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Summary

This thesis is mostly on mixture failure rate modeling with some applications. The topic is very
important in the modern statistical analysis of real world populations, as mixtures is the tool for
modeling heterogeneous populations. Neglecting heterogeneity can result in serious errors in
analyzing the corresponding statistical data. Many populations are heterogeneous in nature and
the homogeneous modeling can be considered as some approximation. It is well known that the
failure (mortality) rate in heterogeneous populations tends (as time increases) to that of the
strongest subpopulation. However, this basic result had to be considered in a much more
generality dealing with the shape of the failure rate and the corresponding properties for other
reliability indices as well. This is done in the dissertation, which is (we believe), its main

theoretical contribution which can have practical implications as well.

We focus on describing aging characteristics for heterogeneous populations. A meaningful case
of a population which consists of two subpopulations, which we believe was not sufficiently
studied in the literature, is considered. It is shown that the mixture failure rate can decrease or be
a bathtub (BT) shaped: initially decreasing to some minimum point and eventually increasing as

t — oo or show the reversed pattern (UBT). Otherwise, the IFR property is preserved.

The mean residual life’s (MRL) ‘shape properties’ are analyzed and some relations with the
failure rate are highlighted. We show that this function for some specific cases with, e.g., IFR or
UBT shaped failure rates is decreasing for certain values of parameters, whereas it is UBT for

other values.

Some findings on the bending properties of the mixture failure rates are presented. It follows
from conditioning on survival in the past interval of time that the mixture failure rate is

majorized by the unconditional one. These results are extended to other main reliability indices.

The mixture failure rate before and after a shock for ordered heterogeneous populations are

compared. It turns out that the failure rate after the shock is smaller than the one without a



shock, which means that shocks under some assumptions can improve the probabilities of

survival for items in a heterogeneous population.

We show that the population failure/mortality rate decreases with age and, even tend to reach a
plateau for some specific cases of mortality (hazard) rate process induced by the non-
homogeneous Poisson process of shocks. Our model can be used to model and analyze the
damage accumulated by organisms experiencing external shocks. In this case, the cumulated

damage is reflected by jumps in the failure rate.

The focus in the literature has been mostly on the study of expectations for mixtures, however,
the obtained results show that the variability characteristics in heterogeneous populations may

change dynamically.

Key Words:
Increasing (decreasing) failure rate,
Mixtures of distributions,
Mixture failure rate,
Stochastic ordering
Mortality (failure) rate process, and

Shocks.
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CHAPTER 1: Introduction

1.1. Motivational Aspects

This thesis is mostly on mixture failure rate modeling with some applications. The topic is very
important in the modern statistical analysis of real world populations, as mixtures is the tool for
modeling heterogeneous populations. Neglecting heterogeneity can result in serious errors in
analyzing the corresponding statistical data. Many populations are heterogeneous in nature and
the homogeneous modeling can be considered as some approximation. Quite a number of
examples and applications of theoretical modeling in this thesis are from the fields of reliability
and demography. It is well known that the failure (mortality) rate in heterogeneous populations
tends (as time increases) to that of the strongest subpopulation. However, this basic result had to
be considered in a much more generality dealing with the shape of the failure rate and the
corresponding properties for other reliability indices as well. This is done in the dissertation,
which is (we believe), its main theoretical contribution which can have practical implications as

well.

It should be noted that we do not provide specific engineering applications for the obtained
results (only sometimes mention them), but rather emphasize ‘general, natural applicability’ of
the obtained and discussed results. For instance, the apparent decrease in the observed failure
rate was first acknowledged for the heterogeneous set of aircraft engines with each
subpopulation described by the constant failure rate [66]. However, all obtained and discussed
results can be directly applied to various engineering settings with homogeneous subpopulations.
The same refers to the demographic context as well. Therefore, we believe, that our text is

indeed of a prospective applied nature, which is reflected in the title.

In the subsequent section, we discuss some general reliability notions relevant to our study and
present a brief introductory literature survey, whereas the more detailed analysis of specific
references will be conducted throughout the text at appropriate places while discussing relevant
issues. It should be noted that the literature on mixture failure rate modeling is quite abundant,

however, there are still a lot of topics and problems to be considered. We hope that our work fills

1



this gap, at least, to some extent. In the rest of this chapter, we pay also a considerable attention
to describing various (aging) classes of distributions, as it will be important and useful while
discussing the statistical modeling for mixtures of distributions.

As usual, we have adopted in this thesis, the convention of using increasing (decreasing) for non-
decreasing (non-increasing). The terms failure (hazard) rate and mortality rate will be used in
this dissertation.

1.2.  Some general reliability notions: Definitions and basic concepts

We consider nonnegative random variables, usually called lifetimes (i.e.,T > 0). Realizations of
these random variables may generally be manifested by some ‘end event’. The time to failure of
the man-made devices, the wear accumulated by a degrading system up to some predetermined
threshold or death of an organism are all relevant examples of lifetimes.

Our main focus in this study will be mostly on four main reliability indices: the failure rate (FR),
the mean residual lifetime (MRL), the reversed failure rate (RFR) and the mean waiting
(inactivity) time (MIT). At appropriate places we will consider the corresponding mixture

models for these indices.

Denote the cumulative distribution function (Cdf) that describes a lifetime T by,

F(t)=P(T <t)and its probability density function (pdf) by f(t). Then the corresponding

failure rate, ﬂ(t), which will be one of the prime objects in heterogeneous settings as well (to be

defined further), in this homogeneous setting is defined as
f(t)
Alt)==—=, 11
(t)== © (1.1)
where, E(t)zl—F(t)z S(t) is the corresponding survival function (otherwise also known as

the reliability function), i.e., S(t) = P(T >t). From this, the famous exponential representation

(also sometimes referred to as the product integral formula, [185]) can be obtained, i.e.

2



S(t)=exp(-u), (1.2)

t
where u = j A (v) dv is the cumulative failure rate. Result (1.2) already provides the simplest
0

characterization of S(t) via the failure rate.

Reliability characteristics uniquely describe a lifetime, T , whereas, e.g., the shape of the failure
rate provides powerful tools for describing the aging properties of the corresponding lifetime
distributions.  Therefore, hereafter, we present and describe the main ageing classes of

distributions.

1.2.1. IFR (DFR) and IFRA (DFRA) Classes

“The increasing failure rate (IFR) is an indication of deterioration or ageing of some kind, for a
lifetime and this is an important property in various applications”, [66]. On the other hand, if the
failure rate is decreasing (DFR), the object’s lifetime is improving. The increasing (decreasing)
failure rate average, IFRA (DFRA) are the corresponding simplest generalizations of these

classes.

The lifetime distribution, Cdf, F(t)is IFR (DFR) if, the conditional survival function, (i.e.
conditioned on survival to t) is decreasing (increasing) in t >0 for each x> 0. Alternatively

F (t) is defined in reference [218] to be IFR (DFR) if —InS(t) is concave (convex). These are
equivalent to the failure rate ﬂ(t) being increasing (decreasing) in t > 0.

The Cdf F(t) is said to be IFRA (DFRA) if —(1/t)InS(t) is increasing (decreasing) in
t > 0. The forgoing means that: S (at)>(<)S“(t) for O<a<1,t>0 andlor -InS(t) isa

star-shaped function: i.e. —InS(at)>(<)-aInS(t), 0<a<1,t>0.

Thus, IFRA (DFRA) classes, already, relax some stringent requirements of the corresponding
IFR (DFR) classes. See, e.g., also references [66], [77], [86], [179], [218], [226], [238] and [242]




just to mention a few, for some other relevant discussions on these classes and other related

classes.

1.2.2. IMRL (DMRL) classes based on mean residual life

The mean residual life (also known in demography as life expectancy at age t), also, plays a

pivotal role for studying the aging characteristics of lifetime distributions. Let T, be the
remaining lifetime of an item of age t, (T, =(T —t|T >t)). Then, the lifetime distribution of

T, is, therefore, uniquely characterized by the conditional survival function,

S, ()=P (T, >t)=exp (- 9), (1.3)

t+x

where S, (t)=S(t|x) and 9= [A(v)dv. The MRL function is, therefore, defined as the
t

expectation of the random variable, T, via (1.3), as follows [66]:

m(t)=E[T,]= 5 :Texp(—g)dx. (1.4)

See, e.g., reference [161], for the corresponding necessary and sufficient conditions for the
relationship (1.4) to be the mean residual life function of a non-negative random variable.
Intuitively, the IFR property that characterizes deterioration (ageing) imply a decreasing MRL of
an item (object). “This is not true in general, as the MRL function may be monotone whereas the
corresponding failure rate is not”, [129]. Hereafter, we consider the corresponding aging classes

for the MRL and also some relevant generalizations.

The lifetime distribution F(t) describes the increasing (decreasing) mean residual lifetime

IMRL (DMRL) if its mean residual life function,




m (t):ISX (t)dt=*————, t=>0 isincreasing (decreasing) in t.
0

The DMRL class, already, defines some kind of deterioration or ageing of an item as time
increases, whereas the IMRL defines the corresponding improvement as age. Other classes that
arise from comparing the original distribution with the distribution of the remaining lifetime
include: the new better (worse) than used NBU (NWU) and the new better (worse) than used in
expectation NBUE (NWUE).

The lifetime distribution F(t) is said to be NBU (NWU), if S, (t) < (2)S (), ie.
S({t+x)<(>)S (t)S(x) for t,x>0. Equivalently, InS(t+x)< (=)InS (t)+In S (x)
having the same support, t,x>0. Utilizing relations (1.2) and (1.3), then it means, F (t) is
NBU if,

t+X

u=|[A(v)dv< .[1 (v)dv=9 fort,x>0.
t

[ S———

Whereas, it is NWU if the inequality above is reversed. This means that, “an item of any age has

a stochastically smaller remaining lifetime than does a new item”, [66].

The lifetime distribution F (t) is NBUE if,
[s, () dx<m(t) fort=0or [s(t)dt<m(t)S (x).
0 X

In fact, when F (t) is IFRA, —(1/t)In'S (t) is increasing in t > 0. It follows, immediately, from
the definition of NBU that, —(/t+x)InS (t+x)>-/t)InS(t) for t,x>0, and
~(@/t+x)InS (t+x)>—(/x)InS (x) forall t and x greater than (or equal) zero. This means
that S (t+x) < (=) S (t) S (x) with the same support. Hence, if F (t) is IFRA it is also NBU.

As pointed out, in reference [86 p. 115], F(t) is DMRL implies NBUE, whereas IMRL implies
NWUE.




The aging classes presented here are extensively studied in literature and a comprehensive
treatment can be found, e.g., in reference, [86]. On the other hand, some further discussions of
other properties of the NBU, NWU, NBUE, and the NWUE classes could be found in reference
[234], some moment bounds (in particular, lower and upper bounds) for the IFR (DFR), IFRA
(DFRA) classes as well as for the NBU (NWU) classes are also established in [201]. We also
refer to references [63], [86], [157], [158], [179], [206], [213], [214], [218] and [230] to mention
a few on other aspects of the classes considered here and other more general ageing classes.

1.2.3. DRFR and IMIT Classes

“The concept of the reversed failure rate (RFR) was introduced by Von Mises in 1936, [66]. It
was mainly regarded in the literature as dual to the hazard rate, see, e.g., references [198] and
[233] for the detailed discussions. This notion is more, intuitive for random variables with
support in 0 <a<b <. Assuming this finite interval of support, in reference [159], some cases
were considered when the RFR is constant or increasing. However, it was later showed in
reference [129], that RFR cannot be constant or an increasing function. In this light, we focus on

describing classes with decreasing RFR (DRFR).

“The reversed failure rate, denoted, r(t) is defined as the ratio of the density (pdf), f (t) and
F(t)”, [233],

f(t)
r(t)= =200 (1.5)

Hence, F(t) is DRFR if, (1.5) is a decreasing function for t >0, which means that the

distribution function is log-concave.

Another useful notion, which is of interest, is the mean inactivity time. For a positive random
variable, T, let T, (where, T, (t)=[T —t|T <t]), define the time elapsed since the last failure.
This random variable is known in literature as the inactivity (waiting) time (or in some

references the reversed residual life, see, e.g., [123]). We define the expectation of this random

variable, the mean inactivity (waiting) time (MIT) as,

6



.t[ F(v)dv
@ (t)=E[T,]= OFT - (1.6)

The properties of (1.6) have been studied by [135], whereas some further characterizations via
the mean inactivity time could be found in references [40], [90], and [123]. In particular, we
refer to references [102], [105], and [127] to name a few on some further results on this class. As
a result, various classes of lifetime distributions with increasing mean inactivity time (IMIT) are

defined in the literature. See for instance, references [62] and [90]:

The lifetime distribution F (t) is said to be IMIT if  (t) is an increasing function for t>0.

t
Alternatively, as pointed out in reference, [62], F(t)is said to be IMIT iff _[F (v) dv is log-
0

concave for t > 0, or equivalently,

t+Xx t
jF (v) dv/jF (v) dv is decreasing in t >0 forall x>0,
0

0

This result, already, implies that, if T is DRFR, then it is also IMIT.

The corresponding aging properties of the MIT function could, already, be obtained from the
corresponding properties of the RFR. The following relation exists between the RFR and the
MIT, [127]:

r(t)=1_wL(t)(t)- w7)
In fact, using the above relations, some results were obtained that are useful for describing
different maintenance policies in reliability in reference, [125]. We also recall and discuss some
of these properties in section 2.6.2. Whereas these properties and other aspects of the MIT
modeling have been studied in the literature, there are no results based on relative stochastic
comparisons of the mean inactivity time that have been reported so far, at least, to the best of our

knowledge. We discuss the corresponding relative mean inactivity order in section 3.6.1.




1.2.4. Non-Monotonic Ageing Classes

The shapes of the failure rate of mechanical and electronic items, often exhibits a non-monotonic
aging behavior: e.g., bathtub-shaped failure rates (BT), initially decreasing to a certain minimum
point then increasing as time increases or show the reversed pattern, i.e., the upside-down
bathtub (UBT) shape. There are also other shapes. See, for example, references [73], [77], [86],
[157] and [202] to name a few. We focus on the first two in this work. We also discuss further
some simple models for the failure (mortality) rate with unimodal change point under some

shock settings in section 5.4.

1.2.4.1. Bathtub (BT) and upside-down (UBT) shape failure rate classes

Formal definitions of the above non-monotonic ageing classes are contained in Glazer’s theorem

(which is also proved in [66 p.32]). The authors of reference [138] extended these definitions to a

situation, in which the failure rate exhibits several change points. Accordingly with the forgoing

authors, the following establishes some sufficient conditions for the monotonic or the BT (UBT)
shapes of the failure rate using the function, g(t), which is defined as:

f(t)

t)=—-—>2. 1.8

9(t)=-~ o (1.8)

As pointed out in reference [1], “A(t) and g (t) are asymptotically equivalent when,

lim f (t)=0, eq. lim 2 (t)=lim f (t)/S (t)=lim—f (t)/ f (t)". See e.g., also reference [86].

t—o0

Therefore, the behavior of the failure rate, 4 (t) can easily be analyzed via the monotonicity

properties of g (t).

Let “the density f (t) be strictly positive and differentiable on, [0, =), such that lim f (t)=0",

then, [1 p.18] and [77 pp134-135]:

i) If g (t) is increasing, then the failure rate, A (t) is also increasing.

i)  If g (t) is decreasing, then the failure rate, A (t) is also decreasing.




i) If there exists a point, t for which g (t) is decreasing in t <t, and increasing in, t>1,,
then there exists t,(0<t, <t,) such that A (t) is decreasing in t <t, and increasing in

t>t,.
iv) If there exists a point, {, for which g (t) Is increasing in t <t, and decreasing, t >t,, then

there exists t,(0<t, <t,)such that A (t) is increasing in t <t, and decreasing in t >, .

The first two conditions naturally define monotonic failure rates, e.g., the IFR (DFR) classes.
The last two characterize the non-monotonic failure rates, e.g., the BT (UBT) classes. On the

other hand, if t, =t, then we can define an interval t, <t <t,, where g (t) is constant, which
ultimately translates to a constant A (t). This description, which defines the traditional BT
(UBT) that includes also the constant failure rate is used in reference [182]. For t, =t,, the

corresponding aging classes are defined with a single change point. We adopt this latter
definition, in the rest of this dissertation. See, e.g., also references [66], [72], [73], [110], [120],
[138], [162] and [176] just to mention a few for some further discussions on the above ageing

classes.

1.2.4.2. Mean residual life (MRL) classes with bathtub (BT) or (UBT) shapes

It is well-known that, for a monotonically increasing (decreasing) failure rate, e.g., IFR (DFR),
the corresponding MRL function is decreasing (DMRL) (increasing (IMRL)), whereas the
reverse has been shown not to be true in general by the authors of reference, [129]. We define,
“the increasing, then decreasing mean residual life (IDMRL) and decreasing, then increasing

mean residual life (DIMRL) classes” in the following, [66]:

The lifetime distribution, F (t) is said to be IDMRL, if there is a, t, >0, for which the MRL is
initially increasing on [O ,to) and then decreasing on, [t0 , oo). If MRL is initially decreasing on
[0,t,) and increasing on [t, , ), we have the corresponding, DIMRL class . Therefore, F (t) is

IDMRL when, m (t) e UBT whereas it is DIMRL if, m (t)e BT .




The considered here ageing classes will be useful to further explore other lifetime distributions

and/or mixtures of distributions exhibiting the bathtub or UBT shapes and for discussing our
results in the subsequent chapters. See, e.g., also references [27], [111], [176], [181], [182],

[213], [217], and [248] on some other relevant discussions.

Remark 1.1

b)

1.3.

We, also, generalize the properties of the failure rate to the discrete case in chapter 4. There
are “some important differences between the failure rates in the discrete setting as compared
to the failure rate in the continuous case”, [4]. We investigate the impacts of these differences
in describing the corresponding aging characteristics. For example, the shapes of the failure
rate for some specific distributions in the class of discrete Weibull distributions will be
analyzed.

Other specific situations to be considered as well:

The case when items (objects) for study have some random (unknown) ages (section 2.7).
Determining the impacts of this random delay on reliability characteristics of the baseline
lifetime distribution of an object is of interest in this case. A specific model of mixing, where
the unknown initial age, is the mixing parameter will be studied.

The corresponding aging characteristics will be also discussed under some shock settings in

chapter 5.

Mixtures

Most of the thesis is devoted to modeling heterogeneity via considering the corresponding

mixtures of distributions. Homogeneous populations present the simplest models for analyzing

the shapes of the main reliability characteristics in this thesis. “It is well known that in this case,

the failure rate, A (t) characterizes a lifetime random variable (i.e. T >0) for items (objects)

operating in a fixed (or specified) environmental conditions”, [39]. However, many populations

are heterogeneous in nature. This heterogeneity may “arise in situations in which data is pooled

from two parent distributions to enlarge the sample size or when physical mixing identical items,

albeit from different manufacturers”, see e.g., references, [66], [72] and [81]. The shapes of
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reliability characteristics may change quite significantly under these settings. In fact, it is a
common knowledge that mixtures of decreasing failure rate distributions (i.e., DFR) are always
DFR. However, “the pattern of population aging could change considerably from IFR aging to
DFR aging”, [66] even for “mixtures of distributions with strictly increasing failure rates”, [177].
It was, also, shown that the population failure rate tends to bend down with time when compared
with the corresponding unconditional characteristic. This observed deceleration, [195] already
has the meaningful interpretation: “the weakest populations are dying out first as time increases”
principle in heterogeneous populations. As a result, the failure (mortality) rate in heterogeneous
populations tends (as time increases) to that of the strongest subpopulation. We are intrigued by
this finding, which can be considered as counter-intuitive. This principle, can also be extended to
explain the recently observed mortality rate plateau in human populations [157] for the oldest-
old populations in developed countries as a result of improved health care quality. However, this
result had to be dealt with in more generality and with respect to other indices as well. This topic
has a wide applicability in a number of areas dealing with lifetime modeling and analysis.
Therefore, this thesis is rolled over five forthcoming chapters covering different aspects of the

problem.

1.4. Brief overview

Chapter 2

Lifetimes for heterogeneous populations are often induced by changing environment conditions
and/or other random effects. We focus, on describing the corresponding aging characteristics for
heterogeneous populations. Henceforth, we firstly consider the random failure rate. This notion,
which is a generalization of (1.1), will be particularly important for the corresponding analysis of
the mixture failure rate and also for formulating our results in the subsequent sections. In section
2.2., some aspects of general mixture models, which will be useful in the rest of this thesis are
discussed. In particular, some simple frailty (mixture) models are studied in section 2.3., and
some initial results are discussed. Mixtures of distributions often present the simplest
corresponding modeling and analysis. To illustrate some applications of the models of these
sections, we consider some specific cases of a mixed population, which consists of two

subpopulations. The shapes of the corresponding mixture failure rates are discussed. Another
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specific case, which also explicitly illustrate some further applications of the models of this
section to a case, where the mixing parameter is the initial (usual unknown) random age is

analyzed in section 2.7.

The mean residual life (MRL), also, plays a pivotal role for studying aging characteristics of
lifetime distributions. We present, some useful general results on the properties of the MRL to be
used in obtaining the corresponding shape properties for mixtures in section 2.5.1. At the same
time, in this section, the corresponding shapes properties are also analyzed for some specific
cases and some relations with the failure rate are highlighted. We also revisited a specific case of
the proportional MRL model and briefly discussed some results relating to this model.

A literature survey on the reversed failure rate (RFR) and the mean waiting (inactivity) time is
presented in sections 1.2.3. We discuss the corresponding general properties and consider the
shapes of ‘the reversed failure rate’ in section 2.6.1. To illustrate the applications of these
models, we analyze two specific cases, e.g., when the failure rate is increasing or is of the UBT-
type shape. The specific frailty mixture model for the reversed failure rate, e.g., the proportional
reversed failure rate (PRFR) is also considered in this section. We briefly discuss some results
relating to this model. The properties of the MIT could easily be analyzed via the properties of
the RFR. This is done in the last section 2.6.

