopulations that make up a bigger population. Denote by πi, fi(t), and F̄i(t), the
proportion, density function, and survival function of the ith subpopulation, respectively.
Suppose also that for some 1 ≤ j ≤ n, the jth subpopulation is stochastically greater than
all the other subpopulations. That is, we have
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Figure 4.1: Histograms of variates from a mixture of Exponential variates before and after
burn-in time of b = 10.

F̄j(t) ≥ F̄i(t), for all t ≥ 0, and all i 6= j. (4.1)

An item from the above population is then seen to have density

fm(t) =

n∑
i=1

πifi(t), where

n∑
i=1

πi = 1, and 0 < πi ≤ 1,

survival function

F̄m(t) =

n∑
i=1

πiF̄i(t),

and hazard rate,

λm(t) =

∑n
i=1 πifi(t)∑n
j=1 πjF̄j(t)

.
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In field use, a population that is picked up at random at time 0 from the population that
has survived burn-in time b has survival function

F̄m(t|b) =

n∑
i=1

F̄i(b+ t)

F̄i(b)
πi(b),

where

πi(b) =
πiF̄i(b)∑n
j=1 F̄j(b)

.

Finally we have from 4.1,

πj(b) =
πj

πj +
∑
i 6=j πiF̄i(b)/F̄j(b)

> πj . (4.2)

Hence, if we measure the quality of a population by the proportion of the subpopulation
of strong items, we see that burn-in of any length will improve the quality of a population
consisting of a strong subpopulation and other weaker1 subpopulations.

4.3 Burn-in for avoiding large risks

It is known that the mixture failure rate is the expected value of the failure rates of the
subpopulations of which it is made up (Finkelstein & Cha 2013). However, an expected
value of a distribution is not always a good measure of location especially when there are
large chances of making substantial losses. This can be related, for instance, to the fact that
the sample mean is an inefficient measure of location when the distribution has fat tails.

Suppose that we have n subpopulations that make up a bigger population. Denote by πi,
fi(t), and F̄i(t), the proportion, density function, and survival function of the ith subpopu-
lation, respectively. Suppose also that for some 1 ≤ j ≤ n, the jth subpopulation is greater
than all the other subpopulations in the sense of the hazard rate order. That is, we have

λj(t) ≤ λi(t), for all t ≥ 0, and all i 6= j. (4.3)

We see then that

πj(b) =
πj

πj +
∑
i6=j πiF̄i(b)/F̄j(b)

(4.4)

1Weaker here is used to mean stochastically smaller.
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is increasing in b. That is, burn-in increases the proportion of the subpopulation of strong
items. Figure 4.2 is a plot of failure rates λ1(t) ≤ λ2(t), and the corresponding mixture
failure rate λm(t). The latter is “sandwiched” between the two individual hazard rates.
Expressions for the individual hazard rates are λ1(t) = 1.2−e−1.2t+0.01t, λ2(t) = 1.4e−.08t+
1.2 + 0.01t, and the corresponding proportions are π1 = .8 and π2 = .2, respectively.
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Figure 4.2: Plot of two hazard rates and the corresponding mixture hazard rate. The latter
is plotted in blue.

In this section we want to minimise risks that occur due to choosing items with large
individual failure rates. These risks will always exist (before and after burn-in) since our
population is heterogeneous. From Figure 4.2, the mixture failure rate is increasing and
therefore, the quality of performance of the population as described by this characteristic
is decreasing, whereas the risk of selecting a weak item is decreasing. A measure that takes
these two conflicting criteria into account has been derived in the literature (Finkelstein &
Cha 2013). We also see from Figure 4.2 that at time 0, the risk of selecting a weak item
(i.e. one from a distribution with a larger hazard rate) is large, hence a larger penalty (or
loss) should be imposed on an item with a larger risk. To this end, a point loss at time t
for subpopulation i is defined as,

Li(t) = g(λi(t)), i = 1, 2, . . . , n
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where g(·) is a strictly increasing function of its argument (Finkelstein & Cha 2013, p. 288).
If we denote by τ , the mission time for our components, and if g(·) is continuous on [0, τ ],
then there exists a number c in [0, τ ] such that (Stewart 2008, p. 443)

g(c) =
1

τ

∫ τ

0

Li(t) dt

=
1

τ

∫ τ

0

g(λi(t)) dt

The above integral defines the average of the point loss Li(t) over the interval [0, τ ]. Now
if a burn-in procedure of duration b is performed, the mean loss after burn-in is given by
(Finkelstein & Cha 2013, p. 289)

