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INTRODUCTTION

Correspondence Factor Analysis is a multivariate technique which general

aim is to find associations and oppositions between subjects and variables,

as in other multivariate methods. Its advantages compared to other methods
are related to its more sophisticated mathematics and its simultaneous re-
presentation of subjects and variables on the same factorial axes. Theore-
tically the method is shown to be equivalent to a special case of Hotteling's
canqnical correiation analysis and also to a scale-free variant of Principal

Components Analysis.

Correspondence Factor Analysis is developed by Prof. J.P. Bénzecri at the
Mathematical Statistics Laboratory, Faculty of Science, Paris. The name
"Correspondence Analysis" is a translation of J.p. Bénzecri's "Analyse

‘Factorielle des Correspbndances".‘

In Chapter 1 we discuss the domain of Correspondence‘Analysis and give a
description of the data tables to which Corfespondence Analysis has been

applied.

Chapter 2 introduces the formulation of Correspondénce Analysis. We present
the theory how to cbmpute the factors and explain the computation of the
contributions. Furthermore we discuss the input data matrix and some of its

restrictions.

Chapter 3 describe the results of the énalysis which form the output of thé
programs in Chapter 4. We explain systematié methods of interpreting the
listings produced by the coﬁpufer, referring to Chapter u4's exaﬁplé on Israelil
rainfall. Finally in Chapter 3 we gives a table which explain the differen-

ces between Principal Component Analysis and Correspondence Analysis. I

would like to mention at this stage that most of the theory given in Chapter
1 : X
1, Chapter 2 and Chapter 3 is take from Col. 2 of Prof. J.P. Bénzecri's




"L' Analyse des données" which was translated by Michael Greenacre.
Useful ideas were alsoltaken from an article '"Correspondence Factor Ana-
. lysis: An Outline of its Method by H. Teil in the Mathematical Geology,

Vol 7, No. 1, 1975 page 3-12.

In Chapter 5 we discuss function plots of High-Dimensional Data. Further-
more we imply Andrew's method on the factors computed by Correspondence

Analysis.

Finally in Chapter 6 we explain the theory of Multidimensional Scaling to-

. gether with an example based on the factors as plotted in Chapter 5.




CHAPTER 1.

1.1 INTRODUCTION.

In this section we consider the different types of data sets to which
correspondence analysis has been applied. Correspondence factor analysis

may be applied to any tipe of data and to any'number of data poihts.

The main typés of data are

(1) Homogeneous data
(2) Heterogeneous data

(3) Exhausitive data

The bést types of data are finite sets I and J with whole positive
numbers, e.g., data froﬁ'qqeétionaires and surveys because these numbers
‘are independéﬁt‘of an& unitéry system. Attention muét be paid to the
Unit of measure uéed in a study of a homogenous data set so that it haé
the same meaning fhroughout the ﬁatfix. The beét method of handling
heterogenous data is to use a -logical code, i.e., divide each variablé
into classes of similar probability.and qonsider each value as being
present or absent in each class. Starting from the freatment of fre-
quency tables} where one can Qheck'tﬁe validity of the.results using a
probability model, we shall gradually extend the argumént'to the treat-

ment -of several different kinds of data ‘sets.

1.2 FREQUENCY TABLES.

.This is the simplest type of data- considered suited to correspondence
analysié. Let us take two finite sets I and J; a probability dis-
tribution pIJ = {pijli s"I,Ij e J} on the Cartesian product I x J
may also be considered as a éystem of nonnegative point masses with
total sum equal to 1, each of these masses being assigned to a couple

(i,j) comprising an element i of I and an element j of J.
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The easiest case is met when éne logs the occurencies of independent
events (i,j) which are the conjunction-of the realization of an element
i of I and an element j of J. If k(i,j) is the number of times
one has observed the outcome of the event (i,j) and k is the total
number of events observed, an estimate of the probability pij is

given by the frequency . fij = k(i,j)/k.

The siﬁpliest mathematical structure of the data can be described as
follows: first two finite sets I and J given '"a priori", aﬁd
secondly an integer—valﬁed nonnegative function k(i,j) that counts
the independent or corfelated events defined by -simultaneous occurence

of 1 and j.

CONTINGENCY TABLES.

If all‘the k(i,j) are quantities of the same nature, for example all
mass or all amouﬁts of money, the éhoice of the units of measurement (e.g.
kilogram or rand) does not affect the resulf‘of the analysis. This is
due to the fact that 'a change/in units is equivalent fo the multipiication
of all the k(i,j) by a common coefficient; consequently the

fij = k(i,3)/k remain unchénged. In fact even if the quantities k(i,jj
are not expressed as rational fractions of some common unit, the particular .
choiée of this unit is of.no consequeﬁce to the results. We shall thus
analyse as contingency tables those ‘composed of homogeneous Quantities
(e;g..expenditurésvbr income expressed in dqllars) and those composed of
integers counting popﬁlation rather than events (e;g. number of persons
practising a profession i in a given area j); here k(i,j) is the

weight of j .(or number of j's) in 1.

As regards the product set I x J used as framework for our observations
it will often not appear at first glance as the product of two definite

sets. Let us for example think of a study of the expenditures of the




RiS.A. citizens. The first set, I = the R.S.A. citizens,. is too

lé?ge for a detailed study; the second, j = the expenditures, is rather

a continuum and its division into a finite number éf classes presents a
tricky problem. Specialists in economics of expenditure usually split

the household's budget into a few dozen cétegories, say 50, and this
practice éhoul@ be accepted at- first by the statistician. The advantage
of correspondence analysis'in such a situation is that, thanks to the
principle éf'distribﬁtional equivalence (p-.1ll Dis. x% Corr.), the analysis

is only slightly sensitive to the detail of the partition adopted.

Fo? practical considerations it is clear thét we cannot consider the
complete set of R.S.A. citizens, but merely a sample the size of which
does not exceed the capabilities of the available set of ‘investigations.
We see the‘chdice'of set J leads to fhe same Kind. of probleﬁs és those
presénted by the choice of I; in both cases the'priﬁcipal of distri-
bﬁtional eéuivalence favours fhé stability of the results. Furthermore
as in corresﬁondence gnalysis %he'value of thé computed faétors for each
individual i (or j ) does not depend on the tofal mass but rather on
the profile of:each row (or column) describing this individual, elements

of different magnitudes can be mixed in an analysis.

Lét“us discﬁss éontingency.table analysis as-éérrequndence énalysis is
defined algebraically equivalent to Fisher's contingency table anaiysis.
it was first published by Hirschfield(1935), but since that time it has
suffered widespreaa néglect, and has been rediscévered by Guttman(1959).
Hirschfield's treatment of the topic is clear and succinct, but was not
cited by Fisher(1940). As a result, Fisher has frequently been regarded

as the method's first‘invehtor.

Thus,'given on mXn contingency table A = Eﬁj]’ specifying the

counts of joint occurences of two discrete variates, let K = (I,J) be




the'bivariate random variable specifying the outcome of'éach individual
§béervation from which the table was assembled. The count aij is then
simply the number of times that the random variable K assumed the

value (i,3) in the observed sample. Fisher's '"contingency table ana-
lysis" consists of looking for functions f,g defined on the ranges of
I,J, such that the correlation of the derived random variables £(I),
g(J) is a maximum, Rephrasing the contingency table analysis amounts
to looking forlscores X :‘(Xl’ coes xm)T and y = (yl, cees yn)T, such
that when the functions f and g are defined by the relations

£(1) = X, and g(j) = yj, then the correlation of the random variables
f(I) and g(J) is a maximum. Other expositions of this approach are
given in Williams(1952), Kendall and Stuart(1961, p.569), Bénzecri(1969)

and Lancaster(1969).

MEASUREMENT TABLES.’

For continéencyAtables we were cafefull to maintain two important proper-
ties regarding the data: homdgeneity and exhaustivity. By homogeneity
we mean that all;the entities presented in the table are of the same
nature. By exhaustivity we mean that the sets I and J represent a

complete investigation of a natural phenomenon.

Suppose we are sfudying the distribution of commercial actiﬁity of

Johannesburg. It is possible to follow the existing rule Sf subdivision | :
of the city into 30 districts, tﬁus defining 'I. As regard the com-

mercial activity, the set J, it is_feasible'to subdivide it, say, into

10 classes. Now, by defining K(i,j)'= number of shops of type j in

district 1, have we thus for satisfied the condition of homogeneity?

Probably not, as with our numbering scheme we must want one individual

for a large store as well as for a very small tobacconist. Even if

one takes care to count the small tobacconists and the stores in different




columns j, homogeneity is not satisfied because the unit of measure-
ment chosen, the firm, does not have the séme meaning in the two cases
presented. We should thus replace our simple counting scheme for example,
by a measurement k(i,j) = surface occupied by the firm in the district

i. It is necessary to choose a unit of measurement which bears the

same meaning over the entire range of the table. Too large a diffe-
rence in quantity between the large store and the tobacconist introduceg.

here a qualitative heterogeneity.

We have gradually ﬁoved from the study of contingency tables to that of
a larger set of measupement tables. The set I is now a set of indi-
viduals supﬁosedly répreseptative of a potentially interesting popﬁla-
tion which is generally very large and mbre or legs well defined, for
the human race. " The set J is a set of measurements constructed in
such a way thét the véctorlt{k(i,j)]j e J} (the j-th row of the table)
is a satisfactory description of the’iﬁdividual i relative to the scope
of the study. One may think of J as a sample of the set of all the
variables that could be méasuned,'nevertheless it is certainly trué
that the concepts of gxhaustivitj and equal weighting are now met in a
Very weak sense.  The arbitrariness in the choice of the framework of

the study (namely the set I x J) has become rather large.

LOGICAL DESCRIPTION TABLES.

It has been noticed several times that one of the best ways of reducing
a heterogeneous data matrix to a common upit is to use a logical coding
scheme, i.e. where each.measuremenf scale is replaéed by a partition
into classes of approximateiy equal probability, where instead of using
a real-valued measurement oﬁe simply recérds whether the value falls

into a certain class, For example, we can represent one measurement

J by three columns jl’ j2, j3, so that for an individual i for




for which the value j is 'small and falls into the first class we

shall record:

k(i,jl) = 1; k(i,j2) = 03 k(i,js) =0

or where the value is fairly high, in the domain of class 2 and 3:
k(1,3,) = 05 k(i,3,) = 33 k(i,3,) = 3

We can thus substitute a scheme of continuous measurements by a family

of classes of logically coded variables.

We talk of a logical description table when the k(i,j) assume the
value 1 of 0 in a Bodlean éense: k(i,j)»= 1 means that individual
i has propefty j and k(i,j) = C means that i does not haQe ﬁro—
perty j. It is possible to codé various types of information in this
way, for example plant Jj grows iﬁ area 1, or student i gives the 

answer Jj.

We say that a logical description table is in complete disjunctive form
if the following condition is satisfied: the set of columns (or
properties) J 1is divided into a family Q of subsets (or questions)

q Such>that:
vieI,¥eQ JeQ(k(i,j) =1 (3'eq; j'+ 3)=>k(i,j') = 0)

In other wqrds'each individual i- has in each class q one and only
one property j. One can think of Qfas é'"questionnaire"; to each
question q € Q the subject i may'answer by selecting a set of at-
titudes in wﬁich the abstention can be included; to each of these

attitudes is assigﬁed a column j. of the matrix k

Ixg} if i gives

the answer Jj to the question q then k(i,j) = 1 and for any other

j'eq, k(i,j') = 0. In the particular case where the abstention is




not considered and where all the questions only allow answers yes or
no for each question g, only two attitudes q+ and q- (yes-no)

are possible, so that:

J=Q" v Q = ulld, dHae @

The person i who answers yes to ¢q has k(i,q*) =1, k(i,q ) = 0;

and the one 1i' who answers no has k(i‘,q+) =0, k(i',q—) = 1.

From a mathematical point of view a table kIJ in complete disjunctive

form presents the great advantage that the results of a correspondence

analysis are equivalent to those obtained by analyzing a true contingency

is the symmetric

table. More precisely it can be shown that if t13

correspondence matrix with integer values on J xJ such that,

t(j,3") = Card {i|i e I; k(i,3) = k(i,j") = 1} then the factors

¢J (functions on J of mean O and variance 1)

computed from tJJ are the same as those computed from kIJ; the

eigenvalues«computed from t are the square of those computed from

JJ
kIJ'

INTENSITY LEVEL. TABLE.

Another type of data commonly considered is a table k which gives

M
the following.information on a set of individuals I : for each i e I,
me M, k(i,ﬁ) is an intenéity level of each 1 between O and an
upper bound - Maxm which is usually the same for all the columns of
matrix kIM' A logical description table can be considered as a parti-
cular type of intensity le?el table in which all the intensity levels

can take only the values 0 and 1. This analogy suggests a similar

doubling of intensity level tables. To table kIM is associated

another table defined as follows: J 4is a set of all the couples m+, m




in which each subject under study has been doubled, so that

Card J = 2 x Card M:
. i _
J=U{{m , m Ime M}

+ . e e . .
In column m  1is recorded the initial value of the intensity level
of subject m, and in column m  is recorded the complement with

respect to Max : We could.fof example chose Maxm as 20.
m
.t . . - .
k(i,m ) = k(i,m); k(i,m ) = Maxm— k(i,m)

We define k(i,m+) as the intensity level and k(i,m ) as the deficien-

cy level.

The doubling concept ‘also suggests another coding scheme which enables
us to ﬁsevcorrespondence analysis on tables.with negative values. It
is advisable to double each column with numbers of both signs into a

. . : + . . N - .
possitive part column m and a negative part column m . We have:

if k(i,m) > 0 then k(i,n') = k(i,m) and k(i,m ) = 0;

if k(i,m) < 0 then k(i,m') = 0 and k(i,m ) = -k(i,m)

This method has been shown to be useful in practice. It can be very
meaningful in certain cases; if for example k(i,m+) is an amount of

exportation then k(i,m ) .is the corresponding amount of importation.

.

MULTIDIMENSIONAL TABLES.,

A rectangular table of numbers kIJ' can be considered as values

of a two dimensional variable defined -on the product I x J of two

finite sets. More generally a multidimensional table has elements

of multidimensional variable defined on the product Il X . X Ip
of several finite sets, For example if I is a set of countries,

J a set of districts, T a set of time intervals (e.g. set of

months)., A ternary table of rainfall k may be defined

IxXJIxT




where k(i,j,t) is the rainfall in the country i of the district j

during the month t.

Several methods have been developed for the analysis of multidimensional
tables with a particular reference to those which are time dependant.
Correspondence analysis 6f rectangular tables is applicable to the ana-
lysis of ternary tables and usually gives satisfactory reéults; In
the rainfall example the product set’ I x J x T may be considered in
several ways as the product of two sets, one of them being itself the

prodﬁct<of two other sets : e.g.
IxJxT=(IxT)xJd

Consequently the ternary table k may be presented as the rectangular

IxJxT

table "k, with margins I x'T ‘and J. A row (i,t) in this

(IxT)xJ ‘
table will give the set of Card"J elements which are rainfall
k(i,t),j) = k(i,j,t) for the country i during month t of district 3.

To the individual countries (I) we have substituted the individual

countries at given month periods.,

But we can equally consider that I x J x T = I x (J x T). Now each
line refers to a country i and gives the rainfall of all the months
in the country i.e. the family indexed by (j,t) e J x T of the rain-

fall by counfry i of the district ' t, at any month.




FORMULATION OF CORRESPONDENCE ANALYSIS.

CHAPTER 2.

Correspondence analysis takes into account the probabilistic
character of a data matrix I x'J of positive numbers
{k(i,j)li e I, J e J}. A'This matrix could be obtained from
the row data after different transformations as described above

in section 1. The following notation is commonly used:

K= z{k(i,j)|i e I, j € J}

k(i) = £{k(1,9)]3 € 9}; k(3) = £{k(i,3)|i € I} where k is the

total of all values i and Jj in the matrix.

| R} )|
| . s
v X
k(i.d) ¢ ! A »
1 N o o T e k)
S il B R i e
' [
(] '
[ :
Al - — - = = — - m - - - - = = <
[V K
1

Lk(i.3) fiel} = k(3)

Figure 1. Data matrix IxJ.

We thus define a probability estimate matrix fIJ of total sum 1: !

fIJ = {fijll e I, J e J}; fij = k(i,j)/k

These formulae show that most of our computations will be performed
as if fIJ were a probability distribution on the finite set
I x J (set of pairs (i,j). Nevertheless one can in any case com-

pute a ¥ distance which is a purely algebraic concept. We write:

£ = (k(1)/kli e T} £; = {k(3)/k| € J).
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These distributions are called marginal distributions of the

matrix.
Because f. & = {fijlj € J}; £i3

such that if we divide fiJ by the total fi of row i we obtain

a distribution denoted by f

€ KJ, a probability law exists

J:

i

fJ;= fiJIfi = {fij/filj e J}

f; is called the conditional distribution on J for a given i,

as _f§ is in fact the relative weight of couple (i,j) amongst
all the couples of the form (i,j') for J'eld. If the actual
data do not warrant a probabi;istic interpretation, then f§ is
known as the ﬁprofile" of the -element i on J. The study

of the "cloud" N(I) of profiles f; with masses £, is the aim

of correspondence analysis. The cloud is considered in the spacé
RJ with the-'xz‘ distance from the center fJ.

: ; . . '
The X2 distance llf; - f; I fj is called the distributional
distance between i -and 1i'. Simultaneously we consider in R

I)

structured by the x2 distance centred at f

1> the cloud N(J)

of the profiles f% (or column profiles):

f% = {fijlfjli e I} to which are fespectively attached the

.

masses fj'
2 . i Aty .
The x  distance Hfj - fj || is given by

2,0 o4y 2 i gityy2
D7(i,i") 73 l{(-fJ fJ )}

"o

"In order to eliminate the influence of certain variables which may
have large absolute values compared to the rest, and therefore

would give unbalanced results, each difference is divided by f

J




2.

12,

(the sum of the column corrésponding to the variables j). The

new formula is thus:
2,, .,y _ D i i2
D(i,i') = jgl{fJ fJ} /fj

Also the cloud N(J) of profiles £

J with masses fj is considered

in the space RI which has the x2 distance from the center fI.

Thg principle of distributional equivalence is one of the advan-
tages existing in cofrespondence anaiysis because it gives stability
to the results. It is explained as follows: if j' and Jj" are
two elements of J such that their corresponding column have the
same profile i.e.,

JY - j" jl' . . j" .8
fI = fI > oOr fI is proportional to fI » then a column J

equal to their sum can be substituted in their place without modi-

‘fying the elements of TI. The cloud N(J) is evidently not

modified because one unique point. f%s with mass fé + f" replace’

the two points.

Factorial axes and factors.

The cloud N(I) of f; in RJ has for its center of gravity G

the marginal profile fJ itself. Around this center, there are

_principal axes of inertia.

N2

Figure 2. Set of factorial axes u; and u;.
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It may be compared to the situation met with in mechanics where
the axes of inertian for a system of weighted points need to be
found. In a similar manner, axes are extracted by decreasing

inertia in correspondence analysis.

In RJ the factorial axis of order a is a unit vector udJ in
the sense of the x2 metric. We denote by ¢i = (uaJ/fJ) the

density of this measure. The function ¢i has zero mean and owing

to the unitary‘property has a variance of 1:
z{¢j £.1]3 e J} =0 : Z{(¢j)2f.|j eJ} =1
o ] Y J

The successive factorial axes are mutually orthogonal in the sense
of the x? metric. For the functions ¢i this property is -ex-
pressed by:

2(e) 3 £513 € 93 = 548

In this formula §a6 =0 if o $ B and 1 if .o = B; the two
_conditions of orthogonality and normalization (i.e. orthonormality)
are thus expressed in a single formula. In the language of pro-

bability we would say that the functions ¢i are mutually independent

on J with probability distribution fJ. 

The cloud N(I) can be referenced relative to the system with origin

at f_ and orthogonal axes u we shall denote by A the index

J ad
set, indexed by a, of the fémily of these axes. We have for
each ﬁ; coordinates denoted by Fa(i):'
i_ . .
£7 = £+ XF_ (1) uaJIa e A} ;
22 f (1 + 2P (1) 0%a € A}
J J a o ?

so that keeping in mind that. f;'= fij/fi we have:




iy,

. _ T
Vi, : fij = fifj(l + I{F (1) ¢a|a e Al)

Because the origin has been-placed at the centre of gravity fJ

of the cloud N(I) the function Fa(i) of i is of zero mean

on I relative to the system of masses fI : Z{Fa(i)fili e I} = 0.
The moment of inertia of the cloud N(I) in the direction of

the axis UaJ‘ is by definition the sum of the Fa(i)2 weighted

by -fi(i.e. the variance of Fa):

_ 26 s
Ay = U(F (1)) fill e I}
It can be shown that in correspondence analysis the Aa are neces-
sarily positive numbers lying between 0 and 1. To the function

gx is related a function ¢§ :

I _ 0, =3.,.y. Sy oy 31
% = A F(;)’ Fa(;) = A%

From .the definition of the principal axes of inertia we know that
the gx (or the ¢i) are mutually uncorrelated:

¢, o fili.e I} = 80t

The sum of the moments of inertia Z{Aala ¢ A} is simply the sum
Z{fﬂlfs - fJ“f§ ie I}, i.e. the total inertia of the cloud (the
sum of the point masses fi). " To each moment of inertia Aa

‘corresponds a part of the total inertia:

AQ/E{AaIa e A}, wusually coded Ty (proportion of inertia).

The cloud N(J) = R,

the cloud N(I) e R‘,- and it is noted that the functions ¢a and

is investigated in the same manner as for

the values Aa are the same for both clouds. Therefore, the

-1 :
function . ¢g = AazGa(j) has a complete symmetry with the function




¢a' F and Ga are known as the factors and the Aa as the charac-
a

 Aa gives the total inertia for N(I) and N(J) and is called

2.

The transition formulae enables us to go from set I to set J

15.

I

teristic values of the matrix as defined above. The -sum of the

the trace. Each factor Fa’ Ga relative to the characteristic

value A ~extracts a part of inertia.

When the factors are known on one of the sets it is possible to
determine their value on the other set by using only the simple
linear computations of the transition formula. If ¢a is one of

the factors we have:

1
z{f 013 € 3} = xtE, S/ >¢3|3eJ} 224

X
Z{fiq;ali e I} = Z{f 5/ o |1 e 1) - A2e)

and vice versa. = In the abové we can replace the ¢i, ¢g by the

Fa’ Ga because théy are proportional.

. l .
The transition formula allows us to compute F&(i) = A;¢;, coordi-

nate of the point f; of theycloud,. by orthogonal projection on
the factorial axis uLg _“Thé tranéifion formula,provide a new
definitipn of the factoré. If wé‘start from a function ¢I on I
we obtain by transition a function XJ on J; and again by transi-

tion we return to a BI on I:

i{¢lf1|i e I} = x7; Z{kqf;lj e J} = g ;

| . . . . '
¢ is a factor relative to the eigenvalue A if and only if we have

BI = A¢I. The use of this formula gives not only the usual factors
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I . - i
¢a with zero mean but also the constant function equal to 1
which is .often called the trivial factor relative to the eigen-

value A = 1.

Using the transition formula we can show why the eigenvalue Aa
lies between 0 and 1. Let us consider the set I x J with
distribution £13 (system of point masses with total mass 1);

¢I and ¢g can be considered as functions on I X J, each one

o
being the function of only one of the two variables i or J
LN PURENE SR DU I
thus: ¢a(l,]) = ¢a ; ¢a(l,j) = ¢ - On I x J the ¢a and
. ¢a are functions with zero mean and variance 1 (as on I and

J respectively). The correlation coefficient befween these two

functions can be expressed by:

I.J, ig .
cor(¢a,¢q) = Z{¢a¢a fijll e I,j ; J}
1 j . .
Z{¢afi2{¢a(fij/fi)|j e J}i e I}
- oppal i3,
Z£¢afi¢u AaLl e I} .
1
:)\2
o
;wheré a double summation has been performed. We have thus shown,

—

with the.qid of the transition formula, that Aai is a correlation
coefficient, hence: Aé‘s (O,l). In this way ‘we have another inter-
pretatibn of the factors computed from correspondence analysis,
namely they are the couplgs '(¢i, ¢i) of a function on I and a
function on J which when considered as functions on I x J (with

distribution fI ) are the most correlated.