Chapter 3

In this chapter, we firstly deal with some essential aspects of stochastic orderings, particularly, in
section 3.2. Mixture failure rates are important in studying heterogeneous populations in
different environments. We discuss some results on the corresponding aging properties of the
mixture failure rates when compared with a specific form of our model (2.1). These results are
extended to other main reliability indices: the mean residual life in section 3.4.2, the reversed
failure rate in section 3.4.3 and the mean waiting (inactivity) time in section 3.4.4. We, also,
analyze the failure (mortality) rate for heterogeneous populations in section 3.5, e.g. when the

subpopulations are ordered (in some stochastic sense).
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We, also discuss some results with respect to vitality modeling in section 3.6. In the final section
3.7, we consider the notion of relative aging and discuss results on relative aging of the main
reliability indices. In particular, we propose ordering of lifetimes in terms of monotocity

properties of the ratio of the mean waiting (inactivity) times.

Chapter 4

In this chapter, the properties of the failure rate are generalized to the discrete case. We highlight
and briefly discuss some differences in the failure rate in discrete and continuous settings. The
corresponding shapes of the failure rate are investigated for some discrete Weibull distributions.
For the type Il discrete Weibull distribution the classical failure rate increases (IFR), whereas the
alternative failure rate is of the UBT type. This obvious difference should be taken into account
in practical applications. It means that the alternative failure rate may be an appropriate choice in
the modeling and analysis of various aging characteristics as compared to the usual (“classical”)
failure rate. It is, also, interesting to explore further this behavior for other discrete lifetime

distributions.

The shapes of the corresponding failure rate of a mixture of two distributions are studied in
section 4.2. We show that the mixture failure rate bends down when compared with the
expectation of the conditional failures rates. Specifically, some selected discrete lifetime
distributions are studied. We show, e.g., that, under the defined settings, the corresponding
failure rate of the mixture of the discrete geometric distribution and the Type | discrete Weibull
distribution is decreasing for some values of parameters. For the mixture of geometric
distribution and the discrete modified Weibull distribution the corresponding mixture failure rate
is UBT. This property is also reflected for some values of the parameters when the latter
distribution is mixed with the discrete gamma distribution whereas it shows the reversed pattern
(BT) for other values. This means that the proportion of surviving items (objects) in the mixed
population is increasing, e.g., the population lifetime is improving somehow as the “weakest

subpopulations are dying out first”.

Finally, some results on the general properties of discrete mixture failure rates are briefly

discussed and some simple models of heterogeneity are presented. In the final section of this
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chapter, we also define the MRL in the discrete setting and highlight some useful relations with

the corresponding failure rate.

Chapter 5

We consider stochastically ordered heterogeneous populations. The shapes of mixture failure
rate for this population under some shock settings are analyzed for two specific cases. When the
frailty W is a continuous random variable, we show that the failure rate for an object that
experienced a shock, is less than the one which has not a shock. Therefore, shocks under some
assumptions can improve the probabilities of survival for a heterogeneous population. These
results are also extended to the case when frailty is a discrete random variable. Shocks as an
alternative kind of burn-in is theoretically justified in these cases.

In section 5.3., a specific increasing mortality rate process induced by the non-homogeneous
Poisson process of shocks is considered. The shape of the observed (marginal) failure rate is
analyzed in this case. In particular, we show for some specific cases: the overall failure/mortality
rate decreases with age and in some instances reaches a plateau. This result is obtained, already,
shows an improvement of our population with time. Our model can, therefore, be used to model
and analyze the damage accumulated by organisms experiencing external shocks. In this case,

the cumulated damage is reflected by jumps on the failure rate.

An overview of results on mortality rate processes with a single change point is presented and
discussed in section 5.4. Variability characteristics in heterogeneous populations are also
discussed in section 5.5. We focus on the variance of the conditional random variable,
W |t= (W |T > t), for a subpopulation of items that survived the operational interval, [0,t). Two
specific cases are considered: the case, when the random variable (frailty), W is discrete and
when it is continuous. Another, useful measure, which we considered in this section, is the

coefficient of variation of the random variable, W |t.

Chapter 6

In this chapter, we summarize conclusions and recommendations of the previous chapters
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CHAPTER 2: Main model settings and some initial results

Heterogeneity in real-world populations (of items) is often induced by changing environment
conditions and/or other random effects. We focus, on describing the corresponding aging
properties of items from heterogeneous populations. Henceforth, we firstly consider the random
failure rate. This notion, which is a generalization of (1.1), will be particularly useful in the
analysis of the mixture failure rate and also for formulating our results in the subsequent

sections.

2.1. Random failure rate

Let W be a positive random variable, which represents the unobserved heterogeneity. The
lifetime random variable T of an item from a heterogeneous population may, therefore, be
characterized via the random failure rate by the following specific but meaningful model:

A=A (t|W), 2.1)

which is defined for each realization W = W . This means that, the failure rate is indexed by the
random variable, W . We will consider specific cases for (2.1) later. Thus, the expectation of
this random failure rate is given by

A)=E[2(|W)|T >t]. (2.2)

It is evident from (2.2) that the observed failure rate (1.1) is simply the expectation (with respect

to W) of the random failure rate (2.1) conditioned on survival in [0,t).

Our main focus is in the analysis of the model (2.1). This model is important for our further

analysis of the shapes of mixture failure rates under different settings. It should be noted that

“monotocity properties of the failure rate, A(t) change when compared with monotonicity

properties of the family of conditional failure rates, 4 (t |W = w) [66].
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2.2.  Continuous mixtures

Let “T be a continuous lifetime random variable with the failure rate (2.1) defined for each

realization, W = W see, e.g. reference, [66]. The corresponding survival function is given by:

S(t|w)=exp (-u), (2.3)

where

u= Il(v|w)dv, (2.4)

0
is the cumulative failure rate ‘indexed by each realization’ of the random variable W . As
pointed out by the forgoing authors, “ this setting can be interpreted in terms of mixtures”. The
random variable W in this case plays a role of a mixing parameter. Hence, the marginal
distribution survival, S(t) function is obtained respectively by taking the corresponding

expectation with respect to W ,

S(t)=Pr(T >t)= E{exp {—jz(ww)de. (2.5)

From (2.5), the observed failure rate is not equivalent to the random failure rate, i.e.
A(t)# A(t|W), where, A(t) denotes the observed failure rate (1.1) and A(t|W) is a random
failure rate. In fact, using Jensen’s inequality and Fubuni’s theorem when the condition
E[W]< o is assumed to hold and S (t | w) is a strictly convex function, the following important

result can be obtained,

S(t)=Pr(T >t)> {exp {—:[E [A(v |W)dv]H . (2.6)

Under this setting, the following relation exists

AM)=E[2[tIwW)l=4 (1) E W], (27)

16



for a specific multiplicative case, A (t|w)=w A, (t), where 4, (t) is the failure rate of a lifetime

distribution in some ‘unperturbed’ (usually referred to as baseline) environment and W is a

positive random variable.

It should be noted that the authors of reference [251] were the first to consider this model for a
rather specific case of the gamma-frailty, although the term (frailty) was introduced into
demographic literature by [240]. Other types of models considered in the literature are the
additive and the accelerated life models whereas the mentioned above is usually referred to as
the proportional hazards model. We will consider these types of frailty (mixture) models for
some specific cases in section 2.3., and will utilize the results in other subsequent subsections.

Before we proceed, let us introduce some important for the presentation to follow notions.

Suppose, as previously, a lifetime T with cumulative distribution (Cdf), F(t) is indexed by
some nonnegative random variable W with support in, [a ,b], a>0;a<b<o and having a
density g (w), then

F (t|w)=Pr (T <t|W =w), (2.8)

and let S(t|w)=1-S(t) be the corresponding survival function. Therefore, the mixture Cdf can

be defined as:
b

F, ()=[s(tIw)g (w)dw. (2.9)

a

On the other hand, from (1.1), the general mixture (marginal) failure rate is given by,

f (tIw) g (w)dw

I (1) = . (2.10)

S (t|w) g (w) dw

D ey, T | Q) ey T

where, f (t]w) is the conditional pdf of T . In fact, it was also shown by the authors of

references, [136] and [143] that the failure rate (2.10) could also be compactly represented by the

following conditional form,

4, 0)= 2 (1w g (w1t aw. @y

a
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Specifically, g (w|t) in (2.11) represents the pdf of the random variable W, which is

conditioned on T >t and given by:

S (t|w) g (w) dw

g(wlt)= S (t1w) g (w) (2.12)

D ey T

The distribution functions of the unconditional random variables, W and the conditional one,

WI|T >t ;W |0=W, are respectively given by

S(t|v)g(v)dv

ot—=

G(w)=Pr W <w)=[g(v)dv; G (w|t)=Pr W <w|T >t)= ., (213)

ot—s=

S(t|w)g (w)dw

D ey T

The conditioning in (2.10) can change monotonicity properties of the mixture failure rate, A, (t)

as compared with the monotonicity properties of the family of conditional failure rates,
Z(t |W = w). For instance, two cases e.g., when the conditional failure rate is increasing as a
power function for each w and when it is an exponentially increasing function, are considered.
In both cases W is a Gamma distributed random variable. In particular, it turns out in the first

case, that 4 (t) exhibit an upside-down bathtub shape (UBT). As opposed to the well-known

bathtub shaped (BT), which initially decreases and after some time increases, “this function
initially increases to a maximum at some point in time and eventually monotonically decreases to

zero as t —o0”, [66]. For the latter case, the mixture failure rate, A, (t) tends to a constant. We

consider further other distributions and/or mixtures of distributions exhibiting these properties
later on in this work. See e.g. also a number of other relevant examples in reference [177], albeit

concentrating on mixture failure rates that are of BT (bathtub) shape type.

We further, consider other relevant specific cases, which exhibit these important properties later
on in this work. In particular, as pointed out, by the authors of reference, [66] these results
“provide possible explanations for the mortality rate plateau observed in [156]” for human
populations at adult ages. Relations in (2.13) will especially be useful for analysis of bending
properties of mixture failure rates, as well as for other related main reliability indices in

subsequent sections.
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2.3. Additive and Proportional Hazards models

Different functional forms of the conditional failure (hazard) rate can be used to analyze the
bending of mortality (failure) rate at advanced ages. In frailty (mixture) models, this
phenomenon is modeled via the concept of population heterogeneity. As was already mentioned,
the random effects may act multiplicatively or additively on the failure (hazard) rate function.
We consider, these simplest models and analyze the shapes of the, 4 (t) for some specific cases.
The results obtained at this initial stage are also important for our further analysis in the

subsequent sections.

2.3.1. The additive “frailty” model

As pointed out in section 2.2., in particular for models (2.11) and (2.12), the conditional random

variable, W |t ; W |0 =W is characterized via the pdf, g(w|t). Thus, its expectation is:

E[\N|t]:_t[wg(w|t)dw. (2.14)

The conditional expectation (2.14) will particularly be useful to investigate the behavior (shape)
of the mixture failure rate (2.11). “Let l(t | W) be indexed by the parameter, W in the following
additive way”, [29]:

Atlw)=4, ([t)+w, (2.15)
where, ﬂb(t) is the failure rate of some lifetime distribution in some ‘unperturbed’ (usually

referred to as baseline) environment. Then using (2.11) for the model (2.15), it can be shown
that:

o0

IWS (t|w) g (w)dw
h =2, (042

=2, ()+EWt]. (2.16)

b

[s(tiw) g (w)dw

a

In fact, it can be easily proved that the derivative of the conditional expectation (2.14) reduces to

the following specific form;

E W]|t]=—Var W|t)<0, (2.17)
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whereas, the right hand side is the conditional variance of the random variable, W (which is also
conditioned on the event, T >t). Result (2.17) specifies that the derivative of the conditional
expectation (2.14) is decreasing as a function of t —»o0. Thus, the shape of the mixture failure

rate could be explained by the shapes of the functions in (2.16). Specifically, when A, (t) is

increasing the mixture failure rate could be of the BT type.

2.3.2. The multiplicative “frailty” Model

Consider now, another important mixing model: the case “A(t | w) is indexed by the parameter,
W, in the multiplicative way” [136]:

A(tlw)=w 2, (t), (2.18)
whereas, 4, (), is again the baseline failure rate as in the additive case (2.15). Similar to (2.11)

and (2.14), the corresponding mixture (marginal) failure rate is obtained as

I )=72 (t) E W It]. (2.19)

It turns out, A, (t) in this case decreases, only when Var (W |t) is large, particularly when 4, (t)

is also increasing. Differentiating in (2.19) leads to the following useful and important result:

An (t)=72o (1) E W t]+2, ©) E" [Wt]. (2.20)
It can be easily proved that

E' WI|t]=-24, (t) Var (W |t)<O0. (2.21)

This means, that “the conditional expectation of W for the multiplicative model (2.18) is a
decreasing function of te[O,oo)”, [137]. Obviously, from (2.19), the mixture failure rate
increases in the neighborhood of zero when, 4, (t) is increasing. This result is also obtained for

the gamma mixture, where the mixture failure rate, reflects the UBT shape (see Fig. 3). Further,
a similar result can be obtained for a mixture of Weibull and gamma distributions with

increasing failure rates, [66]. This behavior of the mixture failure rate can already be explained
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by the effects of the well-known principle: “the weakest populations are dying out first” in

heterogeneous populations.

Mixtures may arise naturally from heterogeneous populations. The simplest, however a very
meaningful case, is a population, which consists of two subpopulations, is not sufficiently
studied in the literature. We firstly consider some simple but pertinent example of continuous
mixtures of two distributions and discuss some properties describing the shape of the failure rate
under these mixtures. Another specific case, which also explicitly illustrates some further
applications of the models of this section to a case, where the mixing parameter is the initial

(usual unknown) random age is considered in section 2.7.

2.4. Exponential distributions

Consider a mixture pooled from items having constant failure rates, but produced, e.g., by two
different manufacturers. The failure rates of these items may be different, due to different

production irregularities at these manufacturing sites.

Suppose the mixing proportion, p of items from manufacturing site 1 and g =1— p of items
from manufacturing site 2, with the corresponding failure rates, A4, ,i=1,2 and, 4, > 4,. The

time to failure of an item picked up at random from this population, is a random variable with the
Cdf, F,(t), or F,(t). The survival function in this case is the weighted sum of survival

functions for the corresponding subpopulations,
S(t)=pS,(t)+as,t)=p exp -4 t)}+aepi-2, ()}, (2.22)

where, g =1- p. The corresponding probability density function (pdf) is

ft)=paexp -4 O} +az,exp -2 (b)) (2.23)

Consider, for example, the ratio of the mixing proportions to be 0.6: 0.4, then the mixture failure

rate, in accordance with the definition of the failure rate (1.1), is obtained as
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0.6 4, exp {~4, (1)}+0.44,exp {- 4, (t)}
0= Coon 4 00400 4 ] @20

The corresponding plot of 4 (t) for different values of 4, ,i=1,2 and p=0.6 is shown on

Fig.1 below,

lamda(t)

r e e e e e e e e
o 0.5 1 1.5 2 2.5 3 3.5 4 4.5 S
time

Fig.l: a mixture of exponentials with constant failure rates, /11 = 2, /12 =1and p= 0.6
From Fig. 1, 4, (t) is decreasing approaching 1 in this case, albeit, constant failure rates are

being mixed. This apparent decrease in the observed failure rate was first acknowledged for the
heterogeneous set of aircraft engines with each subpopulation described by the constant failure

rate, by the authors of reference [243].

Intuitively, the early high failures observed (in Fig.1) may be due to items from the first
manufacturing site, as 4, > 4,. As time increases, these items tend to die first, resulting in a

mixture failure that is decreasing towards the failure rate of the strongest subpopulation, e.g.,

from manufacturing site 2 in this case.

2.5. Truncated extreme value distribution (continuous mixture)

Consider the truncated Gumbel distribution, (which is a form of a truncated extreme value

distribution) for the operation of mixing as:

Ft)=1-exp{-(wv (R-1)} ; A(t|w)=wA, (t)=vwR, t>0 and, v>0, (2.25)
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where, R(t)=exp(t), (and for brevity of notation here and in the rest of the work we omit the
argument, i.e., R) and “A, (t) Is some deterministic, increasing (at least for sufficiently large t)

continuous function (A, (t) >0,t>0)",[137]. Assume further that, g (w) is an exponential pdf

with parameter, 7. Then,

I f (t)g(w)dw= Iw vRexp {~wv (R-1)}7 exp(—wr)dw= VaRzﬂ : (2.26)
where, a=v [R—1]+ 7. Therefore,
If t]w) dw = njexp )dw=g . (2.27)
In accordance with (2.11), the mixture failure turns out to be:
Ao @)=1+(v-7){v[R-1]+7 |7, (2.28)
which, can be written as,
A (t)=@+C)7, (2.29)

where, C=h/b, b=vR, and h=n-v. It follows, that, A, (0)=v/7. When, h<0 and
v >rn, the mixture failure rate, A, (t) is monotonically decreasing asymptotically converging

(from above) to 1 (the blue curve on Fig. 2), whilst it is monotonically increasing,

asymptotically converging (from below) to 1 when h>0 and v <7 (the green curve on Fig. 2)
as, t —oo0. On the other hand, A, (t)is equal to 1 when, h=0 and v=7 , (the red line on Fig.

2). These results show that the mixture failure rate in this case can increase (decrease) or be

constant for certain values of parameters.
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Fig. 2 A mixture failure rate of Gumbel and Exponential distributions for different values of V,7] and, A=1.

This result, already, shows that the mixture failure (mortality) rates can also bend down (the
upper curve) as time increases (i.e., t —o0) and even reach a plateau. On the other hand the
lower curve provides “a possible explanation for the mortality rate plateau of human populations

at great ages observed in [156]”, see e.g. also, reference [66].

2.6. The gamma distribution

Consider a Gamma distribution, with the survival function and failure rate given, respectively

by:

S(t)= g z (ilt)k L A(t)= % fort>0, (2.30)
k=0 . F(k)zi
o K

where, A is random with distribution: s (W)= exp (- uxw) and Z =exp(-At). The

corresponding mixture survival function in this case is
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(e u)

=§ﬁ}[zkexp(—z)dz — T (k+1)=k (k)

zz; k (“tk kr(k)  =T(k+l)=k

(2.31a)

as defined in (2.9), whereas the pdf. is determined by the following:

% TuZ w
ftlw) g (w)dw=[£5 "0t exp (- 1 w) dw
! I

1w

k
”t jw exp (—w (t+ u)) dw

z dz
let z2=v(t+u)m>w=———; dv=—v" (2.31b)
R H W

ﬂtk_l T K
=—+F——— |uexp (-2z)dz
e )
/,ltk_l /,[ktk_l

=— =  _ kI(k)=
e <

Accordingly with definition (2.11), the mixture failure rate is obtained as:

_uktt & ut
ﬂ‘m (t)_ (t+ﬂ)k+l ; ((t_’_‘u)kﬂj : (2.32)

From second equation (2.30), A(t)=A, when a =1, but when v=0, A(t)=c. As can be
noted if, O<a <1 then t >0, butif a>1 then t > and i(t)le (see the blue dashed

curve on Fig. 3). As, 4(0)=0 and A(t) is an increasing function asymptotically approaching

A from below when « >1 (see Fig. 3), then /1(t): A . But the mixture failure rate reflects an

t—w
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upside-down bathtub shape (UBT): See e.g. the green, red and yellow curves on Fig. 3.
Intuitively, the initially increasing failure rate may be due to a large proportion of weak items
with large failure rates. As time increases these “die out first”, leading to the “bending down” of

the mixture failure rate observed in Fig. 3.

failure rate
(o]
(4]}
I
.

/
/

1

time

Fig. 3:A plot of mixture gamma failure rates for different values of £{ where k=2.

This result was, “experimentally observed for a heterogeneous sample of miniature light bulbs”,
[94] and for large cohort of medflies, in reference, [195]. It was also proved analytically for
some specific cases [94]: the mixture failure rate bents down either in a strong sense or a weak
sense when compared with a specific form of our model (2.1): i.e. “the unconditional

expectation of the random failure (hazard) rate, 4 (t | W) with similar to the subpopulation failure

rates monotonic properties in the mixtures”, see e.g. reference, [58] :

o0

A, (t)= jl (tIw)g (w)dw. (2.33)

0

From (2.11) and (2.12), 4,(0)=24,(0) and if, A(t|w), we[0, ») is increasing, then A, (t)

increases as well. We use a somewhat similar analogy for studying the aging properties of other
related main reliability characteristics in the subsequent sections. However, due to the
conditioning on (2.10), the mixture failure rate may have a different shape. It may decrease,

preserve the IFR property, be BT or UBT (as in Fig. 3), etc.
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2.7. Modelling for items (objects) with unknown initial ages

Consider a specific but very important and often encountered in practice model of mixing, where
the initial age (usually not known), is the mixing parameter. The failure rate of a distribution
describing this random age was considered initially in [128]. The impacts of this random delay
(initial age) on reliability characteristics of the baseline lifetime distribution of an object is of

interest. “Let W be a random time of delay with support in [0,)” , [66] with,

5. (0)=pr (1, >t)= 3 W

S (2.34)

where, T, is the remaining lifetime, u=w+t and W =w.  Then, for this setting, the

conditional distribution is

R, (t)=FtIw=w), (2.35)

w

with the corresponding failure rate A(t|w)= A (u). Accordingly with (2.11), the mixture
failure rate is obtained as,

o0

2o ()= [4(u) g (wt)dw , (2.36)

0

which can be rearranged as,
A n®)=2, )+ [(2 (U)-2, (t)g (w|t)dw. (2.37)

We investigate, the behavior of A (t) when the shape of A, (t) is assumed to be known.

However, for this analysis, we assume “a concrete form of the baseline and the mixing
distributions and necessarily the distribution function (Cdf), should belong to the IFR class of
distributions™, see e.g. reference, [66] in this case. Two specific cases are considered in what

follows.

27



2.8. The shape of the mixture failure rate

Consider, “F (t) to be a specific type of Weibull distribution with the linear increasing failure

rate: A, (t)=vt,v>0"[128], then from (2.15) we have,

Alt|w)= 4 (u)= 4, (t)+vw. (2.38)

Specifically, from (2.37), the following is obtained,

im(t)zftb(t)+vj.wg(w|t)dw=vt+v EW|t]. (2.39)

0

As the baseline failure rate given by v t is an increasing function, this means that for, 4, (t) to
decrease, the variance of E[W |t] should be large. In fact, “A (t) seem to decrease in some
interval, [0,c) and increases in [c,) where, C can be determined by the equation,
Var(W |c)> 4 (c) ” [81]. Thus in this case, assuming the conditional variance of the random

variable W |t is decreasing in t € [O : oo), the mixture failure rate is of BT shape type.

