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Preface

The main purpose of this thesis is to give an exposition of and expand the theory of near

vector spaces, as first introduced by André [1].

The notion of a vector space is well known. For this reason the material in this thesis is
presented in such a way that the parallels between near vector spaces and vector spaces

are apparent.

In Chapter 1 several elementary definitions and properties are given. In addition, some

important examples that will be referred to throughout this paper are cited.

In Chapter 2 the theory of near vector spaces is presented. We start off with some
preliminary results in 2.1 and build up to the definition of a regular near vector space
in 2.5. In addition, we show how a near vector space can be decomposed into maximal
regular subspaces. We conclude this chapter by showing when a near vector space will
in fact be a vector space. We follow the format of De Bruyn’s thesis; however, both De
Bruyn and André make use of left nearfields to define the near vector spaces. In light
of the material we want to present in Chapter 4, it is more standard to use the notation
as in the papers by van der Walt, [12], [13]. Thus we develop the material using right

nearfields with scalar multiplication on the right of vectors.

The third chapter contains some examples of near vector spaces and serves as an illus-
tration of much of the work of Chapter 2. Examples 1, 2 and 3 were used in De Bruyn’s
thesis. However, on closer inspection, it was revealed that in Example 2, the element
(a,0,0,d) is omitted as an element of (V). This error is corrected. And in keeping
with our use of right nearfields, the necessary changes are made to Example 1 and 3. In
particular, the definition of o in Example 3 is adapted and the necessary adjustments are
made. We conclude this chapter by developing a theory that allows us to characterise all

finite dimensional near vector spaces over Z,, for p a prime.

In Chapter 4 we turn our attention to the work done by van der Walt in [12] and [13]. In



Section 4.1 we consider the effects that ‘perturbations’ in the action of a (right) nearfield
F has on the well known structures, the ring of linear transformations of V' and the near-
ring of homogeneous functions of V' into itself. This first section sets the scene for the
more generalised situation described in 4.2 and leads to the introduction of the nearring
of matrices determined by n multiplicatively isomorphic nearfields and a matrix of iso-
morphisms. We conclude this chapter by summarising some properties of this nearring in

4.3 and 4.4.

Note that throughout this paper, C will be used to convey a proper subset, whereas C

will convey the possibility of equality.

K-T Howell
September 2007
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Chapter 1

Basic Definitions and Examples

1.1 Nearrings

We begin by defining some elementary structures. These are standard definitions. They
can be found in most elementary algebra books, for example, [7], [8] and [10]. The more

complicated structures are then defined in terms of these elementary ones.

DEFINITION 1:
A semigroup is a pair (S, ¢), where S is a nonempty set and ¢ is a binary operation on

S, that satisfies the associative law:

ro(sot)=(ros)otforall r s teS.

Different symbols are used to denote binary operations as, for example, in:

DEFINITION 2:
A group is a pair (G, +) which satisfies:
i) (G, +) is a semigroup;

ii) there is an identity element 0 € G so that for each x € G
O+rz=2+0=u;

6



CHAPTER 1. BASIC DEFINITIONS AND EXAMPLES 7

iii) for each = € G there is an inverse element —z € G so that

These definitions also illustrate the format of this thesis. Definitions, examples, propo-
sitions and theorems are numbered sequentially in each chapter. Thus the definition of
a semigroup will be referred to as Definition 1 in this chapter and Definition 1.1-1 in
subsequent chapters. Some definitions and theorems are followed by Notes. In such a
case the note has the same number as the definition or theorem to which it refers. Also,

m indicates the end of a definition, example, proposition or theorem.

To return to semigroups, a semigroup (S, ©) is called abelian or commutative if it satisfies
the commutative law:

sot=tosforall s,teS.

Our main tool for comparing semigroups is:

DEFINITION 3:
Suppose that (5, ¢) and (T, e) are semigroups. A function a: S — 7' is called a homo-
morphism if

a(zoy) =azreay for all z,y € S.
u

Since every group is a semigroup, homomorphisms can be used to compare groups too.
A bijective homomorphism is called an isomorphism. Also, a homomorphism from a
semigroup to itself is called an endomorphism. Recall that for any homomorphism « of
groups, a0 = 0, since a0 = a(0+ 0) = @0 + a0 and in a group 0 is the only element that

satisfies z =z + x.

Next we define an algebraic structure that will play an important role in this study:
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DEFINITION 4:

A right nearring is a triple (N, +, -) which satisfies:

i) (N, +) is a group;

ii) (IV, -) is a semigroup;

ili) (a+b)-c=a-c+b-cforallabceN.

N is a nearfield if (N\{0}, -) is also a group. .
As with groups, the nearring (N, -+, ) is denoted by just N when the operations are
clearly understood. If the usual rules for performing operations are understood, then
superfluous parentheses are omitted. Also, multiplication is almost always written simply
using juxtaposition. If N contains an element 1 so that al = la = a for all a € N, then

1 is called the multiplicative identity of N.

The identity element of the additive group structure of (N, +, -) is called the zero of the

nearring and is denoted by 0.

The first example of a right nearring given here is a right nearring of mappings.

EXAMPLE 5
Let (G, +) be group. Define M(G) to be the set of all mappings from G to G, with

addition defined pointwise:
(f +9)(z) := f(x) + g(x) for all z € G.

Multiplication is defined as the usual composition of maps:

(fog)(z) = f(g(x)) for all z € G.

Then M(G) is a right nearring. The verification of this is direct. It is included here for
the sake of completeness and for easy reference. Define the mapping ¢ by ((z) := 0 for
all z € G. Then ( is an element of M(G), and hence, M(G) is not empty. For any
f,9 € M(G), (fog)(x) := f(g(x)) which belongs to G. Hence, composition is a binary



CHAPTER 1. BASIC DEFINITIONS AND EXAMPLES 9

operation on M (G). Also for any f,g,h € M(G),

(folgoh)(z) = f((goh)(z))
(g(h(z)

So (M(G), o) is a semigroup.

Turning our attention to pointwise addition, for f,g € M(G), (f + g)(z) = f(z) + g(z)
which belongs to G. Hence, pointwise addition is a binary operation on M (G). Also for

fr9,h € M(G),

(f+g+h)(@) = fla
) + h(z))

( x)) + h(z)
= ((f+g)+h)(z) for all z € G.

So (M(G), +) is a semigroup.

In fact, (M(G), +) is a group. Let f be an arbitrary element of M(G). Define
—f: G = Gby (—f)(z) := —f(x) for all z € G. Then, for all z € G,

C+N)x) = (&) + flx) =0+ fz) = flz),

(f+0@) = flx)+¢(@) = flz) + 0= f(z),
(f+(=M@) = fl@)+ (=f)(z) = f(z) - fz) = 0= ((x),
(=N + ) = (=)@)+ flz) =—f(z)+ f(z) =0=((z)

Hence, for any f € M(G), (+f=f+¢=fand f+ (—f) = (—f)+ f = (. This
means that ¢ is an identity for pointwise addition and that each element of M(G) has an

additive inverse. Thus, M (G) satisfies all the conditions for a group.

Finally, composition distributes over pointwise addition in one direction in M (G).
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For f,g,h € M(G),

[(f +g)ohl(z) = (f+9g)(h(z))

= f(h(z)) + g(h(x))

= (foh)(@)+(goh)(z)

= [foh+gohl(z)forall z € G.
So (f+g)oh = foh+ fog. Hence, the right distributive law holds.
Therefore, (M(G), +, o) is a right nearring. Note that if G contains more than one
element, then the left distributive law (i.e. fo(g+h) = fog+ foh forall f g and h)
does not hold in M(G). To see this, suppose that y, z € G, and define h, and h, by
hy(x) := y and h,(x) := z for all z € G. Then, for any f € M(G),

[f o (hy +h)l(z) = f((hy+h2)(2)) = fhy(z) + ha()) = f(y + 2),
while
[f ohy+ foh(x) = (fohy)(x)+(foh:)(z)
= [flhy(2)) + f(h.(z))
= fy)+1(2)
for all z € G. Thus, the left distributive law does not hold unless f(y + z) = f(y) + f(2)
for all y,z € G. This means that f must be an endomorphism for the left distributive
law to hold. When G contains more than one element, not all the mappings in M(G) are

endomorphisms (e.g. h, for y # 0). .
This brings us to our next definition,

DEFINITION 6:

A left nearring is a triple (N, +, -) which satisfies:
i) (N, +) is a group;

ii) (N, -) is a semigroup;

iii)a-(b+c¢)=a-b+a-cforall ab,ceN. .

Various authors favour different types of nearrings. For example, right nearrings are used

in [10], while left nearrings are used in [4] and [8]. Ounly right nearrings will be used in this
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thesis. However, we follow the format of [8] in the definitions. Recall that in a nearring
N, On = 0 for all n € N. In general it is not true that n0 = 0 for all n € N and in the
case that this is so, we call N a zero-symmetric nearring. In this thesis we will restrict

our attention to nearrings that are zero-symmetric.

1.2 Nearring Modules

We begin by defining the tool that allows us to compare nearrings:

DEFINITION 1:

Let (N, +, -) and (S, +, ) be nearrings. Then a mapping 6 from N to S is called a
nearring homomorphism if

i) O(ny + n2) = 0(ny) + 6(ns);

ii) 8(ning) = 0(n1)0(ny) for all ny,ny € N. n
It has been proved (refer to [8] or [10] for a proof) that every nearring can be considered
as a subnearring of a nearring of the form M (G) for some group (G, +). This context,

namely a nearring and a group on which it acts provides valuable insight into the structure

of nearrings. Thus we are led to the notion of modules over nearrings.

DEFINITION 2:

Let (G,+) be a group, (N, +, -) be a nearring. We call G a (left) N - module if there is a
nearring homomorphism 6 : (N, +, -) — (M(G), +, -). Such a homomorphism is called
a representation of N. A representation 6 is called faithful if Ker 6 = 0. "

EXAMPLE 3:
Let (G, +) be a group, and let S be a subsemigroup of endomorphisms of G. We define
the centralizer nearring Ms(G) by

Ms(G) :={a e M(GQ)|a(sg) = s(a(g)) for all s € S, g € G}.

Then Mg(G) is a right nearring and G is a faithful Mg(G) - module.
To verify this, we show that Mg(G) is a subnearring of M (G) under the operations defined
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in Example 1.1-5. It is clear that the mapping ¢ defined in Example 1.1-5 is an element
of Ms(G), so Mg(G) is nonempty. Now let «, § € Mg(G). Then

(a=PB)(sg) = alsg) — B(sg)
= s(a(g)) — s(8(9))
(a(g) — B(9))
= s((a—p)(g)) for all g € G.

Il
V)

Thus (Ms(G), +) is a subgroup of (M(G), +). Turning our attention to composition, for
auﬁ € MS(G)7
(o fB)(sg) = a(B(sg))

= s((aof)(g)) for all g € G.
Hence, composition is a binary operation on Mg(G). The associativity follows from the
fact that (M (G), o) is a semigroup. Thus (Mg(G), o) is a subsemigroup of
(M(G), o). Thus (Mg(G), +, o) is a right nearring. The identity homomorphism serves
as the representation of Mg(G) and clearly it is faithful. Thus G is a faithful Mg(G) -

module. n

We will focus our attention on a particular class of nearrings, namely 2-primitive nearrings.

In order to define this class we need two more definitions:

DEFINITION 4:
Let N be a nearring and let G be an N-module. We call G monogenic if there exists a

g € G such that Ng = G. In such a case, g is called a generator of G. "

DEFINITION 5:

Let N be a nearring, G an N-module.

i) A subgroup H of G such that nh € H for all h € H, n € N is called an N-submodule
of G.

ii) A normal subgroup K of G such that n(g+ k) —ng € K forallge G,ne N, k€ K
is called an N-ideal of G. u
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DEFINITION 6:

Let N be a nearring. An ideal of N is a subgroup I of N which satisfies

i) (I, 4) is a normal subgroup of (N, +);

ii) IN C I

iii) n(n' +i) —nn’ €I foralln,n € N,icI.

If I satisfies (i) and (ii) it is called a right ideal of N. If I satisfies (i) and (iii) it is called
a left ideal of N. "

DEFINITION 7:
A nearring N is called simple if its only ideals are {0} and N. .

DEFINITION 8:
A nearring N is called 2-primitive on G if G is a faithful N-module of type 2, i.e. if G is

monogenic and has no proper nontrivial N-submodules. "

1.3 Rings

For completeness we conclude this chapter by giving a formal definition of a special kind

of nearring and some related structures.

DEFINITION 1:

A ring is a triple (R, +, -) which satisfies:

i) (R, +) is an abelian group;

ii) (R, -) is a semigroup;

iii) a- (b+c¢)=(a-b)+ (a-c)forall a,b,c € R;

iv) (a+b)-c=(a-c)+ (b-c) for all a,b,c € R. .

It is clear that every ring is a nearring. So the notation introduced for nearrings can be
used with rings. If a ring has an multiplicative identity, we say that the ring has unity
(or identity) and we will denote this element by 1. In keeping with our example of a

right nearring, we give a well-known example of a ring of functions. A proof of the next
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example can be found in [3](Example 1.1.3, p.7).

EXAMPLE 2:
Let (A, +) be an abelian group. We define addition and multiplication of elements of
End(A) by:

(f+9)(z) = f(z) + g(2)

for all z € G. Multiplication is defined as the usual composition of maps:

(f o g)(x) = fg(x))

for all z € G. Then (End(A), +, -) is a ring. .
We next review some well-known classes of rings:

DEFINITION 3:

Let (R, +, -) be a ring,.

i) R is called a commutative ringif a-b="b-a for all a,b € R;

ii) R is called an integral domain if R is commutative, 1 # 0, and a - b = 0 implies a = 0
or b= 0, for any a,b € R;

iii) R is called a field if R is an integral domain such that for each nonzero element r € R

there exists an element r~! € R such that r-r=! = 1. u
We close this chapter with the noncommutative analogs of integral domains and fields:

DEFINITION 4:

Let (R, +, -) be a ring in which 1 # 0.

i) R is called a noncommutative domain if R is a noncommutative ring and a-b = 0
implies a = 0 or b = 0, for any a,b € R;

ii) R is called a division ring if every nonzero element of R is invertible, i.e., for each

nonzero element r € R there exists an element 7~ € Rsuch that r-r1=r"1.r=1. =

Throughout this thesis the terms subsemigroup, subgroup, subnearring and subring will
convey the same meaning, i.e. we will be referring to a nonempty subset of the appropriate

structure with the added property that under the operation(s) of the larger structure it
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inherits the same attributes.

15



Chapter 2

The Theory of Near Vector Spaces

2.1 Some Preliminary Results

Recall the following definition:

DEFINITION 1:

A set V is said to be a (right) vector space over a division ring F', if (V| 4) is an abelian
group and, if for each o € F' and v € V, there is a unique element va € V' such that the
following conditions hold for all a, 8 € F and all u,v € V:

i) (v+u)a =va + ua;

i) v(a+ f) = va+ vp;

i) v(af) = (va)d;

iv) vl =v. 0

The members of V' are called vectors and the members of the division ring are called
scalars. The operation that combines a scalar « and a vector v to form the vector va is

called scalar multiplication.

NOTE 1:

(a) F can be regarded as a set of endomorphisms of V' (for a € F', the endomorphism f,,

16
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of V is defined by f,z := za for each z € V).
(b) If V' is a vector space over a division ring F', then for every «, 3 € F and for each

x €V, thereis ay € F (viz, v = a+ ) such that za + 26 = x7.

A vector space is a special instance of a more general concept - a near vector space. This
concept was introduced and studied by Andre in [1]. We will follow the format of de
Bruyn’s thesis [5] in this chapter. However, both Andre and de Bruyn use left nearfields
for their near vector spaces. It is more standard to use the notation as in van der Walt
[12], where the nearrings of near linear transformations are right nearrings and scalar
multiplication is done on the right of vectors (implying the use of right nearfields). Before

we can proceed with the main body of this chapter, we need some basic results.

DEFINITION 2:

Let Q be a set and let 2% be the set of all subsets of ). A relation between ) and 2€,
denoted by v < M, with v € Q and M C Q, is a dependence relation if the following
conditions are satisfied (where u,v,w €  and M, N C Q):

(Dy) v € M implies that v < M;

(Dy) w<a M and v< N for each v € M, implies that w < N;

(D3) v < M and the falsehood of v « M\{u} (denoted v #£M\{u}), implies that

u < (M\{u}) U {v}. n

Let < be a dependence relation on Q).

THEOREM 3:

Let M CNCQ. If waM, thenw<N.

Proof

Suppose w < M. If v € M, then v € N since M C N. Thus by (D;), v< N. But now
w< M and v< N for all v € M, so by (D), w< N. .

DEFINITION 4:
(i) A finite subset E of @ is independent if there is no v € E such that v < E\{v}.
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(ii) An infinite subset M of @ is independent if every finite subset of M is independent. =

THEOREM 5:

Let NC M C Q. If M is independent, then N is independent.

Proof

Suppose M is independent. Let M be finite and suppose that IV is not independent. Then
there exists a v € N such that v < N\{v}. But N C M, so v € M and by Theorem 3,
v < M\{v}, which is a contradiction. Thus N is independent. If M is infinite the result

follows from the definition. n

THEOREM 6:

Let BC @ and z € Q. If B is independent and B U {z} is not independent, then x < B.
Proof

Suppose B is independent and B U {z} is not independent. Then there exists a finite
subset B'of B U {z} which is not independent. Thus there exists a v € B'such that
v< B\ {v}. There are two possible cases to consider:

Case l: v=1x

Then B'\{v} C B so by Theorem 3, z < B.

Case 2: v #

In this case, if x ¢ B’, then B’ C B, implying (by Theorem 5) that B’ is independent,
a contradiction. Hence, assume that B'= B, U {z} with B, a finite subset of B, so that
v € B,. But B, is independent by Theorem 5, so v ¢ B,\{v}. Furthermore, B'\{v} =
(Be U{z})\{v} =1 M. Also, M\{z} = B.\{v}. So v<M and v 4 M\{z}. Hence by
(Ds3), z < (M\{z}) U{v}. But (M\{z}) U{v} = (B:\{v}) U{v} = B.. Hence z < B.. So
by Theorem 3, x < B. "
DEFINITION 7:

Let M and N be subsets of Q). Then M depends on N (M is generated by N ) if, for each
v € M, there exists a finite subset N of N such that v< N . "

By making use of this definition in conjunction with Theorem 3, we have the following

lemma:
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LEMMA 8:

Let M be a subset of @) and N a finite subset of (). Then M depends on N if and only
if v<a N for each v € M.

Proof

Suppose M depends on N. Then there exists a finite N'C N such that for all v € M,
v<a N, But NC N C Q and v < N, thus by Theorem 3, v < N for all v € M.

Conversely, suppose v< N for all v € M. We have to show that there exists a finite subset

N'of N such that v< N'for all v € M. Clearly N will serve as a suitable candidate. "
Note that the forward direction holds irrespective of whether or not N is finite.

THEOREM 9:

Let N and N'be subsets of Q. If N is independent and contains n elements, N contains
m elements and N depends on N, then n < m.

