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Preface

The main purpose of this thesis is to give an exposition of and expand the theory of near

vector spaces, as first introduced by André [1].

The notion of a vector space is well known. For this reason the material in this thesis is

presented in such a way that the parallels between near vector spaces and vector spaces

are apparent.

In Chapter 1 several elementary definitions and properties are given. In addition, some

important examples that will be referred to throughout this paper are cited.

In Chapter 2 the theory of near vector spaces is presented. We start off with some

preliminary results in 2.1 and build up to the definition of a regular near vector space

in 2.5. In addition, we show how a near vector space can be decomposed into maximal

regular subspaces. We conclude this chapter by showing when a near vector space will

in fact be a vector space. We follow the format of De Bruyn’s thesis; however, both De

Bruyn and André make use of left nearfields to define the near vector spaces. In light

of the material we want to present in Chapter 4, it is more standard to use the notation

as in the papers by van der Walt, [12], [13]. Thus we develop the material using right

nearfields with scalar multiplication on the right of vectors.

The third chapter contains some examples of near vector spaces and serves as an illus-

tration of much of the work of Chapter 2. Examples 1, 2 and 3 were used in De Bruyn’s

thesis. However, on closer inspection, it was revealed that in Example 2, the element

(a, 0, 0, d) is omitted as an element of Q(V ). This error is corrected. And in keeping

with our use of right nearfields, the necessary changes are made to Example 1 and 3. In

particular, the definition of ◦ in Example 3 is adapted and the necessary adjustments are
made. We conclude this chapter by developing a theory that allows us to characterise all

finite dimensional near vector spaces over Zp, for p a prime.

In Chapter 4 we turn our attention to the work done by van der Walt in [12] and [13]. In
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Section 4.1 we consider the effects that ‘perturbations’ in the action of a (right) nearfield

F has on the well known structures, the ring of linear transformations of V and the near-

ring of homogeneous functions of V into itself. This first section sets the scene for the

more generalised situation described in 4.2 and leads to the introduction of the nearring

of matrices determined by n multiplicatively isomorphic nearfields and a matrix of iso-

morphisms. We conclude this chapter by summarising some properties of this nearring in

4.3 and 4.4.

Note that throughout this paper, ⊂ will be used to convey a proper subset, whereas ⊆
will convey the possibility of equality.

K-T Howell

September 2007
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Chapter 1

Basic Definitions and Examples

1.1 Nearrings

We begin by defining some elementary structures. These are standard definitions. They

can be found in most elementary algebra books, for example, [7], [8] and [10]. The more

complicated structures are then defined in terms of these elementary ones.

DEFINITION 1:

A semigroup is a pair (S, 0), where S is a nonempty set and 0 is a binary operation on
S, that satisfies the associative law:

r 0 (s 0 t) = (r 0 s) 0 t for all r, s, t ∈ S.

Different symbols are used to denote binary operations as, for example, in:

DEFINITION 2:

A group is a pair (G, +) which satisfies:

i) (G, +) is a semigroup;

ii) there is an identity element 0 ∈ G so that for each x ∈ G

0 + x = x+ 0 = x;

6
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iii) for each x ∈ G there is an inverse element −x ∈ G so that

x+ (−x) = (−x) + x = 0.

These definitions also illustrate the format of this thesis. Definitions, examples, propo-

sitions and theorems are numbered sequentially in each chapter. Thus the definition of

a semigroup will be referred to as Definition 1 in this chapter and Definition 1.1-1 in

subsequent chapters. Some definitions and theorems are followed by Notes. In such a

case the note has the same number as the definition or theorem to which it refers. Also,

indicates the end of a definition, example, proposition or theorem.

To return to semigroups, a semigroup (S, 0) is called abelian or commutative if it satisfies
the commutative law:

s 0 t = t 0 s for all s, t ∈ S.

Our main tool for comparing semigroups is:

DEFINITION 3:

Suppose that (S, 0) and (T , •) are semigroups. A function α: S → T is called a homo-

morphism if

α(x 0 y) = αx • αy for all x, y ∈ S.

Since every group is a semigroup, homomorphisms can be used to compare groups too.

A bijective homomorphism is called an isomorphism. Also, a homomorphism from a

semigroup to itself is called an endomorphism. Recall that for any homomorphism α of

groups, α0 = 0, since α0 = α(0 + 0) = α0 + α0 and in a group 0 is the only element that

satisfies x = x+ x.

Next we define an algebraic structure that will play an important role in this study:
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DEFINITION 4:

A right nearring is a triple (N , +, ·) which satisfies:
i) (N , +) is a group;

ii) (N , ·) is a semigroup;
iii) (a+ b) · c = a · c+ b · c for all a, b, c ∈ N .
N is a nearfield if (N\{0}, ·) is also a group.

As with groups, the nearring (N , +, ·) is denoted by just N when the operations are

clearly understood. If the usual rules for performing operations are understood, then

superfluous parentheses are omitted. Also, multiplication is almost always written simply

using juxtaposition. If N contains an element 1 so that a1 = 1a = a for all a ∈ N , then
1 is called the multiplicative identity of N .

The identity element of the additive group structure of (N , +, ·) is called the zero of the
nearring and is denoted by 0.

The first example of a right nearring given here is a right nearring of mappings.

EXAMPLE 5

Let (G, +) be group. Define M(G) to be the set of all mappings from G to G, with

addition defined pointwise:

(f + g)(x) := f(x) + g(x) for all x ∈ G.

Multiplication is defined as the usual composition of maps:

(f ◦ g)(x) := f(g(x)) for all x ∈ G.

Then M(G) is a right nearring. The verification of this is direct. It is included here for

the sake of completeness and for easy reference. Define the mapping ζ by ζ(x) := 0 for

all x ∈ G. Then ζ is an element of M(G), and hence, M(G) is not empty. For any

f, g ∈ M(G), (f ◦ g)(x) := f(g(x)) which belongs to G. Hence, composition is a binary
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operation on M(G). Also for any f, g, h ∈M(G),

(f ◦ (g ◦ h))(x) = f((g ◦ h)(x))
= f(g(h(x)))

= (f ◦ g)(h(x))
= ((f ◦ g) ◦ h)(x) for all x ∈ G.

So (M(G), ◦) is a semigroup.

Turning our attention to pointwise addition, for f, g ∈ M(G), (f + g)(x) = f(x) + g(x)
which belongs to G. Hence, pointwise addition is a binary operation on M(G). Also for

f, g, h ∈M(G),

(f + (g + h))(x) = f(x) + (g + h)(x)

= f(x) + (g(x) + h(x))

= (f(x) + g(x)) + h(x)

= ((f + g) + h)(x) for all x ∈ G.

So (M(G), +) is a semigroup.

In fact, (M(G), +) is a group. Let f be an arbitrary element of M(G). Define

−f : G → G by (−f)(x) := −f(x) for all x ∈ G. Then, for all x ∈ G,

(ζ + f)(x) = ζ(x) + f(x) = 0 + f(x) = f(x),

(f + ζ)(x) = f(x) + ζ(x) = f(x) + 0 = f(x),

(f + (−f))(x) = f(x) + (−f)(x) = f(x)− f(x) = 0 = ζ(x),

((−f) + f)(x) = (−f)(x) + f(x) = −f(x) + f(x) = 0 = ζ(x).

Hence, for any f ∈ M(G), ζ + f = f + ζ = f and f + (−f) = (−f) + f = ζ. This

means that ζ is an identity for pointwise addition and that each element of M(G) has an

additive inverse. Thus, M(G) satisfies all the conditions for a group.

Finally, composition distributes over pointwise addition in one direction in M(G).
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For f, g, h ∈M(G),

[(f + g) ◦ h](x) = (f + g)(h(x))

= f(h(x)) + g(h(x))

= (f ◦ h)(x) + (g ◦ h)(x)
= [f ◦ h+ g ◦ h](x) for all x ∈ G.

So (f + g) ◦ h = f ◦ h+ f ◦ g. Hence, the right distributive law holds.
Therefore, (M(G), +, ◦) is a right nearring. Note that if G contains more than one

element, then the left distributive law (i.e. f ◦ (g + h) = f ◦ g + f ◦ h for all f, g and h)
does not hold in M(G). To see this, suppose that y, z ∈ G, and define hy and hz by
hy(x) := y and hz(x) := z for all x ∈ G. Then, for any f ∈M(G),

[f ◦ (hy + hz)](x) = f((hy + hz)(x)) = f(hy(x) + hz(x)) = f(y + z),

while

[f ◦ hy + f ◦ hz](x) = (f ◦ hy)(x) + (f ◦ hz)(x)
= f(hy(x)) + f(hz(x))

= f(y) + f(z)

for all x ∈ G. Thus, the left distributive law does not hold unless f(y + z) = f(y) + f(z)
for all y, z ∈ G. This means that f must be an endomorphism for the left distributive

law to hold. When G contains more than one element, not all the mappings in M(G) are

endomorphisms (e.g. hy for y W= 0).

This brings us to our next definition,

DEFINITION 6:

A left nearring is a triple (N , +, ·) which satisfies:
i) (N , +) is a group;

ii) (N , ·) is a semigroup;
iii) a · (b+ c) = a · b+ a · c for all a, b, c ∈ N .

Various authors favour different types of nearrings. For example, right nearrings are used

in [10], while left nearrings are used in [4] and [8]. Only right nearrings will be used in this
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thesis. However, we follow the format of [8] in the definitions. Recall that in a nearring

N , 0n = 0 for all n ∈ N . In general it is not true that n0 = 0 for all n ∈ N and in the

case that this is so, we call N a zero-symmetric nearring. In this thesis we will restrict

our attention to nearrings that are zero-symmetric.

1.2 Nearring Modules

We begin by defining the tool that allows us to compare nearrings:

DEFINITION 1:

Let (N , +, ·) and (S, +, ·) be nearrings. Then a mapping θ from N to S is called a

nearring homomorphism if

i) θ(n1 + n2) = θ(n1) + θ(n2);

ii) θ(n1n2) = θ(n1)θ(n2) for all n1, n2 ∈ N .

It has been proved (refer to [8] or [10] for a proof) that every nearring can be considered

as a subnearring of a nearring of the form M(G) for some group (G, +). This context,

namely a nearring and a group on which it acts provides valuable insight into the structure

of nearrings. Thus we are led to the notion of modules over nearrings.

DEFINITION 2:

Let (G,+) be a group, (N , +, ·) be a nearring. We call G a (left) N - module if there is a
nearring homomorphism θ : (N , +, ·) → (M(G), +, ·). Such a homomorphism is called

a representation of N . A representation θ is called faithful if Ker θ = 0.

EXAMPLE 3:

Let (G, +) be a group, and let S be a subsemigroup of endomorphisms of G. We define

the centralizer nearring MS(G) by

MS(G) := {α ∈M(G) |α(sg) = s(α(g)) for all s ∈ S, g ∈ G}.

Then MS(G) is a right nearring and G is a faithful MS(G) - module.

To verify this, we show thatMS(G) is a subnearring ofM(G) under the operations defined
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in Example 1.1-5. It is clear that the mapping ζ defined in Example 1.1-5 is an element

of MS(G), so MS(G) is nonempty. Now let α,β ∈MS(G). Then

(α− β)(sg) = α(sg)− β(sg)

= s(α(g))− s(β(g))
= s(α(g)− β(g))

= s((α− β)(g)) for all g ∈ G.
Thus (MS(G), +) is a subgroup of (M(G), +). Turning our attention to composition, for

α, β ∈MS(G),

(α ◦ β)(sg) = α(β(sg))

= α(s(β(g)))

= s(α(β(g)))

= s((α ◦ β)(g)) for all g ∈ G.
Hence, composition is a binary operation on MS(G). The associativity follows from the

fact that (M(G), ◦) is a semigroup. Thus (MS(G), ◦) is a subsemigroup of
(M(G), ◦). Thus (MS(G), +, ◦) is a right nearring. The identity homomorphism serves

as the representation of MS(G) and clearly it is faithful. Thus G is a faithful MS(G) -

module.

We will focus our attention on a particular class of nearrings, namely 2-primitive nearrings.

In order to define this class we need two more definitions:

DEFINITION 4:

Let N be a nearring and let G be an N -module. We call G monogenic if there exists a

g ∈ G such that Ng = G. In such a case, g is called a generator of G.

DEFINITION 5:

Let N be a nearring, G an N -module.

i) A subgroup H of G such that nh ∈ H for all h ∈ H, n ∈ N is called an N-submodule

of G.

ii) A normal subgroup K of G such that n(g + k)− ng ∈ K for all g ∈ G, n ∈ N , k ∈ K
is called an N-ideal of G.
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DEFINITION 6:

Let N be a nearring. An ideal of N is a subgroup I of N which satisfies

i) (I, +) is a normal subgroup of (N , +);

ii) IN ⊆ I;
iii) n(n

I
+ i)− nnI ∈ I for all n, nI ∈ N, i ∈ I.

If I satisfies (i) and (ii) it is called a right ideal of N . If I satisfies (i) and (iii) it is called

a left ideal of N .

DEFINITION 7:

A nearring N is called simple if its only ideals are {0} and N .

DEFINITION 8:

A nearring N is called 2-primitive on G if G is a faithful N -module of type 2, i.e. if G is

monogenic and has no proper nontrivial N -submodules.

1.3 Rings

For completeness we conclude this chapter by giving a formal definition of a special kind

of nearring and some related structures.

DEFINITION 1:

A ring is a triple (R, +, ·) which satisfies:
i) (R, +) is an abelian group;

ii) (R, ·) is a semigroup;
iii) a · (b+ c) = (a · b) + (a · c) for all a, b, c ∈ R;
iv) (a+ b) · c = (a · c) + (b · c) for all a, b, c ∈ R.

It is clear that every ring is a nearring. So the notation introduced for nearrings can be

used with rings. If a ring has an multiplicative identity, we say that the ring has unity

(or identity) and we will denote this element by 1. In keeping with our example of a

right nearring, we give a well-known example of a ring of functions. A proof of the next
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example can be found in [3](Example 1.1.3, p.7).

EXAMPLE 2:

Let (A, +) be an abelian group. We define addition and multiplication of elements of

End(A) by:

(f + g)(x) := f(x) + g(x)

for all x ∈ G. Multiplication is defined as the usual composition of maps:

(f ◦ g)(x) := f(g(x))

for all x ∈ G. Then (End(A), +, ·) is a ring.

We next review some well-known classes of rings:

DEFINITION 3:

Let (R, +, ·) be a ring.
i) R is called a commutative ring if a · b = b · a for all a, b ∈ R;
ii) R is called an integral domain if R is commutative, 1 W= 0, and a · b = 0 implies a = 0
or b = 0, for any a, b ∈ R;
iii) R is called a field if R is an integral domain such that for each nonzero element r ∈ R
there exists an element r−1 ∈ R such that r · r−1 = 1.

We close this chapter with the noncommutative analogs of integral domains and fields:

DEFINITION 4:

Let (R, +, ·) be a ring in which 1 W= 0.
i) R is called a noncommutative domain if R is a noncommutative ring and a · b = 0

implies a = 0 or b = 0, for any a, b ∈ R;
ii) R is called a division ring if every nonzero element of R is invertible, i.e., for each

nonzero element r ∈ R there exists an element r−1 ∈ R such that r · r−1 = r−1 · r = 1.

Throughout this thesis the terms subsemigroup, subgroup, subnearring and subring will

convey the same meaning, i.e. we will be referring to a nonempty subset of the appropriate

structure with the added property that under the operation(s) of the larger structure it
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inherits the same attributes.



Chapter 2

The Theory of Near Vector Spaces

2.1 Some Preliminary Results

Recall the following definition:

DEFINITION 1:

A set V is said to be a (right) vector space over a division ring F , if (V , +) is an abelian

group and, if for each α ∈ F and v ∈ V , there is a unique element vα ∈ V such that the
following conditions hold for all α,β ∈ F and all u, v ∈ V :
i) (v + u)α = vα+ uα;

ii) v(α+ β) = vα+ vβ;

iii) v(αβ) = (vα)β;

iv) v1 = v.

The members of V are called vectors and the members of the division ring are called

scalars. The operation that combines a scalar α and a vector v to form the vector vα is

called scalar multiplication.

NOTE 1:

(a) F can be regarded as a set of endomorphisms of V (for α ∈ F , the endomorphism fα

16
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of V is defined by fαx := xα for each x ∈ V ).
(b) If V is a vector space over a division ring F , then for every α,β ∈ F and for each

x ∈ V , there is a γ ∈ F (viz, γ = α+ β) such that xα+ xβ = xγ.

A vector space is a special instance of a more general concept - a near vector space. This

concept was introduced and studied by Andrè in [1]. We will follow the format of de

Bruyn’s thesis [5] in this chapter. However, both Andrè and de Bruyn use left nearfields

for their near vector spaces. It is more standard to use the notation as in van der Walt

[12], where the nearrings of near linear transformations are right nearrings and scalar

multiplication is done on the right of vectors (implying the use of right nearfields). Before

we can proceed with the main body of this chapter, we need some basic results.

DEFINITION 2:

Let Q be a set and let 2Q be the set of all subsets of Q. A relation between Q and 2Q,

denoted by v Y M , with v ∈ Q and M ⊆ Q, is a dependence relation if the following

conditions are satisfied (where u, v, w ∈ Q and M,N ⊆ Q):
(D1) v ∈M implies that v YM ;

(D2) w YM and v YN for each v ∈M , implies that w YN ;

(D3) v Y M and the falsehood of v Y M\{u} (denoted v WYM\{u}), implies that
u Y (M\{u}) ∪ {v}.

Let Y be a dependence relation on Q.

THEOREM 3:

Let M ⊆ N ⊆ Q. If w YM , then w YN .

Proof

Suppose w YM . If v ∈ M , then v ∈ N since M ⊆ N . Thus by (D1), v Y N . But now
w YM and v YN for all v ∈M , so by (D2), w YN .

DEFINITION 4:

(i) A finite subset E of Q is independent if there is no v ∈ E such that v Y E\{v}.
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(ii) An infinite subset M of Q is independent if every finite subset of M is independent.

THEOREM 5:

Let N ⊆M ⊆ Q. If M is independent, then N is independent.

Proof

SupposeM is independent. LetM be finite and suppose that N is not independent. Then

there exists a v ∈ N such that v Y N\{v}. But N ⊆ M , so v ∈ M and by Theorem 3,

v YM\{v}, which is a contradiction. Thus N is independent. If M is infinite the result

follows from the definition.

THEOREM 6:

Let B ⊆ Q and x ∈ Q. If B is independent and B ∪ {x} is not independent, then x YB.
Proof

Suppose B is independent and B ∪ {x} is not independent. Then there exists a finite
subset B

I
of B ∪ {x} which is not independent. Thus there exists a v ∈ BI such that

v YB
I\{v}. There are two possible cases to consider:

Case 1: v = x

Then B
I\{v} ⊆ B so by Theorem 3, x YB.

Case 2: v W= x
In this case, if x /∈ BI, then BI ⊆ B, implying (by Theorem 5) that BI is independent,

a contradiction. Hence, assume that B
I
= Be ∪ {x} with Be a finite subset of B, so that

v ∈ Be. But Be is independent by Theorem 5, so v WYBe\{v}. Furthermore, BI\{v} =
(Be ∪ {x})\{v} =: M . Also, M\{x} = Be\{v}. So v YM and v WYM\{x}. Hence by
(D3), x Y (M\{x}) ∪ {v}. But (M\{x}) ∪ {v} = (Be\{v}) ∪ {v} = Be. Hence x YBe. So
by Theorem 3, x YB.

DEFINITION 7:

Let M and N be subsets of Q. ThenM depends on N (M is generated by N ) if, for each

v ∈M , there exists a finite subset N Iof N such that v YN
I
.

By making use of this definition in conjunction with Theorem 3, we have the following

lemma:
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LEMMA 8:

Let M be a subset of Q and N a finite subset of Q. Then M depends on N if and only

if v YN for each v ∈M .
Proof

Suppose M depends on N . Then there exists a finite N
I⊆ N such that for all v ∈ M ,

v YN
I
. But N

I⊆ N ⊆ Q and v YN I, thus by Theorem 3, v YN for all v ∈M .
Conversely, suppose v YN for all v ∈M . We have to show that there exists a finite subset
N
I
of N such that v YN

I
for all v ∈M . Clearly N will serve as a suitable candidate.

Note that the forward direction holds irrespective of whether or not N is finite.

THEOREM 9:

Let N and N
I
be subsets of Q. If N is independent and contains n elements, N

I
contains

m elements and N depends on N
I
, then n ≤ m.

Proof

Let S := {s | there exists an independent set Ns ⊆ N ∪N Isuch that Ns contains n
elements of which s of them are in N

I}. Then S is nonempty since N ⊆ N ∪ N I, N is

independent and |N | = n of which q elements with 0 ≤ q ≤ m are in N
I
. Let r = maxS.

Then 0 ≤ r ≤ m:
Suppose r < n. Then there exists w ∈ Nr such that w /∈ N I, but w ∈ N . Since Nr is
independent, w WYNr\{w}. Moreover, by Lemma 8, w YN

I
since N depends on N

I
. Hence

by (D2), there exists a v ∈ N Isuch that v WYNr\{w}. Hence by (D1), v /∈ Nr\{w}.
Next, let N∗ = (Nr\{w}) ∪ {v}. Then N∗ contains n elements with r + 1 of them in

N
I
. Thus N∗ is not independent. But by Theorem 5, Nr\{w} is independent. Hence by

Theorem 6, v YNr\{w}, a contradiction. Thus n = r ≤ m.

DEFINITION 10:

A subset B of Q is a basis of Q if

(i) B is independent and

(ii) Q depends on B.
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THEOREM 11:

If L is an independent subset of Q, then there is a basis B of Q with L ⊆ B.
Proof

Let E be the set of all independent subsets of Q. Let C := {L} and let K be the set of

all chains L of independent subsets of Q such that L ∈ L. For any chain L1 ⊆ L2 ⊆ · · ·
of these chains, ∪Li is a chain containing L and it is an upper bound for the chain
L1 ⊆ L2 ⊆ · · · . By Zorn’s Lemma K contains a maximal elementM with C ⊆M ⊆ E .
Let B := ∪ {M |M ∈M}. Then L ⊆ B ⊆ Q. Let Be be a finite subset of B. Then Be
is contained in a finite union of sets ofM . SinceM is a chain, Be ⊆ Me, where Me is

the largest of these sets. Hence by Theorem 5, Be is independent. Thus by definition, B

is independent.