The truncated value distribution was considered in section 2.5. Suppose now, the Cdf, F (t) is
given by
Ft)=1-exp {~v (R-1)}, (2.40)

where, R =exp{t} and the corresponding (exponential) failure rate is A4 (t):vR, v>0. As

opposed to the previous case, the mixture model reduces to the multiplicative model of the form:

Atlw)=2 (u)=2 OR. (2.41)
This model can easily be transformed into the following expression,
Atiw)=2 (u)=4 O [R-1]+ 4, ©)=w 4, 1)+ 4, (), (2.42)

where, W' = exp (w)—1. Now,
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-7
-VR+—— 1
A, (t)=v +V[R—l] " (2.43)
whereas, the difference,
A (t)—/ib (t):1+—v_77 (2.44)

v[R-1]+7’

enables the analysis of shapes of mixtures failure rates when compared with the corresponding
baseline failure rate.

The corresponding plots of A, (t) and, A, (t) for different values of, v, 7, and A=1 are
reflected in Fig. 4. It is apparent from this figure that A, (t) (see e.g. the blue curve on Fig. 4) is
monotonically increasing as a function of, t and the mixture failure rate is also increasing
parallel to A, (t) as t—oo (seee.g., for v=2, n=1 the yellow curve and v=3, 5 =1 the purple
(magenta) curve; v=5, =1 red curve and v=1, =2 green curve). In particular, when v is
greater than, 7, the curves initially increase slowly, then at some point, t, increase sharply
(though still parallel above the baseline failure rate) and deviating further away from A, (t) as

time increases. When v is sufficiently large (i.e. t —o0), the mixture failure rate exhibits a

bathtub (BT) shape (see e.g. the red curve on Fig. 4, where v=5, n=1).

On the other hand, when v is less than 77, the mixture failure rate increases “parallel” from
below approaching the ﬂb(t) as time increases (see e.g. the green curve on Fig. 3 where
v=1, n=2). It is worth to note that, a similar behavior may be observed for other larger values

of 77 when v is also fixed and reduces to the shape of 4, (t) when, v=1, 5 =1.
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Fig. 4: A plot of truncated extreme value and Exponential mixture failure rate for different values of V , 77, and A=1

These results imply that for certain values of parameters for this model, the mixture may either
preserve the IFR property or have a bathtub shaped: initially decreasing to some minimum point
and eventually increasing as t —oo (as in Fig. 3, see the red curve). The IFR preservation
property was shown, although under very stringent conditions, by [153] to hold even for
mixtures of strongly IFR distributions. See, e.g., [94] for some necessary conditions under
which continuous mixtures of increasing failure rates preserve the IFR property. Other related
and relevant discussions on this topic could be found in references, [112], [113], [177] and [178]

to name but a few.

2.9. Mean residual life (MRL) Model

In what follows, we present some useful general results on the properties of MRL to be used in

obtaining the corresponding ‘shape properties’ for mixtures.

2.9.1. The shape of the MRL

Let T, as in section 1.2.2., be the remaining lifetime of an item of age t, described by the
corresponding conditional survival function (1.3), S, (t)=S(t|x), which we reproduce here for

convenience of reference, i.e.,
S,(t)=Pr(T, >t)=exp (- 9), (2.45)
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t+x

where, § = J'}L(v)dv. The MRL function is defined as the expectation of the random variable,

T, via (2.45) as follows:

TS(V) dv

m(t)= E[Tx]zs—(t)zjexp (- 9)dx. (2.46)

For x=0, equation (2.46) is equal to the expectation of the random variable, T , e.g., E[T].
Some useful properties of model (2.46) are studied in references [66] and [129]. These
properties and other results in literature that are useful in the sequel are recalled and discussed in
what follows. Among the prominent results are the relations between the failure rates, survival

function with MRL, which are respectively obtained by first rearranging (2.46):
m(t)S(t):IS(u)du. (2.47)
t

Differentiating with respect to, t, on both sides of (2.47), we obtain the following important

relation between the failure rate and the MRL function,

m (t)S(t)+m(t) (S (1)) =-S(t)

(2.48)

f(t)_m t)+1:/1(t): m'(t)+1
s  ml)
See e.g. also references, [66], [86] and [129] to mention a few. Integrating both sides of (2.48)

gives a result that immediately leads to the representation of the survival function in terms of the
MRL. For instance,

[ s 0)=—{[m @)+1m @) at

dt
, (2.49)

X Xd
tdt-C L= —|
exp{! t— } exp{!dtnm }

where, C = Il/ m (t)dt . The famous inversion formula, relating the survival function to the

MRL is obtained as,
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t
S (t)=m (0)m ( [@m@) j (2.50)
0
Alternatively MRL can be represented via the survival function (1.2) and the density function in

the following way, [229 p.2],

v (v)dv
m (t)=S—(t)—t . (2.51)

ey 8

These simple but meaningful results play a pivotal role in the analysis of the shapes of MRL
functions. From results (2.48) and (2.50), when the survival and failure rate functions increase
(decrease) then MRL is also decreasing (increasing). As a specific case, consider the Lindley
distribution with the pdf,

f(t|A)=DZ A% [1+1) ,

where, D =1/(A +1)and similar to section 2.6, Z = exp (—At), t, A > 0. Therefore, the
corresponding survival function,

S(t|A)=2 (l+DAt) .
This distribution may be considered as a mixture of an exponential distribution with scale
parameter A and a gamma distribution, where A is the scale parameter and « is the shape

parameter (in particular, & =2 in this case). The mixing proportions are, respectively, A D and,

D. Hence, in accordance with definition (1.1) we have,

At)=DZ 2 A+t)x[2@+t)]* (1 +1)Z.

Rearranging, we have,

A=t (1)

All+t)+1
whereas, according to definition (2.46) the corresponding mean residual life is obtained by

evaluating the following,

m(t)=[1 Z @+t)] 1[& 1+y)exp (-4 y)dx.
t
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As the integration of the integral exists in this case and the integrand is continuous on the
interval, [0,c0), this problem is turned into a limit problem,

lim
b—w

lim {{z —exp (—1b)}+%{2 —exp (_zb)}}z (%+ yj

b—

2
=Z|—+y+1
(zy)

As a result, the mean residual life function for Lindley distribution is:

A[L+x)exp(—Ay)dy =

— C—y 8

T(/I (y+1)+1)exp (-2 y t )dx

A [L+t)+2

mt)=[Az @+t)]* {z G+ y+1ﬂ TR0 T

The plots of the failure rate functions and the corresponding shapes of the MRL functions are,

respectively, shown for different values of A >0 on Fig.5 and Fig.6 below.

failure rate

r r r r r r r r r Il
10 20 30 40 50 60 70 80 90 100
time

Flg 5:a plot of failure rate for Lindley distribution for values of, A>0.
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Fig. 6: A plot of mean residual life for Lindley distribution for values of, A>0.

From Fig. 5, the failure rate is increasing and after some interval of time asymptotically
approaches the straight line. It is well-known that, “the Gompertz model does not account for
mortality rates that increases and after some interval of time reaches a plateau”, [58]. The
Lindley distribution may be a suitable choice for analysis in this case. The shapes of the
corresponding MRL are also decreasing and after some interval of time asymptotically
approaches a straight line (see Fig. 6). Thus, the Lindley distribution, as opposed to the
Gompertz model can describe the mortality rate plateau, which was also observed in [156] for

human populations at great ages.

Relation (2.51) could be used as an alternative to (2.46), when the survival function cannot be
obtained in an explicit form and/or requires some tedious numerical integration to obtain it. For

instance, consider the two-parameter standard gamma distribution with the pdf,

aya-1

fi
(@) or t>0,

where, Z =exp (—it) and A is the scale parameter with « being the shape parameter (all

positive) and

I (x)= Tu“‘l exp (—u)du,
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is, as usual, the gamma function. Although, it is well-known that for the general case, «
(particularly, for non-integer, «) the Cdf, of this distribution is not found in the closed form,

when, o a positive integer (the Erlangian distribution):

<z (At)

:1_2

k=0

which, leads to the survival function, S(t) given by the first equation (2.30) and the
corresponding failure rate is given by the second equation (2.30). In this example, the failure
rate is an increasing function asymptotically approaching A from below when, « >1. A similar
result is obtained [102 p. 61] using the following identity:

(A(1))" ]O( —jexp(—;tv)dv-

This function is decreasing in, t, for « >1. It implies that “the failure rate is also increasing,
whereas, it is decreasing for 0<a <1”, see e.g., reference [66]. The Gamma distribution
reduces to a constant when, « =1 (i.e. to an exponential distribution, which exhibits a non-aging
property). The corresponding mean residual life, is obtained using relation (2.51) by [229 pp3-4]
(see also [66 p. 22] and [86 p. 131]):

m(t):ﬂmz/‘r1 —t

[(a)S(t)

where, S(t) is the survival function for F (t) given by first equation (2.30). Therefore, the
MRL for gamma distribution is:

a-liya
mt)=— 2+t fait -t

r (a)§ Z (A1)

k=0 k!

The plots of the corresponding MRL for different values of « >1 and A =1are shown in Fig. 7,

below.
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shapes of mean residual life for gamma distribution
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Fig. 7 A plot of MRL for gamma distribution, for different values of, &; >1, (i =, 2 , 3 , 4) and, A=1.

Thus, for an increasing failure rate, the mean residual life decreases (see the red, blue and green
curves on Fig. 7). When, « =1, the MRL is constant (horizontal purple line), whereas it is
increasing for values of, O0<a <1, see [86]. The MRL is also decreasing for « >1 and
increasing when, « <1, for the popular two-parameter standard Weibull distribution and
reduces to the constant when o =1. The Gompertz model that is often used to model the
increasing mortality rates of biological organisms is also relevant in this case. Its MRL is

decreasing as time increase.

The characteristics of the MRL function are, also, often inferred from its failure rate using
relation (2.48). As a specific case, consider the simplest example of an exponentially distributed
lifetime random variable T with the Cdf,

F(t)=1-S (t)=1-exp(-1t).
In this case, the failure rate is constant, (i.e. 4 (t) = A ) and as a result, the corresponding MRL is

m (t)=1/4. Denote, v(t)=1/m(t), then from (2.48) the following relation is obtained,

At)= —(U' (t)/v (t))+u (t).

The function o (t) is, therefore, “asymptotically equivalent to A (t) in the following sense”,

[66]:
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[2(t)-v (t)| >0 as, t—oo, ifandonlyif v’ (t)/o(t)=m(t)/m({)—>0 ast—ow.
These results, also, hold for power functions of the form: o (t)=B t** but does not hold for
functions that are sharply increasing, e.g. o(t)=exp (t) or, v(t)=exp (t?). The following
weaker asymptotic relation holds: 2 (t)=wv (t) (L+0 (1)) as t—oo ensures that m' (t)| -0

for the sharply increasing functions, [66].

Some further results on the limiting and asymptotic properties are studied in [115] and [245] to
name a few. We also refer to [66], [71], [86], [129] and [238] for some other detailed discussions
on further implications of these relations and results on this topic. On the other hand, sufficient
conditions for the monotocity of the failure rate in terms of the monotocity of the MRL function
are contained in the theorem 2.5 of [66]. Other alternative representations of MRL in terms of the
failure rate are also established in [118]. This also provide some further flexibility for studying
the shapes of the MRL function.

2.9.2. Relations between non-monotonic failures rates and non-monotonic MRL

Non-monotonic aging properties of the failure rate and the mean residual life function are often
useful for describing the aging properties of many electronic, mechanical or even biological

objects.

For a meaningful illustration, consider the inverse Weibull (IW) distribution with the Cdf,
F(t)=exp{-pt},

where, t >0 and « >0 is the shape parameter and g > 0is the scale parameter. The pdf of the

IW distribution is established as,

f(t)=apl)“Vexp (-pt),

where, t >0and «, 8 >0. Then, the failure rate in this case is,
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_ C(,B (t)—(a*'l) exp{—ﬁt‘“} _ aﬁ(t)*(mrl)
1-exp{-pt* exp{-pt}-1

A(t)

Since the shape of the failure rate does not in this case, necessarily, depend on the scale

parameter s, we may take g =1 without loss of generality and the corresponding plots of the

failure rate functions for different values of « > 0 are shown in Fig. 8 below,

failure rate

time

Fig. 8: plots of the failure rate for IW for different values of the shape parameter, a; > 0 and scale parameter, ﬂ =1.

The corresponding mean residual life can be obtained by using relation (2.51) and is given as

follows:
m©)=(SO)* [v f (v)dv—t

_ af T  pua e
_1—exp(—ﬂt_“)'!v exp( sV )dv t

)= BYI (-1 a, pt™)
1-exp (- pt)

= m (t

The plots for different values of the shape parameter, o > 1and the scale parameter, g >1 shown
in Fig. 9 below,
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Fig. 9: plots of the mean residual life for IW for different values of the shape parameter, & = land scale parameter,

£>1.

As can be noted from Fig. 8, for the IW distribution, the failure rate is UBT shaped, whereas the
corresponding MRL (see Fig. 9) is decreasing for certain values of parameters and UBT for other
values. These results indicate that the inverse Weibull model can be considered in modeling and
analysis in many situations. Other results for the case, where the failure rate with the BT shape
leads to a decreasing m(t) and the UBT failure rate results in the increasing m(t), are considered
in [177]. We also refer to [111] for some generalized Weibull distributions with the BT failure
rate that exhibit MRL functions with UBT shapes.

We are, on the other hand, interested in the effects of heterogeneity on the main reliability
characteristics. In what follows, we will consider the corresponding mixture operations for the
MRL functions and briefly discuss results relating to the proportional mean residual (MRL)
model, which will be particularly useful for further discussions of the bending properties of the

MRL functions under mixtures in section 3.4.2.
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2.9.3. Mixture operations for MRL functions and the Proportional MRL Model

Suppose (as in section 2.2.), F (t) to be indexed by a nonnegative random variable, W . Then in

accordance with (2.46) and (2.50), we have

IS (V| w)dv
m(t|W=W)=m(t|W)=‘S—(t), (2.52)
with the corresponding mixture mean residual life model defined as
- [Sm(v)dv
m, (t)=(B(t]| w))*l”s (viw)g (w)dwdv = OW (2.53)
to
where,
b
B(t|W)=IS(’[|W) g (w) dw.,
Relation (2.53) can be written “in terms of the MRL function, m(t|w)”:
m,, (t)=(B(t|w) l”S v|iw)g (w)dwdv = Im |lw) g (w|t)dw (2.54)
to

where, ¢ (Wlt) is the probability density function of the random variable W, which is
conditioned on the event, T, >t. Usually, the proportional MRL model, as a specific case of

(2.54), is considered for the corresponding modeling and analysis. We briefly discuss some
results relating to this model. Specifically, we consider, the specific case of the ‘proportional
MRL’ model, to be given by,

m(t|w)=w?'m(t), (2.55)

where, m(t) is the baseline MRL function and w>0. From (2.55),
Alt|w)={m' (¢ | w)+f[mE | w)]* =m'(t) 4, t)+w 4, (t), (2.56)

where, m'(t|w)>w™'m(t)>-1, implying that m'(t|w)>-w. In this form model (2.56),

already contains both models (2.15) and (2.18). Therefore, it follows from (2.16), (2.20) and
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(2.11) (and from the fact that now, w e [l, oo)) that the mixture failure rate is given in this case

by
i (t)= [ e 1 W)g (W)w=rm (©)2, 1)+ 2, W 1] 257

Then using (1.17) and (1.18), we can state: “E [\N |t] Is decreasing in te [O , oo)”, [81]. We,
also, refer to reference [129], in which some conditions for preservation of the monotocity

properties of, m,, (t)are established.

From the above results and utilizing relation (2.48), it may be concluded: if A (t) IS increasing
(decreasing) in [0,0) then m, (t) is decreasing (increasing) in the corresponding interval.

Hence, our heterogeneous population is improving as “the weakest populations are dying out

first”.

2.10. Reversed Failure Rate (RFR) Model

2.10.1. Some general properties of RFR Model

Let T be a lifetime with the Cdf, F(t) and the pdf, f (t)=F (t). The corresponding reversed

failure rate is then defined by the ratio (1.5), which we reproduce here for convenience of

reference,

rt)= ;—((3 (2.58)

For a sufficiently small change in time At, the model (2.58) i.e., r(t) At may be interpreted as
the conditional probability of failure of an item (object), in [t—At,t], where the failure is

assumed to have occurred in the interval [0,t). This additional aspect is important in the

descriptions of lifetime distributions. The reversed failure rate also uniquely defines, F(t) via

the following analogue of the exponential representation (1.2),

F(t)=exp (-6), (2.59)
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where, 0 = _[ r (v) dv and
t

f(t)=r(t)exp (-6). 2.60)
As noted by [66] and [129], for proper lifetime distributions and t > 0: 8 # o, whereas
Tr (V)dv=co. (2.61)
0
This fact implies that lim r (t)=co and the case, F (0)=0, may also be considered as the

corresponding limit.

The above facts will be useful for analysis of the shapes of RFR. The simplest way for
investigating the relationship between the reversed failure rate and the failure rate is to consider,

r (t): A (t)S (t) . (2.62)

Using relation (2.62) and considering (2.59) it can be shown that (2.62) reduces to,

r(t)= #53)_1, (2.63)

t
where as in (1.2), u= Iﬂ (v) dv. From (2.63), if 4 (t) is decreasing, then r (t) is decreasing.
0

The simplest case of an exponential distribution with constant failure rate is considered, by the
authors of reference, [66]. This function decreases exponentially as, t-—oo, whereas its
behavior as t — 0 is defined by the function t™*. The reversed failure rate is also decreasing for
the Lindley distribution, which has an increasing failure rate (see Fig. 10). For example, using
relation (2.63), the RFR in this case is obtained as,

rt)=D2QL+t)/(D{A(t+1)}+Z-1)
_ A+t ()= 2 Z@1+t)

AZt t
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where, D and Z are as defined earlier.in section 2.5.1. The corresponding plots for different

values of A >0 are shown in Fig. 10, below.

reversed failure rate
N
)]
I

time

Fig. 10: A plot of reversed failure rate for different values of the shape parameter, A>0.

As another example, consider a lifetime with the distribution function “F (t)= exp (—c t‘“) with

t>0and ¢, a>0" As, f(t)=F (t), then in accordance with (1.1) the corresponding failure

rate is,

C o t—(DH-l)

rt)= f)_ cat @,

The shapes of the failure rate and reversed failure functions for pairs of ¢, & >0 are shown,

respectively, in Fig. 11 and Fig. 12, below.
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Fig. 11: Aplot of failure rate for different pairs of values for ¢, > 0.
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Flg 12: A plot of reversed failure rate for different pairs of values for C ,a > 0.

The failure rate is exponentially decreasing for values of ¢, « <0.63 and is upside-down
bathtub (UBT) for the corresponding values of ¢, a >0.63. The corresponding reversed failure
rate is decreasing for all pairs of values, ¢, & > 0. Another distribution, which has a decreasing

reversed failure rate is the inverse Weibull distribution with the UBT failure rate, (see Fig. 8). For

example, from (2.58), the corresponding RFR for the IW distribution is obtained as,

r(t)=ap Bty
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The corresponding plots of RFR for different values of « >0 and g =1 are shown in Fig.13

below.
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Fig. 13: A plot of reversed failure rate for different pairs of values for ¢ > 0 and g =1.
2.10.2. Mixture operations for RFR functions and the Proportional RFR model

It is well known that the effects of heterogeneity may change properties of the main reliability
indices. Does this mean that the reversed failure rate (which is decreasing even for distributions
with the increasing, BT and UBT failure rates) would be increasing in this case? As in “frailty”
models, we now investigate the impacts of the unobserved random variable W on the RFR. Let
assumptions made in sections 2.1., and 2.2. about the distribution of lifetime random variable T

hold, then (as in frailty models), the corresponding distribution indexed by W =W is given by:

F(t|w)=exp (-9), (2.64)

where, now 9= I r (v|w)dv and r (v|w) is the conditional reversed failure rate. Therefore,
t

taking the expectation on both sides in (2.64) with respect to W as in (2.3), we have the mixture
Cdf, defined similar to (2.9) as,

b

F,(t)=E[F(t|W)]=[F(t|w) g(w)dw, (2.65)

a
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Therefore, the corresponding mixture reversed failure rate is,

f (t|w)g(w)dw

)=

~fr t1w) g (w)aw. (2.66)
F(t|w)g(w)dw 2

D ey T Q) ey T

where, , w,t>0 and g (w|t) is the conditional probability density function of W, which is
conditioned on the event, T <t ,

gwlt)=g (u|T <t)—; SWEEW . (2.67)
_[F(t|w)g(w)dw

As in (2.13), the conditional random variable W |t , W |0=W, is characterized via the

corresponding distribution function,

F(tlv)g(v)dv
, (2.68)

G (w|t)=Pr(W<w|T <t)=
F(t|w) g(w) dw

D ey T [y e =

whereas, the corresponding distribution function of the unconditional random variable, W is its
limit as, t — 0. These general mixture models are useful for the corresponding analysis of the
shape of the reversed failure rate under mixtures. Specifically, the proportional reversed failure
(hazard) rate (PRFR) model is considered. The PRFR model of the form:

Ft)=[F @ (2.69)
where F, (t) is the baseline distribution and & >0 is proposed by the authors of reference,
[160]. Some results relating to this model were later discussed by among others in [76], [127],
[139], [147], and [159]. As pointed out in reference [127], a topic for further investigation is to
consider the case when @ in the model (2.69) is random. For the mixture model (2.65), we
consider as a specific case,

rtjw)=wr, (t), (2.70)
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where, w, t>0 and r, (t), is the reversed failure rate of the baseline lifetime T, and W is the

mixing random variable.  This model (which is equivalent to (2.69)), already, defines “the
reversed failure rate of the subpopulation for each realization W =w with the distribution

function” given by (2.64). The unconditional expectation of the random reversed failure rate,

r (t|w) is given by,
r, (=E [r @IW)]=[r (t1w) g (w)dw. (2.71)

This function captures the monotonic pattern of a family of random variables, r (t | w), e.g., if
r (t|w) is decreasing, then consequently, A, (t) is decreasing as well”. This model, will be
particularly useful for discussing the shapes of the mixture reversed failure rate, r,, (t) in section

3.4.3.