Proof

Let S := {s| there exists an independent set N, C N U N'such that N, contains n
elements of which s of them are in N'}. Then S is nonempty since N C N UN, N is
independent and |[N| = n of which ¢ elements with 0 < ¢ < m are in N'. Let » = max S.
Then 0 <r < m:

Suppose 7 < n. Then there exists w € N, such that w ¢ N, but w € N. Since N, is
independent, w # N,\{w}. Moreover, by Lemma 8, w < N'since N depends on N. Hence
by (D,), there exists a v € N'such that v # N,\{w}. Hence by (D;), v ¢ N,\{w}.

Next, let N* = (N,\{w}) U {v}. Then N* contains n elements with r + 1 of them in
N. Thus N* is not independent. But by Theorem 5, N,\{w} is independent. Hence by

Theorem 6, v < N, \{w}, a contradiction. Thus n =r < m. .

DEFINITION 10:
A subset B of () is a basis of () if

(i) B is independent and
(ii) @ depends on B. .
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THEOREM 11:

If L is an independent subset of (), then there is a basis B of () with L C B.

Proof

Let & be the set of all independent subsets of Q). Let C := {L} and let K be the set of
all chains £ of independent subsets of () such that L € £. For any chain £; C £, C ---
of these chains, U L; is a chain containing L and it is an upper bound for the chain
Ly C Ly C---. By Zorn’s Lemma K contains a maximal element M with C C M C £.
Let B:=U{M|M € M}. Then L C B C Q. Let B, be a finite subset of B. Then B,
is contained in a finite union of sets of M . Since M is a chain, B, C M., where M, is
the largest of these sets. Hence by Theorem 5, B, is independent. Thus by definition, B
is independent.

Suppose that ) does not depend on B. Then there exists an x € @ such that z 4 B; for
each finite subset B; of B. Furthermore, by (D;), = ¢ B [otherwise x <{z}, and {z} is a
finite subset of B]. It follows that B;U{z} is independent for every finite subset B; of B,
otherwise, if B; U {z} is not independent for some finite B;, then x < B, by Theorem 6,
and this is a contradiction. Therefore B U {z} is independent, by Definition 4. Next, let
M = MU{BU{z}}. Then M’ is a chainin QandCC M C M CE& But M#M'
for BU{z} ¢ M since x ¢ B. This contradicts the maximality of M. Hence @) depends
on B. Thus B is a basis for Q). "

THEOREM 12:

Let B be a finite basis of ) with n elements. Then any other basis D of @) also has n
elements.

Proof

Let B = {zy,x2,...,2,}. Then since ) depends on D, there exist finite subsets D; of
D such that z; < D; for i = 1,2,...,n. Let E:=U {D;|i=1,2,...,n}. Then £ C D.
In fact, we will show that £ = D. Suppose that this is not the case, i.e. suppose that
there exists a y € D with y ¢ E. Since @) depends on B, by Lemma 8, y < B. But by
Theorem 3, x; < E for i = 1,2,...,n. Therefore by (D3), y < E. Moreover, since y ¢ E,
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(EU{y})\{y} = E. Hence y<(E U {y})\{y}. Therefore the finite subset £ U {y} of D
is not independent. This contradicts the independence of D. Hence D = E.

Suppose D contains m elements. Let x € B C (). Then z<D. Therefore by Lemma 8, B
depends on D. Hence by Theorem 9, n < m. Similarly, D depends on B. Hence m = n.

THEOREM 13:

Let B and D be bases of (). Then B and D have the same cardinal number.

Proof

The finite case is dealt with in Theorem 12. Thus let B and D be infinite bases with
cardinal numbers k; and ky respectively. Let B := {z,|a € A}. Then since ) depends
on D, there is for each o € A, a finite subset D, of D such that z, < D,,.

Let £ := U {Dy|a € A}. Then E C D. We want to show that £ = D. Suppose
that £ C D. Then there exists a y € D such that y ¢ E. Since @) depends on B,
there exists a finite subset B, of B such that y < B.. But B, = {%q,,Tas, - - ., Ta,} With
{a1,00,...,0,} CTA. Let E, :=U {D,, |i=1,2,...,¢q}. Then by Theorem 3, z,, < E,
fori=1,2,...,q. Hence by (D), y < E,. Moreover, since y ¢ E,, (E,U{y})\{y} = E,.
Hence y < (E,U{y})\{y}. Thus the finite subset £, U{y} of D is not independent. This
contradicts the independence of D. Thus D = E.

Since D := U {D,|a € A}, ko < Wgk; with Ry the cardinal number of the set of all
natural numbers. Furthermore, since k; is infinite, Rgk; = k1. Thus ke < ky. Similarly

k1 < Ky. Therefore Ky = K. n

As a consequence of the above two theorems we define the dimension of (), denoted dim @)
as the cardinal number of a basis of ).
2.2 F-groups

DEFINITION 1:

An F-group is a structure (V, F') which satisfies the following conditions:
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(Fy) (V, +) is a group and F' is a set of endomorphisms of V;

(Fy) The endomorphisms 0, 1 and —1, defined by z0 = 0, 21 = x and z(—1) = —z for
each x € V, are elements of F;

(F3) F* := F\{0} is a subgroup of the group of automorphisms of (V, +);

(Fy) If za = xf with x € V and «, 8 € F, then a« = B or x = 0, i.e. F acts fized point
free (fpf) on V. .

NOTE 1:

(a) If V' # {0}, then there is a v € V, with v # 0. Hence v0 = 0 # vl. Consequently
0+#1.

(b) (V, +) is abelian, since by (F5):

z+y=(—z)(=1)+ (=y)(-1) = (=2 —y)(-1) = (- +2)(-1) =y + .

(c) A vector space over a division ring F' is an F-group. Refer to Note 2.1-1(a). More
examples will be given in Chapter 3.

(d) If @ € F, then 0a = 0 and (—z)a = —(z«) since « is an endomorphism of V.

2.3 Quasi-kernels

DEFINITION 1:
Let (V, F) be an F-group. The quasi-kernel Q(V') (or just @ if there is no danger of
confusion) of (V, F) is the set of all u € V' such that, for each pair «, 5 € F, there exists
a v € F for which

ua + uf = ury. (2.1)

LEMMA 2:

The quasi-kernel () has the following properties:

(a) 0 € ©Q;

(b) For u € Q\{0}, v in (2.1) is uniquely determined by a and ;
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(c) fue @and X\ € F, then ul € Q, i.e. uF C Q;

(d)fueQand N, € F,i=1,2,...,n,then Y "  u\; = un € Q for some n € F and for
all integers n > 1;

(e) If u € Q\{0} and a, B € F, then there exists a v € F such that ua — uf = uy.
Proof

(a) Let a, 8 € F. Take any vy € F, then 0+ 038 = 0y. Thus 0 € Q.

(b) Let u € Q\{0} and «, 3 € F. Now suppose there exist y,7" € F such that ua +uf =
uy = uy . Then by (F}), v =+, as u # 0.

(c) Suppose u € @ and A € F. There are two cases to consider:

Case 1: A =0

Then uA =u0 =0 € Q.

Case 2: A #0

Let «, 8 be elements of F. Then by (F3), Aa € F and A\3 € F. So since u € @, there
exists a 7 € F such that u(Aa) + u(A3) = uwy = uA\ 1. So (uN)a+ (ul)f = (ud)(A 1Y)
which implies that ul € Q. Thus uF C Q.

(d) We shall use induction on n. Let S :={n e N| > " u\, e uFifue QN € F,i=
1,2,...,n}. By (c) above, 1 € S. Now suppose k € S, i.e. un:= Zle u); € Q ifu € Q.

Then
Zi:ll uN; = Zle UN; + U1

= un + udg+1

= wup for some p € F since u € Q.
Hence k£ + 1 € S and consequently S = N.
(e) Let u € Q\{0} and «,3 € F. Then (—1)8 € F and by (Fy), (—1)8 = —f since
u(—pF) = (—u)B = u(—1)5. But u € Q, so there exists ay € F such that ua+u(—f3) = uy,

which implies that ua — uf = wy. "

DEFINITION 3:
(V, F) is said to be a linear F-group if V' = {0} or Q(V') # {0}. .

We shall, in what follows, associate a nearfield with each v € Q(V)\{0} in a linear
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F-group.

DEFINITION 4:
Let (V, F) be a linear F-group, and let u € Q(V)\{0}. Define the operation +, on F by

u(a+, B) ==ua+uf (a,B € F). (2.2)

NOTE 4:

(a) On account of Lemma 2, o +,, § is uniquely determined by o and 3 in F'.

(b) Since V is abelian, the set of all endomorphisms of V' is a ring if we define addition
in the following way:

z(a+B) =za+zf

(Refer to Example 1.3-2). In general, a+ 3, for « and (3 in F', does not belong to F', since
F is not necessarily the set of all endomorphisms of (V, +). It therefore differs from the

sum defined in Definition 4.

THEOREM 5:
Let (V, F) be a linear F-group and let u # 0 be an element of the quasi-kernel Q(V).
Then (F, 4, -) with addition +, as defined in Definition 4, is a nearfield.
Proof
Let «, B and 7 be elements of F' and u € Q(V)\{0}.
First we will show that (F, +,) is an abelian group.
()
ul(a+u B) +ur] = ula+uf) +uy

= (uor+uf) +wy

= ua+ (uf +uy)

= ua+u(f+,7)

= ula +u (B +u7)]
Hence by (Fy), since u # 0, (ot +4 ) +u 7 = a4y (B8 4+ ¥). Thus +, is associative.
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(i)
By (F2), 0: V' — V defined by v0 := 0 for all v € V' is an element of F'. But
u(f+.0) = uf+u0
= uf+0
= uf.

Hence by (F}), since u # 0, f +, 0 = f. Similarly, 0+, f = f. Therefore 0: V' — V is
the zero element of (F, +,).
(iii)
Define for each f € F, —f: V. — V by —f := (—1)f (Refer to the proof of Lemma 2(e)).
Then
w=f+uf) = ul=f)+uf

= (~u)f+uf

= (-u+tu)f

— 0f

= 0

= 0.
Hence by (Fj), since u # 0, —f +, f = 0. Similarly, f +, —f = 0. Therefore, for each
f € F, the additive inverse — f exists and is an element of (F', +,).
(iv

(F', +,) is abelian:
wB+uy) = uf+uy
= wy+uf, since (V, +) is abelian
= u(y+up)

Hence by (Fy), since u # 0, 8+, v = [+, . Thus (F, +,) is an abelian group. We
also have by (F3), that (F™*, -) is a group. All that we still need to verify is that the right



CHAPTER 2. THE THEORY OF NEAR VECTOR SPACES 26

distributive law holds:
ua + uf)y

ua)y + (uf)y
(ay) +u(Bv)
= u(ay +u B7)

u(a tu ﬁ)’y = (
(

= Uu

Hence by (F}), since u # 0, (o +, )y = (ay +4 B7). Thus (F, +,, -) is a nearfield. =

COROLLARY 6:
If (V, F) is a linear F-group with V' # 0, then F* is the multiplicative group of a nearfield.

THEOREM 7:

If w e QV)\{0} and X\ € F\{0}, then the nearfields (F, +,, -) and (F, +,», ) are
isomorphic.

Proof

Define f: (F, +u, ) = (F, +4, -) by f(a) := dax™! =: o for each a € F* and f(0) = 0.
First we check that f is well-defined: Let a = 3. Then f(a) = AaX™t = A3A~1 = f(B).
Next we check that f is bijective: Suppose f(a) = f(8). Then AaA™! = A\BA™! so that
a= A" AaATIA = A7IA\BATIA = 3. Thus f is injective. Furthermore, let 3 € (F, +, *).
Then ™18\ = a € F. Hence 8 = AaA™!. Therefore there exists an « in (F, +4y, *) such
that f(a) = AaA™! = 3. Hence f is surjective.

Finally, f respects the operations:

ulf(@tin B)] = (uA)(a+u A
= ((wh)a+ (uA)B)A™
= ulaX' +ulgAt
= udaA 4, AT
= ulf(a) +u. f(B)]

Hence by (F}), since u # 0,

fla+u B) = fla) +u f(B). (2.3)
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Also,
ulf(af)] = u(AaBAr™)
= uw(AaATIABAT!
= (uAaA"H(ABA )
= (uf(a))f(B)
= u(f(a)f(B))
Hence by (F}), since u # 0,
f(aB) = f(a)f(8).
Therefore (F, 4, ) = (F, +u, *).

NOTE 7:
From (2.3), we have f(a +ux ) = f(a) +. f(3). Hence

A +ax B = Aar ! 4, ABA L

This implies that
(o +ur B) = ™+, B
Therefore

QO Fy\ ﬁ - (OéA +u 5A)/\71-

DEFINITION 8:

27

(2.4)

Let (V, F) be a linear F-group, and let u € Q(V)\{0}. Define the kernel R,(V) = R, of

(V, F) by the set

R, :={veV|v(a+,0)=va+uvp for every a, 3 € F}.

NOTE 8:

(a) u € R,: Indeed, u € V and u(a +, f) = ua + uf for all o, 3 € F.

(b) R, C Q: Let v € R, then for every «, 3 € F there exists a v € F, namely v := a+,

such that va +vf3 = vy.



CHAPTER 2. THE THEORY OF NEAR VECTOR SPACES 28

(c)0e R, O(a+,08) =0=0a+ 00, for all o, € F.
(d) (Ru, +) is a subgroup of (V, +): Let v,w € R,. Then

(v—w)(a+uf) = v(a+uf)+(-w)(a+.b)
= v(a+u ) —w(a+. f)
= va+vf — (wa+ wp)
= va—wa+vf —wp, since (V, +) is abelian

= (v—w)a+ (v—w)p.

Hence v — w € R,,.

THEOREM 9:

Q2R :={vA|Ae€FuveR,}.

Proof

Let vA € R,F, where A\ € F and v € R,. By Note 8(b), v € ). Hence by Lemma 2(c),
VA € Q. "
NOTE 9:

@ = R,F only in special cases. See Section 2.6.

LEMMA 10:

Let v and v be elements of Q\{0}. If v ¢ uF and ua + v8 = ua’ +v83 (a,B,a,8 € F),
thena =o' and =43

Proof

Since u and v are in @, there exists by Lemma 2(e), 7,0 € F such that uy = ua — ue!
and v§ = v8 — vB3. But ua —ua’ = vF — vf, so uy = vd. Suppose that § # 0. Then
v =uyd~' = u(yd~') € uF, a contradiction. Thus § = 0. Hence v3 = v§'. But v # 0,
hence by (F}), 3 = (3. But then ua = ua’, so a = a, since u # 0. n

LEMMA 11:
IfveR, w,v+weQ and w ¢ vF, then w € R,.
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Proof
Since v + w € @, there exists for every o, 3 € F, a v € F such that

(v+w)a+ (v+w)B = (v+w)y.

Hence
va+vf+wa+wl = va+wa+vs+ wp

= vy t+wy,
which implies that
v(a+, B) + wa+ wl = vy + wy. (2.5)

But w € Q, thus there exists a v € F such that wa + w8 = wy'. Hence
v(a+4 B) +wy = vy +wy.

But w ¢ vF, so by Lemma 10,
aty f=y=7.
Hence wa + wfB = wy = wy = w(a +, ) by (2.5). Thus w € R,. .

NOTE 11:

By Note 8(d), we have that v + w, as in the lemma above, is an element of R,.

THEOREM 12:
Let Q(V') be the quasi-kernel of the F-group V' and suppose that u,v € Q(V)\{0} with
v ¢ uF. Then, for any A € F\{0},

u+ v e Q(V) if and only if +, = +,.

Proof

Suppose that u + vA € Q. By Note 8(a), u € R, and by Lemma 2(c), v € ) implies that
v\ € Q. Furthermore, v ¢ uF' implies that vA ¢ uF'.

To see this, suppose that vA € uF. Then vA = ua for some a« € F\{0}. Hence v =



CHAPTER 2. THE THEORY OF NEAR VECTOR SPACES 30

(ua)(A™1) = u(aA™?), a contradiction.

Hence by Lemma 11, vA € R,. Therefore for every «, 3 € F,

vA(a+, ) = via+vAp
= vA(a +u ).

Hence by (F}), since vA # 0, a 4+, 0 = a 4, 5.
Conversely, suppose +, = +,x. Then, for all a, 5 € F,

vA(a+y ) = vA(a 44p B) = vAa + vAS,

so vA € R,. Furthermore, u € R,. Hence by Note 8(d), u + vA € R,. Consequently, by
Note 8(b), u + vA € Q. .

2.4 A Dependence Relation between Q(V) and 2Q(V)

Let Q = Q(V) be the quasi-kernel of the F-group V. Define a relation between @ and 2%
as follows:

(i) v if v =0;

(il) va M, ) # M C @, if and only if there exists u; € M and \; € F(i = 1,2,...,n) such
that

v = iu,)\Z (2.6)
i=1

THEOREM 1:

Let @ be the quasi-kernel of the F-group V. Then the relation defined in (2.6) is a
dependence relation between @ and 2%.

Proof

Since the empty cases are trivial to handle, we assume that M and N are nonempty
subsets of (). We verify that the necessary conditions hold. Refer to Definition 2.1-2.
(D1):

Suppose v € M. Then v = vl with 1 € F. Thus v < M.
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(D2):

Suppose that w <M and v < N for all v € M. Then w = >  u;A; with \; € F and
u; € M,i=1,2,...,n. But for every i (1 <i <n), u; = > 7" w;iB; with B;; € F' and
wj; € N for 7 =1,2,...,m,;. Hence

n

w=>Y O wili)hi =Y > wiilbiik
i=1 j=1 i=1 j=1
with 8;;\; € F and wj; € N for every ¢ (1 <4 < n) and every j (1 <14 < m;). Hence
w<aN.
(Ds):
Suppose that v <M and v £ M\{u}. Then v = > u;\; with \; € F and u; € M,
i=1,2,...,n. Ifusu;forall j =1,2,...,n, then v < M\{u}, a contradiction. Thus

u = u; for some j 1<j< n) Hence
V=ui A+ U AN F U R U A e U,
with A; # 0. This implies that
w=uy = —ug A A = = A AT A A = A AT oA
But by (Fs), ;' € F. Hence AA;' € F for every i (1 <i <n). Therefore
u< (M\{u}) U {v}. n

NOTE 1:
By Theorem 1, the concepts and theorems of Section 2.1 are applicable to Q(V).

Next we prove a very useful result that relates the definition of independence given in

Section 2.1 to the well-known definition of linear independence in vector spaces.

PROPOSITION 2:
A subset M of @ is independent if and only if >  w;\; = 0, with u; € M and \; € F
(t=1,2,...,n), implies that A\ = Ay =--- =)\, =0.
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Proof
Suppose that M C @ is independent and that > "  wA; = 0, with u; € M and \; € F
(i=1,2,...,n). Suppose without loss of generality that A\; # 0, then A\;! € F and

-1 -1 -1
uy = _UQ)\Q)\]_ — Ug)\g)\l — e — U,n)\n)\l s

a contradiction.

Conversely, suppose that ", u;\; =0, withu; € M and A\; € F (i = 1,2,...,n), implies
that Ay = Ay = --- = A\, = 0. Suppose that M is not independent. Then there exists a
finite subset M of M which is not independent. Thus there exists a m € M such that

m = ul)\l +U2>\2 + .- +Un)\n,

with u; € M'\{m} and \; € F (i = 1,2,...,n). This implies that

ml—U1>\1 —’LLQ)\Q—"'—UH)\HIO,
which by hypothesis implies that 1 = 0, a contradiction. "
COROLLARY 3:
For z € Q, © # 0,{z} is independent. .