Suppose that Q does not depend on B. Then there exists an x ∈ Q such that x WY Bl for
each finite subset Bl of B. Furthermore, by (D1), x /∈ B [otherwise x Y {x}, and {x} is a
finite subset of B]. It follows that Bl ∪ {x} is independent for every finite subset Bl of B,
otherwise, if Bl ∪ {x} is not independent for some finite Bl, then x Y Bl, by Theorem 6,

and this is a contradiction. Therefore B ∪ {x} is independent, by Definition 4. Next, let
MI

=M ∪ {B ∪ {x}}. ThenMI
is a chain in Q and C ⊆M ⊆MI ⊆ E . ButM W=MI

for B ∪ {x} /∈M since x /∈ B. This contradicts the maximality ofM. Hence Q depends

on B. Thus B is a basis for Q.

THEOREM 12:

Let B be a finite basis of Q with n elements. Then any other basis D of Q also has n

elements.

Proof

Let B = {x1, x2, . . . , xn}. Then since Q depends on D, there exist finite subsets Di of

D such that xi YDi for i = 1, 2, . . . , n. Let E := ∪ {Di | i = 1, 2, . . . , n}. Then E ⊆ D.
In fact, we will show that E = D. Suppose that this is not the case, i.e. suppose that

there exists a y ∈ D with y /∈ E. Since Q depends on B, by Lemma 8, y Y B. But by

Theorem 3, xi Y E for i = 1, 2, . . . , n. Therefore by (D2), y Y E. Moreover, since y /∈ E,
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(E ∪ {y})\{y} = E. Hence y Y (E ∪ {y})\{y}. Therefore the finite subset E ∪ {y} of D
is not independent. This contradicts the independence of D. Hence D = E.

Suppose D contains m elements. Let x ∈ B ⊆ Q. Then x YD. Therefore by Lemma 8, B
depends on D. Hence by Theorem 9, n ≤ m. Similarly, D depends on B. Hence m = n.

THEOREM 13:

Let B and D be bases of Q. Then B and D have the same cardinal number.

Proof

The finite case is dealt with in Theorem 12. Thus let B and D be infinite bases with

cardinal numbers κ1 and κ2 respectively. Let B := {xα |α ∈ Λ}. Then since Q depends
on D, there is for each α ∈ Λ, a finite subset Dα of D such that xα YDα.

Let E := ∪ {Dα |α ∈ Λ}. Then E ⊆ D. We want to show that E = D. Suppose

that E ⊂ D. Then there exists a y ∈ D such that y /∈ E. Since Q depends on B,

there exists a finite subset Be of B such that y Y Be. But Be = {xα1, xα2, . . . , xαq} with
{α1,α2, . . . ,αq} ⊆ Λ. Let Eq := ∪ {Dαi | i = 1, 2, . . . , q}. Then by Theorem 3, xαi Y Eq

for i = 1, 2, . . . , q. Hence by (D2), y Y Eq. Moreover, since y /∈ Eq, (Eq ∪ {y})\{y} = Eq.
Hence y Y (Eq ∪ {y})\{y}. Thus the finite subset Eq ∪ {y} of D is not independent. This

contradicts the independence of D. Thus D = E.

Since D := ∪ {Dα |α ∈ Λ}, κ2 ≤ ℵ0κ1 with ℵ0 the cardinal number of the set of all
natural numbers. Furthermore, since κ1 is infinite, ℵ0κ1 = κ1. Thus κ2 ≤ κ1. Similarly

κ1 ≤ κ2. Therefore κ2 = κ1.

As a consequence of the above two theorems we define the dimension of Q, denoted dimQ

as the cardinal number of a basis of Q.

2.2 F-groups

DEFINITION 1:

An F-group is a structure (V , F ) which satisfies the following conditions:
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(F1) (V , +) is a group and F is a set of endomorphisms of V ;

(F2) The endomorphisms 0, 1 and −1, defined by x0 = 0, x1 = x and x(−1) = −x for
each x ∈ V , are elements of F ;
(F3) F

∗ := F\{0} is a subgroup of the group of automorphisms of (V , +);
(F4) If xα = xβ with x ∈ V and α,β ∈ F , then α = β or x = 0, i.e. F acts fixed point

free (fpf) on V .

NOTE 1:

(a) If V W= {0}, then there is a v ∈ V , with v W= 0. Hence v0 = 0 W= v1. Consequently
0 W= 1.
(b) (V , +) is abelian, since by (F2):

x+ y = (−x)(−1) + (−y)(−1) = (−x− y)(−1) = ((−(y + x))(−1) = y + x.
(c) A vector space over a division ring F is an F-group. Refer to Note 2.1-1(a). More

examples will be given in Chapter 3.

(d) If α ∈ F , then 0α = 0 and (−x)α = −(xα) since α is an endomorphism of V .

2.3 Quasi-kernels

DEFINITION 1:

Let (V , F ) be an F-group. The quasi-kernel Q(V ) (or just Q if there is no danger of

confusion) of (V , F ) is the set of all u ∈ V such that, for each pair α,β ∈ F , there exists
a γ ∈ F for which

uα+ uβ = uγ. (2.1)

LEMMA 2:

The quasi-kernel Q has the following properties:

(a) 0 ∈ Q;
(b) For u ∈ Q\{0}, γ in (2.1) is uniquely determined by α and β;
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(c) If u ∈ Q and λ ∈ F , then uλ ∈ Q, i.e. uF ⊆ Q;
(d) If u ∈ Q and λi ∈ F , i = 1, 2, . . . , n, then

�n
i=1 uλi = uη ∈ Q for some η ∈ F and for

all integers n ≥ 1;
(e) If u ∈ Q\{0} and α,β ∈ F , then there exists a γ ∈ F such that uα− uβ = uγ.
Proof

(a) Let α, β ∈ F . Take any γ ∈ F , then 0α+ 0β = 0γ. Thus 0 ∈ Q.
(b) Let u ∈ Q\{0} and α,β ∈ F . Now suppose there exist γ, γ I ∈ F such that uα+ uβ =
uγ = uγ

I
. Then by (F4), γ = γ

I
, as u W= 0.

(c) Suppose u ∈ Q and λ ∈ F . There are two cases to consider:
Case 1: λ = 0

Then uλ = u0 = 0 ∈ Q.
Case 2: λ W= 0
Let α, β be elements of F . Then by (F3), λα ∈ F and λβ ∈ F . So since u ∈ Q, there
exists a γ ∈ F such that u(λα) + u(λβ) = uγ = uλλ−1γ. So (uλ)α+ (uλ)β = (uλ)(λ−1γ)
which implies that uλ ∈ Q. Thus uF ⊆ Q.
(d) We shall use induction on n. Let S := {n ∈ N | �n

i=1 uλi ∈ uF if u ∈ Q,λi ∈ F, i =
1, 2, . . . , n}. By (c) above, 1 ∈ S. Now suppose k ∈ S, i.e. uη :=�k

i=1 uλi ∈ Q if u ∈ Q.
Then �k+1

i=1 uλi =
�k

i=1 uλi + uλk+1

= uη + uλk+1

= uµ for some µ ∈ F, since u ∈ Q.
Hence k + 1 ∈ S and consequently S = N.
(e) Let u ∈ Q\{0} and α, β ∈ F . Then (−1)β ∈ F and by (F4), (−1)β = −β since
u(−β) = (−u)β = u(−1)β. But u ∈ Q, so there exists a γ ∈ F such that uα+u(−β) = uγ,
which implies that uα− uβ = uγ.

DEFINITION 3:

(V , F ) is said to be a linear F-group if V = {0} or Q(V ) W= {0}.

We shall, in what follows, associate a nearfield with each u ∈ Q(V )\{0} in a linear
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F-group.

DEFINITION 4:

Let (V , F ) be a linear F-group, and let u ∈ Q(V )\{0}. Define the operation +u on F by

u(α+u β) := uα+ uβ (α,β ∈ F ). (2.2)

NOTE 4:

(a) On account of Lemma 2, α+u β is uniquely determined by α and β in F .

(b) Since V is abelian, the set of all endomorphisms of V is a ring if we define addition

in the following way:

x(α+ β) := xα+ xβ

(Refer to Example 1.3-2). In general, α+β, for α and β in F , does not belong to F , since

F is not necessarily the set of all endomorphisms of (V , +). It therefore differs from the

sum defined in Definition 4.

THEOREM 5:

Let (V , F ) be a linear F-group and let u W= 0 be an element of the quasi-kernel Q(V ).

Then (F , +u, ·) with addition +u as defined in Definition 4, is a nearfield.
Proof

Let α, β and γ be elements of F and u ∈ Q(V )\{0}.
First we will show that (F , +u) is an abelian group.

(i)

u[(α+u β) +u γ] = u(α+u β) + uγ

= (uα+ uβ) + uγ

= uα+ (uβ + uγ)

= uα+ u(β +u γ)

= u[α+u (β +u γ)]

Hence by (F4), since u W= 0, (α+u β) +u γ = α+u (β +u γ). Thus +u is associative.
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(ii)

By (F2), 0: V → V defined by v0 := 0 for all v ∈ V is an element of F . But

u(f +u 0) = uf + u0

= uf + 0

= uf.

Hence by (F4), since u W= 0, f +u 0 = f . Similarly, 0 +u f = f . Therefore 0: V → V is

the zero element of (F , +u).

(iii)

Define for each f ∈ F , −f : V → V by −f := (−1)f (Refer to the proof of Lemma 2(e)).
Then

u(−f +u f) = u(−f) + uf
= (−u)f + uf
= (−u+ u)f
= 0f

= 0

= u0.

Hence by (F4), since u W= 0, −f +u f = 0. Similarly, f +u −f = 0. Therefore, for each
f ∈ F , the additive inverse −f exists and is an element of (F , +u).
(iv)

(F , +u) is abelian:

u(β +u γ) = uβ + uγ

= uγ + uβ, since (V , +) is abelian

= u(γ +u β)

Hence by (F4), since u W= 0, β +u γ = β +u γ. Thus (F , +u) is an abelian group. We

also have by (F3), that (F
∗, ·) is a group. All that we still need to verify is that the right
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distributive law holds:

u(α+u β)γ = (uα+ uβ)γ

= (uα)γ + (uβ)γ

= u(αγ) + u(βγ)

= u(αγ +u βγ)

Hence by (F4), since u W= 0, (α+u β)γ = (αγ +u βγ). Thus (F , +u, ·) is a nearfield.

COROLLARY 6:

If (V , F ) is a linear F-group with V W= 0, then F ∗ is the multiplicative group of a nearfield.

THEOREM 7:

If u ∈ Q(V )\{0} and λ ∈ F\{0}, then the nearfields (F , +u, ·) and (F , +uλ, ·) are
isomorphic.

Proof

Define f : (F , +uλ, ·)→ (F , +u, ·) by f(α) := λαλ−1 =: αλ for each α ∈ F ∗ and f(0) = 0.
First we check that f is well-defined: Let α = β. Then f(α) = λαλ−1 = λβλ−1 = f(β).

Next we check that f is bijective: Suppose f(α) = f(β). Then λαλ−1 = λβλ−1 so that

α = λ−1λαλ−1λ = λ−1λβλ−1λ = β. Thus f is injective. Furthermore, let β ∈ (F , +u, ·).
Then λ−1βλ = α ∈ F . Hence β = λαλ−1. Therefore there exists an α in (F , +uλ, ·) such
that f(α) = λαλ−1 = β. Hence f is surjective.

Finally, f respects the operations:

u[f(α+uλ β)] = (uλ)(α+uλ β)λ
−1

= ((uλ)α+ (uλ)β)λ−1

= uλαλ−1 + uλβλ−1

= u[λαλ−1 +u λβλ−1]

= u[f(α) +u f(β)]

Hence by (F4), since u W= 0,

f(α+uλ β) = f(α) +u f(β). (2.3)
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Also,

u[f(αβ)] = u(λαβλ−1)

= u(λαλ−1λβλ−1

= (uλαλ−1)(λβλ−1)

= (uf(α))f(β)

= u(f(α)f(β))

Hence by (F4), since u W= 0,
f(αβ) = f(α)f(β).

Therefore (F , +u, ·) ∼= (F , +uλ, ·).

NOTE 7:

From (2.3), we have f(α+uλ β) = f(α) +u f(β). Hence

λ(α+uλ β)λ
−1 = λαλ−1 +u λβλ−1.

This implies that

(α+uλ β)
λ = αλ +u β

λ.

Therefore

α+uλ β = (α
λ +u β

λ)λ
−1
. (2.4)

DEFINITION 8:

Let (V , F ) be a linear F-group, and let u ∈ Q(V )\{0}. Define the kernel Ru(V ) = Ru of
(V , F ) by the set

Ru := {v ∈ V | v(α+u β) = vα+ vβ for every α,β ∈ F}.

NOTE 8:

(a) u ∈ Ru: Indeed, u ∈ V and u(α+u β) = uα+ uβ for all α,β ∈ F .
(b) Ru ⊆ Q: Let v ∈ Ru, then for every α,β ∈ F there exists a γ ∈ F , namely γ := α+uβ

such that vα+ vβ = vγ.
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(c) 0 ∈ Ru: 0(α+u β) = 0 = 0α+ 0β, for all α, β ∈ F .
(d) (Ru, +) is a subgroup of (V , +): Let v, w ∈ Ru. Then

(v − w)(α+u β) = v(α+u β) + (−w)(α+u β)
= v(α+u β)− w(α+u β)
= vα+ vβ − (wα+ wβ)
= vα− wα+ vβ − wβ, since (V , +) is abelian
= (v − w)α+ (v − w)β.

Hence v − w ∈ Ru.

THEOREM 9:

Q ⊇ RuF := {vλ |λ ∈ F, v ∈ Ru}.
Proof

Let vλ ∈ RuF , where λ ∈ F and v ∈ Ru. By Note 8(b), v ∈ Q. Hence by Lemma 2(c),
vλ ∈ Q.

NOTE 9:

Q = RuF only in special cases. See Section 2.6.

LEMMA 10:

Let u and v be elements of Q\{0}. If v /∈ uF and uα+ vβ = uαI + vβ I (α, β,αI ,βI ∈ F ),
then α = α

I
and β = β

I
.

Proof

Since u and v are in Q, there exists by Lemma 2(e), γ, δ ∈ F such that uγ = uα − uαI

and vδ = vβ
I − vβ. But uα − uαI = vβI − vβ, so uγ = vδ. Suppose that δ W= 0. Then

v = uγδ−1 = u(γδ−1) ∈ uF , a contradiction. Thus δ = 0. Hence vβ = vβI . But v W= 0,
hence by (F4), β = β

I
. But then uα = uα

I
, so α = α

I
, since u W= 0.

LEMMA 11:

If v ∈ Ru, w, v + w ∈ Q and w /∈ vF , then w ∈ Ru.
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Proof

Since v + w ∈ Q, there exists for every α,β ∈ F , a γ ∈ F such that

(v + w)α+ (v + w)β = (v + w)γ.

Hence

vα+ vβ + wα+ wβ = vα+ wα+ vβ + wβ

= vγ + wγ,

which implies that

v(α+u β) + wα+ wβ = vγ + wγ. (2.5)

But w ∈ Q, thus there exists a γI ∈ F such that wα+ wβ = wγI . Hence

v(α+u β) + wγ
I
= vγ + wγ.

But w /∈ vF, so by Lemma 10,
α+u β = γ = γ

I
.

Hence wα+ wβ = wγ
I
= wγ = w(α+u β) by (2.5). Thus w ∈ Ru.

NOTE 11:

By Note 8(d), we have that v + w, as in the lemma above, is an element of Ru.

THEOREM 12:

Let Q(V ) be the quasi-kernel of the F-group V and suppose that u, v ∈ Q(V )\{0} with
v /∈ uF . Then, for any λ ∈ F\{0},

u+ λv ∈ Q(V ) if and only if +u = +vλ.

Proof

Suppose that u+ vλ ∈ Q. By Note 8(a), u ∈ Ru and by Lemma 2(c), v ∈ Q implies that
vλ ∈ Q. Furthermore, v /∈ uF implies that vλ /∈ uF .
To see this, suppose that vλ ∈ uF . Then vλ = uα for some α ∈ F\{0}. Hence v =
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(uα)(λ−1) = u(αλ−1), a contradiction.

Hence by Lemma 11, vλ ∈ Ru. Therefore for every α, β ∈ F,

vλ(α+u β) = vλα+ vλβ

= vλ(α+vλ β).

Hence by (F4), since vλ W= 0, α+u β = α+vλ β.

Conversely, suppose +u = +vλ. Then, for all α, β ∈ F ,

vλ(α+u β) = vλ(α+vλ β) = vλα + vλβ,

so vλ ∈ Ru. Furthermore, u ∈ Ru. Hence by Note 8(d), u + vλ ∈ Ru. Consequently, by
Note 8(b), u+ vλ ∈ Q.

2.4 A Dependence Relation between Q(V ) and 2Q(V )

Let Q = Q(V ) be the quasi-kernel of the F-group V . Define a relation between Q and 2Q

as follows:

(i) v Y ∅ if v = 0;
(ii) v YM , ∅ W=M ⊆ Q, if and only if there exists ui ∈M and λi ∈ F (i = 1, 2, . . . , n) such
that

v =
n3
i=1

uiλi. (2.6)

THEOREM 1:

Let Q be the quasi-kernel of the F-group V . Then the relation defined in (2.6) is a

dependence relation between Q and 2Q.

Proof

Since the empty cases are trivial to handle, we assume that M and N are nonempty

subsets of Q. We verify that the necessary conditions hold. Refer to Definition 2.1-2.

(D1):

Suppose v ∈M . Then v = v1 with 1 ∈ F . Thus v YM .
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(D2):

Suppose that w YM and v Y N for all v ∈ M . Then w = �n
i=1 uiλi with λi ∈ F and

ui ∈ M , i = 1, 2, . . . , n. But for every i (1 ≤ i ≤ n), ui =
�mi

j=1 ωjiβji with βji ∈ F and
ωji ∈ N for j = 1, 2, . . . ,mi. Hence

w =
n3
i=1

(

mi3
j=1

ωjiβji)λi =
n3
i=1

mi3
j=1

ωjiβjiλi

with βjiλi ∈ F and ωji ∈ N for every i (1 ≤ i ≤ n) and every j (1 ≤ i ≤ mi). Hence

w YN .

(D3):

Suppose that v YM and v WY M\{u}. Then v = �n
i=1 uiλi with λi ∈ F and ui ∈ M ,

i = 1, 2, . . . , n. If u W= uj for all j = 1, 2, . . . , n, then v YM\{u}, a contradiction. Thus
u = uj for some j (1 ≤ j ≤ n). Hence

v = u1λ1 + · · ·+ uj−1λj−1 + ujλj + uj+1λj+1 + · · ·+ unλn,

with λj W= 0. This implies that

u = uj = −u1λ1λ−1j − · · ·− uj−1λj−1λ−1j − uj+1λj+1λ−1j − · · ·− unλnλ−1j + vλ−1j .

But by (F3), λ
−1
j ∈ F . Hence λiλ−1j ∈ F for every i (1 ≤ i ≤ n). Therefore

u Y (M\{u}) ∪ {v}.

NOTE 1:

By Theorem 1, the concepts and theorems of Section 2.1 are applicable to Q(V ).

Next we prove a very useful result that relates the definition of independence given in

Section 2.1 to the well-known definition of linear independence in vector spaces.

PROPOSITION 2:

A subset M of Q is independent if and only if
�n

i=1 uiλi = 0, with ui ∈ M and λi ∈ F
(i = 1, 2, . . . , n), implies that λ1 = λ2 = · · · = λn = 0.
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Proof

Suppose that M ⊆ Q is independent and that
�n

i=1 uiλi = 0, with ui ∈ M and λi ∈ F
(i = 1, 2, . . . , n). Suppose without loss of generality that λ1 W= 0, then λ−11 ∈ F and

u1 = −u2λ2λ−11 − u3λ3λ−11 − · · ·− unλnλ−11 ,

a contradiction.

Conversely, suppose that
�n

i=1 uiλi = 0, with ui ∈M and λi ∈ F (i = 1, 2, . . . , n), implies
that λ1 = λ2 = · · · = λn = 0. Suppose that M is not independent. Then there exists a

finite subset M
I
of M which is not independent. Thus there exists a m ∈M I

such that

m = u1λ1 + u2λ2 + · · ·+ unλn,

with ui ∈M I\{m} and λi ∈ F (i = 1, 2, . . . , n). This implies that

m1− u1λ1 − u2λ2 − · · ·− unλn = 0,

which by hypothesis implies that 1 = 0, a contradiction.

COROLLARY 3:

For x ∈ Q, x W= 0, {x} is independent.

NOTE 3:

(a) A subset E of Q is called a generating system of Q if Q depends on E, i.e. if for every

v ∈ Q, there exist λi ∈ F and ui ∈ E, (i = 1, 2, . . . , n) such that v =
�n

i=1 uiλi.

(b) As stated at the end of Section 2.1, the dimension of Q, denoted dimQ, is the cardinal

number of a basis of Q.

LEMMA 4:

If {ui | i ∈ I} is a basis of Q and λi ∈ F\{0} for each i ∈ I, then {uiλi | i ∈ I} is a basis
of Q.

Proof

Let v ∈ Q. Then since {ui | i ∈ I} is a basis of Q,

v =
�n

r=1 urαr

=
�n

r=1(urλr)(λ
−1
r αr),
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with αr ∈ F and ur ∈ {ui | i ∈ I}, (1 ≤ r ≤ n). Hence Q depends on {uiλi | i ∈ I}.
Next we show that {uiλi | i ∈ I} is independent. Suppose that

�m
j=1(ujλj)αj = 0 with

αj ∈ F , uj ∈ {ui | i ∈ I} (1 ≤ j ≤ m), then
�m

j=1 uj(λjαj) = 0. Hence by Proposition

2, λ1α1 = λ2α2 = · · · = λmαm = 0. Therefore, since λj W= 0 (1 ≤ j ≤ m), αj = 0

(1 ≤ j ≤ m). Hence again by Proposition 2, {ujλj | j ∈ I} is independent.

2.5 Near Vector Spaces

DEFINITION 1:

An F-group (V , F ) is called a near vector space over F if the following condition holds:

(Q1) The quasi-kernel Q = Q(V ) of V generates the group (V , +).

NOTE 1:

(a) Every near vector space over F is a linear F-group.

(b) In a near vector space V with quasi-kernel Q, a basis of Q is called a basis of V , and

we define dimV := dimQ.

(c) Every vector space is a near vector space.

(d) A nearfield F over itself is a near vector space, but in general not a vector space, of

dimension one. This can be verified as follows:

Firstly, (F , F ) satisfies the conditions of an F-group. Furthermore, since F is a nearfield,

it has an identity e. Moreover, e ∈ Q(F ), since eα+ eβ = e(α+β). Now let x ∈ F . Then
ex ∈ Q(F ) by Lemma 2.3-2(c). Hence F ⊆ Q(F ). But Q(F ) ⊆ F . Hence Q(F ) = F .
Therefore Q(F ) generates F . Clearly {x} is a basis for (F , F ), for any x ∈ F , x W= 0, so
dimF = 1.