2.11. Some General Properties of the Mean Inactivity Model

Let the random variable, T (t) be the time elapsed since the last failure, with the corresponding
survival function given by:
S, (t)=Pr(t—T|T <t), (2.72)

and the pdf,
_ L_X) ) (2.73)

The mean inactivity time is defined as the expectation of the random variable, T (t) defined by

(1.6) and reproduced here for convenience,

(2.74)

@ (t)= E[Tw]—(F—(t)) .
Some properties of the model (2.74) are considered in [127]. In fact, if (2.73) is differentiable,
then a useful relation (1.7) between the reversed failure rate and the mean waiting (inactivity)
time is obtained. Thus, with respect to relation (2.60), the following exponential representation

can be shown to hold in this case, i.e.,
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F(t)= exp{— jV dv} (2.75)

where, V ={1-@ (v))/@(v)}. The distribution of the random variable, T, (t), is uniquely

defined by the mean waiting (inactivity) time. The corresponding characterization conditions
established in [127] are useful for studying the aging behavior of lifetime’s distributions by
means of the MIT.

Recalled, hereafter,

1. @ (0)=0, whereas @ (t)>0 for t >0 and @ (t)<1.
2. JVdV<w and TVdv=oo
t 0

From these results and equation (2.75), it is clear that, we could not have lifetime distributions
with decreasing mean waiting time in [a , o) forall a> 0. Furthermore, for @ '(t)<0, the first
part of condition 2 does not necessarily hold. However, if we assume further that r (t)< @ (t) ™,

then @ (t) is increasing (monotonically) in [0 , oo). These results, are also important for our

further analysis of the shape of the MIT under the operation of mixing in section 3.5.

2.12. Concluding Remarks

Heterogeneity in populations (of items) is often induced by changing environmental conditions
and/or other random effects. We focus, on describing the corresponding aging characteristics for

heterogeneous populations.

We have introduced and described the notion of the random failure rate for specific cases. Some
aspects of general mixture models, which are useful in the rest of this thesis are considered and

briefly discussed.
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We focused on some basic frailty (mixture) models and discussed some results that describe the
shape of the mixture failure rate. Specifically, a meaningful case of a population which consists
of two subpopulations, which we believe was not sufficiently studied in the literature, is
considered in detail. The corresponding properties describing the shape of the failure rate under
these mixtures are analyzed. It is shown that the mixture failure rate can decrease or be UBT-
shaped for some specific cases.

Another important in practice specific case of a random initial age as a mixing variable was also
studied in detail. It is shown that this type of mixing can also change the aging properties of an
object, e.g., for certain values of parameters, the mixture failure rate may either preserve the IFR
property or have a bathtub shape: initially decreasing to some minimum point and eventually

increasing as t —co.

The mean residual life, also plays a central role in characterization of the lifetime distributions.
We present some useful general results on the properties of the MRL function and obtain the
corresponding ‘shape properties’ for the relevant mixtures. The MRL function shape properties

are analyzed for some specific cases and some relations with the failure rate are also derived.

We show that for the inverse Weibull baseline distribution with the UBT shaped failure rate, the
corresponding MRL is decreasing for certain values of parameters, whereas it is the UBT-shaped
for other values. These results already show the flexibility of the inverse Weibull model in

describing different aging phenomena.

We further, consider some general properties of the reversed failure rate. The corresponding
shapes of the RFR are analyzed. In particular, two specific cases when the failure rate is
increasing and when it is UBT-shaped are studied. It turns out that the reversed failure rate is
decreasing in both cases. From these results, it is concluded that, there are no lifetime

distributions with increasing or constant reversed failure rates.

We also briefly consider a specific proportional reversed failure rate (PRFR) model, which will

be important for further analysis of the bending properties of the mixture RFR model.
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Some properties of the mean inactivity (waiting) time (MIT) are presented and discussed.
Specifically, it is stated that, due to relations between the RFR and the MIT, there are also no

lifetime distributions with decreasing mean waiting time.

The obtained in this chapter results on bending down of the mixture failure rates with time are
well justified for human populations (Gompertz law of mortality for baseline distributions in
mixing models) from developed countries, where there is a gradual availability of validated
mortality data on centerians and supercentarians. It is also interesting to investigate this

phenomenon utilizing data from less developed countries.
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CHAPTER 3: Stochastic ordering for mixtures of random variables

3.1. Brief Overview

We firstly, discuss some essential aspects of stochastic orderings, in section 3.2. A detailed
general theory on various stochastic orders and other aspects on this topic, could be found in,
reference [80]. However, ordering for mixtures is not sufficiently studied in the literature due to
variety of settings and applications.

We start with the most natural and at the same time, non-trivial, in this context ordering of the
mixture failure rates. “Usually stochastic ordering of mixture failure rates for stochastically
ordered mixing random variables arises when considering heterogeneous populations in different
environments” [81]. We are motivated by the results on the aging properties of the failure
(hazard) rate of general and some specific mixed models in references [83], [94] and [137]: see,
e.g., also reference [54]. The definition of the bending down property of the mixture failure rate
is established in references [83] and [94]. The mixture failure rate may either bend down in a

weak or strong sense. For instance, if
An(t)< 2, (t) fort>0, (3.1)

where, 4, (t) is given by relation (2.33). In this case, the mixture failure rate is said to bend
down in a weak sense. On the other hand, if

A, ()= 2, ()T fort>0, (3.2)

the mixture failure rate bends down in a strong sense (meaning that this difference increases in
time). Along with this idea, we discuss results on the bending properties of the mixture failure
rates when compared with a specific form of our model (2.1). These results are also extended to

other main reliability indices mentioned earlier.

We, also, analyze the failure (mortality) rate for heterogeneous populations in section 3.5, e.g.

“when the subpopulations are ordered (in some stochastic sense)”, [41]. As pointed out by the
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forgoing authors, this setting can be interpreted via the fixed frailty models with one or more
frailty parameters. Under this setting, we present some results with respect to vitality modeling
in section 3.6. In the final section 3.7, we consider relative aging of the mentioned main
reliability indices. Specifically, we propose ordering of lifetimes in terms of monotocity
properties of the ratio of the mean waiting (inactivity) times.

3.2. Some essential aspects of stochastic orderings

Let X and Y be non-negative and absolutely continuous random variables with the distribution

functions: F, (t) and F, (t), where A, (t) and A, (t) are the corresponding failure rates and
f, (t) and f, (t) are the density functions. Assume further that the first moments exist and are

finite. Then X is said to be smaller than Y in expectation if E[X]<E[Y]: e.g. from the

definition of the expected value of a lifetime random variable,

y)dy=E [Y]. (3.3)

:Is(

Some other basic stochastic orders widely used in the literature are:

O"—.S

a) X is said to be stochastically smaller than Y , in the sense of the usual stochastic order,
denoted, X <. Y, if,

—st

S, (t)<S, (t) for vt>0. (3.4)

Hence, the corresponding distribution functions are also ordered (i.e. F, (t)>F, (t)). In this
setting, then X <., Y “if and only if, E [¢ (X)]< E[¢ (Y)], for all increasing functions, 4>, [80].

This, condition, implies that the corresponding random variables, will also be ordered in the

sense of increasing convex (concave) order for every increasing, convex (concave) functions ¢.

b) X is said to be stochastically smaller than Y , in the sense of failure (hazard) rate ordering,

denoted, X <, Y, if, Sy (t)/S, (t) is decreasing in t.
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Therefore, which follows from the corresponding exponential representations for survival

functions,

A )= 4, (t) , for Vtel0, o] (3.5)

c) X is said to be stochastically smaller than Y , in the sense of reversed failure (hazard) rate
ordering, denoted, X <, Y, if, F, (t)/F, (t) is decreasing in t.

The reversed failure rate order is denoted as

r,(t)<r, (t), for vt, (3.6)
where,
B @) fy (t)
SRR}
d) X is said to be stochastically smaller than Y, in the mean residual life order, denoted
X< Y, if,
S(X) > S(y) forall x, y<t.

- C—y 8

S (u)du . TS (u)du

The mean residual life order is denoted as,
m, (t)<m, (t) for Vte[0, ). (3.7)

e) X is said to be stochastically smaller than Y, in the mean waiting (inactivity) order,

denoted, X <., Y | if,

t t
_[FX (t)/_[FY (t), is decreasing in t.
0

0

Hence, mean inactivity order is denoted as,

@, (t)>a, (1), for Vvt. (3.8)
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f) X is said to be stochastically smaller than Y, in the likelihood ratio order, denoted

X<, Y if, f, (t)/f, (t) is decreasing in t or if,

f(x)f(y)>f(y)f(x), forall x<y.

Hence, we write,
O )=, £y () (3.9)

Remark 1.2

e Obviously, from (2.46), the failure rate ordering (3.5) implies MRL ordering (3.7). For the

inverse relation to hold, a sufficient condition of increasing m, (t)/m, (t) in t, should be

presumed. Some useful monotocity properties of this ratio of the MRL functions are studied
in reference [82]. These, will be useful for our analysis of the relative aging behavior of

lifetime distributions in section 3.6.

e Note that relation (3.7) and other properties of (2.46) will also be utilized to analyze the
bending properties of MRL in section 3.4.2.
e It will be shown that the likelihood ratio order is the most natural order for ordering of

mixing distributions.

3.3. Stochastic ordering of mixing distributions

Consider two continuous nonnegative random variables, W, and W, with the corresponding
densities, g, (w) and g, (w) with the same support in [0,%). Then, “W, is stochastically smaller
than W, in the sense of likelihood ratio order:

W, >, W,, (3.10)

9 (W)
g, (W)

where the frailty parameter, W is modified to w |t=(W |T >t). This conditional random

if, is a decreasing function”. Similarly and parallel to this result, we consider, the case,

variable, already, account for the information on subpopulation of objects that survived the
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operational interval, [0,t). In particular, assuming the family of failure rates A (t|w) to be
increasing in w, implies,

2(tIw)<A(t|w,) forw, <w,and v w, ,w, [0, ). (3.11)

As a result, we can argue that the family of random variables, w |t for all t > O is decreasing in

the sense of the likelihood ratio order. In this case, considering the conditional mixing
distribution (2.10) in our mixing model (2.11), we can then compare the frailty distribution of

surviving subpopulations (i.e. a subpopulation surviving to t, and the one surviving to t, ):

S (t, |w) g (w) dw

—38

S (wit,)
(3.12)

S (wit,)]S (t, |w) g (w) dw

O3 o

If (3.12) is decreasing, then the conditional random variables, w |t are ordered in the sense of

likelihood ratio order (3.11). As,
t
S (wit,) = exp {—Iﬂ (v|w) dv} (3.13)

is decreasing in w, for all t >t,, due to ordering (3.11), we can conclude that (3.12) is
decreasing and the family of conditional random variables, W |t is decreasing for all t >0 in

the sense of the likelihood ratio order (3.10).

Specifically, we consider different mixing random variables: i.e., frailties w, and w, with

densities, g, (w) and g, (w), with the corresponding distribution functions, G,(w) and G, (w).

Let

g, (W)= - u(w)g, (w) , (3.14)
[u(w)g, (w)dw

where, u(w) is a decreasing function of w. As w, is stochastically larger than w, in the sense

of (3.5), then G, (w)< G, (w). For instance, using (3.14) we have,
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Ju® g, O Ju® g, O
G, (w)=2 = 0 - : (3.15)
Ju® g, @dt  [u(t)g t)dt+[u(t)g, (t)dt
As u(w) is a decreasing function, it can easily be shown that, G, (w)<G, (w) , where
G, (w)= fgl () dt. For example, see e.g. reference [83],
v i wu ©) g, (Ot
G, (w)= - 0 _ > G, (w), (3.16)
v(ilw)fu (t) g, ©)dt+v (w] j)[u (1) g, (t)dt

where, i>0 and j<oo. In this case, v(i|w) and v(w| j)in relation (3.16) represents the
respective means of u(w). This result implies that v(i|w)>v(w|j) and G, (w)<G, (w) ,
wel0, ). Obviously, when the two frailty random variables w, and w, are ordered in the
sense of (3.10), then the corresponding random variables W, |t and W, |t, for our

subpopulation that survived the operational interval [o,t) are also accordingly ordered. For

instance,

w

S (t1v) g, (Vv [ (E1v)ul) g, (v
_0 . (3.17)

o0

S (t1v) g, Mv S (E]v)u (v) g, (V)

0

G, (W|T >t)=

Ot——8 |Oot——=

On the other hand, by definition G, (w|T > t) is given by,

S(t|v)g, (v)dv
(3.18)

G,(W|T >t)=
S(tIv)g, (v)av

Ot § [0 =

As the function, u(w) in (3.14) is decreasing, then from results (3.17) and (3.18),
G, (W|T >t)< G, (w|T >t). This result, already shows that, W, >W,, and W, |t>W, |t. If in

addition, ordering (3.5) holds, then “the corresponding (mixture) random variables are also
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ordered in the sense of the failure (hazard) rate ordering”. From the fact that,

G, (Ww|T >t)<G, (w|T >t), the following result can be shown to hold, see e.g. reference, [83],

o0

a—b=[A(t|w)g, (t|w)-g, (w/t)dw], (3.19)

0

where,

a—b=j—iw (t|w) [G,(w|t)-G, (w|t)]dw>0, for t>0 is the difference between the two
0

mixture failure rates (i.e. a=4, (t) and b=24,, (t)). This result, already shows the bending
down property as signified by the majorization of, A, (t) by 4, (t) (ie. from (3.19),
G,(W|T >t)—-G, (W|T >t)=0). In particular, it implies that, “when the mixing distributions
are ordered in the sense of (3.10)” see e.g. reference, [81], the mixture failures are consequently
ordered in the sense of (3.11). The respective random variables would also be consequently

ordered in the sense of the usual stochastic order as the hazard rate order implies the usual

stochastic order.

3.4. Stochastic ordering of the main reliability indices

In what follows, we intend to generalize results on the “bending” properties of mixture failure
rates to other related main reliability characteristics mentioned earlier. Suppose that ¥ (w) is the
family of random variables with W having support in [0,) and let again as before W be the
mixing random variable. Denote, for convenience, the respective reliability characteristics in the

mixture, ¥, (t).

Our idea is to compare, V¥, (t) with the unconditional (on survival in [0,t)) characteristic,
¥, (t)=E[¥(t|W)], where W is the mixing random variable. The function, ¥, (t) is

important and it captures the monotonicity properties of the underlying subpopulation lifetimes
in the mixture. The following relations (in addition to the considered stochastic orders) are,
therefore, important for our analysis of the “bending” properties of the main reliability

characteristics under mixtures in the subsequent section.
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1 If ¥, (t)> P, (t) and P, (t)- P, (t) is decreasing, then ¥, (t) is bending down in the

weak sense.

2. 1f ¥, (t)<¥,(t) and ¥, (t)- ¥, (t) increases, then ¥, () “bends down” in strong

sense.
v ) o o . .
3. If the ratio NG is increasing in t, then ¥,_ (t), is again bending down in a strong
sense.

3.4.1. Overview of important results on stochastic ordering of mixture failure rates

Relations in items 1 and 2 in the preceding section are utilized in establishing the bending down
properties of the failure rate under mixtures in references [81], [83] and [94], whereas relations 4

and 5, could already be found in reference, [86].
When the relations in 2 above holds and,

lim ¥, (t)-, (t)=0, where, ¥, (0)="¥, (0),

it can easily be shown that, the mixture, ¥ (t) is also bending up (down) in a weak sense. On

the other hand, if
lim A(t|w)=c0, wela,b],

t—

then,
¥, (t)-F, (t)>oo.

It was, also, shown in reference [81] that the mixture failure rate ¥, (t) is majorized by ‘¥, (t)

in this case. This result is due to the corresponding conditioning in (2.11), which renders “the
mixture failure rate to always be smaller than the unconditional one for t >0, [94]. For
instance as stated by these authors, if “the conditional and unconditional expectations in (2.11)

and (2.33) respectively, are finite for vte[0, «), then: the mixture failure rate A_ (t) weakly
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bends down with time”, see e.g. also reference, [83], whereas, A'(t|w) also increases in t and

2, (t)— 4, (¢t) is increasing, then for this case, 4, (t) strongly bends down with time.

Intuitively, from these results, relation in item 3 above is increasing as a function of t and the

mixture failure rate also bends down in a strong sense. For instance,

Ap ()= 2 (1)

Zpr/7 " mA7 s increasing,
7 ) ’

as A, (t) is majorized by A, (t). Specifically, consider the multiplicative model, (2.19), where

A (t) is the baseline failure rate. In this case, model (2.11) turns to be given by,

2 (EW I],
whereas model (2.33) is defined by
% (t) EW 0],
where, E[W |0]=E[W]. As the baseline failure rate 4, (t) is increasing and the conditional

expectation E [W |t] is decreasing as function of t [0, ), we can conclude that,

2 (t)=2 (1) EW 1],

is decreasing, only if the variance Var (W |t) is large. Therefore, we can also conclude that,

2, ()= 2, (t)= 4, ()EW [0]-EW 1]

is increasing. From relations in items 2 and 3 above, the mixture failure rate bends down in a

strong sense in this case.

Interestingly, when /1'(th) is increasing (decreasing) in W whereas S(tlw) is decreasing
(increasing) in W and ¥ (w) is IFR for all W =w and, t >0, then the relation in item 3

above increases as well. The mixture failure rate bends down then in a strong sense.
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3.4.2. Stochastic ordering of MRL mixtures

In most cases, A (t|w) is expected to increase with time as a result of tear and wear
accumulated by an operating item (object). In this sense, aging is taking place and intuitively,
A(t]w) (m(t|w)) would also be increasing (decreasing). The conditional variance of W
would intuitively also be increasing in this case. However, it is proved in [94] that the mixture,
A, (t) bends down in a weak sense when the failure rates are ordered as in (3.11). On the other

hand, it bends down in a strong sense if A'(t|w) increases in t and 4, (t)—4, (t) is increasing

as a function, t; that is,
A, ) <E[2 (t|W)).

From the forgoing, the relation in item 3 increases as well, and the mixture failure rate is bending

down in a strong sense.

From, the relations between the failure rate and the MRL (see e.g. relations (2.52) and (2.56));
the MRL function under the operation of mixing bends up. Due to ordering (3.5), (which is

stronger relative to both the ordering (3.4) and the ordering (3.7)), a decreasing A(t|w) in w for
all t, leads to the conclusion that both S (t|w) and m (t|w) are increasing in w for all t > 0.
As a result,

m,, ()= E[m (t|W)].

Whereas, if m (t | W) is increasing (decreasing) in W and m (t | W) is decreasing (increasing) in
W forall t>0, then, from the relations in item 2, m_ (t)-m,, (t) is a decreasing function of,

t. The mixture MRL “bends up” in a strong sense in this case.

Additionally, considering the relation in item 3, it is easily concluded from the fact that

m, (t)—m, (t) is increasing, that the shape of the mixture MRL bends up in a strong sense in this

case. For example, m, (t) is majorized by m_ (t),
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M IS increasing.
m,, (t)

From these results, our heterogeneous population is improving, e.g. the proportions of strong

subpopulations are increasing as “the weakest populations are dying out first”.

3.4.3. Ordering the reversed failure rate mixtures

There are no non-negative random variables for which their lifetime distributions are

characterized by a constant or increasing reversed failure rate in a finite interval of support, i.e.
[a,oo),azo. Does, this mean the corresponding shapes of the reversed failure rate do not

change under the operation of mixing?

From relation (3.6), which can be shown to be stronger relative to the usual stochastic order

(3.4), it is intuitive that F (t | w) is increasing (decreasing) in w whereas r (t | w) is decreasing
(increasing) in w for all t>0. When, ¥ (w) is increasing (decreasing) in w, in the reversed
stochastic order (3.6), r,(t) bends down in a weak sense. It, follows from the above
considerations that,

r,(t)<E[r t|wW)).

On the other hand, the relations in item 1 above imply a weak bending down of the reversed

failure rate.

Parallel to the multiplicative model (2.19), we consider, the multiplicative reversed failure rate

model (2.70), where, r, (t) is the baseline reversed failure rate in this case. Then, model (2.71)

reduces to,
r, (t) E[W |0], where, E[W |0]=E[W].

Then model (2.66) turns to
r, () EWt].
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As the baseline reversed failure rate, r, (t) and E[W |t] are decreasing for t > 0, then we can

conclude that

r ()< E[r t1w)]:

Thus, the reversed failure rate bends down in a weak sense. Interestingly, when the derivative,
r' (t|w) is decreasing or alternatively F(t|w) is decreasing in t for all w>0, then,

r, (t)—r, (t) is increasing as a function of t >0 as well. Therefore, from the relations in items

2 and 3 above, the reversed failure rate strongly bends down as time increases.

The results obtained above, show that the mixture reversed failure rate r_ (t) bends down as

time increases. However, the implications of locally increasing mixture reversed failure rate

observed in reference [54] in lifetime modeling would need some further study.

3.4.4. Ordering the mean waiting time for mixtures

The results on the mixture reversed failure rate r, (t) show that it bends down as time increases.

Does it mean that the corresponding mean inactivity time is also not decreasing for lifetime

random variables?

Relations between the RFR and the MIT, specifically relation (1.7) are useful in studying the

aging behavior of the MIT. If , W (w) is increasing (decreasing) in w in the mean waiting

(inactivity) stochastic order (3.8), then it is also decreasing (increasing) in w in the usual
stochastic order (3.4). Therefore,

@, (t)> E[ot|W)].

The mean waiting (inactivity) time is bending up in a weak sense in this case. Whereas,
@, (t)-a, (t) is increasing, when the derivative @ (t|Ww) is increasing in z. Therefore, the
corresponding r(t|w) is decreasing in w, and by relation (1.7), the mean waiting (inactivity)

time bends up in a strong sense in this case. Furthermore, considering the relations in items 2

and 3 above, then,
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@, )@, () j increasing.

T (t)

m

This result is due to the fact that, the numerator is increasing and therefore, the mean waiting
(inactivity) time bends up in a strong sense also in this case.

3.5. A case of two frailties

Consider the “Gompertz law of human mortality” defined by the following mortality rate, which

is a function of two parameters «, and S,

Alt]er, B)=aexp (B 1). (3.20)

When “«, is randomized and f is fixed, model (3.20) reduces to the ordinary multiplicative

frailty model, with asymptotically flat hazard (failure) rate, particularly, when the distribution of
frailty is, e.g., Gamma and t —o0”, [41]. This already reflects an ordering in terms of failure
rates. These results may be extended to a more general case with more than one frailty

parameter.