NOTE 3:

(a) A subset E of @ is called a generating system of @ if Q depends on F, i.e. if for every
v € Q, there exist \; € F and w; € E, (i =1,2,...,n) such that v =" | u;\;.

(b) As stated at the end of Section 2.1, the dimension of @, denoted dim @), is the cardinal

number of a basis of Q).

LEMMA 4:

If {u;|i € I} is a basis of Q and \; € F\{0} for each i € I, then {u;\; |i € I} is a basis
of Q.

Proof

Let v € Q. Then since {u; |i € I} is a basis of @,

vo= Y Uy

= 2o wA) (N ay),
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with o, € F and u, € {u; |7 € I}, (1 <r <n). Hence @ depends on {u;\; |i € I'}.

Next we show that {u;A;|i € I} is independent. Suppose that > 7", (u;A;)e; = 0 with
aj € Iy u; € {ui|i € I} (1 < j < m), then 7" u;(Nja;) = 0. Hence by Proposition
2, Mg = Aoy = -+ = A\pay, = 0. Therefore, since A\; # 0 (1 < j < m), a; =0

(1 <j <m). Hence again by Proposition 2, {u;\;|j € I} is independent. .

2.5 Near Vector Spaces

DEFINITION 1:
An F-group (V, F) is called a near vector space over F if the following condition holds:

(@Q1) The quasi-kernel @ = Q(V') of V generates the group (V, +). u

NOTE 1:

(a) Every near vector space over F' is a linear F-group.

(b) In a near vector space V with quasi-kernel @, a basis of @) is called a basis of V', and
we define dim V' := dim Q).

(c) Every vector space is a near vector space.

(d) A nearfield F' over itself is a near vector space, but in general not a vector space, of
dimension one. This can be verified as follows:

Firstly, (F', F') satisfies the conditions of an F-group. Furthermore, since F' is a nearfield,
it has an identity e. Moreover, e € Q(F'), since ea+eff = e(a+ ). Now let z € F'. Then
ex € Q(F) by Lemma 2.3-2(c). Hence F' C Q(F'). But Q(F) C F. Hence Q(F) = F.
Therefore Q(F') generates F. Clearly {z} is a basis for (F, F), for any x € F, z # 0, so
dim F' = 1.

DEFINITION 2:

Two near vector spaces, (V, F') and (W, F) are isomorphic if there is a bijection ¢ : V' —
W satisfying:

(i) Y(v1 +v2) = Y(v1) + Y(vg) for all vy, v, € V,

(i) Y(va) =¢Y()a forallv € V, a € F. .
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The next theorem gives us an important example of a near vector space.

THEOREM 3:
Let F' = (F, +, -) be a (right) nearfield and let I be a nonempty index set. Then the set

FU .= {(&)ier | & € F, & # 0 for at most a finite number of i € I}

is a near vector space over F', if we define addition and multiplication component wise as
follows:
(&) + (m) = (& +m)
and
(&)X = (&GA), (2.7)
where &;,n; and A are elements of F' and (&) is used as an abbreviation for (&;):c;.
Proof
First we will show that (F()| F) is an F-group:
(F1):
()
[(&) + ()] + () = (& +m) + ()
(& +m) + )
= (&+ i+ ai))
(&) + [(m) + (u)].

Thus + is associative.

(ii) (0) is an element of (F()| +) and moreover, it is the identity of (F), +) since
(&) +(0) = (& +0) = (&)

and
(0) + (&) = (0+ &) = (&)-

(iii) For each (&) € FU, (=¢&) € FY) and

(&) + (=&) = (& — &) = (0)
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and
(&) + (&) = (=& + &) = (0).
So —(SZ) = (—&) S F(I)

Furthermore, F is a set of endomorphisms of F(_ since,

[(&) + (:)]A =

(& + mi)A
((& +m)A)

= (&N +m\), since F is a right nearfield
(&A) + ()
(&) + (m)A.

(F2):

The endomorphisms 0,1, —1 defined by

(&)0 = (&0) = (0),

(&)1 = (&1) = (&),
(&)(=1) = (&(-1)) = (=&),

are elements of F.

(F3):

F* is a subgroup of the automorphism group of (F), 4). To see this, let A € F*. Then
A is a bijection:

Let (&)X = (m;)A, then (§A\) = (m;A) which implies that &\ = m;A for each 7 € I and so
(& — ;)\ = 0. Thus for each i € I, since A\ # 0, & = n;, which implies that (&) = (n;).
Thus A is an injection.

Now let (£;) be an element of F¥). Then since A # 0, A\~! exists and is an element of F.
Hence £\~ € F for each i € I. Therefore (371) € FU. But (A1) = (AN = (&).
Hence A is surjective.

Consequently F* is a subset of the automorphism group of (F(D), +). But F is a nearfield.

Hence F* is a subgroup of the automorphism group of (F), +).
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(F4):

Let (&)X = (&)p. Then (§N) = (&p), which implies that for each i € I, N = .
Suppose that A # p. Then if there exists a j € I such that & # 0, §j_1 € F. Hence
Sj_lﬁj)\ = fj_lfj,u. Therefore, A\ = i, a contradiction. Hence & = 0 for each ¢ € 1.

Finally, we show that Q(F)) generates (F\Y), +). Let e; := (6;:)icr = (8;:), where &j; is

the Kronecker symbol. Then, for every «, 5 € F,

eja+eif = (6;a)+ (6;0)

= (65 +0;8)
(0ji(a + B))
(0i)(a + )

= ej(a+p).

Thus {e;|j € I} € Q(F") and since every element of F) is of the form Y. . e;);,
with \; € F and K a finite subset of I, Q(F!)) generates (F'), +). .

DEFINITION 4:
Let F' be a nearfield. Define the kernel of F' to be the set of all distributive elements of
Fie.

Fy:={k € F|k(£+n) =k + kn for every £, € F'}.

THEOREM 5:

Let F' be a nearfield. Then

(a) Fy, with the operations of F', is a division ring, and

(b) F' is a left vector space over Fy.

Proof

()0 #£F;C Fsincel € Fy:1(E+n)=&+n=1£+ 1n for every &,n € F.
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Now let k1, k2 be elements of F,; and &, n elements of F'. Then

(k1= r2)(§+m) = Ki(€+m)— k2§ +n)
= K€+ K1 — Ke& — Kan
= k1€ — Kol + K1 — Kan
= (k1 — K2)€ + (K1 — K2)7.

Hence k1 — ko € F;. Therefore F; is a subgroup of (F, +). But (F, +) is an abelian
group so (Fy, +) is an abelian group.
Furthermore, (F}, -) is a subgroup of (F™*, -):

Let k € Fy, k # 0 and consider x~!. Now

klkTHE+N)] = £+
= w(k7E) + k()
= K(ETE+RTI)

which implies that
(lETHE+ )] = [E 6+ ) =0.
But k # 0 thus
RN E+D) =K1+ KT

so k™1 € Fy.
Moreover,
rikz(§4n) = Kikeg + Kon)

= K1(k28) + K1(K2n)

= (K1k2)€ + (K1Kk2)n.
Hence k1Ko € Fy. Thus (Fj, -) is a subgroup of (F™*, -).
Finally, (n + k)¢ = n€ + k€ and by definition x(n + &) = kn + &€ for every n,&, Kk € Fy.
Hence Fj is a division ring.
(b) Let &, € F and Ky, ke € Fy. Then
(i) (F, +) is an abelian group,
(ii) k1€ € F,
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(iii) %1(§ + 1) = k1€ + Fam,

(iv) (k1 + K2)€ = k1§ + K2,

(v) (K1k2)€ = K1(K2€),

(vi) 1€ = €.

Thus F' is a left vector space over Fy. n
COROLLARY 6:

Let F' be a right nearfield. Then F' = Fj if and only if F' is a division ring.

Proof

Suppose F' = Fj;. Then F'is a division ring, since by the previous theorem, Fj is a division
ring.

Conversely, suppose F' is a division ring. Then all elements of F' are left distributive and

the result follows trivially. .

THEOREM 7:
Consider the F-group (F()| F). Then

Q(FDY = {(k)X| X € F,k; € Fyfor all i € I}.

Proof
Let a, 8 € F and k; € F; for all i € I. Then

(ki)a+ (k)8 = (ki) + (kif)
= (ki + Kif3)
(kila +5])
(ki)lee + 0.

Thus (x;) € Q(F'). Therefore, by Lemma 2.3-2(c), (k;)A € Q(F) for any A € F.

Conversely, let (&) € Q(FW). If (&) = (0), then (&) = (k;)\ with A = 0 and &; € Fy
for all i € I. Hence, suppose (&;) # (0), i.e. there exists an iy € I such that &, # 0. Let
ki = &&;" for each i € I. Then (&) = (k)& and since (r;) = (£€.") = (&), and
&' € Fand (&) € Q(FT), by Lemma 2.3-2(c), (k;) € Q(FD). Thus there exists ay € F
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such that for each ¢ € I,
ki + ki3 = ki (for each a, B € F). (2.8)

But r;, = &,&;;' = 1. Hence, since (2.8) holds for each i € I, la+ 13 = 1, which implies
that a+ 0 = 7. Thus k;a+k;8 = k;(a+ ) for each i € I and all a, 3 € F. Consequently,

k; € F; for each i € 1. "

In the next theorem we shall show how the space F!) can be characterised as an F-group.

First, we need to prove the following lemma.

LEMMA 8:
Let V be a near vector space and let B = {u; |7 € I} be a basis of ). Then each z € V
is a unique linear combination of elements of B, i.e. there exists & € F, with & # 0 for
at most a finite number of ¢ € I, which are uniquely determined by = and B, such that

T = Z u&;.

iel

Proof
Let z € V. By (Q1), there exists vy, v, ..., v, € @ such that

n
r = E Uj.
i=1

Since each v; is a linear combination of elements of B, z is also a linear combination of
elements of B.

To prove the uniqueness, let

Z u;§; = Z sz;-

il iel
with at most a finite number of the & and & not zero and w; € B (i € I). Since
B CQ,u €Q (i € I). Hence, by Lemma 2.3-2(e), there are n; € F' (i € I) such that
u;& — ul-&;- = u;n; for all 4 € I. But

Z(Uz& - Uzd) =0,

iel
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showing that ., u;m; = 0. Thus, since B is independent, n; = 0 for all s € I. Hence for

iel
each i € I,
ui&; — sz; =0
and so u;§; = ulfz Therefore for each 7 € I, & = 5; since u; # 0 for each i € I. "
THEOREM 9:

Let F be a nearfield and V' an F-near vector space. Then there exists an index set I and

a bijection f: V' — F( which is homogeneous, i.e.
flza) = f(z)a (€ F,x eV),

where f(z)a is defined as in (2.7).
Proof
Take any basis B of V' as index set and define f by

f(@) = () utu) = (Eu)ues-

ueB

Then f is well defined:

Let = and y be elements of V. Then there are &, (v € B) and 7, (u € B) such that
r=7)  cpuéandy=> _pun, Supposethatr =y, ie Y _pué, =), p5un.. Then
by Lemma 8, &, = n, for all u € B. Hence (£,)uecn = (u)uen- Therefore f(z) = f(y).
Next we show that f is a bijection:

Let f(z) = f(y), then f(3> ,cpué) = f(Q_,epunhu), which implies that (§u)uep =
(Mu)uep. Hence &, = n, for all w € B. Therefore x = ) pu&y, = > cpUu = ¥.
Hence f is injective. To show that f is surjective, let (&,)uen be an element of F(B),
Then &, € F for all u € B. Let = ) .z u&,. Then since V is a near vector space,

z €V and f(fL’) = f(ZuGB U€U) = (fu)ueB-

Finally, we show that f is homogeneous:
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Let 2 € V, then there are &, (u € B) such that x =} _,u,. Hence

flra) = f((Luep ubu))
= [(uep uléu))
= (&)
= (Lua
= f(x)a.

NOTE 9:
Let {u;|i € I} be a basis of ) and let f be as defined in Theorem 9. Then f(u;) =

(0ij)jer = e; where ¢;; is the Kronecker symbol.

For further investigation of the structure of near vector spaces, we need the following

relation.

DEFINITION 10:
The elements u and v of Q\{0} are called compatible (u cp v), if there is a A € F\{0}
such that v+ v\ € Q. .

LEMMA 11:
The elements v and v of Q\{0} are compatible if and only if there exists a A € F\{0}
such that +, = +,,.
Proof
If v ¢ uF, the result follows immediately from Theorem 2.3-12. Suppose now that v € uF,
i.e. v =wua for an a € F\{0}. Then the following two statements hold simultaneously:
()

u Cp ux (2.9)
since by Lemma 2.3-2(d), ul + uaX € @ for each A € F.

1 1

(ii) +4 = 4o, since vA = uaa™ = u if we take A = a1, "

THEOREM 12:

The compatibility relation cp is an equivalence relation on Q\{0}.
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Proof

(i) Reflexivity:

u cp u since by Lemma 2.3-2(d), u + uX € @ for any u € Q.

(ii) Symmetry:

Let u,v € Q\{0} and suppose u cp v. Then there exists a A € F'\{0} such that u+v\ € Q.
Hence by Lemma 2.3-2(c), (u +vA\)A ™t =ul™t +v=v+ul"t € Q. Hence v cp u.

(iii) Transitivity:

Let u,v,w € @ and suppose u cp v and v cp w. Then by Lemma 10, +, = +,) and
+y = -y for certain A, u € F\{0}. It suffices to show that +, = +,, for some n € F\{0}.

Now
atyf = a+unf
= (@ +. B (by (24))
= (@ Fup B
= QO+
=« +yuy 3, where n = pX € F\{0}.
Hence by Lemma 10, u cp w. "

THEOREM 13:

Let u,v and u + v be elements of Q\{0}. Then

(a) u cp v, and

(b) w cp u+v.

Proof

(a) Since u + v is an element of @, u cp v follows from Definition 10 by putting A = 1.
(b) If v = ua with @ € F\{0}, then u cp u + v since u + (v +v)1 = u + (v + va)l € Q
by Lemma 2.3-2(d).

If v ¢ uF, then by Lemma 2.3-15, u+v € R,. Hence by Note 2.3-8 u+ (u+v) € R, C Q.

Therefore v cp u + v. "

DEFINITION 14:

A near vector space V' is called a reqular near vector space if the following condition holds:
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(Q2) Any two vectors of Q\{0} are compatible. 0

THEOREM 15:

A near vector space V is regular if and only if there exists a basis which consists of mu-
tually pairwise compatible vectors.

Proof

Suppose V' is regular. Then, by definition, any two vectors of Q\{0} are compatible.
Therefore, every basis of ) (by Note 1(b) also of V') consists of mutually pairwise com-
patible vectors.

Conversely, let V' be a near vector space with a basis B consisting of mutually pairwise
compatible vectors. Let u € Q\{0}. Then by Lemma 8, u can be written as a linear com-
bination of basis elements. Therefore, without loss of generality, suppose u = >, w;\;

with u; € Band A\; #0 for all ¢ € {1,2,...,r}. Let

, STiuh ifr>1
0 ifr=1.

Then v = u + u,\. € Q. Hence, for every a, § € F, there exists a & € F such that

(v +uN)a+ (U +uN)B = ua+uf
= u
= (U +u\)E.

Hence v' o + u Moo + 4 8 + wp NS = u'é + u,\E, and therefore v o + u' 8 + u. Mo +
w3 = uE + uNE But u, & {uy,ug,...,u,—1}. Hence, by uniqueness (Lemma 8),
UpAr 0+ U\ B = U\ E. Therefore v'a + u'f = u'& which implies that v € Q.

Now we will show that u and u, are compatible:

If ' = 0 then u = u,\, and hence by (2.9), u, cp u,\,.

If o # 0, then by Theorem 13, u, A\, cp u since o, up ), and u = v +up A\, = up N\, 4+ u are

elements of Q. But, by (2.9), u, cp u, .. Consequently, by Theorem 12, u, cp u.

But, by assumption, u, is compatible with every other vector of B. Therefore, it follows

from the transitivity of cp (Theorem 12), that u is compatible with every other vector of
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B. But u € Q\{0} was arbitrarily chosen. Thus if v,w € Q\{0} then v cp u; and w cp
u; with u; € B. Hence again, by Theorem 12, v ¢cp w. Thus every two elements of Q\{0}

are compatible. Consequently, V' is regular. "
LEMMA 16:

If W is a subspace of V, then Q(W) =W NnQ(V).

Proof

Suppose that w € Q(W). Then for each «, 5 € F, there exists a v € F', such that
wa 4+ wf = wy.

But W is a subspace of V, so w € V and by the above equation, w € Q(V). Thus
QW) CWNQR((V).
Now suppose w € W N Q(V). Then, since w € Q(V), for each «, f € F, there exists a
v € F, such that

wa + wi = wy,

but w € W, so by the above equation, w € Q(W). Thus W NQ(V) C Q(W). .

THEOREM 17: (The Decomposition Theorem)

Every near vector space V is the direct sum of regular near vector spaces V; (j € J)
such that each u € Q\{0} lies in precisely one direct summand V;. The subspaces V; are
maximal regular near vector spaces.

Proof

(i) First we will show that V' is the direct sum of regular near vector spaces V; (j € J).
We start by partitioning Q\{0} into sets Q; (j € J) of mutually pairwise compatible
vectors. This is possible by Theorem 12. Furthermore, let B C Q\{0} be a basis of V'
and let B; := BN Q);. By our partitioning, the B;’s are disjoint and clearly each B, is an
independent set of B. Furthermore, B = U;c;B;:

We know that Q\{0} = U,c;Q;, so

UjeiBj = Ujei (BN Q) = BN (Uje;Q;) = BN (Q\{0}) = B.
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Now let B = {b; |7 € I} with I an index set. Since B = Ujc;B; with the B;’s mutually
disjoint, for each ¢ € I, b; € B; for some j € J. Let I; = {¢ € I|b; € B;}. Then for
each j € J, B; ={b;; :==0;|i € I;}, and I = Uje;I;. Let V; := (B;) be the subspace of
V' generated by B;. By Theorem 15, V; is regular since B; (C @) consists of mutually

pairwise compatible vectors. Let z € V. Then by Lemma 8, x = ) ._, bn; with b, € B

i€l
and 7; # 0 for at most a finite number of i € I. Hence z = -, ;(3_c; bijni;) with
b;; € Bj and n;; = n; if b; € B;. Moreover, since V; = (B;), there is an z; € V; such that
xj = Zielj b;;ni;. Hence

=) (2.10)

jeJ

By Lemma 8, x = )., b;n; can be written in a unique way. If we apply the same lemma

el
to the near vector space V; with basis B; for all j € J, then for each j € J there exists
a unique x; € V; which corresponds to ). I b;;ni;. Hence x = ) jes i is uniquely
determined. Thus V' = ®;c;V;.

