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Chapter 1

Introduction

1.1 Background

Electricity demand forecasting involves planning under uncertainty and has to

cope with operational, tactical and strategic planning. Planning under uncer-

tainty in the electricity sector involves determining appropriate location of a

generating plant, plant size, transmission and distribution (load flow analysis,

analysis of the frequency and occurrence of extreme peak loads and schedul-

ing of electricity). Uncertainties in electricity demand forecasting may arise

due to increased technology making use of electricity, population growth, gen-

eral randomness in individual usage of electricity, prevailing economic and

weather conditions. Uncertainty is involved in variables such as electricity

demand, raw material supply cost (coal, gas, amount of water needed for hydro-

electricity generation, etc), electricity generation and generation cost.
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1.2 Statement of the Problem

Electricity demand forecasting is carried out for various time frames, from

short term to long term forecasting. Short Term Load Forecasting (STLF) is

important for scheduling of electricity, for daily system operations and for sup-

ply and demand balance of electricity (Taylor, 2008). Medium Term (MT) fore-

casts are generated for up to a few years ahead which are important for risk

assessment and maintenance planning. On the other hand long term electric-

ity demand is important for strategic planning which involves capacity expan-

sion, power system planning, power security and supply reliability (Ismail et

al., 2009). Long term peak electricity demand forecasting ranges from several

months to several years ahead (Hyndman and Fan, 2008). In this thesis we

concentrate on short term daily peak electricity demand forecasting.

Short term peak electricity demand in South Africa is not only influenced by

means and averages but also by the tails of probability distributions. The prob-

lem considered in this thesis consists of developing accurate forecasting mod-

els for short term daily peak electricity demand and developing a modelling

framework for assessing Extreme Daily Peak Electricity Demand (EDPED) un-

certainty in South Africa.

1.2.1 Peak electricity demand

Short term daily peak electricity demand forecasting is important for load man-

agement (i.e. load flow analysis, scheduling of electricity, etc.). Modelling of

extreme daily peaks helps in the analysis of the frequency of occurrence of ex-

treme daily peak load forecasts. This helps in the quantification of electricity

which can be shifted to off peak hours which is important for grid stability by

a power utility company. This also helps in determining the number of criti-

cal peak days. A critical peak day is defined as one in which demand exceeds
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normal demand which may cause severe stress on the power system. A crit-

ical peak price (a tariff higher than the off peak tariff) is then used on all

those days which have been declared critical peak days. Critical peak days are

determined by various factors which include among others, extreme weather

conditions, special calendar events and generating capacity constraints. The

quantification of the number of critical peak days can also be done by mod-

elling of extreme daily peak loads.

Predictions of short term peak electricity demand can be achieved by includ-

ing in forecasting models important drivers of electricity demand (Hyndman

and Fan, 2010; Fan and Hyndman, 2012; among others). Several factors which

affect peak electricity demand are population growth, weather variables, cal-

endar effects, economic variables, changing technology as well as the general

randomness in individual usage (Hyndman and Fan, 2010). Peak load fore-

casting is also affected by other factors such as transmission and generation

constraints, interruption of supply which include power outages, tariffs includ-

ing demand side management also known as load management. Weather vari-

ables include temperature, humidity, wind speed, cloud cover and precipitation;

economic factors are gross domestic product, producer price index, population

growth; calendar effects include day of the week effect, holiday effect (Munoz

et al., 2010).

Peak electricity demand is an energy policy concern for all economies through-

out the world, causing blackouts, power outages and increased costs of elec-

tricity (Strengers, 2012). As a result many countries around the world are

designing energy efficient and demand side management (load management)

strategies to either redistribute or reduce electricity demand during peak peri-

ods. In this thesis we propose a modelling framework which deals with short

term predictions of Daily Peak Electricity Demand (DPED) and use of extreme
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value theory to quantify the amount of the predicted DPED to be shifted to off

peak periods. The modelling framework discussed in this thesis can also be

used to assess the frequency and level of occurrence of extreme DPED which is

important in guiding planning in the optimal scheduling of electricity.

1.2.2 South Africa

Efficient use of electricity in South Africa is a national priority and a neces-

sity for the future economic development of the country. Forecasting electricity

demand constitutes a vital part of energy policy of a country, especially for a de-

veloping country like South Africa whose electricity demand has grown rapidly

over the past twenty years since democracy in 1994.

The data used in this thesis is from Eskom, South Africa’s power utility com-

pany. The data considered is Net Energy Sent Out (NESO) in response to

demand for electricity. NESO (measured in megawatts) is defined as the rate

at which electrical energy is delivered to customers. In this thesis, NESO is

used as a proxy of electricity demand after adjusting for energy losses. The

data are for the period 2000 to 2010. This definition of electricity demand has

its weaknesses. Electricity demand is bounded by the power plants’ capacity to

provide supply at any time of the day, including the need for reserve capacity.

Demand cannot exceed supply. If demand were to exceed supply, intervention

takes place in the form of, for example, load shedding. This NESO definition

excludes the demand from people, companies, who are willing (or unwilling)

and able (or unable) to pay for electricity, but currently do not have access to

electrical power. Despite the weakness in the NESO definition of electricity de-

mand, it is still a good and measurable proxy for electricity demand. The NESO

considered in this thesis is Daily Peak Electricity Demand (DPED) which is the

maximum hourly demand in a 24-hour day period. Aggregated DPED data are

used for the agricultural, commercial, domestic and industrial sectors of South
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Africa.

In line with our definition of NESO is the definition given by Cottet and Smith

(2003). Cottet and Smith (2003) define electricity load as electricity demand if

electricity generated is equal to electricity drawn from the grid in the absence

of blackouts and load-shedding.

Daily peak electricity demand in South Africa has been increasing steadily

over the years 2000 to 2008 and levelled off after 2008 as shown by Figure

1.1. After 2009 electricity demand started increasing again. The decrease in
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Figure 1.1: Daily peak electricity demand in megawatts for the years 2000 to
2010.

electricity demand over the years 2008 to 2009 is probably due to blackouts

and energy saving campaigns. This was happening during the period of world

recession which led to load shedding. The data in Figure 1.1 exhibits strong

seasonality and is not stationary. In this thesis data will be made stationary

by: (1) detrending and the detrended data will be used for modelling winter
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peak electricity demand, (2) taking first difference which will give rise to day

to day changes in peak electricity demand and (3) seventh difference which will

give rise to same day of the week changes in peak electricity demand.

Historical data on temperature from 36 meteorological stations from all the

provinces of South Africa are also used in the modelling of daily peak demand

forecasting. A plot of the average daily electricity demand against average

daily temperature is given in Figure 1.2. A visual inspection of Figure 1.2 sug-

gests that the relationship between temperature and electricity demand is non-

linear and that electricity demand is more sensitive to cold temperatures than

hot temperatures in South Africa. Some of the challenges faced by Eskom is the
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Figure 1.2: Scatter plot of daily peak electricity demand (in megawatts) against
average daily temperature (in degrees Celsius).

description of the influence of temperature on electricity demand and that of

accurate predictions and modelling of peak electricity load forecasts. Accurate

peak load forecasts are important as they assist decision makers in improving

capital expenditures which include securing of adequate capacities for gener-
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ation, transmission and distribution. Daily, weekly, monthly and annual load

profiles help in determining the time and level of peak loads. A typical daily

load profile for South Africa is given in Figure 1.3. The daily load profile shown

in Figure 1.3 is bimodal with two peaks, one in the morning around 09:00hrs

and the other in the evening around 20:00hrs. DPED is around 20:00hrs. A
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Figure 1.3: Daily load profile. There are two peaks, one in the morning and the
other peak in the evening.

typical yearly load profile for the year 2007 given in Figure 1.4 shows that

there are two peaks, one in winter and the other in summer. The winter period

in the Southern Hemisphere is between May and August of each year. In South

Africa demand for electricity increases significantly in winter than in summer

as shown in Figure 1.4.
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Figure 1.4: Daily peak electricity demand data in megawatts for the year 2007.

The weekly load profile given in Figure 1.5 shows that demand for electricity

decreases significantly on Friday through to Sunday. For the rest of the week

days the load variations are small.

1.3 Study aim and objectives

The main aim of this study is to develop a modelling framework which can

be used in the electricity sector for carrying out accurate assessments of the

frequency and level of occurrence of mean and extreme daily peak electricity

demand. The objectives are to

1. identify the major drivers of electricity demand in South Africa,

2. develop forecasting models for short term peak electricity demand,

3. model the tail behaviour of extreme daily peak electricity demand,

4. improve and extend some of the forecasting models,



Introduction 9

Mon Tue Wed Thu Fri Sat Sun

Day

Da
ily

 in
de

x (
%)

90
92

94
96

98
10

0
10

2
10

4

Figure 1.5: Weekly seasonal index plot of daily peak electricity demand.

5. suggest areas for further study.

1.4 Modelling framework: Interplay of Frequen-

tist and Bayesian analysis

In light of the problem statement the thesis concentrates on the modelling of

daily peak electricity demand in the energy sector using a frequentist and

Bayesian analysis. For large sample sizes the Bayesian approach with non

informative priors give results for parametric models which are similar to re-

sults from frequentist methods. However the Bayesian approach is more at-

tractive than the frequentist approach as it combines prior information with

data, enables analysis with small samples, the estimation is robust (Ardia and

Hoogerheide, 2010). The Bayesian approach does not rely on asymptotic ap-

proximation (Coles, 2001; Bayarri and Berger, 2004; Beirlant et al., 2004). The

Bayesian modelling framework obeys the likelihood principle which states that
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for a given sample of data, any two probability models that have the same

likelihood function yield the same inference (Gelman et al., 2004). Bayesian

analysis provides a coherent modelling framework for solving problems under

conditions of uncertainty (Marin et al., 2003).

Interplay of Bayesian and frequentist analysis is discussed in Bayarri and

Berger (2004). Bayarri and Berger (2004) identify the most common areas of

important and useful connections between the Bayesians and frequentists as

those scenarios when no external information, except the data and the model

itself, is to be introduced into the analysis. Bayarri and Berger (2004) indicate

that there are many areas of frequentist methodology that can be replaced by

the Bayesian methodology that provide superior answers.

1.5 Significance of the study

Energy security is very important for the economic growth of any country. It is

therefore important to have a reliable supply of electricity to meet demand at

any given time. Accurate load forecasts will enable effective load shifting be-

tween transmission substations, scheduling of start-up times of peak stations,

load flow analysis and power system security studies. Modelling of extreme

daily peak electricity demand improves the reliability and stability of a power

network.

1.6 Contributions

The major contribution of this thesis is in applying statistical techniques in

modelling mean and extreme daily peak electricity demand in South Africa.

The contributions are:

1. modelling the influence of temperature on electricity demand in South
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Africa,

2. quantification of the amount of electricity which can be shifted to off peak

hours. This is achieved through accurate assessment of the frequency and

level of future extreme load forecasts. This modelling approach provides

a policy framework for load curtailment and determination of the number

of critical peak days for power utility companies. This has not been done

for electricity demand modelling in the context of South Africa to the best

of our knowledge,

3. application of extreme value theory in modelling extreme daily electricity

demand winter peaks in South Africa,

4. application of extreme value theory statistical distributions in modelling

extreme daily increases and same day of the week increases in peak elec-

tricity demand,

5. extension of the general regression-seasonal autoregressive integrated

moving average modelling approach to a regression-seasonal autoregres-

sive integrated moving average-generalized autoregressive conditional het-

eroskedasticity model,

6. development of a piecewise linear regression model using both classical

and Bayesian statistical approaches, to explain the influence of tempera-

ture on daily peak electricity demand in South Africa,

7. estimating the extreme value index of the generalized single Pareto dis-

tribution (by Verster and De Waal, 2011; they only used the Bayesian

approach) using the maximum likelihood estimation method.

8. extension of an autoregressive moving average-exponential generalized

autoregressive conditional heteroskedasticity model to an autoregressive

moving average-exponential generalized autoregressive conditional
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heteroskedasticity-generalized single Pareto distribution. The developed

hybrid model can be used for modelling the risk of under or over demand

forecasts and also helps in determining the number of critical peak days

which are important for dynamic pricing programmes such as critical

peak pricing.

1.7 Thesis structure

The rest of the thesis is organized as follows. Chapter 2 reviews literature on

daily peak electricity demand forecasting. The thesis is divided into two broad

sections. Chapters 3-6 deal with modelling the mean of DPED. Peak electric-

ity demand is influenced by the tails of probability distributions as well as by

means or averages. At times there is a need to depart from the average think-

ing and exploit information provided by the extremes (tails of distributions).

Modelling of tail behaviour of DPED through the Extreme Value Theory (EVT)

approach is then covered in Chapters 7-11.

Modelling the influence of temperature on daily peak electricity demand us-

ing multivariate adaptive regression splines models then follows in Chapter

31. It is shown in Chapter 3 that electricity demand in South Africa is highly

sensitive to winter periods than summer periods. An extension of the analy-

sis of the effect of temperature on daily peak electricity demand discussed in

Chapter 3 is presented in Chapter 4 in which we model the effect of tem-

perature on daily peak electricity demand in South Africa using a piecewise

linear regression model. The use of the Bayesian parameter estimates to a

piecewise linear regression model in explaining the influence of temperature

on daily peak electricity demand is discussed in Chapter 52. The developed

1Daily peak electricity load forecasting in South Africa using a multivariate non-
parametric regression approach. ORiON Journal, Vol. 26(2), 2010, pp. 97-111.

2A frequentist and Bayesian regression analysis to daily peak electricity demand in South
Africa. African Journal of Business Management, Vol. 6 (40), 2012, pp. 10524-10533.
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model captures a wide variety of electricity demand drivers such as temper-

ature, seasonal, lagged demand and calendar effects. A Bayesian modelling

framework is introduced in the analysis so as to take into account uncertainty

in the estimation of the piecewise linear regression parameters.

In Chapter 61 we develop some hybrid models for daily peak electricity de-

mand forecasting in South Africa. We develop a regression with seasonal au-

toregressive integrated moving average errors (Reg-SARIMA) model to predict

daily peak electricity demand. Regression-SARIMA modelling which we call

Reg-SARIMA modelling framework captures important drivers of electricity

demand. The Reg-SARIMA model is then extended to a SARIMA model with

generalized autoregressive conditional heteroskedastic (SARIMA-GARCH) er-

rors and to a Reg-SARIMA-GARCH (Reg-SARIMA-GARCH). The Reg-SARIMA-

GARCH modelling methodology is introduced to accommodate the possibility

of serial correlation in volatility since the daily peak demand data exhibits non-

constant mean and variance, and multiple seasonality corresponding to weekly

and monthly periodicity.

Chapters 3 to 6 discussed the modelling of the means of daily peak electricity

demand. Electricity demand is also influenced by the tails of the distributions.

Chapter 72 discusses an analysis of the effect of temperature on daily electric-

ity demand in South Africa using extreme value theory. An analysis of extreme

low temperatures is important for load forecasters in the electricity sector. An

analysis of extreme daily and same day of the week increases in peak electric-

ity demand using a Generalized Pareto-type (GP-type) distribution which has

1Regression-SARIMA modelling of daily peak electricity demand in South Africa. Journal
of Energy in Southern Africa, Vol. 23 (3), 2012, pp. 23-30; Prediction of daily peak electricity
demand in South Africa using volatility forecasting models. Energy Economics Journal, Vol.
33(5), 2011, pp. 882-888.

2Modelling influence of temperature on daily peak electricity in South Africa. Journal of
Energy in Southern Africa, Vol. 24 (4), pp. 63-70.
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one parameter to estimate is discussed in Chapter 81. The GP-type distribu-

tion belongs to the domain of attraction of the Generalized Pareto Distribution

(GPD) and as such it is referred to as the Generalized Single Pareto Distribu-

tion (GSPD). A comparative analysis is then done with a GPD.

Chapters 3 to 7 established that electricity demand in South Africa is highly

sensitive to cold temperatures. A detailed discussion of winter peak electricity

demand modelling using the generalized single Pareto distribution in South

Africa is presented in Chapter 92. A comparative analysis is then done with a

Generalized Extreme Value Distribution (GEVD).