Ψ(b) =

n∑
i=1

∫ τ
0
g(λi(b+ t)) dt

τ
πi(b). (4.5)

The objective is then to find a b∗ that minimises Ψ(b). Let us assume that g(u) = u, which
is admissible because it is strictly increasing. We then have from Equation 4.5,

Ψ(b) = −
n∑
i=1

log F̄i(b+ τ)− log F̄i(b)

τ
πi(b).

If we let the mission time τ approach 0 we get,

lim
τ→0

Ψ(b) =−
n∑
i=1

πi(b)

F̄i(b)

=−
n∑
i=1

πi∑
j πjF̄j(b)

=− 1

F̄m(b)
. (4.6)

The above equation shows that the mixture survival function completely defines the mean
loss function (after burn-in time b) of an item with zero mission time (or no field use) if we
assume g(u) = u.
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Figure 4.3: Plot of the mean loss function for an item with zero mission time from a
population defined by mixture hazard rate depicted in Figure 4.2.

4.4 Closing remarks

Burn-in is an important and widely accepted tool in Reliability for getting rid of initial
failures of manufactured items (see e.g. Finkelstein & Cha 2013). To burn-in a component
or system means to subject it to a period of use prior to the time when it is to actually be
used (Block et al. 1994). In the last three sections of our note, we reviewed some of the
basic concepts of burn-in for heterogeneous populations. The usual stochastic order and the
hazard rate order were used to define the nature of heterogeneity of our populations. A great
deal of our presentation originated with Finkelstein and Cha (2013). We showed that the
quality of a population consisting of at least one strong (in the sense of the usual stochastic
order) subpopulation improves with burn-in if we measure quality by the proportion of
the subpopulation of strong items. If the strong subpopulation is greater than the other
subpopulations in the sense of the hazard rate order, then we reach a stronger result—the
proportion of strong items will be an increasing function of the burn-in time b.

Lastly we considered minimising risks that occur due to selecting items with large individ-
ual failure rates. We described a heterogeneous population where heterogeneity was char-
acterised by the hazard rate order. Specifically, we assumed that out of n subpopulations
forming a bigger population, one subpopulation exceeded the other n − 1 subpopulations
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in the sense of the hazard rate order. We then saw that the proportion of the strong sub-
population was an increasing function of burn-in time b. In this case, if one chose an item
from such a heterogeneous population at time t = 0 (i.e. without applying burn-in), there
was a high risk of selecting an item from a distribution with a substantially large hazard
rate. See Figure 4.2 for the simplest case of n = 2 subpopulations. The risk can be reduced
by decreasing the proportion of items from the weak subpopulation, which in turn can be
achieved by performing burn-in since the proportion of strong items increases with burn-in
time (Finkelstein & Cha 2013, p. 288). However, we saw an increasing mixture failure rate
in Figure 4.2. Hence burn-in may not be completely justified. We got rid of this dilemma
by defining a mean loss function Ψ(b), and then selecting a value b∗ that minimises Ψ(b).
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Chapter 5

Conclusion

5.1 Introduction

The current chapter sums up what has been presented in the last four chapters of our work.
Emphasis throughout our work has been on the role played by stochastic orders (or partial
orders) in Reliability. Also in this chapter we interpolate some general comments additional
to those given in the previous chapters.

5.2 Stochastic Order Relations

Chapter 1 presented an overview of common univariate stochastic orders. We stated that
stochastic orders occur as a means of comparing or ordering random variables in terms
of certain characteristics of their respective distributions. One such characteristic is the
expectation. If X and Y represent lifetimes of units 1 and 2, respectively, and one can show
that E[X] ≤ E[Y ], then unit 2 should be preferred as it is seen to outlive unit 1, at least
on average. Then we say Y precedes (or is greater than) X in the sense of the order in
expectation. The order in expectation is very simple and has not received much attention
in the literature.