(ii) Next we will show that each u € Q\{0} lies in precisely one direct summand V.
Suppose that there exist elements in Q\{0} which are not elements of V; for any j € J. Let

u be such an element with the least possible number of summands in the decomposition

given by (2.10), i.e. let

u=Y uj (2.11)

jeJ
with u; € V; (j € J) and with the number of u; # 0 (j € J) as small as possible. Since
u € Q, for every a, 8 € F there exists a 6 € F' such that ua + uf = ud. But

va+uf = (e ui)a+ (e, ui)b

= e+ e uiB

= 2 jes(yja+u;f)
and

ud = (Xjes us)0

= D ey Ul

Hence » ;(ujo + u;f8) = > . u;6. But since @je;V; is a direct sum, V; N'V; = {0}
for i # j. Hence uja + u;8 = u;d for all j € J. This implies that } .y (ujo + u;8) =
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e ;o for all J'C J. Hence

(Z uj)a+ (Z u;)f = (Z u;)d for all J C J. (2.12)

jeJ’ jeJ’ jeJ’
Consequently,
u = Zuj €Q (u #0). (2.13)
jeJ’
Let J, be the set of all j € J for which u; # 0 in the decomposition (2.11). Since J, is

finite and u ¢ V; for some j € J, |J,| > 1. Furthermore, by the definition of w, |J,«| > |J,|
for all u* € Q\ Ujes V;. Next we will show that if J' C J such that J, N (J\J') # @, then
|J| =1 with u" as defined in (2.13). To see this, suppose that |.J/| > 1 (Note: |J/| # 0

since v # 0). Then v = uj, + uj, + -+ +uj, with n > 1 and J = {j1,72,.--,n}
Then u' ¢ Vj, with j; € J since u' € Vj, implies that v — u;, € V}, N ®jen Vi = {0}
But then u = uj, and u;, € Vj,, so u € Vi, a contradiction. Moreover, u ¢ V, with
j € J\J, sinceu € V, implies that u € Vi N®,en 3V = {0}, a contradiction. Hence
u ¢ UjesV;. Thus u € Q\ Ujes V;. Hence |J,| > |J,|. However, this is contradictory
to our assumption that J (C J) is such that J, N (J\J') # 0. Hence J, = {j'} for
some j € J. Also |J, | = 1. To see this, suppose |J, /| = m with m > 1 (Note:
|J, | # 0since J, N (J\J) # 0). Then u —u = wu;, +uj, + -+ + uj,,. As shown
in the above paragraph, u —u' ¢ Ujc;V;. Furthermore, by (2.12), u — v’ € Q. Hence
u—u € Q\Ujes Vj. Therefore, |J, /| > |Ju|. This contradicts J, = {j'}. Hence
J, =15} for some j' € J, with j* #j. [If j:=37 =j, thenu =u; and u—u = u;.
Hence u = 2u; € Vj, a contradiction.] We therefore obtain the following:

/ I

u=u +(u—u) (2.14)

with ' € Vs and u—u € V. But u € Qand u—u € Q. Hence v’ € QNVy = Qy
and u—u' € QNV» = Q. But v cp u—u’ (see (2.14)). Thus j' = 5, a contradiction.
Therefore @ C Uje;V;. Hence each v € Q\{0} is contained in at least one V; and since
ViV, ={0} for j # j', each u is contained in precisely one V.

(iii) Finally we show that the subspaces V; (j € J) are maximal regular near vector spaces.
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Suppose to the contrary that there exists a jo € J such that V;, C W with W a regular
subspace of V. Suppose that Q(V},) = Q(W). Then since Vj, is generated by Q(V},) and
W is generated by Q(W), V;, = W, which is contrary to our assumption. Hence, there
exists a u € @ N (W\V},) (Lemma 16). Since u € Q\{0}, v € V; for some j € J\{jo}
But W is regular, so since V;, C W, u is compatible with each v € Q(V},)\{0}. This
contradicts the fact that j # jp. n

THEOREM 18: (The Uniqueness Theorem)

There exists only one direct decomposition of a near vector space into maximal regular
near subspaces.

Proof

The existence of such a decomposition was shown in the previous theorem. Now to show

the uniqueness, let

V=&,V =&yesVy (2.15)

be two direct decompositions of V' in maximal regular subspaces V; (j € J) and Vj,,
('€ J') respectively. Furthermore let Q; := (Q(V)\{0})NV; (j € J). By (Q1), V; = (Q;)
for each j € J. Now each two vectors in @), are, by (Q)2), compatible. But @; is not
properly contained in a set of mutually compatible vectors. This can be shown as follows:
Suppose that, for some j € J, there exists a u € Q(V)\Q; such that u cp v for all v € Q.
Let Q(W;)\{0} be the equivalence class (with respect to cp), with u € Q(W;)\{0}. Then
Q; C QW;)\{0}. Let W; := (Q(W;)\{0}). Then W, is regular since any two elements
of Q(W;)\{0} are compatible. But V; C W;, which contradicts the maximality of V.
Moreover, every V;.l, (j € J') is maximal regular and so Q;., is not properly contained in
a set of mutually compatible vectors, and therefore corresponds to a Q; (j € J). Hence
Q; < V;.', and therefore V; C Vj',. But V; is maximal regular and so V; = Vj',. Therefore
{Viljeld} C {V;.'/ | € J'}. By symmetry, {Vj/, |7 € J} C{V;|j€ J}. Consequently,
Wili ey ={viljeJ}. .
DEFINITION 19:

The uniquely determined direct decomposition of a near vector space V into maximal
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regular subspaces, is called the canonical direct decomposition of V. "

THEOREM 20:
A direct decomposition

V=V, (2.16)

of a near vector space V into regular subspaces V; (j € J) is canonical if and only if

Q C Uje V. (2.17)

Proof

Suppose that a direct decomposition V' = @;c;V; of a near vector space V into regular
subspaces V; (j € J) is canonical. By Theorem 18 such a decomposition is unique and in
the proof of Theorem 17 it is shown that Q C U;c;Vj.

Conversely, suppose that ) C U;c;V;. Furthermore, assume that there exists a Vj, in
(2.16) which is not maximal regular, i.e. V;, C W, where by Zorn’s Lemma, we can
assume, without loss of generality, that W is maximal regular in V. Then there exists an
z € Q(V)N (W\Vj,) (see the proof of Theorem 17). By (2.17) there exists a j; € J such
that z € V;, and j; # jo. Also, V}, + W is regular:

To see this let u € V;; N W and u € Q(V)\{0}. Then for any v € V;, N (Q(V)\{0}),
u and v are compatible since Vj, is regular. Similarly, v and w are compatible for any

we WN(Q(V)\{0}). By Theorem 12, v and w are compatible. Hence any two vectors
of (QIV)\{0} N V;) U ((Q(V)\{0}) N W)) are compatible. But ((Q(V)\{0} N V;,) U
V

((Q(V)\{0}) N W)) generates V;, + W. Hence V;, + W contains a basis B such that
B C (QV)\{0} nV;)) U ((Q(V)\{0}) nW)). Therefore by Theorem 15, V;, + W is
regular.

Since W is maximal regular, V;, + W = W. Hence V;, € W and V;, +V;, € W. For
u, € V;, N(Q(V)\{0} (k= 0,1), there exists a A € F'\{0} such that ug+u; A € Q(V)\{0}
since ug,u; € W N (Q(V)\{0}). By (2.17), there exists a j» € J such that

o+ uih € Vi, \{0}. (2.18)
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Since ug + w1 A ¢ Vj, and ug + wi A ¢ Vj,, V;, # V,, and V,, # V;,. Hence by the direct
sum decomposition (2.16), (V;, +V;,) NV, = {0}. This, however, contradicts (2.18).

Consequently, every V; in (2.16) is maximal. .

THEOREM 21:
Let V' be a near vector space with quasi-kernel Q. If u € Q\{0}, z € V\uF and

uo + zf = ua +z6 (a,3,0,8 € F), (2.19)

then a =o' and =43
Proof
Let u =: uy. Extend {u} to a basis B of @ (See Theorem 2.1-11). By Lemma 8 there
exists a linear combination x = ZZ:O wini, M € Fyu; € B (0 <4 <r). Since x ¢ uF, we
can take 1, # 0 without loss of generality [If ; = 0 for 1 <1 <, then x = ugny € uF].
By (2.19): ) )
UpQr + (Z win;) B = o’ + (Z win:)3 -
=0 i=0

This implies that

uo(a +uy M0B) + > uimiB = to(@ +uo o) + Y _ uimil3'.
i=1 =1

Hence, as a result of the uniqueness of this representation (Lemma 8), a4, 703 = o Fuo

nof and 3 = m B . Sincen, # 0, by (Fy), 3 = 3. Therefore since a+,,708 = &' 4u,103 5

!
we also have o = o . -

2.6 The Structure of Regular Near Vector Spaces

THEOREM 1:

A near vector space V is regular if and only if

Q={v\| A€ F,veR,}=:R,F, (2.20)
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where R, (V) = R, is the kernel of a u € Q(V)\{0} = Q\{0}. In this case @ = R,F for
all u e Q\{0}.

Proof

Let V be a regular near vector space and let u,v € Q\{0}. There are two cases to
consider:

Case 1:

Suppose that v € uF', i.e. v=ul fora A € F. Then v € R, F since u € R,,.

Case 2:

Suppose that v ¢ uF. Then since V is regular and u,v € Q\{0}, u cp v. Hence there
exits a A € F\{0} such that u + vA € @. Then since u € R,, vA € Q, vA ¢ uF and
u+ v\ € Q, by Lemma 2.3-11 , vA € R,. Hence v € R, F (vAA"! € R, F).

Therefore in both cases, Q C R, F', but by Theorem 2.3-9, R, F C @), so Q = R, F.
Conversely, suppose that (2.20) holds for a u € Q\{0}. Then for each v € Q\{0}, there
exists a vy € R, and a € F\{0} such that v = vpa. Since u,vg € R, it follows by Note
2.3-8(b) that u + vy = v +va™! € R, C Q. Hence u cp v. But v was arbitrarily chosen

so @\{0} has only one equivalence class with respect to cp. Hence V' is regular. "

THEOREM 2: (The Structure Theorem for Regular Near Vector Spaces)

An F-group (V, F), with V' # {0}, is a regular near vector space if and only if F' is a
nearfield and V is isomorphic to ), for some index set I, as defined in Theorem 2.5-3.
Proof

Suppose F' is a nearfield and let I be a nonempty index set. By Theorem 2.5-3,
FU = {(&)ier | & € F, & # 0 for at most a finite number of i € T}

is a near vector space with addition and multiplication defined by (&;) + (n;) := (& + m;:)
and (&)X == (&) (N, &, mi € F). Now suppose V and FU) are isomorphic. Then, without
loss of generality, we can take V to be equal to F!). By Definition 2.5-4,

Fy:={r € F|k( +n) = kK + kn for every §,n € F} is the kernel of F'. Moreover, by
Theorem 2.5-7, Q(FD) = {(k;)ict | X € F,x; € Fy}. Hence Q(FY) = RF where R :=
{() | K € Fa}. Now Re, = {(6) € FO | (6)(+2, 8) = (€)a+ (€)8 for every a, 3 € F}
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is the kernel of the linear F-group (F)| F) with respect to e; := (§;;)ics, where d;; is the
Kronecker symbol.

We will show that R., = R.

Let (k;) € R. For R to be a subset of R, , it suffices to show that (k;)(a 4+, 8) =
(ki) + (k;)0 for every a, 3 € F.

First we show that +., = +.

Let «, B be any two elements of F'. Then

e;ja+e;f = ej(a+f).
Furthermore, by Definition 2.3-4,

eja+e;f = ej(a+e, B).
Hence a + 8 = a +., B. Finally,

(k)a+ (k) = (ki) + (ki)
(kioe + K;3)
= (ki(a+0))
(ki)(a+ f)
(ki) (e +e; B).
Thus (k;) € R.;, implying that R C R,,.

Now let (§;) € R.;. Then for every a, 3 € F,

(i) +e; B) = (&) + (£:)6,
which implies that
(&) (e + B) = (&) + (&)6.
Therefore (§;(a + 3)) = (&) + (&0) = (& + &3). Hence, for each i € I,
Gila+ B) = &a+ &P

This implies that & € Fy for each i € I. Thus (§;) € R. Therefore R., C R.
Consequently, R., = R. Hence () = RF' = R, F'. Therefore, by Theorem 1, V' is regular.
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Conversely, let V' be a regular near vector space. Then by Note 2.5-1(a), V is a linear
F-group. Now let B = {u;|i € I} be a basis of Q. Then by Theorem 1, there exist
i € F\{0} (¢ € I) such that v; := w;\; € R,, for a u, € B. Hence, by Lemma 2.4-4,
B':= {v|i € I} C R,, is a basis of V. Moreover, by Theorem 2.3-5, (F, +,,, -) is a
nearfield. Define f:V — F by f(x) := (&)icr. Then f is well defined:

Let v =) ., vi& and y = Y ., v;7; be elements of V. Suppose = y. Then )., vi& =
> icr Vini- As a result of the uniqueness of the representation (Lemma 2.5-8), & = n; for
each ¢ € I. Hence (§;) = (n;) and thus f(x) = f(y).

Secondly, f respects operations, i.e.

@O f(x+y) = FOliervibi + D ser vimi)
= fiervil&i +uo mi))
= (& +u, ™)
= (&) +u, (m)
= f(@) +u, f(Y).

(f Qe vi&i))A
= (&)A

(&A
= [f(Qiervil&N)
= J(iervi&)N)
= f(

~—

zA).

Finally we show that f is a bijection:

Let f(x) = f(y). Then f(3 ,c;vi&) = f(>_,c; vimi) which implies that (&) = (n;). Hence
§& = m; for each ¢ € I. Therefore ) ., vi§; = > .., vimi, so z = y and f is injective.
Finally, to show that f is surjective, let (&);c; be an element of FU), Put z = Y e Viki-
Then z € V since & # 0 for at most a finite number of i € I and B’ is a basis of V.
Moreover, f(z) = f(3_;c;vi&i) = (§i)ier- u

THEOREM 3:
Let (V, F) be a near vector space with dimV" > 1. Then F is a division ring and V' a
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vector space over F', if and only if V = Q).

Proof

Suppose F' is a division ring and V' a vector space over F. We have that Q C V. Let
veVand a,f € F, then va+v8 =v(a+ ). Hence v € Q, s0 Q = V.

Conversely, suppose that V' = ) and that dimV > 1, i.e. dim@ > 1. Then there
exists a u € Q\{0}. We will show that Q@ = R,. If v € Q\uF, then by Lemma 2.3-11,
v € R,. Therefore, suppose that v € uF\{0}. Then, since dimV > 1, there exists a
w € Q\uF. Hence by Lemma 2.3-11, w € R,. But since v ¢ wF (v = wA implies that
w=vA"! € uF) it follows, by Lemma 2.3-11, that v € R,. Hence

V=R,={veV|vila+, ) =va+uvsforall o, € F}.

Therefore v(a +, §) = va + vp for all v € V. Hence a +,, f = a + 5. This implies that
for all a, 3 € F and each v € V,

v(a+ B) = va+vp. (2.21)
Therefore, for each z € V| zy(a + () = zya + 2708 = x(ya + v3). Hence, by (Fy),

v(a+ B) = ya+ 5. (2.22)

Now since ) = R,,, by Theorem 1, V is regular. If we now apply Theorem 2, we have
that F is a nearfield. This together with (2.22) shows that F' is a division ring. Finally,
by (2.21), V is a vector space over F. .

NOTE 3:

(a) Theorem 3 does not hold when dim V' = 1. This can be shown as follows:

Let (V, F') be any near vector space of dimension one, i.e. @ is of dimension one. Let
{vo} be a basis of @ and let v € V. Then v = vy for some A\ € F. Hence, by Lemma
2.3-2(c), v € Q. Hence @ = V. Therefore, if Theorem 3 holds for dim V' = 1, the fact
that Q = V would imply that every near vector space of dimension one is a vector space.
This contradicts Note 2.5-1(d).

(b) In Theorem 3 it is sufficient to require that (V, F') is an F-group. Indeed, if V = @,

then @ generates V' and hence, by definition, (V, F') is a near vector space.



Chapter 3

Examples of Near Vector Spaces

A vector space and a nearfield over itself are examples of near vector spaces which have
already been given (see Note 2.5-1). In this chapter we shall give further examples of near

vector spaces which are not vector spaces.

Each example (V, F') is divided into five parts. First, we shall show that (V, F') is an
F-group. Its quasi-kernel Q(V') will then be investigated. Furthermore, we shall define
+, on F' for each u € Q(V)\{0}, after which the kernel R, of (V, F') will be determined
for some v € Q(V)\{0}. Finally, we shall show that (V, F') is a near vector space and it

is shown how V' is decomposed into maximal regular near vector spaces.

3.1 Some examples

EXAMPLE 1:
Put V := R?, F := R and let each o € F act as an endomorphism on V by defining

(71, T9)a == (w100, T203).

(I) We show that (V, F') is an F-group:

o4
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(F1): (V, +) is a group. Moreover, let a € F and let (1, 22), (y1,¥2) € V. Then

(21, 22) + (Y, 2)l = (21 +y1, 22 + 1)
((z1 +y1)a, (22 + y2)?)
= (ma+yia, 20 + ypa?)
(T10, 220°) + (100, yo?)
(

T1, Ta)o + (y1,y2)

Hence « is an endomorphism of V.

(Fy): Let (x1,22) € V. Then

(.’1?1,.’.[‘2)0 = (1’10,1‘203) = (0,0),
(x1,22)1 = (211, 2513) = (x1,22), and

(z1,22)(=1) = (21(=1),22(=1)%) = (=21, —22).

(F3): Let (A, -) be the automorphism group of (V, +). We shall now show that F* C A.
Let « € F*. Then « is an endomorphism. It suffices to show that « is a bijection.
Let (z1,22), (y1,y2) € V and suppose that (z1,z2)a = (y1,y2)a. Then (z;0a,z00°) =
(y1c0, yo®), which implies that z;a = y;a and z20° = ypa®. Hence, since a # 0 and F
is a field, z; = y; and x5 = ys. Therefore « is injective. Furthermore, let (z1,25) € V.
Then (107!, 25a7?) € V and (z107!, 20073)a = (z107 e, 2907 3a3) = (21, 22). Hence «
is surjective. Finally, since F' is a field, (F*, -) is a subgroup of (A4, -).

(Fy): Let (z1,22) € V and a,8 € F. Suppose that (z;,z2)a = (z1,22)3. Then
(r10, 2203) = (210, 228%), which implies that z;0 = 213 and z.0® = 1,3%. Hence

a=pforz; =0anda® =3 orzy =0. If o # 3, then o® # 3% and so z; = 0 and z, = 0.
Hence (z1,x2) = (0,0).

(IT) The quasi-kernel Q(V') of V' consists of all those elements u of V' such that for every
a, 3 € F there exists a v € F for which ua + uf = uy.
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(i) Consider (a,0) € V. For a, 8 € F,

(a,0)a + (a,0)8 = (ac,0)+ (aB,0)

= (aa+afp,0)
(ala +6],0)
(,0)[a+ 6.

Hence (a,0) € Q(V) for each a € F.

(ii) Consider (0,b) € V. For , 5 € F,

(0,b)a + (0,0)3 = (0,ba®) + (0,03°)
= (0,ba® + b3?)
=
(

0,ble® + %))
0,b)[e? + 3.

Hence (0,b0) € Q(V') for each b € F'.

Furthermore, consider (a,b) € V with a € F* and b € F*. Then

ac, ba?) + (a3, b5%)

aa + af3, ba’ + bG3?)

ala + g, bla® + 57))
7 (a,b)y,

for any v € F if (a + 8)® # o® + 3. Hence (a,b) ¢ Q(V). So

(a,b)a + (a, ) =

(
(
(
(a,

Q(V)={(a,0)|a e F} U{(0,b)|b e F}.

Therefore, since Q(V') # {(0,0)}, (V, F) is a linear F-group.

(III) For each u € Q(V)\{0}, define +, on F by u(a +, 3) := ua + up.