An assessment of daily peak electricity demand uncertainty using an Autore-

gressive Moving Average-Exponential Generalized Autoregressive Conditional

Heteroskedastic-Generalized Single Pareto Distribution (ARMA-EGARCH-GSPD)

approach is discussed in Chapter 103. The advantage of this modelling ap-

proach lies in its ability to capture conditional heteroskedasticity in the data

through the EGARCH framework, while at the same time estimating the ex-

treme tail quantiles through the GSPD modelling framework. The developed

model is then used for extreme tail quantile estimation using daily peak elec-

tricity demand data and modelling the risk of under or over demand predic-

tions. Chapters 3-9 discussed short term modelling of daily peak electricity

demand which is important for operational planning. Strategic decision mak-

ing which involves planning for the construction of generating power plants

1Modelling daily increases in peak electricity demand using a generalized Pareto distribu-
tion. South African Statistical Journal: Peer-reviewed Proceedings of the 54th Annual Con-
ference of the South African Statistical Association, 2012, pp. 58-66; Extreme daily increases
in peak electricity demand: tail-quantile estimation. Energy Policy Journal, Vol. 53, 2013,
pp. 90-96; Analysis of the same day of the week increases in peak electricity demand in South
Africa. ORiON Journal, Vol. 29 (2), 2013, pp. 125-136.

2Winter peak electricity load forecasting in South Africa using extreme value theory. South
African Statistical Journal, Vol. 46, 2012, pp. 377-394.

3Tail quantile estimation of heteroskedastic interday increases in peak electricity demand,
Open Journal of Statistics, Vol. 2(4), 2012, pp. 435-442.
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requires long term peak electricity demand forecasts. Chapter 11 presents a

brief discussion of the use of the generalized gamma distribution in forecasting

annual peak electricity demand. A summary of research findings, contribu-

tions, suggested areas for further study and concluding remarks are presented

in Chapter 12.

The following statistical packages were used in this thesis: R, Eviews and the

Salford Predictive Modeller. Some of the R codes are given in an appendix at

the end of the thesis.



Chapter 2

Literature Review

2.1 Introduction

Prediction of peak load demand is very important for decision making processes

in the electricity sector. Decision making in this sector involves planning under

uncertainty. This involves for example strategic planning for generating capac-

ity expansion and even for the day to day operation of power plants which in-

cludes among others optimal scheduling of electricity. It is important therefore

to produce very accurate forecasts as the consequences of underestimation or

overestimation can be costly. Underestimation has a serious negative impact

on the national electricity supply system of a country. Overestimation results

in wastage of resources due to excess production (Hyndman and Fan, 2010).

This may even lead to further loss of business as restoration of a power plant

or construction of new generating plants take a long time before generation can

start.

Load demand forecasting has been studied extensively for over three decades.
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Hahn et al. (2009) give an overview of some of the methods used in demand

load forecasting. The methods are classified into regression based, time series,

state space and Kalman-filtering. The other group of methods suggested are

the artificial intelligence and computational intelligence. Neural networks and

support vector regression methods fall into this class. Munoz et al. (2010) dis-

cuss the importance of short term load forecasting as one which is at the core

of power system planning, scheduling and control of electricity. Factors such as

multiple seasonalities, temperature and the calendar effects have significant

effects on short term electricity demand (Munoz et al., 2010). A review of en-

ergy demand models using classical methods such as time series, regression,

econometric, decomposition, cointegration, SARIMA, artificial (expert systems

and artificial neural networks) and computational intelligence, including new

techniques such as support vector regression, ant colony, particle swarm opti-

mization and bottom up models such as Long-range Energy Alternatives Plan-

ning system (LEAP) and MARKet ALlocation (MARKAL) is given in (Suganthi

and Samuel, 2012). The current trend is to develop hybrid models as they are

seen to be more robust.

The Chapter is organized as follows. In Section 2.2 we review articles on mod-

elling mean (average) daily peak electricity demand. Articles on modelling of

extreme peak electricity demand using extreme value theory are discussed in

Section 2.3. A review of literature on electricity demand forecasting in South

Africa is discussed in Section 2.4 and concluding remarks are given in Section

2.5.
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2.2 Modelling mean peak electricity demand

2.2.1 Weather variables

One of the most weather-sensitive sectors of any economy is the electricity sec-

tor. In this sector accurate prediction of daily peak electricity demand is very

important. It provides short term forecasts which are required for dispatching

and economic grid management of electric energy (Amaral et al., 2008; Amin-

Naseri and Soroush, 2008; Chen, 1997; Franco and Sanstad, 2008; Mirasgedis

et al., 2006; Psiloglou et al., 2009; Ismail et al., 2009; Ramanathan et al., 1997;

among others). The most important weather factors which affect DPED is tem-

perature. Changing weather conditions represent the major source of variation

in peak demand forecasting and the inclusion of temperature has a significant

effect due to the fact that in winter heating systems are used, whilst in summer

air conditioning appliances are used (De Gooijer and Ray, 2003; Ghosh, 2008;

Goia et al., 2010; Hekkenberg et al., 2009; Makridakis et al., 1998; Munoz and

Felicisimo, 2004; Pilli-Sihvola et al., 2010; among others).

The predictive power of electricity demand models is improved if temperature

is included in the models. This helps system operators and load forecasters to

understand better factors that have a greater influence on electricity demand.

Weather variables such as temperature, solar radiation, humidity, wind speed,

cloudiness and rainfall are often used as explanatory variables in regression

based load forecasting models (Munoz et al., 2010). Most authors however use

temperature as the main driver (Munoz et al., 2010). Other weather factors

include relative humidity, wind speed, cloud cover, precipitation and thunder

showers. Electricity demand forecasting has received extensive attention in the

literature using various techniques ranging from classical time series methods

and neural networks to regression methods.

The effect of temperature on daily electricity demand has been studied exten-
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sively in the energy sector. Taylor and Buizza (2003) use weather ensemble

predictions in electricity demand forecasting for lead times of up to ten days

ahead. Fifty one scenarios for weather-related components of electricity de-

mand are used and the demand forecast uncertainty is then estimated using

the distribution of the demand scenarios (Taylor and Buizza, 2003). The re-

sults from this study are then compared with univariate volatility forecasting

methods and are found to be comparable (Taylor and Buizza, 2003). Regres-

sion models with autoregressive structures to reduce serial correlation are de-

veloped by Mirasgedis et al. (2006) to predict medium term electricity demand

of up to 12 months ahead. Meteorological variables such as relative humid-

ity and derived variables, heating and cooling degree-days are included in the

models. The relationship between average daily temperature and daily elec-

tricity demand is known to be nonlinear. Mirasgedis et al. (2006) use a cu-

bic regression curve to determine the reference temperature which separates

winter temperatures from summer temperatures. However Mirasgedis et al.

(2006) did not determine temperature values which separate the weather neu-

tral period from the winter and summer sensitive periods. Moral-Carcedo and

Vicéns-Otero (2005) analyse the effect of temperature on Spanish daily electric-

ity demand using a Smooth Transition (STR), Threshold Regression (TR) and

Switching Regression (SR) models. The models discussed determine appropri-

ate threshold temperatures which separate the weather neutral period from

the winter and summer sensitive periods. Results from this study show that

the Logistic STR (LSTR) model captures adequately the non-linearity between

electricity demand and temperature (Moral-Carcedo and Vicéns-Otero, 2005).

The impact of temperature, holidays and other variables on daily peak electric-

ity demand in Malaysia is investigated in Ismail et al. (2008). A time series re-

gression model with autoregressive errors is used for out of sample predictions

giving a MAPE of 1.71% (Ismail et al., 2008). Psiloglou et al. (2009) present

a comparison of characteristics of electricity demand and explore the relation-
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ship with both climatic and non-climatic factors. Empirical results show that

temperature plays the most important role in controlling the electricity load

demand (Psiloglou et al., 2009). The relationship between electricity demand

and temperature is non-linear (Mirasgedis, 2006; Franco and Sanstad, 2008;

Saini, 2008; Psilogu et al., 2009; Munoz et al., 2010; Pilli-Sihvola et al., 2010;

among others). This non-linear relationship is modelled in literature using

Heating Degree Days (HDD) and Cooling Degree Days (CDD). HDD and CDD

are calculated using the following functions

HDD = max(Tr − Tt, 0) (2.1)

CDD = max(Tt − Tr, 0) (2.2)

where Tt is the average daily temperature at time t and Tr is the reference tem-

perature. If Tt < Tr there are no CDD and similarly if Tt > Tr the are no HDD

(Munoz et al., 2010). It is important that Tr is selected in such a way that it cor-

rectly separates the winter sensitive temperatures from the summer sensitive

temperatures of the load-temperature relationship (Munoz et al., 2010). In ad-

dition to the use of HDD and CDD we also explore in this thesis, the use of the

Multivariate Adaptive Regression Splines (MARS) method to determine tem-

perature values which separate the weather neutral period from the summer

and winter sensitive periods in the context of South Africa. MARS method

is a non-parametric multivariate regression modelling approach which was

developed by Friedman (1991) and has been used to solve high-dimensional

problems with complex model structures, such as nonlinearities, interactions,

multicollinearity and missing values (Chen, 1995; De Gooijer and Ray, 2003;

Munoz and Felicisimo, 2004; Tsekouras et al.; among others). The method does

not make any assumptions about the functional relationship between the re-

sponse variable and the predictor variables (Friedman, 1991).
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Hyndman and Fan (2010) propose a semi-parametric additive model in the re-

gression framework with serially correlated errors to forecast long term peak

electricity demand. The methodology proposed by Hyndman and Fan (2010)

captures the nonlinear effect of temperature including other drivers of electric-

ity demand such as calendar effects, price changes and economic growth. Fan

and Hyndman (2012) extend the modelling approach by Ramanathan et al.,

(1997) to a semi-parametric additive modelling framework to forecast short-

term load demand. Half-hourly Australian electricity demand data is used.

Each half-hourly period is modelled separately (Fan and Hyndman, 2012). Fan

and Hyndman (2012) use regression splines to model temperature and lagged

demand effects. The model developed by Fan and Hyndman (2012) is given in

equation (2.3).

log(yt,p) = hp(t) + fp(w1,t,w2,t) + ap(yt−p) + nt (2.3)

where yt,p denotes the demand at time t (measured in half-hourly intervals)

during period p(p = 1, ..., 48); hp(t) models all calendar effects; fp(w1,t,w2,t)

models all temperature effects where w1,t is a vector of recent temperatures

at Richmond (a suburb in Melbourne city in Australia) and w2,t is a vector of

recent temperatures at Melbourne airport; ap(yt−p) models the effects of recent

demands; nt denotes the model error at time t. The model developed by Fan

and Hyndman (2012) allows for nonlinear and nonparametric terms which can

capture the non-linear relationship between electricity demand and its drivers.

Huang et al. (2012) develop a forecasting model for daily peak load in summer.

The developed model captures meteorological factors such as season, tempera-

ture, humidity, precipitation, continuous sunny days, persistent drought, aver-

age temperature difference, atmospheric conditions, human factors and other

factors (Huang et al., 2012). Mestekemper et al. (2013) use a semi-parametric

regression methodology to estimate the mean demand of electricity using both
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calendar and meteorological variables. Results from this study show that the

dynamic factor model provides more accurate forecasts over horizons of up to

one week (Mestekemper et al., 2013). In contrast to these works we use a fre-

quentist and Bayesian regression modelling framework to a piecewise linear

regression model to explore the influence of temperature on electricity demand

using South African data.

2.2.2 Statistical time series and regression models

Time series statistical models are pioneered by Box-Jenkins (1976). The SARIMA

model developed by Box-Jenkins (1976) is the most commonly used model in

short-term load forecasting (Munoz et al. 2010). The SARIMA model can be

classified as either univariate or multivariate. Most of the univariate SARIMA

models are generally used as naive (benchmark) models for comparative pur-

poses with other models (see for example Taylor, 2008; Taylor and McSharry,

2008; Soares and Medeiros, 2008; Munoz et al., 2010; among others). Seasonal

ARIMA (SARIMA) and regression-SARIMA (also known as ARIMAX) models

have been used extensively in electricity demand forecasting. These models

are generally used for short term forecasting. The general SARIMA model can

be written as

φp(L)ΦP (L
s)∇d∇D

s xt = θq(L)ΘQ(L
s)εt (2.4)

where xt represents the load at time t, εt is the white noise error term at time

t, s is the seasonal length, L is a lag operator, ∇d and ∇D
s are the nonseasonal

and seasonal difference operators of order d and D respectively, where ∇d =

(1−L)d and ∇D
s = (1− Ls)D, and φp,ΦP , θq,ΘQ and are polynomial functions of

orders p, P, q and Q, respectively. Equation (2.4) can also be written as a single

seasonal ARMA (SARMA) model (Taylor, 2010). The model is given in equation
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(2.5).

φp(L)ΦP (L
s)(xt − a− bt) = θq(L)ΘQ(L

s)εt (2.5)

where a is a constant term and b is the coefficient of a linear deterministic trend

term and the other terms are as defined in equation (2.1). The standard single

seasonal ARMA model given in equation (2.2) can be extended to multiple sea-

sonality models (Box et al., 1994). A SARMA model for capturing both intraday

and intraweek seasonal cycles in electricity data is proposed by Taylor (2008,

2010). The proposed model can be written as

φp(L)ΦP1
(Ls1)ΩP2

(Ls2)(xt − a− bt) = θq(L)ΘQ1
(Ls1)ΨQ2

(Ls2)εt (2.6)

The polynomial functions ΦP1
and ΘQ1

enable a SARMA modelling of the in-

traday seasonality while ΩP2
and ΨQ2

are for modelling intraweek seasonality

(Taylor, 2010). In order to model the intrayear seasonality in electricity data,

Taylor (2010) extended the double seasonal ARMA (DSARMA) model given in

equation (2.6) to a triple seasonal ARMA (TSARMA) model which is given in

equation (2.7).

φp(L)ΦP1
(Ls1)ΩP2

(Ls2)ΓP3
(Ls3)(xt − a− bt)

= θq(L)ΘQ1
(Ls1)ΨQ2

(Ls2)ΛQ3
(Ls3)εt (2.7)

The terms ΓP3
and ΛQ3

represent lag polynomial functions for modelling the

intrayear seasonality (Taylor, 2010).

The multiplicative double seasonal ARMA model in equation (2.3) is used by

Taylor (2008) to model minute-by-minute British electricity demand data. Tay-

lor, (2008) note that short term lead times are important for scheduling of elec-
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tricity generation. ARIMA models, an adaptation of the Holt-Winters’ expo-

nential smoothing model and an exponential smoothing method that focuses

on the evolution of intraday cycle are used (Taylor, 2008). Out of these meth-

ods the double seasonal adaptation of the Holt- Winters’ exponential smoothing

model gives the best results and this is consistent with results from previous

studies (Taylor, 2008). Taylor (2010) extends the DSARMA model to modelling

of British and French electricity data using TSARMA model given in equation

(2.4). Empirical results from this study show that the TSARMA model outper-

forms the DSARMA and also a univariate neural network model for predictions

of up to a day-ahead (Taylor, 2010).

Amjay (2001) propose a time series model for short-term hourly and daily peak

load forecasting using Iranian data. Amjay (2001) compares the Box-Jenkins

models with artificial neural networks. The proposed model outperformed the

benchmark models (Amjay, 2001). McSharry et al. (2005) present a regression

model which predicts probabilistic forecasts of future peak electricity demand.

McSharry et al. (2005) argue that such forecasts can improve risk management

and assessment of uncertainty in the forecasts. Aguirre et al. (2008) decompose

load forecasting into dynamic prediction and pattern mapping. Real load data

and surrogate data analysis are used as evidence in understanding fundamen-

tal issues underlying load forecasting problems (Aguirre et al., 2008). Amin-

Naseri and Soroush (2008) develop a hybrid neural network model for daily

electrical Peak Load Forecasting (PLF). A novel approach for clustering data

by using a self-organizing map is proposed by Amin-Naseri and Soroush (2008).

It is concluded that the proposed hybrid model produces superior forecasts than

those of the linear regression. The modelling and short-term forecast of daily

power demand in the state of Victoria, Australia is studied by Truong et al.

(2008). A two-dimensional wavelet based state dependent (SDP) modelling ap-

proach is adopted to formulate a compact mathematical model that is used to
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forecast daily peak power demand. With a MAPE of 1.9%, the model is found to

be effective. A peak load forecasting model for prediction of peak loads of up to

24 hours ahead using a neuro-evolutionary technique known as the Cartesian

Genetic Algorithm evolved Artificial Neural Network (GGPANN) is developed

in Khan et al. (2011).

Taylor (2008) states that accurate short-term forecasts are needed by both

generators and retailers of electricity, particularly during periods of abnormal

peak load demand. Accurate forecasts will enable effective load shifting be-

tween transmission substations. In order to improve forecast accuracy it is

important to combine statistical forecasting methods together with judgmen-

tal techniques. Through experience, the judgmental experts develop intuitive

relationships between electrical load and weather parameters, time of day, day

of week, season and time lag of response, (Ismail et al., 2009). On the other

hand statistical techniques provide a scientific approach for producing consis-

tent and accurate forecasts.

