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ABSTRACT

Groundwater flow occurring in a confined aquifer has been modelled in the past using
deterministic mathematical models such as the Theis (1935) equation providing
fundamental solutions. However, for this model to be applicable, certain assumptions
must be taken into consideration which sometimes leads to the misinterpretation of
the real-life scenarios. Because of the limitations arising from this model, flow in a
confined aquifer layer cannot be accurately modelled by this equation as it is too
simplified. Therefore, the main aim of this study is to model flow in a confined aquifer
with a dual layers using non-conventional differential operators and integral operators.
Due to the complexity of the geological formation within which the flow is taking place,
classical calculus operators are not suitable mathematical operators to be used.
Further, research was done on appropriate mathematical operators in order to find the
one to be used in this study and the application of the combination of fractal-fractional
operators were adopted. Fractal-fractional derivatives are used to solve a complex
physical problem and were found to be effective in modelling anomalous diffusion. In
order to include into mathematical formulation some complexities of the geological
formation, the concept of fractal-fractional differential and integral operators were
used. These new differential operators are able to depict scenarios that
combine behaviours following the power-law together with self-similarities, or fading
memory with self-similarities or crossover behaviours with self-similarities that are
observed when the geological formation is equipped with fractures with a self-similar
feature. In this study, the Theis groundwater flow model was extended, where the
classical differentiation was replaced by three different types of fractal-fractional
operators. The modified models were solved numerically using the newly introduced
numerical scheme. For each case, a detailed analysis of stability and convergence
was presented. The obtained numerical solutions were used to depict numerical
simulations showing different values of fractional order and fractal dimension.
Obtained figures present a new class of flow different from the normal flow. The fractal
dimension has brought new flow trends that can be observed in fractured rock
aquifers. The application of these differential operators will open a new way to

capture heterogeneity associated with the geological formation.

Keywords: Groundwater flow equation; Theis; Fractal; Fractional; Uncertainty;
Confined aquifer; Von Neumann stability; Classical calculus; Numerical simulation
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CHAPTER 1: INTRODUCTION
1.1 Background of the study

With the recent demand for water resources especially in South Africa, groundwater
has become the interest as a new source for freshwater supply (de Graaf et.al, 2017).
Groundwater is found below the earth’s surface and is stored in pore spaces in a
geological formation which is often of a porous media nature or is fractured (Xiao,
2014). The geological formation in which the groundwater is stored is referred to as
an aquifer (Fetter, 1994).

An aquifer is referred to as a saturated geological unit that is permeable and occurs
usually below the water table, contains a measurable amount of water and has the
ability to store and transmit water to wells (Fetter, 1994). Examples of aquifers vary
but not limited to unconsolidated sands and gravels, limestones, dolomites and
sandstones (Freeze et.al, 1979). A geological formation with low permeability is
termed an aquitard. An aquitard has the ability to transmit water, but its permeability
is not of the acquired quality to support the production of a well due to restriction of
movement. According to Christiansen et.al (2014), an aquiclude is a geological unit
with no permeability and porosity and lack the ability to allow water through it nor the
ability to store water. The common examples of aquiclude include dense un-fractured
igneous or metamorphic rocks (Kruseman et.al, 2000). Because groundwater cannot

be accessed easily, the method of modelling its flow was then introduced.

Groundwater is found to flow in a certain manner from the area that has the highest
hydraulic head to an area which possess a hydraulic head that is lower. This path that
groundwater takes is termed hydraulic gradient and it is the change in the hydraulic
head from the highest to the lowest. All the factors that are found to be controlling the
movement of water and the physical factors controlling water sources must be taken
into consideration (Focazio et.al., 2003). These factors including the magnitude of the
hydraulic conductivity and the hydraulic gradient of the aquifer and they often affect
the velocity of which the groundwater will flow. On a regional scale, the patterns that
the groundwater flow takes often follow the path of surface water patterns and this is
why the groundwater flow direction in shallow, unconfined aquifers can be inferred by

observing the surface water drainage patterns (Barackman et.al., 2002). The type of



lithology in the aquifer will mostly determine the way in which the water flows (Cherry
et, al., 2004).

There are different types of groundwater flow conditions, this depends on the
behaviour of water in certain situations, usually how it enters a system and how it exits
the system. There is steady state flow, unsteady-state flow and pseudo-state flow. The
steady state flow occurs when an outside source (e.g. rainfall) recharges the well and
the change occurring in the water inside both the piezometers and the well is so small
that it ends up being neglected. Here, a balance occurs whereby the amount of water
that enters and flows out of the system is equal. When the flow is under unsteady
state, the amount of water that enters the system does not equal to the amount of
water that flows out of the system. The pseudo-steady state flow is dependent on time
with the drawdown and hydraulic gradient being monitored against time. There is a

fairly small change in the drawdown and the hydraulic gradient (Kruseman et.al, 2000).

The modelling of groundwater was developed to conceptualize hydro-geologic
processes as well as analysing information from the field by providing a quantitative
framework. According to (Wang and Anderson, 1982), models are described as a
“representation of the complex nature of the world”. The most common purpose of a
groundwater model is to predict the behaviour of some hydrological actions and can
be used to model conditions that occurred in the past (hindcasting and as interpretative
tools. The term “forecasting” is used to emphasize the fact the model can in some

cases contain some uncertainty (Anderson et.al, 2015).

Groundwater models are divided broadly into mathematical models and physical
models. Physical models include the physical measurements of groundwater flows
and heads in a model aquifer in the laboratory and this often has equipment filled with
sand simulating an aquifer and wells or boreholes (Anderson et.al, 2015). In
mathematical models, processes that occur in the field are represented by using
equations and the data captured in the field are used to calculate different parameters
(Fetter, 1998). For the purpose of this research, the focus will only be on mathematical

models.



1.2. Theis model

The Theis equation was developed by Charles Vernon Theis in 1935. This is the first
mathematical model of transient flow of water which can be used for modelling flow
and calculating transmissivity, storativity and other hydraulic properties of a confined
aquifer (Loaiciga, 2010). The hydraulic head change in a confined aquifer that has a
well that is penetrating can also be solved by the Theis analytical solution (Flores et.al,
2018). Itis mostly used in confined aquifers and unconfined aquifers when the impacts
of the pumping well on flow fields are determined. The solution of the Theis is applied

when the pumping-induced streamflow depletion is estimated (Flores et.al, 2016).

1.2.1. Derivation of Theis
The derivation of Theis was developed based on Darcy’s law and comparison of the

rate at which water flows in and flow out of the system. According to Darcy’s law, the

rate of discharge(Q) is given as:

Q = Ki (1.1),

where the K represents the hydraulic conductivity and the hydraulic gradient is i

From Darcy, the rate of inflow can then be given by:

oh 9%h (1.2),
Q1= K (a + W) (27'[(7" + d'l"))b
where b represents the thickness of the aquifer
In addition, the rate of outflow is:
_0h (1.3).
Q, = KW (2nr)b
Change in volume is given by:
6V = S(2nr)drdh (1.4).
Therefore:
(1.5).

6V_S(2 ) dr
ot DAy



Because the difference between the rate of flow is given by:

v

Ql_QZ_E

Therefore:

dh

K (ﬁ 62h> (271(1’ + dr))b — Kb (%) (Zm‘)dra

or "
Theis equation is then derived to be:

62h+16h_ S oh
or2  rodr Kb ot

(1.6),

(1.7).

(1.8)

According to (Waghmare, 2016) and (Loaiciga, 2010), Theis equation solution

development was based on the conduction of heat and the flow of groundwater. The

following boundaries were considered:

att =20 ) hzho
att=00, hzho

The solution for the equation for t=0 is

s(r,t) = éh(i—TW(u)

(1.9)

(1.10)

From eq. 1.10, the s (r, t) in the equation represents the drawdown where r is the radial

distance and t is the time at the well.

Therefore:

2

Ss we‘u
u= ATt and W (u) —deu

u

(1.11)



W(u) is famously called the well function (Waghmare, 2016), and is approximated as:

2

u uz u4 (112)
W(w) = ~0.5772 — In(u) +u ~ 5 + 5+ 7

Assumptions on which the Theis is based include the following (Watson and Burnett,

1993);

The potentiometric surface is approximated to be horizontal before any
pumping has occurred on the aquifer,

The aquifer is confined, and the extent is presumed to be infinite,

The part of the aquifer where pumping is taking place, the aquifer is
homogeneous, naturally isotropic and the thickness is of uniform nature,

The well is being pumped at a constant rate,

There is full penetration of the well,

The head declines instantaneously as water is removed from storage,

The well diameter is small so that well storage is negligible.

The use of Theis to model groundwater flow has been used extensively but there are

limitations that arise in the application of this model in the field:

1.

The model does not compensate for the heterogeneous nature of aquifers in
the field and aquifers in the real world are rarely isotropic.
Aquifers in the field are imperfect and cannot however represent a uniform

thickness and aquifers show hydraulic boundaries.



1.3. Problem Statement
Groundwater flow in a confined aquifer has been modelled in the past using

deterministic mathematical models such as the Theis (1935) equation providing
fundamental solutions. For the Theis equation to be applicable, certain assumptions
have to be considered. These include the homogeneity of the aquifer, the uniform
thickness, the infinite aerial extent, the fact that aquifer is isotropic and discharge rate
it is pumped at which is constant. These assumptions ignore the fact that in the field,
the aquifers are of heterogeneous nature, anisotropic, has finite aerial extent due to
hydraulic boundaries and pumped at different discharge rate. The Theis equation is
therefore simplified and does not account for the high order terms in the modelling of
flow of groundwater in a confined aquifer with dual layers. This research will account
for these problems by developing a model for groundwater flow equation for a confined
aquifer with dual layers. The complexity and imperfect flow in the aquifers and special
aquifers (confined with a dual layer) will be taken into consideration so as to not limit

the equation by assumptions and simplifications.

1.4. Aims and Objectives
The main aim of this study is to develop a model for groundwater flow in a confined

aquifer with dual layers.
Objectives include:

1.4.1 Deriving a new or modified equation(s) for groundwater flow in a confined aquifer

with dual layers.
1.4.2 Proving the uniqueness of the above equation(s).

1.4.3 Solve the equation(s) of groundwater flow within confined aquifer with dual layers

using the new numerical schemes.
1.4.4 Checking the stability of new numerical solutions.