(i) Let u = (a,0) with a € F*. Then

(a,0)(@+uB) = (a,0)a + (a,0)8
(acr, 0) + (a3, 0)

= (aa+af,0)
(ala + 1,0
(a,

0)(a + ).

o6
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Thus o+, 8 = a+ B.
(ii) Let w = (0,b) with b € F*. Then

0,0)(a+.6) = (0,b)a+ (0,0)5
(0,ba3) + (0,03%)

— (0,ba® + bF?)
(0,0[c” + B%)
(0,b)(a® + 8%)3.

Thus o +, 8 = (o3 + §3)3.

We will now show that, with addition as defined in (ii), (F, 4, -) is a field (Theorem
2.3-5). First we shall show that (F, +,) is an abelian group:

(a) Let o, § and v be elements of F. Then

(@+uB) Fuy = (@®+5%)5 +ury
(0 + 5%)5)° 475

Hence +, is associative.

(b) The zero element of (F', +,) is 0 since,
O4pa= (BB+a®)i= (a®)7= «, and
a+,0= (®+0%)3i= (a®)i= «

(c) For each a € F,
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Similarly, « 4+, (—a) = 0. Hence each a € F has an inverse —a.
(d) Let o, 8 € F. Then
a+yf = (a®+ 5
= (62 +a?
= (G4, «

W=

Hence (F, +,) is an abelian group.

Secondly, let «, 8 and v be elements of F. Then

a(f+.7) = a(f*+7%)s
()3 (8° +7)3

= [2*(8* + )]
(a 353—1—04373)%
[(@B)’ + (a7)°]5

= af +,ay.

Similarly, (a 4+, 8)y = ay 4+ B7.

Finally, we know that (F*, -) is an abelian group. Consequently (F, +,, -) is a field.

By Theorem 2.3-7, we have that (F', +,) = (F, 4+,,). In this case, however, we shall show
that (F, 4, ) & (F, 4, -), where o+, 3 = (o3 + 6%)3 and a 4, 8 = a + 3. It suffices
to show that (F, +,) = (F, 4,). Define f : F — F by f(z) = 3. Then, since z = y if
and only if T3 = ya f is well defined and injective. Let y € F. Then z = y> € F and
F(z) = f(4®) = (¥3)3 =y and it follows that f is bijective.

Finally, f respects the operation:

fla+up) = (a+p)s
= ((a%)° +(8%)")3
= f(0) +. f(8).

(IV) The kernel R, (V) of V, with u € Q(V)\{0}, is defined by

R,(V):={v eV |v(a+,B) =va+vg for every a, 5 € F}.
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Consider the following two cases:
(i) (1,0) € Q(V)\{0}. Then a 4@, f := o + B and, for every o, 3 € F and for each
a€F,

(a,0)a+ (a,0)8 = (a,0)(a+ 3).

Hence {(a,0)|a € F} C Rpu0). Now let (a,b) € R 0. Recall that Ry € Q(V) (Note
2.3-8), so v = (a,0) for some a € F or v = (0,b) for some b € F. But v(a +q,0 f) =
v(a+ ), so v = (a,0) for some a € F. Consequently R0 = {(a,0)|a € F}.
(i) (0,1) € Q(V)\{0}. Then -+ 1) 3 := (@ + 3%)3 and, for every a, 3 € F and for each
beF,

(0,b)a+ (0,0)8 = (0,b)(a® + )3

= (0,b)(a +@1) B)-

Hence {(0,b) |b € F} C R(y,1). Now let (a,b) € R,1). Then v = (a,0) for some a € F or
v = (0,b) for some b € F' (R(,1) € Q(V)). But v(a +(o,1) 8) = v(e® + 3%)3, s0 v = (0,b)
for some b € F. Consequently R1) = {(0,b) |b € F}.

(V)(V, F) is a near vector space, since (@) holds:

Let (a,b) € V, then (a,b) = (1,0)a + (0,1)b3, where (1,0) and (0,1) € Q(V) and
a,bs € F*. Furthermore, B = {(1,0), (0,1)} is a basis of V:

Suppose that (1,0)A; + (0,1)A2 = (0,0). Then (A;,0) + (0,A3) = (0,0) which implies
that (A, A3) = (0,0). Thus A\; = 0 and A3 = 0 which implies that A\ = 0. Thus B is
independent (Proposition 2.4-2). Now let v € Q(V'). Then there are two possibilities:

Case 1: v = (a,0) for some a € F, then

(a,0) = (1,0)a + (0,1)0 with a,0 € F,
or Case 2: v = (0,b) for some b € F, then

(0,b) = (1,0)0 + (0, 1)b% with 0,b% € F.

Thus B is a generating set for Q(V).

Hence V is a near vector space of dimension two. However, since (()2) does not hold in
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general [(a,0) + (0,0)\ = (a,b\3) ¢ Q(V)], V is not regular and therefore not a vector
space (Theorem 2.6-3).

We shall now show how V' can be decomposed into maximal regular near vector spaces
(Theorem 2.5-17).
Let Q* := Q(V)\{0}. Then

Q" ={(a,0)|a € F*}U{(0,b)|b e F*}.

Put
Q1 = {(a,0)|a € F*} and Q5 = {(0,b) |b € F*}.
Then
By :=BNQ, ={(1,0)} and B, := BN Qs = {(0,1)}.
Let

Vii=(B1) ={(1,0)a|a € F} = {(a,0)|a € F},

the near vector space generated by B; and similarly let
Vo= (Bz) = {(0,1)c|c € F} = {(0,c%) [c € F} ={(0,0)|b € F}.

It can be shown as follows that V; is a maximal regular near vector space:

Let (a1,0) and (ag,0) be elements of Q(V1)\{0}. Then
(al,O) + (CEQ,O) = ((1,1 + QQ,O) S Q(‘/l)

Hence V; is regular. Moreover, suppose that there exists a regular near vector space

W D Vi generated by Q(W). Then there exists an z € Q(W)\Q(V;). Hence z = (a,b)
with b # 0. But (a,b) cp (¢,0) with ¢ € F*. Therefore (a,b) + (¢,0)A = (a + c\,b) €
Q(V), which is a contradiction. Consequently, V7 is maximal regular. Similarly, V5
is maximal regular. Furthermore, since V; NV, = {(0,0)} and, for each (a,b) € V,
(a,b) = (a,0) + (0,0), V =V, & V.
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Let I; := B;, j = 1,2. Then

F@) = {(&i)ier; |6 € F'}
= {{lEeF}
= F.

Finally, it can be shown as follows that V; & Fi) (Theorem 2.6-2). Define g : Vo — Fb,
with Fy = (F, 44, -) and where a +, 3 = (o + 3%)3, by g(0,b) = b3. Then g is well
defined. Let (0,b) = (0,¢). Then b = ¢. Hence

9(0,b) = b3 =3 = 9(0,¢).
Secondly, ¢ is a bijection. Let ¢(0,b) = g(0,c). Then bs = c3. Hence

) =(e)=e

W=

b= (b

Therefore (0,b) = (0,c¢) and so g is injective. Moreover, let b € Fy. Then (0,*) € V; and
9(0,8%) = (b3)3 = b. Hence g is surjective.
Finally, we will show that g respects operations. Let (0,b) and (0,c) be elements of V5

and A € F. Then
9(0,0) + (0,¢)] = g(0,b+¢)

and
9[(0,0)A] = g(0,6X%)
= b3\
= 9(0,b)A
Similarly, f : Vi — FU) defined by f(a,0) = a, is an isomorphism. .

EXAMPLE 2:
Put V := (Zs5)* and F = Zs. Let o in F act as an endomorphism on V by defining

(71, T2, T3, T4)a = (T100, To®, L3053, T400).
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(I) We show that (V, F') is an F-group:
(F1): (V, +) is a group. Moreover, let a € F and let (1, x9, 23, 24), (Y1,Y2,Y3,ys) € V.
Then

L1+ Y1, T2 + Y2, T3 + Y3, Ta + Ya)x

(21,2, 3, 4) + (Y1, Y2, Y3, ¥a) ] = (
(1 + Y1), (2 + y2)a®, (x5 + ys)o®, (24 + ys)a)

= (z10 + Y10, 203 + yoa®, 2303 + Y303, 400 + Y400)

(T10, 1203, 2303, T400) + (Y100, Yo, Y303, Y4 1)

(21, T2, T3, Ta)a + (Y1, Yo, Y3, Ya)v.

Hence « is an endomorphism of V.

(Fy): Let (x1,x2,23,24) € V. Then

(71, T2, 3,14)0 = (210, 2503, 2303, 2,0) = (0,0,0,0),

(m17x27m37'r4)1 — ($11,$213,$313,£Ij41) — ('T17m27x37x4)7 a‘nd

((El,,TQ,CU?,, 1'4)(—1) - X1, T2, $3,$4)4 (_1 - 4 in Z5)

1‘14 £E24 1‘34 J}44)

(
(
= (214, 204, 234, x44)
(
(=

21(=1), 22(=1), 23(—1), 24(=1))

X1, —T2, —T3, —ZE4).

(F3): Let o € F* where F* = {1,2,3,4} and let (21,22, 23, 24), (Y1,Y2,Y3,94) € V.
First we will show that « is a bijection.

(i) Suppose that (zy, z2, 3, 24) = (Y1, Y2, Y3, ys). Then
(z100, 190, 30°, 2400) = (y10v, Y20, y30°, y400),
which implies that
T = Yo, 120 = 103, 2307 = y30?, T4 = yua

Hence (z1 — y1)a = 0,(z2 — y2)a® = 0,(z3 — y3)a® = 0,(z4 — ys)a = 0. Therefore,

since a # 0, 1 = Y1, T2 = Yo, T3 = Y3, T4 = Ya. Hence (x1,22,%3,24) = (Y1, Y2, Y3, Ya)-
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Consequently, « is injective.
(i) Let (z1,zo,73,24) € V and let a € F*. Then (z;a7 !, 20073, 23073, 2407 1) € V and

=3 x3a3 xya ) a = (1, T9, 13, 24). Hence « is surjective.

(107!, oar
Thus F is a subset of the group of automorphisms of (V', +). Furthermore, since « is an
endomorphism and F' is a field, F™* is a subgroup of the automorphism group of (V, +).

(Fy): Let (w1, x9,23,24) € V and let a, 3 € F. Suppose that

(l'l, T, T3, 1'4)(1/ = (xb T2, T3, $4)6

Then
3 3 _ 3 3
(mla,m2a , L3 ,lU404) = @15,9025 , 33 ,$45),

which implies that z;a = 2103, 202 = 153, 130% = 2363, 140 = 246. If a # 3, then

o # 3% and so Ty = 19 = 13 =14 = 0, i.e. (21,22, 73,74) = (0,0,0,0).

(IT) The quasi-kernel Q(V') of V' consists of all those elements u of V' such that for every
a, 3 € F there exists a v € F for which ua + uf = uy.
(i) Consider (a,0,0,d) € V. For o, 5 € F,

(a,0,0,d)a + (a,0,0,d) = (aa,0,0,da)+ (af,0,0,ds)

= (aa+aB,0,0,da + dp)
(ala+ 0],0,0,d[a + ])
(a,0,0,d)[a + ).

Hence (a,0,0,d) € Q(V) for each a,d € F.
(ii) Consider (0,b,¢,0) € V. For o, 5 € F,

(0,b,¢,0)a + (0,b,¢,0)3 = (0,ba3, ca®,0) + (0,033, ¢33,0)
(0,ba3 + b33, ca® + ¢33, 0)

= (0,ba® + %], c[a® + 6], 0)
(

0,b,¢,0)[a3 + 33]5.

Hence (0,b,¢,0) € Q(V) for each b,c € F.
Note that [a?’—{—[f?’]% exists in F' for any o, 8 € F" 03 = 0, 13 = 1, 25 = 3,35 =2, 43

Il
-
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It can easily be verified that elements of the form (a, b, ¢, d), (a, b, ¢, 0), (a, b,0,0), (a, 0, ¢, 0),
(0,b,0,d),(0,0,¢,4d), (a,b,0,d),(0,b,¢,d), (a,0,c,d), with a,b,c,d € F* are not elements
of Q(V). For example, (a,b,0,0) ¢ Q(V):

(a,0,0,0)a + (a,b,0,0)3 = (ax,ba?,0,0)+ (aB,b8%,0,0)
(ac + af3,ba3 + b33,0,0)

= (ale+ 8], b0’ + 5°],0,0)
(a,

£

for any v € F, if a® + 3 # (a + 3)® (which is easy to verify). Hence
Q(V) ={(a,0,0,d) |a,d € F} U{(0,b,¢,0)[b,c € F}.

Therefore, since Q(V') # {(0,0,0,0)}, (V, F) is a linear F-group.

(ITI) For each u € Q(V)\{0}, define +, on F by u(a +, f) := ua + uf.
(i) Let u = (a,0,0,d) with a,d € F, not both zero. Then

(a,0,0,d)(av +4, 8) = (a,0,0,d) + (a,0,0,d)5
(ac,0,0,da) + (af,0,0,ds)
= (aa+af,0,0,da + dp)
(ala + 0],0,0,d[a + 5])
(

a,0,0,d)(a + B)

Hence a +, = a+ (.
(i) Let u = (0, b, ¢,0) with b,c € F, not both zero. Then

(0,0,¢,0)(a+4B) = (0,b,¢,0)a +(0,b,d,0)3
(0,ba3, ca®,0) + (0,033, ¢33, 0)

= (0,ba® + b33, ca® + ¢B32,0)
(0,6[a’ + 3°], c[a® + 5°], 0)
(0,b,¢,0)(c® 4 3%)3.

Thus a +, 8 = (o + 3%)3.
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(IV) The kernel R,(V') of V, with u € Q(V)\{0}, is defined by
R,(V) :={v € V]v(a+,B) =va+vf for every o, 3 € F}.

Consider the following two cases:
(i) (1,0,0,1) € Q(V)\{0}. Then o +@1,00,1) f := a + B and, for every o, f € F' and for
each a,d € F,
(a,0,0,d)a + (a,0,0,d)3 = (a,0,0,d)(a+ ).
Hence {(a,0,0,d)|a,d € F} C R(1,0,0,1)- Now let v € R1,,0,1). Recall that
Ra001) € Q(V) (Note 2.3-8), so v = (a,0,0,d) for some a,d € F or v = (0,b,¢,0) for
some b,c € F. But v(a +a,001) ) = v(ae+ 3), so v = (a,0,0,d) for some a,d € F.
Consequently R(10,0,1) = {(a,0,0,d) |a,d € F}.
(ii) Similarly, R,1,1,0) = {(0,0,¢,0)|b,c € F}.
(V)(V, F) is a near vector space, since (@) holds:
Let (a,b,c,d) € V, then

(a,b,¢,d) = (1,0,0,0)a + (0,1,0,0)b% + (0,0, 1,0)c + (0,0,0,1)d,

where (1,0,0,0), (0,1,0,0), (0,0,1,0) and (0,0,0,1) € Q(V) and a,b3,c3,d € F.
Furthermore, B = {(1,0,0,0), (0,1,0,0),(0,0,1,0),(0,0,0,1)} is a basis of V:
Suppose that

(1,0,0,0)A; + (0,1,0,0)A5 + (0,0,1,0)A3 + (0,0,0,1)A4 = (0,0,0,0).
Then
(A1,0,0,0) + (0,A3,0,0) + (0,0,A3,0) + (0,0,0, \s) = (0,0,0,0)

which implies that (A1, A3, A3 A,) = (0,0,0,0). Thus A\; =0, A3 =0, A3 =0 and )\, = 0.
This implies that A\ = Ay = A3 = Ay = 0. Thus B is independent (Proposition 2.4-2).
Now let v € Q(V'). Then there are two possibilities:

Case 1: v = (a,0,0,d) for some a,d € F, then

(a,0,0,d) = (1,0,0,0)a+ (0,1,0,0)0 + (0,0,1,0)0 + (0,0,0,1)d with a,0,d € F
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or Case 2: v = (0,b,¢,0) for some b, c € F, then
(0,,¢,0) = (1,0,0,0)0 + (0,1,0,0)b% + (0,0,1,0)c? + (0,0,0,1)0 with 0,3, ¢3 € F.

Thus B is a generating set for Q(V).

Hence V' is a near vector space of dimension four. However, since (Q2) does not hold in
general ((a,0,0,0) + (0,5,0,0)\ = (a,b)3,0,0) ¢ Q(V)), V is not regular and therefore
not a vector space (Theorem 2.6-3).

We shall now show how V' can be decomposed into maximal regular near vector spaces
(Theorem 2.5-17).
Let @Q* := Q(V)\{0}. Then

Q" = ({(a,0,0,d) |a,d € F} U{(0,b,¢,0)|b,c € F})\{(0,0,0,0)}.

Put

Q1 = {(a,0,0,d) | a,d € F}\{(0,0,0,0)},
and

Q2 = {(0,b,¢,0)|b,c € FY\{(0,0,0,0)}.
Then

By := BNQ, = {(1,0,0,0),(0,0,0,1)},
and

By := BNQ, = {(0,1,0,0),(0,0,1,0)}.
Let

Vii= (By) = {(1,0,0,0)a + (0,0,0,1)d | a,d € F} = {(,0,0,d) |a,d € F},
the near vector space generated by B; and similarly let
Vy := (B2) = {(0,1,0,0)b + (0,0,1,0)c|b,c € F'} = {(0,b,¢,0)|b,c € F}.

It can be shown as follows that V5 is a maximal regular near vector space:

Every two elements of Q5 are compatible. But Q2 = (Q\{0}) N V2. Hence V5 is regular.
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Moreover, suppose that there exists a regular near vector space W D V5 generated by
Q(W). Then there exists a (a,b,c,d) € Q(W)\ Q2 such that at least one of a and
d is not zero. But W is regular and so (a,b,c,d) cp (0,21, 22,0) with z1,2o € F*.
Therefore (a,b,c,d) + (0,71, T2,0)A = (a,b + 2173, ¢ + 2223, d) € Q(V), a contradiction.
Consequently, V5 is maximal regular. Similarly, V; is maximal regular. Furthermore, since
V1NV, =4{(0,0,0,0)} and, for each (a,b,c,d) € V, (a,b,c,d) = (a,0,0,d) + (0,b,¢,0),
V=Veol.

Let I; := B; with j = 1,2. Then

F0) = {(&)ien | & € F}
= {(&,8) 6,6 € FY
- P2
and
F) = {(&)ier, | & € F}

= {(61752)’61762 GF}

= [
Finally, it can be shown as follows that V; & FL)(Theorem 2.6-2). Define f; : V; — F(@)
by f1(a,0,0,d) = (a,d) and f : Vo — FU2) by £,(0,b,¢,0) = (b,c). Then f; and f, are

isomorphisms. .

EXAMPLE 3:
Consider the field (GF(3?), +, -) with

GF(3%) :={0,1,2,7, 1+ 7,2+ 7,27,1 + 27,2 + 27},

where 7 is a zero of z° + 1 € Z3]z].