Amaral et al. (2008) develop a Smooth Transition Periodic Autoregressive

(STPAR) model to forecast electricity load series data from Australia. STPAR

is compared with other alternative load forecasting models. STPAR proves to

be a useful tool when forecasting the electricity load (Amaral et al., 2008). In

their paper Sumer et al. (2009) develop ARIMA, SARIMA (seasonal ARIMA)

and regression model with seasonal latent variable in forecasting electricity

demand from Kayseri and Vicinity Electricity Joint-Stock Company. Their re-

sults show that the regression model with seasonal latent variable is more

efficient than ARIMA and SARIMA. Soares and Medeiros (2008) consider a

two-level method for hourly electricity load. A Two-Level Seasonal Autoregres-

sive (TLSAR) model is developed and compared with a modified version of a

SARIMA model called Dummy-Adjusted SARIMA (DASARIMA) (Soares and
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Medeiros, 2008). A specific class of seasonal ARIMA models (the benchmark

model) and the generalized long memory (GLM) model discussed by Soares and

Souza (2006) are better than DASARIMA. A possible extension of this method-

ology to combining forecasts, interval forecasts and forecast density evaluation

is suggested by Soares and Medeiros, (2008).

Regression-based methods have been used extensively in load demand fore-

casting (Ramanathan et al., 1997; Chou et al., 2004; Ghosh, 2008; Ismail et al.,

2008; among others). These methods range from simple linear to multivariate

linear regression models and work very well when the relationship between

the dependent variable and the predictor variables is linear. They are usually

easy to implement and give relatively robust solutions. Ismail et al. (2009)

use a rule-based forecasting approach for forecasting peak electricity demand.

The authors conclude that rule-based forecasting increases the forecast accu-

racy when compared to the traditional SARIMA model and that improvement

depends on the conditions of the data, knowledge development and validation.

Ramanathan et al. (1997) develop simple and flexible multiple regression mod-

els for hourly load forecasting. The regression modelling framework is in such

a way that each one of the models is used for each hour of the day (Ramanathan

et al., 1997) . Each of these regression models has a dynamic error structure

as well as adaptive adjustments to correct for forecast errors of previous hours

(Ramanathan et al., 1997). The structure of the multiple regression model de-

veloped by Ramanathan et al. (1997) is given as

yht = xhtβh + uht (2.8)

where yht is the load on hour h on day t, xht represents the variables in the

regression equation. The regression equation (2.8) captures important drivers

of electricity demand which are temperature, lagged load variables including

variables for the day of the week, month of the year and yearly trends. The
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error term uht follows an autoregression structure given in equation (2.9)

uht =
5
∑

i=1

ρhiuht−i + vht (2.9)

The models developed perform well against a wide range of alternative models

(Ramanathan et al., 1997). The major shortcoming of this modelling approach

lies in treating special holidays as long weekends or the first of January (Munoz

et al., 2010). The treatment of special holidays such as Christmas, Easter or

public holidays is usually done using dummy variables (Munoz et al., 2010).

Hong (2010) proposes an integrated systematic approach that incorporates in-

teractions in multiple linear regression models for short term load forecasting.

The proposed modelling framework produces accurate forecasts.

Cho et al. (2013) propose a hybrid linear regression model with both curve

response and curve regressors for modelling and forecasting of daily electricity

load curves using French data for the period 1996 to 2009. Empirical results

show that the hybrid model is more adaptive to daily electricity consumption

variations (Cho et al., 2013).

2.2.3 Volatility forecasting

In conventional SARIMA models, the variance of the disturbance term is as-

sumed to be constant. Electricity data normally exhibits non-constant mean

and variance, and multiple seasonality corresponding to daily, weekly and monthly

periodicity. Hence the assumption of homoskedasticity (constant variance)

seems inappropriate. The GARCH modelling methodology is used to accom-

modate the possibility of serial correlation in volatility. Models for volatility

forecasting were first developed by Engle (1982). The models, known as the

Autoregressive Conditional Heteroskedasticity (ARCH) models were developed

to capture the non-constant variance. ARCH models were later extended to
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Generalized ARCH (GARCH) models by Bollerslev (1986). Electricity demand

using volatility forecasting models are discussed in literature. Taylor (2006)

argue that estimating an ARMA model jointly with an appropriate GARCH

model is more efficient than estimating the ARMA model with an incorrect

homoskedastic error assumption. Taylor (2006) investigates the methods for

Net Imbalance Volume density forecasting using British electricity data. Tay-

lor (2006) decomposes the problem into point forecasting and volatility fore-

casting. A seasonal ARMA model and a periodic AR model with simplistic

volatility forecasting produce accurate forecasting results. An ARMA-ARCH

model is used by Chen et al. (2006) to forecast electricity load giving results

which compare favourably with those from ARIMA models. Hor et al. (2006)

use GARCH models to predict daily load data and model the residuals un-

der the assumption of the student-t distribution. The maximum load demand

which is likely to occur in the short term is estimated. The GARCH-t model

outperforms the GARCH model. ARMAX and GARCH models are used to as-

sess the electricity demand pattern and the contribution of tourism to electric-

ity consumption in Bakhat and Rosselo (2011). Chen et al., (2011) model the

volatility in short term load forecasting by combining regime-switching models

with GARCH models, two types of regime-switching GARCH models, Thresh-

old Auto-Regressive GARCH (TAR-GARCH) and Logistic Smooth Transition

Auto-Regressive GARCH (LSTAR-GARCH) models. Empirical results show

that the LSTAR-GARCH model produces more accurate forecasts compared to

the other models. The LSTAR-GARCH model proposed by Chen et al., (2011)
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is given as

Conditional mean equation

yt = E(yt|Ψt−1) + εt (2.10)

Conditional variance equation

ht = α0 +

p
∑

j=1

βjht−j +

q
∑

i=1

αiε
2
t−i

−λε2t−1F (εt−1 −∆) (2.11)

where yt is the load series data, εt denotes the error term, ht represents the

variance equation, ∆ is the threshold and F (εt−1 − ∆) is the LSTAR (Logistic

Smooth Transition Autoregressive) written as

F (εt−1 −∆) =
1

exp (−γ(εt−1 −∆))
(2.12)

Xu et al. (2012) uses ARCH type models to forecast and model long and short

term load time series. The authors analyse volatility clustering, asymmetric

impact and long memory volatility on the load series data. Empirical results

from this study show that the developed models captures very well the volatil-

ity of the load time series. Kesavabhotla et al. (2012) use ARMA and GARCH

models to predict day ahead electricity demand.

We extend the existing ARMA-GARCH and regression-SARIMA models to a

regression-SARIMA-GARCH (REG-SARIMA-GARCH) model in Chapter 5. Tay-

lor (2006) develop a SARIMA-GARCH model which captures seasonal cycles,

that is daily, weekly and yearly seasonalities. In contrast our Reg-SARIMA-

GARCH model captures important drivers of electricity demand such as calen-

dar effects (day of the week, holidays) and temperature effects including mul-

tiple seasonality (daily, weekly, monthly and yearly seasonalities).



Literature Review 30

2.2.4 Bayesian forecasting of peak electricity demand

In Bayesian analysis the first step is to take into account information about the

parameters including having access to expert information based on past expe-

rience or related studies (Marin et al., 2003). This is modelled through a prior

distribution π(θ), where θ denotes the parameter space, that is θ = {θ1, ..., θp}.

If expert information is not available, non-informative priors are used. The

second step involves collecting data and form the likelihood function, π(x|θ)

where x = {x1, ..., xn}. The likelihood describes how the data x depends on the

parameter θ (Marin et al., 2003). The next step combines the prior distribution

with the likelihood function to get the posterior distribution, π(θ|x), which is

the distribution of the parameter θ given the data x. The posterior distribution

is given as

π(θ|x) =
π(x|θ)π(θ)

∫

θ
π(x|θ)π(θ)dθ

(2.13)

which is often written as

π(θ|x) ∝ π(x|θ)π(θ) (2.14)

that is, the posterior is proportional to the likelihood function multiplied by

the prior distribution. The denominator in equation (2.13) is a normalizing

constant. Computing the normalizing constant is usually done using Markov

Chain Monte Carlo (MCMC) techniques. All inferences will then be based on

the posterior distribution since it summarizes all available information about

the parameters (Marin et al., 2003). In point estimation, for example, the mean

E(θ|x) =
∫

θ
θπ(θ|x)dθ can serve as an estimate of the parameter θ. Future

values of x can also be predicted by using the posterior predictive distribution
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π(xn+1|x) which is given by

π(xn+1|x) =

∫

θ

π(x|θ)π(θ|x)dθ (2.15)

Most papers in literature concentrate on frequentist point forecasting only. One

major drawback of frequentist point forecasting only is that it does not take into

account uncertainty in the estimation of the parameters. One way of overcom-

ing this, is the use of Bayesian analysis and density forecasting. For electricity

load forecasting the Bayesian approach provides a full range of sample infer-

ences which includes the predictive distribution of electricity demand and the

distribution of the time and level of daily peak demand (Cottet and Smith,

2003). This is not easy using classical statistics. Cottet and Smith (2003) ap-

plied the Bayesian approach to New South Wales (Australia) total system load

data and were able to decompose the load into meteorological, seasonal, trend

and day-type effects.

Bayesian analysis does not depend on regularity conditions required for maxi-

mum likelihood estimation of parameters of extreme value distributions (Coles,

2001; Beirlant et al., 2004). For a detailed discussion on the advantages and

disadvantages of using Bayesian analysis see Berger (1985); Berger and Wolpert

(1988); Bernado and Smith (1994); Carlin and Louis (2000); Wade (2000);

Robert (2001); Wasserman (2004); Hugo (2012); among others).

Chaturvedi (1996) discusses the use of robust Bayesian analysis. The author

concludes that the use of robust Bayesian analysis overcomes the major draw-

back of coming up with a correct elicitation of a prior distribution. Kiartzis et

al. (1997) use a Bayesian combination method to predict short-term electric

loads using data from Greece. The hybrid model developed by Kiartzis et al.

(1997) is a weighted sum of artificial neural network predictor and two linear

regression predictors. Ohtsuka et al. (2010) use a Bayesian spatial autoregres-
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sive ARMA approach to forecast electricity demand in Japan. The developed

model captures spatial heterogeneity and spatial correlation simultaneously

(Ohtsuka et al., 2010). Ohtsuka et al. (2010) conclude that spatial correlation

play an important role in forecasting electricity demand in Japan. A Bayesian

neural network learned by a hybrid Monte Carlo algorithm for short-term load

forecasting is discussed in Niu et al. (2012). In contrast our work proposes the

use of the generalized gamma distribution in predicting annual hourly peak

electricity demand using South African data. We model the annual peak load

as a function of gross domestic product using the Bayesian framework.

2.3 Modelling extreme peak electricity demand

using extreme value theory

Extreme Value Theory (EVT) is a powerful and fairly robust framework for

modelling the tail behaviour of a wide class of distributions (Gencay and Sel-

cuk, 2004). In this thesis we model the tail behaviour of extreme daily peak

electricity demand using the Generalized Extreme Value Distribution (GEVD),

the Generalized Pareto Distribution (GPD) and the Generalized Single Pareto

Distribution (GSPD). For an overview of EVT see Coles (2001); Bierlant et al.

(2004); de Haan and Ferreira (2006); Reiss and Thomas (2007); among others.

The EVT distributions are presented in the following sections.

2.3.1 Generalized Extreme Value Distribution (GEVD)

GEVD is a family of parametric distributions which are the Gumbel, Frechet

and Weibull distributions. The distributions are also known as the type I, II

and III extreme value distributions respectively (Hor et al., 2008). The asymp-

totic distribution of maxima belongs to one of the three distributions of the

GEVD irrespective of the distribution of the observed data (Fisher and Tippett,
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1928). This is a convenient way of forecasting electricity demand uncertainty

as the distribution of demand can change over time due to climatic changes,

air-conditioning demand and societal changes (Hor et al., 2008). The general-

ized extreme value family of distributions (von Mises, 1936) is given by

Gγ(x) = exp

{

−

[

1 + γ

(

x− µ

σ

)]− 1

γ

}

, if 1 + γ

(

x− µ

σ

)

> 0, γ 6= 0 (2.16)

where γ is the extreme value index (EVI). For γ = 0 (the distribution func-

tion is interpreted as a limit as γ → 0) equation (2.16) is the Gumbel class of

distributions which is given by

Gγ(x) = exp

{

−exp

[

−
x− µ

σ

]}

, γ = 0 (2.17)

When γ > 0 we have the Frechet class of distributions and when γ < 0 we have

the Weibull class of distributions. GEVD models block maxima and this makes

it an appropriate distribution for modelling daily peak electricity demand. In

this thesis hourly electricity data is put into blocks of 24 hours each and from

each block the maximum is taken. EVT has been applied in various fields such

as flood frequency analysis (Katz et al., 2002), financial time series forecast-

ing (Gencay and Secluk, 2004) including weather and climate studies (Cooley,

2005) among others.

Application of EVT in the electricity sector is discussed in literature. Chan and

Gray (2006) propose a model that accommodates autoregression and weekly

seasonalities in both the conditional mean and conditional volatility of daily

electricity spot price returns. The tails of the distribution are then modelled

using the EVT approach. The developed EVT-based model performs well in

forecasting out-of-sample value-at-risk (VAR). VAR is a measure of the risk of

a portfolio. Electricity returns are highly volatile and display seasonalities in

both their mean and as well as volatility, exhibit leverage effects and cluster-
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ing in volatility, and feature extreme levels of skewness and kurtosis (Chan

and Gray, 2006).

The use of extreme value distributions requires that the assumptions of in-

dependent and identical distributed observations are met (McNeil and Frey,

2000). These assumptions provide obstacles to the straight forward application

of extreme value to both financial market returns and electricity return series

(McNeil and Frey, 2000; Bystrom, 2005). Using a two stage approach, McNeil

and Frey (2000) estimate a GARCH model in stage one with a view to filtering

the return series to get nearly independent and identical distributed residuals.

In stage two, the EVT framework is then applied to the standardized residuals.

An application of the McNeil and Frey (2000) modelling approach to electric-

ity demand forecasting is discussed in literature. Bystrom (2005) applies a

generalized Pareto Distribution (GPD) to an autoregressive GARCH filtered

price change series. Empirical results from this study show that a peaks-over-

threshold method provides accurate results in modelling tails of hourly elec-

tricity price changes (Bystrom, 2005). However Leadbetter (1974) shows that

the assumptions of independent and identical distributed observations hold for

a stationary series. This is given in the following theorem:

Theorem 2.1. : (Leadbetter, 1974)

Let {Xn} be a stationary sequence for which there exist sequences of constants

an > 0 and bn and a non-degenerate distribution function G such that

P

(

Mn − bn
an

≤ x

)

D
→ G(x)

as n → ∞. If D(un) condition holds with un = anx + bn for each x such that

G(x) > 0, then G is an extreme value distribution

The D(un) condition, Leadbetter (1974), states that for any two events of the

form {M(I1) ≤ un} and {M(I2) ≤ un} can become approximately independent
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as n → ∞ when the index sets Ii ⊂ {1, ..., n} are separated by a relatively

short distance sn = o(n) (Beirlant et al., 2004). The proof of Theorem 2.1 is

given in Leadbetter et al. (1983). For a detailed discussion of the requirement

of independent and identical distributed observations see Leadbetter (1983);

Cooley (2005); among others.