1.4.5 Creating numerical simulations to represent groundwater flow.



1.5 Research Framework
The following framework (Figure 1) is going to be used to achieve the main aims and

objectives of this study:

Introduction of confined aquifer with
dual layers

Review on groundwater flow in a
confined aquifer (Theis)

Review on mathematical approaches that
can be used to model groundwater flow

Derivation of new equation for
groundwater flow in a confined aquifer
with dual layers

New Numerical schemes

Checking the stability of new numerical
solutions

Creating numerical simulations

Figure 1: Research Framework of the study



1.6. Research Outline
This dissertation is divided into six chapters. Chapter one provides the introduction to

the study which includes the background study on groundwater in general and the
groundwater flow in a confined aquifer which is the focus. This chapter also provides
the introduction to what has been used to model groundwater flow in a confined layer
in the past, in addition, its derivation, the assumptions it is based on and the limitations
of the model has also been included. Chapter two provides literature on aquifers and
what makes the aquifer being investigated differently from the rest which is a confined
aquifer with dual layers. The factors affecting the process of modelling flow is also
represented in the study. Furthermore, chapter three addresses different
mathematical approaches which can be used to model flow in a confined aquifer. The
fractal-fractional derivatives concept is introduced here. The classical, fractional, and
fractal derivatives are discussed here in detail. In chapter four the three operators of
fractal-fractional are numerically approximated and numerical solutions are solved.
Chapter five is the stability analysis of the numerical solutions. Finally, chapter 6

presents the numerical simulations results and discussions.



CHAPTER 2: REVIEW ON AQUIFERS
2.1. Types of Aquifers
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Figure 2: A confined aquifer (Heath R.C., 1987).

Aquifers have been divided into different types based on the geology and the basis of
the existence or non-existence of the water table: Confined, unconfined aquifers and
leaky aquifers (Fetter, 1994). A confined aquifer (Figure 2) is described as an aquifer
that is bounded between two confining aquiclude layers (Christiansen et.al, 2014). Due
to the confining layer on the top, recharge cannot happen directly from above,
therefore it only happens in certain parts where the confining layer is non-existence.
Although the top confining layer is not ideal for recharge, it does help when it comes
to lessening the vulnerability to pollution (Christiansen et.al, 2014). The atmospheric
pressure does not affect the aquifer due to the confining layer, but the pressure inside
the confined aquifer is far greater than the atmospheric pressure (Kruseman et.al,
2000). Because of this pressure, there is a rise in the level of water occurring in the

piezometer and this rise is above the top of the aquifer (Christiansen et.al, 2014).
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Figure 3: An unconfined aquifer. (Bishnoi B., 2016)

An unconfined aquifer (Figure 3) only consists of one confining layer at the bottom with
the top part completely unbounded by a confining layer. The aquifer does not have a
confining layer between the ground and the water table, so the top is open to the
atmosphere. Recharge can occur directly from the top of the aquifer and because of
the effect of atmospheric pressure, the water table fluctuates up and down. An
unconfined aquifer acts more like a sponge and there is an increased risk of pollution

because of the absence of a top confining layer (Christiansen et.al, 2014).

A semi-confined aquifer is often referred to as a leaky aquifer and is a type of aquifer
confined on top and on the bottom by aquitard layers or in some cases consist of one
aquitard layer and one aquiclude layer (Kruseman et.al, 2000). For this investigation,

the focus will be solely on confined aquifers.

Aquifers can occur as more than one layer of an aquifer, these are termed multi-
layered aquifers. Multi-layered aquifers can occur in many forms, Kruseman et, al.,
2000 described three systems. They can occur as two or more aquifer layers
separated by aquiclude layers. The second type of multi-layered aquifer system is an
aquifer with two or more aquifer layers not separated by a layer and confining the top
aquifer on the top and the bottom aquifer on its bottom by aquiclude layers. The third
type of a multi-layered aquifer system consists of two or more aquifer layers which are

separated by aquitard layers (Kruseman et.al, 2000).
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2.2. Dual layers in a confined aquifer

Figure 4 below shows the type of aquifer investigated in this study. The aquifer is a
typical confined aquifer and has two types of layers in the saturated layer. The layers
are classified as separate quantities because they have different lithologies and

therefore cannot be simplified or reduced to one homogeneous layer.

AQUICLUDE

AQUIFER LAYER 1 AQUIFER LAYER 1

AQUICLUDE

Figure 4: A confined aquifer with dual layers

2.3. Factors affecting modelling of groundwater flow
Hydrogeologists often use aquifer testing to characterize aquifer systems, aquitards

and flow system boundaries. This can also be used to simulate an aquifer and results
interpreted using an analytical model. The most widely used is the Theis equation. A
numerical model can be proposed to solve the problem however better results cannot
be apprehended by just adding complexity (Atangana and Bildik, 2013). The main
effort of modelling groundwater is to come up with a mathematical relation existing

between different observables which is suitable. The model should provide a better

11



understanding of the phenomenon and should not only provide links between these

different observables (Atangana and Botha, 2013).

Modelling groundwater problems using mathematical formulation has been regarded
to be one of the most demanding real-world problems. The behaviour of the medium
through which the water is flowing has to be precisely identified to be able to model
this problem accurately. This precision is usually not achievable because the medium
where water moves can change and ultimately changing the hydraulic conductivity of
an aquifer’s complexity (Atangana and Bildik, 2013). The mathematical model can be

solved by using numerical models (Bear and Verruijt, 1987).

Researchers have proposed a prediction of how water flow in an aquifer by modelling,
but limitations always arise. The fractional order derivatives were then suggested and
a generalized equation by Botha and Cloot (2006). The fractional order derivative was
then extended to the concept of the fractional-variation order by Atangana and Botha
(2013). The numerical scheme’s stability and also the convergence of the numerical
scheme of groundwater flow using the fractional order derivative was presented via
the Crank-Nicolson method which then presented complexity (Atangana and Bildik,
2013).

Factors such as the underlying simplifying approximations, the non-uniqueness and
the uncertainty often limit the groundwater models. Forecasting simulations for
groundwater uses the same concept as the forecasting that is done for the weather
and they have uncertainty that should be reported and evaluated. The groundwater
results that are received from the models have to be analysed for the nature and the

magnitude of the uncertainties (Anderson et.al, 2015).

Different combinations of the model inputs are often producing results that correspond
to the data captured in the field and this is referred to as the non-uniqueness of the
model. It has been discovered that groundwater models cannot give one accurate
answer, and this is why during a modelling project a professional judgment guided by
a hydrogeological principle is critical in the interpretation phase. There is a number of
factors that can cause uncertainty in the modelled groundwater models (Anderson
et.al, 2015).

Assumptions regarding the hydrologic processes which are important modelling

objectives are indirectly chosen by selecting a certain code. The unexpected

12



hydrological features including heterogeneities in the subsurface properties, and the
future stress that occurs unexpectedly and is often factors that a modeller should take
into consideration when modelling groundwater and trying to limit uncertainty in

forecasting models (Anderson et.al, 2015).

Some properties of groundwater system such as the hydraulic conductivity and
dispersivity cannot be directly measured and the input and the output measurements
need to be analysed in order to estimate them. Some of the predictions of groundwater
system are from the scope of observations and therefore introduces uncertainty. The
groundwater simulations have to be reliable and stable as they are the basis of the
guantitative analysis of groundwater resources and that of acceptable assessment.
When analyzing for the uncertainty of groundwater modelling the following factors
need to be accounted for: Studying extensively uncertainties in terms of where they
occur, what drives them and what processes produce them, the state and the

characteristics should also be described and then evaluated (Wu et.al, 2013).

The errors that occur when the conceptual model is constructed for groundwater and
the deviations which are caused by the groundwater mathematical model with an
approximate solution have an effect on the results that are going to be retrieved. The
modelling of uncertainty can be improved by the scarcity and also the observation
error of measurement data. The separation of uncertainty sources explicitly and the
independent definition is relatively difficult. The classification of these uncertainty

sources is described differently by different authors (Wu et.al, 2013).
Yen et.al (1986), classified these sources into five parts:

e The natural uncertainty which is caused by the natural processes possessing

inherent randomness.

e The model uncertainty emerged from the defective model which does not have
the ability to represent the real-life physical processes.

e The model parameter’s uncertainty.

e The uncertainty that is caused by the error in the observations.

e The operating uncertainty derived from factors caused by humans.

Three levels were proposed by Van Asself (2000) namely: the generation location,

level of managing and natural quality and these were proposed as a result of
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supporting management of groundwater model. The sources of uncertainty are
interpreted as stochastic, fuzzy and gray according to discipline nature by Liu and Shu
(2008). The two types of modelling uncertainty; aleatory and epistemic uncertainties
were proposed by Merz and Thieken (2009). Generally, according to the process of
groundwater modelling logically there are three sources of uncertainty stems:

observation data, model parameter and the conceptual model (Wu et.al, 2013).

More researchers have been more open to using a framework to analyzing
groundwater modelling uncertainty in order to establish statistics for modelling
uncertainty that are simplified and reasonable and are able to satisfy the actual needs
of hydrogeological workers. The input of a set of parameters are needed in order to
find a numerical model, these are the storage coefficient, transmissivity, specific yield,

dispersivity and hydraulic conductivity (Wu et.al, 2013).

Because of the limited hydrogeological data in the field the parameter uncertainty is
mostly derived from the following factors: the temporal variability and the spatial
variability, unreasonable parameter division and the scaling effect of parameters. A
conceptual model is a simplification of the actual hydrogeological conditions and it sets
a tone for the construction of the numerical model. Therefore, the factors influencing
the model structure uncertainty include sources and sinks, unreasonable estimating
of the boundaries of a groundwater model, approximation of processes of groundwater
and setting the model aquifer incorrectly (location, type, number of layers, distribution)
(Wu et.al, 2013).

There are two aspects for which the observation data is used for groundwater
simulation. These are for the input data which is used to build a groundwater model
and the conditioning data or calibration data used to model calibration. The
observation uncertainty consists of a very broad range which includes the human
error, error that is caused by the stochastic distribution of the observed variable, the
error of the measuring device, the sampling error of the observed variable and the

error caused by indirect measurement (Wu et.al, 2013).

During the assessment of the output’s uncertainty, the statistical properties of the
inherent structure and the input of a system are considered and deriving the statistical
information of output directly is the most direct method. This direct method is regarded

as not being inconvenient and has been restrained in two aspects. The first one is the
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troubles that occur when deriving statistical result both in mathematics and the
numerical solution (Wu et.al, 2013). The second one is the actual condition where the
detailed statistical properties on the system structure and generally the input is
unknown. The uncertainty analysis of hydrogeological process is traditionally used to
be done by probability theory and also used for other science fields. This changed
when the statistical information approach came into play because of effectively
analysing uncertainty from a broad perspective (Wu et.al, 2013).