Addition on GF(3?) is defined by

(a+by)+ (c+dy) = (a+c¢) mod 3 + ((b+ d) mod 3)y,
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and multiplication by

0 1 2 vy 1+ 2479 2y 142y 242y
00 0 0 0 0 0 0 0 0
110 1 2 y 1+ 244« 2y 142y 242y
210 2 1 2y 242y 1+2y vy 24+ 1+«
v 10 ¥ 2y 2 24y 242y 1 14+ 142y
1+v9(0 1+ 242y 247 27 1 1+ 2y 2 y
2490 249 1+2y 242y 1 v 1+ 2y 2
2v|10 2y 0 1 142y 1+7y 2 242y 2479
14+2y(0 142y 24y 147 2 2y 242y 0l 1
242y(0 242y 1+~ 142y 0l 2 247y 1 27y
In [10], p.257, it is observed that (GF(3?%), +, o), with
-y if yis asquare in (GF(3%), +, -)
xoy =
AR otherwise
is a (right) nearfield, but not a field.
ol|0 1 2 vy 1+y 2479 2y 142y 242y
00 0 0 0 0 0 0 0 0
110 1 2 vy 1+ 2479 2y 142y 242y
210 2 1 2y 242y 1+2y ¥ 24+ 1+v
710 0 2y 2 14+2y 1+~ 1 242y 247
14410 14y 242y 24y 2 2y 142y ¥ 1
247910 249 142y 242y ¥ 2 1+~ 1 27y
210 2y 0 1 247y 2+2y 2 14+ 142y
14+2y]0 142y 24~y 147y 2y 1 242y 2 vy
242y|0 242y 1+~ 142y 1 vy 247y 27 2

68
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Define 6 : GF(3%) — GF(3?) by

Y
2y
1+~
2+ 2y
2+
1+ 2y

— 0
=1
= 2
— 2y
=
=1+
=2+ 2y
= 14 2y
=2+ .

69

Then 6 is an automorphism with respect to o, but 8(a + 3) # 0(a) + 6(3), in general. If

there is no danger of confusion, x oy, with z,y € GF(3?), is written zy.

Let F' denote the nearfield (GF(3%), +, o) and put V = F% Let a € F act as an

endomorphism of V' by defining (a, b)a := (ac, bd(«)). Furthermore, let

A={1,2,1+7,2+2v}

and

B:={7,27,2+v, 14+ 27}

(i.e. A consists of all those nonzero elements that are mapped to themselves, whereas B

consists of the nonzero elements that are mapped to their additive inverses by 6.)

(I) We show that (V, F) is an F-group:

(F1): (V, 4) is a group since (F, 4) is a group;
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Moreover, let « € F and let (a,b), (¢,d) € V. Then

[(a,b) + (¢,d)]a = (a+c¢,b+d)a
= (a+c b—i—dH( )

_ a, (b+d)a)
((a+c)a b+d)( a))

B aa + ca, ba + da)
N { (acx + ca, —ba — dav)
(act, ba) + (ca, dov)
{ (ac, —ba) + (ca, —dav)
(act, bl(« (ca,db(a))
(a,b)o + (c, d)a.
Hence « is an endomorphism of V.

(Fy): Let (a,b) € V. Then

(a,0)0 = (a0,b0(0)) = (a0,b0)
(a,0)1 = (al,b0(1)) = (al,bl)
(a,b)(=1) = (a,b)2 = (a2,b0(2)) = (a2,b2)

ifae A
itae B
ifaec A
ifaeB
ifac A
itae B

= (O’ 0)7
= (a,b), and
= (—a,—b).

70

(Fs): Let o € F*. Since « is an endomorphism and F' a nearfield, it suffices to show that

« is a bijection:

(i) Let (a,b)a = (¢, d)a with (a,b) and (¢,d) € V. Then
(ac, b0()) = (ca, db(a)),
which implies that
(aca,ba) = (ca,da) if « € A

and

(ac, —ba) = (ca,, —da) if a € B.

Hence if a € A,

ac = ca and ba = do
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and if o € B,

aa = ca and — ba = —doau.

Therefore, since a # 0 and F' does not contain any zero divisors,
a=candb=d.

Hence (a,b) = (¢,d) and consequently « is injective.
(i) Let (¢,d) € V. Then, if a € A, (ca™t,da™t) € V and (ca™t,da"Ha = (c,d). If
a € B, then (ca™!, —da™) € V and (ca™!, —da™1)a = (¢, d). Hence « is surjective.

(Fy): Let a, B € F and (a,b) € V. Suppose that

(a,b)a = (a, b)p.

Then
(aa, b8()) = (aB,b0(5)),

which implies that
ace = af3 and bB(a) = bO(3).

Let o # 3 and suppose that a # 0. Then there exists an a=! € F such that a taa =
a'aB3, which implies that o = 8. This is a contradiction. Hence a = 0. Since 6 is a
bijection, a # 3, implies that 6(«) # 6(5). Now suppose that b # 0. Then there exists
a b~! € F such that b~'00(a) = b~'b0(5), which implies that 6(a) = 6(5). This is a
contradiction. Hence b = 0. Therefore (a,b) = (0,0).

(IT) The quasi-kernel Q(V') of V consists of all those elements u of V' such that for every
a, 3 € F there exists a v € F for which ua + uf = uy.
(i) Consider (1,0) € V. For , 3 € F,

(1,0)a+(1,0)8 = (a,0)+(8,0)
= (a+4,0)
= (L,0)[a+ 3]
Hence (1,0) € Q(V).
Now consider (¢,0) € V with ¢ € F*. Then, since (1,0) € Q(V), (1,0)F C Q(V) (Lemma
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2.3-2(c)). Thus (¢,0) € Q(V), for all c € F.
(ii) Consider (0,1) € V. For o, 8 € F,

(0,Da+(0,1)8 = (0,6(c)) +(0,0(3))

Since 6 : ' — F is a bijection, 7! : F' — F exists. Hence 67(f(a) + 6(8)) € F and
therefore (0,1) € Q(V).

Now consider (0,c) € V with ¢ € F*. Then, since (0,1) € Q(V), (0,1)F C Q(V) (Lemma
2.3-2(c)). Consequently, (0,0(a)) € Q(V), for all @« € F. Thus (0,¢) € Q(V), for all
ceF.

Furthermore, consider (a,b) € V with a,b € F*. Then for o, € F,

(a,b)a + (a,b)3 = (aca,b0(a)) + (aB,b0(3))
= (aa+aB,b0(a) + b0(5))
# (a,b)y

for any v € F if a™*(ac + aB) # 071 (b~(b0(x) + bO(3))). [Take for example, a = 1, b =
1, a =+, 8=1+~.] Hence (a,b) ¢ Q(V) if a,b € F**. Therefore

Q(V) ={(c,0)|c € F}U{(0,¢)[c € F}.

Hence, since Q(V') # {(0,0)}, (V, F) is a linear F-group.

(ITI) For each u € Q(V)\{0}, define +, on F by u(a +, f) := ua + uf.
(i) Let u = (¢,0) with ¢ € F*. Then

(¢,0)(a+uB) = (c¢,0)a+(c,0)8
ca, 0) + (¢f3,0)
ca + ¢f3,0)
c,0)c (ca + cf).

(
(
(
(

Thus a +, 8 = ¢ }(ca + c¢f).
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(ii) Let w = (0, c) with ¢ € F*. Then

(07 C)(a +u ﬁ) =

Ba) + B(A))

;)07 (¢ (cB() + cB(B))).

Thus a +, 8 = 0" (c*(ch(a) + c0())).

By Theorem 2.3-5, (F, 4, o) is a nearfield for u € Q(V)\{0}. However, (F, +,, o), in
general, is not a field:

For example, consider (F, +(,,0), ©). Let a =1+, § =2y and { = 1. Then

o(B+ul) = (1+7)o(2y+u1)
(I4+7)o(2yo(yo2y+y0ol))
= (I+7)0(2yo(l+7))
(I+7)o(2+7)
= 27,
and
aof+,a0f = (1+7)o2y+,(1+7)0l

= (14+2y)+,(1+7)
= Zyo(yo(l+29) +yo(1+17))
— 270 (2+2y+1+2y)
= 2yovy
= 1
But 2y # 1. Hence o (B +4, &) #ao B+, aok.
(IV) The kernel R, (V) of V, with u € Q(V)\{0}, is defined by
R,(V):={v e V]|v(a+, ) =va+vp for every a, 5 € F}.

Consider the following two cases:
(i) (1,0) € Q(V)\{0}. Then
Ruo = {veV]v(a+yB)=va+vp for every a, 3 € F'}
= {(0,0),(1,0),(2,0)}.
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(ii) (0,1) € Q(V)\{0}. Then

Roy = {veV]v@(0(a)+6(0))) =va+v3 for every a, 3 € F'}
= {(0,0),(0,1),(0,2)}.

(V)(V, F) is a near vector space, since (@) holds:

Let (a,b) € V, then (a,b) = (1,0)a+(0,1)071(b), where (1,0) and (0,1) € Q(V). However,
since (@Q)2) does not hold ((0,1) + (1,0)A = (A, 1) ¢ Q(V)), V is not a regular near vector
space. Therefore V' is a near vector space, but not a vector space over F' (Theorem 2.6-3).
We shall now show how V' can be decomposed into maximal regular near vector spaces
(Theorem 2.5-17).

Let @Q* := Q(V)\{0}. Then

Q" ={(a,0)|a € F*}U{(0,a)|a € F*}.
Put
Q1:={(a,0)|a € F*} and Q2 := {(0,a) |a € F*}.

But B = {(1,0),(0,1)} is a basis of V:

Suppose that (1,0)A; 4+ (0,1)A3 = (0,0). Then (A1,0) + (0,6(X2))) = (0,0) which implies
that (A,6(A\2)) = (0,0). Thus Ay = 0 and 0(X2) = 0 which implies that Ay = 0. Thus B
is independent (Proposition 2.4-2). Now let v € Q(V'). Then there are two possibilities:

Case 1: v = (a,0) for some a € F, then
(a,0) = (1,0)a + (0,1)0 with a,0 € F,
or Case 2: v = (0,b) for some b € F, then
(0,b) = (1,0)0 + (0,1)0~*(b) with 0,07*(b) € F.

Thus B is a generating set for Q(V).
Hence

Bl =BnN Ql = {(1,0)} and B2 = BN Q2 = {(O, 1)}
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Let V; := (Bj), then
Vi ={(a,0)|a € F} and V5, = {(0,a) |a € F}.

Since Vi N V2 = {(0,0)} and, for each (a,b) € V, (a,b) = (a,0) + (0,0), V = Vi & Va.
Moreover, it can be shown as follows that V; (j = 1,2) is maximal regular:

Consider Vi. Then since @1 = (Q(V)\{0}) N Vi and every two elements in (); are com-
patible, V} is regular. Furthermore, suppose that there exists a regular near vector space
W D V; generated by Q(W). Then there exists an (a,b) € Q(W)\ Q1 such that b # 0. But
since W' is regular, (a,b) cp (¢,0) with ¢ € F*. Therefore (a,b) 4+ (¢,0)A = (a + cA,b) €
Q(V'), which is a contradiction. Consequently, V; is maximal regular. Similarly, V; is
maximal regular.

We have that (Va, Fy), with F, := (F, +(1,0), ©) is a regular near vector space. Hence,
by Theorem 2.6-2, V5 = Fz(Iz) for some index set I. Let Iy := By. Then g : V5 — F2(Iz),
defined by ¢(0,b) = #~1(b) is an isomorphism. This can be shown as follows:

Suppose that (0,b) = (0,¢). Then b = c¢. Hence since 6 is a bijection, 67(b) = 67(c).
This implies that ¢(0,b) = g(0, c). Therefore g is well defined. Secondly, g is a bijection.
Let g(0,b) = ¢(0,¢). Then 671(b) = 67'(c). But 67! is injective. Hence b = c. This
implies that (0,b) = (0, c¢) and so g is injective. Moreover, let b € F;. Then (0,0(b)) € V%
and ¢(0,6(b)) = 671(0(b)) = b. Hence g is surjective.

Finally, we will show that g respects operations. Let (0,b) and (0,c) be elements of V5.

Then
9[(0,6) + (0,0)] = ¢(0,b+¢)

6= (b+ c)

= 0716671 (b) +6(07'(c))))
6= (b) +0.0) 07 (c)

= 9(0,b) +(0,1) 9(0,¢)
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and

gl(0,0)A] = (0 bo(A))

(
(
Similarly, ¢ : V4 — F , defined by ¢'(a, 0) = a, is an isomorphism. Thus V] & F} (),

3.2 Finite dimensional near vector spaces over Z,

Now we develop a theory that will characterise all finite dimensional near vector spaces
over Z, for p a prime number. In what follows, p will be an odd prime, since for the case

p = 2 the results will follow trivially.

LEMMA 4:

Let g be a positive integer. Each element of Z, has a ¢-th root in Z, if and only if
ged(g,p—1) = L.

Proof

Suppose that every x € Z, has a ¢-th root in Z,. Then

l=2af,2=2af,...,p—1=x] ,, (3.1)

where z1, 29, ..., 7,1 are the nonzero elements of Z,, in some order.

Now suppose that d|(p — 1), were d > 1. By [2], Corollary, p.153, the congruence
z? =1 (mod p)

has exactly d incongruent solutions. Hence, there exist distinct yi,ys2,...,yqa € Z, such
that yf =1 (mod p) (1 <i <d). If d|g, then y] =1 (mod p)(1 < i < d), contrary to the
fact that there is only one z € Z, with 27 = 1 (mod p) (See (3.1)). So if d|(p — 1) and
d > 1, then d [ q. Consequently ged(q,p— 1) = 1.

Conversely, suppose that ged(q,p—1) = 1. Then ag+b(p — 1) = 1 for some a,b € Z. Let
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x € Zy, x # 0 [z = 0 has a g-th root, namely itself]. Since ged(z,p) = 1,
2P~ =1 (mod p) ([2] Theorem 5.1, p.88).

Thus
2P~ = 1° = 1 (mod p) ([2] Theorem 4.2, p.65),

which implies that

z = ! = 2P = (277 (mod p) .
Thus x has a g-th root in Z,, namely z°. "

LEMMA 5:
Let p be prime, ¢, go positive integers and ged(g;,p — 1) = 1 for i = 1,2. Then ¢; = ¢o
(mod p — 1) if and only if
(a® + 7)1 = (a® + b®) 7
for all a,b € Z,.
Proof

Assume that ¢; = ¢ (mod p—1), then g = ¢1 + k(p — 1), for some k € Z. So for nonzero

a,b € Zy,
q a1\q2 — q2—k(p—1) q2—k(p—1)\q1+k(p—1)
(a® + b2) (a +0b )

— (afn + be2)fI1‘
(Note: 277! =1 (mod p) for nonzero = € Z,. Also, if a®* + b = 0, then a® = —b?* =
(—b)?* (since ¢ is odd). This implies that a = —b (each element in Z, has a unique ¢-th
root, by Lemma 4.) So we have that a®?> = (—b)® = —b?% (¢, is odd). This implies that
a®? +b% =0, so (a® + b?)? = (a% + b®)? in this case as well).

If at least one of a and b is zero, then it follows trivially that
(ath + bq1)q2 — (aqz + qu)th‘
We deduce that, for all a,b € Z,,

(alh _I_bql)ﬁ — (an—{—qu)%.
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Conversely, assume that
1 1
(a® 4+ b)) = (a® + b%?)% for all a,b € Z,,.

Then
(a™ + b))% = (a® + b®2)® for all a,b € L.

We want to show that ¢; = ¢o (mod p — 1), a result that is trivially true for p = 2.
Henceforth, assume that p > 3. We know that

g=kp—1)+mr, 0<r <p-—1,

@=hkp—1)+ry 0<ry <p—1,

for certain ki, ks € Z. But since ged(g;,p— 1) = 1, we must have 0 <7, <p—1,7=1,2.
Now suppose that ¢; # go (mod p — 1). Then we may assume that 0 < r; <ry <p—1.
Consider the polynomial f(z) = g1(z) — go(x), where g1(x) = (1 + 2™)"™ and go(z) =
(1 4+ 2"™)™. Then

nw) =3 (7)o

k=0

and

k=0
Furthermore, kr; = t; (mod (p — 1)) (0 < k < 7y) and kry = s, (mod (p — 1)) (0 <

k < ry), where s, ¢, € {0,1,...,p —2}. All the t; are distinct, for if ¢z, = &, then
(p—1)|(ki — kj)r1. But since ged(p — 1,71) =1, (p — 1)|k; — k;, an impossibility. [Note:
ged(p — 1,71) = ged(p — 1,71 + ki(p — 1)) = ged(p — 1,¢1) = 1.] Similarly, all the s are
distinct. We note that f(0) = 0 (mod p). So assume that z #Z 0 (mod p) from now on.
Then, using 2P~ = 1 (mod p) if z #Z 0 (mod p), we see that

f(z) =g1(z) — ga(x) = hi(x) — ha(x)

T2 72 T1 T1

= o ()2 =375, () 2™ (mod p).
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But hy(z) = Y12, (2)a™ contains more terms than he(z) = ;1 , (7}

h ):L’sk, so the terms

of hy(z) cannot cancel all the terms of hy(z). Moreover, p J (7?) for all k = 0,1,...,7
since 1 < ry < p—2. This implies that f(x) is a nonzero polynomial (modulo p) of degree
at most p — 2.

But under the assumption
(@™ + 1) = (a® + b2)® for all a,b € Z,,

if welet a =1and b =1,2,...,p— 1, we find that f(z) = 0 (mod p) for all z =
1,2,...,p — 1. This contradicts Theorem 8.5 [[2], p.152]. Consequently, ¢ = ¢» (mod
p—1). .
PROPOSITION 6:

Let ¢ be an automorphism of the group with zero (Z,, -). Then there exists a ¢ € Z, with
1 <¢<p-—2andged(q,p—1) =1, such that p(z) = z? for all z € Z,.

Proof

Since (Z,, +, -) is a finite field, (Z7, -) is a cyclic group [[7], Theorem 5.4, p.279], say
Zy = (o) = {a,a?,...,aP7 '} Let p(a) = oF, for some k, 1 <k < p—2. (We cannot
have k = p — 1, since o?~! = 1 for all & € Z3.) Then p(a’) = o/, 1 <i < p—1. But
{1 <i<p—-1} =127} s0 {a™|1 <i<p—1} =7 since g is a bijection on Z}. This
means that every element of Z, has a k-th root. Hence by Lemma 4, ged(k,p — 1) = 1.

So we can take ¢ = k. "

By [13] [Theorem 3.4(2), p.301], all n-dimensional near vector spaces over Z, can be
obtained as follows:
Take V =Z,®Z, ® --- ® Z, (n copies) and let ¥; : (Z,, -) — (Zy, -) (1 < i < n) be

semigroup isomorphisms. Define scalar multiplication by
(21, T2y ...y xp)a = (2191 (@), x2¥2(), . . .,z (@)).

By Proposition 6, every 1J; is a ¢-th power function for some ¢, 1 < ¢ < p — 2 and

ged(q,p — 1) = 1. The number of ¢’s satisfying this is ¢(p — 1) (where ¢ denotes Euler’s
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totient function). This implies that there are ¢(p — 1) distinct semigroup isomorphisms
Vi (Zp, -) = (Zyp, *).

This leads to:

THEOREM 7:

If V7, is an n-dimensional near vector space, then it cannot contain more than ¢(p — 1)
maximal regular subspaces.