2.3.2 Generalized Pareto Distribution (GPD)

In extreme value theory there are times when we are not only interested in

modelling maxima or minima but with observations which are above a high

threshold. Extreme electricity demand is one such example. Balkema and

de Haan (1974) and Pickands (1975) show that the distribution function of the

excesses above a high threshold converges to a Generalized Pareto Distribution

(GPD) as the threshold tends to the right endpoint. The GPD is a Peaks Over

Threshold (POT) distribution whose distribution function is given as

Wξ(x) = 1−

(

1 +
ξ(x− τ)

σ

)− 1

ξ

if ξ 6= 0 (2.18)

Smith (1987) shows that estimation of GPD parameters with the maximum

likelihood method is a non regular problem when ξ < −1
2
, where ξ is the shape

parameter which is also known as the Extreme Value Index (EVI). This means

that certain regularity conditions have to be met. It is therefore more attrac-

tive to use the Bayesian approach which does not depend on these regularity

conditions (Beirlant et al., 2004; Coles, 2004). Since the peaks over threshold

(POT) methodology involves tail estimation based on small data sets with little

information available, the Bayes approach can be used to capture and take into

account all the available information including additional information through

prior elicitation (Beirlant et al., 2004). However Hosking and Wallis (1987)

show that the regularity conditions by Smith (1987) are satisfied for ξ > −1
2

and that the MLEs are asymptotically normally distributed.
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Fitting a GPD to exceedances over a sufficiently large threshold has been dis-

cussed in literature. Castillo and Hadi (1997) discuss the fitting of the GPD to

a given set of data. The estimation of the two parameters of the GPD which are

the shape and scale parameters is usually not easy. In their paper Castillo and

Hadi (1997) propose a method for estimating the parameters and quantiles of

the GPD. Their proposed method works well over a wide range of parameter

values. A Bayesian analysis of extreme events considering uncertainty about

the threshold is discussed in Behrens et al. (2004). Behrens et al., (2004)

consider the threshold as a parameter in each of the models developed and

prior information is allowed to be incorporated into the analysis. The proposed

models are applied to a financial market index, Nasdaq 100. Empirical results

show that the proposed gamma GPD model outperforms the other distributions

(Behrens et al., 2004).

Threshold selection

Modelling extreme value data using POT distributions such as a GPD requires

estimation of a sufficiently high threshold. The threshold estimation requires a

balance between asymptotic tail approximation bias and quantification of pa-

rameter estimation uncertainty (Scarrott and MacDonald, 2012). Threshold

estimation methods are classified as classical fixed threshold approaches, re-

sampling based methods, tail fraction estimation and mixture models (Scarrott

and MacDonald, 2012). Classical fixed threshold methods use graphical diag-

nostics to select a threshold (Coles, 2001; Katz et al., 2002; Beirlant et al., 2004;

among others). Several methods are discussed in literature which use tail frac-

tion estimation together with graphical diagnostics. For details see Hill (1975);

Drees et al. (2000); Beirlant et al. (2004); Goegebeur et al. (2008); among oth-

ers. One of the drawbacks is that these tail fraction estimation methods use

asymptotic optimality-based arguments under various population distribution

assumptions (Scarrott and MacDonald, 2012). To overcome this drawback re-
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sampling based methods which require weaker assumptions are used (Scarrott

and MacDonald, 2012). For details on resampling methods see Hall (1990);

Danielsson et al. (2001); Ferreira et al. (2003); Beirlant et al. (1996); Beir-

lant et al. (2004); among others. One of the drawbacks of using classical fixed

threshold approaches, resampling based and tail fraction estimation methods

is that the uncertainty associated with the threshold selected is not taken onto

account (Scarrott and MacDonald, 2012). To overcome this drawback mixture

models are proposed in literature. In mixture models the entire distribution

function is approximated in such a way that the distribution below the thresh-

old is not influenced by the tail fit (Scarrott and MacDonald, 2012). Mixture

methods are discussed in Behrens and Castellanos (2010); MacDonald (2012);

Scarrott and MacDonald (2012); among others. A detailed review of threshold

selection methods is found in (De Zea Bermudez and Kotz, 2010; Scarrott and

MacDonald, 2012).

2.3.3 Generalized Single Pareto Distribution (GSPD)

The Generalized Single Pareto Distribution (GSPD) discussed in Verster and

De Waal (2011), is an approximation to the GPD which is a POT distribution

used in extreme value theory to model observations above a sufficiently high

threshold. The GSPD has one parameter, which is the EVI. The distribution

function of the GSPD distribution is given as

Wη(x) =

{

1 +
η

1 + τη
(x− τ)

}− 1

η

, η 6= 0, x > τ (2.19)

where η is the EVI. Verster and De Waal (2011) show that the tail of a Gener-

alized Burr-Gamma (GBG) distribution can be approximated by a Generalized

Pareto-type (GP-type) distribution. The GBG class of distributions is popu-

lar in extreme value theory when the whole data set is modelled (Verster and

De Waal, 2011). The GP-type distribution developed by Verster and De Waal
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(2011) belong to the domain of attraction of the GPD. This modelling approach

is convenient since the GP-type distribution has only one parameter to esti-

mate given that the threshold is known, compared to the two parameters of

the usual GPD. As such it is referred to as the GSPD. Verster and De Waal

(2011) use the Bayesian approach to estimate the EVI.

Modelling of extreme peak loads using statistical extreme value theory is dis-

cussed in literature. The extreme value distribution (EVD), in conjunction with

Monte Carlo simulations, is used to analyse sources of uncertainty in forecast-

ing annual peak power loads (Bezler, 1993). An application of McNeil and

Frey’s (2000) modelling approach to electricity demand forecasting is discussed

in literature. Bystrom (2005) applies a generalized Pareto distribution (GPD)

to an autoregressive GARCH filtered price change series. Empirical results

from this study show that a peaks-over-threshold method provides accurate

results in modelling tails of hourly electricity price changes (Bystrom, 2005).

Mori (2005) uses the POT approach to evaluate the risk which exceeds the

upper bound of generation capacity. The proposed method is successfully ap-

plied to real data of one-step ahead daily maximum load forecasting. Hor et

al. (2008) use the generalized extreme value (GEV) theory and block max-

ima approach to estimate the maximum load forecast errors in order to assess

risk in long-term electricity load forecasting. Constable et al. (2012) develop a

planning tool for predicting extreme peak loads using the generalized extreme

value distributions. Results from this study show that a given extreme peak

load which occurs once every 20 years is likely to occur annually by around

2050. The authors conclude that such information is important for future elec-

trical power planning needs. Chidodo and Lauria (2012) propose a Bayesian

modelling framework for estimating the frequency of occurrence of peak loads.

The procedure is based on the assumption that peak power follows a Poisson

process (Chidodo and Lauria, 2012). Results from this study show that the pro-
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posed estimation methodology is highly efficient (Chidodo and Lauria, 2012).

The model proposed by Chidodo and Lauria (2012) is given as

PM(k, t) ≡ P [M(t) = k] = e−φqt ×
(φqt)k

k!
(2.20)

where φ is the expected number of peak load occurrence over a threshold b,

q = 1−F (b) = P (Wj > b) is the exceedance probability of the value b by any sin-

gle peak load amplitude Wj, M(t) is a Poisson process representing the number

k of extreme peak load amplitudes occurring in time interval (0, t).

Our work is related to that of Hor et al. (2008) who model load forecast un-

certainty using extreme value theory and Chidodo and Lauria (2012) who esti-

mate the frequency of occurrence of peak loads. We use the modelling approach

of Hor et al. (2008) to model electricity demand uncertainty and carry out a

frequency analysis of the days when extreme daily increases in peak electricity

demand occur in South Africa. We then take these days as critical peak days in

which the power utility company is expected to charge appropriate cost reflec-

tive tariffs. We define a critical peak day as one in which the system demand

for electricity in a given day exceeds normal demand or when total outages

on a given day are higher than normal. It should be noted that critical peak

days can also be determined by considering generating capacity constraints of

a power utility company during abnormal electricity peak demand which may

be caused by for instance extreme weather conditions.

2.4 Electricity demand in South Africa

2.4.1 Modelling mean daily peak electricity demand

Since 2007 South Africa experienced a lack of capacity generation. Tassel

(2003) explains that the gap between installed generating capacity and the
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total electricity demand is narrowing. The author warned that South Africa

will be in throes of power crisis as early as 2007. There were blackouts which

resulted in load shedding in the first quarter of 2008. This affected severely

sectors of the South African economy (Inglesi, 2010). In 2008 Eskom designed

intervention strategies needed to minimize the risk of load shedding and a

possible collapse of the national electricity supply system. A detailed discus-

sion of these intervention strategies is found in National Response to South

Africa’s Electricity Shortage (2008). Prior to the 2008 power crisis there were

few energy research centres and institutions in South Africa. Amongst these

are Energy research Centre based at the university of Cape Town and Eskom’s

research division (Energy Markets: Economics, Statistics and Decision Sci-

ences (n.d.)).

The power crisis of 2007-2008 was worsened by the global recession of 2008-

2009. After the power crisis of 2007-2008 and global recession of 2008-2009,

additional energy demand forecasting centres were established. The Centre for

Energy Research at Nelson Mandela Metropolitan University now has a unit

on energy demand forecasting and modelling. The newly established energy

research centre at University of Pretoria focuses on energy production, energy

distribution, energy optimization, policy, economics and society among others.

The university of the Free State concentrates on energy risk. In an effort to re-

duce electricity demand especially during peak periods, Eskom has embarked

on a Critical Peak Day Pricing Project (CPDPP) (Eskom CPDPP Website (n.d.)).

The South African Department of Energy’s division of Energy Efficiency and

Environment (EEE) is currently working on some projects on energy efficiency

designed to save energy in all sectors of the economy (EEE website (n.d.)).

Electricity demand forecasting in South Africa is discussed in literature. Amusa

et al. (2009) apply the bounds testing approach to cointegration within an au-
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toregressive distributed lag framework to examine the aggregate demand for

electricity in South Africa during the period 1960-2007. Their findings are that,

in the long run income will be the main determinant of electricity demand. Zi-

ramba (2008) examines the residential demand for electricity in South Africa

as a function of real gross domestic product per capita and the price elastic-

ity during the period 1978-2005. The bounds testing approach to cointegration

within an autoregressive distributed framework is used. The linear double-

logarithmic form is used with income and price as independent variables. Find-

ings of this study are that in the long run, income would be the main determi-

nant of electricity demand and that electricity price is insignificant. Debba et

al. (2010) present forecasts for electricity demand in South Africa for the pe-

riod 2010-2035 using the CSIR sectoral regression model.

In an effort to reduce electricity demand, Eskom’s demand side management

(DSM) division has had projects running since 1994 (Eskom DSM website

(n.d.)). DSM often called integrated demand management (IDM) in Eskom

includes load management, peak clipping and energy efficiency (Eskom IDM

website (n.d.)) in all sectors of the South African economy, i.e. residential,

commercial and industrial. Research on load management is ongoing. Boake

(2003) develops an electrical load management (ELM) strategy in the South

African mining industry. Results from this study show that the developed ELM

can be used to reduce input costs which will ultimately reduce electrical energy

costs. Some of the work done on daily peak demand forecasting in South Africa

is not published as it is done mainly by private consulting firms. Accurate peak

load forecasts are important as they assist decision makers in improving capi-

tal expenditures which include securing of adequate capacities for generation,

transmission and distribution.
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2.4.2 Modelling extreme daily peak electricity demand in

South Africa

Use of extreme value theory in energy research in South Africa is discussed

in literature. Micali (2007) use EVT to assess the occurrences of excessive un-

expected electricity losses experienced by electrical generating units in South

Africa. Micali (2007) use both the GEVD and the GPD to model the tail of the

gigawatt-hour losses through the Bayesian approach. Empirical results from

this study show that the GPD fits very well the gigawatt-hour losses above a

sufficiently high threshold (Micali, 2007).

Our modelling approach differs from all these in that we use EVT to help in

the quantification of the amount of electricity which should be shifted from the

grid to off peak hours. Frequency analysis of the occurrence of extreme daily

increases and same day of the week increases in peak electricity demand is car-

ried out. This helps in identifying the days and months when those abnormal

large increases will occur. This modelling approach provides a policy frame-

work for load curtailment and determining the number of critical peak days

for a power utility company. Verster and De Waal (2011) use the Bayesian ap-

proach to estimate the EVI. We extend this to estimating EVI using the max-

imum likelihood estimation method. Appropriate software is then developed

using R.

Our work concentrates on modelling the highest demand of electricity (hourly

peak demand) recorded in a 24-hour period (which is a day). We also explore the

use of the Generalized Gamma (GG) distribution in predicting annual hourly

peak electricity loads in South Africa for the period 1996 to 2010. We model the

annual peak load as a function of gross domestic product using the Bayesian

framework.
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2.5 Concluding remarks

Modelling the mean and extreme peak electricity demand has been reviewed

in this Chapter. Conventional electricity demand forecasting models discussed

in literature consider mainly mean changes. At times there is need to depart

from the average thinking and exploit information provided by the extremes.

This helps to understand how extremes affect forecasts and in assessing daily

peak electricity demand uncertainty. This knowledge is important to decision

makers in power utility planning and reduction of operational costs. Modelling

of extreme daily peak electricity demand helps to improve the reliability of

a power network if an accurate assessment of the level and frequency of fu-

ture extreme load forecasts is carried out (Hor et al., 2008). Bayesian EVT

modelling helps to understand how extreme peak electricity demand can be

modelled incorporating uncertainties in the parameters.



Chapter 3

Modelling the influence of

temperature on daily peak

electricity demand in South

Africa using a multivariate

non-parametric regression

approach

3.1 Introduction

Changing weather conditions are a major contribution to variation in Daily

Peak Electricity Demand (DPED) (Munoz et al., 2010). Temperature is the

main variable that is usually included in load forecasting models (Hippert et
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al. 2001a). This chapter presents empirical results on the influence of tem-

perature on daily peak electricity demand in South Africa using Multivariate

Adaptive Regression Splines (MARS) models.

One of the challenges for South African data is to determine thresholds for sep-

arating the winter-sensitive period (Tw) from the weather-neutral period and

also the summer-sensitive period (Ts) from the weather-neutral period. The

MARS modelling approach is used in this thesis to determine these two refer-

ence temperatures, Tw and Ts respectively. The MARS method is discussed in

Section 3.2.

3.2 The Multivariate Adaptive Regression Splines

(MARS) model

MARS is a non-parametric multivariate regression method which was devel-

oped by Friedman (1991). It is used to solve problems with complex model

structures, such as multicollinearity, interactions including nonlinearities (Craven

and Wahba, 1979; Chen, 1997; Munoz and Felicisimo, 2004; Tsekouras et al.,

2007; among others). In MARS modelling no assumptions about the functional

relationship between the dependent variable and the regressor (independent)

variables are made (Friedman, 1991). Modelling using MARS involves split-

ting the modelling space into sub-regions (sub-spaces) and fitting simple lin-

ear regression models in each of the sub-regions identified. The MARS model

building process involves the construction of a large number of basis functions

using a forward stepwise algorithm which over-fits the data (Friedman, 1991).

In the backward stepwise step basis functions are deleted in order of least con-

tribution using the generalized cross validation (GCV) criterion (Craven and

Wahba, 1979). The general MARS model developed by Friedman (1991) will be
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fitted to South African data and is given as

f(x) = ω0 +
M
∑

m=1

ωm

Km
∏

k=1

[

skm(xv(k,m) − tkm)
]

(3.1)

where ω0 and ωm are parameters, M is the number of basis functions, Km is

the number of knots, skm takes on values of either 1 or -1 indicating the right

or left sense of the associated step function, v(k,m) is the label of the indepen-

dent variable and tkm represents the knot location. The basis function Bm(x)

(Friedman, 1991) is given as

Bm(x) =
Km
∏

k=1

[

skm(xv(k,m) − tkm)
]

(3.2)

The GCV criterion is a measure of the goodness of fit which takes into account

the residual error and the model complexity (Craven and Wahba, 1979). In its

simplest form the GCV criterion (Craven and Wahba, 1979) may be written as

GCV(M) =

1
N

∑N
i=1

[

yi − f̂M(xi)
]2

[

1−
C(M)

N

]2 (3.3)

where N is the sample size, and C(M) is the cost-penalty measure of a model

containing M basis functions. The numerator measures the lack of fit on the

M basis function model f̂M(xi) and the denominator represents the penalty for

the model complexity C(M). The complexity cost function (Friedman, 1991)

may be written as

C(M) = trace(B(BTB)−1BT ) + 1 (3.4)

where B is the M × N data matrix of the M (non constant) basis functions

(Bij = Bi(xj)). The best model is one with the lowest GCV criterion value. The

MARS model developed for DPED and Tt as the predictor variable is given in
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equation (3.5).

DPED = r0 + r1max {0, Tt − Tw}+ r2max {0, Ts − Tt}+ εt(1) (3.5)

where r0, r1 and r2 are constants, and the parameters Tw and Ts have meanings

as declared in Section (3.1) and and εt(1) is the error term.

Using Average Daily Electricity Demand (ADED) and average daily temper-

ature (Tt) the MARS model for assessing the influence of temperature on elec-

tricity demand is given in equation (3.6).

ADED = k0 + k1max(0, Ts − Tt) + k2max(0, Tt − Tw) + εt(2) (3.6)

where k0, k1 and k2 are constants, Ts and Tw are as defined in Section (3.1) and

εt(2) is the error term.