Because of all these factors affecting the modelling process, every model that is
created should be checked for stability in order to account for the uncertainty and the

sensitivity that might arise in future.
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CHAPTER 3: MATHEMATICAL APPROACHES TO
MODELLING GROUNDWATER FLOW

3.1. Introduction
Due to the many simplifications and limitations of the Theis equation which are

discussed in the previous chapter, other options have been investigated to accurately
represent this phenomenon. This chapter explains the classical calculus, the fractional
differentiation, the fractal differentiation and finally connection of the fractional and the
fractal differentiation. These concepts are studied with the focus of developing a new

method that will help with the modelling of groundwater flow problems.

3.2. Classic calculus
The history of differential calculus dates back to the 17" century when it was

introduced by among other researchers, G. Leibniz after L. Newton introduced the
concept of ‘fluxional equations’ (Archibald et.al, 2004). The main dynamic of the
derivation is the representation of the sensitivity of a function in terms of the rate or
slope of a quantity (Matlob et.al, 2017). The first and second derivatives are said to
represent the velocity and the acceleration respectively. Although the use of
differential calculus has been applied extensively to model the physical phenomena in
many fields, its inability to focus on complex phenomena has been a concerning issue
to many researchers (Matlob et.al, 2017). This throwback lead to many questions
being asked, such as what does the half order of a derivative represent? (Khalil et.al,
2013). This led to a shift from the classic calculus to fractional calculus and fractal

derivative to account for the more complex phenomena.

3.3. Fractional Derivation
The idea of creating a derivative with a fractional calculus can be traced back to the

genesis of differential calculus and was first proposed by Leibniz and L’Héspital 1675
(Atangana et.al, 2018). The fractional derivatives are regarded as non-local operators
used to generalize the ordinary differentiation and the integration of non-integer orders
(Owalabi, 2018). It took Leibniz 15 years to answer the question of what the half order
of a derivative is whereby he created a fractional derivative of the function exponential

by reiterating the differentiation in the following function (Atangana, 2018):
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drefx 3.1
deL = ﬁneﬁx yn= 1)2)3 ( )

n was then replaced by v to have:

dvePx 3.2
o =B =123 (82

The following relationship is established after the connection of the Fourier space is

applied:

“FOE) = (i) f (%) (3.3)

In 1932, Liouville then considered a function f(x) with the following representation:

i 3.4
f6)=) acebr o9

Jj=1

The Leibniz formulation or the v-derivative of the exponential function was then

applied, and the following was achieved:

dv d . (3.5)
S f() = ) a el

J=1

After this, Liouville then suggested another formula, which is based on the integral as

follows:

* 3.6
]’lzf e Xt tr-1dt, 1>0 x>0 (3.6)
0

By changing the variable, the following was obtained:

1
xh= m](x) (3.7)
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The following is then obtained if the fractional derivative in Liouville is considered with

order v:

dv — 1 foo dv —xttl—ldt
dev T ), dxv® ’

%x—l—v, ALv>0 (38)

G
T J,

e—xtt/1+v—1dt — (_1)

In 1876, Riemann then provided the following fractional derivative of function f(x):

FO@ = [ =07 @ + 90 &9

This contribution of Liouville and Riemann resulted in the combination of the two
equations resulting in the well-known Riemann-Liouville definition of fractal derivation
(Atangana, 2017).

3.3.1. The Riemann-Liouville definition
The Riemann-Liouville (RL) definition is a combination of contributions made by

Riemann by obtaining the fractional derivative of the exponential function in 1832 and
Liouville by obtaining the fractional derivative of power function in 1847 (Matlob
et.al,2017). This definition is based on the power law kernel and has been applied
successfully in many fields of science including in physics with the simulations of
viscoelasticity flows (Baleanu and Fernandez, 2017; Liu and Li, 2015; Mainardi, 2010)
and anomalous diffusion (Zhuang et.al, 2008). The RL derivative has also been found
to be useful with the Laplace transform with respect to time and space components
(Atangana and Kilicman,2013). This was later disapproved by (Mirza and Vieru, 2016)

who argued that it's Laplace transform present physical terms that are insignificant.
Khalil et.al, 2013 defines the definition as follows:
For ae [n — 1,n), the derivative of f is

dn t 3.10
PR = [ (3.10)

(n—a)dt" ), (t — x)an+l
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3.3.2. The Caputo definition
Amongst many researchers, M. Caputo is also one of the contributors to fractional

calculus. The Caputo definition was based on classic Riemann-Liouville definition,
which was reformulated in order to use the classic initial conditions as one of the
throwbacks of the Riemann-Liouville and is the requirement of what is described as a
“strange” set of initial conditions (Lazarevi¢, et.al, 2014). The Caputo definition is
based on the power function with the ability to enhance the description of the memory
effect but is limited when it comes to accuracy because of the singularity of its kernel
(Gomez-Aguilar, et.al, 2016; Caputo and Fabrizio, 2015). The initial standard
description and the boundary conditions are a few of the real-world problems
appropriately addressed by the Caputo definition as compared to the Riemann-
Liouville definition (Kavvas et.al, 2017; Podlubny,1998).

Khalil et.al, 2013 defines the Caputo definition as follows

For ae [n — 1,n), the derivative of f is

1t ) (3.11)
i,

n—a (t — x)a—n+l dx

DEO® =

The one property inherited from the first derivative by all definitions is that the fractional
derivative is linear (Khalil et.al, 2013). These are some of the setbacks of the other

definitions:

e If a is not a natural number, the Riemann-Liouville derivative does not
satisfyDZ(1) = 0(DZ = 0)(for the Caputo derivation).
e All the fractional derivatives cannot be applied the product rule of derivatives

D (fg) # fD&(g) + gDg (f)

e The formula of the derivative of quotient of two functions cannot be applied to

all the fractional derivatives

gDz (f) — fDq (g)
2

Dg(f/g) #

e The Caputo definition assumes that the function f is differentiable.

e The chain rule cannot be used in all the fractional derivatives:

19



D& (fo @)(®) = f @ (g(®))g(®)
¢ In general, no fractional derivatives satisfy: D*Dff = D**Bf

Both the Riemann-Liouville and the Caputo definition are non-local fractional
derivatives with singular kernels which restricts their applications when some of the

real-world problems must be solved (Zhang et.al, 2017).

3.4. Fractal calculus
Fractal calculus is somewhat new branch of mathematics dealing with kinetics (He,

2018). Fractal derivation is a non-standard derivation used in mathematics and applied
mathematics and is scaled according to t* . The fractal derivation is used to model the
physical problems encountered in Fick’s law, Darcy’s law and Fourier’s law to name a
few. These problems cannot be applied to the media that consists of a non-integral

fractal dimension because they are based on Euclidian geometry (Atangana, 2017).

Chen et.al, 2010 defines the fractal derivative as follows:

ou y u(t;) — u(t) 0 < (3.12)
ote  tiy t* —tx *

A generalized formula:

o uPf(ty) —uf(d) (3.13)
3@ = s ,0<a,0<p

3.5. Connecting Fractional and Fractal Derivations
The fractal-fractional differentiation is a new concept combining both the fractional

differentiation and the fractal derivative, used to solve physical problems which are
complex requiring complex mathematical operators of differentiation (Atangana,
2017). The fractal and fractional derivatives are found to be effective in modelling
anomalous diffusion (Chen et.al, 2010). The fractal-fractional differentiation can be

described by several definitions, a few are described below:

Definition 1: Fractal- Fractional derivative of f of order a in Caputo sense with power

law
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Let f (t) be differentiable in an open interval(a, b), if f is fractal differentiable on
(a, b)with order B, therefore:

FFP B — 1 df n-a—1
aDe (O = Fr ]f oF (t = y)" " dy, (3.14)
n—-1<a<n 0O<n—-1<pB<n
df &) _ lim? ©-fk)
dyf ey tf—yF (3.15)

The generalized version is given as:

FFPna.B _ 1 dlf(y) n-a—1
0 = s [ SE P - yyeiay

(3.16)
n—1<a<n 0<n—-1<pB<n

d*f(y) I A - @) (3.17)
dyf oy (P —yP

Definition 2: The Fractal- Fractional derivative of f of order a in Caputo sense with the

generalized Mittag-Leffler kernel

Let f (t) be differentiable in an open interval (a, b)if f is fractal differentiable on(a, b)

with order g, therefore:

AB  (tdf(y) a
FFM @B — _ —_ e

AB(a)=1—-a+—=

(a) = F( )
Generalized version is given as:
AB  (td*f (y)
DT () = -y,
DS [1-al), dyf [ Y ] Y (3.19)

0<ap 11

Definition 3: The Fractal- Fractional derivative of f of order a in Riemann-Liouville

sense with exponential decay kernel
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Let f (t) be differentiable in an open interval (a, b), if f is fractal differentiable on (a, b)

with order £ therefore:

M(a) d
FFE B _ (f —
(0 = s | FOIe [~ =] 0y 520)
0<apf<n
Generalized version is given as:
FFE ) @.B.4 M(a ) d* —_ (t —
DI (O = f Fexp [~ ——(t~ )]y, 0o
0<apf,A<1

The new concept of differentiation by connecting fractional and fractal derivatives by

combining e.q. 3.22 and e.q. 3.23.

The fractional derivative is defined by:

1 fdf () (3.22)
cpa — _ -a
DO = =y | e -
The fractal derivative is defined by:
df (©) — f(t1) (3.23)
Fph 17
oDi f(1) = }—t th —t,P
Therefore, the combination of the two derivatives is defined by:
(3.24)

DO = ey | £ =0

The connection between the fractional and the fractional derivatives can be defined

as:

Fng'Bf(t) = u(t) (3.25)

The fractal derivation can be written as:
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. fO-ft) t—t
lim *
t—tq t — tl tﬁ - tlﬁ

Applying the first principle:

tB—t B
t - tl

f'@=

If f(t)=tf,And

t—t *f(t)—f(t1)

= f(t
th —t,P t—t; f@®

Then:

fr(©) = (tF) = pe

Then Fractional-fractal derivation is:

FEDEP F(8) = o S (0

(1—-a)dt

Where

t

f@) = f t(r) (t — 1)~ %1

Therefore:

. 1 d
FoD; 'Bf(t) = F—Wf(t) * BtA1

1-a)

Replace f(t) by a value:

1

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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(3.33)

DO = s a) = f FO(E = DT *—— = u(t)

1
BP-

Simplifying the equation

(3.34)

PEDE £ () = f F@(E - 7)-2dr = BrfF-1u(e)

a) dt

Apply the Riemann-Liouville definition of fractional derivative on both sides to obtain:

)= %fo -1 (¢t — D)1y (Ddr (3.35)

Therefore:

O =5 )f 51 (¢ — D f (D) dr (3:36)

Qureshi et.al, 2019 suggested six fractal-fractional differentiation definitions which

they consider as basic to understanding this concept.