DEFINITION 2:

Two near vector spaces, (V , F ) and (W , F ) are isomorphic if there is a bijection ψ : V →
W satisfying:

(i) ψ(v1 + v2) = ψ(v1) + ψ(v2) for all v1, v2 ∈ V ,
(ii) ψ(vα) = ψ(v)α for all v ∈ V , α ∈ F .
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The next theorem gives us an important example of a near vector space.

THEOREM 3:

Let F = (F , +, ·) be a (right) nearfield and let I be a nonempty index set. Then the set

F (I) := {(ξi)i∈I | ξi ∈ F, ξi W= 0 for at most a finite number of i ∈ I}

is a near vector space over F , if we define addition and multiplication component wise as

follows:

(ξi) + (ηi) := (ξi + ηi)

and

(ξi)λ := (ξiλ), (2.7)

where ξi, ηi and λ are elements of F and (ξi) is used as an abbreviation for (ξi)i∈I .

Proof

First we will show that (F (I), F ) is an F-group:

(F1):

(i)

[(ξi) + (ηi)] + (αi) = (ξi + ηi) + (αi)

= ((ξi + ηi) + αi)

= (ξi + (ηi + αi))

= (ξi) + [(ηi) + (αi)].

Thus + is associative.

(ii) (0) is an element of (F (I), +) and moreover, it is the identity of (F (I), +) since

(ξi) + (0) = (ξi + 0) = (ξi)

and

(0) + (ξi) = (0 + ξi) = (ξi).

(iii) For each (ξi) ∈ F (I), (−ξi) ∈ F (I) and

(ξi) + (−ξi) = (ξi − ξi) = (0)
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and

(−ξi) + (ξi) = (−ξi + ξi) = (0).

So −(ξi) = (−ξi) ∈ F (I).
Furthermore, F is a set of endomorphisms of F (I), since,

[(ξi) + (ηi)]λ = (ξi + ηi)λ

= ((ξi + ηi)λ)

= (ξiλ+ ηiλ), since F is a right nearfield

= (ξiλ) + (ηiλ)

= (ξi)λ+ (ηi)λ.

(F2):

The endomorphisms 0, 1,−1 defined by

(ξi)0 = (ξi0) = (0),

(ξi)1 = (ξi1) = (ξi),

(ξi)(−1) = (ξi(−1)) = (−ξi),

are elements of F .

(F3):

F ∗ is a subgroup of the automorphism group of (F (I), +). To see this, let λ ∈ F ∗. Then
λ is a bijection:

Let (ξi)λ = (ηi)λ, then (ξiλ) = (ηiλ) which implies that ξiλ = ηiλ for each i ∈ I and so
(ξi − ηi)λ = 0. Thus for each i ∈ I, since λ W= 0, ξi = ηi, which implies that (ξi) = (ηi).

Thus λ is an injection.

Now let (ξi) be an element of F
(I). Then since λ W= 0, λ−1 exists and is an element of F .

Hence ξiλ
−1 ∈ F for each i ∈ I. Therefore (ξiλ−1) ∈ F (I). But (ξiλ−1)λ = (ξiλ−1λ) = (ξi).

Hence λ is surjective.

Consequently F ∗ is a subset of the automorphism group of (F (I), +). But F is a nearfield.

Hence F ∗ is a subgroup of the automorphism group of (F (I), +).



CHAPTER 2. THE THEORY OF NEAR VECTOR SPACES 36

(F4):

Let (ξi)λ = (ξi)µ. Then (ξiλ) = (ξiµ), which implies that for each i ∈ I, ξiλ = ξiµ.

Suppose that λ W= µ. Then if there exists a j ∈ I such that ξj W= 0, ξ−1j ∈ F . Hence
ξ−1j ξjλ = ξ−1j ξjµ. Therefore, λ = µ, a contradiction. Hence ξi = 0 for each i ∈ I.
Finally, we show that Q(F (I)) generates (F (I), +). Let ej := (δji)i∈I = (δji), where δji is

the Kronecker symbol. Then, for every α, β ∈ F ,

ejα+ ejβ = (δjiα) + (δjiβ)

= (δjiα+ δjiβ)

= (δji(α+ β))

= (δji)(α+ β)

= ej(α+ β).

Thus {ej | j ∈ I} ⊆ Q(F (I)) and since every element of F (I) is of the form
�

j∈K ejλj,

with λj ∈ F and K a finite subset of I, Q(F (I)) generates (F (I), +).

DEFINITION 4:

Let F be a nearfield. Define the kernel of F to be the set of all distributive elements of

F , i.e.

Fd := {κ ∈ F |κ(ξ + η) = κξ + κη for every ξ, η ∈ F}.

THEOREM 5:

Let F be a nearfield. Then

(a) Fd, with the operations of F , is a division ring, and

(b) F is a left vector space over Fd.

Proof

(a) ∅ W= Fd ⊆ F since 1 ∈ Fd : 1(ξ + η) = ξ + η = 1ξ + 1η for every ξ, η ∈ F .



CHAPTER 2. THE THEORY OF NEAR VECTOR SPACES 37

Now let κ1,κ2 be elements of Fd and ξ, η elements of F . Then

(κ1 − κ2)(ξ + η) = κ1(ξ + η)− κ2(ξ + η)

= κ1ξ + κ1η − κ2ξ − κ2η

= κ1ξ − κ2ξ + κ1η − κ2η

= (κ1 − κ2)ξ + (κ1 − κ2)η.

Hence κ1 − κ2 ∈ Fd. Therefore Fd is a subgroup of (F , +). But (F , +) is an abelian
group so (Fd, +) is an abelian group.

Furthermore, (F ∗d , ·) is a subgroup of (F ∗, ·):
Let κ ∈ Fd, κ W= 0 and consider κ−1. Now

κ[κ−1(ξ + η)] = ξ + η

= κ(κ−1ξ) + κ(κ−1η)

= κ(κ−1ξ + κ−1η)

which implies that

κ([κ−1(ξ + η)]− [κ−1ξ + κ−1η]) = 0.

But κ W= 0 thus
κ−1(ξ + η) = κ−1ξ + κ−1η

so κ−1 ∈ Fd.
Moreover,

κ1κ2(ξ + η) = κ1(κ2ξ + κ2η)

= κ1(κ2ξ) + κ1(κ2η)

= (κ1κ2)ξ + (κ1κ2)η.

Hence κ1κ2 ∈ Fd. Thus (F ∗d , ·) is a subgroup of (F ∗, ·).
Finally, (η + κ)ξ = ηξ + κξ and by definition κ(η + ξ) = κη + κξ for every η, ξ,κ ∈ Fd.
Hence Fd is a division ring.

(b) Let ξ, η ∈ F and κ1,κ2 ∈ Fd. Then
(i) (F , +) is an abelian group,

(ii) κ1ξ ∈ F ,
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(iii) κ1(ξ + η) = κ1ξ + κ1η,

(iv) (κ1 + κ2)ξ = κ1ξ + κ2ξ,

(v) (κ1κ2)ξ = κ1(κ2ξ),

(vi) 1ξ = ξ.

Thus F is a left vector space over Fd.

COROLLARY 6:

Let F be a right nearfield. Then F = Fd if and only if F is a division ring.

Proof

Suppose F = Fd. Then F is a division ring, since by the previous theorem, Fd is a division

ring.

Conversely, suppose F is a division ring. Then all elements of F are left distributive and

the result follows trivially.

THEOREM 7:

Consider the F-group (F (I), F ). Then

Q(F (I)) = {(κi)λ |λ ∈ F,κi ∈ Fd for all i ∈ I}.

Proof

Let α,β ∈ F and κi ∈ Fd for all i ∈ I. Then

(κi)α+ (κi)β = (κiα) + (κiβ)

= (κiα+ κiβ)

= (κi[α+ β])

= (κi)[α+ β].

Thus (κi) ∈ Q(F I). Therefore, by Lemma 2.3-2(c), (κi)λ ∈ Q(F (I)) for any λ ∈ F .
Conversely, let (ξi) ∈ Q(F (I)). If (ξi) = (0), then (ξi) = (κi)λ with λ = 0 and κi ∈ Fd
for all i ∈ I. Hence, suppose (ξi) W= (0), i.e. there exists an i0 ∈ I such that ξi0 W= 0. Let
κi := ξiξ

−1
i0
for each i ∈ I. Then (ξi) = (κi)ξi0 and since (κi) = (ξiξ

−1
i0
) = (ξi)ξ

−1
i0
and

ξ−1i0 ∈ F and (ξi) ∈ Q(F I), by Lemma 2.3-2(c), (κi) ∈ Q(F (I)). Thus there exists a γ ∈ F
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such that for each i ∈ I,

κiα+ κiβ = κiγ (for each α,β ∈ F ). (2.8)

But κi0 = ξi0ξ
−1
i0
= 1. Hence, since (2.8) holds for each i ∈ I, 1α+1β = 1γ, which implies

that α+β = γ. Thus κiα+κiβ = κi(α+β) for each i ∈ I and all α,β ∈ F . Consequently,
κi ∈ Fd for each i ∈ I.

In the next theorem we shall show how the space F (I) can be characterised as an F-group.

First, we need to prove the following lemma.

LEMMA 8:

Let V be a near vector space and let B = {ui | i ∈ I} be a basis of Q. Then each x ∈ V
is a unique linear combination of elements of B, i.e. there exists ξi ∈ F , with ξi W= 0 for
at most a finite number of i ∈ I, which are uniquely determined by x and B, such that

x =
3
i∈I
uiξi.

Proof

Let x ∈ V . By (Q1), there exists v1, v2, . . . , vn ∈ Q such that

x =
n3
j=1

vj.

Since each vj is a linear combination of elements of B, x is also a linear combination of

elements of B.

To prove the uniqueness, let 3
i∈I
uiξi =

3
i∈I
uiξ

I
i

with at most a finite number of the ξi and ξ
I
i not zero and ui ∈ B (i ∈ I). Since

B ⊆ Q, ui ∈ Q (i ∈ I). Hence, by Lemma 2.3-2(e), there are ηi ∈ F (i ∈ I) such that
uiξi − uiξIi = uiηi for all i ∈ I. But3

i∈I
(uiξi − uiξIi) = 0,
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showing that
�

i∈I uiηi = 0. Thus, since B is independent, ηi = 0 for all i ∈ I. Hence for
each i ∈ I,

uiξi − uiξIi = 0

and so uiξi = uiξ
I
i. Therefore for each i ∈ I, ξi = ξ

I
i since ui W= 0 for each i ∈ I.

THEOREM 9:

Let F be a nearfield and V an F-near vector space. Then there exists an index set I and

a bijection f : V → F (I) which is homogeneous, i.e.

f(xα) = f(x)α (α ∈ F, x ∈ V ),

where f(x)α is defined as in (2.7).

Proof

Take any basis B of V as index set and define f by

f(x) = f(
3
u∈B

uξu) := (ξu)u∈B.

Then f is well defined:

Let x and y be elements of V . Then there are ξu (u ∈ B) and ηu (u ∈ B) such that
x =
�

u∈B uξu and y =
�

u∈B uηu. Suppose that x = y, i.e.
�

u∈B uξu =
�

u∈B uηu. Then

by Lemma 8, ξu = ηu for all u ∈ B. Hence (ξu)u∈B = (ηu)u∈B. Therefore f(x) = f(y).
Next we show that f is a bijection:

Let f(x) = f(y), then f(
�

u∈B uξu) = f(
�

u∈B uηu), which implies that (ξu)u∈B =

(ηu)u∈B. Hence ξu = ηu for all u ∈ B. Therefore x =
�

u∈B uξu =
�

u∈B uηu = y.

Hence f is injective. To show that f is surjective, let (ξu)u∈B be an element of F (B).

Then ξu ∈ F for all u ∈ B. Let x = �u∈B uξu. Then since V is a near vector space,

x ∈ V and f(x) = f(�u∈B uξu) = (ξu)u∈B.

Finally, we show that f is homogeneous:
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Let x ∈ V , then there are ξu (u ∈ B) such that x =
�

u∈B uξu. Hence

f(xα) = f((
�

u∈B uξu)α)

= f(
�

u∈B u(ξuα))

= (ξuα)

= (ξu)α

= f(x)α.

NOTE 9:

Let {ui | i ∈ I} be a basis of Q and let f be as defined in Theorem 9. Then f(ui) =

(δij)j∈I := ej where δij is the Kronecker symbol.

For further investigation of the structure of near vector spaces, we need the following

relation.

DEFINITION 10:

The elements u and v of Q\{0} are called compatible (u cp v), if there is a λ ∈ F\{0}
such that u+ vλ ∈ Q.

LEMMA 11:

The elements u and v of Q\{0} are compatible if and only if there exists a λ ∈ F\{0}
such that +u = +vλ.

Proof

If v /∈ uF , the result follows immediately from Theorem 2.3-12. Suppose now that v ∈ uF ,
i.e. v = uα for an α ∈ F\{0}. Then the following two statements hold simultaneously:
(i)

u cp uα (2.9)

since by Lemma 2.3-2(d), u1 + uαλ ∈ Q for each λ ∈ F .
(ii) +u = +vλ, since vλ = uαα

−1 = u if we take λ = α−1.

THEOREM 12:

The compatibility relation cp is an equivalence relation on Q\{0}.
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Proof

(i) Reflexivity:

u cp u since by Lemma 2.3-2(d), u+ uλ ∈ Q for any u ∈ Q.
(ii) Symmetry:

Let u, v ∈ Q\{0} and suppose u cp v. Then there exists a λ ∈ F\{0} such that u+vλ ∈ Q.
Hence by Lemma 2.3-2(c), (u+ vλ)λ−1 = uλ−1 + v = v + uλ−1 ∈ Q. Hence v cp u.
(iii) Transitivity:

Let u, v, w ∈ Q and suppose u cp v and v cp w. Then by Lemma 10, +u = +vλ and

+v = +wµ for certain λ, µ ∈ F\{0}. It suffices to show that +u = +wη for some η ∈ F\{0}.
Now

α+u β = α+vλ β

= (αλ +v β
λ)λ

−1
(by (2.4))

= (αλ +wµ β
λ)λ

−1

= α+wµλ β

= α+wη β, where η = µλ ∈ F\{0}.
Hence by Lemma 10, u cp w.

THEOREM 13:

Let u, v and u+ v be elements of Q\{0}. Then
(a) u cp v, and

(b) u cp u+ v.

Proof

(a) Since u+ v is an element of Q, u cp v follows from Definition 10 by putting λ = 1.

(b) If v = uα with α ∈ F\{0}, then u cp u+ v since u + (u + v)1 = u + (u + uα)1 ∈ Q
by Lemma 2.3-2(d).

If v /∈ uF , then by Lemma 2.3-15, u+v ∈ Ru. Hence by Note 2.3-8, u+(u+v) ∈ Ru ⊆ Q.
Therefore u cp u+ v.

DEFINITION 14:

A near vector space V is called a regular near vector space if the following condition holds:
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(Q2) Any two vectors of Q\{0} are compatible.

THEOREM 15:

A near vector space V is regular if and only if there exists a basis which consists of mu-

tually pairwise compatible vectors.

Proof

Suppose V is regular. Then, by definition, any two vectors of Q\{0} are compatible.
Therefore, every basis of Q (by Note 1(b) also of V ) consists of mutually pairwise com-

patible vectors.

Conversely, let V be a near vector space with a basis B consisting of mutually pairwise

compatible vectors. Let u ∈ Q\{0}. Then by Lemma 8, u can be written as a linear com-
bination of basis elements. Therefore, without loss of generality, suppose u =

�r
i=1 uiλi

with ui ∈ B and λi W= 0 for all i ∈ {1, 2, . . . , r}. Let

u
I
=


�r−1

i=1 uiλi if r > 1

0 if r = 1.

Then u = u
I
+ urλr ∈ Q. Hence, for every α, β ∈ F , there exists a ξ ∈ F such that

(u
I
+ urλr)α+ (u

I
+ urλr)β = uα+ uβ

= uξ

= (u
I
+ urλr)ξ.

Hence u
I
α + urλrα + u

I
β + urλrβ = u

I
ξ + urλrξ, and therefore u

I
α + u

I
β + urλrα +

urλrβ = u
I
ξ + urλrξ. But ur /∈ {u1, u2, . . . , ur−1}. Hence, by uniqueness (Lemma 8),

urλrα+ urλrβ = urλrξ. Therefore u
I
α+ u

I
β = u

I
ξ which implies that u

I ∈ Q.
Now we will show that u and ur are compatible:

If u
I
= 0 then u = urλr and hence by (2.9), ur cp urλr.

If u
I W= 0, then by Theorem 13, urλr cp u since uI , urλr and u = uI +urλr = urλr+uI are

elements of Q. But, by (2.9), ur cp urλr. Consequently, by Theorem 12, ur cp u.

But, by assumption, ur is compatible with every other vector of B. Therefore, it follows

from the transitivity of cp (Theorem 12), that u is compatible with every other vector of
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B. But u ∈ Q\{0} was arbitrarily chosen. Thus if v, w ∈ Q\{0} then v cp ui and w cp
ui with ui ∈ B. Hence again, by Theorem 12, v cp w. Thus every two elements of Q\{0}
are compatible. Consequently, V is regular.

LEMMA 16:

If W is a subspace of V , then Q(W ) =W ∩Q(V ).
Proof

Suppose that w ∈ Q(W ). Then for each α,β ∈ F , there exists a γ ∈ F , such that

wα+ wβ = wγ.

But W is a subspace of V , so w ∈ V and by the above equation, w ∈ Q(V ). Thus
Q(W ) ⊆W ∩Q(V ).
Now suppose w ∈ W ∩ Q(V ). Then, since w ∈ Q(V ), for each α, β ∈ F , there exists a
γ ∈ F , such that

wα+ wβ = wγ,

but w ∈W , so by the above equation, w ∈ Q(W ). Thus W ∩Q(V ) ⊆ Q(W ).

THEOREM 17: (The Decomposition Theorem)

Every near vector space V is the direct sum of regular near vector spaces Vj (j ∈ J)
such that each u ∈ Q\{0} lies in precisely one direct summand Vj. The subspaces Vj are
maximal regular near vector spaces.

Proof

(i) First we will show that V is the direct sum of regular near vector spaces Vj (j ∈ J).
We start by partitioning Q\{0} into sets Qj (j ∈ J) of mutually pairwise compatible
vectors. This is possible by Theorem 12. Furthermore, let B ⊆ Q\{0} be a basis of V
and let Bj := B ∩Qj. By our partitioning, the Bj’s are disjoint and clearly each Bj is an
independent set of B. Furthermore, B = ∪j∈JBj:
We know that Q\{0} = ∪j∈JQj, so

∪j∈jBj = ∪j∈j(B ∩Qj) = B ∩ (∪j∈jQj) = B ∩ (Q\{0}) = B.
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Now let B = {bi | i ∈ I} with I an index set. Since B = ∪j∈JBj with the Bj’s mutually
disjoint, for each i ∈ I, bi ∈ Bj for some j ∈ J . Let Ij = {i ∈ I | bi ∈ Bj}. Then for
each j ∈ J , Bj = {bij := bi | i ∈ Ij}, and I = ∪j∈JIj. Let Vj := �BjX be the subspace of
V generated by Bj. By Theorem 15, Vj is regular since Bj (⊆ Qj) consists of mutually
pairwise compatible vectors. Let x ∈ V . Then by Lemma 8, x = �i∈I biηi with bi ∈ B
and ηi W= 0 for at most a finite number of i ∈ I. Hence x = �j∈J(

�
i∈Ij bijηij) with

bij ∈ Bj and ηij = ηi if bi ∈ Bj. Moreover, since Vj = �BjX, there is an xj ∈ Vj such that
xj =

�
i∈Ij bijηij. Hence

x =
3
j∈J

xj. (2.10)

By Lemma 8, x =
�

i∈I biηi can be written in a unique way. If we apply the same lemma

to the near vector space Vj with basis Bj for all j ∈ J , then for each j ∈ J there exists
a unique xj ∈ Vj which corresponds to

�
i∈Ij bijηij. Hence x =

�
j∈J xj is uniquely

determined. Thus V = ⊕j∈JVj.
(ii) Next we will show that each u ∈ Q\{0} lies in precisely one direct summand Vj.
Suppose that there exist elements in Q\{0} which are not elements of Vj for any j ∈ J . Let
u be such an element with the least possible number of summands in the decomposition

given by (2.10), i.e. let

u =
3
j∈J

uj, (2.11)

with uj ∈ Vj (j ∈ J) and with the number of uj W= 0 (j ∈ J) as small as possible. Since
u ∈ Q, for every α,β ∈ F there exists a δ ∈ F such that uα+ uβ = uδ. But

uα+ uβ = (
�

j∈J uj)α+ (
�

j∈J uj)β

=
�

j∈J ujα+
�

j∈J ujβ

=
�

j∈J(ujα+ ujβ)

and

uδ = (
�

j∈J uj)δ

=
�

j∈J ujδ.

Hence
�

j∈J(ujα + ujβ) =
�

j∈J ujδ. But since ⊕j∈JVj is a direct sum, Vi ∩ Vj = {0}
for i W= j. Hence ujα + ujβ = ujδ for all j ∈ J . This implies that

�
j∈J I (ujα + ujβ) =
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�
j∈J I ujδ for all J

I⊆ J . Hence

(
3
j∈J I

uj)α+ (
3
j∈J I

uj)β = (
3
j∈J I

uj)δ for all J
I⊆ J. (2.12)

Consequently,

u
I
:=
3
j∈J I

uj ∈ Q (uI W= 0). (2.13)

Let Ju be the set of all j ∈ J for which uj W= 0 in the decomposition (2.11). Since Ju is
finite and u /∈ Vj for some j ∈ J , |Ju| > 1. Furthermore, by the definition of u, |Ju∗| ≥ |Ju|
for all u∗ ∈ Q\ ∪j∈J Vj. Next we will show that if J I⊆ J such that Ju ∩ (J\J I) W= ∅, then
|JuI | = 1 with uI as defined in (2.13). To see this, suppose that |JuI | > 1 (Note: |JuI | W= 0
since u

I W= 0). Then u
I
= uj1 + uj2 + · · · + ujn with n > 1 and JuI = {j1, j2, . . . , jn}.

Then u
I
/∈ Vji with ji ∈ J I since uI ∈ Vji implies that uI − uji ∈ Vji ∩ ⊕j∈J\{ji}Vj = {0}.