Consider the bivariate “frailty” model: F (t | w,,w, ) with the failure rate:

f(tiw,w,)

A(t,w, =,
(towg, we) S (t]w;,w,)

where, w, and w, are the non-negative random variables (frailties) having the joint pdf,
g(w,,w, ) with support [0,20). Two specific cases of this model are considered for a system with

two statistically independent components in series. If, the frailties are considered independent,
that is:

g (w,w,)=9g(w)g(w,)and F (t|W1,W2)=1—S (t|W1)S(t|W2)’

then the population failure rate:

At)=

O 38

J.ﬂ (tIw,w,) g (w,w,[t) dw, dw,
0
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with the corresponding conditional pdf,
g (wy,w,) S (t]wy,w,)

S (tlwl’WZ) 9 (Wl’WZ) dw, dw,

g(W1'W2 |t):

O 3y 8
O 3y 8

Specifically, consider the frailty W, = w, to be fixed, then the failure rate can simply be defined

via model (2.11):
t|W2 zjl/i 1'W2)9(W1’W2)dW1'
0

In this case, the mortality rate is decreasing, if the failure rates, A (t|w,) are ordered in w, .
Specifically, when A (t|w,) for each w, is decreasing asymptotically as t —>co, the mixture
population failure rate in this case decreases. Thus, considering random w,(w,) leads to the

strictly decreasing population failure rate. This behavior can be explained as result of the well-

known principle, the “weakest subpopulations are dying out first” as time increase.

3.6. Vitality Modeling

3.6.1. Brief Overview

The decline in in vitality of an organism as some aggregate characteristic of health can be
effectively modeled and analyzed via some simple vitality models. In first passage and Markov
(phase-type) models, the corresponding modeling and analysis usually considers the survival
capacity (vitality) as an aggregated characteristic endowed into organisms at birth. The
stochastic loss of vitality (i.e. deterioration of “vital” parameters') as age, is usually modeled via
some stochastic process (i.e., “the Weiner process with negative drift which, already, describes
the (non-monotone) decrease in vitality of organisms” [41]). Usually in these cases, the
probability of death (i.e. “the first time passage to the zero boundary”, see e.g., reference, [241]),
is often modeled via the inverse Gaussian distribution in a number of application areas. For
instance, this model which apparently was first considered in [252] is used to explain mortality
plateau at advanced ages in [144] and [109], relating natural and xenobiotic stressors to survival

of organisms in [145] and extended to a model with vitality-dependent and vitality independent

L As they are known in biological literature.
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(extrinsic or accidental morality) components by [61]. See, e.g., also a wide range of Markov
processes considered in [132] and phase-type distributions in [221]. The review on the
development of the inverse Gaussian distribution and its statistical applications is also provided
by [241] and later a more general review of some mortality models was given in reference [149].
It is also interesting to determine which “other statistical distributions are characterized by the
asymptotically flat hazard rate”, [41].

3.6.2. Some results on Vitality Modeling

Vitality loss (i.e. the decline in vitality with fixed initial value) when z, >0 can be described via

the stochastic process, see e.g., reference, [45]:
Z,=2,-U, (3.21)
where U =V t. Under, this model, death is assumed to occur when Z, reaches zero for the

corresponding lifetime, T, with the Cdf:

R (t)=1-F (z, |1),
where, V is a non-negative random variable with a corresponding distribution, F (t). In this
simplest form of model (3.21), the linear process of degradation (i.e. “decline in physiological
functions of organisms”) can be described for realizations of the random variable, V. In
particular, the corresponding subpopulations from the heterogeneous population may be ordered
accordingly to their corresponding lifetimes. In fact, it is shown by the authors of references [44]

and [45], for a gamma-distributed, V , with the pdf:

i77x’7‘1exp(ocx), a,n>0,

I(er)
that the shape of the failure rate of the resulting inverse Gaussian distribution, is bathtub,
whereas, for model (3.21), the failure rate tends to zero as t —oo. Other, more specific models
may also be considered for the corresponding analysis. The first and the most popular among

these is perhaps, the Wiener process with drift given by:

Z, =12,-D,, (3.22)
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Where, D, =st+W,, (D,,t 20 ), is the Wiener process with s as the drift parameter and W, ,
t >0, is the standard Wiener process with normally distributed values (for each fixed t) with
mean 0 and variance o’t. See reference, [45]. As pointed out by the forgoing authors, “the
probability distribution of this first passage time: i.e. when R, reaches the boundary v, for the

first time can be well modeled via the inverse Gaussian distribution” with the pdf,

0'\/% 20t

See e.g. also references, [61], [132], [144], [145] and [241]. In particular, it is argued by [132]

£,(t)=1, (t] 2,5 0)= — 2t exp{w} (3.23)

that although, there are three parameters in this case (ie. Z,, s and o), the probability

distribution of the first passage time depends only on, z,/c and S/o. Thus, if we let

A=s2/c? and k=52,/0°, it is easy to see that (3.23) reduces to a simple two-parameter

inverse Gaussian distribution with the pdf,

()= 1, (12,50 =K ut)*“exp{M}. 624

o2r 27t

The properties of the model (3.24) were studied for the first time in literature in [45] within the
context of randomization of parameters and the corresponding ordering of subpopulations. See,
e.g. also, references [4] and [29] for some further results. Specifically, it is shown by the authors

of reference [41] that the shape of the failure rate is increasing in a certain interval (i.e. for
te(0,t,) particularly when t, <t, =2z,/30°and decreasing asymptotically to a plateau for

t, >t,. However, as pointed out by these authors, “only the non-randomized version of this
distribution leads to the asymptotically constant failure rate”, see e.g. also reference, [44]. As a
result, the initial vitality has no impact on the shape of the failure rate at advanced ages. The
Gamma distribution, where A is randomized may also be considered as another relevant
example that exhibits asymptotically constant failure rate. Other examples include the Birnbaum-
Saunders distribution and the gamma process with monotonic sample paths considered recently

together with the inverse Gaussian distribution in references [44] and [45].
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These results, show that the shape of the failure (mortality) rate can exhibit a number of possible
shapes when the parameters are randomized, e.g., meaning that the corresponding curves are

increasing or decreasing asymptotically to a plateau or even tend to zero as t —oo.

3.7. Relative aging of reliability characteristics

The notion of relative aging in addition to considerations of the usual aging, is important. This
concept, actually provides a way to determine which population ages faster between two or more
populations in some probabilistic sense. One of the simplest ways to implement this concept
would be to compare the “extend of aging” described by the increasing failure rates (IFR)
distributions, [44]. We intend to look at this problem in our future work.

In the subsequent section 3.7.1., we firstly present the definitions and some background on the
relative aging concepts. Our goal is to utilize the results and propose another type of relative
aging based on the monotocity properties of ratio of the mean waiting (inactivity) times.

3.7.1. Relative stochastic orders of reliability characteristics

Let X and Y be two absolutely continuous lifetime random variables with the corresponding

distribution functions F, (t) and F, (t), failure rates A, (t) and A, (t), mean residual lifetimes

m, (t) and m, (t), reversed failure rates r, (t) and r, (t), and mean waiting (inactivity) times

@, (t) and @, (t). Assume, further, that the first moments exist and are finite.

The lifetime random variable X is said to be aging faster than the lifetime random variable Y

in the following senses:

a) Relative failure (hazard) rate ordering (X <, Y') if the ratio A, (t)/ 4, (t) is increasing
ontef0,).

b) Relative mrlorder (X <, Y if the ratio m, (t)/m, (t) is increasing in t [0, ).
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c) Relative reversed failure (hazard) rate order (X < Y) if the ratio r, (t)/r, (t) is

increasing on t [0, ).

The following is the modification for the case of large t :

i) X is said to be ultimately IFR aging faster than Y if A, (t)/A, (t) is increasing for
sufficiently large t.

ii) X is said to be ultimately MRL aging faster than Y if m, (t)/m, (t) is increasing for
sufficiently large t.

iii) X is said to be ultimately aging faster in RFR than Y if r, (t)/r, (t) is increasing for

sufficiently large t.

The foregoing results are, particularly useful for our analysis of the proposed ordering of
lifetimes in terms of monotocity properties of the ratio of the mean waiting (inactivity) times.

Note that the definition of the mean waiting (inactivity) time, @ (t) is given by equation (2.74).

We define the lifetime random variable X as aging faster than the lifetime random variable Y

in the relative mean inactivity order (X < _Y) if the ratio @y (t)/wY (t) is increasing in

te[0,0). The following is intended to establish conditions under which X <. Y. Similar
and parallel to Lemma 1 of reference [82], we can restate in this case that, X <, .Y ifand only
if,

re(t)-m™<r, (t)—n", (3.28)

where, m=a, (t) and n=a, (t). Hence, based on the subsequent proof thereof, we can

similarly argue that @, (t)/@, (t) increases if,

@y (t) @y (t)—wx (t) @, (t)ZO. (3.29)

For instance, assuming that @, (t) and @, (t) are differentiable, it can easily be shown that,

(@, (t)/@, (t)) =0. Since,
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Zle (t)zl_rx (t) @y (t) and @, (t):l—rY (t) @y (t)
we have,
r, (t)—r, @)—(m*—n?)=0. (3.30)

Considering the conditions established in [127 p.2] for @ (t) to increase, we can conclude that

(3.29) and (3.30) hold and hence the ratio of the mean inactivity times (e.g. @ (t)/@, (t)) is

increasing.

Alternatively, we can also see from (2.74) and relation (3.8) that when the mentioned conditions
hold, then, @ (t) is increasing and consequently results (3.29) and (3.30) trivially hold. Hence,

the ratio of the mean inactivity times (e.g. @, (t)/@, (t)) is increasing.

Moreover, it was also shown by [125] that «“ X <, Y implies X <_, Y ”. Does this result mean
that the implication of this chain relation is preserved under this current relative reasoning?
Assume, @, (t)/@, (t) to be increasing for t>0, and using definition (2.74), then the

foregoing result implies that

@y (t) > im
wy (t) S

t
R (©) [Fy (u)du
0 =1. (3.31)
F (0) [F (u)du
0
Hence, @, (t)>a, (t) in this case. This result, already, defines ordering (3.8), which further

implies that if X is increasing, the mean inactivity time is IMIT, then Y is also IMIT.

Consequently, these results also imply that ordering (3.6), i.e. r, (t)<r,(t) also holds in this
case. Therefore, from definition c) above and using (3.28), we can conclude that, X <. Y is

implied by X <., Y .
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3.8. Concluding Remarks

Some general essential aspects of stochastic orderings, which are relevant to our study are
presented and discussed in the beginning of this chapter.

We consider ordering of mixing distributions in the sense of the likelihood ratio. Specifically,
some relevant and useful results for the case of two frailties are discussed. It turns out that the
mixture failure rates are ordered, as functions of time in [0,0), when the mixing distributions are

ordered in the sense of the likelihood ratio.

Some findings on the bending properties of the mixture failure rates are presented. It follows
from conditioning on survival in the past interval of time that the mixture failure rate is
majorized by the unconditional one. Hence, the mixture failure rate bends down in a weak sense

or a strong sense as time increases.

These results are extended to other main reliability indices. Specifically, we show, that the MRL
function under the operation of mixing bends up either in a strong sense or a weak sense as time
increases. The reversed failure rate is also bending down either in a weak sense or a strong

sense, whereas the corresponding mean inactivity (waiting) time exhibits the reverse behavior.

Some relevant results on failure (mortality) rate when the corresponding parameters are
randomized are presented. In this case, it turns out that randomization of parameters may lead to
the strictly decreasing population failure rate. Under this setting, we also formulate some

relevant findings with respect to the vitality modeling.

Finally, some useful results on relative aging of the mentioned main reliability indices are
discussed. Specifically, ordering of lifetimes in terms of monotonicity properties of the ratio of
the mean waiting (inactivity) times is proposed and some conditions for a random variable X to
be aging faster than the lifetime random variable Y in the relative mean inactivity order are
established.
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It is also proved that if X is increasing in the sense of the mean inactivity time (IMIT) then Y
is also IMIT when the corresponding random variables are ordered accordingly. It is concluded

that the relative mean inactivity order is implied by relative reversed failure rate order.
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CHAPTER 4: Discrete lifetime modeling

In this chapter, we generalize the properties of the failure rate to the discrete case. “There are
some important differences between the failure rates in the discrete setting as compared to the
failure rate in the continuous case”, [1]. We investigate the impacts of these differences in
describing the corresponding aging characteristics. Hereafter, we analyze the shapes of the
failure rate for some specific distributions in the class of discrete Weibull distributions. The
shapes of the corresponding failure rate of a mixture of two distributions are studied in section
4.2. On the other hand, some results on the general properties of discrete mixture failure rates
are briefly discussed in section 4.3. The forthcoming characterizations of discrete lifetime
distributions are studied in the literature, see for instance references, [1], [3], [86], [131], [164]
and [184] just to mention a few.

4.1. The failure rate in discrete setting

Let K be a discrete random lifetime with a support in, N* =1, 2, .. } Under this setting, the

probability of failure occurring at time k is given by,
fk)=Pr(K=k), k=12,..., (4.1)

and the corresponding survival function is,

00

S(k)=Pr(K>k)= > f(j), (4.2)
j=k+1
where, F(k) =1—S(k). The failure rate (called the classical failure rate in reference [35]) is

given by,

A(K)=Pr(K =k | K > k —1)= E;EE - :3 _ S(fk(li)l)’ (4.3)
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where, Pr(K >k)>0. The failure rate (4.3) may be interpreted as the conditional probability

that an item (object) fails at time k (on condition that it is still operational at time k -1), see e.g.

reference [86]. The relation (4.3) can also be written in the following form,

k) = %_‘S(k) (4.4)

The necessary conditions for a sequence, A(k), k >1 to define the failure rate (4.4) for some
random variable with the supportin N* = {1, 2, ...} are given in references [184] and [236].

These conditions may be restated as follow, [86]:

1. Forall K <m, then A(k)<1, where the distribution is defined over {1, 2,...,m}.

2. For keN* then 0< A(k)<1 and 2/1(])=00.

=

The above reliability characteristics, which uniquely describe the distribution of the random

variable, K, are related to each other in the following way,

f(k)=S(k)-S(k+1), (4.5)
and,
k
Sk) =] Ja-4(i). (4.6)
j=1
On the other hand,
k-1
f(k)=S(k)a(k) = k)= ]@Q-A@) (4.7)
i=1
Remark 1.3
1. For distribution defined over the interval {1, 2,..., m }, condition 1 above holds and the

failure rate is bounded, i.e., A(k)<1 for all integer k > 0. On the other hand, it is unbounded
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in the continuous case. Specifically, this fact implies that the failure rate would not be
convex in this case.
2. On the other hand, for a distribution defined over the interval k € N*, the condition 2 above

seems to be natural.

It should be noted that, as a consequence of condition 1, some properties of the failure rate in the
continuous case do not hold for the discrete one. The failure rates for the series system of
independent components are not additive, e.g. “the failure rate of a system is not equal to the
sum of individual failure rates of its components”, [3]. Another implication of condition 1 is
that, the failure rate has a meaning of probability in the discrete case, whereas it is not for the
continuous case. The probability of failure in the latter is only approximated when the failure
rate is multiplied by a sufficiently small unit interval of time. Consequently, the exponential
representation does not hold in general settings in the discrete case and the cumulative failure

rate is not equivalent to its continuous counterpart, e.g.

Kk
Alk)=>"4(j)=—log S(k). (4.8)

j=1
This nonequivalence has been referred in literature as the main reason for the two definitions of
IFRA (DFRA) and NBU (NWU) classes in the discrete case as opposed to the corresponding
classes in the continuous case. See e.g., references [103 p. 6] and [120 p.11]. Intuitively, this
would create some challenges in the choice of appropriate model to be used in the analysis of the

corresponding aging classes.

There are approaches, which address the observed underlying differences of the corresponding

failure rates in the discrete and continuous cases. For instance, [164] proposed “the ratio of two
consecutive probabilities, f(k +1)/ f(k) and studied the monotocity properties of a wide class of

distributions with increasing failure rates”. This approach was also adopted for defining the

corresponding IFR (DFR) aging classes in [86]. In particular:

f(k+1)
f(k)

f(k+2)f(k)<[f(k+1)] for k>0 is log-concave, the failure rate is IFR in this case.

1. The distribution is log-concave if and only if for k>1 is decreasing. As
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Whereas, it is log-convex if and only if flk+1) for k>1 is increasing and

f(k)
f(k+2)f(k)>[f(k+1) for k > 0. This, means that the corresponding failure rate is DFR.
2. On the other hand, if flk+1) for k>1 is constant, i.e. fk+1)  flk+2) , then
f (k) fk)  f(k+2)

f(k)=C*f(0) for some constant C. For the specific case, the geometric distribution with
f(k)=0(1-6)" for k=1,2,..., has constant failure rate. Whereas, for the uniform

distribution with f(k)=c for k=0,12,...,m the failure rate is increasing (IFR). The

k
failure rate is increasing (IFR) if also f (k)= c for j=0,4,2,...,m.
1+C+C?+...+C"

See e.g. also references, [10], [12] and [34] for other alternative characterizations.

The alternative failure rate,

24 (k) =—{log S(k)—log S(k —1)] = —log S(Sk(k—)l) -° S(Sk(l:)l)

which is unbounded as in the continuous case, is proposed by the authors of reference [198].

for k=12,..., (4.9

“Despite not having a clear probabilistic meaning, this failure rate is a useful transformation of
i(k)”, [3]. It reconciles the observed differences in the aging properties in the discrete case. In

particular, it is related to the failure rate (4.7) via the following,

A, (K) ==In(1- A(k)) , (4.10)
where, A(k) =1—exp(—4,(k)). These relations, in addition to the ones in (4.5-4.7), are useful
for comparing the aging behavior of items (objects) for any increasing, l(k). From (4.10), “/I(k)
and A, (k) exhibit the same monotocity properties, e.g., 4, (k) increases (decreases) if and only if

/I(k) increases (decreases)”, [131]. We will discuss now the shapes of the corresponding failure

rates for some specific distributions in the class of discrete Weibull distributions.
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Type | Discrete Weibull Distribution

This distribution was the first discretized analogue of the 2-parameter continuous Weibull

distribution (cf. reference [244]). It has the survival function
S(k)=v" ,0<v<l,n>0.
Accordingly with (4.4), the corresponding failure rate is,

S(k—-1)-S(k)
Ah)= s(k-1)

— 1_ Vk”*(kfl)ﬂ .

On the other hand, in accordance with (4.10), the alternative failure is given by

S(k-1) _ - vl

S(k) v

2,(K) = log ~logv |(k -1y —k”]

(4.11)

(4.12)

(4.13)

The corresponding failure rate plots for different values of 7 <1 and  >1 with v=0.5 are,

respectively, shown in Fig.14 and Fig.15.
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Fig. 14: Aplot of l(k) and ﬁa(k) for various values 77 <1 and V=0.5.

As can be noted, from Fig. 14, the failure rates are both monotonically decreasing as functions of

k for the specific case 7 <1. Whereas, from (4.12) and (4.13) it can also be noted that when

n =1, the type | discrete Weibull distribution reduces to the geometric distribution with non-
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aging property as the exponential distribution in the continuous case. On the other hand, for

n>1 the failure rate (4.4) is increasing as a function of k, approaching one from below,

whereas the alternative failure rate is continually increasing as time increases (see Fig. 15,

below),
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Fig. 15: A plot of l(k) and ﬂa(k)for different values 77 >1.5 and V=0.5.

Type Il Discrete Weibull Distribution

This distribution is introduced into literature by the authors of reference [228] based on the

preservation of the power function form of the failure rate. It has failure rate given by,
A(k)=hk™ |, k=1,2,....,n, (4.14)

where 0<h<1, n>0and

o h~ @ (-1) n>1
" oo 77Sl'

From relation (4.10), the alternative failure is given by,
2, (K)=—log|(L—(hk"*)). (4.15)

The corresponding failure rate plots for different values of 7 <1 and 7 >1 with h=0.5 are

shown, respectively, in Fig.16 and Fig.17.
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Fig. 16: Aplot of ﬂ(k) and ﬂa(k) for different values of 77 <1 and h =0.5.

Obviously from Fig.16, A(k) and 4, (k), decreases as a functions of k for values of 7<1. On

the other hand, when 77 >1, i(k) is monotonically increasing (IFR) and the corresponding ia(k)

initially increases sharply to a certain maximum point then monotonically decreases, (UBT). See

Fig. 17.
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Fig.17: Aplot of l(k) and ﬂa(k)for n =15 and h=0.5.
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Type Il Discrete Weibull Distribution

This distribution is an extension of the type | Weibull model introduced by the authors of

reference [244] and was advanced further in reference [223]. Its failure rate is given by,
A(k)=1-exp(- gK"), (4.16)

where, S eR" and € R. Using relation (4.10), we obtain the alternative failure rate,

2, (K)=log [L—(L—exp (- BKk”))|= K" | (4.17)

The corresponding plots of the failures rates (4.16) and (4.17) for different values of n and
S =1 are shown subsequently in Fig. 18 and Fig.19. As can be noted from these figures, the
failure rates are increasing for 7 >0 (see Fig. 18) and decreasing for 7 <0 (see Fig. 19).

Whereas, from (4.16) and (4.17), it can, also, be seen that the failure rates become constant for

n =0 and the Type Il discrete Weibull distribution reduces to a geometric distribution with

constant failure rate.
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Flg 18: Aplot of l(k) and ﬁa(k) for n) = 0.1 and ﬂ =1.
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Fig. 19: Aplot of l(k) and ﬁa(k) for = -1 and ,B =5

The Discrete Inverse Weibull Distribution

The survival function of this distribution is given by

S(k)=1-v*",
and the failure rate,
k™7 (k-1)7"
Alk)=—"
1-yy”
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Fig. 20: Aplot of l(k) for different values of V and 77.