Definition 1: Suppose that y(t) be continuous and fractal differentiable on (a, b) with
order A then the fractal-fractional derivative of y(t) with order Q in the Riemann

Liouville sense having power law type kernel is as follows:

FF%D?:A(y(t)) = —,Q)thf (t — S)m -Q- 1y(s)ds (3 37)
Wheren—1<Q,A<neN
and
dy(s) y y() —y(s) (3.38)

dsA t»s td—gb
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Definition 2: Suppose that y(t) be continuous and the fractal differentiation on (a, b)
with order A then the fractal-fractional derivative of y(t) with order Q in the Riemann

Liouville sense having exponentially decaying type kernel is defined as follows:

M@Q) d

t Q
FFED?'A(y(t)) = mﬁfo exp (‘m(t - S)) y(s)ds,

Where O >neNandM(1) = 1.

(3.39)

Definition 3: Suppose that y(t) be continuous and the fractal differentiation on (a, b)
with order A then the fractal-fractional derivative of y(t) with order Q in the Riemann

Liouville sense having generalized Mittag-Leffler type kernel is defined as follows:

reDt(v(©) = ) d j Eq (—L (t - S)“) y(s)ds
0

1—Q dtd 1-0Q
Where 0 < Q,A <1 and (3.40)

Q

AB(Q) =1 —Q+F(m.

Definition 4: Suppose that y(t) be continuous and the fractal differentiation on (a, b)
with order A then the fractal-fractional integral of y(t) with order Q having power law

type kernel is defined as follows:

8 (3.41)

PRI (v (©) =T

t
f (t — ) 1sB-1y(s)ds
0

Definition 5: Suppose that y(t) be continuous and the fractal differentiation on (a, b)
with order A then the fractal-fractional integral of y(t) with order Q having exponentially
type kernel is defined as follows:

Q1 — QA y(t) (3.42)
M)

QA [t
FFEJQA —M(Q)f s 1y(s)ds +
0

Definition 6: Suppose that y(t) be continuous and the fractal differentiation on (a, b)
with order A then the fractal-fractional integral of y(t) with order Q having generalized

Mittag-Leffler type kernel is defined as follows:
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A1 — Q)4 1y(D) (3.43)
AB(Q)

() = QAQ) f S@-Dy(5)(t — )2 ds +

AB(

This combination of fractional differentiation and the fractal derivative introduces more
complex mathematical operators of differentiation allowing more complex physical

problems to be solved.

26



CHAPTER 4: NUMERICAL APPROXIMATION

4.1. Introduction
The purpose of the numerical approximation in this study is to create acceptable

operators that can be subsequently used to represent the groundwater flow by making
use of computer simulations. For this to be achieved the following must be taken into
consideration; the accuracy, the stability, including the computational ability of the new
numerical scheme. The numerical approximation application allows the numerical
analysis of the partial differential equations to achieve some extent of algorithms

simplicity.

This chapter presents some fractal-fractional derivatives definitions and how they are
applied to the modelling of groundwater flow problems. Each operator of the fractal-

fractional is then solved.

4.1.1. Understanding of the first and the second derivative

The first derivative with one variable:

df©) _ . fE+m) = £ (4.1)
dt ho h

Moving from t, to t, ., the first derivative is given as follows:

df(t) ~ f(tn+1) - f(tn) (42)
dt At
Moving from tnto t,_,
df(t) _ f(tn) = f(ta1) (4.3)
dt At

The first derivative with two variables (respect to t):

Moving from ¢t,, to t,,,,
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af ) f(xu tn+1) f(xu tn)
Xi, tn) = At

Moving from t,, to t,,_;

af( ) f(xl' Tl) f(xu n— 1)
ot Xiftn) = At

The first derivative with two variables (respect to x):
Moving from x;_; t0 x;,4

g (xi,tn) ~ f (X1 tn)A—xf(xi—p tn)

Moving from x; to x;,,

g(xi,tn) ~ f(xi+1ltn)A_xf(xi—1l tn)

Therefore, the second derivative is given as:

aZf( ] ) ~ f(xi+1ltn) - Zf(xi: tn) + f(xi—li tn)

axz it (Bx)2

And

azf( ) ) ~ f(xi+1: tn+1) - Zf(xi: tn + 1) + f(xi—1: tn—l)

9x2 * (Ax)?

The combination of the two is then:

n n +1 +1 -1
azf (xl t,) = ~_ [P —2f tfia +fi+1n —2fi" 4 fis"

(Ax)? (Ax)?

(4.4)

(4.5)

(4.6)

4.7)

(4.8)

(4.9)

(4.10)
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4.2. First operator
Definition 4 from Qureshi et.al, 2019 is the first operator of this study. For this definition

suppose that y(t) be continuous and the fractal differentiation on (a, b) with order A
then the fractal-fractional integral of y(t) with order Q having power law type kernel.

The numerical approximation for the first operator is as follows.

L OO) = T f (t = D)o 1b1y () de (4.11)

FEP 10, _ d (t o 1 (4.12)
POO) =t |, ¢~ Y Odr g

For better understanding, the numerical approximation can be explained by finding the

definition from moving from O to t,,, ;. From equation 4.12, the equation is simplified to

be equal to
t
FFP aB _4 (t (4.13)
Representing the terms by f(t), therefore:
o d 4.14
D) = O (@19
Moving from 0 to ¢, 4,
df () _ f(tnsa) = ftn) (4.15)
dt At
Replacing t byt,,, in equation 4.13 therefore:
df(tn+1) f (ther — )7 1 (4.16)
—F(l ) y®)dr—7

n+1
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(4.17)

df (tn+1) 1 1 f et _
= - (tne1 — D" y(T)dT
dt ri—a)pef i

To move from O to t,,,, we first must move from O to ¢,, to t,, to t; and so on. To

represent the sum factor, the equation is modified as follows:

d +1 1 1 Dt (4.18)
f(tns1) f (ter — D~ y(t;)de

_ B—1
dt (1 a)ﬁt =7

Further simplification

n
df(tn+1) — 1 Zy] jt1+1(t — T) a dr (4.19)
dt I'1l-oa ﬁtﬁ_'_ll = t; ntl
Letz =ty — 7, therefore z = t,,; — ¢ and z = t, .1 — tj44
Then dz = —dr, therefore
n
df(tn+1) 1 z y tn+1=tj+1 4 (—d2) (4.20)
dt T(l-a) ﬁtﬁ 1 st
Apply rule: — f;x = fbax
n
df (i) _ 1 Z o [ acan @2
dt F(l - a) ﬁtf-l-ll j= tny1—tjy
n
df(tasy) 1 1 Z jp b (4.22)
dt F(l - ) lBtn+1 = b1 — j+1
df (tne) _ 1 [ =) (= ge) ] (423)
dt F(l—a)ﬁtﬁ 1-—«a 1-—a
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Represent the following by
th = Aty thy =At(n+1), ty, =AtG+1) , t; = At;

Therefore

n

df(tas) 1 1 zyj ((n+ DAt — ( + DA«

dt T(l-a) pth-t & 1-—a (4.24)
_((n+ DAt -G+ DAt
l1-a
Taking out the common factor
df(ter) _ (AD'% 1 - - (4.25)
it T@2= a)ﬁtﬁ_lzy [(n+1-)"" = (-]

n+1 ]:O

Numerical approximation in terms of moving from O to ¢,,.

df(tn) (Mt -0 1
dt __]; rl-a) y(t)dr'gtf‘l (4.26)

df (t,) 1 L e
dt T(1-a) peE=t), (tn =Dy (@de (4.27)

df (tn) 1 1 & (b By
dt - I'1-o) 'Btﬁ—l Z _]; (t, — 1) y(tj)dr
n  j=0 "J

n
df (tn) 1 1 ,ftm
= — y] (tn — T)_a dt
— 1
dt r(1-a)pe? ijo .

(4.28)

J

(4.29)

Represent the following by z =t, — 7, therefore z = t, —t;and z = t,, — tj,4

And then let dz = —dt, therefore

df (t) 1 1 o (e
- Y[ e an
j=o °f

dt T(1-a) peh (4.30)

n—tj
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Apply rule: —f;x = fbax

df(tn) 1 1 oo (Y (4.31)
dt I'1l—-a) ,Btf_l Z yfft z7%(—dz)

n—tj+1

After Integrating

dft) 1 s (4.32)
dt F(l—a)’gtﬁ 1ZY| th —
df(ta) _ 1 (tn =) (b= ts)'™" (4.33)
dt F(l—a)ﬁtﬁ 12 [ 1—a 1-—a

Represent the following by t,, = At, t, = At(n), tj., =At(G+1) , t; =At;

Therefore
df(t,) 1 1 i [mat—jae=e  (nat— G+ Dapie]  (4.34)
N - p-1 — - _
dt ra a)[;tn = 1—-«a 1—a

Taking out the common factor

df (t,)  (A)'™“ (4.35)

dt r(z_a)ﬁtﬁ 12)’ [(n— DNV *— (n—j—1)%]

Substituting equation (4.25) and (4.35) into (4.15):

df (t)  f(tas1) — f(&)
dt At
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df@®) _ 1|[ @™ . -
dt l(F(Z—a)Igtﬁ 112)3’ [(n+ 1= —(n—]) ])

(4.36)
A 1-a
Taking out the common factor
d A O
Pslieagy o or-o)
. b (4.37)
) 1
— Jl — _ Nl-a _ i 1-a
;y <ﬁtf‘1 [(n—) (n—j—-1) ]>H
Further simplification
d At [
S
o (4.38)
- /1
- )y <—_ (=" *—(n—j— 1)1_a]>
JZO Bty ‘
When there is more than one variable in a function
FEEDI Py (1 t)
At_ 1-a 1-a
F(Z_a)lzyl ( A+ 1= = (=) ])
ot (4.39)
Z (ﬁ L= e = (- j - - ])]
Common factor
—a n n-1 (4.40)
ap _ At 1 i cap 1 @B
FFI(J)Dt h(ri' tn) F(Z _ a) [Z ,Btf+11 hz! 5n,j Z'Btﬁ 1hlj n]‘
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Then:

n n—1
At™@ 1 ; 1 ;
Rs@F — N ——p) %P
r2-—a) L;Btrﬁl?;ll i“n,j ]Z: ﬁtﬁ_l i Tn,]] (441)
T|(1 h’l-l-l hiq n hit1 — 2R + hi"y
S T Ar (AT)Z

From the first sum when j=n and the second sum when j=n-1

n-2

At™¢ 1 1
hné*“ﬁ hn 16aﬁ Z h]6aﬁ
— B—- 1 nn-1 i n,j
r2—-a) pt, n+1 j=0 n+1
n-—2 i
]
_ 1 hn_l‘[a'ﬁ - Z hi Ta,[)’ (4.42)
-1 nn— -1n,
Bt bt
_ z lh?ﬂ — hity + hiy —2h + hit,
S| Ar (Ar)?