3.3 Load and temperature data

3.3.1 Load data

Electricity load is equal to electricity demand in the absence of blackouts and

load-shedding (Cottet and Smith, 2003). Aggregated DPED data from all sec-

tors of the South African economy for the period 2000 to 2010 is used. The

plot of DPED (top left panel) in Figure 3.1 shows that DPED is not stationary,

exhibits a positive upward trend and strong seasonality. A spectral analysis

is carried out to investigate the periodicity in the data. The spectral density in

Figure 3.2 shows a seven day periodicity.

The data is made stationary by using the following methods: Figure 3.3 shows

DPED after taking a seventh difference (which is seasonal differencing since

data exhibits a seven day periodicity (see Figure 3.2)). The data is now sta-
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Figure 3.1: (a) Top left panel: Plot of DPED (b) Top right panel: Probability
density function of DPED. The distribution is left skewed. (c) Bottom left panel:
Normal QQ plot of DPED (d) Bottom right panel: Box plot of DPED.

tionary. The bottom panel of Figure 3.3 shows the graphs of the Autocorrela-

tion Function (ACF) of the residuals and the Partial Autocorrelation Function

(PACF) of the residuals after taking the seventh difference.
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Figure 3.2: Spectral density of DPED showing a seven day periodicity.

A visual inspection of the probability density function of DPED (for the whole

data set in the historic period, 2000-2010) which is estimated using kernel

density estimation (Silverman, 1986) and is plotted in Figure 3.1 shows that

the data is not normally distributed. The normal QQ and box plots also given

in Figure 3.1 confirms the non normality of the DPED data. Graphs of simi-

lar probability densities for DPED given in Figures 3.12 and 3.13 respectively

show the gradual changes in the shape of the densities throughout the years

2000 to 2009. These changes are likely due to economic growth. Figures 3.14,

3.15 and 3.16 (given in appendix 3.3 at the end of the chapter) show a gradual

change in the probability densities for each of the hours of the day. This is pos-

sibly due to day to day variations in electricity usage.

We then carry out a frequency analysis of the occurrence of DPED in differ-

ent hours of the day. The frequency of DPED occurring in different hours of

the day are given in Table 3.1 and shown in Figure 3.4. Daily peak electricity

demand occur at 20:00 on 46% of the days in the data set. This is followed
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Figure 3.3: (a) Upper panel: Seasonality differenced DPED data (b) Bottom
left panel: Autocorrelation function of the residuals and (c) Bottom right panel:
Partial autocorrelation function of the residuals.

by an occurrence of DPED on 41% at 19:00. On some occasions DPED is also

experienced around 21:00 for 5% of the time. In the historic data set electricity

demand also peaks in the morning around 09:00 for 3% of the time and 10:00

for 5% of the time.

3.3.2 Temperature data

Historical hourly data on temperature from 36 meteorological stations from all

the provinces of South Africa is used. The hourly data provided which was

already in aggregated form from the 36 meteorological stations is for the pe-

riod 2000 to 2010. The meteorological stations are: Upington, Calvinia, De

Aar, Kimberley, Beaufort West, Cape Town, Langebaanweg, George, East Lon-
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Table 3.1: Frequency of occurrence of DPED in different hours of the day.
Hour 1 2 3 4 5 6 7 8 9 10 11 12

Frequency 0 0 0 0 0 0 0 5 124 232 0 0
Hour 13 14 15 16 17 18 19 20 21 22 23 24

Frequency 0 0 0 0 1 3 1734 1968 204 0 0 0
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Figure 3.4: Frequency of daily peak demands occurring in different hours of
the day for the years 2000 to 2010.

don, Port Elizabeth, Tsitsikama, Umtata, Bethlehem, Bloemfontein, Welkom,

Vereeniging, Ladysmith, Pietermaritzburg, Durban, Richards Bay, Airport, Belfast,

Nelspruit, Witbank, Johannesburg, Pretoria , Eendracht, Irene, Pilanesberg,

Rustenburg, Polokwane, Thohoyandou, Ellisras, Mafikeng, Margate and New-

castle. Table 3.2 gives a summary of the descriptive statistics of temperature.

Table 3.2: Descriptive statistics for average temperature.
Mean Median Max Min Std Dev Skew Kurtosis

Maximum Temp 23.9 24.2 32.2 10.8 3.5 -0.355 2.66
Minimum Temp 13.0 13.9 21.4 -0.2 4.5 -0.397 1.99
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A plot of the minimum, average and maximum daily temperatures together

with their respective densities are given in Figure 3.5.
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2000 to 2010.
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The frequencies of the maximum and minimum temperature occurring in dif-

ferent hours of the day are presented in Figure 3.6. Figures 3.14, 3.15 and

3.16 in appendix 3.2 at the end of the chapter show plots of electricity demand

against temperature at different hours when minimum and maximum tem-

peratures were recorded. In order to analyse the influence of temperature on
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Figure 3.6: (a) Top panel: Frequency of occurrence of maximum and (b) Bottom
panel: minimum daily temperatures in different hours of the day.

electricity demand we initially remove the trend and seasonality in the DPED

data which is not linked to temperature. We initially fit a trend line to DPED,

that is, we regress DPED (xt) against time t, for t = 1, .., n. The trend line is

given by the following equation

xt = β0 + β1t+ εt
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We then detrend by subtracting the trend component. This is then followed

by deseasonalizing the detrended data. This is done by initially calculating

the seasonal indices followed by dividing the DPED data by the seasonal in-

dex for the given season. There are other several methods of filtering data

(i.e. removing both the trend and the calendar effects) which are discussed

in literature (see Moral-Carcedo and Vicéns-Otero, 2005; Munoz et al,, 2010;

among others). Figure 3.7 shows that the relationship between filtered DPED

and temperature is nonlinear. Plots of electricity demand against average min-

imum temperature and those of electricity demand against average maximum

temperature at different hours of the day are shown in Figures 3.10 and 3.11

respectively. These are given in appendix 3.2.
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Figure 3.7: Scatter plot of filtered DPED (in MW) against average daily tem-
perature (degree C).

The demand for electricity is highly sensitive to temperature fluctuations in

winter and less sensitive in summer. The nonlinear relationship between load

and temperature is modelled in literature using cooling degree-days and heat-

ing degree-days (Mirasgedis et al., 2006; Munoz et al., 2010; among others).
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In the presence of only one reference point, Cooling Degree-Days (CDDt) and

Heating Degree-Days (HDDt) are estimated on the basis of the following two

linear functions defined as

CDDt = max {Tt − Tref , 0}

and

HDDt = max {Tref − Tt, 0}

where Tref represents the temperature which separates the winter and sum-

mer periods of average daily electricity demand and temperature relationship

and Tt represents average daily temperature (mean outdoor air temperature)

on day t. If Tt > Tref there are no HDDt and similarly when Tt < Tref there

are no CDDt. The reference temperature should be selected adequately so as

to separate correctly the winter (cold temperature) and summer (hot tempera-

ture) periods of average daily electricity demand and temperature relationship

(Munoz et al., 2010). The challenge for South Africa is on how to determine the

reference temperature Tref.

3.4 Empirical results

3.4.1 The multivariate adaptive regression splines mod-

els

The MARS models discussed in Section 3.2 are used to identify thresholds for

separating the winter-sensitive period from the weather-neutral period and

also the summer-sensitive period from the weather-neutral period. The MARS

model with DPED as the dependent variable and average daily temperature
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(Tt) as the predictor variable is given as

DPED = r0 + r1max {0, Tt − Tw}+ r2max {0, Ts − Tt}+ εt(1) (3.7)

The parameters, r0, r1 and r2, and knots, Tw and Ts respectively are estimated

by using the Salford Predictive Modeller version 7.0. The resulting model is

ˆDPED = 26870.80 + 440.16max {0, 22− Tt}+ 86.46max {0, Tt − 17.1} (3.8)

If the average daily temperature is less than or equal to 17.10C we use equation

(3.9).

ˆDPED = 26870.80 + 440.16max {0, 22− Tt} (3.9)

That is if temperature decreases by 10C (e.g. from 17.10C to 16.10C) DPED

increases by about 440.16MW. Similarly if average daily temperature is greater

than or equal to 220C we use equation (3.10)

ˆDPED = 26870.80 + 86.46max {0, Tt − 17.1} (3.10)

If temperature increases by 10C (e.g. from 220C to 230C) DPED increases by

about 86.46MW. For an average daily temperature between 17.10C and 220C)

we use the full model given in equation (3.8). A scatter plot of DPED against

Tt is shown in Figure 3.8.

Using Average Daily Electricity Demand (ADED) as the response variable

and Tt as the predictor variable we get the following MARS model

ADED = k0 + k1max {0, Tt − Tw}+ k2max {0, Ts − Tt}+ εt(2) (3.11)
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Figure 3.8: Scatter plot of DPED (in MW) against average daily temperature
(in degree C).

After estimating the parameters and knots we get

ˆADED = 23555.1 + 303.66max {0, 22− Tt}+ 151, 52max {0, Tt − 16} (3.12)

If temperature increases by 10C above 220C ( e.g. from 220C to 230C) ADED

increases by about 151.52MW. Similarly if temperature decreases by 10C be-

low 160C (e.g. from 160C to 150C) ADED increases by about 303.66MW. Figure

3.9 shows the relationship between average daily electricity demand against

average daily temperature. Comparing Figure 3.9 with Figure 3.8 it is seen

that DPED increases more sharply as temperature decreases when compared

to ADED. The models given in equations 3.7 and 3.11 only use temperature as

an explanatory variable. Lagged error terms and trend are ignored in these

models. These models cannot be used for forecasting. They are only used for

analyzing the relationship between electricity demand with temperature. A

summary of the MARS models discussed in this section are given in appendix
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Figure 3.9: ADED (in MW) against average daily temperature (in degree C).

3.1 at the end of the chapter.

The threshold temperatures determined by the MARS algorithm are found to

be 160C and 220C using ADED with average daily temperature, and 17.10C and

220C using DPED with average daily temperature. We round up 17.10C to 180C.

From now onwards we will be using 180C for separating the winter-sensitive

period from the weather-neutral period and 220C for separating the summer-

sensitive period from the weather-neutral period. It should be noted that the

reference temperatures differ from country to country, e.g. for Spain they

are 150C and 170C (Munoz et al., 2010). For both winter and summer, Sailor

and Munoz (1997) use a reference temperature of 18.30C; Moral-Carcedoa and

Vicéns-Otero (2005) use a threshold (reference) temperature of 180C and for the

Australian electricity data, Hyndman and Fan (2008) used a reference temper-

ature of 18.50C.
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3.5 Concluding remarks

Modelling the influence of temperature on daily peak electricity demand us-

ing Multivariate Adaptive Regression Splines (MARS) is discussed. Using the

MARS algorithm the reference temperatures which separate the weather neu-

tral period from the winter and summer sensitive periods are determined. The

developed MARS models can only be used for analyzing the relationship be-

tween electricity demand with temperature and should not be used for forecast-

ing. The chapter establishes temperature as an important variable in explain-

ing electricity demand. Empirical evidence from this study shows that for tem-

perature values below 180C demand for electricity in South Africa increases sig-

nificantly while for temperature values above 220C demand increases slightly.

Within the weather neutral period residents would neither use a heater nor a

cooling system.

In Chapter 4 we discuss the use of piecewise linear regression models in mod-

elling the influence of temperature on electricity demand.
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APPENDIX 3.1: MARS MODELS

1. Daily Peak Electricity Demand (DPED) with Average Daily Tem-

perature (ADT)

===============

Basis Functions

===============

BF2 = max(0, 22 - ADT);

BF3 = max(0, ADT - 17.1);

DPED = 26870.8 + 440.156 * BF2 + 86.4596 * BF3;

MODEL DPED = BF2 BF3.

2. Average Daily Electricity Demand with Average Daily Tempera-

ture (ADT)

===============

Basis Functions

===============

BF2 = max(0, 22 - ADT);

BF3 = max(0, ADT - 16);

ADED = 23555.1 + 303.663 * BF2 + 151.519 * BF3;

MODEL ADED = BF2 BF3.
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APPENDIX 3.2: PLOTS OF DEMAND AGAINST TEMPER-

ATURE
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Figure 3.10: Plot of electricity demand against average minimum temperature
at different hours of the day.
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Figure 3.11: Plot of electricity demand against average maximum temperature
at different hours of the day.

APPENDIX 3.3: PROBABILITY DENSITY FUNCTIONS OF

DPED: YEARS 2000 TO 2009 AND OF HOURLY DE-

MAND: 01:00 TO 24:00
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Figure 3.12: Probability density functions of DPED: 2000 to 2009.
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Figure 3.13: Probability density functions of DPED for the years 2000 to 2009.
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Figure 3.14: Probability density functions of hourly demand: 01:00 to 08:00.
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Figure 3.15: Probability density functions of hourly demand: 09:00 to 16:00.
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Figure 3.16: Probability density functions of hourly demand: 17:00 to 24:00.



Chapter 4

Modelling the influence of

temperature on daily peak

electricity demand in South

Africa using a piecewise linear

regression model

4.1 Introduction

The chapter presents empirical results on the influence of temperature on daily

peak electricity demand in South Africa using Piecewise Linear (PL) regres-

sion models. In Chapter 3 we determined the threshold temperatures using

a MARS model. We extend the models by including lagged error terms and

a trend component. The piecewise linear regression model discussed in this
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chapter is only used to explore the influence of temperature on electricity de-

mand and not for predictions. In order to assess the influence of temperature on

DPED we use peak temperature (T pt
t ) instead of the average daily temperature

(Tt). Peak temperature is temperature recorded at the hour of peak demand.

The values of Tw and Ts determined in Chapter 3 using the MARS model are

used in the piecewise linear regression model in Sections 4.2 and 4.3.

4.2 The piecewise linear regression model

The piecewise linear regression model discussed in this chapter includes lagged

error terms with a trend component. The piecewise linear regression model is

given in equation (4.1).

xt = co + c1t+ c2(T
pt
t − Tw)d1t + c3(T

pt
t − Ts)d2t +Rt (4.1)

where T pt
t represents peak temperature (in degrees Celsius) at time t. DPED (in

megawatts) observed on day t is denoted by xt, Tw is the temperature to identify

where the winter sensitive portion of demand join the non-weather sensitive

demand component, Ts is the temperature to identify where the summer sen-

sitive portion of demand join the non-weather sensitive demand component, c0

represents the mean daily peak demand observed in the non weather sensitive

period (Tw ≤ T pt
t ≤ Ts). It should be noted that daily peak demand during non-

weather sensitive days does not depend on temperature. The variable t repre-

sents the trend component. Rt is a stochastic disturbance term whose structure

is given by Rt =
∑7

i=1 ϕiRt−i + εt for modelling the DPED data and εt is a white

noise series. The parameters to be estimated are ci, i = 0, 1, 2, 3 and ϕi, i =
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1, 2, 5, 7. The dummy variables d1t and d2t are defined as follows

d1t =











1 if T pt
t − Tw < 0

0 otherwise

(4.2)

d2t =











1 if T pt
t − Ts > 0

0 otherwise

(4.3)

The model in equation (4.1) accounts for any residual correlation that may oc-

cur as a result of the day-to-day and week-to-week variations in peak electricity

demand. Equation (4.1) is based on the following theoretical assumptions:

1. Peak demand on day t is highly correlated with peak demand on day t+1.

2. There may be significant correlation between demand with lags of 2 days,

5 days and/or 7 days.

Derivation of the three demand equations for winter-sensitive, summer-

sensitive and non-weather sensitive periods

From

xt = c0 + c1t+ c2(T
pt
t − Tw)d1t + c3(T

pt
t − Ts)d2t +Rt (4.4)

The derivation of the three equations for winter-sensitive, summer-sensitive

and non-weather sensitive periods are given as follows:
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For winter-sensitive months, i.e. T pt
t < Tw, d1t = 1, d2t = 0, we obtain

E(xt) = c0 + c1t+ c2(T
pt
t − Tw)(1) + c3(T

pt
t − Ts)(0)

= c0 + c1t+ c2(0, T
pt
t − Tw)

= (c0 − c2Tw) + c1t+ c2T
pt
t (4.5)

where (c0 − c2Tw) is a constant term. Let a = (c0 − c2Tw) then

E(xt) = a+ c1t+ c2T
pt
t (4.6)

which is a simple linear regression model.