J
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In order to shorten the formulae in the following expressions
we denote the x2 distance between an element of the cloud and

the centre of gravity as a polar radius p(i) (or p(j)):

o) = llEh - £l s e = [1E - £ ]le

The total inertia of the cloud N(I), as that of the cloud N(J),
is equal to the trace (or total sum of the eigenvalues), so that

we have the formula
Z{Aala € A} = Z{p(i)zfi{i e I} = E{D(j)ij|j e J} = Trace

We also know that each of the eigenvalueg‘xa_is a moment of inertia

which can be expressed as a sum indexed by I or J:
A= s{F (D2, e IF = 56 (2[5 e 3}
o a i o 3

As the square of a - x2 distance is, according to the usual Euclidian
fbrmula, equal to the sum of the squares of the coordinate relative
to an orthonormal system of axes (this condition is essential) we

have:
p()? = 2(F_()?]a € A}; '0(3)? = 56 (1) € A)

This is based on the condition that a squared distance (in the sense
of x2) is the sum of the squares of thé coordinates in a system

of orthogonal axes.

p(i)2fi is known as the absolute contribution of the element i to
the trace; Fa(i)2fi the absolute contribution of the element i to
the moment of inertia Aa; F (i)2 the absolute contribution of the

factor o to 1. The relative contribution is the contribution of

the factor to the element -~ Fa(i)2/p(i)2, equal to the cosine
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A2,
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squared.
J8) '
angle
fa v Fall)

alJ
origin (axis o)

¥

Figure 3. Relative contribution of factor to -
chmmbﬂmwmﬂmmhowmwmmn¢'

el - . .
cos(uaJ,(fJ fJ)) = Fa(l)/p(l)
The usage. of these terms will be discussed later.

.In order to represent the set J, the cloud N(J) is projected

in the space Ep‘ with p axes of inertia. We have already

3

seen that the cloud N(J) is the set of points fI

of RI’ where
the distances are those given by the x2 metric centred at fI

(fI is the centre of gravity of the cloud N(J)).

For a factor ¢,. there is an axis with vector (¢IfI)I (measure

with function ¢I as density relative to fI)'

A vector xI of RI has for its coordinate on the axis

¢IoXi= ;i ¢ixi. In particular, the vector 6; (representing the unit
mass placed af i) has a coordinate ¢i in the system of axes of
N(J) whereas the coordinates of tHe representative point i are
Ai(¢)%¢i. We can say that we pass from the system of the 6% to
the system of points repreéentingtthe element 1 by means of a

linear transformation r the eigenvalues of which are the principal

axes of inertia of the cloud N(J) relative to the eigenvalues

LS

(o}

The point f%, representing j in R, is exactly the barycenter
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i

of the 6; weighted with the point masses fi: £l = Zi fi GI

I

In certain problems (especially when the cardinal of the set I,
say, is small compared to the cardinal of J) it may be of interest
to destroy the symmetric situation between I and J by pre-
senting the élbud N(J). with the set {6%} representing the set

I. Using the usual coding of the output listings this is equivalent
to assigning to each 1 the coordiﬁate F(i)h_% instead of the
usual F(i). In this way,the point i is represented as a point

j for which 6; = £l

I (the limiting case of a j associated with

i only); hence j . is exactly at the centre of gravity of the i

(the .6;) weighted by the masses fi. It is then by a coefficient
: N \ ' v

A rather than A% that i can be made to coincide with the bary-

centre of the j weighted by the masses f;.

The clouds may be considered graphically 6n the same plan.

~ Graphs show the distribution of the points i and j with respect

to the chosen axes.

Guttman(1941), Torgerson(1958, p.538) and Hill(1973) introduced
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correspondence analysis as a method of scaling. Let's consider
a simpler method of scaling namely 'gradient analysis" which- was

developed by R.H. Whittakér(1967).

The data (for example floristic data) of gradient analysis consists
of a table of the incidences of a number of species at a number of
Sites. A particular épecies of grass indicate .wet conditions,
while another may indicafe dry conditions. We can scale the species
accordingly to their suspected preferences along'a known physical
gradient. For example, a grass with a score of 1 may be wet-

. loving, and a grass wi%h a score of 10 may be dry-loving. It

is glear that a grass of score 5 may be intermediate. The site
scores are the averages of the scbres of the species which occur

in fhém. If one considers the Qérious en&ironmental gradients and
obtain scorés along the corfesponding axes of variétion, we could

derive a multidimensional scaling as described in Chapter 6.

The problem arise that the user has to quess the important physical
gradients in advance, and ﬁis results are therefore highly subjective.
An experienged person may interpret the gradients correctly, but a:
novice is less trustworthy. We could take_the data as basic, ignoring
physical factors; and use staﬁdard ﬁultivariate methods to reveal

the gradients. The revealed graaients are then related .to such

physical factors as are thought to be relevant.

Corresponding analysisycan be regarded as a generalization of
gradient analysis using the method of successive approximation. There
‘are a few definitions and propositions related to Correspondence
analysis and we would like to formulate them by looking at an example.

Let A be an m x n data matrix of elements -aij specifying the

occurencies of m species (rows) at n sites (columns). If we
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apply the method of gradient analysis, we can calibrate the sites
along a presumed physical gradient by assigning scores
yj(j =1, ..., n) to the sites so as to conform with the physical

gradient. The species scores

=X
i %5 2455/

are the mean site scores of the sites at which they occur. The

derived species scores can now be used to derive a new calibration

t = 3
IR AL TATE RS

The scores yﬁ are a gradient: analysis of the sites. We could
iterate the process with the new scores y%v in place of the old

ones yj. Hill(1973) has called this process '"reciprocal

averaging".

The following two definitions and three propositions as mentioned
above are taken from-Applied Statist.(1974), 23, No.3,'p.342, M.0. .

Hill.

DEFINITION 1.

Let A be an m x n table of non-negative numbers aij’ and let
R = diag(ai) and C = diag(a j):be the diagonal matrices of row and
column totals. It is assumed that none of the totals is zero. The

sequence of operations:

y = Cf}ATx; x' = R—lAy; y' = C_lATx‘; e

in which new sets of scores y,x',y', ... are successively derived
from an initial set of scores x 1is referred to here as the 'two-

way averaging ‘algorithm" corresponding to the matrix A-.
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The two-way averaging algorithm is simply the process of cross-
calibration outlined above; its eigenvectors are the solutions

of the correspondence analysis problem defined‘by the matrix A.

DEFINITION 2.

Using the same notation as above, a triple (p,x,y) is a solution

of the'zero—order correspondence analysis of A,CO(A), if

px = R—lAy; py = C_lATx.

The elements of the vector x are called '"row scores'" and the

elements of the vector y are called '"column scores'. The number
p - is, as explained below, the correlation of x and y with re-

specf to the matrix A.

. Before much can be said about the method, three simple propositions

should be noted. ’

PROPOSITION 1. The correspondence analysis problem is equivalent

to a singular value decomposition problem, and is therefore solved
by extracting the eigenvectors of a positive'semi-definite symmetric

matrix.

. : 5
PROOF: Defining RZ 2 similarly,

»diag(/ai), and defining C

then (p,x,y) 1is a solution of CA(A) if and oniy if

o(R2x) (R—%AC_%)(C%y)

1 -1 .17 1
p(C3y) (R 2AC 2)7(R%x).

This establishes that the solutions are equivalent to a singular value
decomposition. Looking at the matter from the point of view of 2,

we see that

2 1 -1 -1 1 _a1po 3
p“(R%x) = (R 2AC 2)(R 2AC 2) (R2x).
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1
The matrix preceding (R%x) on the right-hand side of the
equation is of the form BBT and is therefore positive semi-
definite; p2 is the eigenvalue of the solution. The solutions

or "axes" are deemed to be ordered by their eigenvalues.

PROPOSITION 2. The maximal solution of the correspondence ana-

lysis problem is (l,lm,lh), where Im is (1, ..., l)T, the

m-vector of 1's and 1 is defined similarly.

PROOF: Recalling the th—way averaging algorithm of Definition 1, -
and the informal discussion which preceded it, it is clear that

thg range (i.e. maximum minus the minimum) of the column scores

yj - which are averages - cannot exceed that of the row scores gi
from which they were derivedfv' Similarly the new fow scores Xi.
must have é range less that that of the column scores yj. There-
fore the range of the scores xi is less than that of the scores
X;5 SO thaf the eigenvalue p2 of a solution cannot exceed 1.
The triple (l,ﬂm,ih) is a solutiop, as the average of a set of

1's is 1. It must be maximal. as p2 = 1.

PROPOSITION 3. Solutions other than the first satisfy the relation

PROOQF: By Propositions 1 and 2 the condition of orthogonality
to the trivial first axis is

3 \Trnd oy -
(R lm) (R%x) = 0,

An analogous resu;t holds for the column scores y.
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CHAPTER 3.

3. INTERPRETATION OF THE NUMERICAL AND GRAPHICAL OUTPUT OF THE ANALYSIS.

The computer program provides a listing of the values on I and

J of the first extractedAfactors F., G, with associated eigen-
values Aa.énd proportions of inertia ra(ka/ZAa). In the past

it was the practice to compute only the fist five factors. The
motive for this’choice was that of covenience - printing the

label of F(i) (generally three lettered), the numerical values
relevant to the five factors and the totél mass k(i) wusually fills
up the évailable space on’'a line of listing. In the early déys
the computation of the factors was a costly process\and up to the
foﬁrth‘factor was sufficient, but today with highly development
computers it allows us to go beyond the five factors. The question

is now to know at which number to stop the examination.

In the case of a true frequency taBle the x2 test "approximately
indicates until which factor the explained part of the inertia
dOminates‘sampling fluctuations. The case of tables generated by
- independent events is rather difficult. The interpretation of C
the féctors proceeds»accdrdihg to the meaning of associations and
analogies which become opponent,Aaccording to typical shapes of the

projections, governed by the computed contributions.

The set of eigenvalues and corfesponding percentages must be examined
even though they do not give strong indications. Usually we regard
as highly meaningful a first factor which represents more than 50%

of the total inertia. An eigenvdlue greater than 0,6 indicates a

;oSsible dichotomy in the data itself, usually because a small number




of elements oppose all the others. Therefore, the faétor is not
meaningful for the set as a whole. If the characteristic value

is around 0, 2, the factor becomes interesting. A low value

of Aa indicates that the profile fJ of the individuals is similar
to the mean profile fJ. The associated factor could be of signi-

ficance.

To give a visual idea of the values of the factors for the different
elements it is most convenient to use two dimensional diagrams con-

sidering firstly the one which represents simultaneously the clouds

I and J with respect to factorial axes 1 and 2. The plot produced

by‘the computer examines the fesults for a particular factor. The
planar éepresentationnaccording to factorial axes 1 and 2 the pro-
jections 1 have'Fl(i) for abscissa and F2(i) for ordinate,:the
projections j hawve Gl(j) for abscissa and G2(j) for ordinate.
Thesé sorted listslére particularly helpful when used in examinihg

the contributions.

We know thét if I 1is weighted by the sy;tem of masses fi’ the
two factors» Fl(i) and F2(i) are functions of zero mean and
respective variance Xl and Ays and thgy are also uncorrelated.
A statistician acquaipted with Gauséian variables instantly imagines
‘in the plane 1-2, an elliptic cloud centred at the origin, wifh

‘

primary a*is A% (standard deviati&n) ‘in the direction of the
- first and X% in the direction of the second axis. Other shapes
can also be observed and their occurrence is rather meaningful:
in fact there-egists'no special reason for the faqtors to be
’Gaussién or even unimodal; and furthermore, two uncorrelated

variables are not necessarily independent - there may indeed

be a relationship between them which is compatible with ortho-
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ganality properties (e.g. one is a second degree polynomial

of the other). Let us look at three typical shapes.

PIRST TYPICAL SHAPE: the cloud is divided into two seperate clus-

ters: I = IlL)I J = JlLJJ where I is associated with J_ and

2? 2 1 1

12 With‘JT If one reorganizes the data table by grouping together

the rows (the columns) I. the I. (J

1 2 Fhen J2) we have ap-

1

proximately the follbwing situation; outside of the diagonal

blocks I. x J and I_. xJ the two blocks I, x J and

1 1 2 2 1 2
I2 X J1 are closé to zero.
J\ J,
#0

Sometimes one of the diagonial blocks (12 X J. for example) is -

2

composed of a few elements only (e.g. Card 12 z 2, Card J2 = 3);

in such a case it may be possible that the few isolated elements
strongly disturb the analysis. Here it is advisable to repeat the

analysis Qithout these elements, that is analyse the table kI xJ »
: 171

Correspondence analysis often reveals strong dichotomies on a few

axes (division and subdivision .of the cloud) and continuous sprea-

.

dings on other axis.

SECOND TYPICAL SHAPE: Cloud in the shape of a parabolic cresent:
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2° axe

. Let us suppose (the common case) that the two eﬁtremisties of

the cfescent project onto the first axis on opposite sides of the
origin, If the table is rearranged in such a way that the rows

(set I) and the coiumns (set J) are in thé same order as they
project onto the first axis, there cleapl& appears a diagonal

zone with rather heavy elements (fi'x fj‘< fij) between two

rather light corneé zones (fijv< fi‘x fj); The second axis con-
tributes to the same general classification, but reveals some meaning-
ful complementary nuances; to a point located on the graph inside

the crescent (near the positive part of the second axis as éeen in
the above .figure) corresponds in tﬁe‘table a row (or column) with

a rathef flat profile (i;e. with relatively high values outside of
the diagonal of the table). Such a point does not have a well-
defined rank in the general classification but is likely tp'be mixture
of the two extremes (this is dué fo the barycentric principle, the

geometrical expression of the transition formula).

THIRD TYPICAL SHAPE: Cloud in the shape of a triangle (or tetra-

hedron).



3.1

We see in the above illustration that if the first factor is

negative the second'shows little dispersion around zero, while
for positive values of factor 1, the factor 2 is most dispersed
(between its extreme negative and positive values). On the

other hand it is possible that on a third axis we find disper-

'sion if the factors 1 1is negative and concentration around

zero if factor 1 is positive. In this case the cloud will

have the shape of a tetraﬁedron in the vector space generated

by the three aXes§ this tetrahedron has two oppdsite vertices
peréendicular fo the'aXis 1, one parallel to axié 2 (on the
positive axis i), the other pérallel to axis 3 (on the negative
side of axis 1), We seldom obtain perfect triangular or tetra-
hedic shapes but even an appro#iméte coﬁfiguration is worth

noting.

If an interval of.reiafive importance‘separates two factors x and y
the most important one, sayix; has a definite significance. If the
percentage of y is low and the interval large, the factor vy

has relatively little importance. If x and y have similar

percentages, they have equally significant, independent meanings.

To interpret an axis, the opposition between the negative and the
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positive sides of the axis needs to be explained. Its under-
standing may be clarified by considering the other axis which

are not only different but uncorrelated.

Each factor is studied using the absolute contributions for all
the elements, unless its characteristic value is high, in which
case the relative contributions are used. If the valuelof an ab-

solute contribution ié greater’than Aq/u then the corresponding
element should be placed as a supplementary element (i.e., it is

not used in the calculation gf the axes, but may be projected onto
the factorial plan). This avoids the distortion of the axes re-

sulting from an element with a high contribution. More detailed

guidelines could be seen at the end of Chapter 4.

Analysis.

The following table is given by H. Teil in the Mathematical Geology,

Vol. 7, No. 1, 1975 page 11.

5

Main differences between Principal Component Analysis and Corres-

pondence Analysis.

Principal component analysis -

and ' J
presentation of I and J on the
same axes. Correlation coef-
ficients calculated between a

variable and the set of projec-

tions of individuals on the
factorial axis

not equal, and so no re-

Correspondence analysis

Euclidean distance between 1. x distance (eq 1)
two points.
Individuals have equal weightss 2. Individuals have proportional
) weights f. = k./k.
_— &am: i i
The individual k(i,j) itself" 3. The '"profile" of the indivi-
is considered dual is described by the vec-
tor {k(i,j)/kijeJ}
Diagonolization of variance 4, ‘Diagonalization of the matrix
matrix (euclidean distance) or of vector Jj profiles
the correlation matrix (weigh-~
ted euclidean distance)
. - Characteristic values of I 5. Simultaneous representation

of I and J because their
matrices have the same cha-
racteristic values. Associa-
tions between I and J seen
from the factorial plans
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Principal component analysis - Correspondence analysis

6. Rotation of the principal 6. No rotation
axes of inertia
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CHAPTER 4,

4.1 ILLUSTRATIONS OF CORRESPONDENCE FACTOR ANALYSIS ON DATA.

Data of monthly rainfall averages in the rainy season were compiled
by Katznelson(1968-69) for 55 stations in Israel. For'each month
the average rainfall (ﬁm) was computed in the selected 55 stations
(1921-50). The table taken .from the Journal of Applied Meteordlogy
Vol. 11. No. 7, October, 1972, pp. 1071-1077 is Tablell‘as given on

page Uu48.

A computer program (page 46) produces for each i and j their coor-
dinates reldative to m fa?tors FB(B:I’-°'"’ 55),Ga(a=l, vy 9) to-
gether with their absolute and relétive coﬁtributidné (Table 2,

page 51, and Table 3, page 52.. " For each factor,bthe characteristic

value Aa and the percentége variability'expléined by the factor is

given.

A program (page 46) was written to produée two dimensionai diagrams to

give a visual idea of fhe-values of the factors for the different ele-
ments. We consideréd.the one whichrrepresents simultaneously the clouds
I and J (3.1, in our case months and stations) with respect to factorial

axes 1 and 2 (page 55).

4.2 PROGRAMS.

Before we look at the listings of the programs, it may be useful to
summarize the method of Correspondence analysis and describe some of the

variables used in the main program.
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Input matrix: K:pxm

All elements of K must be positive. Computation is reduced if p > m

Results are the same whether K or K' is input.

Calculations:
p m '
k = .3 r k.. ¢ Sum of all the elements of K.
vt i=1 §=1 13
ki.
aij = F_l v ’ ! A : pxm consists of elements of K
scaled so that the sum of all the elements
of A is 1.
>.. . m
Dr PP Xp Diagonal métrlx of row sums of A.rii = jglaij’
. . . : ' ‘ P
D :mXm Diagonal matrix of columns sums of A.c.,. = I a..
c ', . - izl 13

The largest characteristic root of B'B is.equal to 1.

V:imx (m - 1) Matrix’of'unit'length characteristic vectors corresponding
to the p - 1 characteristic roots of B'B which are less

than 1.

DY : (m - 1)x(m - 1) Diagonal matrix of the p  characteristic roots of -

B'B which are < 1.

' : 11 1 : i
(.. B'B = VDYV' + 23132 where r? and 52 are vectors of :diagonals of
' 1 1 |
D2 and D2
r c
' = .
vivs T 1)
_1
U=BvVD 2
Y.
11 _1 . : .
F = Dr2 UD? = Drz-BV p x {m - 1) matrix of row factor loadings.

101
G = D02VD 2 mx(m - 1) matrix of columh factor loadings.




-1
Check: A=D (11" +FD_®"')D where 1., 1_ are unit vectors.
r pm Y c p> ' m .

The program prints out the first few columns of F and G.

33.




4.3 EXTENDED GUIDELINES TO UNDERSTAND THE MEANING OF THE RESULTS.

First we consider the graph on page 55 and look at the shape of the
first two factors compared to the three typical shapes described on
page -.26. The two-dimensional diagrams are composed of labelled
points. In order to go beyond an interpretation of the geometric
shape of the clusters, one must take into ‘account the significance

of the labels. This significance is usually\at hand for at least

one of the two sets I or J, say J, which is cailed set of charac-
teristics (or measurements). On the other hand the set. of individuals

I can be unknown or difficult to know in all its details.

The relations between the two sets I and J are ruled by the bary-

‘centric principle. However we should emphasize that two points i and

j which are near one another on a plane graph (o B) do not necessarily
‘have a high level of associatoin (i.e. a high fi:']/(fi x fj). This is
due to the fact that the location of i is determined according to the

barycentric principle.

The interpretation of an axis in?olyes trying to express the analogies
befween the points on one side of the origin and similary between those
on the other side of the origin, ahd'thén explaining as concisely And
exactly as po;sible the opposition betweén the two exfremes. Such a
interpretation is usually difficult to find because one has to take into
account not only the relative locations of the points the most distant
to the righf and to the left, but also the location of the points which
bring large absolute contributions (Fa(ij)2fi or Ga(j)Q) to the factor
of interest. It is also to be feared that one might stop,once an ex-

‘ planation more or less compatible with the geometric repartition of thé

points on the axis is found, without trying to discover the basic causes.
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It is therefore necessary to handle each case carefully, if possible
with a statistician,to balance the interpretation with the amount of
information available. Very often the interpretation of a factor
is improved by keeping in mind those which follow it. One has to
remember that the successive factors are not only different but also
mutually uncorrelated. If an iﬁterpretation given to axis 1 seems
to be equally good for interpreting axis 3, for example, this is cer-

tainly a sign that one should review the analysis with more care.

Let us look at the table given on page 53. We could group the factor
column according to their scores for fhe different subjects. Similarly
for the objecfs. The importance in the interpretation'of the factors
has already become apparent and could be described the same as the
factors of Principal‘éomponent‘analysié; . We shall end this section by
‘describing the ‘format of the contributions and by giving some details

of their use.

For an analysis involving, say 5 factors, the listing usually gives for

each factor 3 contributions namely, the ébsolute, relative and cumulative
contributions. The absolute contribution on page 53 is Fa(i)in/Aax 100.
‘The relative contribution is F (i52/ (i)‘x 100. The cumulative contri-
bution is the absolute of the relative contribution. It is important

to point out that the assolute contributive eiéments are not necéssarily
those which have the most extreme position on the axis of interest.
Another interesting factor is that the sum of the absolute contributions
tolxa is equal to 4 Aa/S. Further interpretation of the relative and
absolute contribution has already become apparent if one only looks at

their definition given in §2.4.

One could use the Multidimensional technique to plot the different 55

stdations by using the x2 distance, D2(i,if) as given on page 11.
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The result is shown on page 57. The virtual image of this graph
is nearly the same as the two dimensional graph of the Corrésﬁondence

factors on page 5°5.

H. Teil(1975) suggested a Correpondence Analysis table which look

like thg computer printout on page 53. Each 1 andl j coordihates,
relative to m factors Fa’ Ga (a=1, ---,‘m) together with théir
absolute aﬁd relative contributions,are printed in this table. TFor
each factor, the characteristic value Ay and the percentage variability
explained by the factor are given. Let us look at the example of

Israeli rainfall at 55 stations and 9 months given on page 53.

On the top lefthand side‘of the table is printed 'Factor 1'. This

was really the fifth factor as computed by Correspondence Analysis,

but is now treated as Factorrl because its characteristic value was

the highest comparéd (ignoring the characteristic value 1). The charac-
teristic value is .0153315 and the percentage of inertig is 54.567. One
should add the percentage of inertia of Factor 1 and Factor 2 and this
sum should be 60% or more to make the twovdimensional graph on page 55

significant. .

We could now divide this table intp the;ébjects and subjects. The nine
different months and the 55'different stations are printed under the
heading 'Object' ,énd 'Subject' respectively. Consider the object
table; under the heading " "Mass' for object 1 is printed; 29.5. This
figure is the sum of all the actual rainfall Qalues corresponding to the

first month (i.e. object 1).