A 5% T 2 A 8P A 5%
h? . ’3’_1 + = 2 + h?_l nl;_l - n';_l
rz-a) gt S (br) rz-oa) gt r(2—a)pd

- T 1 T 1 B T 1 T 1
i (EAT(TL-) S (Ar)2> et (EAr(ri) B E(Ar)z) (4.43)

n

_ j Jaﬁ
=) ﬁmz

j=0 n+1

4.3. Second Operator

Definition 2 of fractional-fractal differentiation from Qureshi et.al, 2019 is the second
operator. For this operator suppose that y(t) be continuous and the fractal
differentiation on (a, b) with order A then the fractal-fractional derivative of y(t) with
order Q in the Riemann Liouville sense having exponentially decaying type kernel. The

numerical approximation for the second operator is as follows.

FFE ), _ M) (f a 1 (4.44)
oDy A()’(t)) = mf() f()exp [—m(t - T)] dT'[W
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FF%DS"%y@)F%[exp[ —t|f©

j —f (T)exp T ¢ a) drl

Al tnsq

FFEDFA (y(0) = = tusa| F(O)

.8n+1(1_ )[ p[_

+ fo o if (r)exp [— — (tn+1 T)] drl

FFEDO(A( (t)) f tn+1 df(T) exp [__(tn+1 T)] dt

S el L

Further simplification

FFEDGA( (t)) Zf]+1 f] j-t1+1 exp [_ (tn+1 )] de

tj

Representing the following by y = t,.1 — T,y = tye1 — &, ¥ = thyr —

FFEDaA(y(t)) Zf]+1 j;tnﬂ_tj exp (_ a y) dy

n+1—lj41 l-a

j+1 _ a

FFED“A(y(t)) Zf _aexp

byt — tj

n+1 — L1

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

tiy1, dT = —dy
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FFE 1O, — N fj+1_fj ¢ :
thAbiﬂ)"zg At 1——a%mp[_if?5(%+1_t0] (4.51)

wi1 = t,-+1)]l

—exp[—lf

L
@) = ), : At B [exp [~ 0+ D] (4.52)
j=0
— exp [— T f . (n —j)At]l
Therefore:
FFE n oA M(a) _
000) = s lew -1 L (-] FO
= e [ e
+Z At 1—a[exP ._1—a(n_]+1)At] (4.53)
=0

—exp [— T iz " (n —j)At]l

When we have more than one variable forward, the solution then becomes:

M
FPEDEA(y(1)) = — o) exp [~ ———(n - Dat| h(r,0)
Bthy(1-
- hlj“ — h{ a a 4 DA
+j=0 v 1_alexp_—1_a(n—]+ )t]
(4.54)
— exp [— (n ])At]l

:hmzwwwhmmhm
S (Ar)? T Ar
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4.4. Third operator

Definition 3 from Qureshi et.al, 2019 is the third operator of this study. For this operator
suppose that y(t) be continuous and the fractal differentiation on (a, b) with order A
then the fractal-fractional derivative of y(t) with order Q in the Riemann Liouville sense
having generalized Mittag-Leffler type kernel. The numerical approximation for the

third operator is as follows.

— d (* 4.55
FFng'A(y(t)) = iB_(O;)ﬁf Eq <_% (t — S)ot) y(D)dr ( )
0
FFEDocA( (t)) AB(a) [ —t ]f(O) (4.56)
J f(T)E ¢ a) dTl
At tpq
B
tn+r o
+ .l; Ef(T)Ea [_m(tn+1 — ‘[')] d‘[l
FF%D;X,A(y(t)) _ j‘ n+1 dj;s-‘[) E, [—%(tn.,.l _ ‘L')a] dr (4.58)
v [ j*1 _ fi (4.59)
FFng‘rA(y(t)) - 2f E, [_—(tn+1 _ ) ]f f -
j=0"t
(4.60)

no . )
f]+1 — f] tj+1 a
FFgD;X’A(y(t)) = z At f E, [_ 1—a (tn+1 - T)a]
j=0 t

J
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Represent the following by y =ty =T,y = thy1 =, ¥ = thy1 —

FFEDO(A(y(t)) Zf”l fttml—fj E, (_ a ya) dy

n+1— b1

FFED“A(y(t)) Zf}+1 —fi ftn+1 t] ]dr

tn+1 t1+1

n . .
f]+1 _f]
0100) = Y L b
]:
a tnt1 — tj
= baz [_ 1- aya] |tn+1 — it

T it )
E©)= ), R N A Y

—Ey, [— —(n—j+ 1)°At|

FFEDaA(y(t)) Zf”l f][Eaz[— (n ])“At]

— Eqp [— (Tl j+ 1)“At]l

Therefore:

tj+1, dt = _dy

(4.61)

(4.62)

(4.63)

(4.64)

(4.65)
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HRCOR

AB(a) a a

= G ay|Ba [ 7=5 (= Deat] 10
L fiAL_ f ) (4.66)

+ Z) AL [Eaz [— L= At]
=

—E,, [— (n —j+ 1)“At]l

When there is more than one variable:
FFE oA AB(a) a .
5D (y(1) = ) IEa [—m(n —j)“At] h(r,0)
+ Z(h{“ —h}) | = DEes (- - - —(n— Heaee)
j=0
(4.67)

= (1= ] + DEgy (- (n = j + D°8t°)]

_T[HE 2h LA — R
S (Ar)? T Ar

Due to the appearance of the generalized Mittag-Leffler function on the discretized
equation, use could revert the equation to the Volterra type then suggest a comparable
approximation integral.

0%h(r,t) 10h(r,t) (4.68)
or? r or

48D h(r, t)——[

T [0%h(rt) | 10h(r1)
ar? r or

Represent - [ ] =F(r,t,h(r,t)

We then apply the fractal-fractional integral on both sides to have:
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h’(r; t) - h(T, O)

_d-opd

=B Fnth(D) 69
af t ) .

T ABr@ Ofﬁ_ (t = D*F(r,7, h(r,))de

At (13, t,4+1) We have
h(ri' tn+1) - h(Ti 0)

AB( ) 'Btf+11 (Ti,tn,h(ﬁ,tn>)

+ L tn+1’[ﬁ—1(t —_ T)a_l F (r. T h(r T)) d,l_
ABT ()T () J, n+1 T, h(r;

(4.70)

h(ri' tn+1) - h(Ti 0)

AB( )'Btn+1 (ri,tn,h(ri‘tn))

R (4.71)
AB(a)F(a)Z ft Pt

—7)*1F (Ti,T' h(ri,T)) dt

For simplicity we let y(r;7,a, ) = TF~1F (ri,t, h(Ti,T))

h(ritns1) — h(r;, 0)

_ af tiv1 .
B Wj:zo '];j Y T B)(tns —T)¥7NdT

af L ti+1 B
T ),

—1)*'F (ri,‘r, h(Ti,‘L’)) dt

(4.72)

At the integral [tjltjﬂ] we approximate r(rl-,r, a,,B) using the Lagrange interpolation



The Lagrange interpolation formula is a method used to find polynomials and it was
first published by Waring in 1779. The method was then re-introduced by Eulerin 1783
and then was officially published in 1795 by Lagrange. The Lagrange interpolation
polynomial is referred to as a polynomial that passes through all the points that are
pre-defined and it is often used in the construction of Newton-Cotes formula in

mathematics (Vuckovi¢, 2008).

The Lagrange interpolation has a consistent problem of a trade-off between having a
better fit and having a smooth well-behaved fitting function. The higher degree of the
resulting polynomial is achieved when using more data points and a greater oscillation
in interpolation function existing between the data points. And this is why the number
of data points must be optimal. The function between the points with greater error can

then be able to be predicted by a high-degree Lagrange interpolation (Vuckovi¢, 2008).
Applying the Lagrange interpolation:

P = (4.73)

—t;
Ly (nn @ f) + oy (it @ ) = T, )
J j-1 ]—1 j

h(ri,tn+1) - h(ri' 0)

AB(a)F(a) Z f ]+1

- a—1
- (@ B)) (g — D @.74)

AB(a)l“(a)z f T

—7)%"1F (n-,r, h(r, r)) dr

—t;_
t] ~y (it B)
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h(ri,tn+1) - h(ri; O)

AB(a)Z[F(a+2)y(Tt“ﬁ){(" JH D —j+2

+a)-(n—)*(n—j+2+2a} (4.75)

AO.’

~Fa g (b B =+ D = (=

+a+ 1)}]

Replacing the y(r;7, @, B) by T~ *F (r; 7, h(r,7)
h(ri,tn+1) — h(Ti, O)

tﬁ 1F(rl-,tj,h(ri,t]-){(n —_] + 1)“(7’1

AB(a)Z[F( +2)
. (4.76)
—j4+24+2a)—-(n—j)*(n—j+2+2a)}

A a
@ PG @B =+ D= (= )=

+a+ 1)}]

Thus, replacing the integral in the original equation, we get
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h(ri,tn+1) - h(ri; O)

_ (lﬁ At* B-1 T h(Ti+1'tj) - Zh(Tl"tj) + h(‘r,-_lltj)
~ AB() 4 4 3 Ar?
]:

Ma+2)7 S

1 h(ripty) — h(riy g . a )
+7‘_i A {n—j+1D*(n—j+2+2a)
—m=—)D*n—-j+2+2a)}
_ At” Z h(ri+1,tj—1) - Zh('ri‘tj_1> + h(ri—l,tj—l)
[(a+2)S Ar?

+ lh(ri+1,tj—1) — h(ri4q,
T 2Ar

tj—l)l {(Tl —j+ 1)a+1

—(n-Dn—-j+1+a)}

+ (1 B 0() ,Btﬁ_l h(ri+1,tn) - Zh(ri,tn) + h(ri—l,tn)
AB(a) " "*1 Ar?

N 1
T 2Ar

h(ri+1,tn) - h(ri—l,tn)l

4.77)
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CHAPTER 5: NUMERICAL STABILITY ANALYSIS

This chapter provides the numerical stability of the three operators’ numerical solutions

that have been generated in the previous chapter.