80



On the other hand, accordingly with (4.10), the corresponding alternative failure rate is given by,

_yk”
A, (k) = log (1\/—} ,

1-v¢”

with the plots for different values of v and 7 given in Fig.21 below. As may be noted from these

figures in both cases the failure rates are decreasing (DFR).

altemative failure rate

Fig. 21: Aplot of ﬁa(k) for different values of V and 77.
Discrete Modified Weibull Distribution

This distribution is the discrete analogue of the modified Weibull distribution. The survival

function is given by,

S(k)=v""" .
The corresponding failure rate is,
K ¥
Alk)=1-———
V(k_l)']ﬂ

The failure rates plots for different values of of n, # and v=0.5, are shown on Fig. 22 below.
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Fig. 22: Aplot of l(k) for different values of 77, ,3 and V=0.5.

Correspondingly with (4.10), the alternative failure rate is given by,

2, (K)=log fu2 " ify<# ).

The failure rates plots for different values of of n, f and v=0.5, are shown on Fig. 23 below.
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Flg 23 Aplot of ﬂva (k) for different values of 77, # and V = 0.5.
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As can be noted from Fig. 22 and Fig. 23, various shapes of the failure rate are exhibited for
different pairs of  and g for the discrete modified Weibull distribution. For the values of
n<1 and B =1, the failure rates are decreasing (DFR) and are increasing (IFR) for values of
n=1,when S >1 (seethe blue in Fig.23 and green curve in Fig. 22). When 1 =1 for g =1the
failure rate is constant and the modified discrete Weibull distribution reduces to the geometric
distribution with constant failure rate (see dashed blue curve). On the other hand, the failure rate
initially decreases to a certain minimum point and then increases (BT) for pairs of values: 7 <1
and S <1 (see the magnata curve); 7 >1 and S =1 (see dashed red curve) and finally when

n>1and B >1 (see dashed yellow curve).

In most of the specific cases considered here, the failure rate (4.4) and the alternative failure rate
(4.9) exhibit the same monotocity properties. However, for the Type Il Weibull distribution,
different monotocity properties are exhibited for the same parameter values: the failure rate (4.4)
is increasing (IFR) while the failure rate (4.9) is of the UBT type. This apparent difference

should be taken into account in practical applications. It means that the alternative failure rate,

A, (k) may be an appropriate choice in the modeling and analysis of various aging characteristics

as compared to A(k).

We, firstly present and briefly discuss some results on the behavior of the failure rate of the
mixture of two distributions, and then further investigate this behavior for the mixture of some

specific lifetime distributions in the subsequent section.

4.2. Failure rate of a mixture of two discrete distributions

Continuous mixtures are usually more flexible and suitable for modeling heterogeneity in
practical settings. However, as noted earlier, there are several situations in which discrete
lifetimes do arise in practical settings. Some special and relevant examples that involve ‘shock

processes in a natural scale’ are also considered in reference, [3]. We analyze the failure rate for
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the mixture of two lifetime distributions F, (k) and F, (k) with the corresponding pdfs, f, (k)

and f,(k), where 1, (k) and A, (k) are the respective failure rates for the two subpopulations.

Under this setting, the general mixture models are represented as follow; see e.g. references,
[66], [82], and [86]:

The mixture survival and density functions are given as
S (k): pS (k)+q S, (k)' : fm (k): p fl (k)"'q fz (k)’ (4.18)

respectively, where the masses p and q=1- p define discrete mixture of distribution. The

corresponding mixture failure rate is, therefore, given by:

2, (k)= p f.(k)+q f, (k; (4.19)

The relation (4.19) may also be represented as:

A (K)=p (k) 4 (k) +a(k) 4, (k). (4.20)

where, A, (k) j =1, 2 are the corresponding failure rates and the time-dependent probabilities
are,

p)=— P50 g gy 9%k @.21)

pS,(k)+as, (k)

4.2.1. Some important results

The above relations are useful for studying the properties of the failure rate of the mixture of two
distributions?. For instance, the authors of reference [107] utilized the relation (4.21) and showed
that, “min {/ll k), 4, (k)}ﬁ max {4, (k), 4, (k)}”, see e.g. references [66] and [71]. Specifically,
as pointed out in the forgoing references, if the failure rates 4, (k) and A, (k) are ordered such

that 4, (k)< 4, (k), then the mixture failure rate lies between these failure rates,

2 Albeit, may also be extended to a case of more than two distributions.
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2, (k)< 2, (k)< 4, (k). (4.22)

For example, consider a specific case
2, (k)=12—-exp (-1.2k)+0.01k,
and
2, (k)=1.2+1.14 exp (-0.08 k)+0.01k,

where, p=p,(0)=0.60 (q=1—p=0.40), then according to (4.20), the mixture failure rate is
given by
A (k)=1.2-0.144 exp (-1.28 k)+0.12 k

The corresponding failure rate plots for 4, (k), 4, (k) and A, (k) are reflected on Fig. 24 below.

failure rate

r r r r r r Il
o 0.5 1 1.5 2 2.5 3 3.5
time

Fig. 24: Aplot of ll(k), j’z (k) and im (k) for different values of K and p = P, (O): 0.60.

From Fig. 24, the failure rate, 4, (k) is increasing (see the green curve) and the failure rate,
A, (k) is decreasing (see the blue curve). On the other hand, the mixture failure rate, A, (k) (see

the red curve) lies between the 4, (k) and 4, (k).

For the specific case above, the mixture failure rate is increasing, whereas “on differentiating

(4.20), the following is obtained”, [86 p.48] and [136 p.5]:
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A (kK)=p (k) 2 (K)+a(k) 2, (k)= p (k) a(k) (2, ()= 2, (). (4.23)

As, A;(k)<0j=1,2, it follows from (4.23) that the mixture failure rate, in (4.20) is
decreasing, [66]. Specifically, as pointed by the authors of the forgoing reference, for
S,(0), j=1,2, the initial value of the mixture failure rate, (at k=0) is defined by
2(0)=p 4,(0)+q 4, (0). This, already, means that for k >1 the conditional probabilities p(k)
and 1- p(k) are increasing (decreasing), which can be observed when dividing the numerator
and denominator in first equation (4.18), respectively, by S, (k). This effect, which can be

explained as “the weakest items are dying out first” principle means that the proportion of the

survived up to t items in the mixed population is increasing.

As a result,

A ()< p (k) 4, (K)+ (k) 4, (k). (4.24)

This means that, A (k) is always smaller than the expectation p 4, (k)+q 4, (k). On the other

hand, the “sufficient condition for the mixture failure rate to initially (at least, for small t)

decrease” is, [58]:

A (k)+a4, (k)-p (- p) (4,(0)-2 (0)" <0, (4.25)

where the derivatives are obtained at k =0. In fact, “the mixture failure rate is initially

decreasing not matter how fast the failure rates A, (k) and A,(k) are increasing in the

neighborhood of 0 when |4, (0)— 4, (0) is very large”, [66].

Mixtures of discrete distributions, which are not necessarily derived from the corresponding
continuous lifetime distributions, are known in literature. For instance, a discussion of mixtures
of discrete distributions can, already be found in chapter 4 of reference [238]. However, less
well-known are the mixtures of the recently discretized lifetime distributions. Therefore,
hereafter, under the defined settings we analyze the corresponding shapes of the failure rates of

the mixtures of some selected (i.e. specifically discretized) lifetime distributions.
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4.2.2. Mixture of two geometric distributions
The geometric distribution with the pdf,
f(k)=01-6)" fork=1,2,...,0<6<1,

arise as the discretized version of the continuous exponential distribution (hence also known as

the discrete exponential distribution, when 6 = exp (- 4)). Its distribution function is given by

F(k)=1-@1-0),
where, S (k)=1-F (k) is the corresponding survival function. The failure rate, in accordance
with (4.3) is

(k)= f) _o@-of"

Sk-1)  @-6)*

which is, constant. It is well-known in literature that continuous mixtures of exponential

distributions are DFR, could it then be the case that the mixture of geometric distributions has a

decreasing failure rate (DFR)?

Suppose, two subpopulations with lifetimes described by geometric distributions with the
distributions functions, F,(k) and F,(k), survival functions S,(k) and S,(k) and mass
functions f; (k) and f, (k) respectively. Therefore, the corresponding mixture Cdf and pdf are

given, respectively, by relations in (4.18). On the other hand, in accordance with relation (4.20)

and (4.21), the failure rate of the mixture of the two subpopulations is given be

2, (k)= p (L-6,)" o + q-6,) 9. =P 6,1-6,) +q6,1-6,)" .
i ' )k i Y (1_91)k +Q(l_‘gz)k

The corresponding plot of A, (t) for different values of k and 6,,6, > 0 is shown on Fig. 25

below.
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Fig. 25: aplotof 4, (k) for different values of K, P = 0.6(q = 0.4) and 6,,6, >0.

As can be noted from Fig. 25, similar to the failure rate of a mixture of two continuous
exponential distributions, which is DFR, the failure rate of the mixture of two geometric
distributions is also decreasing and even tends to zero as time increases. Thus the geometric

distribution is an equivalent of the continuous exponential distribution in the discrete setting.

4.2.3. Mixture of the geometric distribution and discrete Weibull distributions

Several discrete Weibull lifetime distributions arise as discretized versions of their continuous
counterparts. We have compared the failure rate (4.4) with the failure rate (4.9) for some of
these lifetime distributions. In this section, we focus on analyzing the failure rate of the mixture
of these distributions with the geometric distribution. We are particularly interested in the case,
when the failure rate is increasing (IFR), BT or UBT, as these somehow indicate some kind of
deterioration (aging) of an item (object) with time. On the other hand, as pointed out in the

previous section, the failure rate of the geometric distribution reflect the non-aging property.

Mixture of geometric distribution with the Type | discrete Weibull distribution

The survival function and failure rate for type | discrete Weibull distribution are given in (4.11)

and (4.12), respectively, whereas the survival function and the failure rate for discrete geometric
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distribution are given in section 4.2.2. Therefore, under the defined settings and utilizing the
relations (4.20) and (4.21), we have:

k7 _ K KTl k7 =(k-2)
e 2]l ao-of pvrhvrey)

CpvE +q(-0) pVv" +q(1-06) ) pv¥ +q(1-0)

where, the type | discrete Weibull distribution is the baseline distribution. The following plots

show the mixture failure rate for the case n >1 (Fig. 26) and n <1 (Fig. 27).

mixture failure rate

time

Fig. 26: Aplot of /Im (k) for different values of K y P= 0.6(q = 0.4) ,0=v=05 and n> 1.

mixture failure rate

time

Fig. 27: Aplot of ﬁm (k) for different values of K and p = 06(q = 0.4) ,0=v=05 nn<1.
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We showed in section 4.1., that the failure rate of the type | discrete Weibull distribution is

decreasing for values of 7 <1 (Fig. 14), constant for 7 =1, whereas it is increasing for values of
n >1 (Fig. 15), and the failure rate of the geometric distribution is constant. As can be noted, the
failure of the mixture of these distributions preserve the DFR-property for values r <1, whereas
the corresponding aging changes significantly for values of 7n>1, e.g. the failure rate is

increasing (IFR), whereas the mixture failure rate is decreasing (DFR) and even tends to zero as
time increases. On the other hand the mixture failure rate reduces to a constant for k =1 and

n =1, which is an evident property of a geometric distribution.

The latter non-aging property is also preserved for the mixture of geometric distribution with
both the type Il discrete Weibull distribution and type I11 discrete Weibull distribution (e.g. when

n =1), whereas it is increasing (decreasing) for the values of 77 >1.

Mixture of geometric distribution and the discrete modified Weibull distribution

The discrete analogue of the modified Weibull distribution, which was introduced by the authors
of reference, [49] and was shown to exhibit various shapes of the failure rate for different pairs

of n and S (see e.g. Fig. 22 and Fig. 23) is mixed with the geometric distribution. Hence, in

accordance with (4.20) and (4.21), the failure rate of the mixture these distributions is given by

P VS -1 PO DR ) S ) N kel O A |
v q-0) | vEIT | v wq-0)  pve +q@-o) | vEUT

The corresponding mixture failure rate plot for » >1 and £ >1 is shown on Fig. 28, whereas for

n<1and S <1 is reflected on Fig. 29 below.
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Fig. 28: Aplot of im(k) for different valuesof K, 7 >1 and f>1, p = 0.6(q = 0.4) ,0=v=0.5.

mixture failure rate
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Flg 29: Aplot of ﬂm(k) for different values of K , n<l and P, p= 06((] = 0.4) ,0=v=0.5.

From Fig. 28, the mixture failure rate for different pairs of the values of parameters (especially
when n>1and f=1; n>1and f>1; n=1and £ >1) is increasing (IFR) approaching one
from below, whereas for different pairs of the values of parameters (especially when 7 <1 and
B =1, n<land B <1)itisdecreasing (DFR) and even tends to zero as time increases. As may
be noted when =1 and S =1, it reduces to a constant. These results show that the aging can

change as a result of mixing. For instance, we have showed for the discrete modified distribution

that when n>1and f#=1; n>1and B>1; n<1 and B <1, the failure rate is BT, whereas
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for first two cases the aging changes from BT to IFR, and in the latter the aging changes from BT
to DFR., respectively under the operation of mixing.

In fact, it can easily be shown, using (4.20) and assuming, p = 0.6(q = 0.4)that for the type 11
discrete Weibull distribution and the type Il discrete Weibull distribution when mixed with the

geometric distribution the failure rate is increasing for the values of 7 >1, whereas for the
corresponding values 7 <1 is decreasing and reduces to the geometric distribution, which
exhibits the non-aging property when n =1. It is perhaps, also interesting to note that, the

considered here discrete Weibull distributions when mixed with the Lindley distribution, with
the failure rate,

VA

ﬂ(k)ZJ.—V—m,

leads to increasing mixture failure rate.

4.2.4. Mixture of the discrete gamma distribution and discrete Weibull distribution
Recall: the two-parameter standard gamma distribution has the pdf,

o a1
f(t):U’—t

fi
@) or t>0,

where, Z = exp (—/1t) and A is the scale parameter with « being the shape parameter (all

positive). The discrete analogue of this distribution is obtained via discretization of both « and
t . For instance, the discrete gamma distribution will, (for consistency of notation) be defined by

the parameters « and w in this case, with the pdf given by,

f(k)=Rk**w*(1-w)*,0<w<l and VaeN",

where, w=exp(-4) and

R 1 for a>2,
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where A | isthe Euler number given by

A, .= (n j =3 (-1 (m +1—i)"(in +1j.

m i=0

Thus, for the specific case o =2, A ,=1and R=w", which means the pdf of the discrete

gamma distribution reduces to,

f(k)=@-w)jw*, 0<w<1l.
The Cdf is given by
F(k)=1-w*[1-Kk[1-w]],
where as usual, S (k)=1— F (k). Therefore, in accordance with (4.3), the corresponding

failure rate is

()= fk)  k@-w)yw? k(L—w)
T S(k-1) wk(@-w)+w] k(@-w)+w’

As can be noted the failure rate similar to the continuous case is increasing in this case. In
accordance with (4.20) and (4.21), the failure rate of mixture of the discrete gamma distribution

and the type | discrete Weibull distribution is

_ pv""ll—v""’(k’l)”| s qw[l+k(1-w)] k(1—w)
o () pv¥ +qw [l+k(1-w)| pvk"+qw"[1+k(1—w)](k(1—W)+W)'

The corresponding plots for different values of k, where p=0.6 (q = 0.4), v=w=0.5 and

n >1 are shown in Fig. 30, whereas for r <1 is reflected in Fig. 31.
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Fig. 30: Aplotof A, (k) for different values of K, p = 0.6(q = 0.4) ,v=w=05and n>1.
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Flg 31: Aplot of ﬂym (k) for different values of K y P= 06(q = 0.4), v=w=0.5 and n <1.

It can be seen from Fig. 30, the mixture failure rate is increasing (IFR) for values of 7 >1,
whereas from Fig. 31, it is observed to be UBT for values of 7 <1. This means that the IFR
property is preserved for values 7 >1, whereas it changes significantly from IFR to UBT for

values of 7 <1.

On the other hand, the failure rate of the mixture of discrete gamma distribution and the discrete

modified Weibull distribution, in accordance with (4.20) and (4.21) is given by

k)= pv<” [1_ pvt* } qw* i+ k(1—w)] [kk(l_w)z J

2’ - k k-1 7 pk
k) pv’ Lgqwil+k(@-w)| v pv¥'" L qw L+ k(1—w)]

m
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The corresponding plot of for different values of k, where p=0.6 (q = 0.4), v=w=0.5, and

different values of the pairs 77 <1 and g <1 is shown on Fig. 32, whereas for >1 and g >1is

shown on Fig. 33.
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Fig. 32: A plot of im(k)

v=w=0.5.
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for different values of K and pairs 7<1 and g<1, p =0.6(q =0.4),
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Fig. 33: Aplot of ﬂm(k) for different valuesof K, 7 >1 and f>1,p= 06(q = 0.4), v=w=05.

For the discrete modified Weibull distribution, the failure rate is of BT type shape for pairs of

values: n<1 and f<1(and n>1andf=1; n>1and fF>1) and the failure rate of discrete
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gamma distribution is increasing. On the other hand, the mixture failure rate is UBT for pairs of

values, 7 <1 and f <1, whereas it is of BT shape for pairs of values >1 and g >1.

In fact, it is worth noting that for the mixture of the discrete gamma distribution and the type 11

discrete Weibull distribution the failure is increasing (IFR) when 7 <1, whereas for this mixture
the failure rate is decreasing for values of 7 >1. The IFR property is also preserved for mixtures

of the considered here discrete Weibull distributions and the discrete Lindley distribution with

increasing failure rate.

4.3.  Some general results on Discrete mixture failure rate modeling

In what follows we present some important results on the properties of a discrete mixture failure
rates and illustrate via some examples the corresponding applications.

4.3.1. Some properties of discrete mixture failure rates

Let the Cdf of the discrete random variable K be indexed by the continuous non-negative

random variable W with support in [0,e0). Then,

Pr(K<k)=Pr(K<k|W=w)=F(k|w), k=1,2,..., (4.26)

with the corresponding survival function S(k|w)=1-F(k|w). The failure rate that

corresponds to the subpopulation indexed by W = w is, therefore, given by:

Ak |w)= Pk ‘F1(|kw_)I|SV§k|W), k=1,2,... (4.27)

The mixture (population) Cdf is defined by:
b
Fo (k)= F(kw) g(w)dw, (4.28)

where, ¢ (W) is the pdf of W . The corresponding mixture survival function is given by:
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S, (k)= [ S (] w) g (w)aw. (4.29)

Consequently, from (4.4) and using relation (4.7), the corresponding mixture failure rate is

obtained as,
[2(k ) B(w)dw
A (K) = 2— , (4.30)
J-B(W)dW
where, 0
B(w):ﬁ[l—/l(j | w)]g (w) and ]_;[[-]51 for k=1,

In particular, the mixture failure rate (4.30) may be written as the conditional expectation,

T/i(k | w) B (w)dw

A (K) = ° o = EW|T>k—1) [A(k W), (4.31)
J'B (w)dw
0
where, E ., [-] denotes expectation with respect to the distribution of (W |T >k —1), which
is given by (the pdf),
Blw
gw|lk-1= # :
_[B (w)dw
0

We have shown in the continuous setting that the mixture failure rate tends to be bent down

when compared with a specific form of our model (2.1). We use a similar reasoning for

comparing the shape of the population failure rate A (k) and the shape of subpopulation’s failure

rates /I(k | W). The corresponding unconditional expectation of the random failure (hazard) rate,
Ak w) is,

o0

2, ()=E[2(k|W)]= [ 2 (k| w)g (w)dw. (4.32)

0

This function captures the monotonicity properties to the subpopulation failure rates in the

mixtures. If A(k |w) is differentiable with respect to w and the failure rates are ordered such
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that A(k|w,)<A(k|w,) when w, <w, for all k >1, then A,(k)> A (k) for all k >1 (the

failure rate is bend down). If additionally d%l/l(k|w)2%/1(k—l|w) for all k>2, then

Ao (k)= A4, (K) is strictly increasing in k. In particular, for the ordered failures rates, the ratio

%is decreasing in w. The implication of this is that, (W|K>k—1)§W and
- Ir

(W | T >k —1) is decreasing in k in the sense of the likelihood ratio order. Consequently,

2o (K)=E[2(kIW)]> Egyeip[2(kIW)= 2, ()]-
4.3.2. Additive and proportional hazards models in the discrete setting

Let 4,(k) be the baseline failure rate for the discrete lifetime K (where f,(k) and S, (k) are

respectively the probability mass function and the survival function), e.g.

A (k): fy (k) — Sh (k _1)_ Sy (k) (4.33)

Then, the corresponding equivalents of models (2.15) and (2.19) in the discrete setting (i.e.

when K is indexed by the continuous non-negative random variable W ) are given, respectively,
by:
The additive model:
A(k|w)=1-Pr(K, >k|K, >k-1)=1-exp(-w)1- 4, (k)}. (4.34)
On the other hand, for the multiplicative model:
A(k|w)=1-Pr(K, >k|K, >k-1)=1-{1- 4, (k)}", (4.35)

where w is a realization of the random variable W . The corresponding conditional survival
probabilities, are respectively,

Pr(K, >k|K, >k-1)=exp(- W)(%j =exp (—-w){L- 4, (k)}, (4.36)
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and,

k

Pr(K, >Kk|K, >k-1)=(DW))* [ [1-2 (j)]= -4 k)", (437)

=1

k-1
where, D (w)=]][1-4,(j)]. It can easily be shown that these results also hold for the
j=1

multiplicative and additive models defined via the alternative failure rate. For instance, let the

baseline alternative failure rate be defined as,

Aqy (K) ==IN[1= 4, (K)]. (4.38)

From, the fact that 2, (k | w)= 4, (k)+w and using result (4.11), the additive model is given
by,
2 (kw)=1-exp|- 2, (k)-w|=1-exp(-w) (L~ 4, (k)). (4.39)

Using relation (4.12) and from the fact that, 4, (k |w)=w2, (k) the multiplicative model is

obtained as:

2kIw)=1-exp|- 2, (k|w)|=1-exp (-2, k)] =1-0-4 (k)" (4.40)

Clearly, (4.39) and (4.40), which are, respectively similar to (4.34) and (4.35), are important in
the corresponding analysis of the behavior of the failure rate in the discrete setting. The
multiplicative and additive models (in these forms), provide equivalent descriptions of the

behavior of the failure rate when using the alternative failure rate.