More common is the usual stochastic order. We recalled in Chapter 1 that a lifetime X is
said to be smaller than another lifetime Y if its survival function lies below that of Y for all
real non-negative values. Usually in the literature, when it is said that Y is stochastically
larger than X, it is understood that X 5st Y . We also recalled that the usual stochastic
order implies the order in expectation. However, the converse to this statement is not true
as was shown by way of counterexample. Closure properties of stochastic orders were also
considered. It is easy to show that the order in expectation is closed under convolutions,
because of the linearity of expectations even without assuming independence. The usual
stochastic order is closed under convolutions of independent random variables (Shaked &
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Shanthikumar 2007, p. 6).

Another important stochastic order we considered was the hazard rate order. If we denote
the hazard rate of a lifetime X by r(t), then it can be shown that for small δt, Pr[t < X ≤
t + δt|X > t] ≈ r(t)δt. This is the probability that a lifetime that survives time t does
not survive a further δt time units. Basically, a random variable X is smaller than another
random variable Y if its failure rate function lies above that of Y for all real non-negative
values. We showed that the hazard rate order is stronger than the usual stochastic order.
Other stochastic orders we considered were, the reversed hazard rate order, the likelihood
ratio order, the convolution order, the Laplace transform order, the Laplace transform
ratio order, the reversed Laplace transform ration order, the increasing convex order, the
increasing concave order, and the mean residual life order.

The reversed hazard rate order is less commonly found in the literature than the hazard rate
order, but results about the hazard rate order can usually be translated into results about
the reversed hazard rate order (Nanda & Shaked 2001). One link between the reversed
hazard rate order and the usual stochastic order is given by the so-called inactivity time of
a lifetime X. The inactivity time or, the reversed residual life of a lifetime X, denoted X(t),
is defined as the time elapsed since the failure time X of a unit, given that the unit failed
at or before time t > 0. That is (Burkschat & Torrado 2013)

X(t) = [t−X|X ≤ t].

Now, if X(t) 5st Y(t) for all t ≥ 0, then X ≥rh Y (see Burkschat & Torrado 2013; Shaked
& Shanthikumar 2007). Perhaps the most complete treatment of stochastic orders and
their applications at the time of writing is Shaked and Shanthikumar (2007) and readers
interested in more details on the above-listed partial orders are urged to refer to it.

One area of Reliability in which stochastic orders have been applied is that of Poisson shock
models. If a device with lifetime T is subjected to random shocks arriving according to the
(homogeneous) Poisson process of intensity λ, and Pk = Pr{N < k} denotes the probability
that the device does not survive the first k shocks, where N denotes the number of shocks
survived by the device, then the distribution of T is given by

H(t) =

∞∑
k=0

(λt)k

k!
e−λtPk, 0 ≤ t <∞.

Shaked and Wong (1997) show that if N1 and N2 denote integer-valued random variables,
and for j = 1, 2, Tj has distribution function

Hj(t) =

∞∑
k=0

(λt)k

k!
e−λtPk|j , 0 ≤ t <∞,

where Pk|j = Pr{Nj < k}, then T1 will be less than T2 in the Laplace transform ratio order
(reversed Laplace transform ratio order) if and only if N1 is less than N2 in the Laplace
transform ratio order (reversed Laplace transform ratio order).
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One order derived from the reversed hazard rate order is the up reversed hazard rate order.
A lifetime X is said to be smaller than another lifetime Y in the up reversed hazard rate
order (written X ≤rh↑ Y ), if X − x ≤rh Y for each x ≥ 0 (see Crescenzo & Longobardi
2001).

Crescenzo and Longobardi (2001) show that if Pk|j and Tj are as defined above, then if

Pk+j|1

Pk|2

is decreasing in k for all j ≥ 0, then T1 ≤rh↑ T2.

One way of improving system reliability is to provide more items than are actually required
for satisfactory operation (Sherwin & Bossche 1993, p. 6). If a system is such that all
items that are for the time being available are operated, but the system can continue to
provide the required service with as few as k out of n of them operating, then it is called
a k-out-of-n system (Sherwin & Bossche 1993).1 It has been shown that for any k, the
lifetime of a k-out-of-n system is greater than that of a (k+ 1)-out-of-n system in the sense
of the hazard rate order but not in the likelihood ratio order (Boland et al. 1994). Another
interesting result stated in the reference just cited and proved in Lynch et al. (1987) is that
k-out-of-n systems whose components have identically distributed lifetimes preserve the
hazard rate order. Items that form a k-out-of-n system are said to be in k-out-of-n active
parallel redundancy ; in stand-by redundancy, any items beyond the required k are shut down
whether failed or not (Sherwin & Bossche 1993). For series systems of components with
heterogeneous non-independent Exponential lifetimes, stand-by redundancy at component
level is better than at system level in both the hazard rate order and the likelihood ratio
order (Choi & Kim 1998).