5.1. The Von Neumann stability analysis
The Von Neumann stability analysis was developed by Von Neumann at the Los

Alamos National laboratory but was only introduced to the public when it was
described briefly in an article by Crank and Nicolson in 1947. Since the beginning of
the 20™, the stability analysis has been an issue. The Cauchy problem leads to the
development of the Von Neumann stability analysis and now it is known as the
classical method to determine stability condition including the problems with the
periodic boundary conditions. This method is mostly used to determine necessary and

enough stability conditions (Sousa, 2009).

The Von Neumann analysis is based on the Fourier decomposition of numerical

solution if the periodic boundary conditions are assumed (Sousa, 2009):

N-1 ' (5.1)
U]ﬂ = Z k{} e¥p(ax)
P=0

Where i = v—1, ky is the amplification factor of the pth harmonic and {p = %. The

product of épAx is usually called the phase angle: 8 = épAx and covers the domain
[0,2m) in steps of %" The regions around 8 = 0 and around 6 = are said to be

associated with low frequencies and high frequencies respectively. The value 6 =«
corresponds to the highest frequency resolvable; the frequency of the wavelength 2Ax.
The time evolution of a single mode k™e? is determined by the same numerical
scheme as the complete numerical solution Uj*. Therefore by inserting a
representation of this form into a numerical scheme, a stability condition is obtained
by imposing an upper bound to the amplification factor, k (Sousa E., 2009). The
amplification factor satisfies the von Neumann condition if there is a constant k such
that:
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k(&) <1+ kAt, V&R (5.2)

The presence of the arbitrary constant in equation (5.2) is regarded too generous for
practical purposes, but also adequate for eventual convergence in the limit At — 0.
Therefore the inequality in (5.2) is replaced by the following stronger condition:

k(] <1, V§eR (5.3)

Or in terms of phase angle,

lk(8)] <1, V6e[0,21) (5.4)

This is referred to as practical stability or strict stability by many authors (Sousa E.,
2009). In certain instances, condition (5.2) allows numerical modes to grow
exponentially in time for finite values of At. Therefore condition (5.3) is recommended
in order to prevent numerical modes from growing faster than the physical modes of
the differential equation. The amplification factor satisfies the practical von Neumann

condition if:

k(&) <1, V&R (5.5)

5.1.1. The numerical stability analysis for the numerical solution of the

first operator
The first operator 3.12 is numerically approximated to find a solution for the

groundwater flow and the solution is then checked for stability. The solution in 3.43 is

then simplified as follows:
hi'(ay) + hi~'(az) — hiy4(as) — bt (as)

n 1 n-1 1
. a‘ﬁ .
L HE Z — W Tl
Bt n Bt J
=0 n+1 j=0 n

(5.6)

j=

If n =j then the sums can then be written as:
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h?(ay) + ni~*(ay) — hi,(az) — Al 1(a,)

= P58 4 1—5’?‘('5‘%”_2}11' s
= nn 1 n B1%n; (5.7)
ﬁ n+1 n+1 j=0 '8 n+1
n-2 ap
1 ST
i =R T
Btn j=0 ﬁtn
After grouping like terms:
1 5&F 1
hy 58 | + npt = N4 i (as)
l ( B ) ( T g e e | T Ml (58)
n-2 Ta,ﬁ
~hy(ay) = th R
n+1 j=0 :Btn
If:
h! = 6, ik, Ar] (5.9)
h?' = Spexplik,Ar] (5.10)
1 = §,_1explik,,Ar] (5.11)
R, = Spexplik,, (r + Ar] (5.12)
h, = Spexplik,,(r — Ar] (5.13)
Substitute the above equations:
. 1 a,f
Spexplik,Ar]| a ——5=10n/n
el
s&F 1
+6n_1exp[lkmAr]< ,BZZ T +,Btﬁ T gf )
n+1
— Spexplik,y, (r + Ar](as) — Spexplik,, (r — Ar](a,)
o (5.14)
1
= Z Spexplik,,Ar] = 5;:][;
j=0 n+1

5
[\S}

T“B

Spexplik,,Ar] B
0 Bty

-
Il



Apply the exponent rule: e**? = e, e?

1 a
Spexplik,,Ar] <a1 E = 6n,f)
Bt

Sef . 1 .
+ 8,_ explik,Ar]| a, — —5— + TP
n m 2 ﬁtﬁ_l ﬁtf_l nn—-1

n+1

— 8, exp(iky, 7). (iky,Ar) — 6, exp(ik,, v). (—ik,, Ar.a,)

n—2
] 1
= Z Spexplik, Ar] s Sr‘i'][’)
j=0 n+1

n—2 Ta,.ﬁ
- Z Spexpliky,Ar] —2
pei
j:O n

Then:
1 5%k 1
On (al - —6a’ﬁ> + & (a it &P
p-1-"nn n—1 2 B-1 -1 ‘nn-1
Btn+1 'Btn+1 'Btf
— Spexplik,,Arla; — 8, exp —ik,, Ar.a,
n—-2 n-2
=Z ! 8a’ﬁ—z ! T “h
ﬁ_l n:j ﬁ_l n'j
j=0 Btn'l'l j:o :Btn
_ 1 g - 1 g
Ifn=1then 12— 607 — X2 —— 1ot =0
ﬁtn+1 tn

1 5% 1

o (al — —Sa’ﬁ> +94 (a - r&F
f-1°11 0 2 -1 -1 °1,0
th ptf=t " gt

— 8,explikArla; — &, exp(—ik,, Ar.a,) =0

S |
80| G2 = —p25 +—o 1Y
( peot gttt

) . 1
=61 | elfmbras 4+ e~thmbra, —a; — ——=674
gt~
2

(5.15)

(5.16)

(5.17)

(5.18)
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ap
810 1 _af

51 A2 = 21T 5110
S1<1=|= e 1 7| <1
0 elkmAT‘a3 + e—lkmATa4 —a; — — 61:1
Bt;
Substituting a4, a,, a; and a,
R Y @B
At 510 At 510 _ 81'0 1 Ta'ﬁ
r@2-a) g " r(z-a) gt gtf—l ﬁtf_l 1,0

(5.19)

(5.20)

T
pikmar T+ T 1 o cikparT_ L T 1 (A% % T 2 1 gaf
SAr(r) S (Ar)? SAr(r;) S (Ar)? rGz-a) pdy ' s (a2 gt UL

<1

eif 1 o—i6

Apply rule: cos 6 = Y
o otf ace b\ 0 1 e
F(Z—a)ﬁtf_l F(Z—az)ﬁtf_1 ﬁtf_l ﬁtf_l 1,0

T 1 T 1 (e S T 2 1 cap
ZLSAﬂn)+S<m02am(kmAr) Q@—@'&?1+5@02 ﬁé“laLl)

<1

(5.21)

We assume for n that |§,| < |6,|, equation (5.21) as |§|and we want to prove that

5n+1

<1

0

Ont1
n

)

B n-2 n-2
J pabB J @B
j=0 j=0

B n-2 n-—2

g b j b

Snir <0+ ) ol o7l = oo
=0 =0

Apply rule: |a+b| = |a] + |b]

B n-2 n-2
8uual <[] 1801+ Y I8 |@f | = Do)
j=0 j=0

apB
@

Because |6,| < |8,] , therefore:

(5.22)

(5.23)

(5.24)
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(5.25)

A n—2 n—2
Bl < [5] 1861+ Y 180l [ o]+ > 16o1|0f
=0 =0

5o S (5.26)
n Qa,
5. |B|+Z|¢> |+Z|CD""'|<1
Jj=0
Then the condition for stability is:
[/ (AF“ 5% At ﬁg>__ 538 +——1%F
min | r@e-o) gt r(2-a) gt ﬁtf_l ﬁtﬁ 1710 ﬂ
n=0| T e o T 2 1 cap)| Bl
[\ 2L sm(ro +§<A 2 cosllemAr) = (r(z— 5 5T T san 01 )
(5.27)

e —

- Sl Z|‘1’ \|<1
/

5.1.2. The numerical stability analysis for the numerical solution of the

second operator
This section represents the numerical stability of the numerical solution of the second

operator chosen for this study.

We recall our numerical solution in eq. 3.44
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M(a)
s ia-w|

n+1

xp [— T f . (n —j)At] h(r,0)

no,j+1 ]
W™ —h] «a

+Z : exp |— ¢ (n—j+1)At]
. At 11—« L 11—«
j=o
a
— exp [— = (n —j)At]l

_ z h?++11 - Zh?ﬂ + h?—+11 lh?++11 - h?—+11
S (Ar)? T Ar

Further simplification:

M(a)
BT —w|

xp [— T iz " (n —j)At] h(r,0)

LR j
h{ —h{ a a

+Z At 1—«a

=0

[exp -1= a(n —j+ 1)At]

a

— exp [— T o (n —j)At]l

= nz r T )+_hn+1(i)
*1\S(Ar)?2 * SrAr too\S(Ar)?

R (5((ATr)2) - s&))

To simplify the equation

(5.28)

(5.29)
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n .
Wt —n
G“(ri, O) + #5;{]-
j=0

T T 2T
= hz )+ =k (5)

S(Ar)? + Sr;Ar

+hi%y (S ((Zr)z) S (Zr))

S(Ar)?

j=0

=h’-1+1< T 4 T )—h’?”( 2T )
*1A\s(Ar)?  SrAr o\Ss(ar)?

+hiy (S ((Zr)z) S (Zr))

e+ (5_> _pn (_>
L At Y\ At
2

=05 s 52 )
1 A\S(Ar)?2 * SriAr to\S(Ar)?