4.4.  MRLin discrete setting

Let K be a discrete random lifetime with support in, N* = {1, 2,.. } Then in relation to (2.28),

the mean remaining (residual) lifetime at time k is given by,
m(k)=E[K-k|K >k]  for k>0, (4.41)

where, the mean lifetime of an item, (e.g. E[K ] with the support N ) is,

99



E[K]=5(0)+5(1)+5(3)+...= Y 'S(k). (4.42)
k=0
Using (4.6), the equation (4.42) could also be represented via the following relation,

i ﬁ (4.43)
=y

]:O
where, A(0)=0. The mean residual lifetime (MRL) can also be defined in terms of the failure

in the following way, [157],

Texr{ I LAt )]}

_ _<_S() _7sdt _i
B 1 5 T =1 I
On the other hand, using (4.42), MRL is given as:
m(k) = Is(t)dt i for j={0,1 2, ..} (4.45)

k i=
Thus, the discrete MRL would have similar properties as its continuous counterpart. Therefore,
the following relation may easily be employed for studying the properties of MRL via the
corresponding failure rate:

x(k)=1—% . (4.46)

4.5. Concluding Remarks

In this chapter, the properties of the failure rate are generalized to the discrete case. The failure
rates that correspond to the continuous and discrete distributions have some important
differences. These differences are highlighted and discussed, especially in case of the

corresponding mixtures.

The shapes of the failure rate are investigated in detail for some discrete Weibull-type
distributions. For instance, for the type Il discrete Weibull distribution, the classical failure rate
increases (IFR), whereas the alternative failure rate is of the UBT type. This striking difference

was not, however, discussed in the literature before. Obviously this is important in practical
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applications. It means that the alternative failure rate, may be an appropriate choice in the
modeling and analysis of various aging characteristics as compared to the usual (“classical”)
failure rate. It is, also, interesting to explore further this behavior for other discrete lifetime
distributions.

Some important results on the failure rate of a mixture of two discrete distributions are presented
and briefly discussed. We show, for instance, that the discrete mixture failure rate also bends

down when compared with the expectation of the conditional failures rates.

Specifically, some selected discrete lifetime distributions are studied. We show that, under the
defined settings, the corresponding failure rate of the mixture of the geometric distribution and

the Type I discrete Weibull distribution is decreasing for values of 7 <1 (7 >1) and reduces to a
geometric distribution with constant failure rate when, k =1 and n=1. The latter non-aging

property is also preserved for the mixture of geometric distribution with both the type Il discrete

Weibull distribution and the type 111 discrete Weibull distribution (e.g. when 7 =1), whereas it is
increasing (decreasing) for the values of 7 >1 (7 <1). On the other hand, the failure rate of a

mixture of geometric distribution and the modified discrete Weibull distribution is initially

increasing then after some time it decreases (UBT), in particular for values of £ >1.25 and

n >1.25 , otherwise the mixture failure rate is increasing (IFR).

On the other hand, the IFR property is preserved when the discrete gamma distribution is mixed
with the type | discrete Weibull distribution, as well as when mixed with the modified discrete

Weibull distribution for 7 >1 and pairs 7 <1 (3 <1), respectively. It is UBT for n <1 in the
prior and in the latter is BT for n»>1 and #>1. Whereas, for Type Il discrete Weibull

distribution the IFR property is preserved for values of 77 <1 and decreasing for 7 >1.

These results already show that the corresponding aging changes significantly for the Type |
discrete Weibull distribution (when 7 >1), e.g. the failure rate is increasing (IFR), and the
mixture failure rate is decreasing (DFR) and even tends to zero. A similar result is obtained for

the mixture of discrete gamma distribution and the Type Il discrete Weibull distributions. On the

101



other hand, for the mixture of the geometric distribution and the discrete modified Weibull
distribution the mixture failure rate is UBT. This property is also reflected for some values of the
parameters when the latter distribution is mixed with the discrete gamma distribution whereas it
shows the reversed pattern (BT) for other values. This means that the proportion of surviving
items (objects) in the mixed population is increasing, e.g., the population lifetime is improving

somehow as the “weakest subpopulations are dying out first”.

Finally, some results on the general properties of discrete mixture failure rates are discussed and
some simple models of heterogeneity are presented. In the final section of this chapter, we also
define the MRL function in the discrete setting and highlight some useful relations with the
corresponding failure rate.
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CHAPTER 5: Shocks and heterogeneity

5.1. Brief Overview

“We understand, a shock as some instantaneous, potentially harmful event”, [33]. We consider
modeling the impacts of shocks via some extreme shock models. These models, are useful for
studying the aging characteristics of lifetime distributions under variable environmental
conditions. In this case, “produced items may result in a mixed population with a certain
proportion of items with normal lifetimes and defective items (with shorter lifetimes)”, see e.g.
reference, [39]. Usually, burn-in (often performed in accelerated environments) is considered to
weed out the defective items from a heterogeneous population. Alternatively, these may be
eliminated via introducing high levels of some form of environmental stresses, e.g. shocks.
Intuitively, the weaker items are ‘killed’ first by shocks than stronger ones. In this context, “a

shock performs a kind of a burn-in operation”, [193] in heterogeneous populations.

Henceforth, we consider a stochastically ordered heterogeneous population. The shapes of
mixture failure rate for this population under some shock settings are analyzed. In particular, we
compare the mixture failure rate prior to and after a shock: when the frailty W is either a discrete

or continuous random variable.

We also consider a specific increasing mortality rate process induced by the non-homogeneous
Poisson process of shocks in section 5.3. The shape of the observed (marginal) failure rate is
analyzed. Specifically, the population mortality (failure) rate for some specific cases is compared
with the corresponding “sample paths of the unconditional mortality rate process, which are
monotonically increasing”, see reference, [4]. Further, we discuss some results relating to some
simple failure (mortality) rate with a single change point in section 5.4. See, e.g., also references
[44], [81], [122] and [225] to name a few for some other relevant discussions and results on these

topics.
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5.2.  Mixture models under some shock settings

5.2.1. Continuous mixture models

Consider the general mixing model (2.9) and (2.11) for a heterogeneous population. Under this
setting:g(w) is the pdf of a random frailty parameter W prior to a shock. Denote the
corresponding mixture failure rate for a population without a shock: /Im(t) for t >0 and the
corresponding failure rate after the occurrence of an instantaneous shock at by 1m(s)(t) ,1>0.
The frailty and its distribution after the shock are respectively denoted by W,and gs(w).

Therefore, from (2.11) the mixture failure rate after a shock is given by,
ﬂ’m(s)(t):.[ﬂ’ (th) g (W|t)dWs tZO, (5.1)
0

where, g, (w|t) is defined as in (2.12), whereas the corresponding density g, (w) as in (2.14) is
given by:

u(w)g(w

g, (W)= (w) g(w)

Tu (w) g (w)dw

where, u(w) may be interpreted as the survival probability of an item with frailty w after the

, (5.2)

shock. Intuitively, the more frail subpopulations with larger failure rates are killed first by the

shocks. Henceforth, the function u(w) is assumed to be decreasing. Therefore, the function

9:(W) s also decreasing and we can conclude that, Amisy (t)< 2, (t). In particular, this result
g\w

holds, whenever, the population frailties prior to and after a shock are ordered in the sense of

(3.10): i.e. W >, W,, where the corresponding failure rates are also ordered in the sense of

Ir
(3.11). This may be explained as the effect of a shock eliminating out those subpopulations with

higher failure rates, which may be due to production irregularities, among other things.

Specifically, the difference between the failure rates for t = 0, can be defined as

o0

D= [2(01w)(g ()-g, (w)aw, 53)

0
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where, D=4, (0)— A, (0). From, relation (3.10), the usual stochastic ordering for lifetimes
prior to a shock, T, and after the shock, T, also hold in this case. It means that the burn-in via

shocks improves the population lifetime to a certain extend. However, the usual stochastic
ordering (3.4), does not lead to the forgoing ordering of lifetimes if the frailties are not ordered in
the sense of (3.10). Consequently, relation (3.11) also does not hold. This means that, “the

likelihood ratio ordering is sufficient to ensure ordering of mixture failure rates”, [83].

5.2.2. Discrete mixture models with shocks

Let, F,(t), f,(t) and A,(t) denote, respectively: the Cdf., and pdf., as well the corresponding

failure rate for a lifetime of a strong subpopulation. Whereas, F,(t), f,(t) and A,(t) are,

respectively, the corresponding characteristics for a lifetime of a weak subpopulation.

Let, the mixing proportion be:

P W=Ww,
g(vv)—{l_p wew, (5.4)

where w, and w, describe the strong and the weak subpopulations, respectively, [66]. Assume
further, that the subpopulations are ordered accordingly as: A,(t)< 4,(t),t >0. Therefore, the
survival functions are also ordered accordingly: ie. S,(t)>S,(t),t>0, where
S,(t)=1-F,(t),i=1,2. Then, w, <w,, in this case. Under this setting W = (w, ,w, ) can be

considered a discrete random variable (“frailty””). The corresponding mixture survival and
density functions are respectively defined by (4.18). From relation (4.20), the corresponding

mixture failure rate is given by:

Am (t) =g (Wl | t)ﬂi(t)"' g (Wz | t) A (t)' (5.5)

where now, the time dependent probabilities are given by:

S . S, (1)
alult) =, Sl(t)i(l— g MY pSl(t)E(l— p)S,(t) >
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This is a general setting before a shock. We denote, the corresponding frailties after the shock

(say after,t =0), W, =(w,,w,) with the corresponding pdf, g,(w). The corresponding

S

mixture failure rate, A, (t) is given by a similar expression as (5.5) with

(1_V1)p
ps = W:WS
9 (W)z (1_V1)p+(1_vz)p v (5.7)
1— p, = (1_V2)(1_ p) W= Ws(z)

@-v)p+@-v,)Ji-p)

where, v, and v, are the corresponding probabilities of failure due to a shock, [33], which
affects the whole population (with the frailties, w=w,,, and w=w,,)) . As the failure rates
and the corresponding survival functions are assumed to be ordered, then we can conclude that if
v, SV, then A (t)< 4, (t) and, S, (t)=S,,(t). Furthermore, we note that, if the population

frailties prior to and after a shock are ordered in the sense of (3.10): i.e. W >

=Ir

W,, then the

foregoing results are justified. This means that, the failure rate before the shock is greater than

the one after it as was in the continuous case.

5.3. Failure rate processes governed by shocks

Let, (N(t),t>0) be a stochastic point process (i.e. an external shock process), where N(t)
represents the number of total shocks experienced by the system at time, t. We consider A,
(model (2.2)) as a specific increasing stochastic process i.e. the failure rate process, A, ,t>0

and analyze the shape of the observed (marginal) failure rate. In particular, we model the

stochastic aging for each realization of this process utilizing the baseline failure rate process,

(4 ,t=>0), see reference, [4]:
& =2 (t)+ oN(t), (5.8)

where, 1, (t) defines the baseline failure rate (which, of course can be assumed deterministic).

Whereas, o is a jump on the failure rate from each shock experienced by an item. Model (5.8)
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is just a simple generalization of model (2.15) when there is no ordering of lifetimes in some
probabilistic sense (see section 3.5).

The corresponding conditional failure rate process in this case is,

AT >t=4(t)+o(N({t)| T >t). (5.9)
This process can, already, describe damage accumulation in systems exposed to external shocks.

In this case, A,(t) defines the failure rate in the baseline environment (i.e. with no external

shocks). The impacts (damage accumulated) from the external shocks are reflected as jumps, @

in the failure rate. “The stochastic term N (t) in (5.8), will be crucial in the subsequent
analysis”, [4]. We assume A, (t)=0 or to be the background constant (1, (t)=4,). In this case,
the shocks™ history, (N(u)=n(u), 0<u<t) could already be specified by the corresponding
joint distribution of T, , T, ... Ty, N(t) defining the sequential arrival of shocks in a NHPP

(N(t)):

n t
le, Tor o '1TN(I)’N(t)(tL12‘ tn v”) = {Il_{)ﬂ“ (tl ) eXpL_J.ﬂ“ (V) dvj} (510)

0

t
Therefore, the probability of no effect from a shock is given by exp (— I A (v) dv}, whereas, the
0

effects of arriving shocks are accounted by 4 (ti ) i=123...

From (5.8), the survival function of an item given shocks history is given by

PT>tIT, Ty Ty N (1) = exp(—ll (v) va exp{— % (t-T, )}. (5.11)

Using relations (5.10) and (5.11), we obtain the distribution of ((T >t) , N (t)) by integrating out

Tl’ T2,...,T :

n-
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P(T >t, N(t)=n)=exp {— _:[/10 (u)du}exp{— Izb (u)du} {i "ot w(th)/l(V)dV)} : (5.12)

. oot ot

j [T Jexpt- oft -t idt,dt,, ., dt, =

n
i=1 |
00 nt

Considering the above relations, the survival function, in this case could then be written in the

form:

P(T >t)=exp {—IAO (U)du}exp{—Iﬂb(u)du}exp{;[exp(— ot —v)ﬂ(v)dv)} : (5.13)

Using (5.12) and (5.13), the conditional distribution of (N(t)=n|T >t) for each t > 0 is derived

as:

oe[ [t
ﬂ - )dv}}n , (5.14)

t
which is, therefore, given by the Poisson distribution with mean J' exp{— o(t —v)A(v)dv}. We
0

study the corresponding shapes of the marginal (observed) failure rate. In relation to model

(5.10) taking expectation on both sides, yields the population failure rate model,

2, (t)=24,(t)+ @E[N(t)| T > t], (5.15)

which, from (5.8) and (5.14), can be written in the following form,
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1,0)= 4,040 [ep - 0ft-v) 4(4) v} 5.16)

In what follows, we analyzed the shape of the population failure rate when compared with the
shape of sample paths of the unconditional failure rate process (which, of course, are intuitively
monotonically increasing) for some specific cases. For simplicity, we refer to this as examples,

however, the corresponding findings can be considered as independent results.

Example 5.1

Suppose that, ib(t):/I(lH). In this case, the expectation of the number of events in the

corresponding nonhomogeneous Poisson process, {N (t),t >0} is given by

E[N (t)]=)tt(1+%)

whereas, the conditional expectation, which defines the shape of the population failure rate in

accordance with (5.15) is:

1, 0)=0EIN QT =0 {-o (-v) &

—of 2 (1+t)op o (- v)ay

(5.17)
=l oexp (- a)t)j(1+t) exp (ov) dv
0
Firstly, consider the integrand in the last equation (5.17),
j(1+t)exp (@v)dv, (5.18)

0

and let,

U=1+t=du=dt and dz=exp (wVv)=z = o ‘[exp (wt)-1].

Then, integrating (5.16) by parts we obtain:
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Judz = (1 o exp (00)-0)- [ (01) -

0

t t
=o' exp (ot)- 0™ +to exp(ot)-to™ —a)‘ljexp (a)t)dt+a)'1_[dt
0 0 (5.19)

t
=o'exp (ot)-0" +totexp (ot)-to™ +to™ —aflj'exp (wt)dt
0

—olexp (ot) -0 +to™ exp (ot)-o 7 exp (0t)+ 0™

From (5.16), it can be seen that (5.19) reduces to,

=1 o exp-otfo exp(ot) -0 +to e (0t)- w2 exp (wt)+ o]
=\-exp (ot)-Ao™ + Lot exp (- ot)+ it '

Therefore,
2,(t)=(1- 207 Ji-exp (- wt)]+ 2t

The corresponding shapes of E[N(t)] and 4, (t) are shown on Fig. 12 below,

30 ¢

T T T
population failure rate

uncontional sample paths
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time

Fig. 28: Plot of E[N (t)] and,/lp (t)forﬂ =w=1
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From Fig. 12 above (red curve); the sample paths of the process{N(t),tZO} with

t
E[N(t)]=lt(1+§j are increasing (as intuitively would have been expected). Assuming

ﬂb(t)= 0 in the model (5.15), the shape of the population failure rate (green curve) is decreasing

as compared to the sample paths of the process, {N(t),t > 0}. This curve monotonically increases

approaching the plateau as, t —oo. Therefore, the failure rate can be described by the
composition of the strongest surviving population, as the “weakest populations” are eliminated

first by the external shocks.
Example 5.2

Now if we let, 4,(t)= A{L—exp(~t)}, then the expectation of the number of events in the

corresponding nonhomogeneous Poisson process, {N (t),t > 0} is given by:

E[N(t)]=At+A{exp (-t)-1},

while the conditional expectation (5.15) is:

1, 0)=0ENCIT > =0 o folt- )i

= Ao (L-exp (~t))exp (- a)t)j exp (ov)dv

= 20fexp (- ot)-exp {-t(o+ Do xp (0t)-1)] (5.20)
=1-lexp (~ot)-Lexp (-t)+ Aexp {~t(w+1)}

= A(1-exp (-~ wt)]-2exp (-t)(exp (@+1)-1)

The plots of E[N (t)] and 4, (t) are shown on Fig. 13 below,
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Fig. 29: plotof E[N (t)]and, A, (t)for 2= 0 =1

Similar to example 5.1, the sample paths of the process {N (t),t > 0}are increasing in this case
(see the red curve in Fig. 29). Whereas, the corresponding population failure rate is decreasing
when compared with the unconditional sample paths of the process, {N (t),tZO}, under the
assumption /Ib(t):O. In particular, the population failure rate tends to a plateau as time

increases.

Example 5.3

Assume, A ,(t)=At? then it follows that E[N (t)]=(1/3)At in this case and the conditional
expectation, 4, (t) which defines the population failure rate and in accordance with (5.15) is

obtained as:

t
A, (t)= coj/ltz exp (- o(t+Vv))dv
0 (5.21)

t .
=mlexp (- wt)jtz exp (wv)dv
0

t
Consider first, _[tz exp (CUV) dv and let:
0
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u=t>=du=2tdt and,dz = exp (av)=z :l[exp (@t)-1].
(0

Hence,
t t2 2 t 2 t
_[udz =—[exp (a)t)—l]+—jtdt——jtexp (et )dt
0 w w 0 a)O
£2 ot (5.22)
= ——exp (wt)——jtexp (ewt)dt
@ X4
t
Now consider, It exp (ot)dt and let:
0
U=t= du=dt and dv=exp (wt):v:i[exp(wt)—l].
w
Hence,
‘ t 1 1
.[udv =—exp(wt)-—explot)-— (5.23)
! o %) )
Now from (5.22) and (5.23) we have,
t t? 2 2 2
J'udz:—zexp (@t)+—exp (@t)+—exp (ot)+— (5.24)
. o o ® o
Considering now (5.21), we finally have,
1= -2 2 e (o)
0 0 o , (5.25)

= Atlt+20" )+ 200 (1+exp (- t))

The corresponding plots of unconditional sample paths and (5.25), are shown on Fig. 14 below.
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Fig.30: Plotof E[N (t)] and, A, (t)for 2 =1 and =2

As can be noted from Fig. 14, the population failure rate is, again, decreasing as compared to the
unconditional sample paths of the process, {N(t)t>0}) . It also decelerate and reaches a

“plateau” as time increases.

In general, it is plausible that the population failure rate exhibits the same monotocity properties
for, 4, (t)z/ltk, where k=3,4..., as t—>o0 and we conclude that shocks do perform some

kind of burn-in in heterogeneous populations. This leads to the improvement of the surviving

populations somehow.

5.4. Models for the failure (mortality) rate with change point

5.4.1. Some general aspects of the change point model

Consider an item (object) starting to operate (born) at time (t=0) in some specific
environment. Suppose that the object’s lifetime, under this baseline environment is described by,
F, (t) with the failure rate, A, (t). If the environment changes, say after some time at, e.g.,

t =w, the failure rate of the object can be described by employing the simplest failure rate
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models with a change point [116] when w is fixed. In this case, the corresponding failure rate,
due to [130] is given by
Alt|w)= A4, ), + 4,1, ; t>0, (5.26)

where A, (t) is the failure rate before the change point and A, (t) is the failure rate after this
change pointand 1, = I(t <w); I, = I(t > w) represent the corresponding indicators, i.e.,

I_],t<w I_0,t<w
o, t>w 271, tew

Thus, the failure rate of the object, in this case, is defined by model (5.26), i.e. ;t(t | w) with the

Cdf, F(t|w). The survival function, S(t|w)=1-F(t|w) is given by

S(t,w) =S, (t)1(t <w)+S, (W) SSZ((tV\?) 1(t>w), (5.27)

t
where, S, (t)/S,(w) = exp{—_[/l2 (u)du} is the conditional survival probability in [w,t) for an

object with the Cdf F,(t). Alternatively, these models can be generalized to a case when the

failure rate after the change point depends on w; particularly for model (5.26) we have:

Alt|w)= A4, @), + A, (E|w)l, ;t>0, (5.28)
Although, we may know (from the data) A,(t) and A,(t) (and/or the functional form of
A, (t | W)), the random variable W is usually unknown. Therefore, the random change point,
somehow, introduces some kind of heterogeneity in the population. Henceforth, consider model
(5.26) and let W be the random change point variable with a pdf, g(w) having the support
in[0,w), then [115] the corresponding hazard rate process (which already defines the random

failure rate model (2.1)) in this case is defined as,
AtIw)= 201, + 2, W)l (5.29)

where, now I, =1(t<w); I,=1(t>w). Thus, the random change point model (5.29) can

already be considered as a specific case of mixing and W is the mixing parameter. Therefore,
some general results on mixture failure rates can also be applied in this case. Under this setting,

the corresponding mixture Cdf. is given by,
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Fo () =E[F(tIw)]=

On the other hand, for the general, the mixture failure is defined by (2.11),

F(t|w) g(w)dw.

O =8

70 (0)= ] 2t w)gw thaw.

0

where, the conditional pdf g (w|t) is accordingly defined by (2.12), i.e.