We denoted the state space of each unit of a standard reliability system by X = {q, r, s, w}
where the states q, r, s, and w represented , “queueing”, “repair”, “spare”, and “working”,
respectively (Gaede 1991). In this case, stochastic ordering can be used to examine which
modifications of a system result in an improvement. “Shorter” repair times could be one such
modification, but since we are dealing with stochastic variables, stochastic ordering comes
in as a handy tool in giving meaning to “shorter” (see Gaede 1991). We also considered
the mean residual life order. This partial order derives from a function that characterises
the ageing of a reliability system, viz., the mean residual lifetime. A block replacement
policy—defined in Chapter 1—can only be useful if the residual lifetime of a working unit
is “shorter” than the lifetime of a new unit. This could be the case, if for instance, the
lifetimes in question are ordered in the sense of the mean residual lifetime order.

5.2.1 Order in the family of Weibull distributions

The integrated survival function of a non-negative random variable X with survival function
Ḡ(·) can be written,

1One readily sees that a parallel system is a 1-out-of-n system, whereas a series system is an n-out-of-n
system (Boland & Proschan 1983).
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HX(η) =

∫ ∞
η

Ḡ(t) dt.

Deodatis et al. (2013) call the function HX(·) the excess function. It has been called the
stop-loss transform in Actuarial Science. We say that Y precedes X in the increasing
convex order, denoted X 5icx Y , if HX(η) ≤ HY (η) for all η. In Actuarial Science, where
the random variables X and Y denote losses, the increasing convex order is referred to as
the stop-loss order. In this case, 5icx is replaced by 5SL.

Unlike most orders we studied in the opening chapter, the increasing convex order is both a
location and variability order. That is, it compares distributions according to their location
and spread or dispersion (Whitt 1985). Most orders we studied compare distributions ac-
cording to their locations alone; variability orders have also been considered in the literature.
See Shaked and Shanthikumar (2007). Relationships between the increasing convex order
and a number of other orders have been proved in the literature. For instance, stochastically
ordered lifetimes are also ordered in the sense of the increasing convex order (Bedford et al
2008). Also, if lifetimes X and Y that have finite means are ordered in the sense of the mean
residual life order, then they are similarly ordered in the increasing convex order (Shaked
& Shanthikumar 2007, p. 194).

Chapter 2 studied, among other things, the application of the stop-loss (or increasing convex)
order to the sub-family of the two-parameter Weibull distribution. In particular, we fixed a
reference point (α0, λ0) where α0 is assumed to be greater than the turning point τ = 2.1662
of the curve λ = λ0Γ(1+1/α)/Γ(1+1/α0), and argued, although without proof, that points
below the curve just defined, and to the left of the reference point correspond to Weibull
distributions that are larger than the Weibull distribution with parameters α0 and λ0 in the
sense of the increasing convex order. See the shaded region in panel (a) of Figure 2.5; panel
(b) shows the region of parameter combinations corresponding to Weibull distibutions that
are smaller in the sense of the increasing convex order.

A similar exercise was performed for the usual stochastic order. In this case we argued
that points to the left of the reference point and above the horizontal λ = λ0 correspond
to Weibull distributions that are smaller than the Weibull distribution with parameters
α0 and λ0 in the sense of the usual stochastic order. Panel (a) of Figure 2.6 illustrates
this case, whereas panel (b) shows the region of parameter combinations corresponding to
stochastically larger Weibull distibutions.

5.3 Ordering of mixture Distributions

Homogeneous populations rarely exist in practice and if this is ignored, a statistical model
of the time to failure may estimate a spurious decreasing hazard rate (Follmann & Goldberg
1988). See also Finkelstein and Cha (2013, p. 143). Mixtures of distributions constitute an
effective tool in modelling heterogeneity (Finkelstein & Cha 2013).