R (:;((ATr)Z) - S(Zr))

After grouping like terms

hn+1(%+i>_hn(%>_hn+l( . T)
' At  S(Ar)? P\ At H1AS(Ar)?2 - SriAr

2 s )
=1 \s((Ar)?2)  S(Ar) At

Using the Von Neumann analysis to check for stability

(5.30)

(5.31)

(5.32)

(5.33)
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n—Zh{'+1 _ hlj 6a ~ 0
t M

hi™(ar) — hi(az) — hifi (az) — hi%y (a,) + A

Jj=0

Representation

h? = 6pexplik,Ar]
hitt = 8pyiexpliky,Ar]
h?++11 = Opi1explik,, (r + Ar]

h?—+11 = n+1€Xp[ikm(T' - AT]

Substitute the above equations

Spirexpliky,Arla; — SpexplikArla, — 8, 1explik,, (r + Ar]as

[t S R |
— Oprexpliky, (r — Ar]a, + Z ———65;,=0

: At
Jj=0

Apply the exponent rule:e®*? = e® eb

Spirexplik,Arla; — 8,explikArla, — 8,41 exp(ik,, 7). (ik,Ar)as
n-2 !'_l_l _ h]
— 8p1exp(ik,,r)(—ik,Ar)a, + Z #5% =0
=0

Then simplify by cancelling out:

On+1a1 — 0nAy — 8pyq (ikpAr)as — 6ppqexp(—ikyAr)a,

n-—2

o
+ W=k 5%, =0
At M

j=0

If n =1 then

n-2, j+1 '
h{ —h!

is =
ac O =0
j=0

(5.34)

(5.35)
(5.36)
(5.37)
(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

52



Therefore:

§,a, — 8,a, — S,exp(ik,,Ar)as; — 6,exp(—ik,,Ar)a, =0

5, (611 _ eikmAra3 _ e—ikmAra4) = 6,a,

52 1 ay 1
&, <l= a; — elkmAra3 —e lkmATa4 <
Substituting a4, a,, a; and a,
Therefore:
Onn o 2T ikmdr _T T pikpar _T T
At S(Ar)? S(Ar2  SriAr S22  Sian
0, ,—if
+
Apply rule: cos 8 =2 Ze
5 2T T * 2T <1
nn _
At + S(Ar)Z2  S(Ar)2 + SriAr COS(kmA‘I") |
S T Ath <1
nn _
At + S(Ar2  SrAr COS(kmAT') |
5% n T 2T .
If ot S Srar cos(k,,Ar) > 0 Then:
oF oF T 2T
—= — cos(k,Ar)

At S At TS@rZ Srar

(5.43)

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)
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(5.50)

cos(k,,Ar) <

Sr;Ar S(Ar)?

Since —1 < cos(k,,Ar) <1
Therefore

o _ T (5.51)
SriAr ~ S(Ar)?

After simplifying then:

2 1 (5.52)
—_ < —_—
;.  Ar

Then:
Ar 1
ar .l (5.53)
T 2

5.1.3. The numerical stability analysis for the numerical solution of the
Third operator

This section represents the numerical stability of the numerical solution of the third

operator chosen for this study.

We recall our numerical solution in eq. 3.55

54



h(ri,tn+1) - h(ri; O)

_ (lﬁ At* B-1 T h(Ti+1'tj) - Zh(Tl"tj) + h(‘r,-_lltj)
~ AB() 4 4 3 Ar?
]:

Ma+2)7 S

N lh(rHLtj) - h(ri—l,tj
T; 2Ar

—(n=N*n—j+2+2a)}
At” lh(TH_l 1) - Zh('ri‘tj_1> + h(ri—l,tj—l)

)l{(n—j+1)“(n—j+2+2a)

" T@+2)Ss Ar2 (5.54)
1h(rip1tioq) — h(rigo ti-

Lz (rias, j 1) = h(risy, j 1)] {(n—j+ 1)+
T 2Ar

—(n-Dn—-j+1+a)}

(1 B 0() ﬁ 1 h(ri+1,tn) - Zh(ri,tn) + h(ri—l,tn)
tAB(a) Pl l Ar?

+ lh(ri+1,tn) B h(ri—l,tn)
T 2Ar

We then replace h(r;, t,.1) = h***and h(r;, 0) = h?for simplicity and then we represent

the following by:

j,n aﬁ Ata ﬁ-lL . 3 . (5.55)
“ T AB(@)T(a+2) 4 SAT2 {(n—j+D*n—j+2+2a)
—(n—)N*(n—j+2+2a)}
L ST T (5.56)
“2 T UB(@)T(a+2) G Zgrim{(n j+D*(n—j+2+2a)

—(n—)D*(n—j+2+2a)}
jin _ af At“

% = D Ta D sar =+ DT == —j+ 1+ @)} (557)
"= aﬁ At T — a+1
%" = AB(a)T(a + 2) 2SrAr n—j+1) (5.58)
- (n—j)“(n—j+ 1+ a)}
jn _ (1~ a) (5.59)

5 AB(a) 'B "+1 Ar2
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jin _ 1-a 1
6 18 n+1
~ AB() T rAr

Then substitute the simplifications into the equation:

n

h?“ - h? = z n(hl+1 - Zh{ + h] 1) + a’én(hl+1 - h] 1)

j=0

al™(hl7 =207+ hT) +

i+1

+ a5 "(ht, — 2R + A1) + a (R, —

Further simplification

h{ = §jexplik,,r]
h]

141 = Ojexplik,, (r + Ar)]
h!_ = §;explik,,(r — Ar)]
h{:l = §jp1explik,, (r + Ar)]
h!__ = §j_1explik,, (r — Ar)]
h{+1
h{_ = §jexplik,, (r — Ar)]

h?' = Spexplik,,r]

h? = Syexplik,r]

n+1
hi

= §j_1explik,, (r + Ar)]

= Spirexplikpr]
h?, = 6pexplik,, (r + Ar]
h* , = 6pexplik,, (r — Ar]

Then substituting everything into the equation:

1 1
] _h]

(5.60)

(5.61)

(5.62)
(5.63)
(5.64)
(5.65)

(5.66)
(5.67)
(5.68)

(5.69)
(5.70)
(5.71)
(5.72)
(5.73)
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Onrrexplikyr] — Soexpliky,r]

n

= z a{’n(Sjexp[ikm(r + Ar)] — 2(5jexp[ikmr])

=0

+ 8jexpliky, (r — Ar)])

+ )" (8;expliky (r + Ar)]
— al™(8;_1expliky, (r + Ar)]
+ 8;_1explik,, (r — Ar)])

+ a4 ( _rexplik,, (r+ Ar)] —
+ a5’ " (S expliky, (r + Ar] —
+ 8, explik,, (r — Ar])

+ a6 (S expliky, (r+ Ar] —

Apply the exponent rule: e4*? = ¢4, eb

— 8jexpliky, (r — AT)])

— 2(8;_1explikny, (r — AT)])

8j_qexpliky, (r + Ar)])

2(6pexplik,,r])

Spexplik,, (r — Ar])

(5.74)
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Snyrexpliky,r] — dpexplik,,r]

n

= Z a{’n (6jexp(ikmr). exp(ik,Ar) — 2(5jexp[ikmr])
=0

+ 8exp(ik,,1). exp(—ikmAr))

+al® (Sjexp(ikmr). exp(ik,, Ar)

— Sjexp(ik,,1). exp(—ikmAr))

- aé’n (Sj_lexp(ikmr). exp(ik,,Ar)

-2 (Sj_lexp(ikmr). exp(—ikmAr)) (5.75)
+ 8;_1exp(ik,,1). exp(—ikmAr))

+ ai’n (Sj_lexp(ikmr). exp(ik,,Ar)

- j_lexp(ikmr).exp(ikmAr))

+ aé’n (Snexp(ikmr). exp(ik,,Ar) — 2(5,explik,,r])

+ 8pexp(iky,r). exp(—ik,,Ar))

+ aé’n (8nexp(ikp,1). exp(ik, Ar)
— 8pexp(iky,r). exp(—ik,,Ar))

After simplifying by cancelling out the equation becomes:

n

Opi1 — Oy = z a{’n (Sjexp(ikmAr) - 2(6]-) + 6jexp(—ikmAr))

j=0

+ aé’n (Sjexp(ikmAr) - 5jexp(—ikmAr))

— ag,n (Sj_lexp(ikmAr) -2 (6j_1exp(—ikmAr)) (5.76)
+ 6j_1exp(—ikmAr)>

+ ai’n <6j_1exp(ikmAr) - 8j_1exp(ikmAr))

+ al" (8nexp(iknAr) — 2(8,) + Spexp(—ikyAr))

+ al" (8nexp(iknAr) — 8,exp(—ik,AT))



After factorizing, the equation becomes:

n

Ons1— 0 = Z (a{’ndj(exp(ikmm) — 2 + exp(—iky,Ar))

=0
+ a8, (exp (iknAr) — exp(—ikny Ar))

- al"5;, (exp(ikmAT) — 2(exp(—ik,,Ar))

(5.77)
+ exp(—ikmAr))
+ ai’nSj_l(exp(ikmAr) - exp(ikmAr)))
+ aé’nén (exp(ikp,Ar) — 2 + exp(—ik,,Ar))
+ aé’nSn (exp(ikpAr) — exp(—iky,Ar))
i, ,—i6
Applying rule cos 8 = £ +2€
n
jn ) kmAr jn . .
Ons1— 0o = z a;” 6;| —4isin ( > ) + a, (Sj(ZLSLn(kmAr))
7=0
k A
- aénéj 1( 4isin? r)) +a)" 8;_1(2isin(kmAT)) (5.78)

kAr

+al"s, (—4isin ) + al" 8, (2isin(k,,Ar))
The next step is to find in general the condition under which v,;j € [0,N]|8,,| < |6]

When n = 1, the following condition exists:

k., Ar ;
8§, — 6y = a 8, (—4sin2 (mT>> + 2iaé‘080(sin(kmAr))

K Ar y (5.79)
- a1 08, | —4sin? (T) + 2ial 60(sin(kmAr))

Then taking §, to the other side and factorizing:
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; k., Ar ;
8, =8 (1 — 4a/°sin? (T)) +2ial® (sin(k,,Ar))

. k. Ar . (5.80)
— 4alsin? (mT) + 2ia)° (sin(kp, A1)
Then dividing both sidesd:
é k., A ; ; : . 81
Sl =1 - asin? (F2) (2° - o) + 2i(sinClnan) (@l + )| O
0

By representing A= 1 — 4sin? (*2) (a® — al®)and B=2(sin(k,ar))(al° +al®),

then substitute in the equation:

82
= |A+iB| = /A2 + B2 (5.82)

!

8o

The condition is as follows:

5.83
<1 -+ A24+B2<1 ( )

!