The distance .8302 (in the sense of x2) is the distance from the center

of gravity. The next column givés the Correspondence Analysis factor

" loadings of the first factor. One could group these factors in the
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same manner as Principal Component analysis. It is clear that the
first 4 objects 1,2,3 and 4 (i.e. =3158, -.1666, -.1422, and -.1348
respectively) could be classified as group 1. It follows from the
table that object 5.6.7.8 and 9 form the next group. The same inter-

pretation on the subjects (i.e. stations) could be concluded.

The next three columns gives the contributions namely; absolute,

"relative apd cumulative.” The absolute contribution -.7834% i§ the contribu-
ﬁion of object 1 fo the’ Aa - characteristic value .0153315. The sum

of all the absolute contributions of the 9 objects;muét be equal to 100.

The relative contribution -12.0154 is the contributionibflthe object 1
relative to the otherlfacfors to Aa. The sum ;f a;l the relative con-

tributions of object 1 mﬁst,be4equal.to 100. The cumulative contribu-

tion is the absoluté of the relative contribution.

Consider the two dimensional graph of factor 1 and factor 2 given on page .
55. The objécts and-subjECts are plottéd on the same grabh. M1 is
associated to month 1 and 'S0l' to station 1. One imﬁediateiy sees
that their exists a greét variation in rainfall dﬁring month 1 and month
9 as these two points ére_extreme to the origin. The least variation
is in months 5 and 6. One could also see that station 6 and 9 are
positively qorpeléted'to montﬁ l,'whilé station 43 and 38 are negatively
cprrglated fd month l.. 'Tﬁis discussion on correlation could be ex-
tended to all.the ménths and stations. ' Furthermore one.could group

the stations and months together to form certain aféas,-page 56. The
stations almost coincide with the factual graphical notation predeter-

mined on a existing maﬁ of Israel (page]Qb).



REFERENCE TO PROGRAMS AND CORRESPONDING EXECUTION

EXAMPLES.

Main Correspondence analysis program.

Subroutine to calculate eigenvalues and eigenvectors
used in the main program of Correspondence analysis.

Program which plot the first two factors on the same

~.graph.

Average monthly rainfall (mm) in selected stations
1921-50. (Journal of Applied Meteorology, Vol. 11,
No. 7, P.107) (Table 1).

First output of Correspondence analysis.

After inspection of the eigenvalues and factors one could

produce tables as described in 5. (Table 2)

Tables which contain the;factorsggcharacteristic values

and contributions. (Table 3).
Precise output from program as described in 3.
Graph dewvided into different areas.

Distance graph as obtain'from the Multidimensional
Scaling Program.
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R e e e R i R A et AL L
DoBESTER. CORRESPONDENCE FACTOR ANALYSIS

REFERENCE:MATHEMATICAL GEOLOGY,VOL.7,N0.1,1975. - Ho TEIL.
HILL~ APPL.STATIST.(1974),23,340-354,

CXECUTE CARDS NEEDED :
1l TITLE CARD (80 CHARACTERS ALFANUMERIC)

2e PROBLEM CARD.

COLUMN 1-u OBJECTS (MAXIMUM OF B80)

COLUMN 5-8 FACTORS TO BE TREATED BY CORRESPONDENCE
ANALYSIS. (MAXIMUM OF 10)

COLUMN 9-12 SUBJECTS (MAXIMUM OF 330)

COLUMNL13-16 0= NO PRINTING OF ,TABLES

12 PRINT TABLES FOR SPECIFIED FACTORS AS
GIVEN ON PAGE 8 OF H.TEIL.

COLUMN17-18 FACTORS TO BE PRINTED AS DESCRIBED IN
" COLUMN13-16 (NUMBER)

COLUMN19=-20 FACTOR 1

COLUMNZ21=-22 FACTOR 2

COLUMNZ3-2y4 FACTOR 3.

o 0 00 8 0000 0000 DOO® S OO0 DO O

COLUMN37-38 FACTOR 10

THE ANALYStR MUST BE CAREFUL THAT ALL THE DATA IS POSITIVE
AND" THE OBJECTS MUST BE < OR = THAN THE SUBJECTS.
e 3 3 el e o ok A ste e o e o e Qo % e ol e afe ol ol e ok ol ol a e ol o ok ko ok ke ok o ok ale ok XK g ok e o o o o ol o 3 g o ok e e ol e oK
DIMENSION KP(2)4,A(320,80),F(330,10),DCt330),DV(80),
* . OG(8U)Y,O0PS(20),FOR(6D),V(80,50),6(80,10),B6(80,80)
*,SUBM(330),06JM(80) NPF(101),V1(330,8C)
NWTRZ6

READ HEADING CARD FROM CARD-READER (TITLE CARD)
READ (5,2) 0PS
2 FORMAT (20A4)

- - - v W - = P S s = W R WP M YT M T M e e = = e e = = R R -

WRITE HEADING AND TITLE ON PRINTER
WRITE (6,10) OPS
10 FORMAT(1H1 40X ,39(1H%) /41X, % CORRESPONDENCE FACTOR ANALYSIS
* "', /ULXy39(1H®),//U4]1X,20A4)

- o . o - e . o - e P e e e S M WD e R AR M D T Em W A WS e - e e AR G W =P M v Ee e s e am

READ (5,12)NUMFAC,NOB,NSUB,NT, NPy (NPF(1),1=1,NP)
12 FORMAT(4I4,1212)
IND=1
READ THE FORMAT CARD CARD WHICH MUST BE SMALLER THAN 60 CHARACTERS
ANU WRITE THE FORMAT ON THE PRINTER
READ (5,14) FOR
14 FORMAT  (60A1)
. WRITE (6,16) FOR .
16 FORMAT (/1X,°*YOUR FORMAT IS : *,60A1)
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o) € COMPUTE IF SUBJECTS,O0BJECTS AND FACTORS ARE WITHIN LIMITS

6] et e e e e ee
62 IF (NOB.LE.BO) GO TO 17 ’

63 WRITE (6,3) NOB

bl 3 FORMAT (//1X,*YOUR OBJECTS *,I3,°® IS OUT OF RANGE®)

05 GO TU 99

66 17 IF (NSUB.LT.NOB) GO 7O 4

07 IF (NSUB.LE.333) GO TO 7

68 4 WRITE (6,5) NSUB,NOR

69 5 FORMAT (1X,*YOUR SUBJECTS ',I3,° IS EITHER T00 BIG OR SMALLER

10 *THAN YOUR OBJECTS®,13)

71 GO TU 99

72 7 WRITE (6,187 NOB,NSUB
73 1& FORMAT (//1X,'YOUR OBJUECTS = *,13,//1X,

e % ' SUBJECTS = *',13)

15 0 e e e e e e e m
76 C READ THE INPUT DATA MATRIX FROM CARD-READER.

17 ¢ WRITE OGSERVATION MATRIX ON PRINTER

18 0 s e e
19 WRITE(6,66)

30 66 FORMAT (///37X,20(1H=)1,/37X,%~ OBSERVATIONS ~® /37X 420(1H=))
81 DO 77 I=1,NSUB

82 READ (5,FOR) (Al1I,J),J=1,NOB)

83 77 WRITE (6,88) (A(I,J)4J=1,NOB)

84 88 FORMAT (1X,10F10.5)

85 DO 41 T=1,NSUB

86 41 SUBMI(II=0.0

87 DO 42 J=1,NOB

A8 42 0BJM(J)=ZU.D

49 DO 43 I1-1,NSUB

9 DO 43 JU=1,NOB

91 SUBM(IIZSUBM(T) + A([,J)

92 43 OBJIM(JIZOBIMIJ) + A(I,dJ)

G3 SK=0. ' ,

oy ¢ T T e e e e e e ettt
Y& ¢ COMPUTE THE DIAGONAL MATRIX OF ROW AND COLUMN SUMS

b € st e e e e e e —————————
97 DO 121 Iz1,NSUB '

98 ‘D0 121 J=1,NOB

99’ 121 SK = SK + A(I,J)

1430 DO 122 I:1,NOB ‘ v

1U1 122 DV(I) = Q.0 . ‘ -
102 DO 123I=1,NSUB

103 DC(IN=0.0
104 DO 123 J=1,NOB
105 ACI,J)Z A(I,J)/SK

1i6 DVIJIZDVIJ) + A(I,J)

147 123 OCUINZDCHI) + A(I,J)
168 ¢ e ittt T PR
109 ¢ WRITE THE ROW=- AND COLUMN TOTALS.
LIl s e o e e e e e e e e e e e e
111 WRITE (NWTR,120)
112 120 FORMAT (1H1,36X,21(1H=),/37%X,"~ ROW-TOTALS =9 /3TXy21(1H=) 4/
113 “31Xy *ROW NUMOER' 415X, *TOTAL*/31Xy10(IH=),15X,5(1H=))

114 WRITE (NWTR,221)( I,0C(I) ,I=1,NSUB)

115 221 FORMAT (31X,13,18X,F10,5) :
116 WRITE (NWTR,23M)

117 23U FORMAT (1H1436X421(1H=)¢4/37X,°~ COLUMN-TOTALS =Y /37X, 21 (1H=) 4/
118 #31Xy "COLUMN NUMBER®,12X,*TOTAL® /31X, 13(1H=),12X,5(1H~))

119 | WRITE (NWTR4231) ( J,DVI(J) ,J=1,NOB)




120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
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163
164
165
166
167
168
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175
176
177
178
179
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231 FORMAT (35X,I3,14X,F10.5)
IF (IND.NE.OIGO TO 127
DO 125 I=1,NSUB
DO 125 J=1,NOB

125 VI(I,J)= ACI,J1/7DCHLT)

WRITE (NWTR,150) (( V1(I,J),J=1,NOB),I=1,NSUB)

150 FORMAT ('1',19X.24(1H-),/20X,°THE COLUMN PROFILE MATIX®,/20X,24(1H

=) 4//100(1X,12F10.54,/) )

127 DO 128 I=1,NOB

128 DVA(IIZ 1./SQRT(DVII))

DO 129 J=1,NSUB
129 DC(J)IZ 1./SORT(DCLJ))
DO 211 I=1,NSUB
D0 211 J=1,NOB
211 A(Iyd) = ACI,U)%.DVIJI% DC(I)
DO 212 I=1,NOB
DO 212 J=i,I
G(I,J)=D.
DO 133 KZ1,NSUS3
133 GUIoJUIZGUIZWJI+ALK,I)RA(K,J)
GlJyINZG(I, )
BlJyIN=G(J,I)

212 81, JIZ6 (I, J)

COMPUTE THE EIGENVALUES AND VECTORS OF THE MATRIX G BY MAKING USE
OF THE SUBROUTINE EIEW. THIS PROGRAM MUST BE CHANGED IF YOU HAVE
ANY STANDARD SUBROUTINES AVAILABLE.

EPS = 5.£-8

CALL EIEW(B,V,80,NOB, EPS 888,132,1)

GO TO 333

132 WRITE (NWTR,134)

134 FORMAT (°U®,*ERROR WITH COMPUTATION OF EIGENVALUES ---- IT MAY BE
USEFUL TO ENLARGE THE VALUE OF 888 IN THE CALL STATEMENT °,/1X,°
*0F .THE SUBROUTINE EIEW.")

COMPUTE THE FACTORS F .AND G AS DESRIBED
IN THE THEORY OF CORRESPONDENCE ANALYSIS
333 DO 135 I=1,NOB
135 DGU(I)= B(I,I)
00 144 I=1,NSUB
00 144 J=1,NUMFAC
F(I,J)=0.0
DO 144 K=1,NOB v
180 FLIZJIZ FUI J) + VIKed) & ACLILK)
DO 155 I=1,NSUB
DO 155 J=1,NUMFAC
155 FUI,JU)=F(I,J) % DC(I)
DO 166 J=1,NUMFAC
OGS = SQRT (ABS(DG(J)))
DO 166 I=1,NOSB _
166 G(I,0)= V(I,J) *DV(I) %D6S

WRITE (NWTR,20)

20 FORMAT {°1°,20X 3 EIGENVALUES®s/21Xs11€1H=),77/)
HRITE (NWTR,21){DG(I),1=1,NOB)

21 FORMAT (1X,12F10,.5)
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130 WRITE (NWTR,22)

181 22 FORMAT (///,21X,*EIGENVECTORS®,/21X312(1H=),//)

182 DO 23 I=1,NOB

183 23 WRITE (NHTR,;21) (VII,J),J=1,NOB)

184 TRZ 0.0 :

185 DO 11Iz2,NOB

186 TR= TR + DG(I)

187 11 DVII-1)z SQRT( ABS(DG(I))}

188 WRITE (NWTR,30)

189 30 FORMAT (///21X,'CORRELATIONS‘./ZIX 12(1H-).//)~

190 WRITE (NWTR,31){DV(I),1=1,NOB-1)

191 31 FORMAT (1X,12F10.6)

192 - DO13 I=2,NOB

193 13 OVII-1)Z06(I)/TR

194 WRITE (NWTR,40) TR

195 40 FORMAT (//421X4*TRACE = *,F12.6)

196 WRITE (NWTR,50) :

197 50 FORMAT (//,21X,*'PROPORTION OF TRACE®,/21X,19(1H=),/ )

198 : WRITE (NWTYR,55)(DV(I),I=1,NOB-1)

199 55 FORMAT (1X,10F12.6)

200 WRITE (NWTR,60) (I,I=1,NUMFAC)

201 ¢ i it TR U U ISP
202 ¢ WRITE THE ROW AND COLUMN LOADINGS :

203 € s e et em o R et e E L TR
204 60 FORMAT (1H1,z0x "ROW LOADINGS®5/21X312(1H=)4/3X, *VARIABLE . *,°*FACT
208 #0R*, 8(12,° FACTOR'),IZ)

206 DO 61 I=1,NSUB

207 61 WRITE(NWTR62) I (F(1,J),J=1,NUMFAC)

208 62 FORMAT (4X,13,3X,10F12.8)

209 © WRITE (NNTR 70} . ¢1,I=1,NUMFAC)

210 70 FORMAT (lHl,ZOX.'COLUMN LOADINGS®3/21X, 12(1H-)./3X,'VARIABLE 'y °F
211 *ACTOR®, 8(I2," FACTOR').IZ) : )
212 . 00 71 Iz1,NOB

213 71 WRITE (NWTR,62) I,(GLI,J)yJ=1,NUMFAC)

214 IF (NT.EQ.0) GO TO 99

215 TOMzZ040

216 TSMZ0.0.

217 € S e e e ee———————
218 ¢ COMPUTE AND PRINT TABLES AS DESCRIBED ON PAGE 8 OF H.TEIL
“219 €t eee e e bt
220 : DO 72 IT1,NOB :

221 72 'TOMZTOM +0BJM(I)

222 DO 73 JUz1,NSUB

223 73 TSMZTSM + SUBMIUJ)

224 SOMz=0.0

225 DO 76 I=1,NP

226 KK=NPF(I)

227 . 76 SOMZSOM +DG (KK)

228 DO 89 K=-1,NP

229 KKZNPF (K} .

230 "~ PER = DG(KK)/ SOM % 100.0

231 WRITE (6,100)

232 WRITE (6,101)

233 WRITE (6,103}

234 WRITE (6,102}

235 WRITE (6,104) K,06G(KK),PER

236 WRITE (6,103)

237 . HRITE (6,101

238 WRITE (6,103)

239 WRITE (6,105}
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240 WRITE (6,103)
241 WRITE (6,101)

242 DO 74 I=1,NUMFAC

243 RHO= 0.0

244 D0 75 J Z1,NP

245 JJINPF (J)

246 75 RHOZRHO + ((ABS(G(I,JJ))) *% 2,0)

247 ACO Z((ABSIGII KK} )%*%2, O)#(OBJH(I)/TOH))/DG(KK)#IOO o

248 IF (G(IoKK)eLT.0.0) ACO=ACO% (=~1.0)

249 RCOZ((ABSI(G(I KK)))I%%2.0/RHO) * 100,

250 IF (G(I4KK)elLTe0s0) RCOZRCO- % (=-1.0)

251 CCO =ABS(RCO)

252 74 WRITE (6,106)1,0BJM(I),RHO,G(I,KK),ACO,RCO,CCO
253 WRITE (6,101)

254 WRITE (6,100)

255 WRITE (6,101)

256 WRITE (6,103)

257 , WRITE (6,102)

258 WRITE (6,104) K,DGU{KK),PER

259 WRITE (6,103)

260 WRITE (6,101)

261 . WRITE (6,103)

262 WRITE (6,107)

263 - WRITE (6,103)

264 WRITE (6,101)

265 ' 00 78 I=Z1,NSUB

266 RHS=0.0

267 D0 79 JZ1,NP

268 JJUZNPF (J) '

269 79 RHSIZRHS + ((ARS(F(I,JJ))) %% 2,0)

270 TACS SO(ABS(F(I,KK))%%2,0)%(SUBMII)/TSM))I/DGIKK)I*100.0
271 IF (FUI4KK).LT.0.0) ACSTACS® (-1.0)

212 RCSZ{((ABS(F(I,KK)))%*x2,0/RHS) * 100,

273 "IF (F(I,KK)eLT.0.0) RCSIRCS % (-1,0)

274 ' CCS =ABS(RCS)

2175 78 WRITE(H6,106)I,SUBMII)4RHS,F (I, KK),Acs.Rcs,ccs
276 WRITE (6,101)

277 89 CONTINUE

278 100 FORMAT(1H1}

279 101 FORMAT( 1X,119(1H%))

280 102 FORMAT(IX,'#',ISX,’FACTOR',26X,°CHARACTERISTIC VALUE :°,17X,°PERCE
281 ANTAGE OF INERTIA :%,8X,°%°)

282 103 FORMAT (1X,*%*,117X,°%") .
283 IOU.AFORHAA‘T(IX,'#',lTX,IZ,3'4X,F9.7-,33X,F6c~3y'16X,~"U') '
284 105 FORMAT(1X,"%°*,92X,*CONTRIBUTIONS :°,10X,%%°/ 1X,°%"',5X,°0BJECT",
285 15Xy *MASS® 16X, "RHO® g 15X, "FACTOR®, 47X, °%%/1X,°%%, 78X, " ABSOLUTE",
286 B7X *RELATIVE® ,6X, *CUMULATIVE®"®)

287 107 FORMAT(IX, %" 392X, "CONTRIBUTIONS 2%,10X,°%*/ 1X,°%°,4X, SUBJECT",
288 #15X, *MASS® 16X, "RHO" 15X, *FACTOR®y UTX,°%°/1X, %°,78X, ABSOLUTE",
289 #7Xy "RELATIVE®,6X, "CUMULATIVE®®) ’

290 106 FORMAT(IX, "%, TX312,6X,°%°,6X, F10.4,5X,"°%°;5X, F10.4,

291 BUX G o4 X G F10.8, 2X,'#°,2(2X,F10 42X %%) 42X, F10oliy'%°)

292 € et eeeec e eeemmemmesemcececscceceemee e m———me— e ————
293 ¢ WRITE THE FIRST TWO FACTORS TO DISC.

294 ¢ THESE FACTORS ARE -USED BY ANDREW®S METHOD.

295 € e e e e e e mm e — e ——— e m— e m——————— ———— - ———————
296 , WRITE (3,112) NOB,NSUB

297 112 FORMAT (21I3) -

298 ‘K= NPF (1)

299 L= NPF (2}




DO 113 I=1,NOB

WRITE (3,114) G(IoK),G(I,L)
FORMAT (2F10.7)

DO 115 J=1,NSUB

WRITE (3,114) FUJyKIFlJyL)
STOP

END
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SUBROUTINE EIEW(ALE NMy,N,ACC,IT,9,L)

DIMENSION A(NM NM) E(NM,NM)
GO TO (142),L )
DO 6 Iz1,N

DO 5 Jz=1,N

E(I,Jd)=0,

E(IsI)=1o

NIZO0

INDZ=O

VFZACC

VvIiz0.

DO 10J=2,N

K=zJd~-1

DO 10 MZ1,K
VI:VI*Z.*A(MyJ)*A(M'J)
VIZSQRTI(VI)

IF(L.EQs1) VFZVI®ACC/N
IF(L.EQ.1) V=VI

VZV/N

IF(V-VF) 110,15,15

DO 100 Jz=24N

K-Jd=1 -

00 9U MZ-]l,K }
IF(ABS(A(M,J))-V) 90,20,20
INDZ]

NI=ZNI+1

YZ-A(M,J)
UZOeS*(AIMMI=A(Jyd))
IFLACMaM)=ALJ,d)) 22,421,422
UZABS(U) :
WZYS®SIGN(1,U)}/SQRTLY=Y+U%Y)
STW/SORTI2:%(1.2SQRT(1.~WaW)))
C=SQRT{1.-5%S)

DO 50 I=1,N
IF(I.EQeM.0R.IEQeJ) GO TO 45
ACTyMIZACT yMIXC-ALT4d) %S
ALI4J)ZA(M,I)%S+A(],J)%C
A(MIIZA(I,M) ‘
AGJyII=ZALL, )

SSZE(I M)

E(IWMIZE(T ,M)I%C = E(I,J)2S
E(1,J)=SS%S+E(I4U)%C
SAMZA{M,M)

A(H,H):A(M.M)*C*C*A(J,J)#S*S-Z.*A(H,Ji*S#C
ACJyJ)ZSAMRSES+A(J,J)RCHC+2.%A (M, J) %S

A(MyJ) =0,
ACJyMIZAIM, )
IFINI.EQ.IT) GO TO 109
CONTINUE )
CONTINUE

IF{IND.EQ.0) GO TO 14
INDZ=O

GO TO 15

ACC=VF

RETURN 1

IT=NI

ACC=VF

RETURN

END

45,
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THIS PROGRAM COULD BE INCLUDED IN THE MAIN PROGRAM AS A
SUBROUTINE. IT IS HOWEVER NOT POSSIBLE AT THE U.QeV.S.
AS THE PLOTTER PROGRAMS ARE WRITTEN IN A DIFFERENT LANGUAGE.

DIMENSION IBUF(100U),X(330),Y(330),IBYS{S),SIM(55}),R(9)

DATA IBYS /6HGRAPH ,6HOF 2 F,6HACTORI,6HAL AXI,6HS /

DATA SIM /°S01°*,°S02°%,°S03°,°SC4°,°S05*,%S06°,°507°%,°508°%,°509"
#10‘,'511'.'512'.'513',°51u'.'515';'516'.'517','518','519','520'
B21%4%522%,%523%,9824%,9525%,9526°%,°527°,'528°%,°%529°%,'S30°%,°S31°
*32','533',‘534','535'.°S36','S37','S38'.'S39','SHO’,'SQl','SHZ'
HY3Y L TSLLT S5,y L PSUT Y, S48, 0549°,°S5N°,*551°,%552°%,'S53°
#54°9,°555%/

DATA R /'Ml','MZ','H}"°M‘l'.°M5",'M6','M7"'Ma','M9'/

CALL PLTIME (50} ’

CALL PLOTS(IBUF(1),1000,9)

CALL PLOT (040,40.59=3)

CALL FACTOR (0.6}

SYMBOL (740,20e540.3,IBYS(1),0.0,28)

THE FACTORS AS COMPUTED IN THE MAIN PROGRAM OF
CORRESPONDENCF ANALYSIS

READ (5430 K,L
FORMAT (213)

J=o . :

DO 2 I=1,K

Jzusl 4
READ(S,4) X{(J),Y(J)
FORMAT(2F10.7)

D0 6 I=1,L

NENES]

READ(S,4) X(J),Y{d)

.AMX AMY IS THE MINIMUM OF THE TWO FACTORS
AX,XY IS THE MAXIMUM OF THE TWO FACTORS

AMY= 999,

AMXZ 999,

AY =-999,

AX =-999.,°

DO 8 Iz1,J

IF (XCI)oLT.AMX) AMX= X(I)
IF (X(I)eBToAX) AXZX(I)

IF (Y(I)eLToAMY) AMYZ Y(I)
IF (Y(I)eGTLAY) AYZY(I)
CONTINUE

(1.0~ ABS(AMX)))IZD.U.
AY) = (1.0 - ABS(AMY))})/20.0
(OO(]'IUDO'IH "172000900'0"0-‘4'.04)
(1000'000,1’4 ,1'2000'90001-0027002)

DO 12 I=1,K




(@]

21

22
23

24

26
27

14

IF (X(I)) 21,23,22

X(I) = (Os4 - ABS(X{(I}))
GO TO 23 .