For the summer-sensitive months, i.e. T pt
t > Ts, d1t = 0, d2t = 1, we obtain

E(xt) = c0 + c1t+ c2(T
pt
t − Tw)(0) + c3(T

pt
t − Ts)(1)

= c0 + c1t+ c3(T
pt
t − Ts)

= (c0 − c3Ts) + c1t+ c3T
pt
t (4.7)

Similarly (c0 − c3Ts) is also a constant. Let b = (c0 − c3Ts) then

E(xt) = b+ c1t+ c3T
pt
t (4.8)
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Finally, for the non-weather sensitive months, Tw ≤ T pt
t ≤ Ts, d1t = d2t = 0, we

obtain

E(xt) = c0 + c1t (4.9)

where c0 represents the mean daily demand observed during the non-weather

sensitive period.

One of the challenges for South African data is to determine Tw and Ts. If Tw

and Ts are known then the parameters of the equation 4.4 can be estimated by

the Ordinary Least Squares (OLS) method. The Multivariate Adaptive Regres-

sion Splines (MARS) modelling approach was used in Chapter 3 to determine

Tw and Ts.

4.3 Empirical results

Using the values of Tw and Ts which were determined in Chapter 3 (180C and

220C respectively) the piecewise linear regression model is given as

xt = c0 + c1t+ c2(T
pt
t − 18)d1t + c3(T

pt
t − 22)d2t +Rt (4.10)

where c0, c1, c2 and c3 are parameters, xt is DPED, Rt is an error term with the

following structure, Rt = φ1Rt−1 + φ2Rt−2 + Φ1Rt−7 + εt + θ3εt−3 + Θ1εt−7. Let

X1 = (T pt
t −18)d1t where d1t = 1 if T pt

t < 18 and zero otherwise. This is equivalent

to X1 = min(0, T pt
t −18). Similarly let X2 = (T pt

t −22)d2t where d2t = 1 if T pt
t > 22

and zero otherwise. This is equivalent to X2 = max(0, T pt
t − 22). Equation 4.10

can be written as

xt = c0 + c1t+ c2X1 + c3X2 +Rt (4.11)



Modelling the influence of temperature on DPED 73

After considering several piecewise linear regression models, the best model is

given in equation (4.12).

x̂t = 38904− 1.186t− 185.4X1 + 11.4X2 + 0.792R̂t−1 − 0.024R̂t−2

+0.115R̂t−3 + 0.043R̂t−5 + 0.997R̂t−7 − 0.853εt−7 (4.12)

The parameter c2 in equation (4.12) is negative, showing that if peak tem-

perature decreases by one degree from 180C, electricity demand increases by

about 185.4 MW. The parameter c3 is positive, showing that if the tempera-

ture increases by one degree from 220C, electricity demand increases by about

11.4MW. This shows that electricity demand is more sensitive to cold tempera-

tures than hot temperatures.

Summary statistics for the piecewise linear regression model given in equa-

tion (4.12) are presented in Table 4.1.

Table 4.1: In-sample evaluation.
Adjusted R-squared AIC a DW b RMSE c MAPE d

PLR model 0.9721 15.4202 1.9977 538.28 1.29

aAIC denotes Akaike Information Criterion
bDW denotes Durbin Watson statistic
cRMSE represents the Root Mean Square Error
dMAPE is the Mean Absolute Percentage Error

4.4 Concluding remarks

In this chapter the modelling of the influence of temperature on daily peak

electricity demand in South Africa using a piecewise linear regression model

is discussed. The developed piecewise linear regression model is not meant for

forecasting but to model the effect of temperature on electricity demand. The
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study establishes temperature as an important variable in explaining electric-

ity demand. Empirical evidence from this study shows that for temperature

values below 180C demand for electricity in South Africa increases significantly

while for temperature values above 220C demand increases slightly. These re-

sults are consistent with findings discussed in Chapter 3.

An interesting area for further study would involve the use of Bayesian pa-

rameter estimates of the piecewise linear regression model in explaining the

effect of temperature on electricity demand. This is discussed in Chapter 5.



Chapter 5

Influence of temperature on

daily peak electricity demand in

South Africa: A frequentist and

Bayesian approach

. . . in terms of forecasting ability, . . . a good Bayesian will beat a

non-Bayesian, who will do better than a bad Bayesian.

C.W.J. Granger (1986, p. 16)

5.1 Introduction

The use of the Bayesian parameter estimates to a piecewise linear regression

model in explaining the influence of temperature on daily peak electricity de-

mand in South Africa is discussed in this chapter. Probability statements are
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made about the uncertainty in the estimated parameters. The chapter con-

centrates on daily peak electricity demand modelling which is important for

providing short term forecasts which will assist in optimal dispatching of elec-

trical energy. Estimation of the parameters of the piecewise linear regression

model is done using the least squares method. The next step involves the use

of Bayesian statistics in developing posterior densities for the parameter esti-

mates to the piecewise linear regression model. A Bayesian analysis provides

a way of taking into account uncertainty in the estimation of the parameters.

Uncertainty about the true values of the Bayesian parameter estimates is in-

corporated into the analysis through the use of a non-informative prior distri-

bution. The Bayesian modelling approach is arguably more informative than

the classical statistical modelling approach (Bayarri and Berger, 2004).

5.2 Bayesian modelling framework

5.2.1 Bayesian forecasting

In electricity demand forecasting, models such as multiple linear regression,

for example, have important parameters which help in quantifying the marginal

contribution of drivers of electricity demand. For example if x denotes electric-

ity demand and z represents gross domestic product, then x = β0 + β1z + ε rep-

resents a simple model for predicting x given z. The parameters of the model

are β0 and β1. Let θ represent a vector of these parameters, i.e. θ = {β0, β1}.

Let π(θ) be the density of the prior distribution for the parameter θ = (θ1, ..., θp)

and π(x|θ), where x = (x1, ..., xn) be the likelihood function then the posterior

distribution, Beirlant et al., (2004), is given by

π(θ|x) =
π(x|θ)π(θ)

∫

θ
π(x|θ)π(θ)dθ

(5.1)
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π(θ|x) ∝ π(x|θ)π(θ) (5.2)

If π(xn+1|θ) is the density function of a future observation xn+1 the posterior

predictive density π(xn+1|x) is given by

π(xn+1|x) =

∫

θ

π(xn+1|θ)π(θ|x)dθ (5.3)

and the posterior predictive probability of a future observation xn+1 greater

than a given threshold τ is given by

P (Xn+1 > x|X > τ) =

∫

θ

P (Xn+1 > x|θ)π(θ|x)dθ (5.4)

Markov Chain Monte Carlo (MCMC) methods are usually used to find approx-

imate values for equation (5.1). It is given in Beirlant et al., (2004) that if a

sample θ1, ..., θk is taken from the posterior distribution π(θ|x) then the follow-

ing approximation can be used

P (Xn+1 > x|X > τ) ∝
1

k

k
∑

i=1

P (Xn+1 > x|θi) (5.5)

Gibbs Sampler (the algorithm)

The Gibbs sampler introduced by Geman and Geman (1984) is a special case

of the Metropolis-Hastings algorithm. The Gibbs algorithm is given as: Let

θ = (θ1, ..., θp). Each θ
(i)
j is sampled from the conditional distribution given all

the other components of θ. So if we have the set of values
{

θ
(i)
1 , ..., θ

(i)
p

}

the
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algorithm is as follows:

Draw θ
(i+1)
1 ∼ π(θ1|θ

(i)
2 , ..., θ(i)p , x)

Draw θ
(i+1)
2 ∼ π(θ2|θ

(i+1)
1 , θ

(i)
3 , ..., θ(i)p , x)

.

.

.

Draw θ(i+1)
p ∼ π(θp|θ

(i+1)
1 , ..., θ

(i+1)
p−1 , x)

5.2.2 Prior distributions

Generally prior distributions are classified into noninformative and informa-

tive priors. Conjugate priors are a special type of informative priors. Conju-

gate priors provide computational convenience in that the prior and posterior

distributions belong to the same family of distribution (Gelman et al., 2004).

Noninformative priors are objective. They are also known as vague, diffuse or

flat priors. With a flat prior the likelihood on all possible values of a param-

eter is equal (Gelman et al., 2004; SAS/STAT9.2 User’s Guide Introduction to

Bayesian Analysis Procedures (n.d.)). Box and Tiao (1973) discuss in detail

development of noninformative priors. Techniques for deriving noninformative

priors are discussed in Kass and Wasserman (1996).

Informative priors are used when prior information about the parameter is

available (Koch, 2007). Incorporating prior information which is usually based

on previous knowledge, previous studies or expert opinions is usually difficult

in practice. To overcome this challenge, Ibrahim and Chen (2000) develop a

power prior which takes into account previous data.

We discuss briefly two non informative priors used in this thesis, that is the
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Jeffreys’s prior and the maximal data information prior.

Jeffreys’s prior

The Jeffreys’s prior is objective and invariant under reparameterization, but vi-

olates the likelihood principle (Bernado and Smith, 1994; Beirlant et al., 2004).

Jeffreys’s prior (Jeffreys, 1961) is defined as

π(θ) ∝
√

|I(θ)| (5.6)

where θ = (θ1, ..., θp) and I(θ) is Fisher’s information matrix with (i, j)th ele-

ment.

Ii,j(θ) = E

{

−
∂2logf(X|θ)

∂θi∂θj

}

, i, j = 1, ..., p (5.7)

For details see Beirlant et al. (2004).

Maximal Data Information Prior

Maximal data information prior is one which provides maximal average data

information (Zellner, 1977). Although the prior is not invariant under reparam-

eterization, constraints on the parameter can be built into the prior (Zellner,

1977). The MDI prior is defined as follows (Zellner, 1977; Beirlant et al., 2004):

π(θ) ∝ exp {E [logf(X|θ)]} (5.8)

where θ is as defined in Section 5.2.1.
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5.2.3 Bayesian linear regression model

The normal multiple regression model is given by

y = Xβ + u (5.9)

where y is an n × 1 vector of observations, X is the n × k design matrix of ob-

servations on k− 1 independent variables. The vector of regression coefficients

is given by β and u is an n× 1 vector of error terms. The error terms, u are as-

sumed to be normally and independently distributed each with mean zero and

common variance σ2. The parameter vector is (β, σ2). We then estimate β and

σ2 together with their respective probability density functions (pdfs). In the

frequentist approach the coefficient vector β is estimated by the ordinary least

squares method using the Moore-Penrose pseudoinverse, β = (X ′X)
−1

X ′y. In

contrast to the frequentist approach the Bayesian approach supplements the

sample data with additional information which is in the form of a prior distri-

bution.

Joint prior distribution (Jeffreys’s prior)

In specifying the prior distribution we assume that the information is vague.

We use a non-informative Jeffreys’s prior (Zellner, 1971): Let θ = (β, σ2) then

π(β, σ2) ∝
√

|I(β, σ2)|
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Now

I(β, σ2) = E

{

−
∂2logf(X|β, σ2)

∂β∂σ2

}

= −E





∂2logf(X|β,σ2)

∂β2

∂2logf(X|β,σ2)

∂β∂σ2

∂2logf(X|β,σ2)

∂σ2∂β

∂2logf(X|β,σ2)

∂(σ2)2





I(β, σ2) =
1

σ2
X ′X

Hence

π(β, σ2) ∝

√

∣

∣

∣

∣

1

σ2
X ′X

∣

∣

∣

∣

π(β, σ2) ∝
1

σ2
(5.10)

For a detailed discussion of the Jeffreys’s prior of the normal linear regression

see Zellner (1971); Ibrahim and Laud (1991); Micali (2007); among others.

Joint likelihood function

Assuming that the random errors are independent and normally distributed,

the joint likelihood for y given X,β and σ2 is given as (Zellner, 1971)

π(y|X,β, σ2) ∝
1

σn
exp

[

−
1

2σ2
(y −Xβ)′ (y −Xβ)

]

∝
1

σn
exp

{

−
1

2σ2

[

(y − ŷ)′ (y − ŷ) +
(

β − β̂
)′

X ′X
(

β − β̂
)

]}

∝
1

σn
exp

{

−
1

2σ2

[

vs2 +
(

β − β̂
)′

X ′X
(

β − β̂
)

]}

(5.11)
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where

v = n− k

β̂ = (X ′X)
−1

X ′y

ŷ = Xβ̂

s2 =

(

y −Xβ̂
)′ (

y −Xβ̂
)

v

and

β̂|σ2
∼ N

(

β, σ2 (X ′X)
−1
)

Posterior distribution

Combining the prior distribution in expression (5.10) with the likelihood func-

tion in expression (5.11) we get the following joint posterior distribution (Zell-

ner, 1971)

π(β, σ2|y,X) = p(y|X,β, σ2)p(β, σ2)

π(β, σ2|y,X) ∝
1

σn
exp

{

−
1

2σ2

[

vs2 +
(

β − β̂
)′

X ′X
(

β − β̂
)

]}

×
1

σ2

π(β, σ2|y,X) ∝
1

σn+2
exp

{

−
1

2σ2

[

vs2 +
(

β − β̂
)′

X ′X
(

β − β̂
)

]}

(5.12)
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Marginal posterior densities

Integrating expression (5.12) with respect to σ2 we get the following marginal

posterior pdf for the elements of β (Zellner, 1971):

π(β|y,X) =

∫ ∞

0

p(β, σ2|y,X)dσ2

π(β|y,X) ∝

[

vs2 +
(

β − β̂
)′

X ′X
(

β − β̂
)

]−n
2

(5.13)

where β̂ is the posterior mean vector given the data and prior information.

The marginal posterior pdf in expression (5.13) follows a multivariate Student-

t distribution. The marginal posterior distribution of βi follows a Student-t

distribution, that is
βi − β̂i

s(mii)
1

2

∼ tv (5.14)

where mii is the (i, i)th element of (X ′X)−1. The posterior mean of βi is β̂i given

the observed data and prior information. Now integrating expression (5.12)

with respect to the elements of β we get the marginal posterior pdf of σ2, that

is

π(σ2|y,X) =

∫ ∞

−∞

...

∫ ∞

−∞

p(β, σ2|y,X)dβ

p(σ2|y,X) ∝
1

σv+1
exp

(

vs2

2σ2

)

(5.15)

The marginal posterior pdf in (5.15) follows an inverse gamma pdf (Zellner,

1971).
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Posterior predictive density

The predictive density is given by (Zellner, 1971)

π(ỹ|y, X̃,X) =

∫ ∫

p(ỹ|β, σ2, X̃)p(β, σ2|y,X)dβdσ2 (5.16)

where ỹ denotes the p− step ahead forecasts which is a p× 1 vector, i.e.

ỹ = (yt+1, ..., yt+p), X̃ are future observations of the independent variables and

π(β, σ2|y,X) is the joint posterior distribution of β and σ2 given in expres-

sion (5.12). The predictive distribution given in equation (5.16) follows a mul-

tivariate Student-t distribution, i.e. π(ỹ|y, X̃,X) ∼ t(n − k, X̃, β̂, s) where

s = σ̂2(Ip + X̃(X ′X)−1X̃
′
) and β̂ is the posterior mean of β (Zellner, 1971).

The predictive distribution for a single component of ỹ follows a univariate

Student-t distribution given by ỹ−X̃kβ̂k

S
1/2
k,k

∼ tn−k (Zellner, 1971).

5.3 Load and temperature data

Daily peak electricity demand (DPED) and temperature data (peak tempera-

ture) for the period 2000 to 2010 are used for developing the piecewise linear

regression model discussed in this chapter.

5.4 Piecewise linear regression model

Short term electricity load forecasting is very important for system operators

who have to ensure that the amount of electricity drawn from the grid and the

amount generated balances (Cottet and Smith, 2003; Taylor, 2006). In the ab-

sence of blackouts and load-shedding the electricity load is equal to electricity

demand (Cottet and Smith, 2003). Short-term load forecasting is important

to ensure that there is a balance between demand and supply since electricity

cannot be stored (Munoz et al., 2010).
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Most papers in literature concentrate on point forecasting only. One major

drawback of point forecasting only is that it does not fully take into account

uncertainty in the estimation of the parameters. One way of overcoming this,

is the use of Bayesian analysis and density forecasting.