8

Therefore, the numerical scheme is stable if

2

2
(1 — 4sin? (kmAr> (aé’o — a{’o)) + (Z(Sin(kmAr))(aé'O + ag’o)) (5.84)

2

<1

Sn+1

< 1 then we prove that 5
0

Now we assume that vn > 1. %
0

However:
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k., Ar ‘n
Ops1 = Oy + Z{ ( 4sin? (T)) +aj 5j(2i5in(kmAr))
jm 2 kmAr jm .
—az 6j_, | —4isin (T) + a, 6]-_1(2151n(kmAr)) (5.85)

; k., Ar -
+al"6, (—4isin2 (mT)) + al™ 8, (2isin(k,AT))

And then

n
k,,A
|841] < |80] + Z|5j| <4Sin2< mZ T) 6 + a ey (ZLsm(k Ar)))

=0
n
kA ;
+ Z|5j_1| <4sin2< mz r) ay"8;
7=0 (5.86)

+ ai’nSJ- (Zisin(kmAr)))

n

k., Ar

+ 2|6n|<4sin2( n
=0

) 6 +a 6(2Lsm(k Ar)))

By indication, we know that vn > 1 and |6, | < |§,| therefore

|6n+1| < |60| 1

n
kn ATy ;
+ z {4sm ( ) ™ + a)" (2isin(k,, Ar))

j=0

(5.87)

km ATy ;
+ 4sin? ( mz )aé’" + (Zisin(kmAr))ai‘n}

k., Ar
+4a5 sin ( mz >+2isin(kmAr)
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Dividing both sides by §,

n
kAT ;
Oner (4 + Z {4sm ( ) ™ + al"(2isin(k,, A1)

j=0

kmAr>
2

+ 4sin? ( ay" + (Zisin(kmAr))ai’"}

; k., Ar
4 jn . 2( m
+ 4ag" sin >

) + 2isin(kpAr)al™

The condition whenn =1

5n+1 k Ar

|1—4sm( )( ]1+aé1 s

+ 2isin(ky,Ar) (a' + a) al?

For further simplification, the following representations are made:

knAry o
C = 4sin? (mT> (al* +al a5 I and
D = 2isin(knAr)(alt + aftal?)

Therefore, the condition is

Ont1

8o

<1 -4C24+D2<1

Represented by

2
oA o
<4sin2 ( mz T) (af" + aé'laé'l)) + (ZSin(kmAr)(aé‘1 + ai‘laé’l))z

Therefore, the numerical scheme is stable if

(5.88)

(5.89)

(5.90)

(5.91)

(5.92)
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min <

.

\

k., Ar ; ;
(1 ~ asin? (<2=) (al° - af*)

;

+ (Z(Sin(kmAr))(aé'O + aé'o))z

\

k., Ar

, <4sin2 (—

<1

aj +CL3 as

2

+ (ZSin(kmAr) (aé"l

J

(5.93)
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CHAPTER 6: NUMERICAL SIMULATIONS

6.1. Introduction
In this chapter, numerical simulations of the new numerical solution are represented

to model the groundwater flow in a confined aquifer with dual layers. For the purpose

of this task, MATLAB is used, and the simulations are portrayed from figure 5 to 36.

6.2. Results and Discussions
In the last passed decades, researchers relied on the classical differentiation and

integration to depict groundwater flow within a confined aquifer. The model that was
introduced by Theis was used in many situations to determine aquifer’s parameters
including storativity and transmissivity, however, when matching the collected data
with a mathematical formula, they always observed disagreement between the
mathematical formula and the collected data. A scientific question to be asked at this
stage is: Does the collected data depict real world situation and is free from
uncertainties? Or does the used mathematical model really replicate the situation?
Now if the answer happens to be: Yes, the collected data represents the real-world

problem, then one will, therefore, question the ability and the accuracy of the model.

To solve this problem researchers introduced the concept of differential operators with
power law process, exponential decay law process and finally the generalized Mittag-
Leffler kernel. While these new concepts have been used very successfully to capture
the groundwater flow with power law, exponential decay law and the crossover
processes, it was noticed that there was some flow behaviour that could not be really
replicated using these three concepts. Therefore, a new concept that combines self-
similarities and (power law, exponential decay law and the crossover process) were

introduced, which was used in this thesis.

Mathematical software was used to produce and represent numerical simulations of
groundwater flow in a confined aquifer with dual layers using modified mathematical
approaches of fractal-fractional operators. Numerical simulations are depicted in figure
5 to 36 for different values of fractional orders and fractal dimensions. The three
concepts were used in this simulation including the model with fractal-fractional with
power law, the model with fractal-fractional with exponential decay law and finally the

model with crossover effect. Three majors flow types are observed from the numerical
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simulation including fast flow, normal flow and slow flow. These three flows are mostly
observed when the fractal dimension is reduced to zero which helps capture only

natural flow with no self-similar properties.

These are of course in agreement with the properties of the new concept as the fractal-
fractional differential and integral operators can be reverted to classical differential and
integral operators with fractional order. On the other hand, when the fractal dimensions
are considered, then the model exhibit fast flow with self-similarities, slow flow withs
self-similarities and finally flow with crossover behaviour with self-similarities. In the
real field observation, these results can be connected to a geological formation with
dual media. The numerical solution obtained here suggest that non-conventional
differential and integral operators are powerful mathematical tools able to replicate
very accurately heterogeneity of the geological formation within which the sub-surface

water flow.

Contour plot

time
m
I
l

50 100 150 200 250 3 350 400

Figure 5: Contour plot numerical simulation for scale factor 1
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Figure 6: Contour plot numerical simulation for scale factor 0.9

Contour plot

Figure 7: Contour plot numerical simulation for scale factor 0.4
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Hydraulic head in a confined aquifer
5

45

S
o

Hydraulic head

Figure 8: Numerical presentation groundwater flow in a confined aquifer with respect to hydraulic head and space with a
scale factor of 0.4

Hydraulic head in a confined aquifer

200

time

Figure 9: Numerical presentation of groundwater flow in a confined aquifer with respect to space and time with a scale
factor of 0.4
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5

Hydraulic head in a confined aquifer

u\||‘|‘|“wnul\H\"\Hﬂmm
o 100 200

Hydraulic head

300 400
space

500

Figure 12: Numerical simulation of groundwater flow in a confined aquifer with respect to hydraulic head and space with a
scale factor of 0.4

Hydraulic head in a confined aquifer

Hydraulic head

Figure 13:Numerical simulation of groundwater flow in a confined aquifer with respect to hydraulic head and time with
scale factor of 0.4
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Hydraulic head in a confined aquifer

100

0 05 1 15 2 25 3 35

time

Figure 14: Numerical simulation of groundwater flow in a confined aquifer with respect to space and time with a scale
factor of 0.4

Hydraulic head in a confined aquifer

Hydraulic head

Figure 15: Numerical simulation of groundwater flow in a confined aquifer with respect space and time, showing the
hydraulic head and using a scale factor of 0.4
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Hydraulic head in a confined aquifer

Figure 16: Numerical simulation of groundwater flow in a confined aquifer with respect to hydraulic head and space with a
scale factor of 0.7

Hydraulic head

space

Hydraulic head in a confined aquifer

Hydraulic head

space

Figure 17:Numerical simulation of groundwater flow in a confined aquifer with respect to hydraulic head and space with a
scale factor of 0.7
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Figure 20:Numerical simulation of groundwater flow in a confined aquifer with respect to space and time with a scale factor
of 0.7
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Figure 21: Numerical simulation of groundwater flow in a confined aquifer with respect to space and time, showing the
hydraulic head using a scale factor of 0.7
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Figure 22: Numerical simulation of groundwater flow in a confined aquifer with respect to space and time, showing the
hydraulic head using a scale factor of 0.7
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Figure 23: Numerical simulation of groundwater flow in a confined aquifer with respect to hydraulic head and space using a
scale factor of 0.2

sssss

74



Hydraulic head in a confined aquifer

Hydraulic head

time:

Figure 24: Numerical simulation of groundwater flow in a confined aquifer with respect to hydraulic head and time using a
scale factor of 0.2

Hydraulic head in a confined aquifer
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time

Figure 25: Numerical simulation of groundwater flow in a confined aquifer with respect to space and time using a scale
factor of 0.2
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Hydraulic head in a confined aquifer

Hydraulic head

space o

Figure 26:Numerical simulation of groundwater flow in a confined aquifer with respect to space and time, showing the
hydraulic head using a scale factor of 0.2

Hydraulic head in a confined aquifer
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Figure 27: Numerical simulation of groundwater flow in a confined aquifer with respect to hydraulic head and time,
showing the hydraulic head using a scale factor of 0.05
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Hydraulic head in a confined aquifer

45

Hydraulic head

1000 900 800 700 600 500 400 300
space

Figure 28: Numerical simulation of groundwater flow in a confined aquifer with respect to hydraulic head and time,
showing the hydraulic head using a scale factor of 0.05

Hydraulic head in a confined aquifer

Hydraulic head

Figure 29: Numerical simulation of groundwater flow in a confined aquifer with respect to hydraulic head and space,
showing the hydraulic head using a scale factor of 0.9
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Hydraulic head in a confined aquifer

-

400 350 300 250 200 150 100 50 05 4 3‘ 2 1 o
space time

Figure 32: Numerical simulation of groundwater flow in a confined aquifer with respect to hydraulic head and space, using
a scale factor of 0.9

Hydraulic head in a confined aquifer

0 50 100 150 200 250 300 350 400
space

Figure 33: Numerical simulation of groundwater flow in a confined aquifer with respect to hydraulic head and space, using
a scale factor of 1
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Figure 34: Numerical simulation of groundwater flow in a confined aquifer with respect to hydraulic head and space, using

a scale factor of 1
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CONCLUSION

With the new challenges faced by researchers when trying to understand the flow
within a given confined aquifer, researchers look for new and sophisticated
mathematical operators able to include into mathematical formulation the
heterogeneity of nature. The genesis of such model was initiated by Theis who used
the concept of inflow, outflow and the continuity to derivative the flow equation within
a confined aquifer. While this model was used successfully in many cases, the
deviation of mathematical model with the observed facts let no doubt that the
suggested mathematical model has some limitations. The limitations are associated
with the fact that the Theis model in addition to the simplification made to obtain it,
then used the concept of differential operator based on the rate of change. This
operator cannot consider flow following the non-Markovian process. It cannot depict
flow following the crossover process where the water flow from matrix soil to fracture
or the reverse. This model cannot depict flow within the fracture, also the flow
following fading velocity cannot be depicted. However, to solve this problem, fractional
differential operators based on power law have been used intensively to model the
flow within the geological formation as the power law has some important properties
helping to capture long-range that can be associated to flow within a fracture, a great
feature that the classical differentiation cannot account for. Nevertheless, while such
model can also be used to replicate flow with fading velocity, however, the limitation
of such model is that the fading velocity does not have a beginning and an end due to
the very long tail of the power law. Additionally, the flow within a self-similar feature
cannot be replicated here. In this thesis new operators called fractal-fractional
derivatives were used to generalise the flow within a confined-fractured aquifer with
dual media, three different physical laws are used. The new models are solved
numerically using the newly suggested numerical scheme. Numerical simulation
shows a connection between the fractional order, fractal dimension and the

heterogeneity of the geological formation.
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