X(I) = o4+ X(I)

CONTINUE

IF (Y(I)) 24,27,26

Y(I) = (D2 = ABS(Y(I)))

GO TO 27 .
Y (I} = 0.2 % Y(I)

CONTINUE

S = R(I)

X(I) = X(I)/U.4 % 10.0

YUI) = Y(I)/.2 * 1U.0

CALL SYMBOL (X(I),Y(I),0.14,5,0.0,3)

CONTINUE

CKKZK + 1

DO 14 I ZKK,J
IF (X(I)) 31,33,32
XUI) = (el = AUS(X(II))
GO TO 33
X(I)= .4 + X(I)
CONTINUE

TF (Y{TI)) 34,436,435

Y{I) = (Ue2 -ABS(Y(I)}))

GO TU 36

YOI)Y = 0.2 + YLD

CONTINUE T

II = I - K

S = SIMIITL)

X{I) = XtI)/.4 * 10,0

Y(L) = Y(IV/e2 * 10,0

CALL SYMBOL (X(It,Y(I1)yNelt4,S,0.0,3)

STOP
END
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CAltlude
Area Stution {m) IX X Xt

A. Crast

1. North coael urva 1. Ro<h Hanikro . 1216 1763 1174
1. Acre . 126.0 -154.2 122.2

2. Carmel aren 3. Hallw, Cuemel Bivel, . . 145.4 1608 1118
. &, Haitu, Mt Curinel 161, 1828 1231

L. Vupur A 1657 220.3 158t

6. Atdit, Salt Co. . 127.2 * 124.6 84.4

. 1. Zichran Ya'ukav . 154.4 1a1.4 111.8
X Centen) maaal A. Hedera . 1659 1530 108.2
pluln ' V. TelAviv, Keading A% . 150.¢ 1240 899

10, Lawd Alrpsort . 120, 1238 112.0

. 1. Muskeret niyva . 1043 10,2 n8.%

4. Southern ranetal 12, Br'er Tuvia 8 14 1212 R9.2
phain 1tV Guar'am . 99.2 oMT 6.4

14, Gara : b . un. s 20.9 0.2

1S, Han-Yunen . ., .8 SR 60.4 49.7

R, Mouniaing '

. Uppwer Galllice 16, Kiar Giladi 3 13.3 2019 192A
17. Relianya 231 1658 1588
18, Ma'nlya . k 3 1.3 21RR 1790
¢ 19, ML, Cna’an . 1.0 1983 1722
. Lower Calliler 20, Miirpe _ o, 911 1227 1116
) 24, Nuratel, Maoshielot
Haye'ur* ‘ . . 91391 1721 1462
22, Tuovar, Auriculturad
Schnel . . . 1026 130.6 1207
. Yerie'el Valley 23. Ramnt Duvid Al port ! . 1m.8 138.64 110
24. Mishmar Haeinck : 137.4 1727 1310
28, Atula South-Went ' \ .. 33 805 J0R4 1487 1127
. Relaan Valley 26, Tel-Jouef ALS' 1140 91T
27, Heloha, Githos RA.S 1IAR Q48
18, Reian OR.4 R4 4 618
. Sammrian hille 1, ]fvlllﬂ 989 1354 1112
M, Vul-Carem 127.1 1499 12R2
A1, Nablua 127.0 1766 1524
- 32, Rir-Zayh 1124 1948 1746
. Judeun hife AL Latrun Monaslery 20,1 105 WO
M. Klryat Anavim 112.5 1717.3 1SRO
AS. Jensadem, Hanesl hin
) . Sirret
A6, Rri-Jamal
A7, Helwon
AR, Zuharlyn
39. Ruchamn
40, thim .
41, Re'er Sheva
42. Mamchit
43, Much'avry Sade
44. Nirann

PNNCECN - I P

V17 1432 1420
8RR 1261 N0R.4
761 127.2 om
ST.A 914 R2.1
A7.3 1032 A4’
42,2 515 . 430
396 419 4nR
204 M.t 254
18.3 224 229
124 198 181

A S Y

C. Jowdan Volley

- Y. Hula region (S..nn(na
46. Kiar Hlum

. 47. Ayelet [lashahar
2. Crnital Jordan 48, Dyganyva A
vajley 49, Naharayim
N, Tia Zel
3. Vead Seo seglon 31, Jerico
" 82, A<llag North
$3. Ashlag South
54, Fin Harevn
S8, Fitat




YOUR FORMAT

YOUR OBJECTS

SUBJECTS

40000
1.40000
1.20000
+40000
.30000
1.0000G
.50000
90000
3.30000
1.90000
1.10000
60000
<400G0
30000
+20000
+2U000
245000
+64000
.1unco
+10000
.60000
.20000
10000
« 30000
.30000
<40000
L40000
60010
20000
30000
.50000
1.20000
80000
1.20000
.60000
<1000
«34000
. 3U000
30000
+20000
+30000
30000
+20000
.10000
.10000
.20000
.80000
+40000
.30000
.50000
00000
.00000
.00000
+10000
.10000

1%

IS ¢ (9FS

20.740006
21.70000
18.70000

"22.8U000

18.80000
17.50000
17.50000
15.306000
17.80000
17.40000
13.20000
11.40006

7.90C00
14.,40600

§.800uUC
18.73000
15.54000

25.50000

15.50000
12.00000
11.80000
8.7G000
12.700U0
1641390060
13.36000
12.45000
10.84000
10.9G000
12.30000
12.20000
14.96000
11.20000
15.2000U
15.60000
$.20000
13.40600
7.30000
4.8G200
3.70000
5.60000
4.00000
1.00000
1.70000
2.10030
11.140860
5.60000
8.50000
8.30000

'13.10000

10.30000
3.00040
2.60000
1.500060
1.500u0
1.30000

1)

95.90000
81.70000
88.10000
94.90000
99.80000
88.,10000
89.30000
§3.50000
83.10000
61.90000
68.40000
72.00000
61.10000
60.70000
51.20000
79 .40000
75,30000

T 89.90U0U00

£3.40000
58.10000
71.90000
54,70000
59.40030
74,00600
59.50000
50.70000
53.50000
37.40000
53.30000
75.50000
63.50000
58,40000
69.30000
75410000
59.00000
63,40000
53,50000
33,40000
39.80000
38.90000
25,20000
13.00000
12.20000
10.90000
61.20000
%6.30000
57.40000
42.40000
46.80000
37.200060
18.60000
14.10000

4.40000

6.30000

1.70000

L e R R e A R R R R LA L

%

CORRESPONDENCE FACTOR ANALYSIS *

i i R e S L

TEST RUN ON ISRAELI RAINFALL

122.60000
126,00000
145.40000
161.30000
165.70000
127.20000
154.40000
165.90000
150.40000
120.70000
104.300G0
114.10000
99.20000
9050000
58,00000
137.30000
93.10008
134,30000
139.00000
97.10000
139.10000
102.60600
109.80000
137.40000
106.400G00
83.50060
86.50000
68.40000
95.,90000
127.10000
127.00000
132.40000
90.10000
112.50000
91.70000
88,.,30000
76.10000
57.80000
©7.30000
42.20000
39.60000
2G.+40000
18.30000
12.40000
103.90000
93.30000
93,10000
76.10000
80.70000
62.50000
27.50000
17.70000
'9,.30000
17.00000
6.90000

176.30000
154,20000
160.80000
182.50000
22030000
124.60000
161.40000
153,.00000
124.00000

121.80000.

130.20000
123.20000
93.70000
90.90000
60.,40000
207.900U0
165.30000
218.80009
195.30000
122.70000
172.20000
130.60000
138.60000
172.75000
143.70009
114.00000
118.80000
£4,30000
135.40000
149.50000
176.60330
194.15002
129:50000
177.30000
143.20006
126410000
127.20000
97.30267
103.20000
51.50000
47.90000
34.10000
22.40000
19.80000
154.20000
127.50000
132.6G000
100.90000
108.70000
65.60000
35.50000
19.50000
11.360G0
15.30000
3.70000

117.40000
122.20000
113.50000
123.10000
155.10000
84.40000
117.50000
105.20000
§9.90000
112.00000
98.,500090
89.20000
69.40000
70.20000
49.70000
192.86000
155.50000
179.00000
172.20000

111.60000 .

146420000
120.7G000
1io.10000
137.006000
112.76000
91.70000
93.80000
67.80000
111.20000
123.20000
152.40000
174,60000
99,00000
158.00000
142.90060
108.60000
109.90000
82.10000
64.00000
43,00000
40.80000
25.40000
22.90000
18.10000
129.30000
115.10000
109.80000
88.90000

90.80000

61.90000
31.10000
16.20000
8.70000
12.60000
4,30000

50.00000
44 .70000
39,70000
44.,50000
52.50000
26.80000
40,40000
37.90000
34,40000
42.40000
43.80000
43.00000
37.40000
32.90000
19.803000
88.40000
54,50000
76.50000
72.00000
43,40000
63,30000
49.00000
41.00000
48.,90000
41.40000
39.66G000
40.30000
33.20000
42.90000
37.40000
66.30000
88.90000
56.30000
82.20000
69.60000
54,30000
68.40000
57.60000
38.00000
21.00000
30.50000
15.60000
19.30000
15.10000
62.70000
53.90000
46,76000
38.30000
42.80000
27450000
17.00000
11.10000
6.8600N
11.50000
4.,00000

30.30000
19.70000
18,40000
23.50000
23,00000
18.80000
19.20000
14.10000
13.80000
15.80000
15.00000
12.00000

B.5000N
12.60000
12.30000
48.40000
26.90000
36.80000
35,60000
18.80N00
27.50000
22.40000
17.40000
19.40000
21.50000
16.70000
17.70000
14,20000
22.40000
19.70000
31.,90000
38.10000
20.00000
28.,60000
24.,80000
19.10000
22.60000
14.60000
11.50000

5.80000

7.40000

5.30000

5,00000

7.70000°

35.80000
25.40000
24.40000
22.20000
22.30000
12.7000G
7.10000
4.50000
3.20000
2.30000
4.30000

49.

©9.40000

5.40000
4.20000
8.00000
7.50000
3.60000
3.80040
4.20000
2.30009
2.10000
2.50000
1.50000
1.40000
3.50000
2.60000
13.90030
6.50000
7.90000
15.900u9
10.20000
6.40000
4.10000
4.90030
5.20000
5.20000
5.00000
4,20030
3.200uU0
4,40090
3.70000
4.90000
3.10000
3.80000
2.50000
4.00000
2.700490
2.70000
2.70000
1.20000
1,26090
4.30000
4.90000
3.00000
3.80000
11.20030
11.70000
8.,70000
5.90030
5.50000
9.£0000
3.20000
1.30000
1.80000
4.40000
1.40000




--------------- --e-e- i seismmmmmooocoooosees 50.

- ROW-TOTALS - - COLUMN-TOTALS -~
ROW NUMBER . TOTAL COLUMN NUMBER TOTAL
1 .02543 1 .00120
2 .02355 2. .02566
3 .02408 3 12712
4 .02698 4 .20934
5 .03057 5 .26624
6 .02008 6 .21867
7 . 02465 7 .09662
8 .02367 8 .04202
9 .02118 9 .01112
10 .02024
11 01947
12 . .01906
13 .01547
14 .01535
15 ~ .01073
16 .03212
17 . .02620
18 ° - 203115
19 .02971
20 o .01935
21 .02608
22 . . .02012
23 .02016
24 ' 02494
25 .02065
26 01690
27 .01739
28 . 01306
29 : .01951
30 .02261
31 . ' .02604
32 .02865
33 . .01975
34 B . 02665
738 . .02224
36 . " 201943
37 ' .01910
38 . 201431
39 . L01343
4o . .00855
' 41 .00816
42 . . 00490
43 : ; 00429
a4 ,00367
45 .02322
ue . .01996
47 .01967
48 .01567
49 01677
50 ) .01175
51 : ) .00584
52 .00355
53 .00192
S4 .00290
. 55 o «00113
EIGENVALUES
.0uogs .00065 .00190  1.,00000 .01533 .00052 .00265 .Q0129 .00437
EIGENVECTORS
47282 -.05425 -,13730 .03470  -.08851 -.68780 18364 48846 .01499
.22958 +53695 45591 .16020 -.21553 .35486  =.13387 Lub047 .15210
.02920 -.38954 .58071 +35654 ~.40955° -.13419 .28785  -.30924 .13723
-e26410 -.05497 -.58702 45754 -, 49819 +21543 .12826- .21290 .13006
-.07532 .51066  -.04127 ° 451792 02744 -.41536 -.30671 -+37618 -.23401
245185 - HUT96 -.05029 46762 .30792 .29971 - 34471 08069  -.25295
-.04311 20417 01596 .31084 51401 L13317 .75268 .04738 -.09422
-.61948 -.21792 .24580 .20499 .32805  -,23728  -.24993 44279 . 20957

.24028 «05796 ~-.16305 +«10544 .« 24979 -.01412 -.08464 -.24918 «87713
CORRELATIONS

« 029729 .025438  .043624 1.000000 .123820 " .022803 »051511 «035904 «069776
TRACE = 1.028096

PROPORTION OF TRACE

.000860 .000629 .001851 «972671 .01“913. .000506 .002581 «001254 «004736




R0Od LOADINGS : 51.
VARIABLE FACTOR 1 FACTOR 2 FACTOR 3 FACTOR 4 FACTOR 5 FACTOR 6 FACTOR 7 FACTOR 8 FACTOR 9
1 -.02740035 «02634675 08654794 .99999935 =.05206452 =-.03451231 ~-.02849357 -.028781722 .06813180
2 +0u569522 .02167823 03425666 +99999936 -~.D9867733 -.00143495 =-.01898723 .02693910 .00729985
3 «00201498 .00969955 =-.00338410 .99999935 =-.16853558 -.01377761 ~-.01009500 .00093600 .00200566
4 -.02080829 «N3539458 .00187166 99999937 ~,14442173 00927708 -.0N3213638 -.01325390 «04877555
5 .00115489 °  .02714403 -.01732370 .99999937 -,07477388 ~-.00491431 -.03244638 -.05816613 =~.N1570936
6 -.03331551 -.02610697 .05180620 +99999934  -,24529687 -,.02219513 .00108270 +01505290 .05326967
7 -.02452689 -.,00570868 <-,01837499 +99999934 -.17062590¢ .01388174 =-,01230055 -.01087657 -.00396467
8 -.02348852 .00173816 ~-.08278171 «99999937 =-,.21874149 +01174543 .01543383 =-.00904227 .01042400
9 03452197 ~.01739331 -.04779560 299999936 ~.27244527 -.05745125 .07083781 «0974818¢6 «02162540

10 .05623873 -.00356901 ~.03208013 299999936 ~.10122466 «N1635170 201280953 .09219011 -.03904779
11 .12063245 .00728776 .01300912 .99999938 ~-.08089668 -.01974935 .03207805 =-.,00370517 -.04249220
12 -,01281283 -.0U591987 -.00895672 +99999937 -.13850987 +00573870 .07138524 =-.02848265 <-.04490856
13 -,02568232 ~.02800975 =-.03123637 99999937 -.15941861 .02272375% 11894256 -.03647498 ~-.03030695
14 ~.00689257 .00830405 05090624 299999937 -.14495706 .04481475 «35277654 .N1364287 «04221377
15 -.03307375 -.07765152 13238619 +99999936 ~.15134590 +00332876 .03709257 -.ND0O441167 «07096483
16 ~.01779363 -.00804869 01191206 499999936 .16284770  L,01149244 -,.04235269 +02417658 +03497422
17 «05442393 =-.02922860 «N6886203 99999938 .08428172 00056626 =-.07168404 =~,02357873 -.03947603
18 .01667266 .03401582 «05654486 +99999937 .05019007 =.00027550 -.06540935 .01283488 =-.02156895
19 L0464B388 =-.01384877 -.03278241 .99999937 .09275101 =-.74238676 ~-.03074439 «00991911 .07078813
20 .03729240 -.01451000 ~-.01893094 299999939 «03615809 .03594945 ~,03443196 =-.03386591 «07702962
el -.01625205 =~.0U1730622 =-.05205773 99999938 .02762888 .00423955 -.00748346 <.00186386 -.02510371
22 -.01431100 ~.03949550 ~-.03838866 + 99999940 .05318772 .02061437 =-.02343973 .00051895 ~.04782244
< .00036288 «01343133 -.03212473 +99999937 =-.03650775 .02362415 =-.04140911 =-.02415074 =-.01999719
24 «01247030 .01560091 -.03581975 .99999935 -,05474237 ,02235664 =-.04302449 <~.02368728 ~-.03422436
25 -.01069152 01383247 ~.01819675 «99999937 -.01586368 .00256873 -.05813938 -.00627666 =.01329396
26 01604122 02675345 «01095436 «99999937 +00873407 00986292 '-.01811391 -.00128247 .00181092
L eT "=-.00179591 .00932268 .N0600221 +99999939 .00419113 =-.00553131 =-.01486651 =-.01204035 -.01875226
28 «N0127859 ¢ L04111406 00493622 .999%9938 .00213606 .01120662 «01263843 «05565008 .ND236833
29 -.01358033 01029551 ~.N0523554 99999938 «03117962 .00610429 -.05946372 .00404982 =-.03198148
3a .00032750 -.04817463 =~-.02251876 099999937 -,08628353 .01295777 -.05726387 . -,02580354 ~.03716337
31 -.02004440  ,00781607 ' =.N2425056 ~ «99999937 «07751612 00918563 -.03471378 .03032524 ~.05336169
32 ~,02728305 =-.00047624 =-.05186546 499999938 .15840611 -.01254808 » 00559456 .05372289 =-.10410899
33 WD0T42720 «02853663 «07726767 99999936 .01231001 ~.01196899 .06603814 00536842 =-.02067491
34 «02248006 «00499928 «03240412 99999938 «10450463 -.00563131 .04009387 . .02424284 =.09837470
35 .02759019 =-.03619895  .NO477388 99999935 15488365 .01243080 «02526360 .00323291 -.N8568140
36 «004817738 L00425427 ° .05777808 299999937 +03716464 +03084079 .03u48N711 =-.00771685 ~-.05865909
37 -.01907676 -.00229034 .02900110 99999936 17067183 -~-.00614179 08456544 <-.01356226 =-.09145650
38 =.60124161 .03784591 =~.02160918 099999936 «21591833 .00379802 .12010814 -,01888692 <-.09832208
39 -.05060955 LDu316664 -J040726606 299999936 .02113680 ~.06073176 .05541477 =-.D7435112 =-.10010222
40 .02833%21 =-+053676U9 .10415881 .e99999937 =-.09925430 »00978334 09662792 =-.05865797 =-.02201539
41 »02345758 201661230 -.01989951 «99999940 11828136 ' 01867156 216314228 ~-.02094228 «07631354
42 «06151456 «N2353780 ~-.07675063 499999937 »20968696 =~.08496026 04522864 =.10666464 - 420155675
43 .03350716 -.00936242 ~-.01391938 «99999937 «25287880 12492971 21619616 =-.00028458 «12674409
44 ~-.04428009 -.00568279 .08925383 «9999993%5 »33510110 =-.03139800 11230681 .027286%0 .28807543
a5 -.G47URS88 -.0UB3501% »0004UbHY 299999938 .14409443 -,01478370 =-.03043536 ~-.00104728 «06164847
46 -.00692129 -.04903393 ~-,04144035 99999939 .13443205 =-.01059126 ~-.00452015 ~-.04870818 .08320337

47 .0DD9A28S ~-.02403071 =-.01888670 +99999935 L.07349809 -.04184462 =-.02810420 ~-.01840259 .04321992
48 -.03292974 -.02548752 ~-.01030388 «99999938 .08835999 =-.C1142180 -.03732850 «22948561 .03413900
49 -.02128211 »02490442- .02624880 299999940 «N6088148 .01523392 -.02001276 «04197037 «N2644802
50 «06582750 »00320120 ~.00924015 99999937 »02546406 03875932 +00122464 «01722785 «22614392
51 -.01176894 =-,02085787 _ +01269179 - .99999940 .09838603 .01882065 .04342049 ~.03332595 09572067
52 ~.05394648 -.02169568 09557729 +99999939 01574399 .03336888 +12678985 .00519907 .08510341
53 - 155414435 .N8435359 <-.01978063 299999935 +20763331 . .03249400 .06212822 .03854114 25816723
54 .07954005 .09138618 =-.19304527 +99999938 20011729 06273524 .17308152 =-.06267912 42907491

55 -.3160059U .00092800 .00199873 «99999938 «31250678 «06616535 +N0647413 +36655699 «53196479

COLUMN LOADINGS

VARIABLE FACTOR 1 FACTOR 2 FACTOR 3 ' FACTOR 4 FACTOR 5 ~ FACTOR 6 FACTOR 7 FACTOR 8 FACTOR 9

1 40509492 ~-.03977143  ~-.17261725 99999943 =-,31584052 -.45200676 27262220 .50541971 «03013511
2 «04260346 +08526091 «12414932 .99999933 -.16658890 .05051134 =.0D4304499 «10320140 06625056
3 .00243497 -,02779215 07105143 .99999940° =-.14223161 -.H0858258 .04158771 ~-.03114023 «02685651
4 -.01715967 =-+00305588 -.05596912 .99999943 =.13482043 .G1073684 «01443947 01670673 «01983504
5 -.00u432347 ,02508117 =-.00347581 ~ .99999928  .00655977 -.01828758 -.03050468 =-.02607786 -.03152653
[ .02872557 =-.02436807 =-.00469117 99999939 .08153360 01461472 =~.03797163 .00619536 ~.03774338
7 -.00412339 .01670788 .00224037 +99999936 - .20475108 .00976912 «12473046 .00547291 -.02115051
8 ~-.06983376 =~.02704225 .05230788 99999937 .19815209 -.02639472 -.06230286 +07755389 .07133517
9

«06774794 201398365 ~-.06745785 +99999940 29333650 =-.00305360 <-.04135204 ~-.08484928 .58045103
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A 53. *»
¢ FACTOR CMARACTERISTIC VALUE : PERCENTAGE OF INERTIA : s
° .0153315 S4.567 *
L &
‘t‘t“ttt#0‘#00‘0##00“0‘00#00‘000‘#‘#0‘00000‘9“‘0000“0‘00‘0“‘#0“‘0‘0000"0“#‘0“0‘000#‘#tt‘#‘t‘0‘#““‘0“‘0‘?#8‘
s o =
. CONTRIBUTIONS : . ®
» 0BJECT Mass . RHO FACTOR *
s ABSOLUTE RELATIVE CUMULATIVES
b d . %
#0‘00°°°°ﬂ‘°¢t‘tv‘##“‘#‘#ﬁ‘v#;“““ttB‘#“00“OttOO‘#t“"#0‘00#0‘00003‘&#“0#0‘0&"t00‘#0tﬂot‘#‘#‘v#ac““t“t##t“t
* 1 ® 29.5000 & .8302 s -.3158 = -.7834 = -12,0154 = 12.0154¢
* 2 s 628.7999 s .0717 s ~.1666 ® -4.6454 % -38.7091 = 38.7091%
» 3 s 3114.6996 ° .0296 ¢ -.1422 * -16.7735 s -68.4582 = 68.4582%
° 4 ® 5129.2993 * .0226 s -.1348 = -24.8190 ¢ -80.3945 & 80,3945%
s 5 ¢ 657242991 s .0036 . .0066 % L0753 1.1816 # 1.1816%
» 6 * 5357.8992 * .0112 . .0815 = 9.4816 * 59,3172 # 59.3172%
* 7 * 2367.3997 » +0584 s .2048 # 26,4204 ® 71.8418 *. 71.84183
* 8 ® 1029.5999 I .0665 s .1982 * 10.7617 » 59,0032 59,0032%
L 9 * 272.4000 s L8012 * .2933 © 6.2396 ¢ 19.5017 » 19.5017%
%
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CHAPTER 5.