Most of Reliability modelling deals with homogeneous cases. A homogeneous population
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can be viewed, at least from a statistical point of view, as a sequence of independent and
identically distributed lifetimes. It is perhaps unfortunate that most populations of manufac-
tured items are not of this nature; due to instability of production processes, environmental
factors, etc., items in real life exhibit some heterogeneity (Finkelstein & Cha 2013). Het-
erogeneous populations can be viewed as collections (finite or otherwise) of homogeneous
subpopulations stochastically ordered in some specified sense (Finkelstein & Cha 2013). The
role of stochastic orders in the study of heterogeneous populations is therefore evident.

In Chapter 3 we considered a model of the form

λ(t|z) = zλ(t),

where λ(t) represented the baseline hazard and z the frailty parameter. We called this
model the proportional hazards model. Other frailty models exist, e.g. the additive model.
Obviously, items with greater z have greater hazards. Such items (i.e. items with greater
values of the frailty parameter z) are said to be more “frail” than others (Wienke 2003). The
term frailty was introduced by Vaupel et al. (1979). In Survival Analysis, individuals possess
different frailties, and those patients who are most frail will die earlier than others. Hence
the frailty approach aims to account for heterogeneity caused by unmeasured covariates
(Wienke 2003). We see that a mixture population represented by the proportional hazards
model can be viewed as a collection of subpopulations ordered in the sense of the hazard
rate order. In pracice, the frailty parameter is often modelled as a stochastic variable. In
our work we assmued a Gamma distribution for the frailty parameter most of the time,
because of its mathematical tractibility. For the same reason, the Gamma distribution has
been widely used in practice to model intercluster dependency (Chui & Sun 2004).

We recalled from Follmann and Goldberg (1988) that an item drawn randomly from a het-
erogeneous Exponential population has a decreasing hazard. We demostrated this result by
means of a simulation. See Example 3.3.4 on page 49. Many types of electronic compo-
nents have an Exponential life distribution (Davis 1952, cited in Proschan 1963). Hence it
would seem reasonable that the distribution formed by pooling failure intervals for a given
component operating in different types of equipment would have a decreasing hazard rate
(Proschan 1963).

Heterogeneity could also explain why semiconductors seem to exhibit a DFR distribution.
It might be that the units within a given production lot exhibit a constant failure rate
since semiconductors do not wear out, but that the failure rate varies from lot to lot as
a result of inescapable manufacturing variability. From Theorem 3.3.1, one may conclude
that the life distribution of units for the various units combined would have a decreasing
failure rate (Proschan 1963). It should not however, be inferred that data come from a
heterogeneous population when they suggest a decreasing hazard, as there may be a true
decreasing hazard. One then needs to distinguish between heterogeneity and decreasing
hazard rates. See Follmann and Goldberg (1988).

Finally we saw the role played by the classical Laplace transform in the inverse problem of
Finkelstein and Cha (2013). In this problem, at least for the additive and multiplicative
models, one obtains the failure rate λ(t) of the baseline distribution from an arbitrary mix-
ture failure rate λm(t) and arbitrary mixing density π(z). Recall that we referred to the
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distribution associated with the frailty Z as the mixing (or frailty) distribution. Demon-
strative examples were also given. Another inverse problem we considered was that due to
McNolty et al. (1980). They assume an Exponential baseline distribution and obtain the
mixing distribution for an arbitrary mixture survival function.

5.4 Burn-in for heterogeneous populations

Burn-in can be described as a procedure in which new units are tested at over-stress con-
ditions to make the quality failures occur in the factory rather than the field (Sherwin &
Sherwin 1993, p. 18). Burn-in for homogeneous populations has been studied extensively
in the literature. A popular approach to determine the optimal burn-in time for bathtub-
shaped failure rate distributions is to maximise the mean residual function after burn-in
(Bebbington et al. 2007). Various other criteria exist that have been considered to be opti-
mised in order to determine the optimal burn-in time. Since burn-in can be a costly exercise,
costs is one such criterion. Shafiee et al. (2014) assume that the cost of minimal repair2 to a
component at age t is a continuous non-decreasing function of t and investigate the lengths
of the burn-in and warranty period so that the mean of the total product servicing cost is
minimised. Nguyen and Murthy (1982) also derive optimal burn-in time for products sold
under warranty. See also Genadis (1996).