Initially a piecewise linear regression model is developed. In the second stage

Bayesian statistics is used in developing posterior densities for the parameter

estimates to the piecewise linear regression model. The reference tempera-

tures (Tw and Ts) which are 180C and 220C respectively as discussed in chapter

3 are used in the development of the piecewise linear regression model. Within

this range of temperature values (180C and 220C) the assumption is residents

would neither use a heater nor a cooling system. The model identifies the win-

ter sensitive, weather neutral and summer sensitive periods. The piecewise

linear function used in this chapter is given in equation (5.17).

xt = β0 + β1t+ β2X1 + β3X2 +
7
∑

r=2

τrDrt +
12
∑

l=2

λlMlt

+µHt−1 + δHt + γHt+1 + et (5.17)

where xt is DPED, X1 = (T pt
t − 18)d1t and d1t = 1 if T pt

t < 18 and zero otherwise;

X2 = (T pt
t − 22)d2t and d2t = 1 if T pt

t > 22 and zero elsewhere; t is the trend

component which is aimed at taking into account the long-term trend in the

daily peak electricity demand; et is the error term; T pt
t represents peak temper-

ature (in degrees Celsius). The peak temperature is the temperature recorded

at the hour of peak demand on day t; 180C is the temperature to identify where

the winter sensitive portion of demand join the non-weather sensitive demand

component, 220C is the temperature to identify where the summer sensitive

portion of demand join the non-weather sensitive demand component, β0 rep-

resents the mean daily peak demand observed in the non-weather sensitive
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period (180C ≤ T pt
t ≤ 220C). The dummy variables Ht, Ht−1 and Ht+1 are repre-

senting holiday, day before and after a holiday respectively. The day of the week

effect is represented by the dummy variable Drt, where Drt equals 1 if in the

tth observation, day r (r = Tuesday,...,Sunday) is found and 0 otherwise, with

Monday as the base period. The monthly effect is represented by Mlt, where

Mlt equals 1 if in the tth observation the month l (l = February,...,December)

is found and 0 otherwise, with January as the base month. To reduce serial

correlation we include an autoregressive structure in the error term et. The

structure of the error term et is given by

et = εt + φ1εt−1 + φ3εt−3 + φ6εt−6 + φ7εt−7 + φ31εt−31 + φ175εt−175 (5.18)

The terms φ1εt−1, φ3εt−3 and φ6εt−6 will account for day to day variations in elec-

tricity peak demand. The week to week, monthly and semi-annual variations

in electricity peak demand will be accounted for by φ7εt−7, φ31εt−31 and φ175εt−175

respectively.

The developed piecewise linear regression model is given in equation (5.19)

xt = β0 + β1t+ β2X1 + β3X2 + τ5g5t + τ6g6t + τ7g7t + µHt−1 + δHt + γHt+1

+εt + φ1εt−1 + φ3εt−3 + φ6εt−6 + φ7εt−7 + φ31εt−31 + φ175εt−175 (5.19)
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where all the variables are as defined in equation (5.17). Substituting the coef-

ficients of the variables we get

x̂t = 25687.61 + 2.13t− 171.47(T pt
t − 18)d1t + 24.85(T pt

t − 22)d2t − 897.36D5t

−2304.73D6t − 2564.95D7t − 779Ht−1 − 1779.63Ht − 227.36Ht+1

+0.797ε̂t−1 + 0.095ε̂t−3 + 0.078ε̂t−6 + 0.192ε̂t−7

−0.035ε̂t−31 − 0.076ε̂t−175

The coefficient of X1 = (T pt
t − 18)d1t is negative showing that if peak temper-

ature decreases by one degree from 180C, electricity demand will increase by

171.468MW. The coefficient of X2 = (T pt
t −22)d2t is positive showing that if tem-

perature increases by one degree from 220C, electricity demand will increase

by 24.85MW. We conclude that electricity demand in South Africa is more sen-

sitive to the winter period.

The coefficients of the dummy variables holiday, day before holiday and day

after holiday are negative indicating that there is a decrease in demand during

these periods. Demand for electricity during holidays decreases significantly

compared to a normal working day as shown in Figure 5.1.
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Figure 5.1: Holiday effect. During holidays electricity demand drops signifi-
cantly compared to a normal day and a day before and after a holiday.

All the coefficients of the dummy variables representing Friday, Saturday and

Sunday are negative indicating that there is a decrease in demand during these

days. Figure 5.2 shows the day of the week effect. The largest decrease in elec-

tricity demand is on Sunday as shown in Figure 5.2.

The root mean square error (RMSE) and mean absolute percentage error (MAPE)

are generally used for evaluating the predictive power of short-term load fore-

casting (STLF) models (Munoz et al., 2010). These accuracy measures are used

in the in-sample forecasting evaluation of the model. Several models were run

and the results of the best model are summarized in Table 5.1. For the period

t = 1, ...,m, the RMSE, MAPE are calculated as:

RMSE =

√

√

√

√

1

m

m
∑

t=1

(xt − ft)
2,
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Figure 5.2: Weekly seasonal index plot of DPED. The index for each day is
calculated as follows: We calculate the average DPED for each day and then
divide by the overall average. Demand for electricity drops significantly during
weekends as most companies and industries will be closed.

MAPE =
1

m

m
∑

t=1

|xt − ft|

xt
100,

where xt and ft are the actual and predicted daily peak loads at time t.

Table 5.1: In-sample forecasting evaluation.
Performance criteria (estimation period)

Forecasting model MAPE RMSE
Piecewise linear regression 1.172 422.1

5.5 Bayesian analysis: Posterior distributions of

the parameters

The posterior probability density functions (pdfs) for the piecewise linear re-

gression parameters are given in this section. We discuss the results of the
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parameters β0, ..., β3 and the rest of the posterior distributions of the parame-

ters β4, ..., β9 are summarized in Table 5.2 and given in Figure 5.4. The three

demand-temperature lines for weekdays without the trend and holiday effects

i.e. assuming (t = D5t = D6t = D7t = Ht−1 = Ht = Ht+1 = 0) are shown below.

For the non-weather sensitive months (18 ≤ T pt
t ≤ 22, d1t = d2t = 0) we get

Figure 5.3: Marginal posterior distributions of the model parameters: (a) Top
left panel: β0 (b) Top right panel: β1, (c) Bottom left panel: β2 and (d) Bottom
right panel: β3.

E(β0) = β̂0 = 25687.61MW is the posterior mean daily peak electricity demand

for the non-weather sensitive period. The posterior pdf for β0 shown in Figure

5.3(a) shows the non-weather sensitive mean daily peak demand could take

any value between 23500MW and 28000MW.

There is a persistent increase in daily peak electricity demand with time in

South Africa. The slope is around 2MW per day. It is highly unlikely that the
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slope exceeds 3 and highly unlikely that it is below 1. The calculated mean

slope increase is 2.126MW. Figure 5.3(b) shows the posterior pdf for β1. For the

winter sensitive months (T pt
t < 18, d1t = 1, d2t = 0) we get

ˆDPED = 25687.61− 171.468(T pt
t − 18)d1t (5.20)

That is if temperature decreases by 10C (e.g. from 180C to 170C) the marginal

increase in daily peak demand will be 171.468MW. Because of the uncertainties

associated with demand, this increase could be any value between 140MW and

200MW. In other words, it is highly unlikely that this increase will be less than

140MW and highly unlikely that it will exceed 200MW. Figure 5.3(c) shows the

posterior pdf for β2. For the summer sensitive months (T pt
t > 22, d1t = 0, d2t = 1)

we get

ˆDPED = 25687.61 + 24.85(T pt
t − 22)d2t (5.21)

That is if temperature increases by 10C (e.g. from 220C to 230C) the marginal in-

crease in demand will be 24.85MW. This marginal increase could be any value

between -20MW and 80MW. There is a possibility of no change since zero is

included in the interval. The posterior pdf for parameter β3 is shown in Figure

5.3(d). Table 5.2 summarizes the 99% Bayesian Credible intervals of the pos-

terior distributions of the parameters of the piecewise linear regression model.

5.6 Discussion

A piecewise linear regression model is developed which relates peak demand

to temperature, day of the week and the holiday effect which includes the day

before and the day after a holiday. The developed model accounted for the week

to week, monthly and semi-annual variations in peak electricity demand. This

study has shown that a Bayesian analysis provides a way of taking into account
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Table 5.2: 99% Bayesian Credible intervals.
Parameter 99% Bayesian Credible intervals Posterior means of the

parameters β̂i
β0 23500 to 28000 E(β0) = 25687.61
β1 1 to 3 E(β1) = 2.126000
β2 -200 to -140 E(β2) = −171.470
β3 -20 to 80 E(β3) = 24.85000
β4 -960 to -820 E(β4) = −897.360
β5 -2400 to -2200 E(β5) = −2304.73
β6 -2640 to -2480 E(β6) = −2564.95
β7 -925 to -650 E(β7) = −779.490
β8 -1950 to -1650 E(β8) = −1779.63
β9 -400 to -125 E(β9) = −227.360

uncertainty in the estimation of the parameters. Uncertainty about the true

values of the piecewise linear regression parameter estimates is incorporated

into the analysis through the choice of a non-informative prior distribution.

Empirical results show that if temperature decreases by 10C in the winter sen-

sitive period (that is when temperature is less than 180C) then the average

increase in daily peak electricity load will be 171.47 MW. This increase in daily

peak electricity load ranges between 140 and 200 MW. Similarly if temperature

increases by 10C in the summer sensitive period (that is when temperature is

greater than 220C) daily peak electricity load will increase by an average of

24.85 MW. This increase will range from -20 to 80MW. These results show that

demand of electricity is more sensitive to winter periods than summer periods

in South Africa. This quantification of uncertainty about these parameters is

important for load forecasters in Eskom, South Africa’s power utility company

as it helps them in the determination of consistent and reliable supply sched-

ules. The developed model can be used for modelling the influence of temper-

ature on daily peak electricity demand. The mean values of the parameters of

the Bayesian approach are the same to the frequentist analogy because of the

nature of the non-informative prior employed. It therefore seems that the fre-

quentist properties of the Bayesian inferences of the model based on the prior
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Figure 5.4: Posterior pdf for parameters β4, ..., β9.

are adequate. However the resultant posterior may be used in a way that is

not always available to a frequentist.

5.7 Concluding remarks

The chapter discussed the use of Bayesian statistics for modelling the influ-

ence of temperature on daily peak electricity demand in South Africa. The

developed piecewise linear regression model captures demand drivers of elec-

tricity demand such as temperature, calendar effects and lagged demand. The

model also accounts for residual correlation that may occur as a result of day

to day, week to week, monthly and seasonal variations in peak electricity de-

mand. This empirical study provides an extension of point forecasting to den-
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sity forecasting so as to take into account uncertainty in the estimation of the

parameters. The main contribution in this chapter is the development of a

piecewise linear regression model which captures both weather and calendar

variables and bringing out the relative contribution of the influence of these

important drivers of short-term electricity demand and associated uncertain-

ties in the estimation of parameters.

The model developed in this chapter and the previous two chapters 3 and 4

respectively have been used for modelling the influence of temperature on elec-

tricity demand. In the next chapter we are going to develop time series regres-

sion models which will be used for short term (up to seven days ahead) out of

sample forecasts of daily peak electricity demand.



Chapter 6

Regression-SARIMA modelling of

daily peak electricity demand in

South Africa

6.1 Introduction

The chapter discusses an application of time series regression models in short

term forecasting of up to seven days ahead of Daily Peak Electricity Demand

(DPED) using South African data. These models are the seasonal autoregres-

sive integrated moving average (SARIMA), regression-SARIMA (Reg-SARIMA)

and regression-SARIMA-GARCH (Reg-SARIMA-GARCH). The Reg-SARIMA

modelling framework captures important drivers of electricity demand includ-

ing multiple seasonality. These drivers of electricity demand are generally di-

vided into weather variables, economic and calendar effects (Hyndman and

Fan, 2010; Munoz et al., 2010).
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The major challenge in most conventional Reg-SARIMA models is that of se-

lecting a minimum number of predictor variables and ranking them in order

of their importance. The proposed models developed in this chapter are de-

signed in such a way that the predictor variables are initially selected based on

measures of predictive accuracy which are cross-validation (Arlot and Celisse,

2010), Akaike Information Criterion (AIC), Schwarz Bayesian Information Cri-

terion (SBIC) and Adjusted R2 (Hyndman and Athanasopoulos, 2012).

6.2 SARIMA and Regression-SARIMA models

6.2.1 SARIMA(p,d,q)(P,D,Q)[s] Model

The general SARIMA model can be represented analytically as (Box and Jenk-

ins, 1976):

φp(B)ΦP (B
s)∇d∇D

s xt = c+ θq(B)ΘQ(B
s)εt, εt ∼ N(0, σ2

ε) (6.1)

where xt represents Daily Peak Electricity Demand (DPED) at time t, where

t = 1, 2, ..., n, εt is the error term at time t, s is the seasonal length, B is a

backshift (lag) operator (Bzt = zt−1). The polynomial φp(B) = (1 − φ1B − ... −

φpB
p) is the nonseasonal autoregressive (AR) operator, ΦP (B

s) = (1 − Φ1B
s −

... − ΦPB
Ps) is the seasonal AR operator, θq(B) = (1 − θ1B − ... − θqB

q) is the

nonseasonal moving average (MA) operator, ΘQ(B
s) = (1−Θ1B

s−...−ΘQB
Qs) is

the seasonal MA operator. The operators ∇d and ∇D
s are the nonseasonal and

seasonal difference operators of order d and D respectively, where ∇d = (1−B)d

and ∇D
s = (1− Bs)D.
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6.2.2 Estimation of the SARIMA parameters

The Maximum Likelihood (ML) method is used to estimate the parameters of

the model given in equation (6.2). Assuming the initial conditions

x∗ = (x1−p, ..., x−1, x0)
′

and

ε∗ = (ε1−q, ..., ε−1, ε0)
′

the conditional log-likelihood function (Wei, 2006) is given as

logL∗
(

φ, µ,θ,Φ,Θ, σ2
ε

)

= −
n

2
log(2πσ2

ε)−
S∗(φ, µ,θ,Φ,Θ)

2σ2
ε

(6.2)

where S∗(φ, µ,θ,Φ,Θ) is the conditional sum of squares function given by

S∗(φ, µ,θ,Φ,Θ) =
n
∑

t=1

ε2t (φ, µ,θ,Φ,Θ|x∗, ε∗,x) (6.3)

where φ = (φ1, ..., φp), θ = (θ1, ..., θq), Φ = (Φ1, ...,ΦP ), Θ = (Θ1, ...,ΘQ) and

x = (x1, ..., xn). The quantities φ̂, µ̂, θ̂, Φ̂, Θ̂ which maximizes equation (6.2) are

the conditional maximum likelihood estimators (Wei, 2006). The model given

in equation (6.2) is used for short term forecasting of up to seven days ahead.

The modelling is done using South African DPED data.

6.2.3 Regression-SARIMA Model

The regression-SARIMA (Reg-SARIMA) models also known as the ARIMAX

models are an extension of the SARIMA model. They are often used in load

forecasting to capture important drivers of demand such as weather, economic

and calendar variables (Bunn, 1982; Weron, 2006; Suganthi and Samuel, 2012;

among others). The developed Reg-SARIMA model will be used to identify im-
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portant drivers of daily peak electricity demand in South Africa and also for

short term out of sample predictions.

The Reg-SARIMA model is a regression model with SARIMA errors (Hyndman

and Athanasopoulos, 2012). The Reg-SARIMA model reduces to a SARIMA

model if the independent variables are not used. The Reg-SARIMA model is

derived in the following paragraphs. A linear regression model with a SARIMA

error structure is given as:

xt =
k
∑

f=1

βfxft + zt

(6.4)

where xt is the dependent time series, xft are the explanatory variables, βf are

the regression parameters and zt is an error term which is assumed to follow a

SARIMA model as shown in equation (6.5).

φp(B)ΦP (B
s)∇d∇D

s zt = c+ θq(B)ΘQ(B
s)εt (6.5)

Making zt the subject of equation (6.4) we get

zt = xt −
k
∑

f=1

βfxft (6.6)

The expression of zt in equation (6.6) is then substituted in equation (6.5) to

get

φp(B)ΦP (B
s)∇d∇D

s

[

xt −
k
∑

f=1

βfxft

]

= c+ θq(B)ΘQ(B
s)εt
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φp(B)ΦP (B
s)

[

∇d∇D
s

(

xt −
k
∑

f=1

βfxft

)]

= c+ θq(B)ΘQ(B
s)εt

φp(B)ΦP (B
s)

[

∇d∇D
s xt −

k
∑

f=1

βf∇
d∇D

s xft

]

= c+ θq(B)ΘQ(B
s)εt (6.7)

Let

wt = ∇d∇D
s xt −

k
∑

f=1

βf∇
d∇D

s xft (6.8)

then equation (6.7) can be written as

φp(B)ΦP (B
s)wt = c+ θq(B)ΘQ(B

s)εt (6.9)

In order to capture the day of the week effect dummy variables are introduced.