GRAPHICAL TECHNIQUES FOR. HIGH DIMENSIONAL DATA

(Andrew's method)

INTRODUCTION.

The method of Andrew's and Multidimensional Scaling should be followed when
the sum of the percentage of inertia of the first 'two factors are less than
60. One could consider, say the first five factors, until a sufficient

percentage of inertia is obtained.

Pictures of data may be iﬁportant functions in statistical analysis.and

they could be useful in the early stage of the analysis. Pictures could
also be useful 'in thé subjective,artAof/model formulation, where they assiét
in the selecfion of variables or effects to be included in a model, and could

help in checking the assumptions of a model.

For multivariate data the need is greater than for univariate data as the
amounts of multivariate data are larger and the relationships, though fre-
quently geometrical cannot be‘readily assimulated from a listing of the

data.

First we would like to describe in section 1 a method for mapping k
dimensional points into functions which may then be plotted and briefly
describe some of its properties. In'Secfion 3 we show how the first &
factors of Correspondénqe‘analysis-could be plotted as described in

Section 2.

FUNCTION PLOTS OF HIGH-DIMENSIONAL DATA.

The method is applicable to. quantitive data in k dimensions, metric
data. A data point may be represented as a vector i (xl, ;..,xm)
We could plot such a point by mapping it into a space of functions and

plot the resulting functionms. Many possible mappings could be done.
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The following method has many useful geometrical and statistical pro-
perties and uses a family of fun¢tions which are widely understood.
For each k .variate observation x, define a function

fx(t) = Xy + %, sin(t) + x_ cos(t) + x,_ sin(2t) + x

2 3 y 5

N

cos(2t) + .....

This function may be plotted over the range -m < t < 7. Each data

point will thus produce a curve drawn across the page.

Some interesting properties of such plots are discussed in Andrews(1972)
and we would like to summarize these properfies as given in Discriminant’

Analysis and Applications edited by .T. Cacoullos, page 38-u40.

(1) The mapping is linear. If X,y and z are points in k-dimensiona-

space and if

x = ay + bz

o

then the functions share the same linear relation
f(t) =af (t)+bf (t)-
% y 2

and so the functions of the average satisfies

£(ey=mt T

(2) The mapping preserves distances. If the distance between two-

functions f and g 'is defined by

T e _ 2 .
e - gll, =72 l£¢e) - g(0)] ar,
( The distance used in the program (page 63) is defined by
§(x,y) = Elf}_{(ti) - fy(ti)l)
then the distance between the functions‘corresponding to xand Yy,

2

||f>~((t) - fy(t)l|L2 =1 E(xg - yy)




(3)

(%)

(5)

60.

is proportional to the Euclidean distarice between these points.

The mapping yields one-dimensional projections. For a parti-
cular value of t say to’ the function value fx(to) is pro-

porfional to the projection of x on the vector fl

f%(to) = (1//2, sin(to),cos(Fo),siﬁ(2to), D

As to changes the projections of the data :on a continiun of direc-

tions are recorded on the plot.

The mapping préserves variances. If the original data have been

fransformed so that the components are approximately independent

with equal variance 02, then the variance of. fx(t) is given by

-

var(f#(t)) 02(% + sinQ(to))+ cos2(to) + sin2(2to)_+ eer )

-~

'z>{1</2,~ if Xk is odd, '
k/2 + e;lel <1/2, 1f k 1is even
The mapping generates over all tests. Since thé’function.value
fx(t) proportionai to the projeqtion”gf X on any vector is
l;ss than the length of X, tests may be constructed for any value
of t. ' Thus a‘festvof the hypothesis ‘E(g) = g may be based on

the inequality-
e a2 L 2 2
l|f§(t) fE(t)ll < 3k + 1)o® X (a)
which is true with probébility 1l - a for all values.of t.

The properties discussed above also hold with obvious slight

changes for functions of the form

sin(t) + x, cos(t) + X, sin(2t) + x, cos(2t) + ...

£ () = x) 2 3 y
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5.3 ANDREW'S METHOD IMPLIED ON THE FACTORS COMPUTED BY CORRESPONDENCE
ANALYSIS.

A computer program (printed on page 63 ) takes the first n factors
for its corresponding variable as computed by Correspondence analysis

and plots the variable as described in section 2.

It is however necessary to decide how many factors present the )

vector X = (xl, crey xn) (85.2) as described in chapter 3 to help

with the decision.

If we look at the Israeli rainfall data and use for example the first
5 factors for the specific stations as computed in chapter 4, it is
possible to plot for each variable.(i.e. each station) a graph by

using the Andrew's method. The speéific graphs can be see on page 66.

‘Ve are faced wifh another problém. If there are for exaﬁple as in our
Israeli fainfali analysis, say 55 variéblgs, it is difficult to dis—.
tinguish the difference or association between the variables on the 55
graphs. A program (page 64) was developed to soive this problem.
During the plot of the different variables each x-axis is devided

into n (say 1000) parts. For each value .i on the x-axis the
‘corresponding‘value on theA yeaxis‘is measured and subtracted from the
value oﬁ?the y-axis for the same i of evéry other graph. A total
which specify the difference for all the y values 'is computed between
each‘and every variable. Thus by just looking af the totals and‘then
compare the graphs‘it'may'help ué in finding the associations aﬁd:oppo-
sitions between the diffé;éﬁf variables. This method will only save
‘time because it could be very difficult to scan through all the graphs
to find the associationsf . One could thus disregard this method

especially in cases with not many variables.

During -the construction of these totals of differences we found it appli-

cable to multidimensional scaling which leads us to the next chapter.




REFERENCE TO PROGRAMS AND CORRESPONDING EXECUTION EXAMPLES.

Program which plots the factors according to Andrew's Method.

* Sample of how a subject or object would look like when plot-

ted on the Calcomp.

Group 1 according to the statlons as selected by the
dlfference tables.

Group 2
Group 3
Group l‘according to the months

Group 2

The Difference tables helps w1th the selection of the dlf—
ferent groups of subjects and objects

Page.

63

65

66

70

Ty

77

- 78

79

62.




. SUBROUTINE ANDREW(X,KpMaI3YSoNKpN1eAMING AMAKS, Y s INT» IND)

C *****##******#****#*#k***t«*********«**##*t*****##***##*##***t
c - X ¢ MATRIX WITH FACTOR SCORES
C K ¢ FACTORS
o M ¢ GRAPHS ' ‘
C #*********#***#****«#***#*#*#***#*#***#*************#***ﬁ#**#*
o X ¢ MATRIKS vAN HOOFKOMPONZ NTNAARJPS
C K ¢ AANTAL HOOFKOWPOV’NT’ NAT o_BRUIK WORD
c M ¢ AANTAL GRAFIEKE

DIMENSION IBUb(lOOO)oT(lOO)vFT(lOO)vIBYS(NK)vX(K)oY(160v32)

IF(IND.EQo1)CALL PLOTS(IBUF(1)91000,s9)

CALL PLOT(0.00=0c57=3)

CALL PLOT(0.00005,=3)"

CALL FACTOR(0.400)

“T(1)==3.1415926535"

INT=IFIX(6o 2831833070/0 2)

INTLZINT+1

INT2ZINT+2

DO 2 J=20 INT

2 T(JI=T(J=1)+0.2

IF(Ko3Ts5) GO TO 100
C -—'=——===-=—a—c=-==—==-=g===¢=-—g-a---_ﬂ-—nu---—_ ============= -
C COMPUTE  VALUES BY USING ANDREWS METHOD.
c THE COMPUTATION I3 DEZPENDANT ON THESE FACTORS -
[ cmacaSa~ =--’-"-"‘“‘="=-" e T mcrn ot O mme P e TrRcee T et ReTeamTameanaw

Gy TO (100o200030094009300)pK
100 WRITES(60900) - - ’
. 300 FORWAT(lHloVOVGELWI 65 AANTAL KOMPONENTE?)
. 50 TO 10 :
200 DO 2034u= 1»IMT
Y(I Nwod)-X(l)*SIN(T(J))+X(2)*”OS(T(J))
203 FT(J)=X(1)%SIN(T(U)) +X(2)%COS(T(J))
60 To 1000
300 DO 3 Jz=1,INT
YCINDeJ)SXCL)6SINC(T () ) #X(2)%COS(T (D)) #X(3)«SIN(2%xT(J))
3 FT(H) =X ASIN(T (Y)Y #X(2) %205 (T +X(3) xSIN(2%T(J)) ’
GO TO 1000
400 DO 403 Jz=1¢INT
Y CINDo J)IEX (L) «SINCT () )X (2 %COS(T(U) )X (3) «SIN(2%T(J))
x4+ X (4)%COS(2%T(J)) .
403 FT(J)-X(I)*SIN(T(J))+X(2)*yOS(T(J))+X(3)*SIN(2*T(J))
X4 RCOS(2%T (L))
. G0 To 1000
500 DO SU3JU=1eINT
Y(INDe )= X(l)#SIV(T(J))+X(2)*COS(T(J))+X(3)*SIM(2*T(J))
5+ X (4)xCOS(2%T(J))+X(5)%SIN(3I«T(J))
503 FT(J)-X(l)*Slv(T(J))+X(2)*COS(T(J))+x(3)*SIV(2#T(J))
4+ X (4)#COS(25T(J) ) +X(5) «SIN(3%T(J))
1000 FTCINT1)=AMIN
FT(INT2)=AVAKS/5 .
TCINT1)==3,1415926535
T(INTZ)—O g

PLOT FACTORS

caLL SYMpoL (2, Ovln 000, 2vldY>(1)v0 0eN1) .

CaALL AXIS(0:00000s24P1¢=2¢8¢0000 OvT(INTl)oT(INTZ))

CALL AXIS(0.0¢000031HCORRESPONDENCE ANALYSIS FACTORS, 31
#10.0090.0,FTCINT1) s FT(INTR2))

IR Gl )




(")ﬁ()f‘-(?(jﬁﬁ(‘)ﬁp

Cr e

999
10

12
11
13

B4 .

Call SCALE(T(1)¢8,0,INT1)

CALL SCALE(FT(1)s10.0°sINTe1)
CALL LINE(T(1)sFT(1)oINTr1o004)
CaLl PLOT(10.0¢000¢=3)
IF(INDoEGaM)GO TO 999

G0 To 10

CALL PLOT(10.0¢00090999)

RETURM

END

**#********#**;*#*********k#*i#*#**t**********t**#****#**#******
ANDREWS METHOD: D.3ZSTER,

REFERENCE s CALCOJLLanTo (1373) PAGE 37-59

PARAMETER CARDS NEEDED:

COLUMN 1=12  HIADING OF &RAPH (12 CHARACTERS ALFANUMERIC)
COLUMN Ll3-24 FACTDR1 (CORR;SPONDaNCE ANALYSIS)

COLUMN 25=37 FacToRe -

e 50 o

° e ¢ 0 o0

*******#************v#****t***#***##**#**#****k##***************
DIMENSION X(4) e I3Y5(2)0Y(150,32)
INTz=0

caLl PLT*ME(RGP)
DO 191=1,55
RZAD(S¢1)IBYS, X
FORMAT(2A604F1304)

CALL ANDQ’N(XvabSvll\fv9ol°vl Jr=1,0¢Y2INT,I)
Ud 11K=1l,54%

KK=K+3

DO 11I=KKs55

SUMVER =00

LO 12J=1,INT

VZIRSK SY(KeJ)=Y(Tod)
SOVIV RZSOMVER+ASS(VERSK)
WRITZ(2013)KeI9»SOMVER
FORMAT(OXKe2130F704)
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AN EXAMPLE OF THE DIFFERENCE TABLES

., STATION OIFFERENCE STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE ™

o .
~ 2 1.6170 1 1.6170 1 2.9964 1 2.3077 1 2.4627 1 3.9334 1 3.1400 1 4. 4T24
3 2.9964 3 1.5520 2, 1.5520 2 1.2829 2 1.1600 2 3.0905 2 1.7004 2 3.0701
Yy 2.3077 4 1.2829 4 1.0911 3 1.0911 3 1.9430 3 2.0051 3 .3138 3 1.7878
5 2.4627 S 1.1600 S 1.9430 5 1.8788 4  1.8788 u 2.2565 4 1.1738 4y 2.3093
6 3.9334 6 3.0905 6 2.0051 6 2.2565 6 3.,9040 5 3.9040 5 1.9229. 5 3.0824
7 3.1400 7 1.7004 7 .3138 7 1.1738 7 1.9229 7 2.1082 6 2.1082 6 2.7742
8 4,4724 8 3.0701 8 1.7878 8 2.3093 8 3.0824 8 2.7742 8 1.5562 7 1.5562
9 5.2689 9 3.8284 9 2.4083 9 3.1419 9 4,0095 9 2.4696 ' 9 2.3u41 9 1.5602
10 3.0681 10 1.6099 10 1.5901 10 2.1901 10 1.0949 10 3.4943 10 1.5737 10 2.6081
11 2.6152 11 1.3802 11 2.1114 11 2.4420 11 1.4634 11 3.7773 11 2.1547 11 3.3040
12 3.5239 12 2.2249 12 1.8208 12 2.4782 12 2.3281 12 3.2234 12 1.8446 12 2.4004
13 4,3451 13 3.,2064 13 2.6676 13 3.3101 13 3.2599 13 3.3981 ! 13 2.6567 13 2.5223
14 2.3686 14 1.7054 14 1.8004 14 1.9518 14 2.5784 14 2.0460 ¢ i 2.0528 14 2.9746
15 2.3138 15 2.5661 15 3.0345 15 2.9240 15 3.7009 15 2.3178 15 3.3u12 - 15 4.4260
16 4.5805 16 . S.2764 16 6.6577 16 6.1301 16 4.8894 16 8.2039 16 6.7348 16 7.8457
17 3.5321 17 3.7337 17 5.18940 17 4.8516 17 3.490S 17 6.7911 17 5.3008 17 645729
is8 2.8059 18 2.9923 18 4.4742 18 4.0955% 18 2.8054 18 6.0614 18 4,5883 18 S.8877
19 3.4928 19 4,1076 19 5.3854 19 4.7981 19 3.7464 19 6.9424 19 5.4498 19 6,4500
20 2.4927 20 3.0336 20 44,3395 20 3.6681 - 20 2.8544 20 5.7799 20 4.,4342 20 55,4528

21 343411
22 3.4940
23 2.7422
24 2.9113
‘25 2.5545
26 2.0700
27 2.3713

21 4.0710
22 4.5894
23 27674,
24 2.5209
25 3.0967
26 3.5435
27 3.4559

21 3.7528
22 u.3848
‘23 2.5828
24 2.4416
25  2.8930
26 3.1837
27 3.2481

21 2.1468
22 2.6477
23 .8320
24 «6220
25 1.1742
26 1.7520
27 1.6401

21 2.9608
22 3.4515
23 1.7616
24 1.7279
25 2.0506
26 241967
27 241677

21 5.9694
22 6.5070°
23 4.7359
24 4.5165
25 5,0508
26 5.2411
21T S5.2479

21 4.0326
22 445624
23 2.7196
24 2.4596
25 3.0857
26 3.6202
27 3.5109

21 4.9538
22 5.5261
23 3.7283
24 3.3732
2% 4.1964
26 4.8301
27 4.7044

2.2331 28 2.1005 3.4120 28 “3.1110 1.6279 S.0964 3.4683 4.6681
29 2.8129 2.8838 29 4.0470 3.8610 29 2.1222 29 5.9724 29" 4,0451 29 5.1531
30 2.8844 30 1.5302 30 2.0195 . 30 2.0666 30 . 6304 30 4.0022 ‘30 1.9234 30 2.8791

31 3.6548
32 5.4297
33 26929
3y 447439
35 5.1825-
36 3.3234
37 S.7642
38 6.7001
39 4.4897
40 29524
41 5.0190
42 6.49u4
43 7.3097
44 9.1291
45 4.2257
46 4,3484
47 3.9918
48 3.3238
49 25761
50 3.5916
51 3.4968
52 3.2644
53 6.7397
5S4 9.4914
55 11.5990

31 5.0546
32 6.8576
33 4.0558
34 5.8746
35 6.6704
36 4.4642
37 7.1548
38 8.0012
39 4.3535
40 3.175Pp
41 643632
42 8.6288
43 9.2638
44 11.5992
45 6+3761
46 6.2777
47 4.9073
48 -Se1764
49 4.6391
50 5.8435
51 S.6545
52 4.5899
53 9.1330
5S4 11.6058
55 14.1290

31 3.8708
32 5.6618
33 2.7368
34 4.6384
35 ‘5.3684
36 3.1701
37 58676
38 67070
39 3.5627
40 2.7056
4] Se4172
42 7.4963
43 8.,2801
44  10.4638
45 4.9788
46 5.0u52
47 3.6137
48 3.8342
49 3.2204
50 4.9315
51 4.4463
52 3.7882
53 7.9976
S4  10.5749
55 13.1358

31 4,.8576
32 . 6.7215
33 4.0097
34 -5.8923
35 645536
36 4.4530
37 7.1339
38 7.97C2
39 _4.7060
40 3.4436
41 5.7579
42 7.9024
43 8.6488
4 0.7680
45 5.7713
46 5.6777
47 4.3771
48 4,6526
4S . 84,1364
50 4,.8874
51 4.9463
52 44,4197
53 6.3U19
S4 10.8694
55 13.1175

31 3.1129
32 4,9615
33 2.9980
34 4,2084
35 4.,8705
36 2.9036
37 5,4828
38 6.3223
39 2.9760
40 3.5422
41 5.2120
42 7.2694
43 8.0506
44 10,4082
45 4.6319
46 Y.6494
47 3.17u0
4§ 3.4028
49 2.9036
S0 5.1709
51 4.2699
52 4,4971
53 7.9691
54 10.6282
55 13,2524

31 6.9613
32 8.7523
33 5.4382
3 7.5704
35 8.4369
36 6.0439 °
37 8.7654
38 9.6663
39 6.1195 °
40 3.7549
4} 7.5894
42 9.8213
43 10,4640
44 12,4846
45 7.8618
46 7.7904
47 6+5328
48 6.8075
49 6.1457
50 6.3748
51 6.9703
52 5.,2786
53 - 10.0347
5S4 12.2567
55 14.5212

31 5.0276
T 32 6.8473
33 4.1818
34 5.9167
35  6.7010
“36  4.5488
37 7.1968
38  8.0433
39 4.3541
40 3.3980
41  6.3889
42 8.6884
43 9.3096
44 11.6940
45 65,4532
46 - 6.3412
47  4.9780
48 5.2465
49° 44,7342
S0 5.9753
1 5.7189
52 4.7947
53 9.2278
54 11,7151
55 14,2463

31 6.0367
32 .7.8098
33 5.4091
36 7.0391
© 35 T.7795
36 5.7646
37 B.3445
38 9.1107
39 5.3261
40 4.3663
41 6.8738
42 9.3289
43 9.7741
44 12.3919
45 7.5178
46  7.2572
47 6.0204
48 6.3222
49  5.9394
50 6.4931
51 6.7120
52 5,6797
53 9.8062
S4 12.0833
S5 14.7519
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;N ¢ xaMPLE OF THE DIFFERENCE TABLES

STATION DIFFERENCE STATION DIFFERENCE STATION OIFFERENCE STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE

(=]
©

9 1 5.2689 10 1 3.0681 11} 1 2.6152 12 1 3.5239 13 1 43451 14 1 2.3686 : 15 1 2.3138 16 1 4.5505
9 2 3.8284 10 2 1.6099 11 2 1.3802 12 2 2.2249 13 2 3.2064 14 2 1.7054 15 2 2.5661 16 2 5.2764
9 3 2.4083 10 3 1.5901 11 3 2.1114 12 3 1.8208 13 3 2.6676 14 3 1.8004 15 3 3.0345 16 3 6.6577
9 4 3.1419 10 & 2.1901 11 Y 2.4420 12 4 2.4782 13 4 3.3101 14 4 1.9518 15 4 2.9240 16 4 6.1301
9 5 4.,0095 10 5 1.0949 11 5 1.4634 12 5 2.3281 13 5 342599 14 5 2.5784 15 S 3.7009 16 5 4,8894
9 6 2.4696 10 6 3.4943 11 6 3.7773 12 6 3.2234 13 6 3.3981 14 [3 2.0460 15 [3 2.3178 16 6 8.,2039
9 7 23441 10 7 1.5737 11 7 2.1547 12 7 1.8446 13 7 2.6567 14 7 2.0528 15 7 3.3412 " 16 7 6.7348
9 8 1.5602 10 8 2.6081 11 8 3.3040 12 8 2.4004 13 8 2.5223 14 8 2.9746 i5 8 4.4260 16 8 7.8457
9 10 3.6330 10 9 3.6330 11 9 4.,0113 12 9 2.9807 13 9 246225 14 9 3.0709 15 9 4.0739 16 9 8.7865
9 11 4.0113 10 11 1.0112 11 16 1.0112 12 10 1.3739 13 10 2.2688 14 10 22959 15 10 3.7720 16 10 5.6281
9 12 2.9807 10 12 1.3739 11 12 1.3065 12 11 1.3065 13 11 2.2282 14 11 2.1191 15 11 3.1615 16 11 5.1932
9 13 246225 10 13 2.2688 11 13 2.2282 12 13 1.0949 13 12 1.0949 14 12 2.0562 15 12 3.3966 . 16 12 6.4527
9 14 3.0709 10 1o 2.2959 11 14 2.1191 12 1s 2.0562 13 1y 2.3694 14 13 2.3694 15 13 3.9172 16 13 6.9570
9 15 4.0739 10 15 3.7720 11 15 3.1615 12 15 3.3966 13 15 3.9172 14 15 1.6939 15 14 1.6939 16 14 6.2329
9 16 8.7865 10 .16 5.6281 11 16 5.1932 12 16 644527 13 16 6.9570. 14 16 6.2329 15 16 6.8434 16 15 6.8434
9 17 7.3758 10 17 4.2055 1117 3.6330 12 17 4.,9373 13 17 5.6626 14 17 S5.0516 15 17 5.6493 16 17 242666
9 18 6.6906 10 18 3.5635 11 18 3.0860 12 .18 4,3925 i3 18 541558 14 18 4.3650 15 18 4.9558 16 18  2.6341
9 19 7.4079 10 19 4.4942 11 19 4.1893 12 19 5.3496 13 19 5.8792 14 19 5.0043 15 19  5.7177 16 19 1.6196
9 20 6.4102 © 10 20 3.6838 . 11 20 3.5485 12 20 4.6212 13 20 S.1604 14 20 -3.8388 15 20 4,5957 16 20 2.6630
9 21 6.0749 10 21 2.6128 11 21 2.4619 12 21 344502 13 21 3.9311 14 21 ° 4.2727 15 21 5.0020 16 21 3.2113
9 22 606365 10 22 3,0836 - 11 22 2.9377 12 22 3.9609 13 22 4.4621 14 22 4,8189 15 22 5.5371 16 22 2.8366
9 23 4.8186 10 23 1.5549 11 23 1.8539 12 23 2.7953 13 23 3.6576 14 23 3.2470 15 23 4.2514 16 23 4.2046
9 24 4.6220 10 24 1.3099 : 11 24 1.8180 12 2% | 2.6496 13 24 3.5455 14 24 3.1496 15 24 4.2870 16 24 4,6379
9 25 S.1480 10 25 2.0947 : 11 2S5 2.1762 12 25 3.2344 13 25 4.1036 14 25 3.5465 15 25 4.3520 16 25 3,7151
9 26 5.6892 10 .26 2.5310 + 11- 26 2.1464 12. 26  3.4098 13 26 3.9839 14 26 3.4415 15 26 4.1602 16 26 3.1617
9 27 5.5555 10 27 2.3005 11 27 1.8491 12 27 3.1165 - 137 27 . 3.7573 14 27 3.5243 15 27 4,2119 16 27 3.3739
9 28 5.5320 10 28 2.2883 11 28 1.8920 12 28 3.1190 13 28 3.6783 14 28 3.2392 15 28 3.9428 16 28 3.3398
9 29 6.0940 10 29 2.8031 . 11 29 2.5454 12 29 3.7103 13 29 4.5680 14 29 4.3755 "1 29 5.0322 16 29 2.9423
9 3g 4.1639 10 30 1.4212 11 30 1.9185% 12 30 2.6976 13 30 3.6455 14 30 3.00177 1S 30 4.0629 16 30 5.1966