But then u
I
= uji and uji ∈ Vji , so uI ∈ Vji , a contradiction. Moreover, uI /∈ VjI with

j
I ∈ J\J I , since uI ∈ VjI implies that uI ∈ VjI ∩⊕j∈J\{jI}Vj = {0}, a contradiction. Hence
u
I
/∈ ∪j∈JVj. Thus uI ∈ Q\ ∪j∈J Vj. Hence |JuI | ≥ |Ju|. However, this is contradictory

to our assumption that J
I
(⊆ J) is such that Ju ∩ (J\J I) W= ∅. Hence JuI = {j I} for

some j
I ∈ J . Also |Ju−uI | = 1. To see this, suppose |Ju−uI | = m with m > 1 (Note:

|Ju−uI | W= 0 since Ju ∩ (J\J I) W= ∅). Then u − uI = uj1 + uj2 + · · · + ujm . As shown
in the above paragraph, u − uI /∈ ∪j∈JVj. Furthermore, by (2.12), u − uI ∈ Q. Hence
u − uI ∈ Q\ ∪j∈J Vj. Therefore, |Ju−uI | ≥ |Ju|. This contradicts JuI = {j I}. Hence
Ju−uI = {j II} for some j II ∈ J , with j II W= j I . [If j := j I = j II , then uI = uj and u−uI = uj.
Hence u = 2uj ∈ Vj, a contradiction.] We therefore obtain the following:

u = u
I
+ (u− uI) (2.14)

with u
I ∈ VjI and u − uI ∈ VjII . But uI ∈ Q and u − uI ∈ Q. Hence uI ∈ Q ∩ VjI =: QjI

and u− uI ∈ Q∩VjII =: QjII . But uI cp u−uI (see (2.14)). Thus j I = jII , a contradiction.
Therefore Q ⊆ ∪j∈JVj. Hence each u ∈ Q\{0} is contained in at least one Vj and since
Vj ∩ VjI = {0} for j W= j I , each u is contained in precisely one Vj.
(iii) Finally we show that the subspaces Vj (j ∈ J) are maximal regular near vector spaces.
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Suppose to the contrary that there exists a j0 ∈ J such that Vj0 ⊂ W with W a regular

subspace of V . Suppose that Q(Vj0) = Q(W ). Then since Vj0 is generated by Q(Vj0) and

W is generated by Q(W ), Vj0 = W , which is contrary to our assumption. Hence, there

exists a u ∈ Q ∩ (W\Vj0) (Lemma 16). Since u ∈ Q\{0}, u ∈ Vj for some j ∈ J\{j0}.
But W is regular, so since Vj0 ⊂ W , u is compatible with each v ∈ Q(Vj0)\{0}. This
contradicts the fact that j W= j0.

THEOREM 18: (The Uniqueness Theorem)

There exists only one direct decomposition of a near vector space into maximal regular

near subspaces.

Proof

The existence of such a decomposition was shown in the previous theorem. Now to show

the uniqueness, let

V = ⊕j∈JVj = ⊕jI∈J IV
I
jI (2.15)

be two direct decompositions of V in maximal regular subspaces Vj (j ∈ J) and V IjI
(j
I∈ J I) respectively. Furthermore let Qj := (Q(V )\{0})∩Vj (j ∈ J). By (Q1), Vj = �QjX

for each j ∈ J . Now each two vectors in Qj, are, by (Q2), compatible. But Qj is not
properly contained in a set of mutually compatible vectors. This can be shown as follows:

Suppose that, for some j ∈ J , there exists a u ∈ Q(V )\Qj such that u cp v for all v ∈ Qj.
Let Q(Wj)\{0} be the equivalence class (with respect to cp), with u ∈ Q(Wj)\{0}. Then
Qj ⊂ Q(Wj)\{0}. Let Wj := �Q(Wj)\{0}X. Then Wj is regular since any two elements

of Q(Wj)\{0} are compatible. But Vj ⊂ Wj, which contradicts the maximality of Vj.

Moreover, every V
I
jI (j

I ∈ J I) is maximal regular and so QI
jI is not properly contained in

a set of mutually compatible vectors, and therefore corresponds to a Qj (j ∈ J). Hence
Qj ⊆ V IjI and therefore Vj ⊆ V

I
j
I . But Vj is maximal regular and so Vj = V

I
j
I . Therefore

{Vj | j ∈ J} ⊆ {V IjI | j
I ∈ J I}. By symmetry, {V I

j
I | j I ∈ J I} ⊆ {Vj | j ∈ J}. Consequently,

{V I
j
I | j I ∈ J I} = {Vj | j ∈ J}.

DEFINITION 19:

The uniquely determined direct decomposition of a near vector space V into maximal
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regular subspaces, is called the canonical direct decomposition of V .

THEOREM 20:

A direct decomposition

V = ⊕j∈JVj (2.16)

of a near vector space V into regular subspaces Vj (j ∈ J) is canonical if and only if

Q ⊆ ∪j∈JVj. (2.17)

Proof

Suppose that a direct decomposition V = ⊕j∈JVj of a near vector space V into regular

subspaces Vj (j ∈ J) is canonical. By Theorem 18 such a decomposition is unique and in

the proof of Theorem 17 it is shown that Q ⊆ ∪j∈JVj.
Conversely, suppose that Q ⊆ ∪j∈JVj. Furthermore, assume that there exists a Vj0 in
(2.16) which is not maximal regular, i.e. Vj0 ⊂ W , where by Zorn’s Lemma, we can

assume, without loss of generality, that W is maximal regular in V . Then there exists an

x ∈ Q(V ) ∩ (W\Vj0) (see the proof of Theorem 17). By (2.17) there exists a j1 ∈ J such
that x ∈ Vj1 and j1 W= j0. Also, Vj1 +W is regular:

To see this let u ∈ Vj1 ∩W and u ∈ Q(V )\{0}. Then for any v ∈ Vj1 ∩ (Q(V )\{0}),
u and v are compatible since Vj1 is regular. Similarly, u and w are compatible for any

w ∈ W ∩ (Q(V )\{0}). By Theorem 12, v and w are compatible. Hence any two vectors

of ((Q(V )\{0} ∩ Vj1) ∪ ((Q(V )\{0}) ∩ W )) are compatible. But ((Q(V )\{0} ∩ Vj1) ∪
((Q(V )\{0}) ∩ W )) generates Vj1 + W . Hence Vj1 + W contains a basis B such that

B ⊆ ((Q(V )\{0} ∩ Vj1) ∪ ((Q(V )\{0}) ∩ W )). Therefore by Theorem 15, Vj1 + W is

regular.

Since W is maximal regular, Vj1 +W = W . Hence Vj1 ⊆ W and Vj0 + Vj1 ⊆ W . For
uk ∈ Vjk ∩ (Q(V )\{0} (k = 0, 1), there exists a λ ∈ F\{0} such that u0+u1λ ∈ Q(V )\{0}
since u0, u1 ∈W ∩ (Q(V )\{0}). By (2.17), there exists a j2 ∈ J such that

u0 + u1λ ∈ Vj2\{0}. (2.18)



CHAPTER 2. THE THEORY OF NEAR VECTOR SPACES 49

Since u0 + u1λ /∈ Vj0 and u0 + u1λ /∈ Vj1 , Vj2 W= Vj0 and Vj2 W= Vj1 . Hence by the direct
sum decomposition (2.16), (Vj0 + Vj1) ∩ Vj2 = {0}. This, however, contradicts (2.18).
Consequently, every Vj in (2.16) is maximal.

THEOREM 21:

Let V be a near vector space with quasi-kernel Q. If u ∈ Q\{0}, x ∈ V \uF and

uα+ xβ = uα
I
+ xβ

I
(α,β,α

I
, β
I ∈ F ), (2.19)

then α = α
I
and β = β

I
.

Proof

Let u =: u0. Extend {u} to a basis B of Q (See Theorem 2.1-11). By Lemma 8 there

exists a linear combination x =
�r

i=0 uiηi, ηi ∈ F , ui ∈ B (0 ≤ i ≤ r). Since x /∈ uF , we
can take η1 W= 0 without loss of generality [If ηi = 0 for 1 ≤ i ≤ r, then x = u0η0 ∈ uF ].
By (2.19):

u0α+ (
r3
i=0

uiηi)β = u0α
I
+ (

r3
i=0

uiηi)β
I
.

This implies that

u0(α+u0 η0β) +
r3
i=1

uiηiβ = u0(α
I
+u0 η0β

I
) +

r3
i=1

uiηiβ
I
.

Hence, as a result of the uniqueness of this representation (Lemma 8), α+u0 η0β = α
I
+u0

η0β
I
and η1β = η1β

I
. Since η1 W= 0, by (F4), β = β

I
. Therefore since α+u0η0β = α

I
+u0η0β

I
,

we also have α = α
I
.

2.6 The Structure of Regular Near Vector Spaces

THEOREM 1:

A near vector space V is regular if and only if

Q = {vλ |λ ∈ F, v ∈ Ru} =: RuF, (2.20)
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where Ru(V ) = Ru is the kernel of a u ∈ Q(V )\{0} = Q\{0}. In this case Q = RuF for
all u ∈ Q\{0}.
Proof

Let V be a regular near vector space and let u, v ∈ Q\{0}. There are two cases to
consider:

Case 1:

Suppose that v ∈ uF , i.e. v = uλ for a λ ∈ F . Then v ∈ RuF since u ∈ Ru.
Case 2:

Suppose that v /∈ uF . Then since V is regular and u, v ∈ Q\{0}, u cp v. Hence there
exits a λ ∈ F\{0} such that u + vλ ∈ Q. Then since u ∈ Ru, vλ ∈ Q, vλ /∈ uF and

u+ vλ ∈ Q, by Lemma 2.3-11 , vλ ∈ Ru. Hence v ∈ RuF (vλλ−1 ∈ RuF ).
Therefore in both cases, Q ⊆ RuF , but by Theorem 2.3-9, RuF ⊆ Q, so Q = RuF .
Conversely, suppose that (2.20) holds for a u ∈ Q\{0}. Then for each v ∈ Q\{0}, there
exists a v0 ∈ Ru and α ∈ F\{0} such that v = v0α. Since u, v0 ∈ Ru it follows by Note
2.3-8(b) that u + v0 = u + vα

−1 ∈ Ru ⊆ Q. Hence u cp v. But v was arbitrarily chosen
so Q\{0} has only one equivalence class with respect to cp. Hence V is regular.

THEOREM 2: (The Structure Theorem for Regular Near Vector Spaces)

An F -group (V , F ), with V W= {0}, is a regular near vector space if and only if F is a

nearfield and V is isomorphic to F (I), for some index set I, as defined in Theorem 2.5-3.

Proof

Suppose F is a nearfield and let I be a nonempty index set. By Theorem 2.5-3,

F (I) := {(ξi)i∈I | ξi ∈ F, ξi W= 0 for at most a finite number of i ∈ I}

is a near vector space with addition and multiplication defined by (ξi) + (ηi) := (ξi + ηi)

and (ξi)λ := (ξiλ) (λ, ξi, ηi ∈ F ). Now suppose V and F (I) are isomorphic. Then, without
loss of generality, we can take V to be equal to F (I). By Definition 2.5-4,

Fd := {κ ∈ F |κ(ξ + η) = κξ + κη for every ξ, η ∈ F} is the kernel of F . Moreover, by
Theorem 2.5-7, Q(F (I)) = {(κi)i∈Iλ |λ ∈ F,κi ∈ Fd}. Hence Q(F (I)) = RF where R :=

{(κi) |κi ∈ Fd}. Now Rej = {(ξi) ∈ F (I) | (ξi)(α+ej β) = (ξi)α+(ξi)β for every α,β ∈ F}
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is the kernel of the linear F -group (F (I), F ) with respect to ej := (δji)i∈I , where δji is the

Kronecker symbol.

We will show that Rej = R.

Let (κi) ∈ R. For R to be a subset of Rej , it suffices to show that (κi)(α +ej β) =

(κi)α+ (κi)β for every α,β ∈ F .
First we show that +ej = +.

Let α,β be any two elements of F . Then

ejα+ ejβ = ej(α+ β).

Furthermore, by Definition 2.3-4,

ejα+ ejβ = ej(α+ej β).

Hence α+ β = α+ej β. Finally,

(κi)α+ (κi)β = (κiα) + (κiβ)

= (κiα+ κiβ)

= (κi(α+ β))

= (κi)(α+ β)

= (κi)(α+ej β).

Thus (κi) ∈ Rej , implying that R ⊆ Rej .
Now let (ξi) ∈ Rej . Then for every α,β ∈ F ,

(ξi)(α+ej β) = (ξi)α+ (ξi)β,

which implies that

(ξi)(α+ β) = (ξi)α+ (ξi)β.

Therefore (ξi(α+ β)) = (ξiα) + (ξiβ) = (ξiα+ ξiβ). Hence, for each i ∈ I,

ξi(α+ β) = ξiα+ ξiβ.

This implies that ξi ∈ Fd for each i ∈ I. Thus (ξi) ∈ R. Therefore Rej ⊆ R.
Consequently, Rej = R. Hence Q = RF = RejF . Therefore, by Theorem 1, V is regular.
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Conversely, let V be a regular near vector space. Then by Note 2.5-1(a), V is a linear

F -group. Now let B = {ui | i ∈ I} be a basis of Q. Then by Theorem 1, there exist

λi ∈ F\{0} (i ∈ I) such that vi := uiλi ∈ Ruo for a uo ∈ B. Hence, by Lemma 2.4-4,
B
I
:= {vi | i ∈ I} ⊆ Ruo is a basis of V . Moreover, by Theorem 2.3-5, (F , +uo , ·) is a

nearfield. Define f : V → F (I) by f(x) := (ξi)i∈I . Then f is well defined:

Let x =
�

i∈I viξi and y =
�

i∈I viηi be elements of V . Suppose x = y. Then
�

i∈I viξi =�
i∈I viηi. As a result of the uniqueness of the representation (Lemma 2.5-8), ξi = ηi for

each i ∈ I. Hence (ξi) = (ηi) and thus f(x) = f(y).
Secondly, f respects operations, i.e.

(i)f(x+ y) = f(
�

i∈I viξi +
�

i∈I viηi)

= f(
�

i∈I vi(ξi +uo ηi))

= (ξi +uo ηi)

= (ξi) +uo (ηi)

= f(x) +uo f(y).

(ii)f(x)λ = (f(
�

i∈I viξi))λ

= (ξi)λ

= (ξiλ)

= f(
�

i∈I vi(ξiλ))

= f((
�

i∈I viξi)λ)

= f(xλ).

Finally we show that f is a bijection:

Let f(x) = f(y). Then f(
�

i∈I viξi) = f(
�

i∈I viηi) which implies that (ξi) = (ηi). Hence

ξi = ηi for each i ∈ I. Therefore
�

i∈I viξi =
�

i∈I viηi, so x = y and f is injective.

Finally, to show that f is surjective, let (ξi)i∈I be an element of F (I). Put x =
�

i∈I viξi.

Then x ∈ V since ξi W= 0 for at most a finite number of i ∈ I and BI is a basis of V .
Moreover, f(x) = f(

�
i∈I viξi) = (ξi)i∈I .

THEOREM 3:

Let (V , F ) be a near vector space with dimV > 1. Then F is a division ring and V a
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vector space over F , if and only if V = Q.

Proof

Suppose F is a division ring and V a vector space over F . We have that Q ⊆ V . Let
v ∈ V and α,β ∈ F , then vα+ vβ = v(α+ β). Hence v ∈ Q, so Q = V .
Conversely, suppose that V = Q and that dimV > 1, i.e. dimQ > 1. Then there

exists a u ∈ Q\{0}. We will show that Q = Ru. If v ∈ Q\uF , then by Lemma 2.3-11,
v ∈ Ru. Therefore, suppose that v ∈ uF\{0}. Then, since dimV > 1, there exists a

w ∈ Q\uF . Hence by Lemma 2.3-11, w ∈ Ru. But since v /∈ wF (v = wλ implies that

w = vλ−1 ∈ uF ) it follows, by Lemma 2.3-11, that v ∈ Ru. Hence

V = Ru = {v ∈ V | v(α+u β) = vα+ vβ for all α,β ∈ F}.

Therefore v(α +u β) = vα + vβ for all v ∈ V . Hence α +u β = α + β. This implies that

for all α, β ∈ F and each v ∈ V ,

v(α+ β) = vα+ vβ. (2.21)

Therefore, for each x ∈ V , xγ(α+ β) = xγα + xγβ = x(γα + γβ). Hence, by (F4),

γ(α+ β) = γα+ γβ. (2.22)

Now since Q = Ru, by Theorem 1, V is regular. If we now apply Theorem 2, we have

that F is a nearfield. This together with (2.22) shows that F is a division ring. Finally,

by (2.21), V is a vector space over F .

NOTE 3:

(a) Theorem 3 does not hold when dimV = 1. This can be shown as follows:

Let (V , F ) be any near vector space of dimension one, i.e. Q is of dimension one. Let

{v0} be a basis of Q and let v ∈ V . Then v = v0λ for some λ ∈ F . Hence, by Lemma
2.3-2(c), v ∈ Q. Hence Q = V . Therefore, if Theorem 3 holds for dimV = 1, the fact

that Q = V would imply that every near vector space of dimension one is a vector space.

This contradicts Note 2.5-1(d).

(b) In Theorem 3 it is sufficient to require that (V , F ) is an F -group. Indeed, if V = Q,

then Q generates V and hence, by definition, (V , F ) is a near vector space.



Chapter 3

Examples of Near Vector Spaces

A vector space and a nearfield over itself are examples of near vector spaces which have

already been given (see Note 2.5-1). In this chapter we shall give further examples of near

vector spaces which are not vector spaces.

Each example (V , F ) is divided into five parts. First, we shall show that (V , F ) is an

F -group. Its quasi-kernel Q(V ) will then be investigated. Furthermore, we shall define

+u on F for each u ∈ Q(V )\{0}, after which the kernel Ru of (V , F ) will be determined
for some u ∈ Q(V )\{0}. Finally, we shall show that (V , F ) is a near vector space and it
is shown how V is decomposed into maximal regular near vector spaces.

3.1 Some examples

EXAMPLE 1:

Put V := R2, F := R and let each α ∈ F act as an endomorphism on V by defining

(x1, x2)α := (x1α, x2α
3).

(I) We show that (V , F ) is an F -group:

54
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(F1): (V , +) is a group. Moreover, let α ∈ F and let (x1, x2), (y1, y2) ∈ V . Then

[(x1, x2) + (y1, y2)]α = (x1 + y1, x2 + y2)α

= ((x1 + y1)α, (x2 + y2)α
3)

= (x1α+ y1α, x2α
3 + y2α

3)

= (x1α, x2α
3) + (y1α, y2α

3)

= (x1, x2)α+ (y1, y2)α.

Hence α is an endomorphism of V .

(F2): Let (x1, x2) ∈ V . Then

(x1, x2)0 = (x10, x20
3) = (0, 0),

(x1, x2)1 = (x11, x21
3) = (x1, x2), and

(x1, x2)(−1) = (x1(−1), x2(−1)3) = (−x1,−x2).

(F3): Let (A, ·) be the automorphism group of (V , +). We shall now show that F ∗ ⊆ A.
Let α ∈ F ∗. Then α is an endomorphism. It suffices to show that α is a bijection.

Let (x1, x2), (y1, y2) ∈ V and suppose that (x1, x2)α = (y1, y2)α. Then (x1α, x2α
3) =

(y1α, y2α
3), which implies that x1α = y1α and x2α

3 = y2α
3. Hence, since α W= 0 and F

is a field, x1 = y1 and x2 = y2. Therefore α is injective. Furthermore, let (x1, x2) ∈ V .
Then (x1α

−1, x2α−3) ∈ V and (x1α−1, x2α−3)α = (x1α−1α, x2α−3α3) = (x1, x2). Hence α
is surjective. Finally, since F is a field, (F ∗, ·) is a subgroup of (A, ·).
(F4): Let (x1, x2) ∈ V and α,β ∈ F . Suppose that (x1, x2)α = (x1, x2)β. Then

(x1α, x2α
3) = (x1β, x2β

3), which implies that x1α = x1β and x2α
3 = x2β

3. Hence

α = β or x1 = 0 and α
3 = β3 or x2 = 0. If α W= β, then α3 W= β3 and so x1 = 0 and x2 = 0.

Hence (x1, x2) = (0, 0).

(II) The quasi-kernel Q(V ) of V consists of all those elements u of V such that for every

α, β ∈ F there exists a γ ∈ F for which uα+ uβ = uγ.
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(i) Consider (a, 0) ∈ V . For α, β ∈ F ,
(a, 0)α+ (a, 0)β = (aα, 0) + (aβ, 0)

= (aα+ aβ, 0)

= (a[α+ β], 0)

= (a, 0)[α+ β].

Hence (a, 0) ∈ Q(V ) for each a ∈ F .
(ii) Consider (0, b) ∈ V . For α, β ∈ F ,

(0, b)α+ (0, b)β = (0, bα3) + (0, bβ3)

= (0, bα3 + bβ3)

= (0, b[α3 + β3])

= (0, b)[α3 + β3]
1
3 .

Hence (0, b) ∈ Q(V ) for each b ∈ F .
Furthermore, consider (a, b) ∈ V with a ∈ F ∗ and b ∈ F ∗. Then

(a, b)α+ (a, b)β = (aα, bα3) + (aβ, bβ3)

= (aα+ aβ, bα3 + bβ3)

= (a[α+ β], b[α3 + β3])

W= (a, b)γ,

for any γ ∈ F if (α+ β)3 W= α3 + β3. Hence (a, b) /∈ Q(V ). So

Q(V ) = {(a, 0) | a ∈ F} ∪ {(0, b) | b ∈ F}.

Therefore, since Q(V ) W= {(0, 0)}, (V , F ) is a linear F -group.

(III) For each u ∈ Q(V )\{0}, define +u on F by u(α+u β) := uα+ uβ.
(i) Let u = (a, 0) with a ∈ F ∗. Then

(a, 0)(α+u β) = (a, 0)α+ (a, 0)β

= (aα, 0) + (aβ, 0)

= (aα+ aβ, 0)

= (a[α+ β], 0)

= (a, 0)(α+ β).
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Thus α+u β = α+ β.

(ii) Let u = (0, b) with b ∈ F ∗. Then

(0, b)(α+u β) = (0, b)α+ (0, b)β

= (0, bα3) + (0, bβ3)

= (0, bα3 + bβ3)

= (0, b[α3 + β3])

= (0, b)(α3 + β3)
1
3 .

Thus α+u β = (α
3 + β3)

1
3 .

We will now show that, with addition as defined in (ii), (F , +u, ·) is a field (Theorem
2.3-5). First we shall show that (F , +u) is an abelian group:

(a) Let α, β and γ be elements of F . Then

(α+u β) +u γ = (α3 + β3)
1
3 +u γ

= [((α3 + β3)
1
3 )3 + γ3]

1
3

= [(α3 + β3) + γ3]
1
3

= [α3 + (β3 + γ3)]
1
3

= [α3 + ((β3 + γ3)
1
3 )3]

1
3

= α+u (β
3 + γ3)

1
3

= α+u (β +u γ).