S(t|w)

g(wlt)=g(w); -
I S(t|w)g (w)dw

Under this setting, model (5.32) can be written as:

g(w|t)=—- g (w) {Sl(t) t<w

Is(t|w)g(w)dw 51(t) t>w

Whereas, now the corresponding mixture failure rate is given by,

A (t)=

S,(0f g (wlaw )] 310 o )

Alternatively, considering model (5.28) we have,

A@ﬁﬁﬁg@meI%GMMS@hmsi@@)

g (w)dw

I (t) =

S,(0)f o (k- [5,01 ) %) g )t

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

Our interest is on the analysis of the shapes of the failure (mortality) rate. We consider model

(5.34) which, although rather cumbersome could already be utilized in some specific cases. For

instance, reference [66] consider the specific case when A,(t) =4;;4,(t) =4, with a joint pdf
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g(w) following an exponential distribution with parameter, A: ie. g(w)= A, exp{—Aw}.
Then from (5.34), it is clear that,

P (t)_ﬂi+ﬂ,2C(l—exp{—Bt)
" 14C@-exp{-Bt)

(5.36)

where, B=4, -4 -4 and C=A/(4, -4 —-A). If4 >(4+4,), then from (5.36), we

have,
im,_,, A,()=4 +4,. (5.37)

In this case, 4, < A(x0)< 4,. Consequently for sufficiently small, ., the pdf, g(w) gives more

weight to smaller values of t, where A_(t)= 4, with a larger probability. It can be shown [66]

that A, (t)>0, Vt>0 by differentiating the right hand side of (5.36). This result already
indicates that « A (t) monotonically increases from the level 4, to the level, 4, + A, as t —> 0™,

see, e.g., reference, [116]. If, 4, <A, <(4, + A, ), then,

im,,, A, ({)=4,. (5.38)

t—0 “"m

This result is reasonable because the probability distribution in this case gives more weight to
larger values of, t, where A_(t)=, with a larger probability. As the limit (5.38) also holds for
the case when, A, < A4,, these results show that, the change point eventually bends down the
failure (mortality) curve and reflect the effect of “the weakest populations are dying out first”.

In particular, the impact of changing environment can be modeled via the relation (2.18). In

relation to this model, the change point model (5.28) could also be written in the following form:

Altlw)=w(tIw) 4 (t) (5.39)
where,
1 t<w
Ftlw) = ’12_(t) t>w
2 (t) -
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If we let w(t | w) =w, then it can be seen that the value w=1 then it can be seen that the value

w =1 corresponds with the baseline failure rate, i.e. model (5.39) reduces to,
Alt|w)= 2, (t). (5.40)

Then obviously, if our item is aging, this result implies that the failure rate (A,(t)) in the

baseline environment is increasing, i.e. for t <w. As the baseline failure rate is increasing in

this case, for t = w, then W (t|w) = 4, (t)/ A, (t) is decreasing. This result already shows that

the failure rate tends to be decreasing eventually.

5.5.  Variability characteristics in heterogeneous populations

We investigate the behavior of the variance of the conditional random variable,
W|t= (W | T >t). The coefficient of variation is another useful measure, which we consider.

Henceforth, the ordered subpopulations are not necessarily the same.

5.1.1. Mixing distributions with different variances

Mixing distributions offer convenient tools for the analysis of heterogeneous populations. For

instance, consider two random variables W, and W, with realizationsw, and W, respectively.

Denote, the corresponding mixing distribution functions, Gl(w) and GZ(W). When the
expectations of these random variables are equal, the respective mixture failure rates are equal.
In particular, for the multiplicative model (2.18): the initial failure rates are equal whenever the
mixing distributions have equal means. However, there are many situations in practice when the
means may be equal but the corresponding variances are not equal. In particular, it is proved for
the specific case of the multiplicative model, e.g. when the mixing parameter follows a gamma

distribution: when
var (W, )>Var(Ww,),

the corresponding mixture failures rates are ordered as:
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Ao (t) < 2, (), (5.41)

See, e.g., reference [66]. Our, ordered heterogeneous population is improving: “the weakest
populations are dying out first”. In fact, it was further shown by the forgoing authors, that the
ordering of the variances is the sufficient condition for ordering the corresponding mixture

failure rates.

The conditional variance of a subpopulation of items that survived the operational interval, [0,t),
i.e. for the random variable, W [t=(W |T >t) is of interest. This, already, provides an

additional information on the random variable, W in relation to surviving subpopulation items.

5.1.2. Variance of W |t: Discrete mixtures setting

Consider the mixture setting of section 5.2.2. It turns out, that the failure rate of surviving items,
may also be described by the corresponding random failure rate, say A’ (t):see e.g. references,

[29] and [33],
y (t):{ﬂb1 (¥ , (5.42)

where, A,(t) and,(t) are the realizations of A (t) with probabilities p (t) and q (t),
respectively. In fact, when relation (3.11) holds and the corresponding survival functions are also
ordered as,S,(t)>S,(t),t >0, where S,(t)=1-F/(), i=12 (W, <w,), we can, then,
conclude from relations (4.21) and relation (5.5): the proportion of strong items, p (t)is
increasing (q (t) is decreasing) as t increases. Whereas, also, from the relation (4.25) and

(5.42), it can be seen that A, (t) is decreasing because, 4, (t)<0, j=1,2.

We consider, a specific case of a more general model (2.2): that is, A (t) defined via the

respective conditional probabilities, p(t) and q (t): i.e. model (5.42). The differences in the
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corresponding failure rates, are of interest and can be represented by an equivalent random

variable®: see e.g. reference, [66],

i (t):{ﬂ,z (t)- A, (t) with probability p(t) (5.43)

0 with probability q(t)

From the fact that ordering (3.11) holds in this case, it is plausible that as “the weakest

subpopulations are dying first”, and 4, (t) is decreasing.

When, 1" (t) is defined, analogously to, A(t|w)=A((t|w)|T >t), via (5.43), then, for model
(2.1), the mixture failure rate, A, (t) in (4.20) can, also, be considered as “the expectation of the

random variable, 1 (t):
A (£)=E[ 5 (1)) (5.44)

where, the corresponding conditioning is via, p(t) and q (t)”, see e.g., reference [29]. As
w, <Ww, and ordering (3.11) also hold in this case, in accordance with relation (5.42), p(t) is
increasing, whereas q (t) is decreasing. Therefore, A, (t) is decreasing as well and the

heterogeneous population is improving as the weakest subpopulations are eliminated first from

this population. The corresponding variance of A, (t) is given by: see e.g. reference, [33],

Var (2, (t) = (4, (t)- 4 (1) p ©) a(t) , (5.45)

As a specific case describing, e.g. the shape of the variance of the random variable, A, (t) the
foregoing authors, consider the simplest mixture of two exponential distributions, where the

failure rates are, 4, (t)=1, > 4, (t)= 4, and show that the corresponding mixture failure rate,
A, (t) and Var (4, (t)) strictly decreases as time increases. For this particular case, model (5.45)

reduces to the simplest model,

Var(4; (t)= (4, -4 ) p(t)a(t). (5.46)

From (4.25),

3Where the subscript D signify the difference between the failure rates.
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Ao ®)=—(2, -4, )" p(t)a(t)=-Var(i, (t). (5.47)

In accordance with relations (5.43) and (5.47) it can be shown, [66], that p(t)q(t) is strictly
deceasing in t from, p (0)q(0), when the proportion of strong subpopulation is larger than 50%

of the remaining population. Consequently, the variance is decreasing as well. Whereas, when
this proportion is less than or equal 50% of the remaining population, (where (5.43) increasing,

then p(t)q(t) firstly increases and then decreases) the corresponding Var (ﬂf (t)) initially strictly
increases. Hence, if (5.46) increases (decreases), then Var(/l* (t)) would initially be strictly

increasing to a certain maximum point before it eventually strictly decreases.

5.1.3. Variance of the conditional random variable, W |t : Continuous mixtures

Consider a subpopulation indexed via the unobservable frailty parameter, W with pdf,
g (W), we[0,00). The mixture failure rate is given by (2.11), with the conditional pdf (2.12).

The distribution functions of the unconditional random variables, W and the conditional one,

W |t and W |0=W are given by the respective relations in (2.13). For, the specific case of the
multiplicative (frailty) model (2.19): A(t|w)=w 4, (t) and, w is the realization of the random

variable,W , the corresponding random failure rate is,

Zt)=w 2,(), (5.48)
where, W =W |t . Considering definition (2.11) and (5.44), we can see that (5.48) in a way
reduces to (2.20): i.e.

7 )= E[7 (0)]= 2 O] w o (wit)ew =2, () E [ [1]. (549

0
As, EW |0]=E[W], the conditional expectation, E[W |t] is decreasing as E [W |t] is a
decreasing function of t. This result further implies that the relation (5.49) is decreasing as well

and

Var (1 (t))= (4, (t)) Var(w ) = (4, (t))* Var(w |t). (5.50)

Thus, from (2.18) and considering (5.49) as well (5.50), we have,
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A, (t)= 2, EW |t]-(4, (t))?Var(W [t). (5.51)
The mixture failure rate, A, (t), is evidently decreasing as a function of time, and the
corresponding variance, Var(/i* (t)) is decreasing as a function of time as well. For a mixture of
exponential distributions, the relation (5.51) reduces to: A, (t)=—(4, (t)’Var(W |t). As

another example, consider, the distribution of W to be a gamma distribution: i.e.
g(w):iﬂ’2 wet exp{—ﬂ} W,a, >0
I(a) Iz

t
where, the baseline survival function is  S(t)=exp(-V), t>0,and V =Iﬂb (u)du . In this
0

case, it can easily be shown that:
Elz|t]=apl/@+V). (5.52)

On the other hand, the corresponding variance is given by,
Var 1 (t)=a g% I0+V ). (5.53)

The expectation (5.52) is decreasing and the corresponding variance (5.53), is decreasing as well.
The distribution of “the changing in time composition of our heterogeneous population is

improving with time”, [29].

5.1.4. Coefficient of Variation of the random variable, W |t

The coefficient of variation (CV) being the ratio of the standard deviation and the mean, (i.e.
CV =0/ i) reflects the relative variability of the reliability measures from what otherwise

may be their expected values. In the context of our setting, it is given by,

cv (4 (t) =+var (7 (1)/ 4, (t). (5.54)

Thus, in relation to the specific case of model (5.42), and from (4.20), the coefficient of variation

is given by (cf. reference, [29])
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o B 0)-4ONP BT
V- DO R 0 (5:55)

Hence, for the specific case of the mixture of two exponential distributions, we have,

AR R NI QLI O
cV (4 ()= . (5.56)
p(t) 4 +alt)2,
From the corresponding discussion just subsequent to relation (5.44) and (5.49), it is clear that
derivative (i.e. p'(t)) is positive, which means the proportion of surviving subpopulations.
Consequently, from this result the derivative of (5.56) is also positive, which further implies:
(1,1 4,)> (p(t)/q(t)). In particular, it is shown by the forgoing authors that (5.56) may be IFR
for this case, whereas it is of UBT type, in particular when (4,/4,)=(p(t)/q(t)) and

(1,12,)>(p(0)/q(0)). However, it monotonically decreases when the inequality in the latter
expression is reversed. It was also shown by the forgoing authors, for a specific case of

continuous mixtures of exponentials with the conditional failure rate, A(t|w) and the

distribution, g (w)=@exp(~@w): the covariance of the random failure rate, A" (t) is constant,

whereas the corresponding variance is decreasing.

As another example, consider the distribution of W follows an inverse Gaussian distribution:

g (w)=(1/2 apw)”zexp{—(bw—l)ZIZaw} L W, a,3>0.
It can easily be shown that,

Efw|t]=1/ab? +2av)?|,
and the corresponding variance and the coefficient of variation are, respectively,
Var (4 (t))==al(o?+2aV)**and, CV (1 (t))=a?(b> +2aV )"

The variance and the coefficient of variation are, respectively, decreasing in this case. The

coefficient of variation of the random variable, W |t for the Gamma distribution considered in

section 5.5.3 (e.g. CV(I (t))z aV'?), is also decreasing.
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5.6. Concluding Remarks

We consider stochastically ordered heterogeneous populations. The shapes of mixture failure rate
for these population under some shock settings are analyzed for two specific cases. In particular,
we compare the mixture failure rate before and after a shock. When the frailty W is a
continuous random variable, we show that the failure rate after a shock is smaller than the one

without a shock.

Therefore, shocks under some assumptions can improve the probabilities of survival for a
heterogeneous population. These results are, also, extended to the case, when frailty is a discrete
random variable. Shocks as an alternative kind of burn-in is theoretically justified in these cases.
Whereas, the conventional burn-in is premised on the failure rate being initially decreasing or

bathtub, in the considered case, burn-in can be performed even for increasing failure rates.

In section 5.3., a specific increasing mortality (hazard) rate process induced by the non-
homogeneous Poisson process of shocks is considered. The shape of the observed (marginal)
failure rate is analyzed in this case. In particular, we show for some specific cases: the population
failure/mortality rate decreases with age and, even tend to reach a plateau. This result is obtained,
when compared with sample paths of the unconditional mortality rate process, which are

monotonically increasing.

Our model can be used to model and analyze the damage accumulated by organisms
experiencing external shocks. In this case, the cumulated damage is reflected by jumps on the
failure rate. An overview of results on mortality rate processes with a single change point are

also presented and discussed in final section 5.4.

There are situations where the mixing distributions have equal means but the variances are
different. Henceforth, the ordered subpopulations are not necessarily the same. We show, for

some specific cases, that the corresponding mixing can lead to the corresponding ordering of

mixture failure rate in, [t , ).

124



For a subpopulation of items that survived the operational interval, [o,t), the variance of the
conditional random variable, W |t is analyzed. Two specific cases are considered: the case,
when the random variable frailty, W is discrete and/or continuous. When, the failure rates are
ordered, E[W |t] is decreasing and A, (t) is also decreasing as functions of time. We use,

simple but meaningful examples to illustrate our results. Specifically, it is shown that the
corresponding variance is not monotone, e.g. it may decrease or be UBT shaped.

Another, useful measure, which was considered in section 5.5, is the coefficient of variation of

the random variable, W |t. Whereas the variance may be decreasing, we show for some specific

cases, that the coefficient of variation, may be decreasing or exhibit other shapes: e.g., constant
or UBT shape.

The focus in literature has been mostly on the study of expectations, however, the obtained in
this section results show that the variability characteristics in heterogeneous populations may
also change dynamically. Therefore, along with the expectations; this should also be considered

in practical applications.
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Chapter 6: Final Concluding Remarks

We firstly discussed some general reliability notions, which are relevant to our study and
presented a brief introductory literature survey in chapter one, whereas the more detailed analysis
of specific references are also conducted throughout the text at appropriate places while
discussing relevant issues. In particular, we devoted a considerable attention to describing
various (aging) classes of distributions, as these are important and useful for discussing the
statistical modeling for mixtures of distributions.

Heterogeneity in populations (of items) is often induced by changing environment conditions
and/or other random effects. We focused, on describing the corresponding aging characteristics
for heterogeneous populations. The notion of a random failure rate, which is particularly
important for the corresponding analysis of the mixture failure rates is considered and briefly

discussed.

We focused on some initial frailty (mixture) models and discussed some results that describe the
shape of the mixture failure rate. Specifically, a meaningful case of a population which consists
of two subpopulations, which we believe was not sufficiently studied in the literature is
considered. The corresponding, properties describing the shape of the failure rate under these
mixtures are analyzed. It is shown that the mixture failure rate can decrease or be UBT for some
specific cases. Another specific case, which also explicitly illustrate some further applications of
these models to a case, where the mixing parameter, is the initial (usual unknown) random age is
considered. It is shown, in this case, that this type of “mixing” can change the aging properties
of an object, e.g., for certain values of parameters, the mixture failure rate may either preserve
the IFR property or have a bathtub (BT) shaped: initially decreasing to some minimum point and

eventually increasing as t —> .

The mean residual life also plays a central role in characterizing lifetime distributions. We
presented, some useful general results on the properties of MRL and obtained the corresponding
‘shape properties’ for the corresponding mixtures. The MRL ‘shape properties’ are analyzed for

some specific cases and some relations with the failure rate are also highlighted. Especially, we
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show that for the inverse Weibull baseline distribution with the UBT shaped failure rate results
in the corresponding decreasing MRL for certain values of parameters, whereas it is UBT for
other values. These results already show the flexibility of the inverse Weibull model in

describing different aging phenomena.

Some general and essential aspects of stochastic orderings, which are relevant to our study, are
presented and discussed. We consider ordering of mixing distributions in the sense of the
likelihood ratio. Specifically, some relevant and useful results for the case of two frailties are

discussed. It turns out that the mixture failure rates are ordered as functions of time in [0,0),

when the mixing distributions are ordered in the sense of the likelihood ratio.

Some findings on the bending properties of the mixture failure rates are presented. It follows
from conditioning on survival in the past interval of time that the mixture failure rate is
majorized by the unconditional one. Hence, the mixture failure rate bends down in a weak sense

or a strong sense as time increases.

These results are extended to other main reliability indices. Specifically, we show, that the MRL
function under the operation of mixing bends up either in a strong sense or weak sense as time
increases. The reversed failure rate is also bending down either in a weak sense or a strong
sense, whereas the corresponding mean inactivity (waiting) time exhibits the reverse behavior.
These results are shown to hold for the multiplicative model. However, the meaning impacts of
the observed increasing mixture reversed failure rates in some literature, for lifetime modeling

requires some further independent study.

Some relevant results on failure (mortality) rate when the corresponding parameters are
randomized are presented. In this case, it turns out that randomization of parameters may lead to
the strictly decreasing population failure rate. Under this setting, we also discuss some relevant

results with respect to the vitality modeling.
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Some useful results on relative aging of the mentioned main reliability indices are discussed.
Specifically, ordering of lifetimes in terms of monotonicity properties of the ratio of the mean
waiting (inactivity) times is proposed and some conditions for a random variable X to be aging

faster than the lifetime random variable Y in the relative mean inactivity order are established.

It is also proved that if X is increasing in the sense of the mean inactivity time (IMIT), then Y
is also IMIT when the corresponding random variables are ordered accordingly.

In addition to other existing measures, €.g., of the “rate of aging” considered in some literature, it
is also interesting in future to consider other measures, which account for the impacts of

heterogeneity on population’s lifetime distributions.

We have generalized the properties of the failure rate to the discrete case. In particular, some
major and important differences between the failure rates that correspond to the continuous and
discrete distributions are highlighted and discussed. The shapes of the failure rate are
investigated in detail for some discrete Weibull-type distributions. For instance, for the type II
discrete Weibull distribution, the classical failure rate increases (IFR), whereas the alternative
failure rate is of the UBT type. This striking difference, was not, however, discussed in the
literature before. Obviously this is important in practical applications. It means that the
alternative failure rate, may be an appropriate choice in the modeling and analysis of various
aging characteristics as compared to the usual (classical) failure rate. It is, also, interesting to

explore further this behavior for other discrete lifetime distributions.

We present and discuss some important results on the failure rate of a mixture of two
distributions. We show, for instance that the mixture failure rate bends down when compared
with the expectation of the conditional failures rates. Specifically, some selected discrete lifetime
distributions (e.g. with increasing failure rate (IFR), BT or UBT shaped failure rates) are studied.
For instance, we show that, the failure rate of a mixture of geometric distribution with the type I
discrete Weibull distribution, tends to decrease and even tends to zero for certain values of
parameters, whereas it is increasing (decreasing) for the certain values of parameters, for the

type Il discrete Weibull distribution and the type Il discrete Weibull distribution, respectively.
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Under the defined settings, the IFR property is also preserved for mixtures of the considered here
discrete Weibull distributions and the Lindley distribution with increasing failure rate.

Further, the failure rate of the mixture of the type | discrete Weibull distribution and discrete
gamma distribution is of UBT shape type for certain values of the parameters. This property is
also reflected for some values of the parameters when the latter distribution is mixed with the
discrete gamma distribution, otherwise it shows the reversed pattern (BT) for other values.

Finally, some results on the general properties of discrete mixture failure rates are discussed and
some simple models of heterogeneity are presented. In the final section of this chapter, we also
define the MRL function in the discrete setting and highlight some useful relations with the
corresponding failure rate.

Stochastically ordered heterogeneous populations are considered. The shapes of mixture failure
rate for these populations under some shock settings are analyzed for two specific cases. In
particular, we compared the mixture failure rate before and after a shock. When the frailty W is
a continuous random variable, we show that the failure rate after the shock is smaller than the

one without a shock.

Therefore, shocks under some assumptions can improve the probabilities of survival for a
heterogeneous population. These results are also extended to the case when frailty is a discrete

random variable.

Shocks, as an alternative kind of burn-in, is theoretically justified in these cases. On the other
hand, while the conventional burn-in is premised on the failure rate being initially decreasing or

bathtub, in this case, burn-in can be performed even for increasing failure rates.

We consider a specific increasing mortality (hazard) rate process induced by the non-
homogeneous Poisson process of shocks. The shape of the observed (marginal) failure rate is
analyzed in this case. In particular, we show for some specific cases: the population

failure/mortality rate decreases with age and, even tend to reach a plateau. This result is obtained,
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when compared with sample paths of the unconditional mortality rate process, which are

monotonically increasing.

Our model can, be used to model and analyze the damage accumulated by organisms
experiencing external shocks. In this case, the cumulated damage is reflected by jumps on the
failure rate. An overview of results on mortality rate processes with a single change point are

also presented and discussed.

We show, for some specific cases, that the corresponding mixing, e.g. when for example, the
ordered subpopulations are not necessarily the same (i.e. with equal means, but different

variances) can lead to the corresponding ordering of mixture failure rate in, [t : oo).

For a subpopulation of items that survived the operational interval [0,t), the variance of the
conditional random variable, W |t is analyzed. Two specific cases are considered: the case,
when the random variable (frailty) W is discrete and/or continuous. When, the failure rates are
ordered, E[W [t] is decreasing and A, (t) is also decreasing as functions of time. We use,

simple but meaningful examples to illustrate our results. Specifically, it is shown that the

corresponding variance is not monotone, e.g. it may decrease or be UBT shaped.

Another, useful measure, which we consider is the coefficient of variation of the random
variable, W |t. Whereas the variance may be decreasing, we show for some specific cases, that

the coefficient of variation, may be decreasing or exhibit other shapes: e.g., constant or UBT

shape.

The focus in the literature has been mostly on the study of expectations, however, the obtained in
this section results show that the variability characteristics in heterogeneous populations may
change dynamically. Therefore, along with the expectations; this should also be considered in

practical applications.

The obtained results on bending down of the mixture failure rates with time are well justified for

human populations (Gompertz law of mortality for baseline distributions in mixing models) from
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developed countries where there is gradual availability of validated mortality data on centerians
and supercentarians. It is also interesting to investigate this phenomenon utilizing data from less
developed countries.

Moreover, the results obtained in this thesis, clearly show that the proportion of surviving items
(objects) in the mixed populations is increasing, e.g., the population lifetime is improving
somehow as the “weakest subpopulations are dying out first”. Thus, mixture of distributions

provides a useful tool for modeling and analysis of heterogeneous populations.
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