9 31 7.1017 10 31 3.5639 11 31 3.3526 12 31 4.3759 13 31 4.9128 14 31 5.,2669 15 31 5.9458 16 31 2.4470
9 32 8.9206 10 32 5.3356 11 32 5.0974 12 32 66,1532 13 32 6.6607 19 32 69751 15 32 7.6076 16 32 3.0287
9 33 6.1032 10 33 2.9859 11 33 2.1720 12 33 3.3925% 13 33 3.9711 14 33 3.3929 15 33 . 3.7345 16 33 3.5268
9 34 7.8559 10 34 4.4311 11 34 3.8507 12 34 4.9484 13 34 5.4012 14 34 5.6785 15 34 641397 16 34 3.2061
9 35 8.7458 10 35 5.2158 11 35 4.7701 12 35 5.8355 - 13 35 6.3112 14 35 6.5499 15 35 7.0907 16 35 2.3968
9 36 6.4830 10 36 31,1889 11 36 2.4927 12 3% 3.6911 13 36 4.2351 14 36 4.1179 15 36 4.5883 16 36 3.3780
9 37 9.1413 10 37 5.7364 1T 37 S.1361 12 37 6.2554 13 37 6.7118 14 37 6.7995 15 37 7.2025 16 37 3.1474
9 38 10.0298 10 38 6.5177 11 38 6.0283 12 38 7.1438 13 38 7.5722 14 38 T.7155 15 38 8.1446 16 38 3.9683
9 39 6.2814 10 39 2.7807 11. 39 2.3674 12 -39 3.4297 13 39 3.9544 14 39 4.3663 15 39 S.1783 16 39 4.3487
9 40 4.3090 10 4o 3.1526 11 &0 2.2492 12 40 2.3778 13 40 2.8138 14 49 1.8507 15 40 2.4145 16 40 © 5.,5120
9 41 7.8727 10 41 5.4782 11 4l 5.1668 12 41 5.8540 13 41 5.9310 is 41 5.6470 15 4l 6.1769 16 41 4,2008
9 42 10.2344 10 42 7.8043 11 42 7.4982 . 12 42 §.4381 13 2 8.6671 14 42 7.87%0 15 42 8.3047 16 42 3.621S
9 43 10.7011° 10 43 8.,3848 11 43 8.0735 12 43 8.7982 13 43 8.8561 14 43 845217 15 43 8.9270 16 43 S.4566
9 yy 13.3120 10 4y 16.9142 11 LY 1C0.6155 12 yy 11.5156 13 44 11.7861 14 4y 10,7491 15 44 10.7141 16 4y 6.8066
9 uS 8.4286 10 45 5.4030 11 45 5.0032 12 45 6.2343 13 45 647673 14 45 5.8723 15 45 6.4312 ‘16 us L6964 -
9 46 8.2560 10 46 5.2700 11 46 4,9278 12 4& 6.U563 - 13 46 6.5083 147 4e 5.8179 15 46  6.4625 16 46 1.5254
9 47 6.9516 10 47 3.9264 11 47 3.5980. 12 47 4.7978 13, 47 53509 14 47 4,6409 15 47 5.3187 16 47 1.8612
9 48 7.2555 10 48 4.1863 11 48 3.7942 12 48 5.044) .13 .48 55972 - 14 48 4.9229 15 48 5.5944 16 48 1.5368
9 49 6.8186 10 49 . 3.7031 11 49 3.2912 12 49" 4,5586 13 49 S5e1132 ‘14 49 4.1938 15 49 4.8569 16 u¢ 2.0607
9 S0 7.3562 10 50 5.7879 11 S0 5.7089 12 so 6.3672 13 5o 6.5855 14 50 S.0514 15 50 4.7216 16 S0 4,704y
9 51 7.6491 10 51 4.7846 11 51 4.4848 12 s1 5.5299 13- 51 5.9630 14 51 5.0012 15 51 5,4387 16 51 2.2381
9 52 63211 10 52 4.3366 11 52 3.8022 12 52 ‘4.2261 13 52 4.4266 14 52 3.3374 15 52 3.5652 16 S§2 94,4437
9 53 10.6639 10 s3 §.5162 11 53 8.2160 12 53 9.0749 13 - 53 9.3273 14 53 3.2224 ‘15 53 8.3011 16 53 4.4730
9 58 12.5377 10 54 11.0521 11 sS4 10.7339 127 54 11.4449 13 54 11.43n] 14 5S4 1G.5054 15 5S4 10.6515 16 54 8.6857
9

55 15.4557 10 55 13.8908 11 55 13.7312 12 55 14.5023 13 55 14.6527 14 55 13.2592 15 55 12.9003 16 55 10.1822
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AN EXAMPLE OF THE DIFFERENCE TABLES

STATION DIFFERENGE STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE

17 1 3.5321 18 1 2.8059 19 1 3.4928 20 1 2.4927 21 1 -3.3411 22 1 3.4940 ; 23 1 2.7422 . 24 1 2.9113
17 2 3.7337 18 2 2.9923 19 2 4.,1076 20 2 3.0330 21 2 2.9608 22 2 3.4515 23 2 l.7616 24 2 1.7279
17 3 5.1890 18 3 4.4742 - 19 3 5.3854 20 3 4.3395 21 3 4,0710 22 3 4.5894 23 3 2.7674 2y 3 2.5209
17 y 4.8516 18 y 4.0955 19 4 447981 20 4 3.6681 21 4 3.7528 22 4 4.3848 23 4 2.5828 24 1 2.4416 °
17 ) 3.4905 18 5 2.8054 19 3 3.7464 20 5 2.85u4 21 5 2.1468 22 5 2.6477 23 5 .8320 24 ) .6220
17 6 6.7911 " 18 6 6.0614 19 6 6.9424 20 6 5.7799 21 6 5.9694 22 6 6.5070 23 6 4.7359 24 6 4.5165
17 7 5.3008 18 7 4,5883 19 7 5.4498 20 7 4,4342 21 7 4.0326 22 7 4.5624 23 7 2.7196 24 7 2.4596
17 8 6.5729 18 8 5.8877 19 8 6.4500 20 8 5.4528 21 8 4.9538 22 8 5.5261 23 8 3.7283 24 8 3.3732
17 9 7.3758 18 9 6.6906 19 9 7.4379 20 9 6.4102 21 9 6.0749 22 9 6.6365 23 9 4.8186 24 9 4.6220
17 10 442055 18 10 3.5635 19 10 4.4942 20 10 3.6838 21 10 2.6128 22 10 3.0836 23 10 1.5549 24 10 1.3099
17 11 3.6330 18 11 3.0860 19 11 4.1893 20 11 _ 3.5485 21 11 2.4619 22 11 2.93717 23 11 1.8539 24 11 1.8180
17 12 4.9373 18 12 4.3925 19 12 5.3496 20 12 - u4.6212 ° 21 12 3.4502 22 12 3.9609 23 12 2.7953 24 12 2.6498
17 13 5.6626 18 13 5.1558 19 13 5.8792 20 13 . S.1604 21 13 3.9311 22 13 4.4621 23 13 3.6576 24 13 3.5455
17 14 5.0516 18 14 4,3650 19 18 5.0043 20 14 3.8388 21 14 4.2727 22 14 4.8189 23 14 3.2470 24 14 3.1496
17 15 5.6493 18 15 4.,9558 19 15 5.7177 20 15 4.5957 21 15 5.0020 22 15 5.5371 23 15 4.2514 24 15 4.2870
17 16  2.2666 18 16  2.63u41l 19 16 1.6196 20 16  2.6630 21 16 3.2113 22 16 2.8366 23 16  4.2046 24 16 4.6379
17 18 .7580 18 17 . .7580 19 17 2.7425 20 17 2.9041 21 17 2.8064 22 17 2.3449 23 17 2.9127 24 17 3.2650
17 19 2.7425 18 19 2.3982 19 18 2.3982 20 18 2.3586 21 18 "2.4313 22 18 . 2.0750 23 18 2.2659 24 18 2.6133
17 20 2.9041 18 20 2.3586 19 20 1.1661 - 20 19 1.1661 21 19 2.3162 22 19 2.4590 23 19  3.125e 24 19 3.5845
17 21 2.8064 18 21 2.4313 19 21 2.3162 20 21 2.1134 21 20 2.1134 22 20 2.5056 23 20 2.4051 24 2o 2.8530
17 22 2.3u449 18 22 2.07s0 19 22 2.4590 20 22 2.5056 21 22 <7359 22 21 .7359 23 21 1.3667 24 21 1.7375 °
17 23 2.9127 18 23 2.2659 19 23 3.1256 ° 20 23 2.,4051 21 23 1.3667 22 23 1.8641 23 22 1.8641 24 22 2.1682
17 24 3.2650 18 24 2.6133 19 24 3.5845 20 24 2.8530 21 24 1.7375 22 - 24 2.1682 23 24 4596 24 23 . .4596
17, 25 2.4486 18 25 1.7897 19 25 2.7750 20 25 2.0900 21 25 1.3741 22 25 1.6039 23 25 .5570 24 25 .9754
17 26 1.9985 18" 26 1.4501 19 26 2.1351 200 26 1.6817 21 26 1.3518 22 26 1.4324 23 26 1.2312 . 24 26 1.5559
17 27 2.0897 18 27 1.5558 19 27 2.5027 20 27 2.0643 21 27 1.1974 22 21  1.3252 23 27 1.1036 24 27 1.3902
17 28 2.4579 18 28 1.9872 19 28 2.3611 20 28 ° 1.8510 ¢l 28 143149 22 28 1.6552 23 28 1.4647 24 28 1.7241
17 29 1.6701 18 29 1.2540 19 29 2.3578 - 20 29 2.1421 21 2% 1.3708 22 29 1.0460 23 29 1.4248 24 29 1.8066
17 30 3.7534 18 30 3.0682 19 30 441744 20 30 3.3354 21 30 2.4369 22 30 .2.8092 23 30 1.0949 2u 30 .7032
17 31 1.9807 18 31 1.8048 19 31 2.4529 20 31 2.6835 21 31 1.1844 22 31 25411 23 31 2.3619 24 31 2.6635
17° 32 3.1795 18 32 3.3117 19 32 3.7470 20 32 4.4123 21 32 3.0177 22 32 2.3965 23 32 4.2407 24 32 4.4624
17 33 2.9267 18 33 2.7131 19 33 3.4000 20 33 3.1071 21 33 2.9376 22 33 2.9774 23 33 3.0952 24 33 3.2552
17 34 2.5219 18 34 2.6206 19 34 3.5609 . 20 34 3.7101 21 34 2.4983 22 34 2.1423 23 34 3.6599 24 3y 3.8834
17 35 2.62748 18 35 2.8805 19 35 3.3058 20 35 4.,0853 21 35S 3.0011 .22 35 2.4287 - 23 35 4.2287 24 35 4.,4751
17 36 2.2518 18 36 2.0789 .19 36 3.3329 20 36 3.0789 21 36 2.3521  ©° 22 3s 2.2335 . 23 36 2.6227 24 38 2.8U92
17 37 3.5387 ‘18 37 3.7294 19 37 3.8838 20 37 45,7269 21 37 3.7527 .22 31 3.2230 23 37 4.9441 24 37 5.1675
17 38 4.7129 .18 38 4.8453 19 38 4.8631 20 38 S.6676 21 38 4.5409 22 38 4,.0130 23 38 5.7667 24 38 5.9519
17 39 3.5501 18 39 3.3164 19 39 3.8444 20 39 3.5301 21 39 1.7092 . 22 39 1.8179 23 39 2.5193 24 39 2.5660
17 &0 4.4355 18 40 4.0531 19 40 4.8979 20 40 "4.3148 21 40 4.1626 . 22 .40 4.3840 23 40 3.9514 24 4o 3.9842
17 41 5.2216 18 41 5.0165 19 4l 3.8945 20 41 4.1004 21 &1 4.0158 .22 4} 4,2228 23 41 4.9202 24 41 5.2430
17 42 5.5441 18 42 5.6978 19 &2 3.7080 20 42 4,5571° 21 42 5.7917 c 22 42 5.8467 23 42 6.7657 24 w2 7.2136
17 u3 6.8709 18 43 6.9056 19 43 5.5086 20 43 6.0037 21 43 6.5087 22 43 6.5755 23 43 7.6092 24 43 8.0267
17 44 8.7839 18 44 8.9560 19 44 7.0494 20 44 7.6925 21 44 9.1285 22 44 9.2318 23 44 9.9618 - 24 44 10.3976
17 45 2.3909 18 45 2.6256 19 45 1.1716 20 45 2+1988 21 45 3.0109 22 45 2.8228 23 45 3.9656 24 45 4.4116
17 46 3.1574 18 us 3,0363 19 46 .9676 20 46 2.0376 . 21 46 3.0061 22 ue 3.0437 . 23 ue 4.0197 24 46 4.4731
17 47 2.2739 18 47 1.9063 19 47 6797 20 47 1.0002 21 47 1.6544 22 .7 1.8677 ; 23 47 2.5258 24 47 2.9785
17 48 2.0071 18 u8 1.7197 19 48 .8139 20 u8 1.3283 21 48 1.8438 22 4g 1.7806 ! 23 48 2.7256 24 u4g 3.1716
17 49 1.7342 18 49 1.2762 - 19 49 1.4232 20 49 1.2520 .21 49 1.8111 S22 49 1.8529 23 49 2.2457 24 49 2.6603
17 SO 5.6218 18 S0 5.0811 19 50 3.3318 20 - S0 - 2.9260 21 SO S.0116 22 50 5.4223 23 50 5.0387 24 50 S.4374
17 s1 3.2098 ig 51 2.9755 19 51 1.7805 20 s1 1.9386 21 51 3.1157 22 s1 3.3227 23 31 3.8615 24 51 4,297y
17 s2 4.4687 18 52 4.1918 19 52 4.1797 20 52 3.9280 21 S2 4.309% 22 s2 4.4641 23 52 4.5542 24 s52 4,7497
17 53 6.3913 18 53 6.5201 - 19 53 4.6340 20 53 5.2364 21 53 6.7809 22 53 6.9077 23 53 7.5593 24 53 8.0013
17 S4 10.2634 18 sS4 9.9361 19 54 7.6550 20 sS4 8.0333 21 5u 9.4904 . 22 sS4 9.7486 23 5S4  10.2621 24 54 10.7000

17 55 12.0603 18 55 12.0298 19 55 10.1120 20 55 10.4948 21 55 12.3697 22 55 12.5405 ‘23 S5 12.8888 24 55 13.3246
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AN EXAMPLE OF THE DIFFEREMCE TABLES

STATION DIFFERENCE STATION DIFFERENCE STATION OIFFERENCE STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE

25 1 2.5545 26 1 2.0700 27 1 2.3713 28 1 2.2331 129 1 2.8129 30 1 2.8844 31 1 3.65u48 32 1 5.4297
25 2 2.0506 26 2 2.1967 27 2 2.1677 28 2 2.1005 29 2 2.8838 30 2 1.5302 31 2 3.8708 32 2 5.6618
25 3 3.0967 26 3 3.5435 " 27 3 3.4559 28 3 3.4120 29 3 4.0470 30 3 2.0195 31 3 5.0546 32 3 65.8576
25 4 2.8930 26 4 3.1837 27 4 3.2481 23 y 3.1110 29 4 3.8610 30 4 2.0666 31 4 4.,8576 32 4 6.7215
25 ) 1.1742 26 5 1.7520 27 5 1.6401. 28 5 1.6279 29 S 2.1222 30 s . 6304 31 ) 3.1129 32 5 4.9615
25 6 $.0508 26 6 5.,2411 27 6 5.2479 28 6 5.0964 29 6 5.,9724 30 6 4.0022 31 6 6.9613 ° 32 3 8.7523
25 7 3.0857 26 7 3.6202 27 7 3,5109 28 7 3.4683 29 7 4.0451 30 7 1.9234 3] 7 5.0276 32 7 6.8473
25 8 4,1964 26 8 4,.8301 27 8 4.7044 28 8 4.6681 29 8 5.1531 30 8 2.8791 31 8 6.0367 32 8 7.8098
25 9 5.1480 26 9 5.6892 27 9  5.5555 28 9 - 5.5320 29 9 6.0940 30 9 4.1639 31 9 7.1017 32 9 8.9206
25 10 2.0947 26 10 2.5310 27 10 2.3005 28 10 2.2883 29 10 2.8031 30 10 1.4212 31 .10 3.5639 32 10 5.3356
25 11 2.1762 26 11  2.1464 21 11 1.8491 28 11 1.8920 29 11 2.5454 30 11 1.9185 - 31 11 3.3526 32 11 5.0974
25 12 3.2344 26 12 3.4098 27 12 3.1165 28 12 32,1190 29 12 3.7103 30 12 2.6976 31 12 4.3759 32 12 6.1532
.25 13 4.1036 26 13 3.9839 27 13 3.7573 28 13 3.6783 29 13 4,5680 30 13 3.6455 31 13 4.9128 32 13 6.6607
25 14 3.5465 26 14 3.4415 27 14 3.5243 28 14 33,2392 29 14 4.3755 30 14 3.0077 317 1% 5.2669 32 14 6.9751
25 15 4.3520 26 15 4.1602 21 15 4.,2119 28 15 3.9428 29 15 5.0322 30 15 4.0629 31 15 5+.9458 32 15 7.6076
- 25 16 3.7151 26 16 3.1617 27 16 3.3739 28 16 3.3398 29 1¢ 2.9423 30 16 5.1966 31 16 2.4470 32 16 3.0287
25 17 2.4486 26 17 1.9945 27 17 2.0597 28 17 2.4579 29 17 1.6701 30 17 3.7534 31 17 1.9807 32 17 3.1795
25 18 1.7897 26 18 1.4501 27 18 1.5558 28 18 1.9872 29 18 1.2540 30 18 3.0682 31 18 1.8048 32 18 3.3117
25 19 2.7750 26 19 2.1351 27 19 2.5027 28 19 2.3611 29 19 2.3578 30 19 4,1744 31 19 2.4529 32 19 3.7470
25 20 - 2.0900 26 20 1.6817 271 20 2.0643 28 20 1.8510 29 20 2.1421 30 20 3.3354 31 20 2.6835 32 20 4.4123
25 21 1.3741 26 21 1.3518 21 21 11974 28 21 1.3149 29 21 1.3705 30 21 244369 3t 21 1.1844 32 21 3.0177
25 22 1.6039 26 22 1.4324 27 22 1.3252 28 22 1.6552 29 22 1.0460 30 22 2.8092 31 22 25411 32 22 2.3965
25 23 «5570 26 23 1.2312 271 23 1.1036 28 23 1.4647 29 23 1.4248 30 23 1.0949 31 23 243619 32 23 4,2407
25 24 <9754 26 24 1.5559 271 24 1.3902 28 24 -1.7241 29 24 1.8066 30 24 .7032 31 24 2.6635 32" 24 4.4624
25 26 1.0738 26 25 1.9738 27 2% 1.0290 28 25 15311 29 25 1.0141 3¢ 25 1.4835 31. 25 2.0327 32 25 3.9858
25 217 1.0290 26 27 L4216 21 26 4216 28 26 .6286 29 26 1.9672 30 26 2.0615 31 26 1.8285 32 26 3.6439
25 28 1+5311 26 28 +6286 21 28 6207 28 27 6207 29 27 1.0113 3 27 1.8917 31 27 1.7426 32 21 3.5303
25 29 1.0141 26 29 1.0672 271 29 1.0113 28 29 1.5866 29 28 1.5866 30 28 2.1782 31 28 2.1001 32 28 3.8007
25 130 1.4835 26 30 2.0615 27 30 1.8917 28 30 2.1782 29 30 2.3672 30 29 2.3672 31 29 1.0629 32 29 3.0019
25 31 2.0327 26 31 1.8285 27 31 1.7426 28 31 2.1001 29 31 1.0629 30 31 3.2791 31 30 3.2791 . 32 30 5.0450
25 32 3.9858 26 32 3.6439 27 32 3.5303 28 32 3.8007 29 32 3.0019 30 32 5.0450 31 32 1.9990 32 31 1.9990
25 33 3.1400 26 33 2.1460 271 33 2.1285 28 33 1.8025 29 33 2.9994 3¢ 33 3.4749 31 33 3.0378 32 33 4,0715
25 34 3.4679 26 34 2.9408 27 34 2.7407 28 34 2.8792 29 34 2.6137 30 34 4.3969 31 34 1.9886 32 34 1.9727
25 35 3.9659 26 35 3.4428 27 35 3.3197 28 35 3.4803 29 35 3.0120 30 35 5.0274 31 35 1.9975 32 3% 1.2132
25 36 2.5690 26 36 1.6836 - 271 36 1.5993 25 36 1.5308 2 36 2.2751 30 36 3.1501 31 36 2.2133 32 36 3.1693
25 37 %.7010 26 37 4,1147 . 27 37 3.9972 28 37 4.3575 29 37 3.8148 30 37 5.6935 31 37 3.0152 32 37 2.2620-
25 38  5.5847 26 38 5.0154. . 27 38 4.8521 28 38 4,9378 29 3¢ 447501 30 38 6.4789 31 38 3.8013 32 38 2.4979
25 39 2.7224 26 39 2.4792 27 39 2.1410 28 39 . 2.3327 29 39 ° 2.6064 30 39 3.0517 31 39 2.1578 32 39 2.7594
25 40 4.,0823 26 u0 3.3338 27 40 3.3000 28 40 2.9951 29 40 4.2784° 30 40 3.9665 31 40 4.6560 32 40 6.2926
25 41 4.9818 26 41 44,1265 27 41 4,1905 28 41 3.7016 29 41 4.,8549 3¢ 41 5.8006 31 41 4.3424 32 41 4,2061
25 42 6.4699 26 42 5.7342 27 42 6.0338 28 42 5.7035 29 42 6.0192 30 w2 7.7882 31 42 5.6875 32 w2 6.0752
25 43 7.3972 26 43 6.5988 27 43 6.8620 28 43 6.4437 29 43 7.0022 30 43 8.6112 31 43 6.4466 32 43 5.9301
25 44 9.7083 26 4y 8.9076 27 uu 9.2519 28 4y 6.8904 29 uy 9.3661 30 44 310.9616 31 44 9.09u9 32 uy 9.1079
25 45 3.52286 26 45 2.9452 27 45 3.2070 28 45 3.1154 29 45 2.9426 30 45 4.9961 31 45 2.6418 32 45 - 3.4756
25 46 3.6957 26 46 3.0377 21 46 3.2934 . 28 48 3.0673 29 46 3.2088 30 u6 5.0879 31 46 2.9064 32 46 3.7182
25 47 2.1591 26 41 1.5195 27 47 1.8426 28 47 1.7395 29 ° 47 1.7521 30 47 3.5774 31 47 1.8942 32 47 3.4680
25 48  2.2867 26 48 1.7063 27 u8 1.9855 28 48 1.9284 c9 48 1.7691 30 us 3.7560 31 48 .1.7520 32 48  3.2582
25 49 1.8142 26 49  1.1765 27 49 1.4575 28 49 1.4404 29 49 1.5666 30 49 3.2139 31 49 1.82046 32 49 3.4286
25 50 4.7900 26 SO 4.4124 271 50 4,8080 28 c 4.4134 29 SO 5.0590 30 50 S.7316 31 50 5.5694 32 50 7.0327
25 51 3.6131 26 51 2.8027 27 51 3.1163 28 51 2.7165 29 51 3.3312 30 S1 4,8277 31 51 3.2274 32 51 4.1847
25 52 4.5957 26 52 3.5443 27 52 3.6629 28 52 3.1540 29 52 4.542¢9 30 s2 4.9896 31 s2 4.5618 32 32 Se3176
25 53 7.2730 26 53 6.5234 27 53 6.8639 ' 28 53 6.5092 29 53 6.9766 30 53 8.5137 31 53 6.7868 32 53 7.2378
25 5S4 10.0086 26 54 9.2546 27 54 9.5836 28 54 9.1843 29 54 9.7438 30 54 11.2282 31 54, 9.8656 32 54 10.7544