Hence +u is associative.

(b) The zero element of (F , +u) is 0 since,

0 +u α = (03 + α3)
1
3 = (α3)

1
3 = α, and

α+u 0 = (α3 + 03)
1
3 = (α3)

1
3 = α.

(c) For each α ∈ F ,
(−α) +u α = ((−α)3 + α3)

1
3

= (−α3 + α3)
1
3

= 0.
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Similarly, α+u (−α) = 0. Hence each α ∈ F has an inverse −α.
(d) Let α,β ∈ F . Then

α+u β = (α3 + β3)
1
3

= (β3 + α3)
1
3

= β +u α.

Hence (F , +u) is an abelian group.

Secondly, let α, β and γ be elements of F . Then

α(β +u γ) = α(β3 + γ3)
1
3

= (α3)
1
3 (β3 + γ3)

1
3

= [α3(β3 + γ3)]
1
3

= (α3β3 + α3γ3)
1
3

= [(αβ)3 + (αγ)3]
1
3

= αβ +u αγ.

Similarly, (α+u β)γ = αγ +u βγ.

Finally, we know that (F ∗, ·) is an abelian group. Consequently (F , +u, ·) is a field.
By Theorem 2.3-7, we have that (F , +u) ∼= (F , +uλ). In this case, however, we shall show
that (F , +u, ·) ∼= (F , +v, ·), where α +u β = (α3 + β3)

1
3 and α +v β = α+ β. It suffices

to show that (F , +u) ∼= (F , +v). Define f : F → F by f(x) = x
1
3 . Then, since x = y if

and only if x
1
3 = y

1
3 , f is well defined and injective. Let y ∈ F . Then x = y3 ∈ F and

f(x) = f(y3) = (y3)
1
3 = y and it follows that f is bijective.

Finally, f respects the operation:

f(α+v β) = (α+ β)
1
3

= ((α
1
3 )3 + (β

1
3 )3)

1
3

= f(α) +u f(β).

(IV) The kernel Ru(V ) of V , with u ∈ Q(V )\{0}, is defined by

Ru(V ) := {v ∈ V | v(α+u β) = vα+ vβ for every α, β ∈ F}.
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Consider the following two cases:

(i) (1, 0) ∈ Q(V )\{0}. Then α +(1,0) β := α + β and, for every α, β ∈ F and for each

a ∈ F ,
(a, 0)α+ (a, 0)β = (a, 0)(α+ β).

Hence {(a, 0) | a ∈ F} ⊆ R(1,0). Now let (a, b) ∈ R(1,0). Recall that R(1,0) ⊆ Q(V ) (Note
2.3-8), so v = (a, 0) for some a ∈ F or v = (0, b) for some b ∈ F . But v(α +(1,0) β) =
v(α+ β), so v = (a, 0) for some a ∈ F . Consequently R(1,0) = {(a, 0) | a ∈ F}.
(ii) (0, 1) ∈ Q(V )\{0}. Then α+(0,1) β := (α3+β3) 13 and, for every α,β ∈ F and for each
b ∈ F ,

(0, b)α+ (0, b)β = (0, b)(α3 + β3)
1
3

= (0, b)(α+(0,1) β).

Hence {(0, b) | b ∈ F} ⊆ R(0,1). Now let (a, b) ∈ R(0,1). Then v = (a, 0) for some a ∈ F or
v = (0, b) for some b ∈ F (R(0,1) ⊆ Q(V )). But v(α +(0,1) β) = v(α3 + β3)

1
3 , so v = (0, b)

for some b ∈ F . Consequently R(0,1) = {(0, b) | b ∈ F}.

(V)(V , F ) is a near vector space, since (Q1) holds:

Let (a, b) ∈ V , then (a, b) = (1, 0)a + (0, 1)b
1
3 , where (1, 0) and (0, 1) ∈ Q(V ) and

a, b
1
3 ∈ F ∗. Furthermore, B = {(1, 0), (0, 1)} is a basis of V :

Suppose that (1, 0)λ1 + (0, 1)λ2 = (0, 0). Then (λ1, 0) + (0,λ
3
2) = (0, 0) which implies

that (λ1,λ
3
2) = (0, 0). Thus λ1 = 0 and λ32 = 0 which implies that λ2 = 0. Thus B is

independent (Proposition 2.4-2). Now let v ∈ Q(V ). Then there are two possibilities:
Case 1: v = (a, 0) for some a ∈ F , then

(a, 0) = (1, 0)a+ (0, 1)0 with a, 0 ∈ F,

or Case 2: v = (0, b) for some b ∈ F , then

(0, b) = (1, 0)0 + (0, 1)b
1
3 with 0, b

1
3 ∈ F.

Thus B is a generating set for Q(V ).

Hence V is a near vector space of dimension two. However, since (Q2) does not hold in
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general [(a, 0) + (0, b)λ = (a, bλ3) /∈ Q(V )], V is not regular and therefore not a vector

space (Theorem 2.6-3).

We shall now show how V can be decomposed into maximal regular near vector spaces

(Theorem 2.5-17).

Let Q∗ := Q(V )\{0}. Then

Q∗ = {(a, 0) | a ∈ F ∗} ∪ {(0, b) | b ∈ F ∗}.

Put

Q1 := {(a, 0) | a ∈ F ∗} and Q2 := {(0, b) | b ∈ F ∗}.

Then

B1 := B ∩Q1 = {(1, 0)} and B2 := B ∩Q2 = {(0, 1)}.

Let

V1 := �B1X = {(1, 0)a | a ∈ F} = {(a, 0) | a ∈ F},

the near vector space generated by B1 and similarly let

V2 := �B2X = {(0, 1)c | c ∈ F} = {(0, c3) | c ∈ F} = {(0, b) | b ∈ F}.

It can be shown as follows that V1 is a maximal regular near vector space:

Let (a1, 0) and (a2, 0) be elements of Q(V1)\{0}. Then

(a1, 0) + (a2, 0) = (a1 + a2, 0) ∈ Q(V1).

Hence V1 is regular. Moreover, suppose that there exists a regular near vector space

W ⊃ V1 generated by Q(W ). Then there exists an x ∈ Q(W )\Q(V1). Hence x = (a, b)
with b W= 0. But (a, b) cp (c, 0) with c ∈ F ∗. Therefore (a, b) + (c, 0)λ = (a + cλ, b) ∈
Q(V ), which is a contradiction. Consequently, V1 is maximal regular. Similarly, V2

is maximal regular. Furthermore, since V1 ∩ V2 = {(0, 0)} and, for each (a, b) ∈ V ,
(a, b) = (a, 0) + (0, b), V = V1 ⊕ V2.
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Let Ij := Bj, j = 1, 2. Then

F (Ij) := {(ξi)i∈Ij | ξi ∈ F}
= {ξ | ξ ∈ F}
= F.

Finally, it can be shown as follows that Vj ∼= F (Ij) (Theorem 2.6-2). Define g : V2 → F2,

with F2 = (F , +u, ·) and where α +u β = (α3 + β3)
1
3 , by g(0, b) = b

1
3 . Then g is well

defined. Let (0, b) = (0, c). Then b = c. Hence

g(0, b) = b
1
3 = c

1
3 = g(0, c).

Secondly, g is a bijection. Let g(0, b) = g(0, c). Then b
1
3 = c

1
3 . Hence

b = (b
1
3 )3 = (c

1
3 )3 = c.

Therefore (0, b) = (0, c) and so g is injective. Moreover, let b ∈ F2. Then (0, b3) ∈ V2 and
g(0, b3) = (b3)

1
3 = b. Hence g is surjective.

Finally, we will show that g respects operations. Let (0, b) and (0, c) be elements of V2

and λ ∈ F . Then
g[(0, b) + (0, c)] = g(0, b+ c)

= (b+ c)
1
3

= ((b
1
3 )3 + (c

1
3 )3)

1
3

= b
1
3 +u c

1
3

= g(0, b) +u g(0, c)

and

g[(0, b)λ] = g(0, bλ3)

= b
1
3λ

= g(0, b)λ.

Similarly, f : V1 → F (I1), defined by f(a, 0) = a, is an isomorphism.

EXAMPLE 2:

Put V := (Z5)4 and F = Z5. Let α in F act as an endomorphism on V by defining

(x1, x2, x3, x4)α := (x1α, x2α
3, x3α

3, x4α).
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(I) We show that (V , F ) is an F -group:

(F1): (V , +) is a group. Moreover, let α ∈ F and let (x1, x2, x3, x4), (y1, y2, y3, y4) ∈ V .
Then

[(x1, x2, x3, x4) + (y1, y2, y3, y4)]α = (x1 + y1, x2 + y2, x3 + y3, x4 + y4)α

= ((x1 + y1)α, (x2 + y2)α
3, (x3 + y3)α

3, (x4 + y4)α)

= (x1α+ y1α, x2α
3 + y2α

3, x3α
3 + y3α

3, x4α+ y4α)

= (x1α, x2α
3, x3α

3, x4α) + (y1α, y2α
3, y3α

3, y4α)

= (x1, x2, x3, x4)α+ (y1, y2, y3, y4)α.

Hence α is an endomorphism of V .

(F2): Let (x1, x2, x3, x4) ∈ V . Then

(x1, x2, x3, x4)0 = (x10, x20
3, x30

3, x40) = (0, 0, 0, 0),

(x1, x2, x3, x4)1 = (x11, x21
3, x31

3, x41) = (x1, x2, x3, x4), and

(x1, x2, x3, x4)(−1) = (x1, x2, x3, x4)4 (−1 = 4 in Z5)
= (x14, x24

3, x34
3, x44)

= (x14, x24, x34, x44)

= (x1(−1), x2(−1), x3(−1), x4(−1))
= (−x1,−x2,−x3,−x4).

(F3): Let α ∈ F ∗ where F ∗ = {1, 2, 3, 4} and let (x1, x2, x3, x4), (y1, y2, y3, y4) ∈ V .
First we will show that α is a bijection.

(i) Suppose that (x1, x2, x3, x4)α = (y1, y2, y3, y4)α. Then

(x1α, x2α
3, x3α

3, x4α) = (y1α, y2α
3, y3α

3, y4α),

which implies that

x1α = y1α, x2α
3 = y2α

3, x3α
3 = y3α

3, x4α = y4α.

Hence (x1 − y1)α = 0, (x2 − y2)α3 = 0, (x3 − y3)α3 = 0, (x4 − y4)α = 0. Therefore,

since α W= 0, x1 = y1, x2 = y2, x3 = y3, x4 = y4. Hence (x1, x2, x3, x4) = (y1, y2, y3, y4).
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Consequently, α is injective.

(ii) Let (x1, x2, x3, x4) ∈ V and let α ∈ F ∗. Then (x1α−1, x2α−3, x3α−3, x4α−1) ∈ V and

(x1α
−1, x2α−3, x3α−3, x4α−1)α = (x1, x2, x3, x4). Hence α is surjective.

Thus F is a subset of the group of automorphisms of (V , +). Furthermore, since α is an

endomorphism and F is a field, F ∗ is a subgroup of the automorphism group of (V , +).

(F4): Let (x1, x2, x3, x4) ∈ V and let α, β ∈ F . Suppose that

(x1, x2, x3, x4)α = (x1, x2, x3, x4)β.

Then

(x1α, x2α
3, x3α

3, x4α) = (x1β, x2β
3, x3β

3, x4β),

which implies that x1α = x1β, x2α
3 = x2β

3, x3α
3 = x3β

3, x4α = x4β. If α W= β, then

α3 W= β3 and so x1 = x2 = x3 = x4 = 0, i.e. (x1, x2, x3, x4) = (0, 0, 0, 0).

(II) The quasi-kernel Q(V ) of V consists of all those elements u of V such that for every

α, β ∈ F there exists a γ ∈ F for which uα+ uβ = uγ.
(i) Consider (a, 0, 0, d) ∈ V . For α, β ∈ F ,

(a, 0, 0, d)α+ (a, 0, 0, d)β = (aα, 0, 0, dα) + (aβ, 0, 0, dβ)

= (aα+ aβ, 0, 0, dα+ dβ)

= (a[α+ β], 0, 0, d[α+ β])

= (a, 0, 0, d)[α+ β].

Hence (a, 0, 0, d) ∈ Q(V ) for each a, d ∈ F .
(ii) Consider (0, b, c, 0) ∈ V . For α,β ∈ F ,

(0, b, c, 0)α+ (0, b, c, 0)β = (0, bα3, cα3, 0) + (0, bβ3, cβ3, 0)

= (0, bα3 + bβ3, cα3 + cβ3, 0)

= (0, b[α3 + β3], c[α3 + β3], 0)

= (0, b, c, 0)[α3 + β3]
1
3 .

Hence (0, b, c, 0) ∈ Q(V ) for each b, c ∈ F .
Note that [α3+β3]

1
3 exists in F for any α, β ∈ F : 0 13 = 0, 1 13 = 1, 2 13 = 3, 3 13 = 2, 4 13 = 4.
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It can easily be verified that elements of the form (a, b, c, d), (a, b, c, 0), (a, b, 0, 0), (a, 0, c, 0),

(0, b, 0, d), (0, 0, c, d), (a, b, 0, d), (0, b, c, d), (a, 0, c, d), with a, b, c, d ∈ F ∗ are not elements
of Q(V ). For example, (a, b, 0, 0) /∈ Q(V ):

(a, b, 0, 0)α+ (a, b, 0, 0)β = (aα, bα3, 0, 0) + (aβ, bβ3, 0, 0)

= (aα+ aβ, bα3 + bβ3, 0, 0)

= (a[α+ β], b[α3 + β3], 0, 0)

W= (a, b, 0, 0)γ

for any γ ∈ F , if α3 + β3 W= (α+ β)3 (which is easy to verify). Hence

Q(V ) = {(a, 0, 0, d) | a, d ∈ F} ∪ {(0, b, c, 0) | b, c ∈ F}.

Therefore, since Q(V ) W= {(0, 0, 0, 0)}, (V , F ) is a linear F -group.

(III) For each u ∈ Q(V )\{0}, define +u on F by u(α+u β) := uα+ uβ.
(i) Let u = (a, 0, 0, d) with a, d ∈ F , not both zero. Then

(a, 0, 0, d)(α+u β) = (a, 0, 0, d)α+ (a, 0, 0, d)β

= (aα, 0, 0, dα) + (aβ, 0, 0, dβ)

= (aα+ aβ, 0, 0, dα+ dβ)

= (a[α+ β], 0, 0, d[α+ β])

= (a, 0, 0, d)(α+ β)

Hence α+u β = α+ β.

(ii) Let u = (0, b, c, 0) with b, c ∈ F , not both zero. Then

(0, b, c, 0)(α+u β) = (0, b, c, 0)α+ (0, b, d, 0)β

= (0, bα3, cα3, 0) + (0, bβ3, cβ3, 0)

= (0, bα3 + bβ3, cα3 + cβ3, 0)

= (0, b[α3 + β3], c[α3 + β3], 0)

= (0, b, c, 0)(α3 + β3)
1
3 .

Thus α+u β = (α
3 + β3)

1
3 .
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(IV) The kernel Ru(V ) of V , with u ∈ Q(V )\{0}, is defined by

Ru(V ) := {v ∈ V | v(α+u β) = vα+ vβ for every α, β ∈ F}.

Consider the following two cases:

(i) (1, 0, 0, 1) ∈ Q(V )\{0}. Then α +(1,0,0,1) β := α + β and, for every α,β ∈ F and for

each a, d ∈ F ,
(a, 0, 0, d)α+ (a, 0, 0, d)β = (a, 0, 0, d)(α+ β).

Hence {(a, 0, 0, d) | a, d ∈ F} ⊆ R(1,0,0,1). Now let v ∈ R(1,0,0,1). Recall that
R(1,0,0,1) ⊆ Q(V ) (Note 2.3-8), so v = (a, 0, 0, d) for some a, d ∈ F or v = (0, b, c, 0) for

some b, c ∈ F . But v(α +(1,0,0,1) β) = v(α + β), so v = (a, 0, 0, d) for some a, d ∈ F .
Consequently R(1,0,0,1) = {(a, 0, 0, d) | a, d ∈ F}.
(ii) Similarly, R(0,1,1,0) = {(0, b, c, 0) | b, c ∈ F}.

(V)(V , F ) is a near vector space, since (Q1) holds:

Let (a, b, c, d) ∈ V , then

(a, b, c, d) = (1, 0, 0, 0)a+ (0, 1, 0, 0)b
1
3 + (0, 0, 1, 0)c

1
3 + (0, 0, 0, 1)d,

where (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0) and (0, 0, 0, 1) ∈ Q(V ) and a, b 13 , c 13 , d ∈ F .
Furthermore, B = {(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)} is a basis of V :
Suppose that

(1, 0, 0, 0)λ1 + (0, 1, 0, 0)λ2 + (0, 0, 1, 0)λ3 + (0, 0, 0, 1)λ4 = (0, 0, 0, 0).

Then

(λ1, 0, 0, 0) + (0,λ
3
2, 0, 0) + (0, 0,λ

3
3, 0) + (0, 0, 0,λ4) = (0, 0, 0, 0)

which implies that (λ1,λ
3
2,λ

3
3,λ4) = (0, 0, 0, 0). Thus λ1 = 0, λ

3
2 = 0, λ

3
3 = 0 and λ4 = 0.

This implies that λ1 = λ2 = λ3 = λ4 = 0. Thus B is independent (Proposition 2.4-2).

Now let v ∈ Q(V ). Then there are two possibilities:
Case 1: v = (a, 0, 0, d) for some a, d ∈ F , then

(a, 0, 0, d) = (1, 0, 0, 0)a+ (0, 1, 0, 0)0 + (0, 0, 1, 0)0 + (0, 0, 0, 1)d with a, 0, d ∈ F
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or Case 2: v = (0, b, c, 0) for some b, c ∈ F , then

(0, b, c, 0) = (1, 0, 0, 0)0 + (0, 1, 0, 0)b
1
3 + (0, 0, 1, 0)c

1
3 + (0, 0, 0, 1)0 with 0, b

1
3 , c

1
3 ∈ F.

Thus B is a generating set for Q(V ).

Hence V is a near vector space of dimension four. However, since (Q2) does not hold in

general ((a, 0, 0, 0) + (0, b, 0, 0)λ = (a, bλ3, 0, 0) /∈ Q(V )), V is not regular and therefore

not a vector space (Theorem 2.6-3).

We shall now show how V can be decomposed into maximal regular near vector spaces

(Theorem 2.5-17).

Let Q∗ := Q(V )\{0}. Then

Q∗ = ({(a, 0, 0, d) | a, d ∈ F} ∪ {(0, b, c, 0) | b, c ∈ F})\{(0, 0, 0, 0)}.

Put

Q1 = {(a, 0, 0, d) | a, d ∈ F}\{(0, 0, 0, 0)},

and

Q2 = {(0, b, c, 0) | b, c ∈ F}\{(0, 0, 0, 0)}.

Then

B1 := B ∩Q1 = {(1, 0, 0, 0), (0, 0, 0, 1)},

and

B2 := B ∩Q2 = {(0, 1, 0, 0), (0, 0, 1, 0)}.

Let

V1 := �B1X = {(1, 0, 0, 0)a+ (0, 0, 0, 1)d | a, d ∈ F} = {(a, 0, 0, d) | a, d ∈ F},

the near vector space generated by B1 and similarly let

V2 := �B2X = {(0, 1, 0, 0)b+ (0, 0, 1, 0)c | b, c ∈ F} = {(0, b, c, 0) | b, c ∈ F}.

It can be shown as follows that V2 is a maximal regular near vector space:

Every two elements of Q2 are compatible. But Q2 = (Q\{0}) ∩ V2. Hence V2 is regular.
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Moreover, suppose that there exists a regular near vector space W ⊃ V2 generated by

Q(W ). Then there exists a (a, b, c, d) ∈ Q(W )\ Q2 such that at least one of a and
d is not zero. But W is regular and so (a, b, c, d) cp (0, x1, x2, 0) with x1, x2 ∈ F ∗.

Therefore (a, b, c, d) + (0, x1, x2, 0)λ = (a, b + x1λ
3, c + x2λ

3, d) ∈ Q(V ), a contradiction.
Consequently, V2 is maximal regular. Similarly, V1 is maximal regular. Furthermore, since

V1 ∩ V2 = {(0, 0, 0, 0)} and, for each (a, b, c, d) ∈ V , (a, b, c, d) = (a, 0, 0, d) + (0, b, c, 0),

V = V1 ⊕ V2.
Let Ij := Bj with j = 1, 2. Then

F (I1) := {(ξi)i∈I1 | ξi ∈ F}
= {(ξ1, ξ2) | ξ1, ξ2 ∈ F}
= F 2,

and

F (I2) := {(ξi)i∈I2 | ξi ∈ F}
= {(ξ1, ξ2) | ξ1, ξ2 ∈ F}
= F 2.

Finally, it can be shown as follows that Vj ∼= F (Ij)(Theorem 2.6-2). Define f1 : V1 → F (I1)

by f1(a, 0, 0, d) = (a, d) and f2 : V2 → F (I2) by f2(0, b, c, 0) = (b, c). Then f1 and f2 are

isomorphisms.

EXAMPLE 3:

Consider the field (GF (32), +, ·) with

GF (32) := {0, 1, 2, γ, 1 + γ, 2 + γ, 2γ, 1 + 2γ, 2 + 2γ},

where γ is a zero of x2 + 1 ∈ Z3[x].
Addition on GF (32) is defined by

(a+ bγ) + (c+ dγ) = (a+ c) mod 3 + ((b+ d) mod 3)γ,
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and multiplication by

· 0 1 2 γ 1 + γ 2 + γ 2γ 1 + 2γ 2 + 2γ

0 0 0 0 0 0 0 0 0 0

1 0 1 2 γ 1 + γ 2 + γ 2γ 1 + 2γ 2 + 2γ

2 0 2 1 2γ 2 + 2γ 1 + 2γ γ 2 + γ 1 + γ

γ 0 γ 2γ 2 2 + γ 2 + 2γ 1 1 + γ 1 + 2γ

1 + γ 0 1 + γ 2 + 2γ 2 + γ 2γ 1 1 + 2γ 2 γ

2 + γ 0 2 + γ 1 + 2γ 2 + 2γ 1 γ 1 + γ 2γ 2

2γ 0 2γ γ 1 1 + 2γ 1 + γ 2 2 + 2γ 2 + γ

1 + 2γ 0 1 + 2γ 2 + γ 1 + γ 2 2γ 2 + 2γ γ 1

2 + 2γ 0 2 + 2γ 1 + γ 1 + 2γ γ 2 2 + γ 1 2γ

In [10], p.257, it is observed that (GF (32), +, ◦), with

x ◦ y :=
 x · y if y is a square in (GF (32), +, ·)
x3 · y otherwise

is a (right) nearfield, but not a field.