Proof

The scalar multiplication of this space is given by
(X1, T2, ..., p)a = (109 2009 . .. 200,

where each ¢; satisfies 1 < ¢; < p—2 and ged(g;,p—1) = 1. All those ¢; that coincide lead
to a maximal regular subspace, as in Example 2. Since there are not more than ¢(p — 1)

distinct ¢;, the result follows. "

If 1,40, -.,qn is & sequence of ¢; satisfying 1 < ¢; < p — 2, ged(g;,p — 1) = 1, that leads

to the near vector space Vz, with scalar multiplication
( ) — ( q1 q2 qn)
L1,L2y...,Lp)0 = (17", T2, ..., Tpk

and 7 is any permutation of 1,2,...,n, then the sequence q;(), ¢r(2), - .., ¢-(n) leads to a

/ . . . .
near vector space V, with scalar multiplication
(X1, T2, ..., xp)a = (217D [ x9a¥ @ . x,afT™)

that is isomorphic to the first one. This can easily be verified by considering the bijection
C: V=V
C(z1, 72, Tn) = (Tr(1), Tr(2)s - - - » Tr(m))-

We may therefore always assume that ¢ < ¢ < --- < gq,.
If ¢, < g, < --- < g, is another sequence satisfying 1 < ¢; < p—2, ged(g;,p— 1) = 1, but
q;C # qx, for some k, then the corresponding near vector spaces are not isomorphic:

Suppose there exists an isomorphism v : Vz, — VZ;, where we use scalar multiplications
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according to q; < ¢ < -+ < @, in Vz, and according to q'1 < q'2 < - < q;b in VZIP.
Consider for any k € {1,2,...,n} any subsequence gy = qx+1 = - -+ = qr4; Where either
k=1or g1 < qx, and [ > 0 as large as possible.

Let e; = (0,...,1,...,0), with 1 in position 4, and zeros elsewhere (1 < i < n). Then

Tﬁ(@k) = (wk,h cee 7wk,n)

Y(ertt) = (Wrtids--- s Whtin)s

for certain w; ; € Z,. Also, for a € Z,,

Y(ega) = P(0,...,a%,...,0) = (wk,loﬂ;, . ,wkmoﬂ;)
w(ek+la) = w(O, . ,0, Oéqu, . ,0) = (wk+l71aq1, . ,wkH’noﬂn)
where a% in position j for j = k,..., k + [. Hence,

1
Y(epaw) = ¥(0,...,q,...,0), with  in position k,
a1 an

= (wkylaﬁ, PN ,wkmaﬁ).

Hence for o, 8 € Z,,

Blexa® + exf) = (epa®) + (el

’ ’ ’
9

a1 n 4 In
- (wk,laqk y ooy WEnQ % ) + (wk,lﬂqk PR 7wk,nﬁqk )
0 0 o

= (wpi(aw 4+ Buw), .. wen(a® + Gu))

which equals

/ !

) = (wera+ B, wen(a+ B)).

»e|,_‘

Y(er(a+ 6)

As ey, is nonzero, at least one of wy 1, ...,wy, is nonzero, say wi; 7 0. Then

! ! !
q q. q
cuk,t(oﬁkL +ﬁ?kt) = wgt(a + B)EE,

for all o, 8 € Z,,. Put o = % and 3 = §%. Then it follows that

1
q,/

(’yqt’ +5qtl) S — (,qu _I_&We)i,
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for all v,6 € Z,. This can only happen if q; = @i, by Lemma 5, which then also implies
that wg; = 0 if q;- % Q.
Now assume that g, = ¢, = CI;+1 = ... = q;+s, where either t = 1 or ¢;_; < ¢, and s as

large as possible. Then

¢(6k) = (07'"707wk‘,t7"'awk,t+870a"'70)

’l,b(ek+1) = (0, e 7O>wk+1,t> PN ,wk+17t+s, O, Ce ,0)

Yierr) = (0,...,0,Whpits - - Whittts, 0, .-, 0).
Now, if s < [, then the [ 4 1 vectors ¢(eg), ..., ¥ (exs;) are linearly dependent in Vip- So

there exist scalars &, ...,§ € Zp, not all zero, such that

Siotlens)é = Yio¥(ersi&)
= @Z)(Zﬁ:o €k+ifi)
= 0.

So Zizo ex+i& = 0, a contradiction, as {eg,€xi1,...,€r+} is linearly independent. So
s > [. By considering the inverse isomorphism ¢! : Vip — Vz,, it follows similarly that
s < [, implying that s = [.

Consequently, if there are exactly [ + 1 copies of g in the sequence ¢; < go < --+ < @y,
then there must be exactly I + 1 copies of g (= ¢;) in the sequence q; < ¢, < --- < ¢, as
well. This means that the two sequences ¢; < ¢ < --- < ¢, and q'1 < q'2 << q;l are

identical. n

THEOREM 8:

n+¢p—1)—1
n

near vector spaces over Zj,, up to isomorphism. Each of these is completely determined

Let ¢ denote Euler’s totient function. There are exactly ( ) n-dimensional

by a choice of integers 1 < ¢; < -+ < ¢, < p—2, ged(g;,p—1) =1 (1 <i < n) that

defines the scalar multiplication

(1, X, ...y xp)a = (T10™, 200, ... zpa).
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Proof

There are ¢(p — 1) integers ¢; such that 1 < ¢; < p—2 and ged(g;,p—1) = 1. We need to
choose n of these, and count the number of ways in which we obtain different sequences
q1 < qa < --- < @,. This is the same as the number of selections of n objects chosen from
¢(p — 1) types, which is given by (”+¢(pn_1)_1) [[11], Theorem 2, p.197]. n

EXAMPLE 9:

4+¢(4)—1) _ (5

4 4) = 5 distinct 4-dimensional near vector

Forn:4andp:5,wehave(

spaces over Zs, up to isomorphism. They are determined by the sequences

(qlv 42, 43, Q4) € {(17 17 ]-a ]-)7 (17 17 1a 3)a (17 17 37 3)a (17 37 37 3)a (3a 37 37 3)}

THEOREM 10:

Vz, is a vector space if and only if ¢ = ¢ =+ = ¢, = 1.
Proof
We know that the choice ¢ = ¢ = --- = g, = 1 gives a vector space, since, in this case,

the scalar multiplication is given by
(1, T2y ..y xp)a = (100, Toa, . . ., Tp),

for all (z1,z2,...,2,) € Z," and a € Z,. For any other choice of the ¢;’s, we have seen
that non-isomorphic near vector spaces are created, so no one of them can be a vector
space. (Vector spaces with a given dimension and over a given field are unique up to

isomorphism). .

COROLLARY 11:
There is only one n-dimensional near vector space over F' = Z,, p € {2, 3}, namely

(F™, F), with scalar multiplication
(T1,Ta, ..., xp) = (T10, T2, . . ., THQ),

and this is a vector space. "
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It should now be clear why the case p = 2 follows trivially, as pointed out before Lemma

4.



Chapter 4

Homogeneous and Near Linear

Transformations

4.1 Homogeneous Transformations

DEFINITION 1:
Let (V, F) be a near vector space. A function g : V' — V is called a homogeneous

transformation of V' if for each x € V and for each a € F/,

g(za) = (g9(x))a.

The nearring Mp(V') of homogeneous functions of V' into itself (refer to Example 1.2-3),
Mp(V):={f:V > V| f(za) = f(x)a, forall z € V,a € F}.
has the following subset
Lp(V) :={f € Mp(V) | f(vi +v2) = f(v1) + f(v2) for all vi,vs € V'},

i.e. the set of all linear mappings from V to itself.

We start this chapter by proving that Lz (V) is a ring. We use a slightly different approach.

85
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PROPOSITION 2:

Lp(V) is a subnearring of Mp(V).

Proof

Since 0 € Lp(V), Lp(V) is nonempty. Now suppose that s,s € Lg(V). Then since
s€ Mp(V), —s € Mp(V) and

—s(v1) + (=s(v2)) = (=1

Thus —s € Lp(V).
Since 5,5 € Mp(V), s +5s € Mp(V) and

(s+8)(vy+v2) = s(vy+w)+ 5 (vg +vy)
= s(v1) + s(va) + 5 (v1) + 5 (vy)
= s(vy) + 5 (v1) + s(va) + 5 (va)
= (s+8)v1+ (s+5)va
Thus s + 5" € Lp(V).
Finally, since s, € Mp(V), ss' € Mp(V) and

(ss)(v1 +v2) = 8(3l(01+v2))
(

ZS(())

= 55 (v)) + 58

s(
(
Thus ss' € Lp(V). Thus Lp(V) is a subnearring of Mp (V). .
From Example 1.2-3, we have that V is a faithful Mp(V)-module. We also have that
Lp(V) is a subnearring of Mp(V). Thus by restricting the identity representation of
Mp(V) on V to Lp(V), we have that V is a faithful Lr(V)-module. In addition, since

(V, +) is abelian, (Lp(V), +) is an abelian group. This allows us to use the next lemma

([8](Lemma 3.7, p.51)).
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LEMMA 3:

Let V be an R-module with the properties:

(i) V is faithful as an R-module;

(ii) (R, +) is an abelian group;

(iii) for all » € R, the map p, : V — V given by p,(v) := rv is an endomorphism of V;
Then R is a ring. "

THEOREM 4:
Lp(V) is a ring.
Proof
Let s € Lp(V) and consider the map p, : V' — V defined by p,(v) := sv.
Let v1,v9 € V, then
ps(v1 +v2) = (v + v)
= s(v1) + s(v2)
= ps(v1) + ps(v2).

Thus p; is an endomorphism of V', so by Lemma 3, Lg(V) is a ring. u

We start our next discussion with an example:

EXAMPLE 5:
Consider the near vector space (V, F) as defined in Example 3.1, i.e. V :=R* F =R

and

x

with a € R and eV.
Y

Furthermore, let

N :={f:V = V| fis a homogeneous transformation of V'}.

Then N is 2-primitive on V:
Firstly, we know that N is a (right) nearring (refer to Example 1.2-3). Moreover, for
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u # 0, and for each x € V, there exists a f,, € N defined by

zxa if y # 0 and y = ua for some a € F,

fuz(y) =

0 otherwise.

(a) fuz is well defined:

Case 1: Let y # 0 and y = ua. Suppose that ua = ua’. Then u(a — ') = 0. Therefore,
since u # 0, @ = a’. Then f,,(y) = ra.

Case 2: Let y # 0 and y # ua for each a € F. Then f,.(y) = 0.

Case 3: Let y =0. Then f, .(y) = 0.

(b) fux € N:

It suffices to show that, for each § € F,

Case 1: Let y = 0. Then for each 8 € F, yf = 0. Hence f,.(y3) =0, but f,.(y) = 0.
Therefore (f..(y))B = 0.

Case 2: Let y # 0 and 3 = 0. Then fu2(y08) = fur(0) = 0and (fuz(¥))8 = (fua(y))0 = 0.
Case 3: Let y # 0, 8 # 0 and y3 = ua for some o € F. Then y = uafS~!. Hence

Fuw(®B) = 2 and f,,(y) = 2. Therefore fuo(yB) = (fus(y))B.

Case 4: Let y # 0, 8 # 0 and yf3 # ua for each o € F. Then y # ua for each o € F.
Hence f,.(y) = 0 = fu.(y0).

Clearly V is an N-module and V' is monogenic, i.e. there exists a u # 0 € V such that
Nu = V. We have that Nu C V for every u # 0 € V. Now take any u # 0 and any
xz € V, then since u = ul, f,,(u) = . Thus V = Nu and so V' is monogenic. In addition,
since V' = Nu for every u # 0 € V, V is of type 2.

Finally, V is faithful, since the zero mapping is an element of N and it is the only element

of N that maps every element of V' to zero.

an @
Let Ma(F') be the 2 x 2 matrix ring over F. For each A = B e M, (F), we

Q21 Q22
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define the mapping A4 : V — V by

1
5
1 1121 + A12%5
A, =

3
T3 21Ty + A22T2

The mapping Ay is an element of N:

T
Let ! €V and o € F. Then

2

T 1
A¢ (6] = A¢

) TolX

1
11710+ 1225

anr3ad + agroa’®

1
3
a;1xry, + a12T,

3
a2127 + Q999

T
A¢ Q.

T2

1
B (a1121 + a1923 )
(2173 + agemwy)a’

However,

1 Y1 T1+ Y%
A¢ + = A¢

T2 Yo T2+ Yo

an (1 + 1) + ara(z2 + y2)%
ag1 (21 + Y1) + aga(z2 + y2)

89
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and
1 1

3 3
Z1 Y1 a11Z1 + a1225 . a1y + a12ys

3 3
T2 Y2 a21%] + A22%2 a21Y7 + G22Y2

1 1
ayi(zy +y1) + aa(xd +y3)
a1 (@3 + y}) + ax(z2 + yo)

Hence, in general,

Ay T n Y1 £ Ay il v A, Y1
T2 Y2 T2 Y2

Therefore A, : V' — V is in general not a linear transformation.
Let X := {A,| A € My(F)}. Then X C N. Furthermore, let 7' be the subnearring of N
generated by X, i.e. the intersection of all subnearrings of N which contain X.
Then T' is 2-primitive on V:
First, we know that T is a subnearring of N. Hence, since V' is an N-module, V is a
T-module. But T is a set of functions on V', hence V' is a faithful T-module.
Secondly, V' is monogenic:

I 1 X3

Let € V. Then € T for any z3,24 € R and
i) T2 T4
¢
1 X3 1 T+ 0 I
To T4 s 0 o+ 0 T2
1
Hence T' =V.
0
Finally, V is of type 2:
T . T 0
Let H be a T-submodule of V' and let € H with #
Z2 T 0
If ;1 # 0, then since TH C H,
0 T\ _ 1 c
0 0 T 0

¢
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Hence TH = V. Therefore H = V.
If z; =0, then
1

0 z,° 1 1

0 0 0
o \12

and so as before H = V.
Consequently, V' does not contain any proper non-trivial 7-submodules.

We now show that 7" is a proper subnearring of N:

1 «
Consider the orbit B := F= la e F
1 o’
Definee: V — V by
)
x x
if €B
z Y )
e =
Y 0 x
if ¢ B
\ O y
Then
x T TQ x x
e al =e = = a=|e a,
y yo® yo® y y
x
if € B, and
Y
T Ta 0 T
e al =e = =le a,
y ya’ 0 y
x
if ¢ B. Hence e € N.
Y
a
Now elements of the form and products and sums of finitely many such elements

c d

are the only elements of T'. We proceed to show that e is not in 7', showing that T is a

proper subnearring of V.
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LEMMA 6:

Let f(z,y) = fi(z) + fa(y), with f; : R - R and f; : R — R continuous on R. Then
f :R? — R is continuous on R2.

Proof

Let (zo,%0) € R2. Then f; is continuous at xy and f» is continuous at 7. Let € > 0. Then

there exists d; > 0 and d5 > 0 such that,
€ .
|f1(z) = filzo) < 5 if [z — 20| < 61

and
€ .
| f2(y) — falwo)| < 5 if |y — yo| < da.

Let § = min{(sl, 52} If

V(@ —20)2 + (y — y0)? < 0,

then

|z — x0| < 6 <07 and |y — yo| < J < bs.

Therefore

+

fi(@) + foy) — (fi(zo) + f2(y0))]
|fi(z) = fi(zo) + f2(y) — fo(wo)]

|fi(@) = fi(zo)| + | f2(y) — f2(vo)]
+

|f (@, y) = f(zo, p0)| =

IN
8

IA
Nl
N[

a b
Continuing with the example, let : V' — V be a mapping defined by

c d
¢

a b x a:c~|—by§

c d , Y cx® + dy

and let g(x,y) = azx + bys and h(z,y) = cx® + dy. But the functions ki, ko, k3 and ky,
defined by ki(z) = ax, koy) = bys, ks(z) = cx® and ky(y) = dy, are continuous on R.
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Hence, by Lemma 6, g and h are continuous on R? (= V).

Next, define 6 : V' — V by
0(z,y) = (9(z,y), h(z, y)).

Let € > 0. Then there exist §; > 0 and d, > 0 such that

|g(x,y) - g(x07y0)| < if || (.I',y) - (anyO) H< 517

Sl

and

\h(z,y) — h(zo,0)| < if || (z,y) — (o, %0) ||< .

Sl

Let § = min{dy, d2}. If

I (@) = (20,0) = V(2 — 20)* + (y — 90)* < §,

then
I (2, y) = (z0,90) [[< 01 and || (2,y) — (0, yo) [|< d2.
Therefore
116(z,y) = 0(zo,50) I| = |l (9(z,9), h(z,y)) — (9(z0, %0), h(z0,30)) |
= || (9(z,y) — g(z0, Y0), h(x,y) — h(z0, Y0)) |
= V(g(z,y) = 9(20,10))* + (h(z,y) — h(z0,10))?
-
= e
Consequently, 8 | = ¢ Z is continuous on V.
c

93

Furthermore, since the sum and the product of finitely many continuous functions are

continuous, each element of T is continuous on V.

However,

lime(1,y)" = (0,0)" # (1,1) = e(1,1)".

y—1

Therefore e is discontinuous at (1,1). Consequently e & T
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The next note is a summary of the properties of T" that we have proved:
NOTE 5:
0
01 .
(b) T is 2-primitive on the T-module V.

(a) T is a nearring with identity

(c) T is not a ring.

(d) T C N.

The following theorem is a well-known result by Betsch. A proof can be found in

[8](Theorem 3.35, p.65). Recall that
Mp(G) ={a € M(G)|a(gd) = (ag)d for all d € D,g € G} (Example 1.2-3),
where D is a semigroup of endomorphisms of G. We need a definition first.

DEFINITION 7:

Let M be a subnearring of the nearring N with a natural faithful representation on the
N-module V. Then M is said to be dense in N if given any finite subset {vq,va, ..., v},
k > 1, of V and any element n of N, there exists an m € M such that mv; = nv; for

1 <<k, n

THEOREM 8:

Let R be a nearring with identity which is 2-primitive on the R-module G. Let C :=
EndgrG, D := AutgG. Then R C MpG, C = D D is fix point free and either R is
a primitive ring on the faithful simple R-module G or R is not a ring and is a dense

subnearring of MpG. n
Therefore by Note 5,

COROLLARY 9:

T is a proper dense subnearring of N. "

Example 5 sets the scene for a more general situation, discussed in [12] and [13].
The action of a field F' on a vector space V:= (F", +), where n > 1 results in the creation

of two well known structures that depend very tightly on this action. First there is the
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ring of linear transformations of V', also known as the ring of F-endomorphisms of V/,
which can be identified with the ring M,,(F'), the ring of n x n matrices over F' (See
[3](Proposition 3.1.12, p.145)). This ring is contained in the second structure, namely
the nearring Mp (V') of homogeneous functions of V' into itself. The object is to consider
“perturbations” in the action of F' on V' and to investigate the effects thereof on M,,(F).
To be more specific, we wish to change the action of the group (F*, -) on V in such a way
that it remains a group of fix point free automorphisms of V, ie. if A€ F* v #£0eV
and v\ = v, then \ = 1.

DEFINITION 10:
A perturbation in the action of F' on V' is an n-vector ¥ := (v);) of automorphisms of the

group with zero (F, -). The action of F' on V under the perturbation VU is defined by
(x;) og A := (z9:(N)) for all (z;) € V,\ € F,
and the corresponding nearring of (F', V)-functions,
{f:V=>V]f({(z;) ou A) = f((x;)) og A for all (x;) € V,\ € F},

is denoted by Mpw)(V). .
Let I ={1,2,...,n} from now on.