25 55 12.5848 26 55 12.0087 27 55 12.4029 - 28 55 12.0906 29 55 !2.“535 30 55 13.7592 31 5SS 12.4144 32 55 12.9111




AN EXAMPLE OF THE DIFFERENCE TABLES

STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE STATLON DIFFEPENCE STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE

o™

-

4.4897
3.5627
4.3535
4.7060
2.9760
641195
4.3541 3.3980

5.7642 38
5.8676 38
7.1548
7.1339
5.4828
8.7654

3.3234 37
3.1701 37
4.4642 37
4,.4530 37
2.9036 37
6.0439 37
y.5488 37

4.7439 35
4.6384 35
5.8746 - 35
5.8923 35
4.2084 35
7.5704 35
5.9167 35

5.1825 36
5.3684 36
6.6704 36
6.5536 36
4.8705 36
8.4369 36
6.7010

33
33
33
33
33
33
33

2.6929 34
2.7368 34
4.,0558 34
4.,0097 34
2.9980
5.4382
4.1818

6.7001
6.7070
8.0012
7.9702
6.3223
9.6663
7.1968 8.0433
33 5.4091 7.0391 35 7.7795 5.7646 37 8.3445 9.1107 5.3261 4.3663
33 6.1032 7.8559 35 §.7458 6.4830 37 9.1413 o .10.0298 642814 4.3090
33 2.9859 44,4311 3s 5.2158 3.1889 37 S5.7364 6.5177 . 2.7807 3.1526
33 241720 3.8507 35 - 44,7701 2.4927 37 5.1361 6.0283 2.3674 .242492
33 3.392S 4.9484 35 5.8855 3.6911 37 b 6.2554 7.1u438 3.8297 2.3778
33 3.9711 5.4012 3s 6.3112 4.2351 37 . 6.7118 ©7.5722 3.9544 . 2.8138
33 3.3929 5.6785 35 6.5499 36 S o4,.1179 37 67995 7.7155 443663 } 1.8007
33 3.7345 61397 35 7.0907 4.5883 37 7.2025 8.1446 5.1783 2.4145
33 3.5268 3.2061 35 2.3968 3.3780 37 3.1474 3.9683 4.3487 545120
33 - 249267 2.5219 35 2.6274 : 2.2518 37 3.5387 4.7129 3.5501 y 4.4355
33 2.7131 ‘2.6206 35 2.8805 . . 2.0789 37 3.7294 4,.8453 3.3164 40 . 4.0531
33 3.4000 3.5609 35 3.3058 3.3329 37 3.8838 ‘4.8631 3.8u44 4.8979
33 3.1071 3,7101 35 4,0853 3.0789 37 4.7269 5.6676 3.5301 4.3148
33 2.9376 2.4983 35 3.0011 2.3521 37 3.7527 4.5409 1.7092 ‘441626
33 2.9774 2.1423 35 2.4287 : 2.2335 37 3.2230 4,0130 1.8179 4.3840
33 3.0952 © 3.6599 35 4.2287 2.6227 . 37 . 4.9441 5.7667 2.5193 . 3,9514
33 3.2552 3.8834 3s 4.4751 2.8092 37 - 5.1675 5.9519 2.5660 3.9842
33 3.1400 3.4679 35 3.9659 2.5690 4,7010 T 5.5847 2.7224 4,0823
33 2.1460 2.9408 - 35 - 3.4428° 1.6836 4.1147 5.0154 2.4792 3.3338
33 2.1285 2.7407 35 3.3197 1.5993 3.9972 : 4.8521 2.1410 3.3000
33 1.8025 2.8792 35 3.4803 1.5308 4,0575 . 4.9378 . 2.3327 ] 2.9951
33 2.9994 2.6137 35 3.0120 2.2751 3.8148 4.7501 ! 2.6064 4,2744
33 3.4749 4.3969 © 35 5.027% - 3.1501 5.6935" 6.4789 3.0517 3.9665
33 3.0378 1.9886 35 1.9975 . 2.2133 3.,0152 3.8013 2.1578 4,6560
33 4.0715 1.9727 35 1.2132 3.1693 2.2620 2.4979 . . 247594 ) 6.2926
33 2.4945 2.4945 35 3.4566 1.0388 3.4740 4,5007 3 2.6462 2.3069
33 3.,4566 1.1172 35 1.1172 1.5676 144159 3 2.6123 2.0511 4.6460
33 1.0388 1.5676 35 2.6106 2.6106 1.2928 2.1531 2.8427 5.6999
33 3.4740 1.4159 35 1.2926 . 2.7407 2.7407 3.8673 3 2.0791 3.1234
33 4.5007 2.6123 : 2.1531 3.8673 1.3968 1.3968 3.2273 5.7185
33 26462 2.0511 2.8427 R 2.0791 3.2273 3.9160 3 3.9160 6.8076
33 2.3069 . 4.6460 5.6999 i 3.1234 5.7185 6.8076 ) 3.7244 3.7244
33 3.5129 3.7455 3.8020 3.7807 3.7689 3.9864 4.4039 5.2857
33 5.9733 6.4137 5.8695 . 6.2037 6.1109 - ) 5.9661 7.0017 7.5029
33 6.3629 60122 5.4246 i 6:5102 4,8273 4.,5649 7.0644 8.1771

33 W 8.8682 9.0539 8.5148 9.1593 8.2440 . B.1723 - 10.0519 10.5649
33 3.4657 3.4511 2.9047 3.4703 ; 3.3273 4,2313 4.2956 [ 5.2594

33 3.6561 3.9066 3.4168 3.7202 3.6682 4,3273 4,3832 5.3333
33 2.9363 2.9353 3.0999 2.6620 3.7590 ’ 4,7363 3.1831 4.4352

33 3.0042 2.7666 . 2.8627 2.6424 3.5483 4.5276 3.2821 4,5685

33 2.2215 2.7099 ' 3.0277 2.0189 ° 3.6783 44,6575 9 - 2.8834 3.7649

33 5.,1332 6.5488 6.6G82 5.7350 6.8839 7.7111 6.4373 6.0297

33 2.9872 3.8115 3.7215 ’ . 3.2867 3.9439 4,7500 - 4.2111 4.5375

33 2.1942 4,1338 4.7551 3.0035% 1 4,7091 5.4276 4.4306 3.1522

33 6.7027 7.2958 6.8200 7.0537 6.9492 6.9955 7.9659 5.1804

33 16.0373 11.0537 10.6579 10.537¢ - 10.8811 10.7804 10.9809 10.7801

33 12.4905% 13.0519 12.4767 12.8415 . 12.6032 . 12.5446 13.6788 13.7660

29524
2.7056
3.1751
3.4436
3.5422
3.7549
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AN EXAMPLE OF THE DIFFERENCE TABLES

STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE

VOO WL NN

5.0190
S.4172
6.3632
5.757%
5.2100
7.5894
6.3889
6.8738
7.8727
S.4782
51668
5.8540
5.9310
S.6470
6.1769
4%.2008
52216
5.0165

3.8945

4.1004
4.0158
4.2228
4.9202
5.2430
4.9818
8.1265
4.1905
3.7016
4.8549
5.8006
443424
4.2061
3.5129
3+7455
3.8020
3.7807
3.7689
3.9864
4.4039
5.2857
3.7591
2.9443
6.1893
3.8966
3.3814
3.8785
4.0376
3.8911
4.3683
2.4974
2.8489
4.3075
T.6074
9.9820

42
42
42
42
42
42
42
42
42
42

42

42
42
42

OOV L NN -

6.4944
7.4963
8.6288
7.9024
7.2694
9.8213
§5.6884
9.3289
10.2344
7.8043
"7.u982
8.4381
8.6671
7.8790
8.3047
3.6215
5.5441
5.6978
3.7080
4.,5571
5.7917
S.8467
6.7657
7.2136
6.4699
5.7342

6.0338 .

5.7035
6.0192
7.7882
5.6875
640752
5.9733
6.4137
5.8695
62037

6.1109

5.9661
7.0117
7.5029
3.7591
3.8162
4.2088
3.1795
2.8354
4.3185
4,.2653
4.6955
3.8889
3.0500

5.0731
1.4905
5.1470
6.8845

43
43
43
43
43
43
43
43
43

43

43
43
43
43
43
43
43
43
43
43
43
43
43
43
83
493

7.3097
§.2801
9.2638
8.6u488
8.0506
10.4640
9.3096
9.7741
10,7011
8.3848
8.0735
8.7982
8.8561
8.5217
8.,9270

5.4566

6.8709
6.9056
5.5006
6.0037

' 6.5087

6.5755
7.6092
8.0267
7.3972
6.5988
6.8620
6.4437
7.0022
8.6112
6.4466
5.9301
643629

6.0122°

5.4246
6+5102
4.8273
4.5649
7.0644
8.1771
2.9443
3.8162
4.0376
5.2241
4.7740
5.6664
5.7287
5.8250

'5.9530
4.2029
5.3635
3.7082
6.6806
8.2390

WO~y LE WN -

9.1291
10.4638
11.5992

-10.7680

10,4082
12.4846
11.6940
12.3919

"13.3120
"10.9142

10.6155
11.5156
11.7861
16.7491
10.7141
6.8066
" 8.7839
8.9560
7.0494
7.6925
9.1285
9.2318
'9.9618
15.3976
. 9.7083
8.9076
9.2519
8.8904
9.3661

10.9616

9.,0949
9.1079
8.8682
9.0539
8.5148
9.1593
8.2440
8.1723
10.0519
10.5649
6.1893
4.2088
4.G376
645492

642993
7.5160

7.6059
7.9074
644642
6.1740
7.5103
3.1542
6.2581
5,0805

45

VOO L WN -~

4.2257
4.9788
6.3761
5.7713
4.6319
7.8618
6.4532
7.5178
844286
5.4030
5.0032
6.2343
6.7673
5.8723
6.4312

«6964
2.3909
206256

1.1716-

2.1988
3.0109
2.8228
3.9656
4,4116
3.5228
2.9452
3.2070
3.1154
2.9426
4.9961
2.6418
3.4756
3.4657
3.4511
2.9047
3.4703
3.3273
4,2313
4,2956
5.2594
3.8966
3.1795
5.2241
605492

©1.0159

1.4974
1.2401
1.8009

. 4.0213

1.7124
4.1651
4.1657
8.0330

9.7999

OO~ WL WN -

4.3484
5.0452
6.2777
5.6777
4.6494
T.7904
6e3412
7.2572
8.2560
5.2700
4.9278
6.0563
6.5083
5.8179
6.4625
1.5254
3.1574
3.0363

«9676
2.0376
3.0061
3.0437
4.0197
4.,4731
3.6957
3.0377
3.2934
3.0673
3.2088
5.0870
29064
3.7182

3.6561

3.9066
3.4168
3.7202
3.6682
44,3273
4.3832
543333
3.3814
2.8354
4.7740
642993
1.U159
1.5442
l.4784
2.0336
3.5439
1.5399
41464
3.9299
7.2974
9.5081

VDO~ B N =

3.0918
3.6137
4.,9073
4,3771
3.1740
6.5328
4.9780
6.0204
649516
349264
3.5980
4.7978
5.3509
4,6409
5.3187
1.8612
2.2739
1.9063
6797
1.0002
1.6544
1.8677
2.5258
2.9785
2.1591
1.5195
1.8426
1.7395
1.7501
3.5774
1.8942
3.4680
2.9363
2.9353
3.0999
2.6620
3.7590
4.7363
3.1831
4.,4352
3.8785
4,3185
5.6664
7.6160
1.4974
1.5442
3713
9443
3.7120
1.7827
3.9905
5.2266
8.1911
10.7458

VM~ E N -

3.3238
3.8342
S.1764
4.6526
3.4028
6.8075
5.2465
643222
7.2555
4,1863
3.7942
5.0441
5.5972 -
4.9229
5.5944
1.5368
2.0071
1.7197
+8139
1.3283
1.8438
1.7806
2.7256
3.1716
2.2867
1.7063
1.9855
1.9284
1.7691
3.7560
1.7520
3.2582
3.0042
2.7660
2.8627
2.6424
3.5483
4.5276
3.2821
4.5685
4.0376
4.2653
5.7287
7.6059
1.2491
1.4784
.3713
.8919
3.9862
1.8985
4.1267
5.2157
8.3935
10.7710



AN EXAMPLE OF THE DIFFERENCE TABLES

STATION DIFFERENCE STATION DIFFERENCE STATION DIFFERENCE' STATION DIFFERENCE STATIQN DIFFERENCE STATIGCN ODIFFERENCE STAfION DIFFERENCE

w

o2 .

T 49 1 2.5761 S0 1 3.5916 51 1 3.4968 52 1 3.2644 53 1 6.7397 sS4 1 9.4914 55 1 11.5990
49 2 3.2204 50 2 4,9315 51 2 4.u463 52 2 3.,7882 53 2 7.9976 54 2 10.5749 55 2 13.1358
49 3 4.6391 50 3 5.8435 51 3 5.6545 52 3 4.5899 53 3 9.1330 54 3 11.6358 55 3 14.1290
49 4 4,.1364 50 4 4.8874 51 4 4.9463 52 4 4.4197 53 y 8.3019 54 4 . 10.8694 55 4 13,1175
49 5 2.9036 50 5 5.1709 51 5 4.2699 52 s 4.4071 53 S 7.9691 sS4 S 10,6282 S5 S 13.2524
49 6 601457 S0 6 643748 51 6 6.9703 ¥4 6 5.2786 53 6 10.0347 54 6 12.2567 55 6 14,5212 -
49 7 4.7342 50 7 5.9753 51 7 5.7189 52 7 4,7947 53 7 9.2278 54 7 11.7151 55 7 14.2463
49 8 5.9394 S0 8 6.4931 51 8 6.7120. 52 -8 5.6797 53 8 9.8062 54 8 12,0833 55 8  14.7519
49 9 6.8186 S0 9 7.3562 51 9 7.6491 52 9 6.3211 53 9 13.6639 sS4 9 12.5377 55 9 15.4557
49 10 3,7031 S0 10 5,7879 S1 10 4.7846 52 10 4,.3366 53 10 8.5162 54 10 11.0521 55 10 13.8908
49 11 3.,2912 50 11 5.7089 51 11 4,4848 52 11 3.8022 53 11  8.2160 5S4 11 10.7339 55 11 13.7312
49 12 4.5586 50 12 6.3672 51 12 5.5299 52 12 4.2261 53 12 9.0749 St 12 11.4449 5 12 14.5023
49 13 5.1132 50 13 6.5855 51 13 5.9630 52 13 4.4266 53 13 9.3273 S4 13 11.4341 - 55 13 14.6527
49 14 4.1938 50 14 - 5.0514 51 14 5.0012 52 14 3.3374 5314 8.2224 54 14 10.5054 55 14 13,2592

.49 15 4.8569 50 15 4.7216 51" 1S 5.4387 52 15 3.5652 53 15 §.3011 - 54 15 10,6515 "S5 15 12,9003
49 16 2.0607 50 16 4,.7044 51 16 2.2381 52 16 4,4437 53 16 4.4730 54 16 8.6857 55 16 10,1822
D49 1T 1.7342 50. 17 5.6218 51 17 3.2098 52 17  4.4687 53 17 6.3913 54 17. 10.2634 55 17 12.0603
49 18 1.2762 50 18 5.0811 51 18 2.9755 52 18 4.1918 53 18 6+5201 54 18  9.9361 55 18 12.0298
49 19 1.4232 50 19 3.3318 51 19 © 1.7805 52 19 4.1797 53 19 4.6340 ‘S4 19 7.6550 55 19 10.1120
49 20 1.2520 50 20 2.9260 51 20 1.9386 52 20 3.92860 53 20 5.2364 - s4 20 8.0333 55 20 10.4948
49 21 1.8111 50 21 5.0116 51 21 3.1157 52 21 4.3099 53 21 6.7809 54 21 S.4904 5§ 21 12.3697
49 22 1.8529 50 22 5.4223 51 22 3.3227 . 52 .22 44641 $3 22 6.9077 54 22 9.7486 55 22° 12.5405
49 23 2.2457° 50 23 5.0387 51 23  3.8615 52 23 4,.5542 53 23 7.5593 54 23 '10.2621 - 55 23 12.8888
S 49 24 2.6603 50 24 5.4374 51 24 4.2974, 52 2% 4.7497. 53 24 8.0013 -54 24 10.7000 - 55 24 13.3246
.49 25 1.8142 -~ spo 2% 4.7900 s1 25 3.6131 52 25 4.5957 - 53 25 7.2730 54 25 10.0086 55 25 12.5848
49 26 1.1765 50 26 u,.u124 S1. 26. 2.8827 . 52 26 3.5443 " 53 2 6.5234 54 26 9.2546 5% 26 12.0087
49 27 1.4575 50 27 4,8080 51 27~ 3.1160 52 27 3.6629 53 27 6.8639 54 27 9.5336 §5 27 .12.4029
49 28 l.4404 50 28 4.4134 . 51 28 2.7165 52 28 3.1540 53 28 6.5092 54 2¢ 9.1843 55 28 12.0906
49 29 1.5666 50 29 5.0590 51 29 3:3312 52 29 4.5429 53 29 6.9766 54 29 9.7u438 55°. 29 12.4535
49 30 3.2139 50 30° 5.7016 51 30 4,8277 52 30 4.9896 53 30 8.5137 54 30 11.2282 55 30 13.7592
49 31 1.8204 - S0 31 5.5694 51 31 3.2274 - 52 31 4.5618 53 31 6.7868 S4 . 31 9.8656 55 31 12.4144
49 32 3.4286 50 32 7.0327 51 32 4.1847 52 32 5.3176 53 32 7.2378 S4 32 10.7544° 55 32 12.9111
49 33 2.2215 50 33, 5.1332 51 33 2.9872 52 33 2.1942 53 33 647027 S4 33 10.0373 55 33 12.4905
.49 34 2.7099 50 34 6.5u88 51 34 3.8115 52 34 4,1338 53 34 7.2958 54 . 34 11.0537 55 34 13,0519
49 35 3.0277 S0 35 6.6082 51 3% 3.7215 52° 35 4.7551 53 35 6.8200" S4 35 10.6579 55 35 12.4767
49 36 2.0189% 50 36 5.7050 51 36 3.2867 52 36 3.0035 53 36 7.0537 S4 36 10.5376  55° 36 12.8415
49 37 3.6783 sg 37 6.8839 51 37 3.9439 52 317 4.7091 53 37 6.9492 S4 37 10.8811 55 37 12.6032
49 38 4.6575 50 38 7.7111 51 38 4.7500 52 38 S.4276 53 38 69955 S4 38 10.7804 S5 38 12.5446
49 39 2.8834 50 39 6.4373 51 39 4,2111 s2 39 4.u4346 53 39 7.9659 54 39 10.9809 S5 39 13,6788
49 40 3.7649 50 40 6.0297 51 4C 4,.5375 52 4G 3.1522 53 4D 8.1804 S4 40 ‘10.7801 S5 40 13.7660
49 4] 3.8911 50 41 4,3683 51 41 2.4974 52 41 2.8489 53 4i 4.3075- 54 41 7.6074 55 41} 9.9820
S 49 42 4.6955 50 42 3.8889 S1 42 3.0500 52 42 5.0731 53 42 1.4905 54 42 S.1470 55 u2 6.8845
49 43 5.8250 S0 43 5.9530 51 43 4.2029 52 43 5.3635 53 43 3.7082 54 43 6.6806 S5 43 - '8.2390
49 44 7.9074 S0 44 6.4642 51 44 6.1740 52 44 7:5103 53 4y 3.1542 5S4 44 6.2581 55 44 5.0805
49 45 1.8009 S0 45 4.0213 51 45 1.7124 52 45 4.1651 53 45§ 4.1657 S4 45 8.0330 55 45 9.7999
49 46 2.0336 S0 46 3.5439 51 46 - "1.5399 £2 46 Y.l464 53 4b 3.9299 54 4 7.2974 S5 46 99,5081
49 47 9u43 50 47  3.7120 51 47 1.7827 52 47  3.9905 53 47  5.2266 S4 47 .8.1911 55 47 10,7458
49 48 .8919 50 48 3.9862 51 48 1.8985 52 48 4,1267 53 48 : 5.2157 54 48 8.3935 55 48 10.7710
49 50 4,0309 50 49 4.03Q99 51 49 1.8207 52 49 3.3990 53 49 5.5088 54 49 8.7589 55 49 11.0864
49 51 1.8207 50 51 2.9779 51 50 2.9779 52 'S0 3.8335 S3 SO 3.7520 S4 50 6.3875 55 50 8.2901
49 52 3.3990 50 52 3.8335 51 52 2.6165 52 51 2.6165 53 51 3.8417 54 5] 7.405Q0 . S5 51 9.5791
49 53 5.5088 50 53 3.7520 s1 53 3.8417 52° 53 5.2860 53 52 5.2860 5y 52 B 4446 §5 52 15.935%5
49 54 8.7589 50 Su 6.3875 51 54 7.4050 - 52 Su 8.4446 53 54 4.7208 54 53 4,.7208 55 53 5.7914

49 S5 11.0864 50 55 .8.2901 $1 SS 9.5791 _ 52 55 10.9355 53 55 S.7914 S4 55 5.5317 S5 54 5.5317
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CHAPTER 6.

6. MULTIDIMENSIONAL SCALING.

6.1 Introduction.

Multidimensional scaling refers to a collection of techniques
which have been developed for inferring multidimensional metric

structure from nonmetric ordinal data.

Suppose there are m objects (difference totals, stations) to

be scaled. Define the symmetric input data matrix
b ot bim
mXm) .
b oo B
where for 1 # j, Gij denotes the observed'dissimilarity between
objects i and j (Gii will never be used and therefore is not
defined). Moreover, suppose 6ij is not subject to error or

stochastic variation but is specified exactly.

There are fhree ways of how tbe Gij may be obtained. First we
could ask a subject t§ rank order all pairs of the m objects ac-
cording to his perception ofltheir dégreé of dissimilarity (there are
M = ﬁ(mt-— l)/2; such pairs). " The Gij's could taken_gs thé M

ranks of the ordered pairs.