◦ 0 1 2 γ 1 + γ 2 + γ 2γ 1 + 2γ 2 + 2γ

0 0 0 0 0 0 0 0 0 0

1 0 1 2 γ 1 + γ 2 + γ 2γ 1 + 2γ 2 + 2γ

2 0 2 1 2γ 2 + 2γ 1 + 2γ γ 2 + γ 1 + γ

γ 0 γ 2γ 2 1 + 2γ 1 + γ 1 2 + 2γ 2 + γ

1 + γ 0 1 + γ 2 + 2γ 2 + γ 2 2γ 1 + 2γ γ 1

2 + γ 0 2 + γ 1 + 2γ 2 + 2γ γ 2 1 + γ 1 2γ

2γ 0 2γ γ 1 2 + γ 2 + 2γ 2 1 + γ 1 + 2γ

1 + 2γ 0 1 + 2γ 2 + γ 1 + γ 2γ 1 2 + 2γ 2 γ

2 + 2γ 0 2 + 2γ 1 + γ 1 + 2γ 1 γ 2 + γ 2γ 2
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Define θ : GF (32)→ GF (32) by

0 )→ 0

1 )→ 1

2 )→ 2

γ )→ 2γ

2γ )→ γ

1 + γ )→ 1 + γ

2 + 2γ )→ 2 + 2γ

2 + γ )→ 1 + 2γ

1 + 2γ )→ 2 + γ.

Then θ is an automorphism with respect to ◦, but θ(α+ β) W= θ(α) + θ(β), in general. If

there is no danger of confusion, x ◦ y, with x, y ∈ GF (32), is written xy.
Let F denote the nearfield (GF (32), +, ◦) and put V = F 2. Let α ∈ F act as an

endomorphism of V by defining (a, b)α := (aα, bθ(α)). Furthermore, let

A := {1, 2, 1 + γ, 2 + 2γ}

and

B := {γ, 2γ, 2 + γ, 1 + 2γ}.

(i.e. A consists of all those nonzero elements that are mapped to themselves, whereas B

consists of the nonzero elements that are mapped to their additive inverses by θ.)

(I) We show that (V , F ) is an F -group:

(F1): (V , +) is a group since (F , +) is a group;
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Moreover, let α ∈ F and let (a, b), (c, d) ∈ V . Then

[(a, b) + (c, d)]α = (a+ c, b+ d)α

= ((a+ c)α, (b+ d)θ(α))

=

 ((a+ c)α, (b+ d)α) if α ∈ A
((a+ c)α, (b+ d)(−α)) if α ∈ B

=

 (aα+ cα, bα+ dα) if α ∈ A
(aα+ cα,−bα− dα) if α ∈ B

=

 (aα, bα) + (cα, dα) if α ∈ A
(aα,−bα) + (cα,−dα) if α ∈ B

= (aα, bθ(α)) + (cα, dθ(α))

= (a, b)α+ (c, d)α.

Hence α is an endomorphism of V .

(F2): Let (a, b) ∈ V . Then

(a, b)0 = (a0, bθ(0)) = (a0, b0) = (0, 0),

(a, b)1 = (a1, bθ(1)) = (a1, b1) = (a, b), and

(a, b)(−1) = (a, b)2 = (a2, bθ(2)) = (a2, b2) = (−a,−b).

(F3): Let α ∈ F ∗. Since α is an endomorphism and F a nearfield, it suffices to show that
α is a bijection:

(i) Let (a, b)α = (c, d)α with (a, b) and (c, d) ∈ V . Then

(aα, bθ(α)) = (cα, dθ(α)),

which implies that

(aα, bα) = (cα, dα) if α ∈ A

and

(aα,−bα) = (cα,−dα) if α ∈ B.

Hence if α ∈ A,
aα = cα and bα = dα
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and if α ∈ B,
aα = cα and − bα = −dα.

Therefore, since α W= 0 and F does not contain any zero divisors,

a = c and b = d.

Hence (a, b) = (c, d) and consequently α is injective.

(ii) Let (c, d) ∈ V . Then, if α ∈ A, (cα−1, dα−1) ∈ V and (cα−1, dα−1)α = (c, d). If

α ∈ B, then (cα−1,−dα−1) ∈ V and (cα−1,−dα−1)α = (c, d). Hence α is surjective.
(F4): Let α,β ∈ F and (a, b) ∈ V . Suppose that

(a, b)α = (a, b)β.

Then

(aα, bθ(α)) = (aβ, bθ(β)),

which implies that

aα = aβ and bθ(α) = bθ(β).

Let α W= β and suppose that a W= 0. Then there exists an a−1 ∈ F such that a−1aα =

a−1aβ, which implies that α = β. This is a contradiction. Hence a = 0. Since θ is a

bijection, α W= β, implies that θ(α) W= θ(β). Now suppose that b W= 0. Then there exists
a b−1 ∈ F such that b−1bθ(α) = b−1bθ(β), which implies that θ(α) = θ(β). This is a

contradiction. Hence b = 0. Therefore (a, b) = (0, 0).

(II) The quasi-kernel Q(V ) of V consists of all those elements u of V such that for every

α, β ∈ F there exists a γ ∈ F for which uα+ uβ = uγ.
(i) Consider (1, 0) ∈ V . For α,β ∈ F ,

(1, 0)α+ (1, 0)β = (α, 0) + (β, 0)

= (α+ β, 0)

= (1, 0)[α+ β].

Hence (1, 0) ∈ Q(V ).
Now consider (c, 0) ∈ V with c ∈ F ∗. Then, since (1, 0) ∈ Q(V ), (1, 0)F ⊆ Q(V ) (Lemma
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2.3-2(c)). Thus (c, 0) ∈ Q(V ), for all c ∈ F .
(ii) Consider (0, 1) ∈ V . For α,β ∈ F ,

(0, 1)α+ (0, 1)β = (0, θ(α)) + (0, θ(β))

= (0, θ(α) + θ(β))

= (0, 1)θ−1(θ(α) + θ(β)).

Since θ : F → F is a bijection, θ−1 : F → F exists. Hence θ−1(θ(α) + θ(β)) ∈ F and

therefore (0, 1) ∈ Q(V ).
Now consider (0, c) ∈ V with c ∈ F ∗. Then, since (0, 1) ∈ Q(V ), (0, 1)F ⊆ Q(V ) (Lemma
2.3-2(c)). Consequently, (0, θ(α)) ∈ Q(V ), for all α ∈ F . Thus (0, c) ∈ Q(V ), for all
c ∈ F .
Furthermore, consider (a, b) ∈ V with a, b ∈ F ∗. Then for α,β ∈ F ,

(a, b)α+ (a, b)β = (aα, bθ(α)) + (aβ, bθ(β))

= (aα+ aβ, bθ(α) + bθ(β))

W= (a, b)γ

for any γ ∈ F if a−1(aα + aβ) W= θ−1(b−1(bθ(α) + bθ(β))). [Take for example, a = 1, b =

1, α = γ, β = 1 + γ.] Hence (a, b) /∈ Q(V ) if a, b ∈ F ∗. Therefore

Q(V ) = {(c, 0) | c ∈ F} ∪ {(0, c) | c ∈ F}.

Hence, since Q(V ) W= {(0, 0)}, (V , F ) is a linear F-group.

(III) For each u ∈ Q(V )\{0}, define +u on F by u(α+u β) := uα+ uβ.
(i) Let u = (c, 0) with c ∈ F ∗. Then

(c, 0)(α+u β) = (c, 0)α+ (c, 0)β

= (cα, 0) + (cβ, 0)

= (cα+ cβ, 0)

= (c, 0)c−1(cα+ cβ).

Thus α+u β = c
−1(cα+ cβ).
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(ii) Let u = (0, c) with c ∈ F ∗. Then
(0, c)(α+u β) = (0, c)α+ (0, c)β

= (0, cθ(α)) + (0, cθ(β))

= (0, cθ(α) + cθ(β))

= (0, c)θ−1(c−1(cθ(α) + cθ(β))).

Thus α+u β = θ−1(c−1(cθ(α) + cθ(β))).

By Theorem 2.3-5, (F , +u, ◦) is a nearfield for u ∈ Q(V )\{0}. However, (F , +u, ◦), in
general, is not a field:

For example, consider (F , +(γ,0), ◦). Let α = 1 + γ, β = 2γ and ξ = 1. Then

α ◦ (β +u ξ) = (1 + γ) ◦ (2γ +u 1)
= (1 + γ) ◦ (2γ ◦ (γ ◦ 2γ + γ ◦ 1))
= (1 + γ) ◦ (2γ ◦ (1 + γ))

= (1 + γ) ◦ (2 + γ)

= 2γ,

and

α ◦ β +u α ◦ ξ = (1 + γ) ◦ 2γ +u (1 + γ) ◦ 1
= (1 + 2γ) +u (1 + γ)

= 2γ ◦ (γ ◦ (1 + 2γ) + γ ◦ (1 + γ))

= 2γ ◦ (2 + 2γ + 1 + 2γ)
= 2γ ◦ γ
= 1.

But 2γ W= 1. Hence α ◦ (β +u ξ) W= α ◦ β +u α ◦ ξ.

(IV) The kernel Ru(V ) of V , with u ∈ Q(V )\{0}, is defined by

Ru(V ) := {v ∈ V | v(α+u β) = vα+ vβ for every α, β ∈ F}.

Consider the following two cases:

(i) (1, 0) ∈ Q(V )\{0}. Then
R(1,0) = {v ∈ V | v(α+u β) = vα+ vβ for every α,β ∈ F}

= {(0, 0), (1, 0), (2, 0)}.
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(ii) (0, 1) ∈ Q(V )\{0}. Then

R(0,1) = {v ∈ V | v(θ−1(θ(α) + θ(β))) = vα+ vβ for every α, β ∈ F}
= {(0, 0), (0, 1), (0, 2)}.

(V)(V , F ) is a near vector space, since (Q1) holds:

Let (a, b) ∈ V , then (a, b) = (1, 0)a+(0, 1)θ−1(b), where (1, 0) and (0, 1) ∈ Q(V ). However,
since (Q2) does not hold ((0, 1) + (1, 0)λ = (λ, 1) /∈ Q(V )), V is not a regular near vector
space. Therefore V is a near vector space, but not a vector space over F (Theorem 2.6-3).

We shall now show how V can be decomposed into maximal regular near vector spaces

(Theorem 2.5-17).

Let Q∗ := Q(V )\{0}. Then

Q∗ = {(a, 0) | a ∈ F ∗} ∪ {(0, a) | a ∈ F ∗}.

Put

Q1 := {(a, 0) | a ∈ F ∗} and Q2 := {(0, a) | a ∈ F ∗}.

But B = {(1, 0), (0, 1)} is a basis of V :
Suppose that (1, 0)λ1 + (0, 1)λ2 = (0, 0). Then (λ1, 0) + (0, θ(λ2))) = (0, 0) which implies

that (λ1, θ(λ2)) = (0, 0). Thus λ1 = 0 and θ(λ2) = 0 which implies that λ2 = 0. Thus B

is independent (Proposition 2.4-2). Now let v ∈ Q(V ). Then there are two possibilities:
Case 1: v = (a, 0) for some a ∈ F , then

(a, 0) = (1, 0)a+ (0, 1)0 with a, 0 ∈ F,

or Case 2: v = (0, b) for some b ∈ F , then

(0, b) = (1, 0)0 + (0, 1)θ−1(b) with 0, θ−1(b) ∈ F.

Thus B is a generating set for Q(V ).

Hence

B1 := B ∩Q1 = {(1, 0)} and B2 := B ∩Q2 = {(0, 1)}.
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Let Vj := �BjX, then

V1 = {(a, 0) | a ∈ F} and V2 = {(0, a) | a ∈ F}.

Since V1 ∩ V2 = {(0, 0)} and, for each (a, b) ∈ V , (a, b) = (a, 0) + (0, b), V = V1 ⊕ V2.
Moreover, it can be shown as follows that Vj (j = 1, 2) is maximal regular:

Consider V1. Then since Q1 = (Q(V )\{0}) ∩ V1 and every two elements in Q1 are com-
patible, V1 is regular. Furthermore, suppose that there exists a regular near vector space

W ⊃ V1 generated by Q(W ). Then there exists an (a, b) ∈ Q(W )\Q1 such that b W= 0. But
since W is regular, (a, b) cp (c, 0) with c ∈ F ∗. Therefore (a, b) + (c, 0)λ = (a + cλ, b) ∈
Q(V ), which is a contradiction. Consequently, V1 is maximal regular. Similarly, V2 is

maximal regular.

We have that (V2, F2), with F2 := (F , +(1,0), ◦) is a regular near vector space. Hence,
by Theorem 2.6-2, V2 ∼= F (I2)2 for some index set I2. Let I2 := B2. Then g : V2 → F

(I2)
2 ,

defined by g(0, b) = θ−1(b) is an isomorphism. This can be shown as follows:

Suppose that (0, b) = (0, c). Then b = c. Hence since θ is a bijection, θ−1(b) = θ−1(c).

This implies that g(0, b) = g(0, c). Therefore g is well defined. Secondly, g is a bijection.

Let g(0, b) = g(0, c). Then θ−1(b) = θ−1(c). But θ−1 is injective. Hence b = c. This

implies that (0, b) = (0, c) and so g is injective. Moreover, let b ∈ F2. Then (0, θ(b)) ∈ V2
and g(0, θ(b)) = θ−1(θ(b)) = b. Hence g is surjective.

Finally, we will show that g respects operations. Let (0, b) and (0, c) be elements of V2.

Then

g[(0, b) + (0, c)] = g(0, b+ c)

= θ−1(b+ c)

= θ−1(θ(θ−1(b) + θ(θ−1(c))))

= θ−1(b) +(0,1) θ−1(c)

= g(0, b) +(0,1) g(0, c)
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and

g[(0, b)λ] = g(0, bθ(λ))

= θ−1(bθ(λ))

= θ−1(b)λ

= g(0, b)λ.

Similarly, g
I
: V1 → F

(I1)
1 , defined by g

I
(a, 0) = a, is an isomorphism. Thus V1 ∼= F (I1)1 .

3.2 Finite dimensional near vector spaces over Zp

Now we develop a theory that will characterise all finite dimensional near vector spaces

over Zp for p a prime number. In what follows, p will be an odd prime, since for the case

p = 2 the results will follow trivially.

LEMMA 4:

Let q be a positive integer. Each element of Zp has a q-th root in Zp if and only if

gcd(q, p− 1) = 1.
Proof

Suppose that every x ∈ Zp has a q-th root in Zp. Then

1 ≡ xq1, 2 ≡ xq2, . . . , p− 1 ≡ xqp−1, (3.1)

where x1, x2, . . . , xp−1 are the nonzero elements of Zp, in some order.

Now suppose that d|(p− 1), were d > 1. By [2], Corollary, p.153, the congruence

xd ≡ 1 (mod p)

has exactly d incongruent solutions. Hence, there exist distinct y1, y2, . . . , yd ∈ Zp such
that ydi ≡ 1 (mod p) (1 ≤ i ≤ d). If d|q, then yqi ≡ 1 (mod p)(1 ≤ i ≤ d), contrary to the
fact that there is only one x ∈ Zp with xq ≡ 1 (mod p) (See (3.1)). So if d|(p − 1) and
d > 1, then d W | q. Consequently gcd(q, p− 1) = 1.
Conversely, suppose that gcd(q, p− 1) = 1. Then aq+ b(p− 1) = 1 for some a, b ∈ Z. Let
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x ∈ Zp, x W= 0 [x = 0 has a q-th root, namely itself]. Since gcd(x, p) = 1,

xp−1 ≡ 1 (mod p) ([2] Theorem 5.1, p.88).

Thus

xb(p−1) ≡ 1b ≡ 1 (mod p) ([2] Theorem 4.2, p.65),

which implies that

x ≡ x1 ≡ xaq+b(p−1) ≡ (xa)q (mod p) .

Thus x has a q-th root in Zp, namely xa.

LEMMA 5:

Let p be prime, q1, q2 positive integers and gcd(qi, p − 1) = 1 for i = 1, 2. Then q1 ≡ q2
(mod p− 1) if and only if

(aq1 + bq1)
1
q1 = (aq2 + bq2)

1
q2

for all a, b ∈ Zp.
Proof

Assume that q1 ≡ q2 (mod p− 1), then q2 = q1+ k(p− 1), for some k ∈ Z. So for nonzero
a, b ∈ Zp,

(aq1 + bq1)q2 = (aq2−k(p−1) + bq2−k(p−1))q1+k(p−1)

= (aq2 + bq2)q1.

(Note: xp−1 ≡ 1 (mod p) for nonzero x ∈ Zp. Also, if aq1 + bq1 = 0, then aq1 = −bq1 =
(−b)q1 (since q1 is odd). This implies that a = −b (each element in Zp has a unique q-th
root, by Lemma 4.) So we have that aq2 = (−b)q2 = −bq2 (q2 is odd). This implies that
aq2 + bq2 = 0, so (aq1 + bq1)q2 = (aq2 + bq2)q1 in this case as well).

If at least one of a and b is zero, then it follows trivially that

(aq1 + bq1)q2 = (aq2 + bq2)q1 .

We deduce that, for all a, b ∈ Zp,

(aq1 + bq1)
1
q1 = (aq2 + bq2)

1
q2 .
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Conversely, assume that

(aq1 + bq1)
1
q1 = (aq2 + bq2)

1
q2 for all a, b ∈ Zp.

Then

(aq1 + bq1)q2 = (aq2 + bq2)q1 for all a, b ∈ Zp.

We want to show that q1 ≡ q2 (mod p − 1), a result that is trivially true for p = 2.

Henceforth, assume that p ≥ 3. We know that

q1 = k1(p− 1) + r1, 0 ≤ r1 < p− 1,

q2 = k2(p− 1) + r2, 0 ≤ r2 < p− 1,

for certain k1, k2 ∈ Z. But since gcd(qi, p− 1) = 1, we must have 0 < ri < p− 1, i = 1, 2.
Now suppose that q1 W≡ q2 (mod p − 1). Then we may assume that 0 < r1 < r2 < p − 1.
Consider the polynomial f(x) = g1(x) − g2(x), where g1(x) = (1 + xr1)r2 and g2(x) =

(1 + xr2)r1 . Then

g1(x) =
r23
k=0

w
r2
k

W
xkr1

and

g2(x) =
r13
k=0

w
r1
k

W
xkr2.

Furthermore, kr1 ≡ tk (mod (p − 1)) (0 ≤ k ≤ r2) and kr2 ≡ sk (mod (p − 1)) (0 ≤
k ≤ r1), where sk, tk ∈ {0, 1, . . . , p − 2}. All the tk are distinct, for if tki = tkj , then

(p− 1)|(ki − kj)r1. But since gcd(p− 1, r1) = 1, (p− 1)|ki − kj , an impossibility. [Note:
gcd(p− 1, r1) = gcd(p − 1, r1 + k1(p− 1)) = gcd(p − 1, q1) = 1.] Similarly, all the sk are
distinct. We note that f(0) = 0 (mod p). So assume that x W≡ 0 (mod p) from now on.

Then, using xp−1 ≡ 1 (mod p) if x W≡ 0 (mod p), we see that

f(x) = g1(x)− g2(x) = h1(x)− h2(x)
=
�r2

k=0

D
r2
k

i
xtk −�r1

k=0

D
r1
k

i
xsk (mod p).
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But h1(x) =
�r2

k=0

D
r2
k

i
xtk contains more terms than h2(x) =

�r1
k=0

D
r1
k

i
xsk , so the terms

of h2(x) cannot cancel all the terms of h1(x). Moreover, p W |
D
r2
k

i
for all k = 0, 1, . . . , r2

since 1 ≤ r2 ≤ p−2. This implies that f(x) is a nonzero polynomial (modulo p) of degree
at most p− 2.
But under the assumption

(aq1 + bq1)q2 = (aq2 + bq2)q1 for all a, b ∈ Zp,

if we let a = 1 and b = 1, 2, . . . , p − 1, we find that f(x) = 0 (mod p) for all x =

1, 2, . . . , p − 1. This contradicts Theorem 8.5 [[2], p.152]. Consequently, q1 ≡ q2 (mod
p− 1).

PROPOSITION 6:

Let ϕ be an automorphism of the group with zero (Zp, ·). Then there exists a q ∈ Z, with
1 ≤ q ≤ p− 2 and gcd(q, p− 1) = 1, such that ϕ(x) = xq for all x ∈ Zp.
Proof

Since (Zp, +, ·) is a finite field, (Z∗p, ·) is a cyclic group [[7], Theorem 5.4, p.279], say

Z∗p = �αX = {α,α2, . . . ,αp−1}. Let ϕ(α) = αk, for some k, 1 ≤ k ≤ p − 2. (We cannot
have k = p − 1, since αp−1 = 1 for all α ∈ Z∗p.) Then ϕ(αi) = αik, 1 ≤ i ≤ p − 1. But
{αi | 1 ≤ i ≤ p− 1} = Z∗p, so {αik | 1 ≤ i ≤ p− 1} = Z∗p, since ϕ is a bijection on Z∗p. This
means that every element of Zp has a k-th root. Hence by Lemma 4, gcd(k, p − 1) = 1.
So we can take q = k.

By [13] [Theorem 3.4(2), p.301], all n-dimensional near vector spaces over Zp can be

obtained as follows:

Take V = Zp ⊕ Zp ⊕ · · · ⊕ Zp (n copies) and let ϑi : (Zp, ·) → (Zp, ·) (1 ≤ i ≤ n) be
semigroup isomorphisms. Define scalar multiplication by

(x1, x2, . . . , xn)α = (x1ϑ1(α), x2ϑ2(α), . . . , xnϑn(α)).

By Proposition 6, every ϑi is a q-th power function for some q, 1 ≤ q ≤ p − 2 and
gcd(q, p− 1) = 1. The number of q’s satisfying this is φ(p− 1) (where φ denotes Euler’s
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totient function). This implies that there are φ(p − 1) distinct semigroup isomorphisms
ϑi : (Zp, ·)→ (Zp, ·).
This leads to:

THEOREM 7:

If VZp is an n-dimensional near vector space, then it cannot contain more than φ(p − 1)
maximal regular subspaces.

Proof

The scalar multiplication of this space is given by

(x1, x2, . . . , xn)α = (x1α
q1, x2α

q2, . . . , xnα
qn),

where each qi satisfies 1 ≤ qi ≤ p−2 and gcd(qi, p−1) = 1. All those qi that coincide lead
to a maximal regular subspace, as in Example 2. Since there are not more than φ(p− 1)
distinct qi, the result follows.