Although burn-in for homogeneous populations is usually performed for items with decreas-
ing or bathtub-shaped failure rates, it has been shown that for heterogeneous populations,
burn-in can be justified even when the failure rate function increases (Cha & Finkelstein
2011; Cha & Finkelstein 2012). In Chapter 4 we applied the usual stochastic order and the
hazard rate order to burn-in problems for heterogeneous populations. We showed that if
a population is dichotomously divided into a “strong” subpopulation and a “weaker” sub-
population in the sense of the usual stochastic order, then after burn-in of any length, the
proportion of the population of “strong” items will be greater than its value before burn-in.
Example 4.2.1 on page 60 was used to illustrate this by assuming that a population is made
up of two ordered Exponential subpopulations. If the usual stochastic order is replaced by
the stronger hazard rate order, then the proportion of strong items will be an increasing
function of the burn-in time b.

We considered also burn-in for avoiding large risks. See Cha and Fikelstein (2014). In
this case we used the hazard rate order as a means of describing the heterogeneity of our
population. In heterogeneous populations, risks that occur due to selecting items with large
individual failure rates always exist before and after burn-in (Finkelstein & Cha 2013). To
reduce these risks, Finkelstein and Cha (2013) defined the so-called mean loss after burn-in.
The objective is then to find a b∗ that minimises this function. Finally we showed that the
mean loss function for zero mission time is simply the negative reciprocal of the mixture
survival function if g(·) is chosen to be the identity function. A typical plot was included.

2Minimal repair restores the equipment to its condition just prior to failure (Block et al. 1985).
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5.5 Final remarks

Our work has mainly been a review of the literature on Stochastic Orders and the role they
play in Reliability Theory. Chapter 1 presented an overview of what one might refer to as the
most common stochastic (or partial) orders. Basically, a stochastic order is a rule that gives
probabilistic meaning to the inequality X 5 Y , where X and Y are stochastic quantities. We
showed how some partial orders were related and also presented some interesting properties
the partial orders possess, e.g. their closure properties, and closed off the chapter with some
interesting Reliability applications. Chapter 1 also included theorems, most of which were
accompanied by proofs and demostrative examples 3. An excellent reference on stochastic
orders is Shaked and Shanthikumar (2007).

The Weibull distribution has received a great deal of attention in the Reliability literature.
For suitable choices of the shape parameter, the Weibull distribution can either be IFR or
DFR. We showed how one would order Weibull random variables according to some selected
partial orders. Specifically, the main result of Chapter 2 was to show that a Weibull random
variable with a smaller shape parameter is “more dangerous” than that with a bigger shape
parameter for all combinations of the scale parameter just as long as the scale parameters
are unequal. See Theorem 2.3.1 on page 27. This exercise was inspired by an example from
Kaas et al. (2001).

We considered also shapes of mixture failure rates. Mixtures constitute a handy tool in
studying heterogeneous populations (Finkelstein & Cha 2013). One of the key results we
recalled in studying mixures was that a mixture of Exponential random variables is DFR.
We emphasised the importance of this result in replacement policies. Specifically, if an
item from a heterogeneous Exponenial distribution is scheduled for replacement, it may
well happen that the failure rate of the replacement item be larger than the failure rate
of the used one (Finkelstein & Cha 2013). We also showed that in general, mixing a DFR
distribution with a Gamma frailty results in a DFR distribution. See arguments just before
Example 3.3.3 on page 45.

We studied, also under the mixture setting, the concept of burn-in. Most but not all of our
arguments came from Finkelstein and Cha (2013). To burn-in a component is to expose it
to electrical or thermal conditions that approximate working conditions in field operation
prior to operation (Finkelstein & Cha 2013). It is an effective tool for screening out initial
failures due to the large inital failure rate at early stages of components’ life (Finkelstein &
Cha 2013). When burn-in is carried out, it is often found that the failure rate is initially
decreasing. This could suggest the presence of heterogeneity. Burn-in has been shown to
be justified in heterogeneous populations even if the hazard rate increases (Finkelstein &
Cha 2013). In our work we recalled two of the many methods of determining the optimal
burn-in time for heterogeneous populations—we considered optimising the proportion of
strong items, and avoiding large risks. The usual stochastic order and the hazard rate order
played a central role in the performance measures we considered. For other performance
quality measures in heterogeneous populations, see Cha and Finkelstien (2011), Finkelstein
and Cha (2013), and references therein.

3Most of the examples originated with us.
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