PROPOSITION 11:
(V, F'), under the perturbed action defined above, is a near vector space.
Proof
First we will show that (V, F) is an F-group:
(F1): (V, +) is a group:
()
[(&) + ()] + (eu) (& +mi) + (cu)
((& +m) + ai)
= &+ i+ ai))
(

&) + [0m) + (c)].
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Thus (V, +) is associative.
(ii) (0) is an element of (V, 4+) and moreover, it is the identity of (V', +) since

(&) +(0) = (& +0) = (&)

and

(0) + (&) = (0+ &) = (&)

(iii) For each (&) € V, (=§) € V and
(&) + (=&) = (& = &) = (0)
and
(=&) + (&) = (=& + &) = (0).
So —(fz) = (—fl) eV.

Furthermore, F is a set of endomorphisms of V', since,

(&) + (m:)]A =

+ 771)

(&
((& + )i (A))
= (&vi(A) + mithi(N)) since F is right distributive,
(&vi(A)
(

&vi(N)) + (mihi(A))
Ei)A + (i) A

(F2):
The endomorphisms 0, 1, —1 defined by
(fz')o = (51'%’(0)) = (O)a
(&)1 = (Eu(1)) = (&),
(&) (—1) = (&vi(—1)) = (&(=1)) = (=&),

with (&) € V, are elements of F.

96
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(F3):

Let A € F*. Then A is a bijection:

Let (&)X = (m:)A, then (£0;(N\)) = (m:90:(A)) which implies that £;(\) = m;10;(A) for each
i € I and so (& — n;)Y;(A) = 0. Thus for each i € I, since A\ # 0, & = n;, which implies
that (&) = (n;). Thus A is an injection.

Now let (£;) be an element of V. Then since v; is an automorphism for each i € I, ;!
exists for each i € I and ¢; *(\) € F. But (&, '(A)A = (&4 (V)i (N) = (&). Hence
A is surjective.

Consequently F™* is a subset of the automorphism group of (V, +). But F' is a field.
Hence F™* is a subgroup of the automorphism group of (V, +).

(F4):

Let (&)X = (&)p. Then (&1;(N)) = (&:(p)), which implies that for each i € I, (M) =
&i(p). Suppose that A # u, then ¢;(\) # 1;(u) for each i € I (1; is an automorphism for
each ¢ € I). If there exists a j € I such that &; # 0, §j_1 € F and 5;1@%()\) = {;153»%(”).
Therefore, 1;(A) = v¥;(n), a contradiction. Hence & = 0 for each i € I.

Finally, we show that Q(V') generates (V, +):

Let € := (0;i)icr, where §j; is the Kronecker symbol. Then, for every a, 5 € F,

eja+e;f = (i) + (6;:4:(8))

= (Gjivia) + 0;ihi(B))

= (0j(vi(a) +v:(8)))

= ey (e + 1 B).
Thus {e;|j € I} € Q(V) and since every element of V' is of the form ), e;A;, with
A; € F and K a finite subset of I, Q(V') generates V. .

NOTE 11:

(i) V under this perturbed action is not generally a vector space. As a counter example
consider Example 3.1. Put 9 () := o and ¢5() := o® for each a € F. Then (21, z2)a =
(10, 2203). Since (Q2) does not hold in general, V' is not regular and therefore not a

vector space.
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(ii) Mp(V) = Mp1)(V) where 1 is an n-vector of identity automorphisms, the identity

perturbation.

Next we ask what substructure of Mz w) (V) should be regarded as the counterpart of
M, (F) in M(p1)(V). The answer is derived from the following result:

LEMMA 12:
M, (F) is the smallest 2-primitive subnearring of M Fyl)(V) that contains all the distrib-
utive elements of Mg 1)(V).
Proof
For each (z;) € V, define h,) by h,)(eiA) := (x;A) for all X € F, 0 otherwise. Then
R(zy) is in Mpq1)(V):
Let A€ F, (y;) € V. Then
(xjynA) ify;=0foralli>2

Ry (Yi)A) = ,
0 otherwise

= (h(xi) (yz)))‘

For a function f to be distributive in Mp1)(V) it implies that
o (h@) +hy) = foh@)+fohy.
This in turn implies that

F((@i) + () = f2a) + F (o),

so f is an endomorphism, i.e. f € Endp(V). So the distributive elements in Mg 1) (V')
are exactly the F-endomorphisms of V.

Next we show that M, (F) is 2-primitive on V. Let (y;) € V with (y;) nonzero. Let
(z;) € V. If y, # 0, then (d;;)(y;) = (2;) with dj; = 0if j # r and d;, = 2y, "

Finally since M,,(F)(= Endpr(V)) consists exactly of all the distributive elements of
Mp(V), it must be the smallest 2-primitive subnearring of Mp(V') that contains all the
distributive elements of Mp(V). n
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So our aim is to find the smallest 2-primitive subnearring of Mz (V') that contains all

the distributive elements of Mz u) (V).

DEFINITION 13:
The subnearring of Mpy)(V) generated by the set of all square matrices, C' := (c;;),
where ¢;; € F', with the action on V' defined by

ci1 -+ Cip 6111911(151) +---+ Clnﬁln(xn)
(@) :=

Cnl . e Cnn Cnlﬂnl (:Cl) + ct + Cnn’ﬁnn(xn>

where ¥;; = wizpj_l, is called the nearring of near linear transformations of the near vector
space (V, Fy), where Fy indicates the action of F' under the perturbation ¥. It will be
denoted by M,,(F,©), where © = (¢¥;;) denotes the matrix of automorphisms of (F, -)

used here. n
This nearring is the desired candidate:

THEOREM 14:
M, (F,©) is the smallest 2-primitive subnearring of Mz y) (V') which contains every dis-
tributive element of Mg w) (V). .

THEOREM 15:
M, (F,©) is a simple nearring. .

Proofs of the above two theorems can be found in [12] (Theorem 2, p.191 and Theorem
4, p.192 respectively).
For our next result we need to branch into matrix nearrings. We will only define the basic

structures needed for the proof. We refer the reader to [9] for more information.

Let n be any natural number and let (N, +, -) be a nearring with identity. Denote by
N™ the direct sum of n copies of the group (N, +). Note that (IV, +) is not necessarily

abelian.

To each element r of N there corresponds a function f”: N — N defined by f"(s) = rs
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for all s € N. We define n x n matrices as functions from N™ to N™. As building blocks
for these matrices, we introduce the functions fj; : N* — N", where f; := ¢;f"m; for
1<4,5 <nandr e N, where the symbols ¢; and 7; will respectively denote the familiar
J-th coordinate injection and projection functions. In the ring case, f/; corresponds to an

n X n matrix with 7 in the (¢, )-th position and 0 elsewhere.

DEFINITION 16:
The nearring of n X n matrices over N, denoted by M, (), is the subnearring of M(N")
generated by the set {ff;|r € N,1 <4,j < n}. The elements of M, () will be referred

to as n X n matrices over N. "
The following proposition is taken from [9](Proposition 1.3, p.2).

PROPOSITION 17:
If R is a ring with identity, then M, (R) is isomorphic to the usual full ring of n x n

matrices over R. n

THEOREM 18:

For any specific pair (i,7): ff; € My(F,0) for all r € F if and only if ¢; = ;.

Proof

Suppose f{; € My (F,0) for all r € F" and a specific pair (i,7). Let (z;) € V and b € F
be arbitrary.

Then
5i((zi) ow b) = fi((z:ti(D))
vif mi((zii(b)))
= (0,0,...,0,rz;v;(b),0,0,...,0), with rz;1;(b) in the i-th position,
while

(@) ow b = uifmi((2:)) ow b
= (0,0,...,0,72;,0,...,0) og b, with rz; in the i-th position
= (0,0,...,0,7x;9:(),0,0,...,0), with rz;;(b) in the i-th position.

But fi:((z:) ow b) = fi;((x:)) ow b, thus 1;(b) = 1;(b) for all b € F, so 1; = ;.
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Conversely, suppose that 1; = 1¢;. Let r € F' and consider the matrix

0 - 0 --- 0
C=1|o0 - T 0
0 - 0 --- 0

with 7 in position (7, j) and zeros elsewhere. Then, by Definition 13, for arbitrary (z;) € V/,

C((zi) = wul(rdij(zy))

= u(rya; ' (z;))

= (rz;), since ¥; = 1,

= uf'mi((z:))

- fj((l“z'))-
So fi; = C € M,(F,0). .
COROLLARY 19:
M, (F) is a subnearring of M,,(F,©) if and only if ¢y = ¢y = -+ = 1y,.
Proof
Assume that ¢y = ¢y = .-+ = 1b,. By definition, M,,(F) is the subnearring of M (V)
generated by { Llr e Fi1 <45 < n}. So it is sufficient to prove that each i €
M, (F,0). But as ¢, = 19 = - - - = 1, the result follows directly from Theorem 18.
The converse follows trivially. "

4.2 The Nearring of Near Linear Transformations

We now present a summary of the results found in [13]. Throughout this section N will
denote a zero-symmetric right nearring with identity 1 and all N-modules will be required

to be unitary, i.e. if G is an N-module, then 1g = g for all g € G.
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DEFINITION 1:

If the nearring N contains a complete set of distributive idempotents, i.e. it contains a
finite set {e1, e, ..., e,} of idempotents such that

(i)er+e+---+e,=1;

(i) e;e; = 0 if @ # j;

(iii) each e; is of rank 1 (see [8](Definition 4.3, p.70) for the definition of rank) and

(iv) each e; is a distributive element of N;

then N is called a CDI-nearring. "

Recall that if V' is a group and A is group of automorphisms of V', then the centralizer

nearring M(V') (see Example 1.2-3) is defined by:
Ms(V):={a e M(V)|a(va) = (av)a for all a € A;v € V'}.

In his article [12](Theorem 3.4, p.301) van der Walt derives two characterizations of finite

dimensional near vector spaces:

THEOREM 2:

Let V be a group and let A := D U {0}, where D is a fix point free group of automorphisms
of V. Then

(i) (V, A) is a finite dimensional near vector space if and only if M4 (V) is a CDI-nearring;
(ii) (V, A) is a finite dimensional near vector space if and only if there exists a finite
number of nearfields, F, Fs, ..., F,,, semigroup isomorphisms v; : A — F; and a group

isomorphism ® : V — F; @ I, ® --- @ F,, such that if
@(U) :$1+$2+"'+$n, (JIZ - E)
then
O (va) = z1r (@) + xotho(a) + « - - + iy (@),
forallv eV and a € A. n

According to this theorem we can specify a finite dimensional near vector space by taking n

nearfields Fy, Fs, . .., F,, for which there are semigroup isomorphisms 9;; : (Fj, -) = (£}, )
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with 9,9, = Ui for 1 < 4,5,k < mn. We can then take V := F1 @ F, © --- @ F,, as the
additive group of the near vector space and any one of the semigroups (F;,, -) as the

semigroup of endomorphisms by defining
(@1, T2, ..., Tn)o i = 2105, (@) + 2209, () + - - - + T Ui, (),

for all z; € F; and all a € F;,.

Our object is to study the nearring
N := Mp, (V).

More specifically, we follow our line of thought in Section 4.1, i.e. we would like to de-
termine the smallest subnearring S of N which contains the complete set of distributive
idempotents {ey, ez, ..., e, } where e, is defined by e;(x1+z2+- - -+2,) := z;, and which is
2-primitive on V. Since S is supposed to be 2-primitive, given any (b, baj, ..., bn;) €V,
(we are adopting vector notation, letting transposes be indicated by primes), S must con-
tain an element s; such that s;(0,0,...,0,1,0,...,0)" = (b1, bz, ..., by;)", where the 1 is
in position j. Now, if (z1,22,...,2,) € V, then

sjej(z1, 22, ..., 2,) = ;(0,0,...,0,2;0,...,0)

= 5;(0,...,0,1,0,...,0)9; (z;)

= (byj, by, . .. ,bnj)’ﬂ;ii(mj)

= (b1j0(25), 2025 (), - -, brjng(25))"
It follows that 2?21 s;je; is in S; and the above calculation shows that it can adequately
be denoted by the matrix (b;;). In fact, every square matrix C := (¢;;), where ¢;; € Fj,

represents an element of S, with the action on V' defined by

i1+ Cin T Cllﬁll(ml) +---+ Clnﬂln(xn)

Cnl "' Cpn T, Cnl’ﬁnl (.’131) + -+ Cnnﬁnn(xn)

DEFINITION 3:

The subnearring of Mp, (V) generated by the set of all square matrices with their action
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on V as defined in (4.1) is called the nearring of matrices determined by the nearfields
Fy, F,, ..., F, and the matriz of isomorphisms (¥;;), and is denoted by M,,({F;}, (¢;)).

NOTE 3:

Note that the choice of 7, does not figure in the definition of this nearring.

THEOREM 4:

M, ({Fi}, (¥;)) is 2-primitive on V.

Proof

Let (y1,%2,.-.,Yn)" € V be nonzero and let (z1,22,...,2,) € V. If y. # 0, then
(dij) (Y1, Y25 - -, Yn) = (21, 29, ..., 2n), where d;; = 0 if j # r and d;; = 2;(Fir(y, 1))

Thus by the discussion preceding Definition 3, M,,({EF;}, (9;;)) must equal S.
We formulate the preceding observations in:

THEOREM 5:
Suppose (V, A) is an n-dimensional near vector space. Then M4 (V') contains a subnear-
ring S isomorphic to a nearring of matrices determined by n nearfields with isomorphic

multiplicative semigroups. If S is not a ring, then S is dense in M (V). "

COROLLARY 6:
Suppose (V, A) is a finite near vector space which is not a vector space. Then M4(V)
is isomorphic to a nearring of matrices determined by a finite number of finite nearfields

with isomorphic multiplicative semigroups. "

Proofs of the above theorem and corollary can be found in [13](Theorem 3.5, p.302 and
Corollary 3.6, p.303). The proof of the next theorem is identical to the proof of Theorem
4.1-14 in [12].

THEOREM 7:
M, ({Fi}, (¥;)) is a simple nearring. .

Let us look at an example:
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EXAMPLE 8:

Let I} = F; := R, the field of real numbers. Let 9; and 95 be the identity function,
and let 915 be defined by ¥15(z) := 25 and Yo1(z) := 2. Put V := F} @ F, = R?. Then
the situation reduces to what we had in Example 4.1-5, where of course My({F}}, (9;5))

is just 7' "

It seems natural now to ask, in the case where the F; are infinite, is there a constructive
way to show that M, ({F}, (¥;;)) = S C Mg, (V), for example, can we show that the
map that is the identity on one orbit of F; on V, and zero elsewhere, is not in S? (See
Example 4.1-5).

We have not been able to answer this specific question, but we can still show that S is a

proper subnearring of Mg, (V') by using cardinality arguments.

THEOREM 9:
Let F;, be infinite, say |F;,| = k > &,. Then |S| < |Mp, (V)|.
Proof

A full set of orbit representatives of F;, on V' = F}" is given by
W ={(1,as,...,a,)} U{(0,1,as,...,a,)}U---U{(0,0,...,0,1)}.

Thus |W| = |V| = k.
An element of Mg, (V) is known once its values are known at each o € W. So |[Mp, (V)]

equals the number of functions from W to V, which is |[V|WI = x*. But

K > 2% ([7] Exercise 10(c))
|P(F;,)| ([7] Exercise 10(f))
> |F;,| = & ([7] Theorem 8.5)
|fin(F;,)| ([7] Corollary 8.13)

= |S], since each element of S is expressed using only finitely many elements of Fj,.

COROLLARY 10:
M, ({Fi}, (¥;5)) is a proper subnearring of My, (V) in the case where F;, is infinite.  m
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In the last two sections of this thesis, we take a closer look at S = M,,({F;}, (¢4)).

4.3 Some Left Ideals of S

Since S (as defined in Section 4.2) is 2-primitive on V' (Theorem 4.2-4),
Sa =V, where « is any nonzero element of V. (4.2)

The map ¢ : S — V, with ¢(U) = Uq, for all U € S is an S-homomorphism between the

S-modules ¢S and V. By (4.2), ¢ is in fact an S-epimorphism. Now,
ker  ={U € S|Ua=0} =L,

say. So S/L =V as S-modules and since V' is a simple S-module, S/L is also simple as
an S-module. This implies that L is a maximal left ideal of the nearring S. That L is a

left ideal follows from [10](Corollary 1.43(a), p.21).
EXAMPLE 1:
If 8 = (1,0,...,0), then

L={UeS|UB=(0,0,...,0)"}

is a maximal left ideal of S. n

THEOREM 2:
The L of Example 1 contains the left ideal of S generated by

( )

0 c2 -+ cn
0 ¢y -+ cop

X = |Cij € Fz
0 Cop Cnn

Proof

Clearly, since every element of X is in L, li{X) C L. .
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Next we turn our attention to
Ly=Amg(Fi® - & F, 19{0}®Frn1®---®F,).

It is known that in the case of a vector space, Ly is a minimal left ideal. In the case of a

near vector space, the general question remains open; however, we do have the following:

THEOREM 3:

If one of F,..., Fy_1, Fxy1,...,F, is not a field, then Lj is not minimal.

Proof

Say F) is not a field (where 1 < k < n). Then there exists a,b,c € F; such that

a(b+ c) # ab+ ac.

Consider
a 0 o\ [/ b o 0 0 ¢ 0|
00 0 00 0 0 0 0
U= + +
0
00 0o/ |\oo 0 0 0 0/
0 —ac 0 —ab 0 0
0 0 0 0 0 0
+ )
0
o --- 0 0 0 0 - 0

with ¢ and —ac in the k-th column.
Then U € L, N L.
Also, U # 0, since

U(1,1,...,1) #(0,0,...,0) (a(b+c) —ab— ac # 0, by hypothesis).

Furthermore, L, N Ly C Ly,

For example,

€ L\ L.



CHAPTER 4. HOMOGENEOUS AND NEAR LINEAR TRANSFORMATIONS 108

So 0# U € Ly N Ly C Lg. This implies that Ly is not minimal. .

4.4 The Kernel and Image of Elements of S

In this section we turn our attention to the kernel and image of elements of S. The

question arises whether or not for any U € S, ker U and im U are subspaces of V.

THEOREM 1:
For any U € S, ker U and im U are not generally subspaces of S.

Proof
As a counterexample, we refer to Example 4.1-5. Put A = 7 |. Consider the
-1 1
2
following two elements of V', , and N Both these elements are in ker Ay:
2 3
2 24+ (—1)(2 0
L (2)C (2rene)
23 —23 423 0
and
3 3+ (—1)(3) 0
A¢ p— pr—
33 —3% 4 37 0
2 3 5
But + = ¢ ker A, :
23 33 35
5 5 — 353 0
Ay =
35 —53+35 0

Thus ker A, is not a subspace of V.

2 2
Now consider . Then € imAy:
-2 -2
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2 2 4
But + = ¢imA,:
—2 -2 —4
4
Suppose € im Ay, then

T 4
Ay = :
Y —4
lLe.
1
x— Y3 4
- +y 4]
which implies that
1
r—ys =4 (4.3)
and
—2® +y=—4. (4.4)
From (4.3), y3 = & — 4, thus y = (z — 4)3. From (4.4), y = —4 + 2®. Thus

—4+23 = (z—4)3
= (x—4)(2* — 8z +16)
= 23 — 822 + 162 — 42% + 32z — 64.

Thus —122% + 48z — 60 = 0 with no real solutions, as 482 — 4(—12)(—60) < 0, and thus

there are no real solutions for y as well. Thus im A, is not a subspace of V. "
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