If q1, q2, . . . , qn is a sequence of qi satisfying 1 ≤ qi ≤ p− 2, gcd(qi, p− 1) = 1, that leads
to the near vector space VZp with scalar multiplication

(x1, x2, . . . , xn)α = (x1α
q1, x2α

q2, . . . , xnα
qn)

and τ is any permutation of 1, 2, . . . , n, then the sequence qτ(1), qτ(2), . . . , qτ(n) leads to a

near vector space V
I
Zp with scalar multiplication

(x1, x2, . . . , xn)α = (x1α
qτ(1), x2α

qτ(2) , . . . , xnα
qτ(n))

that is isomorphic to the first one. This can easily be verified by considering the bijection

ζ : V → V ;

ζ(x1, x2, . . . , xn) = (xτ(1), xτ(2), . . . , xτ(n)).

We may therefore always assume that q1 ≤ q2 ≤ · · · ≤ qn.
If q

I
1 ≤ qI2 ≤ · · · ≤ qIn is another sequence satisfying 1 ≤ qIi ≤ p− 2, gcd(qIi, p− 1) = 1, but

q
I
k W= qk, for some k, then the corresponding near vector spaces are not isomorphic:
Suppose there exists an isomorphism ψ : VZp → V

I
Zp , where we use scalar multiplications
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according to q1 ≤ q2 ≤ · · · ≤ qn in VZp and according to q
I
1 ≤ q

I
2 ≤ · · · ≤ q

I
n in V

I
Zp .

Consider for any k ∈ {1, 2, . . . , n} any subsequence qk = qk+1 = · · · = qk+l where either
k = 1 or qk−1 < qk, and l ≥ 0 as large as possible.
Let ei = (0, . . . , 1, . . . , 0), with 1 in position i, and zeros elsewhere (1 ≤ i ≤ n). Then

ψ(ek) = (ωk,1, . . . ,ωk,n)
... =

...

ψ(ek+l) = (ωk+l,1, . . . ,ωk+l,n),

for certain ωi,j ∈ Zp. Also, for α ∈ Zp,

ψ(ekα) = ψ(0, . . . ,αqk , . . . , 0) = (ωk,1α
q
I
1 , . . . ,ωk,nα

q
I
n)

... =
... =

...

ψ(ek+lα) = ψ(0, . . . , 0,αqk+l, . . . , 0) = (ωk+l,1α
q
I
1 , . . . ,ωk+l,nα

q
I
n)

where αqj in position j for j = k, . . . , k + l. Hence,

ψ(ekα
1
qk ) = ψ(0, . . . ,α, . . . , 0), with α in position k,

= (ωk,1α
q
I
1
qk , . . . ,ωk,nα

q
I
n
qk ).

Hence for α, β ∈ Zp,

ψ(ekα
1
qk + ekβ

1
qk ) = ψ(ekα

1
qk ) + ψ(ekβ

1
qk )

= (ωk,1α
q
I
1
qk , . . . ,ωk,nα

q
I
n
qk ) + (ωk,1β

q
I
1
qk , . . . ,ωk,nβ

q
I
n
qk )

= (ωk,1(α
q
I
1
qk + β

q
I
1
qk ), . . . ,ωk,n(α

q
I
n
qk + β

q
I
n
qk ))

which equals

ψ(ek(α+ β)
1
qk ) = (ωk,1(α+ β)

q
I
1
qk , . . . ,ωk,n(α+ β)

q
I
n
qk ).

As ek is nonzero, at least one of ωk,1, . . . ,ωk,n is nonzero, say ωk,t W= 0. Then

ωk,t(α
q
I
t
qk + β

q
I
t
qk ) = ωk,t(α+ β)

q
I
t
qk ,

for all α, β ∈ Zp. Put α = γqk and β = δqk . Then it follows that

(γqtI + δqtI )
1
q
t
I = (γqk + δqk)

1
qk ,
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for all γ, δ ∈ Zp. This can only happen if qIt = qk, by Lemma 5, which then also implies
that ωk,j = 0 if q

I
j W= qk.

Now assume that qk = q
I
t = q

I
t+1 = · · · = qIt+s, where either t = 1 or qIt−1 < qIt and s as

large as possible. Then

ψ(ek) = (0, . . . , 0,ωk,t, . . . ,ωk,t+s, 0, . . . , 0)

ψ(ek+1) = (0, . . . , 0,ωk+1,t, . . . ,ωk+1,t+s, 0, . . . , 0)
... =

...

ψ(ek+l) = (0, . . . , 0,ωk+l,t, . . . ,ωk+l,t+s, 0, . . . , 0).

Now, if s < l, then the l + 1 vectors ψ(ek), . . . ,ψ(ek+l) are linearly dependent in V
I
Zp . So

there exist scalars ξ0, . . . , ξl ∈ Zp, not all zero, such that�l
i=0 ψ(ek+i)ξi =

�l
i=0 ψ(ek+iξi)

= ψ(
�l

i=0 ek+iξi)

= 0.

So
�l

i=0 ek+iξi = 0, a contradiction, as {ek, ek+1, . . . , ek+l} is linearly independent. So
s ≥ l. By considering the inverse isomorphism ψ−1 : V

I
Zp → VZp , it follows similarly that

s ≤ l, implying that s = l.
Consequently, if there are exactly l + 1 copies of qk in the sequence q1 ≤ q2 ≤ · · · ≤ qn,
then there must be exactly l + 1 copies of qk (= q

I
t) in the sequence q

I
1 ≤ qI2 ≤ · · · ≤ qIn as

well. This means that the two sequences q1 ≤ q2 ≤ · · · ≤ qn and qI1 ≤ qI2 ≤ · · · ≤ qIn are
identical.

THEOREM 8:

Let φ denote Euler’s totient function. There are exactly

w
n+ φ(p− 1)− 1

n

W
n-dimensional

near vector spaces over Zp, up to isomorphism. Each of these is completely determined

by a choice of integers 1 ≤ q1 ≤ · · · ≤ qn ≤ p − 2, gcd(qi, p − 1) = 1 (1 ≤ i ≤ n) that
defines the scalar multiplication

(x1, x2, . . . , xn)α = (x1α
q1, x2α

q2, . . . , xnα
qn).
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Proof

There are φ(p− 1) integers qi such that 1 ≤ qi ≤ p− 2 and gcd(qi, p− 1) = 1. We need to
choose n of these, and count the number of ways in which we obtain different sequences

q1 ≤ q2 ≤ · · · ≤ qn. This is the same as the number of selections of n objects chosen from
φ(p− 1) types, which is given by Dn+φ(p−1)−1

n

i
[[11], Theorem 2, p.197].

EXAMPLE 9:

For n = 4 and p = 5, we have
D
4+φ(4)−1

4

i
=
D
5
4

i
= 5 distinct 4-dimensional near vector

spaces over Z5, up to isomorphism. They are determined by the sequences

(q1, q2, q3, q4) ∈ {(1, 1, 1, 1), (1, 1, 1, 3), (1, 1, 3, 3), (1, 3, 3, 3), (3, 3, 3, 3)}.

THEOREM 10:

VZp is a vector space if and only if q1 = q2 = · · · = qn = 1.
Proof

We know that the choice q1 = q2 = · · · = qn = 1 gives a vector space, since, in this case,
the scalar multiplication is given by

(x1, x2, . . . , xn)α = (x1α, x2α, . . . , xnα),

for all (x1, x2, . . . , xn) ∈ Zpn and α ∈ Zp. For any other choice of the qi’s, we have seen
that non-isomorphic near vector spaces are created, so no one of them can be a vector

space. (Vector spaces with a given dimension and over a given field are unique up to

isomorphism).

COROLLARY 11:

There is only one n-dimensional near vector space over F = Zp, p ∈ {2, 3}, namely
(F n, F ), with scalar multiplication

(x1, x2, . . . , xn)α = (x1α, x2α, . . . , xnα),

and this is a vector space.
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It should now be clear why the case p = 2 follows trivially, as pointed out before Lemma

4.



Chapter 4

Homogeneous and Near Linear

Transformations

4.1 Homogeneous Transformations

DEFINITION 1:

Let (V , F ) be a near vector space. A function g : V → V is called a homogeneous

transformation of V if for each x ∈ V and for each α ∈ F ,

g(xα) = (g(x))α.

The nearring MF (V ) of homogeneous functions of V into itself (refer to Example 1.2-3),

MF (V ) := {f : V → V | f(xα) = f(x)α, for all x ∈ V,α ∈ F}.

has the following subset

LF (V ) := {f ∈MF (V ) | f(v1 + v2) = f(v1) + f(v2) for all v1, v2 ∈ V },

i.e. the set of all linear mappings from V to itself.

We start this chapter by proving that LF (V ) is a ring. We use a slightly different approach.

85
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PROPOSITION 2:

LF (V ) is a subnearring of MF (V ).

Proof

Since 0 ∈ LF (V ), LF (V ) is nonempty. Now suppose that s, s
I ∈ LF (V ). Then since

s ∈MF (V ), −s ∈MF (V ) and

−s(v1) + (−s(v2)) = (−1)s(v1) + (−1)s(v2)
= (−1)(s(v1) + s(v2))
= (−1)(s(v1 + v2))
= −s(v1 + v2).

Thus −s ∈ LF (V ).
Since s, s

I ∈MF (V ), s+ s
I ∈MF (V ) and

(s+ s
I
)(v1 + v2) = s(v1 + v2) + s

I
(v1 + v2)

= s(v1) + s(v2) + s
I
(v1) + s

I
(v2)

= s(v1) + s
I
(v1) + s(v2) + s

I
(v2)

= (s+ s
I
)v1 + (s+ s

I
)v2.

Thus s+ s
I ∈ LF (V ).

Finally, since s, s
I ∈MF (V ), ss

I ∈MF (V ) and

(ss
I
)(v1 + v2) = s(s

I
(v1 + v2))

= s(s
I
(v1) + s

I
(v2))

= s(s
I
(v1)) + s(s

I
(v2))

= ss
I
(v1) + ss

I
(v2).

Thus ss
I ∈ LF (V ). Thus LF (V ) is a subnearring of MF (V ).

From Example 1.2-3, we have that V is a faithful MF (V )-module. We also have that

LF (V ) is a subnearring of MF (V ). Thus by restricting the identity representation of

MF (V ) on V to LF (V ), we have that V is a faithful LF (V )-module. In addition, since

(V , +) is abelian, (LF (V ), +) is an abelian group. This allows us to use the next lemma

([8](Lemma 3.7, p.51)).
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LEMMA 3:

Let V be an R-module with the properties:

(i) V is faithful as an R-module;

(ii) (R, +) is an abelian group;

(iii) for all r ∈ R, the map ρr : V → V given by ρr(v) := rv is an endomorphism of V ;

Then R is a ring.

THEOREM 4:

LF (V ) is a ring.

Proof

Let s ∈ LF (V ) and consider the map ρs : V → V defined by ρs(v) := sv.

Let v1, v2 ∈ V , then
ρs(v1 + v2) = s(v1 + v2)

= s(v1) + s(v2)

= ρs(v1) + ρs(v2).

Thus ρs is an endomorphism of V , so by Lemma 3, LF (V ) is a ring.

We start our next discussion with an example:

EXAMPLE 5:

Consider the near vector space (V , F ) as defined in Example 3.1, i.e. V := R2, F := R

and x
y

α :=

 xα
yα3


with α ∈ R and

x
y

 ∈ V .
Furthermore, let

N := {f : V → V | f is a homogeneous transformation of V }.

Then N is 2-primitive on V :

Firstly, we know that N is a (right) nearring (refer to Example 1.2-3). Moreover, for
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u W= 0, and for each x ∈ V , there exists a fu,x ∈ N defined by

fu,x(y) =

 xα if y W= 0 and y = uα for some α ∈ F ,
0 otherwise.

(a) fu,x is well defined:

Case 1: Let y W= 0 and y = uα. Suppose that uα = uαI . Then u(α− α
I
) = 0. Therefore,

since u W= 0, α = α
I
. Then fu,x(y) = xα.

Case 2: Let y W= 0 and y W= uα for each α ∈ F . Then fu,x(y) = 0.
Case 3: Let y = 0. Then fu,x(y) = 0.

(b) fu,x ∈ N :
It suffices to show that, for each β ∈ F ,

fu,x(yβ) = (fu,x(y))β.

Case 1: Let y = 0. Then for each β ∈ F , yβ = 0. Hence fu,x(yβ) = 0, but fu,x(y) = 0.
Therefore (fu,x(y))β = 0.

Case 2: Let y W= 0 and β = 0. Then fu,x(yβ) = fu,x(0) = 0 and (fu,x(y))β = (fu,x(y))0 = 0.
Case 3: Let y W= 0, β W= 0 and yβ = uα for some α ∈ F . Then y = uαβ−1. Hence

fu,x(yβ) = xα and fu,x(y) = xαβ
−1. Therefore fu,x(yβ) = (fu,x(y))β.

Case 4: Let y W= 0, β W= 0 and yβ W= uα for each α ∈ F . Then y W= uα for each α ∈ F .
Hence fu,x(y) = 0 = fu,x(yβ).

Clearly V is an N -module and V is monogenic, i.e. there exists a u W= 0 ∈ V such that

Nu = V . We have that Nu ⊆ V for every u W= 0 ∈ V . Now take any u W= 0 and any

x ∈ V , then since u = u1, fu,x(u) = x. Thus V = Nu and so V is monogenic. In addition,
since V = Nu for every u W= 0 ∈ V , V is of type 2.
Finally, V is faithful, since the zero mapping is an element of N and it is the only element

of N that maps every element of V to zero.

Let M2(F ) be the 2 x 2 matrix ring over F . For each A =

a11 a12

a21 a22

 ∈ M2(F ), we
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define the mapping Aφ : V → V by

Aφ

x1
x2

 =
a11x1 + a12x 132
a21x

3
1 + a22x2

 .
The mapping Aφ is an element of N :

Let

x1
x2

 ∈ V and α ∈ F . Then

Aφ

x1
x2

α

 = Aφ

 x1α
x2α

3



=

 a11x1α+ a12x 132 α
a21x

3
1α

3 + a22x2α
3



=

 (a11x1 + a12x 132 )α
(a21x

3
1 + a22x2)α

3



=

a11x1 + a12x 132
a21x

3
1 + a22x2

α

=

Aφ

x1
x2

α.

However,

Aφ

x1
x2

+
y1
y2

 = Aφ

x1 + y1
x2 + y2



=

a11(x1 + y1) + a12(x2 + y2) 13
a21(x1 + y1)

3 + a22(x2 + y2)


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and

Aφ

x1
x2

+Aφ

y1
y2

 =

a11x1 + a12x 132
a21x

3
1 + a22x2

+
a11y1 + a12y 132
a21y

3
1 + a22y2



=

a11(x1 + y1) + a12(x 132 + y 132 )
a21(x

3
1 + y

3
1) + a22(x2 + y2)

 .
Hence, in general,

Aφ

x1
x2

+
y1
y2

 W= Aφ

x1
x2

+Aφ

y1
y2

 .
Therefore Aφ : V → V is in general not a linear transformation.

Let X := {Aφ |A ∈M2(F )}. Then X ⊆ N . Furthermore, let T be the subnearring of N
generated by X, i.e. the intersection of all subnearrings of N which contain X.

Then T is 2-primitive on V :

First, we know that T is a subnearring of N . Hence, since V is an N -module, V is a

T -module. But T is a set of functions on V , hence V is a faithful T -module.

Secondly, V is monogenic:

Let

x1
x2

 ∈ V . Then
x1 x3

x2 x4


φ

∈ T for any x3, x4 ∈ R and

x1 x3

x2 x4


φ

1
0

 =
x1 + 0
x2 + 0

 =
x1
x2

 .
Hence T

1
0

 = V .
Finally, V is of type 2:

Let H be a T -submodule of V and let

x1
x2

 ∈ H with

x1
x2

 W=
0
0

.
If x1 W= 0, then since TH ⊆ H,x−11 0

0 0


φ

x1
x2

 =
1
0

 ∈ H.
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Hence TH = V . Therefore H = V .

If x1 = 0, then 0 x
− 1
3

2

0 0


φ

x1
x2

 =
1
0

 ∈ H,
and so as before H = V .

Consequently, V does not contain any proper non-trivial T -submodules.

We now show that T is a proper subnearring of N :

Consider the orbit B :=

1
1

F =

 α

α3

 |α ∈ F
.

Define e : V → V by

e

x
y

 =


x
y

 if

x
y

 ∈ B0
0

 if

x
y

 /∈ B.

Then

e

x
y

α

 = e
 xα
yα3

 =
 xα
yα3

 =
x
y

α =

e
x
y

α,

if

x
y

 ∈ B, and
e

x
y

α

 = e
 xα
yα3

 =
0
0

 =
e
x
y

α,

if

x
y

 /∈ B. Hence e ∈ N .

Now elements of the form

a b

c d


φ

and products and sums of finitely many such elements

are the only elements of T . We proceed to show that e is not in T , showing that T is a

proper subnearring of N .
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LEMMA 6:

Let f(x, y) = f1(x) + f2(y), with f1 : R → R and f2 : R → R continuous on R. Then

f : R2 → R is continuous on R2.

Proof

Let (x0, y0) ∈ R2. Then f1 is continuous at x0 and f2 is continuous at y0. Let 6 > 0. Then
there exists δ1 > 0 and δ2 > 0 such that,

|f1(x)− f1(x0)| < 6

2
if |x− x0| < δ1

and

|f2(y)− f2(y0)| < 6

2
if |y − y0| < δ2.

Let δ = min{δ1, δ2}. If 0
(x− x0)2 + (y − y0)2 < δ,

then

|x− x0| < δ ≤ δ1 and |y − y0| < δ ≤ δ2.

Therefore

|f(x, y)− f(x0, y0)| = |f1(x) + f2(y)− (f1(x0) + f2(y0))|
= |f1(x)− f1(x0) + f2(y)− f2(y0)|
≤ |f1(x)− f1(x0)|+ |f2(y)− f2(y0)|
≤ 6

2
+ 6

2

= 6.

Continuing with the example, let

a b

c d


φ

: V → V be a mapping defined by

a b

c d


φ

x
y

 =
ax+ by 13
cx3 + dy


and let g(x, y) = ax + by

1
3 and h(x, y) = cx3 + dy. But the functions k1, k2, k3 and k4,

defined by k1(x) = ax, k2(y) = by
1
3 , k3(x) = cx

3 and k4(y) = dy, are continuous on R.
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Hence, by Lemma 6, g and h are continuous on R2 (= V ).

Next, define θ : V → V by

θ(x, y) = (g(x, y), h(x, y)).

Let 6 > 0. Then there exist δ1 > 0 and δ2 > 0 such that

|g(x, y)− g(x0, y0)| < 6√
2
if , (x, y)− (x0, y0) ,< δ1,

and

|h(x, y)− h(x0, y0)| < 6√
2
if , (x, y)− (x0, y0) ,< δ2.

Let δ = min{δ1, δ2}. If

, (x, y)− (x0, y0) ,=
0
(x− x0)2 + (y − y0)2 < δ,

then

, (x, y)− (x0, y0) ,< δ1 and , (x, y)− (x0, y0) ,< δ2.

Therefore

, θ(x, y)− θ(x0, y0) , = , (g(x, y), h(x, y))− (g(x0, y0), h(x0, y0)) ,
= , (g(x, y)− g(x0, y0), h(x, y)− h(x0, y0)) ,
=
0
(g(x, y)− g(x0, y0))2 + (h(x, y)− h(x0, y0))2

<
�

62

2
+ 62

2

=
�

262

2

= 6.

Consequently, θ

=
a b

c d


φ

 is continuous on V .
Furthermore, since the sum and the product of finitely many continuous functions are

continuous, each element of T is continuous on V .

However,

lim
y→1

e(1, y)I = (0, 0)I W= (1, 1)I = e(1, 1)I.

Therefore e is discontinuous at (1, 1)I. Consequently e /∈ T .
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The next note is a summary of the properties of T that we have proved:

NOTE 5:

(a) T is a nearring with identity

1 0

0 1


φ

.

(b) T is 2-primitive on the T -module V .

(c) T is not a ring.

(d) T ⊂ N .

The following theorem is a well-known result by Betsch. A proof can be found in

[8](Theorem 3.35, p.65). Recall that

MD(G) = {α ∈M(G) |α(gd) = (αg)d for all d ∈ D, g ∈ G} (Example 1.2-3),

where D is a semigroup of endomorphisms of G. We need a definition first.

DEFINITION 7:

Let M be a subnearring of the nearring N with a natural faithful representation on the

N -module V . Then M is said to be dense in N if given any finite subset {v1, v2, . . . , vk},
k ≥ 1, of V and any element n of N , there exists an m ∈ M such that mvi = nvi for

1 ≤ i ≤ k.

THEOREM 8:

Let R be a nearring with identity which is 2-primitive on the R-module G. Let C :=

EndRG, D := AutRG. Then R ⊆ MDG, C = D0, D is fix point free and either R is

a primitive ring on the faithful simple R-module G or R is not a ring and is a dense

subnearring of MDG.

Therefore by Note 5,

COROLLARY 9:

T is a proper dense subnearring of N .

Example 5 sets the scene for a more general situation, discussed in [12] and [13].

The action of a field F on a vector space V := (F n, +), where n > 1 results in the creation

of two well known structures that depend very tightly on this action. First there is the
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ring of linear transformations of V , also known as the ring of F -endomorphisms of V ,

which can be identified with the ring Mn(F ), the ring of n × n matrices over F (See

[3](Proposition 3.1.12, p.145)). This ring is contained in the second structure, namely

the nearring MF (V ) of homogeneous functions of V into itself. The object is to consider

“perturbations” in the action of F on V and to investigate the effects thereof onMn(F ).

To be more specific, we wish to change the action of the group (F ∗, ·) on V in such a way
that it remains a group of fix point free automorphisms of V , i.e. if λ ∈ F ∗, v W= 0 ∈ V
and vλ = v, then λ = 1.

DEFINITION 10:

A perturbation in the action of F on V is an n-vector Ψ := (ψi) of automorphisms of the

group with zero (F , ·). The action of F on V under the perturbation Ψ is defined by

(xi) ◦Ψ λ := (xiψi(λ)) for all (xi) ∈ V,λ ∈ F,

and the corresponding nearring of (F , V )-functions,

{f : V → V | f((xi) ◦Ψ λ) = f((xi)) ◦Ψ λ for all (xi) ∈ V,λ ∈ F},

is denoted by M(F,Ψ)(V ).

Let I = {1, 2, . . . , n} from now on.

PROPOSITION 11:

(V , F ), under the perturbed action defined above, is a near vector space.