Secondly the subject could be asked to place each of the M pairs

on a scale (ranging from O to 10) according to his perception of

their degree of dissimilarity. The 10 will for instance denote
most dissimilar, which a 0 will denote least dissimilar. The
§..'s . would correspond to the values on the scale. Furthermore

1]
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the N subjects might each be used to rank the M pairs of objects,

ant the average rank could be used for the G{j's.

Third we could take the A as the rank correlation matrix of the m
objects. The off-diagonal elements are the measures of degree of

closeness of the objects.

Let Xj : px 1 denote the location vector of the j-th object in

a space of dimension p, j =1, ..., M= At the start of any scaling
problem the xj's are-gnknown, - Assume a partiqular set of p-vec-
tors (xl, ooy xm) is selecfed arbitrarly, just see how well this
set fits the obsefved‘data, i.e. the dissimilarities Gij' Further-

more the dimension p 1is generally. unknown at the start, but lets

assume it has been selected at some fixed value.
Define the distance between the i-th and j-th ,objectsyas
. ‘. % .
= - t{. -
dss 1, x5! (xg xj)l .......... (1)

A scatterdiagram of the points (dij, aij) may now be plotted to

compare how well the trial distances match the dissimilarities.

The figure 15.2.1 below

\
dissimilanty : ]
(8)

N

distance (d) -

Scattergram without Monotonicity
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illustrates a hypothetical case in which monofohicity is not
preserved. As.the dissimilarities'between objects increése, their
distances do not necessarily increase, i.e. they sometimes decrease,
A case in which there is_a perfecf match is shown in figure

15.2.2 Dbelow.

4 dissimilarity

(5)

v

" . distance (d) -

Scattergram Exhibiting Monotonicity

Lets discuss the goodness of Fit. Let Xys ooes xm denote an
arbitrary and known configuration of m points in p-space. The

associated distances are defined. in (1). Define the n x 1

vector of distances between pairs of points

(nx1)

Let aij denote a "fitted" value of dij' Kruskal(1964) de-

fined the goodness-of-fit measure

¢ - 1
' - o . |(p-D)'(p-D)|?
stress = S = B
where 555(aij). Thus the stress -of the configuration of points
(xl, e xm) is defined as

(p-5)' (p-B) |2

D'D

S(x,, «ve, X ) = min




6.2 .

. 89.

subject to the monotonity constraint

&i.g&..f_...iai.

1717 123 nin

That is, S(xl, .oe, X ) 1is a measure of how good a fit
m

(Xl’ cees ﬁn) is to the given A.

Another problem arises, the choice of Dimension. Some problems
dietate on apﬁropriate value of p. For example there may be five
fundamental factors which séems to characterize the esSence'of an |
object, and one céuld sought a solution in a space of dimension

p = 5. as this is nét always the case, the scaling pfoblem should
be solved for each of several values of p. If the p-sfress drops
below some téleqably low value such as 5 percent for some value of
Ps therg,is no need t&iéo to a higher space of dimensionAsince the

fit is already quite good.

As already defined Correspondence analysis is one of a class of
descriptive statistical methods, a class which alsc includes tech-
niques such as multidimensional scaling and principal components

analysis. The aim common to all these methods is to represent a data

‘'set by a number of points in multidimensional space, thus enabling

a visual interpretation of the patterns existing in the data. The
data observations can be imagined to occupy a space of high dimen-

sion.

Using the theory of multi-dimensional scaling, a program was developed

by Dr. Underhill of the University of Cape Town to perform such a.

scaling. These programs have been changed to work at the University

of the Orange Free State and is now available and working under
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UNIVAC 1106 EXEC. These programs are listed on page 91.

The difference tables as desc¢ribed in Chapter 5 were being used

as input for the Multidimensional Scaling program.

The main objective by using the method of Andrew's and Multi-
- dimensional scaling was to obtain the same grabh as the two di-
mensional graph-on page 55 when only the first two factors were
considered. From the Multidimensional Scaling programs we ob-
tained two printouts which reproduced firstly a diagram of the
55 Israeli stations and secondly a diagram of the 9 rainfall

months.

These two. diagrams were superimposed by using the centre"points,
whichlwefé defined in the Multidimensional Scaling program. One
must also note the scaling factor which is printed by this progrém
and accordingly align the two gréphs. The resultant graph can

be seen-én page 98. There is a definite ;imularity to the two

dimensional graph on page 55.

One could also make the same interpretation as described on page
36. We again have the objects and subjects on the same graph.
Note the variation in rainfall between month 1 and month 9.

Station 6 and Station 9 are positively correlated to month 1,

while Station 44 is negative.

We could in the same manner group the stations to form specific
areas rélating to page 99. On comparison to the actual map of

Israel on page 100 there is again a definite resemblance.
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101

102
103

o
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REAL DISSIM(2000)sCONF(5,400),DIST(2000)
INTEGER T0IJ(2000)¢I1(2000),JJ(2000)TIES(2000)
READ (50,100) MoTelL

FORMAT(5X?I49213)

READ(S59101) (ITI(MW) e JJ(MM) 9DISSIMIMM) ¢eMMZ10M)
FORMAT(6X?2139F6.0) .
DO 1 MM=1eM

IJ(MM)=1000%TI(Mu)+JJ(Mm)

CALL SORT(DISSIMeIJoMe TIES)

WRITE(60102) - (DISSIM(I)eI=1eM)
WRITE(6+103) My (IJ(I)oI=1eM)

FORMAT(?1 DISSIMILARITIES MATRIX'e»/(12F10.3))
FORMAT(® HDISSIM *0I110,/(12110)) A
WRITE(11) MeTelLoIJeDISSIMeDIST . » TIES

Do 2 I = 1e12

CALL - CONFIG (MeToLoIJeTIES »CONFeDIST)
CONTINUE -

END

SUBROUTINE SORT (DISSIMsIdsMsTIES)
REAL DISSIM(1)

" INTEGER IJ(1) . » TIES(1)

(G2 )\ V]

I

DO'1 J=2¢M

Ji=zJd-1 . .

AMIN = DISSIM(JL)

LEAST =ul

DO 4 K=JoM : -
IF (DISSIM(K)-AMIN 20304
AMIN = DISSIMI(K)

LEAST = K

CONTINUE

SAVE = DISSIM(JL)

ISAVE = ITJ(U1)
DISSIM(J1) = AMIN
1J(J1) = IJ(LEAST)
DISSIM(LEAST) = SAVE
IJ(LEAST) = ISAVE

DISSIM(M#L) = DISSIMIM)  + 1

NOTIE = 1 :
= 0

K = 1 ,

I = 1 + 1

K = K + 1

IF(K.EGoM*+2) GOTO 6

~IF  (DISSIM(I)., EQ o DISSIM(K)) GOTO 5

IF(K"IoEQol) GOTO 2
NOTIE = NOTIZ + 1

CTIES(NOTIE) = 1000 = I + K=1

I = K ' o

6OTO0 5.

IF (NOTIE oNEo1) TIES(1) = NOTIE
RETURN :

END
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SUBROUTINE CONFIG(MfTvLoIJvTIES vCONF;DIST)

REAL CONF(Svl)vDIST(l)oDHAT(ZOOO)vGRAD(SvQOO)vOLGRAD(SoQOO)v
% STRES(5)

INTEGER TeIJ(1),TIES(2000)

DATA ONE/1./
IE = 0

SMaLL = 001

K o= K+1

DO 8 LL=1.L

DO 8 IT = 1,7

CONF(IT.LL) = 0,

CALL CREATE(CONF»TeL)

CALL NORMAL(CONF»Tol)

GMAG = 1o -

ITER = 0

GOTO 10

ENTRY FINCON( WPTvLoIJvTIES 2CONF.DIST)
"FORMAT(212)

READ(591000END=40) NUM  » IX

DO 21 U = 1eNUM

READ(11) ITERvGMAG'STRESDALPHAOGRADvCONF
IF(IX.EQ.0) GOTO 22

READ(5,103) (I o(CONF(JoI)r J=1e3)e IT=1e1IX)

FORMAT (I2, 3F5.2)
CONTINUE
WRITE(S«lO“) NUM o ((CONF (IeJ)eI=1eT)ed = 1oL)

FORMAT ~(YOCONTINUATION OF ITERATION NOo "0I3/9 STARTING FRow CONF
*IGURATION®/ (12F10.3)) )

1IE =1

SMALL = 000001

CONTINUE

ITER = ITER +1

CALL NORMAL(CONFsT»L) ‘

CALL DISTAT(IJsDISTeTeMeCONFeDHATe TIES)

CALL FITTER(DHATM)

DO 2 LL=1sL
DO 2 IT=1»T
OLGRAD(IToLL)
GRAD(IToLL) =
OLGMAG=GMAG
OLNEW = 0o
CALL GRADIT(DISToDMAToToLvIJoGTRESSvGRADoGWAGvCONFvW)

= GRAD(IT.LL)
O

 CHANGE=ABS(STRESS = STRES(5) )

3

IF(STRESSoLToSMALL.ORo CHANGE@LTo 0.001) . GOTO 11
DO 5 LL =1loL ‘ ' ” '
DO 5 IT = LiT
OLNEW = OLNEW + OLoRAD(IToLL) *GRAD(ITvLL)
COSTH = OLNEW/(L*OLGVMAG*GMAG)
DO 6 J=1rl '
STRES(J) = STRES(J+L)
STRES(E) = STRESS
IF(ITER.NE.1) GO TO 3
OLGMAG = GMAG

DO & J=1+5 ,
STRES (J) = STRESS
COSTH = 1.

ALPHA = 0.2
ALPHA = ALPHA#U4 %% (COSTH#*%3,)%(1.3/(1.+AMIN1(ONE?
% STRESS/STRES(1))))% AMINL(ONE,STRESS/STRES (4))
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DO 7 LL=1sL
DO 7 IT=1sT
7 CONF(ITsLL) = CONF(ITeLL) + ALPHA%GRAD(IT»LL)/GMAG
6070 10 ,
11 WRITE(6s105)KsITERs CHANGE » STRESSe ( (CONF ( IpJ)pI=1oT)eJ=1vsL)
105 FORMAT(® ITERATION '+I3s® NO OF ITERS *rI3¢% CHANGE ®oF7oltr
%9 GTRESS '9F7.4/(12F10.3 ) ) ' '
WRITE(6,101) (IJ(I)eI=1eM)
101 FORMAT(® IJ MATRIX'/(12I10 ) )
WRITE(6+,102) (DIST(I)pI=1oM)
WRITE(60120) (DHAT(I) e I=1sM)
102 FORMAT(®* DIST MATRIX"/( 12F10.3 ))
120 FORMAT(® DHAT MATRIX'/( 12F10.3 ))
CALL TODPLT(CONFsL) .
IF(IE.NE.1) WRITE(11l) ITER,GMAGeSTRES,ALPHA,GRAD » CONF
. RETURN x ~ ‘
40 CALL EXIT
END

SUSROUTINE CREATE (CONFeToL)
INTEGER T
REAL CONF(5,1) .
READ 100¢ N

100 FORMAT (I5)
PRINT 101» N

101 FORMAT ('1SEED: ‘'o16)
DO 1 Li=1oL |
DO 1 IT=1»T

1 CONF(ITeLL) = RANDOMIN)

RETURN
END

SUBROUTINE NORMAL (CCNFeToL)
INTEGER T
REAL CONF(Sol)v AMEAN(100)
SQUARE=0o :
DO 4 J=1,T
AMEAN(J) =0, A
DO 3 K=1rl
3 AMEAN(J) = AWEAV(J)+COV¢(J0K)
4 AMEAN(J)=AMEAN(D /L
DO 5 K=irL
DO 5 J=i»,T
CONF (JoK)=CONF (JeK) =AMEAN(J)
S SQUARE = SQUARE+ CONF(JsK)*%x2
SQUARE’ = SQRT(L/SQUARE)
DO & Kz=irl
DO 6 J=1¢T
6 CONF (JrK)=CONF (JeK)*SQUARE
RETURN
END
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SUBROUTINE DISTAT(IdvDIST9T9M9CONFDDHAT9TIES)
REAL DIST(l)oDHAT(l)vCONF(Syl) - :
INTEGER IJ(1) o TeTT o TIES(L)

DO 1 K=1eM '

1 = 1J(K)/1000

J = I1J(K)=1000%I

SQUARE = 0o

DO 2 TT=1.T

SQUARE = SQUARE+(CONF(TT9I)’CONF(TTPJ))**2
DIST(K) = SGRT (SQUARE)

IF(TIES(1) < NE.0) CALL TIE(TIESvDISTOIJ)
DO11 K = 1M

DHAT(K) = DIST(K)

RETURN

END

SUEROUTINE FITTER(DHAT,M)

REAL OHATI(1) : . _

INTEGER'DOTHER(ZOOU)oSATIS

DO 1 J=1¢M

DOTHER(J) = O

IACTIV = 1

NUPDOW = 1 : : : ,
CALL SATSFY(DHATvDOTHERoMeNUPDOWoIACTIVoSAT159NEXToNEXT19

% IACTV1,NOBLOC)

IF (SATISOEQe’l) G0 T0 2
NUPDOW = =NUPDOW o ,
CALL SATSFY(DHATvDOTHERonNUPDOWoIACTIVbSATISgNEXTvNEXTlv

% IACTV1,NOBLOC)

IF(SATIS.EQ.=1) GO TO 2 . . '
1F(DOTHER(IACTIV);NE.0) IACTIV = IACTIV + DOTHER(IACTIV)=1
IACTIV = IACTIV+L : v
IF(IACTIVoNE.M+1) GO TO 4

J =1 o

J = Jti :

IF (JoER.M+2) RETURN

IF (DOTHER(J=1).EQ.0) 0 TO 3

K = J+DOTHER(J=1)=2 '

DO 6 KJzJeK

DHAT(KJ) = DHAT (J=1)

JEK+1

60 7O 3 :

CALL JOIN(DHATJDOTHERVNEXToIACTIVvNEXTloIACTVlvNOBLOCvM)
NUPDOW = =NUPDOW S ‘

60 TO 5

END

FUNCTION RANDOWM(N)
N = N % 312%
RANDOM = FLOAT(N)/ 34359738337,00
IF (RANDOM oLT00.0) RANDOM = ~RANDOM
RETURN
END
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SUBROUTINE SATSFY(DHAT»DOTHER,MeNUPDOW» IACTIVsSATIS,NEXT
$ NEXT1sIACTV1sNOBLOC)
INTEGERDOTHER(1) »SATIS
REAL DHAT(1)
SATIS = 1
IF (NUPDOW.EQ.=1. ANDe IACTIV.EQ,1) RETURN
IF (DOTHER(IACTIV).NE«G) GO TO 2
IACTVL = IACTIV
NOACBL = 1
GO TO 1
2 IACTVL = IACTIV + 1
NOACBL = DOTHER(IACTIV)
IF (NUPDOW .EQ. =1) GO TO 4
NEXT = IACTIV + NOACBL
IF (NEXToEQ.M+1) RETURN
IF (DOTHER(NEXT) oNE.O) GO TO 3
5 NEXT1 = NEXT :
NOBLOC = NOAC3L+1
GO TO 6
4 NEXT = IACTIV-1
IF (DOTHER (IACTIV=1) +£Q.0) GO T0 5
NEXT = DOTHER(IACTIV-1)
3 NOBLOC = NOACBL + DOTHER(NEXT)
NEXT1 = NEXT+1
6 IF ((NUPDOW*D%AT(IACTIV)) 6T+ (NUPDOWKDHAT (NEXT))) SATIS==1
RETURN
END

SUBROUTINE GRADIT(DIST,DHATeT+LsIJsSTRESSs GRADs GMAGs CONF# M)
REAL DIST(1)»DHAT(1)GRAD(5,100) »CONF(551) '
INTEGER IJ(1)eToTT

 SSTAR = 0o

TSTAR = Do

GMAG = 0o

DO 1 K=1eM

SSTAR = SSTAR+(DIST(K) =DHAT(K) ) %x%2
TSTAR = TSTAR + DIST(K) %*%2

STRESS = SQRT(SSTAR/TSTAR)

DO 4 K=1¢M

I = IJ(K)/1000

J = IJ(K) =1000x%I]

IF (I.EQ.J) GO TO 4

TERM = STRESS*((DIST(K) =DHAT(K))/SSTAR=DIST(K)/TSTAR)
* /DIST(K)

DO 2 TT=1.T

ATERM = =TERM*(CONF(TToI)=CONF(TToJ))
GRAD(TTeI) = GRAD(TT,I) + ATERM
GRAD(TTod) = GRAD(TTsJ) = ATERM
CONTINUE

CONTINUE

DO 3 LL=1eL

DO 3 TT=1.7

GMAG = GMAG+(GRAD(TT9LL)**2)

GMAG = SQ@RT(GMAG/L)

RETURN

END




SUBROUTINE JUOIN (DHAT.DOTHER»IsJeIleJioNOBLOCIM)
INTEGER DOTHER(1) '
REAL DHATI(1)

I = MINO (I,J)

J=oI

IEND = I+NORLOC-1

DHAT(I+1) = DHAT(J1)+DHAT(I1)
DOTHER(I) = NOBLOC

DHAT(I) = DHAT(I+1)/NOBLOC
DOTHER(IEND) = 1

" RETURN

ENDG

SUBROUTIME TIE(TIES,DISTeIJ)
REAL DIST(1)
INTEGER TIES(1), IJ(1)

ITIE = TIES(1)

DO 1 KK = 2,ITIE

I = TIES(KK)/Z150C

J = TIES(KK) = 1000 % ]
I = 1+1

MARK - = O

DO 2 K = Iv»J
IF (DIST(K=1) . LE o DIST(K)) GO TO 2
SAVE = DIST (K)

DIST(K) = DIST(K=1)
DIST(K=1) = GSAVE
ISAVE = 1J(K)

TU(K) = Iu(K=1)
IJ(K=1) = 1ISAVE
MARK = 1 :
CONTINUE

IF  (MARK oNE. () GOTO 3
CONTINUE

RETURN

ENU

FUNCTION GAUSS (AMePoN)

VI = 2, * RANDOM(N) =1
V2 = 2. * RANDOM(N) = 1

S = V1 %Vl o+ V2 %xV2
IF (SeGE.1,) GOTO 1
VAR = V1 % SQRT(ALOG(S) %*(=2,) /7 S)
GAUSS = (P % VAR + 1, ) % AM
RETURN

END
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SUBROUTINE TODPLT(CONFIG,M)
TO GENERATE MAP FROM CONFIGURATION
REAL CONFIG(S,I)9MXC11MXC29MNClvMNCZyMIDCgMIDR9$CALE
MAP SCALED TO 104%60 AS WIDTH:BREADTH::2.25:4.0
CHARACTER%*107 SPACE(61)
CHARACTER%2 NUMBER(60)
INTEGER R,Cy,BLANK
DATA NUMBER/®1°,929,°3°,%4°%,°659 9% 979 988 960, ,9]1(°,
*'11'9‘12'9"13',°1“°,°15)9'16°9°17°9’18°y°19°9°20'9
§921°9,922°,923°,924°%,°2509,926°,09279,9289,9299,9307
Zg°31°}'32“,'33',‘3Q'§°3S°9°36°9°37°,°38'y°39°,““0°
%G1, %427 %43 UG Y5 o a6 9T 8%, "49°%,°50°
#,°51%,°629,°63% 964° ,956° 96567 9578 ,958°,°959°%°,°60°/
INITIALIAZE SPACE TO BLANKS
SPACE(1}=°*START"®
DO 1 R=2,61
SPACE(R)=® °
CONTINUE
SUBSTR(SPACE(61),10543)=°END?®

FIND MAX AND MIN VALUES OF CONFIG1l, CONFIGZ2
MXC1lyMXC23MNC1,MNC2=0
DO 3 L = 1,M R
MXC1=AMAX1 (MXCl,CONFIG(14L))
MXC2-AMAX1 (MXC2,CONFIG(2,L))
"MNC2=AMIN1 (MNC2,CONFIG(2,L))
MNC1=AMIN1 - (MNC1,CONFIG(1,L1})
CONTINUE ' "
DETR MIDPT CONFIGURATIONS (VERTICAL,HORIZONTAL)
AND SCALING FACTOR
MIDC=(MXC1+MNC1)/2,
MIDR=Z(MXC2+MNC217/2, ,
SCALEZAMAX1(MXC1-MNC1,MXC2~MNC2)/2.
WRITE(6,100)MIDC,MIDR,SCALE

FORMAT(T2,°CENTRE POINTS ARE °,2F10.3,° SCALING FACTOR®,

*re 4/7T2,° COL FRAC ROW FRAC TowN "ROW  COL®)

_DETERMINE MAP FOR .QUTPUT

DO 4 L=1l,M
R=31+30./SCALE*(CONFIG(2,L)=MIDR)
C=53+52,/SCALE®(CONFIG(1,L)~-MIDC)
SUBSTR(SPACE(R) yC,3)=°%*ENUMBER(L)
WRITE(6,101)CONFIG(Y,L)sCONFIG(Z,L) LRy c
FORMAT(T2,2F10.2,315)
CONTINUE ~

I=I+1

WRITE(6,102)I,SPACE :

FORMAT(%1°,1I3, 1ou<°a°)/¢° C°,A107, °3° ) )

RETURN

END
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SUMMARY

After thé first trial run the Correspondence Analysis program prints all

the factors as column and row loadings. Select two factors with the highest
characteristic value (Ignore the characteristic value 1); ' If these factors
contribute 60 or more to the percentage of inertia, the two dimensional
graph will be obtained by plotting the subjects and objects on the same axis.
If this is not the case the ﬁethod of Andrew's and Multidimensional Scaling
shouid be followed. The association between the subjects and objects is
obtained by grouping the graphs as plotted by the Andfew's program with the
aid of the difference tables. The representations of the objects and

; subjects on the same axis is obtained by the Multidimensional Scaling program.

~Sometimes, when struggling with a particuiary difficult interpretation and
situétion, we ésk‘ourseives whether our efforts are worthwhile. If it is
certain that Correspondence analysis reveal:structural relationships between
elements, éan we trust in the individual axes which generate the planes in
which we observe the projections of the clouds? Other statisticians do not
use Correspondence analysis buf other ways of constructing and analyzing
clouds (é.g. classicallfactor analysis). Here it is common practise to
rofatebthe axes, i.e. in‘the subspace spahned ﬁy the first principal axes of
inertia'of the cloud other axes (orthogonal or not) are chosén the inter-
pretation of which abpear easier, For fhéée analysis the more a factér coin-
cides with one of the variébles of the table or a group of strongly correlated
variables, the more it is interpretable. We are completely opposed to this
practise for many reasons. Firstly, if the data is fairly homogenous and

the sampling not toobsparse the interprefafion is often rather easy, thanks

to the principle of distributional equivalence. Secondly, it has appeared
‘in numerous applications that a modification‘§f the original data usually does
not modify the nature of the cdmputed factors, causing perhapé only a permu-
tation of their order. "This kind of stability leads us to believe that one

- has to pay some respect to the individuality of the factors as computed in
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Correspondence analysis.

Some practitioners often ask: among the set of characteristics (subjects)
used to describe the objects, which are the least useful concerning the inter-
pretation of the first computed factors. Another question may be measuring
only what deterﬁines theAimportant factors of a first study (the experimen-
tal basis of which is pefhaps chosen to confirm some simple concepts) are

we not running the risk of restricting ourselves. This is the sort of

questions representative of an attitude which we are trying to avoid.

,However, having established the ddnélusions of a study performed on a rather
exhaustive table (k(I,J)) it is conceivable that one might wish to locate a
set, say S, of supplementary elements on the factorial axes mot by taking
‘into account the whole table; bUt‘only a reduced table. One can compute

the factors without repeating the analysis, with the usual formula:
67(s) = OO Ee(E (i)k(1,8)/k(s)[i € I).
o a a i ' r

Here we are starting to tackle difficulties that can really only be evaluated

by someone who has already practised Correspondence analysis.
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