Proof

First we will show that (V , F ) is an F -group:

(F1): (V , +) is a group:

(i)

[(ξi) + (ηi)] + (αi) = (ξi + ηi) + (αi)

= ((ξi + ηi) + αi)

= (ξi + (ηi + αi))

= (ξi) + [(ηi) + (αi)].
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Thus (V , +) is associative.

(ii) (0) is an element of (V , +) and moreover, it is the identity of (V , +) since

(ξi) + (0) = (ξi + 0) = (ξi)

and

(0) + (ξi) = (0 + ξi) = (ξi).

(iii) For each (ξi) ∈ V , (−ξi) ∈ V and

(ξi) + (−ξi) = (ξi − ξi) = (0)

and

(−ξi) + (ξi) = (−ξi + ξi) = (0).

So −(ξi) = (−ξi) ∈ V .
Furthermore, F is a set of endomorphisms of V , since,

[(ξi) + (ηi)]λ = (ξi + ηi)λ

= ((ξi + ηi)ψi(λ))

= (ξiψi(λ) + ηiψi(λ)) since F is right distributive,

= (ξiψi(λ)) + (ηiψi(λ))

= (ξi)λ+ (ηi)λ.

(F2):

The endomorphisms 0, 1,−1 defined by

(ξi)0 = (ξiψi(0)) = (0),

(ξi)1 = (ξiψi(1)) = (ξi),

(ξi)(−1) = (ξiψi(−1)) = (ξi(−1)) = (−ξi),

with (ξi) ∈ V , are elements of F .
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(F3):

Let λ ∈ F ∗. Then λ is a bijection:
Let (ξi)λ = (ηi)λ, then (ξiψi(λ)) = (ηiψi(λ)) which implies that ξiψi(λ) = ηiψi(λ) for each

i ∈ I and so (ξi − ηi)ψi(λ) = 0. Thus for each i ∈ I, since λ W= 0, ξi = ηi, which implies

that (ξi) = (ηi). Thus λ is an injection.

Now let (ξi) be an element of V . Then since ψi is an automorphism for each i ∈ I, ψ−1i
exists for each i ∈ I and ψ−1i (λ) ∈ F . But (ξiψ−1i (λ))λ = (ξiψ−1i (λ)ψi(λ)) = (ξi). Hence
λ is surjective.

Consequently F ∗ is a subset of the automorphism group of (V , +). But F is a field.

Hence F ∗ is a subgroup of the automorphism group of (V , +).

(F4):

Let (ξi)λ = (ξi)µ. Then (ξiψi(λ)) = (ξiψi(µ)), which implies that for each i ∈ I, ξiψi(λ) =
ξiψi(µ). Suppose that λ W= µ, then ψi(λ) W= ψi(µ) for each i ∈ I (ψi is an automorphism for
each i ∈ I). If there exists a j ∈ I such that ξj W= 0, ξ−1j ∈ F and ξ−1j ξjψi(λ) = ξ−1j ξjψi(µ).

Therefore, ψi(λ) = ψi(µ), a contradiction. Hence ξi = 0 for each i ∈ I.
Finally, we show that Q(V ) generates (V , +):

Let ej := (δji)i∈I , where δji is the Kronecker symbol. Then, for every α,β ∈ F ,

ejα+ ejβ = (δjiψi(α)) + (δjiψi(β))

= (δjiψi(α) + δjiψi(β))

= (δji(ψi(α) + ψi(β)))

= ejψ
−1
j (ψjα+ ψjβ).

Thus {ej | j ∈ I} ⊆ Q(V ) and since every element of V is of the form
�

j∈K ejλj, with

λj ∈ F and K a finite subset of I, Q(V ) generates V .

NOTE 11:

(i) V under this perturbed action is not generally a vector space. As a counter example

consider Example 3.1. Put ψ1(α) := α and ψ2(α) := α3 for each α ∈ F . Then (x1, x2)α =
(x1α, x2α

3). Since (Q2) does not hold in general, V is not regular and therefore not a

vector space.
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(ii) MF (V ) = M(F,1)(V ) where 1 is an n-vector of identity automorphisms, the identity

perturbation.

Next we ask what substructure of M(F,Ψ)(V ) should be regarded as the counterpart of

Mn(F ) in M(F,1)(V ). The answer is derived from the following result:

LEMMA 12:

Mn(F ) is the smallest 2-primitive subnearring of M(F,1)(V ) that contains all the distrib-

utive elements of M(F,1)(V ).

Proof

For each (xi) ∈ V , define h(xi) by h(xi)(e1λ) := (xiλ) for all λ ∈ F , 0 otherwise. Then
h(xi) is in M(F,1)(V ):

Let λ ∈ F , (yi) ∈ V . Then

h(xi)((yi)λ) =

 (xiy1λ) if yi = 0 for all i ≥ 2
0 otherwise

= (h(xi)(yi))λ.

For a function f to be distributive in M(F,1)(V ) it implies that

f ◦ (h(xi) + h(yi)) = f ◦ h(xi) + f ◦ h(yi).

This in turn implies that

f((xi) + (yi)) = f(xi) + f(yi),

so f is an endomorphism, i.e. f ∈ EndF (V ). So the distributive elements in M(F,1)(V )

are exactly the F -endomorphisms of V .

Next we show that Mn(F ) is 2-primitive on V . Let (yi) ∈ V with (yi) nonzero. Let

(zi) ∈ V . If yr W= 0, then (dij)(yi) = (zi) with dij = 0 if j W= r and dir = ziy−1r .
Finally since Mn(F )(∼= EndF (V )) consists exactly of all the distributive elements of

MF (V ), it must be the smallest 2-primitive subnearring of MF (V ) that contains all the

distributive elements of MF (V ).
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So our aim is to find the smallest 2-primitive subnearring of M(F,Ψ)(V ) that contains all

the distributive elements of M(F,Ψ)(V ).

DEFINITION 13:

The subnearring of M(F,Ψ)(V ) generated by the set of all square matrices, C := (cij),

where cij ∈ F , with the action on V defined by
c11 · · · c1n
...

. . .
...

cn1 · · · cnn

 (xi) :=

c11ϑ11(x1) + · · ·+ c1nϑ1n(xn)

...

cn1ϑn1(x1) + · · ·+ cnnϑnn(xn)


where ϑij = ψiψ

−1
j , is called the nearring of near linear transformations of the near vector

space (V , FΨ), where FΨ indicates the action of F under the perturbation Ψ. It will be

denoted by Mn(F,Θ), where Θ = (ϑij) denotes the matrix of automorphisms of (F , ·)
used here.

This nearring is the desired candidate:

THEOREM 14:

Mn(F,Θ) is the smallest 2-primitive subnearring of M(F,Ψ)(V ) which contains every dis-

tributive element of M(F,Ψ)(V ).

THEOREM 15:

Mn(F,Θ) is a simple nearring.

Proofs of the above two theorems can be found in [12] (Theorem 2, p.191 and Theorem

4, p.192 respectively).

For our next result we need to branch into matrix nearrings. We will only define the basic

structures needed for the proof. We refer the reader to [9] for more information.

Let n be any natural number and let (N , +, ·) be a nearring with identity. Denote by
Nn the direct sum of n copies of the group (N , +). Note that (N , +) is not necessarily

abelian.

To each element r of N there corresponds a function f r : N → N defined by f r(s) = rs
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for all s ∈ N . We define n× n matrices as functions from Nn to Nn. As building blocks

for these matrices, we introduce the functions f rij : N
n → Nn, where f rij := ιif

rπj for

1 ≤ i, j ≤ n and r ∈ N , where the symbols ιj and πj will respectively denote the familiar
j-th coordinate injection and projection functions. In the ring case, f rij corresponds to an

n× n matrix with r in the (i, j)-th position and 0 elsewhere.

DEFINITION 16:

The nearring of n× n matrices over N , denoted by Mn(N), is the subnearring of M(N
n)

generated by the set {f rij | r ∈ N, 1 ≤ i, j ≤ n}. The elements of Mn(N) will be referred

to as n× n matrices over N .

The following proposition is taken from [9](Proposition 1.3, p.2).

PROPOSITION 17:

If R is a ring with identity, then Mn(R) is isomorphic to the usual full ring of n × n
matrices over R.

THEOREM 18:

For any specific pair (i, j): f rij ∈Mn(F,Θ) for all r ∈ F if and only if ψi = ψj.

Proof

Suppose f rij ∈Mn(F, θ) for all r ∈ F and a specific pair (i, j). Let (xi) ∈ V and b ∈ F
be arbitrary.

Then

f rij((xi) ◦Ψ b) = f rij((xiψi(b))

= ιif
rπj((xiψi(b)))

= (0, 0, . . . , 0, rxjψj(b), 0, 0, . . . , 0), with rxjψj(b) in the i-th position,

while

f rij((xi)) ◦Ψ b = ιif
rπj((xi)) ◦Ψ b

= (0, 0, . . . , 0, rxj, 0, . . . , 0) ◦Ψ b, with rxj in the i-th position
= (0, 0, . . . , 0, rxjψi(b), 0, 0, . . . , 0), with rxjψi(b) in the i-th position.

But f rij((xi) ◦Ψ b) = f rij((xi)) ◦Ψ b, thus ψj(b) = ψi(b) for all b ∈ F , so ψj = ψi.
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Conversely, suppose that ψi = ψj. Let r ∈ F and consider the matrix

C =



0 · · · 0 · · · 0
...

...
...

0 · · · r · · · 0
...

...
...

0 · · · 0 · · · 0


with r in position (i, j) and zeros elsewhere. Then, by Definition 13, for arbitrary (xi) ∈ V ,

C((xi)) = ιi(rϑij(xj))

= ιi(rψiψ
−1
j (xj))

= ιi(rxj), since ψi = ψj

= ιif
rπj((xi))

= f rij((xi)).

So f rij = C ∈Mn(F,Θ).

COROLLARY 19:

Mn(F ) is a subnearring ofMn(F,Θ) if and only if ψ1 = ψ2 = · · · = ψn.

Proof

Assume that ψ1 = ψ2 = · · · = ψn. By definition, Mn(F ) is the subnearring of M(V )

generated by {f rij | r ∈ F, 1 ≤ i, j ≤ n}. So it is sufficient to prove that each f rij ∈
Mn(F,Θ). But as ψ1 = ψ2 = · · · = ψn, the result follows directly from Theorem 18.

The converse follows trivially.

4.2 The Nearring of Near Linear Transformations

We now present a summary of the results found in [13]. Throughout this section N will

denote a zero-symmetric right nearring with identity 1 and all N -modules will be required

to be unitary, i.e. if G is an N -module, then 1g = g for all g ∈ G.
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DEFINITION 1:

If the nearring N contains a complete set of distributive idempotents, i.e. it contains a

finite set {e1, e2, . . . , en} of idempotents such that
(i) e1 + e2 + · · ·+ en = 1;
(ii) eiej = 0 if i W= j;
(iii) each ei is of rank 1 (see [8](Definition 4.3, p.70) for the definition of rank) and

(iv) each ei is a distributive element of N ;

then N is called a CDI-nearring.

Recall that if V is a group and A is group of automorphisms of V , then the centralizer

nearring MA(V ) (see Example 1.2-3) is defined by:

MA(V ) := {α ∈M(V ) |α(va) = (αv)a for all a ∈ A, v ∈ V }.

In his article [12](Theorem 3.4, p.301) van der Walt derives two characterizations of finite

dimensional near vector spaces:

THEOREM 2:

Let V be a group and let A := D ∪ {0}, whereD is a fix point free group of automorphisms
of V . Then

(i) (V , A) is a finite dimensional near vector space if and only ifMA(V ) is a CDI-nearring;

(ii) (V , A) is a finite dimensional near vector space if and only if there exists a finite

number of nearfields, F1, F2, . . . , Fn, semigroup isomorphisms ψi : A → Fi and a group

isomorphism Φ : V → F1 ⊕ F2 ⊕ · · ·⊕ Fn such that if

Φ(v) = x1 + x2 + · · ·+ xn, (xi ∈ Fi)

then

Φ(vα) = x1ψ1(α) + x2ψ2(α) + · · ·+ xnψn(α),

for all v ∈ V and α ∈ A.

According to this theorem we can specify a finite dimensional near vector space by taking n

nearfields F1, F2, . . . , Fn for which there are semigroup isomorphisms ϑij : (Fj, ·)→ (Fi, ·)



CHAPTER 4. HOMOGENEOUS AND NEAR LINEAR TRANSFORMATIONS 103

with ϑijϑjk = ϑik for 1 ≤ i, j, k ≤ n. We can then take V := F1 ⊕ F2 ⊕ · · · ⊕ Fn as the
additive group of the near vector space and any one of the semigroups (Fio , ·) as the
semigroup of endomorphisms by defining

(x1, x2, . . . , xn)α := x1ϑ1io(α) + x2ϑ2io(α) + · · ·+ xnϑnio(α),

for all xj ∈ Fj and all α ∈ Fio .
Our object is to study the nearring

N :=MFio
(V ).

More specifically, we follow our line of thought in Section 4.1, i.e. we would like to de-

termine the smallest subnearring S of N which contains the complete set of distributive

idempotents {e1, e2, . . . , en} where ej is defined by ej(x1+x2+· · ·+xn) := xj, and which is
2-primitive on V . Since S is supposed to be 2-primitive, given any (b1j, b2j, . . . , bnj)

I ∈ V ,
(we are adopting vector notation, letting transposes be indicated by primes), S must con-

tain an element sj such that sj(0, 0, . . . , 0, 1, 0, . . . , 0)
I = (b1j, b2j, . . . , bnj)I, where the 1 is

in position j. Now, if (x1, x2, . . . , xn)
I ∈ V , then

sjej(x1, x2, . . . , xn)
I = sj(0, 0, . . . , 0, xj, 0, . . . , 0)

I

= sj(0, . . . , 0, 1, 0, . . . , 0)
Iϑ−1jio(xj)

= (b1j, b2j, . . . , bnj)
Iϑ−1jio(xj)

= (b1jϑ1j(xj), b2jϑ2j(xj), . . . , bnjϑnj(xj))
I.

It follows that
�n

j=1 sjej is in S; and the above calculation shows that it can adequately

be denoted by the matrix (bij). In fact, every square matrix C := (cij), where cij ∈ Fi,
represents an element of S, with the action on V defined by

c11 · · · c1n
...

. . .
...

cn1 · · · cnn



x1
...

xn

 :=

c11ϑ11(x1) + · · ·+ c1nϑ1n(xn)

...

cn1ϑn1(x1) + · · ·+ cnnϑnn(xn)

 . (4.1)

DEFINITION 3:

The subnearring of MFio
(V ) generated by the set of all square matrices with their action
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on V as defined in (4.1) is called the nearring of matrices determined by the nearfields

F1, F2, . . . , Fn and the matrix of isomorphisms (ϑij), and is denoted byMn({Fi}, (ϑij)).

NOTE 3:

Note that the choice of io does not figure in the definition of this nearring.

THEOREM 4:

Mn({Fi}, (ϑij)) is 2-primitive on V .
Proof

Let (y1, y2, . . . , yn)
I ∈ V be nonzero and let (z1, z2, . . . , zn)

I ∈ V . If yr W= 0, then

(dij)(y1, y2, . . . , yn)
I = (z1, z2, . . . , zn)I, where dij = 0 if j W= r and dir = zi(ϑir(y−1r )).

Thus by the discussion preceding Definition 3,Mn({Fi}, (ϑij)) must equal S.

We formulate the preceding observations in:

THEOREM 5:

Suppose (V , A) is an n-dimensional near vector space. Then MA(V ) contains a subnear-

ring S isomorphic to a nearring of matrices determined by n nearfields with isomorphic

multiplicative semigroups. If S is not a ring, then S is dense in MA(V ).

COROLLARY 6:

Suppose (V , A) is a finite near vector space which is not a vector space. Then MA(V )

is isomorphic to a nearring of matrices determined by a finite number of finite nearfields

with isomorphic multiplicative semigroups.

Proofs of the above theorem and corollary can be found in [13](Theorem 3.5, p.302 and

Corollary 3.6, p.303). The proof of the next theorem is identical to the proof of Theorem

4.1-14 in [12].

THEOREM 7:

Mn({Fi}, (ϑij)) is a simple nearring.

Let us look at an example:
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EXAMPLE 8:

Let F1 = F2 := R, the field of real numbers. Let ϑ11 and ϑ22 be the identity function,

and let ϑ12 be defined by ϑ12(x) := x
1
3 and ϑ21(x) := x

3. Put V := F1 ⊕ F2 = R2. Then
the situation reduces to what we had in Example 4.1-5, where of courseM2({Fi}, (ϑij))
is just T .

It seems natural now to ask, in the case where the Fi are infinite, is there a constructive

way to show that Mn({Fi}, (ϑij)) = S ⊂ MFio
(V ), for example, can we show that the

map that is the identity on one orbit of Fio on V , and zero elsewhere, is not in S? (See

Example 4.1-5).

We have not been able to answer this specific question, but we can still show that S is a

proper subnearring of MFio
(V ) by using cardinality arguments.

THEOREM 9:

Let Fio be infinite, say |Fio | = κ ≥ Xo. Then |S| < |MFio
(V )|.

Proof

A full set of orbit representatives of Fio on V
∼= F nio is given by

W = {(1, a2, . . . , an)} ∪ {(0, 1, a3, . . . , an)} ∪ · · · ∪ {(0, 0, . . . , 0, 1)}.

Thus |W | = |V | = κ.

An element of MFio
(V ) is known once its values are known at each α ∈W . So |MFio

(V )|
equals the number of functions from W to V , which is |V ||W | = κκ. But

κκ ≥ 2κ ([7] Exercise 10(c))

= |P(Fio)| ([7] Exercise 10(f))
> |Fio| = κ ([7] Theorem 8.5)

= |fin(Fio)| ([7] Corollary 8.13)
= |S|, since each element of S is expressed using only finitely many elements of Fio .

COROLLARY 10:

Mn({Fi}, (ϑij)) is a proper subnearring of MFio
(V ) in the case where Fio is infinite.
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In the last two sections of this thesis, we take a closer look at S =Mn({Fi}, (ϑij)).

4.3 Some Left Ideals of S

Since S (as defined in Section 4.2) is 2-primitive on V (Theorem 4.2-4),

Sα = V, where α is any nonzero element of V . (4.2)

The map φ : S → V , with φ(U) = Uα, for all U ∈ S is an S-homomorphism between the

S-modules SS and SV . By (4.2), φ is in fact an S-epimorphism. Now,

ker φ = {U ∈ S |Uα = 0} = L,

say. So S/L ∼= V as S-modules and since V is a simple S-module, S/L is also simple as

an S-module. This implies that L is a maximal left ideal of the nearring S. That L is a

left ideal follows from [10](Corollary 1.43(a), p.21).

EXAMPLE 1:

If β = (1, 0, . . . , 0)I, then

L = {U ∈ S |Uβ = (0, 0, . . . , 0)I}

is a maximal left ideal of S.

THEOREM 2:

The L of Example 1 contains the left ideal of S generated by

X =




0 c12 · · · c1n

0 c22 · · · c2n
...

...
. . .

...

0 c2n · · · cnn

 | cij ∈ Fi

.

Proof

Clearly, since every element of X is in L, li�XX ⊆ L.
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Next we turn our attention to

Lk = AnnS(F1 ⊕ · · ·⊕ Fk−1 ⊕ {0}⊕ Fk+1 ⊕ · · ·⊕ Fn).

It is known that in the case of a vector space, Lk is a minimal left ideal. In the case of a

near vector space, the general question remains open; however, we do have the following:

THEOREM 3:

If one of F1, . . . , Fk−1, Fk+1, . . . , Fn is not a field, then Lk is not minimal.

Proof

Say F1 is not a field (where 1 < k ≤ n). Then there exists a, b, c ∈ F1 such that

a(b+ c) W= ab+ ac.
Consider

U =


a 0 · · · 0

0 0 · · · 0
...
...
. . .

...

0 0 · · · 0






b 0 · · · 0

0 0 · · · 0
...
...
. . .

...

0 0 · · · 0

+

0 · · · c · · · 0

0 · · · 0 · · · 0
...
. . .

...
... 0

0 · · · 0 · · · 0



+

0 · · · −ac · · · 0

0 · · · 0 · · · 0
...
. . .

...
... 0

0 · · · 0 · · · 0

+

−ab 0 · · · 0

0 0 · · · 0
...

...
. . .

...

0 0 · · · 0

 ,
with c and −ac in the k-th column.
Then U ∈ Lk ∩ L1.
Also, U W= 0, since

U(1, 1, . . . , 1)I W= (0, 0, . . . , 0)I (a(b+ c)− ab− ac W= 0, by hypothesis).

Furthermore, Lk ∩ L1 ⊂ Lk,
For example, 

0 · · · 1 · · · 0

0 · · · 0 · · · 0
...
. . .

...
. . .

...

0 · · · 0 · · · 0

 ∈ Lk\L1.
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So 0 W= U ∈ Lk ∩ L1 ⊂ Lk. This implies that Lk is not minimal.

4.4 The Kernel and Image of Elements of S

In this section we turn our attention to the kernel and image of elements of S. The

question arises whether or not for any U ∈ S, kerU and imU are subspaces of V .

THEOREM 1:

For any U ∈ S, kerU and imU are not generally subspaces of S.

Proof

As a counterexample, we refer to Example 4.1-5. Put A =

 1 −1
−1 1

. Consider the
following two elements of V ,

 2
23

 and
 3
33

. Both these elements are in kerAφ:

Aφ

 2
23

 =
2 + (−1)(2)
−23 + 23

 =
0
0


and

Aφ

 3
33

 =
3 + (−1)(3)
−33 + 33

 =
0
0

 .
But

 2
23

+
 3
33

 =
 5
35

 /∈ kerAφ :

Aφ

 5
35

 =
 5− 35 13
−53 + 35

 W=
0
0

 .
Thus kerAφ is not a subspace of V .

Now consider

 2

−2

. Then
 2

−2

 ∈ imAφ:

Aφ

 1

−1

 =
 2

−2

 .
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But

 2

−2

+
 2

−2

 =
 4

−4

 /∈ imAφ :

Suppose

 4

−4

 ∈ imAφ, then

Aφ

x
y

 =
 4

−4

 ,
i.e.  x− y 13

−x3 + y

 =
 4

−4

 ,
which implies that

x− y 13 = 4 (4.3)

and

−x3 + y = −4. (4.4)

From (4.3), y
1
3 = x− 4, thus y = (x− 4)3. From (4.4), y = −4 + x3. Thus

−4 + x3 = (x− 4)3
= (x− 4)(x2 − 8x+ 16)
= x3 − 8x2 + 16x− 4x2 + 32x− 64.

Thus −12x2 + 48x− 60 = 0 with no real solutions, as 482 − 4(−12)(−60) < 0, and thus
there are no real solutions for y as well. Thus imAφ is not a subspace of V .
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