Six dummy variables are used with Monday as a base day (Makridakis et al.,

1998; Mirasgedis et al., 2006). The dummy variables are defined as follows (as

in Chapter 5):

Drt =











1 r = Tuesday,...,Sunday

0 otherwise

(6.10)

where t represents the observation number, i.e. t = 1, 2, ..., n. The dummy

variable Drt takes value 1 if day r is found in observation t and zero otherwise.

DPED decreases during holidays. Some companies do close earlier on a day

before a holiday. There is a reduction in electricity demand a day before and

after a holiday (Ismail et al., 2008). To take into account the effects of holidays
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the following dummy variables Ht, Ht−1 and Ht+1 are introduced

Ht =











1 t = a day which is a holiday

0 otherwise

(6.11)

Ht−1 =











1 t = a day before a holiday

0 otherwise

(6.12)

Ht+1 =











1 t = a day after a holiday

0 otherwise

(6.13)

South African holidays are: New years day (NY) [1 January], Human rights

day (HR) [21 March], Good Friday (GF) (Easter holiday, the date changes from

year to year between the months of March and April), Family day (F) (Easter

holiday, usually in April), Freedom (FD) day [27 April], Workers (W) day [1

May], Youth (Y) day [16 June], National women’s (NW) day [9 August], Her-

itage (H) day [24 September], Day of reconciliation (DR) [16 December], Christ-

mas (C) day [25 December] and Day of goodwill (DG) [26 December]. South

African holidays will be applied to the model given in equation (6.15).

To take into account the monthly seasonality effect a dummy variable Mlt is

introduced. Eleven dummy variables are used and January is taken as the

base month.

Mlt =











1 l = February,...,December

0 otherwise

(6.14)
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where t = 1, 2, ..., n. If t = l the dummy variable Mlt takes value 1 and zero

otherwise.

In order to capture the demand effects we incorporate in the model the fol-

lowing variables; minimum daily electricity demand in the past 24 hours (x−
t ),

average daily electricity demand in the past seven days (x̄t). To take into ac-

count the effect of temperature on DPED the following variables are included:

maximum temperature on day t (T+
t ), maximum temperature on day t squared

(T 2+
t ), minimum temperature on day t (T−

t ), minimum temperature on day t

squared (T 2−
t ), peak temperature on day t (T pt

t ) where peak temperature is the

temperature recorded at the hour of peak demand on day t, peak temperature

on day t squared (T 2pt
t ), average temperature in the past seven days (T̄t) and

average temperature in the past seven days squared (T̄ 2
t ). The Reg-SARIMA

model is then written as

φp(B)ΦP (B
s)(1−B)d(1−Bs)D[xt −

12
∑

l=2

λlMlt −

7
∑

r=2

τrDrt − γHt−1 − κHt − ρHt+1

−α1x
−
t − α2x̄t − α3T

+
t − α4T

2+
t − α5T

−
t − α6T

2−
t − α7T

pt
t

−α8T
2pt
t − α9T̄t − α10T̄

2
t ] = c+ θq(B)ΘQ(B

s)εt

(6.15)
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Equation 6.8 can now be written as

wt = (1−B)d(1−Bs)D[xt −
12
∑

l=2

λlMlt −

7
∑

r=2

τrDrt − γHt−1

−κHt − ρHt+1 − α1x
−
t − α2x̄t − α3T

+
t − α4T

2+
t − α5T

−
t

−α6T
2−
t − α7T

pt
t − α8T

2pt
t − α9T̄t − α10T̄

2
t ] (6.16)

Combining equations 6.15 and 6.16 we get

φp(B)ΦP (B
s)wt = c+ θq(B)ΘQ(B

s)εt (6.17)

The parameters are estimated using the ML method. The conditional log-

likelihood function (Wei, 2006) is given as

logL∗
(

φ, µ,θ,Φ,Θ, σ2
ε , τ ,λ,α, γ, κ, ρ

)

= −
n

2
log2πσ2

ε −

S∗(φ, µ,θ,Φ,Θ, τ ,λ,α, γ, κ, ρ)

2σ2
ε

(6.18)

where

S∗(φ, µ,θ,Φ,Θ, τ ,λ,α, γ, κ, ρ) =
n
∑

t=1

ε2t (φ, µ,θ,Φ,Θ, τ ,λ,α, γ, κ, ρ|x∗, ε∗,x)

(6.19)

is the conditional sum of squares function. The vector of parameters α, τ and λ

are given as follows; α = (α1, ..., α8), τ = (τ2, ..., τ7), λ = (λ2, ..., λ12), and the

parameters φ, µ,θ,Φ,Θ, γ, κ and ρ are as defined in Section 6.2.2. The condi-

tional maximum likelihood estimators which maximizes equation (6.18) are

φ̂, µ̂, θ̂, Φ̂, Θ̂, τ̂ , λ̂, α̂, γ̂, κ̂, ρ̂.
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6.3 SARIMA-GARCH and Reg-SARIMA-GARCH

models

The Reg-SARIMA modelling approach is extended to a Reg-SARIMA-GARCH

model. The developed model is then used for modelling DPED. In all models

DPED is taken as the dependent variable.

6.3.1 SARIMA-GARCH Model

Up to now we have assumed the variance to be constant (homoskedastic). In

this section we introduce the SARIMA-GARCH model which is meant to ac-

commodate the possibility of serial correlation in volatility since the daily peak

demand data exhibits non-constant mean and variance, and multiple season-

ality corresponding to weekly and monthly periodicity. The SARIMA-GARCH

model is one in which the variance of the error term of the SARIMA model fol-

lows a GARCH process. This modelling approach is used to capture the poten-

tial conditional heteroskedasticity in electricity data (Bystrom, 2005; Taylor,

2006; among others). The model used for the DPED series can be written as:

φp(B)ΦP (B
s)xt = c+ θq(B)ΘQ(B

s)εt

εt = νtσt,

νt ∼ i.i.d with E(νt) = 0, Var (νt) = 1

σ2
t = a0 +

q
∑

i=1

aiε
2
t−i +

p
∑

j=1

bjσ
2
t−j (6.20)
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where xt represents the time series as defined in Equation (6.1), p is the order

of GARCH process; q is the order of ARCH process; εt is the error term; σ2
t

is the conditional variance of εt; ε
2
t−i is the news about the volatility from the

ith lag period and σ2
t−j is the jth lag period forecast error variance, νt is a stan-

dardized error term; c; a0; ai, i = 1, ..., q; bj , j = 1, ..., p are parameters. The model

parameters are estimated using the maximum likelihood method based on the

assumption of the conditional distribution of the error term εt. The conditional

distributions are that the error term either follows a normal (Gaussian) distri-

bution, Student’s t-distribution or the Generalized Error Distribution (GED).

The estimates are obtained by the Berndt et al. (1974) algorithm using nu-

merical derivatives. Using equation (6.20) the log-likelihood function under

the assumption that the error term follows a standard Gaussian distribution

(Laurent, 2010) is given by

logLnorm = −
1

2

n
∑

t=1

[

log(2π) + log(σ2
t ) + νt

]

(6.21)

Under the assumption of a Student-t distribution (Laurent, 2010) the log-

likelihood is

logLStud = n

{

logΓ

(

u+ 1

2

)

− logΓ
(u

2

)

−
1

2
log [π(u− 2)]

}

−
1

2

n
∑

t=1

[

log(σ2
t ) + (1 + u)log

(

1 +
ν2
t

u− 2

)]

(6.22)

where u is the degrees of freedom. The GED log-likelihood function (Laurent,

2010) is given by

logLGED =
n
∑

t=1

[

log

(

u

λu

)

− 0.5

∣

∣

∣

∣

νt
λu

∣

∣

∣

∣

u

− (1 + u−1)log(2)− logΓ

(

1

u

)

− 0.5log(σ2
t )

]

(6.23)
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where u > 0 and λu =

√

Γ( 1

u)2−2/u

Γ( 3

u)
. The modelling is done using South African

DPED data.

6.3.2 Reg-SARIMA-GARCH Model

There are various factors that influence electricity load demand. Some of these

factors discussed include temperature, day of the week, holidays, daily and

monthly seasonality. In this section, a Reg-SARIMA-GARCH model is devel-

oped which will capture the day of the week, holiday and monthly seasonal-

ity effects. The Reg-SARIMA-GARCH model is a regression seasonal ARIMA

model with error terms following a GARCH process. The Reg-SARIMA-GARCH

model which is an extension of the Reg-SARIMA model given in equation (6.15)

can be written as

φp(B)ΦP (B
s)wt = c+ θq(B)ΘQ(B

s)εt

εt = νtσt,

νt ∼ i.i.d with E(νt) = 0, Var (νt) = 1

σ2
t = γq′

t

where the vectors represent

qt =
(

1, ε2t−1, ..., ε
2
t−q, σ

2
t−1, ..., σ

2
t−p

)

,

a vector of parameters,

γ = (a0, a1, ..., aq, b1, ..., bp) , a vector of parameters,
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and

wt = (1− B)d(1− Bs)D[xt −
12
∑

l=2

λlMlt −
7
∑

r=2

τrDrt − γHt−1 − κHt − ρHt+1

−α1x
−
t − α2x̄t − α3T

+
t − α4T

2+
t − α5T

−
t − α6T

2−
t − α7T

pt
t

−α8T
pt2
t − α9T̄t − α10T̄

2
t ] (6.24)

where variables and parameters are as defined in Section 6.2. The model pa-

rameters are then estimated using the maximum likelihood method. The es-

timates are obtained by the Berndt et al. (1974) algorithm using numerical

derivatives and South African daily peak electricity demand data is used.

6.3.3 Bayesian GARCH(1,1) modelling with Student-t in-

novations

Bayesian estimation of the GARCH(1,1) model with normal innovations is dis-

cussed in Ardia (2006). This work is extended to the Bayesian modelling of

the GARCH(1,1) model with Student-t innovations in Ardia and Hoogerheide

(2010). We present in this section a summary of the Bayesian GARCH(1,1)

modelling with Student-t innovations discussed in Ardia and Hoogerheide (2010).

The GARCH(1,1) model with Student-t innovations for a return series rt =

xt − ft where xt denotes DPED and ft represents forecasted DPED is given as

(see Ardia and Hoogerheide, 2010 for details)

Mean equation: rt = εt(zσtΨt)
1

2 (6.25)

Variance equation: σ2
t = ω + αε2t−1 + βσ2

t−1 (6.26)
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where rt is the return series, t = 1, ..., n, ω > 0, α > 0, β > 0, z = ν−2
ν

, Ψt ∼

IG(v
2
, v
2
) represents the inverse gamma distribution and εt is the error term

which is assumed to follow a Student-t distribution with ν degrees of freedom

(Ardia and Hoogerheide, 2010).

Joint prior distribution

The joint prior (Ardia and Hoogerheide, 2010) is given as follows:

Let θ = (a, β, ν) where a = (ω, α) then the joint prior on the parameter θ is

given by

π(θ) = π(a)π(β)π(ν)) (6.27)

assuming prior independence (Ardia and Hoogerheide, 2010). Let

r=̇(r1, ..., rn)
′,Ψ=̇(Ψ1, ...,Ψn)

′,a=̇(ω, α)′

and

Σ=̇Σ(θ,Ψ) = diag

([

Ψt
ν − 2

ν
σ2
t (a, β)

]n

t=1

)

where

σ2
t (a, β)=̇ω + αε2t−1 + βσ2

t−1(a, β)

The joint prior distribution will therefore be given by π(θ,Ψ) (Ardia and Hooger-

heide, 2010).
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Likelihood function

The likelihood function, π(r|θ,Ψ) (Ardia and Hoogerheide, 2010) is given as

π(r|θ,Ψ) ∝ (detσ)−1/2 exp

[

−
1

2
r′σ−1r

]

(6.28)

Posterior distribution

Combining the joint prior and the likelihood function using Bayes theorem we

get the following posterior distribution

π(θ,Ψ|r) ∝ π(r|θ,Ψ)π(θ,Ψ) (6.29)

The modelling is done for residual return series of the developed Reg-SARIMA

models using South African data.

6.4 Data description

The relationship between daily peak load and the predictor variables slowly

changes over time and inclusion of a larger training data set is not usually

helpful (Fan and Hyndman, 2012). The training period is 1 January 2006 to

31 July 2010. The validation (testing) period is from 1-27 August 2010. The

developed models are meant for short-term forecasting up to seven days ahead.

6.5 Regression-SARIMA model results

The Reg-SARIMA model developed in Section 6.2.3 (equation 6.15) is used in

forecasting DPED. After carrying out the Box-Cox (1964) class of power trans-

formations we found out that the logarithm best fits the DPED data. The loga-

rithmic transformation helps to stabilize the volatility in the DPED data (Pardo
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et al., 2002; Mirasgedis et al., 2006). The equation is

φp(B)ΦP (B
s)(1−B)d(1−Bs)D[log(xt)−

12
∑

l=2

λlMlt −

7
∑

r=2

τrDrt − γHt−1

−κHt − ρHt+1 − α1x
−
t − α2x̄t − α3T

+
t − α4T

2+
t − α5T

−
t − α6T

2−
t

−α7T
pt
t − α8T

pt2
t − α9T̄t − α10T̄

2
t ] = c+ θq(B)ΘQ(B

s)εt (6.30)

Out of the 30 predictor variables (demand, calendar and temperature vari-

ables) 19 are selected for inclusion in the model. The variables selected are:

minimum demand in the past 24 hours (x−
t ), average demand in the past seven

days (x̄t), maximum temperature squared (T 2+
t ), maximum temperature (T+

t ),

minimum temperature squared (T 2−
t ), minimum temperature (T−

t ), peak tem-

perature (T pt
t ), peak temperature squared (T pt2

t ), average temperature in the

past seven days (T̄t), average temperature in the past seven days squared (T̄ 2
t ),

Tuesday (D2t), Wednesday (D3t), Thursday (D4t), Friday (D5t), Saturday (D6t),

Sunday (D7t), Holiday (Ht), before holiday (Ht−1) and after holiday (Ht+1). The

peak temperature (T pt
t ) is calculated as a weighted average as given in equation

(6.31).

T pt
t =

f1H9 + f2H10 + f3H19 + f4H20 + f5H21
∑5

j=1 fj
(6.31)

where fj, j = 1, ..., 5 are frequencies of DPED occurring in different hours of the

day (H9, H10, H19, H20 and H21 respectively, with H9 representing 09:00hrs,

H10 is 10:00hrs, H19 is 19:00hrs, etc.) as given in Figure 3.4, in Chapter 3.
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6.5.1 Reg-SARIMA model 1

The effect of temperature on electricity demand is known to be non-linear. The

Reg-SARIMA model 1 discussed in this section uses the approach discussed in

Ramananthan et al., (1997) where we square temperature to capture the non-

linear relationship (which is quadratic) between temperature and electricity

demand. DPED is initially transformed by taking logarithms. Several Reg-

SARIMA models are considered and the best model is selected based on the

Adjusted R-squared and AIC values. The developed Reg-SARIMA model 1 is

given as

log(xt) = c+ τ2D2t + τ3D3t + τ4D4t + τ5D5t + τ6D6t + τ7D7t + γHt−1

+κHt + ρHt+1 + α2x̄t + α3T
+
t + α7T

pt
t + α8T

pt2
t + zt (6.32)

where the error term zt follows a SARIMA model given in equation (6.33) with

εt as a white noise process.

(1− φ1B − φ2B
2)(1− Φ1B

7 − Φ2B
14 − Φ3B

21)(1−B7)zt = εt (6.33)

Combining equations (6.32) and (6.33) we get equation (6.34).

(1− φ1B − φ2B
2)(1− Φ1B

7 − Φ2B
14 − Φ3B

21)(1−B7)[log(xt)− c

−τ2D2t − τ3D3t − τ4D4t − τ5D5t − τ6D6t − τ7D7t − γHt−1

−κHt − ρHt+1 − α2x̄t − α3T
+
t

−α7T
pt
t − α8T

pt2
t ] = εt (6.34)
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In order to reduce the autocorrelation in DPED data and also filter out the

strong seasonality the following autoregressive terms are included in the model,

AR(1), AR(2), AR(7), AR(14) and AR(21). Table 6.1 shows a summary of the es-

timates of the variables of Reg-SARIMA model 1 together with the p-values

in parentheses. There is a significant reduction in electricity demand during

holidays as evidenced by the coefficient of the dummy variable Ht in Table 6.1.

After considering several Reg-SARIMA 1 models the best model has a RMSE

of 568.41, MAE of 415.14 and a MAPE of 1.42%.

Substituting the coefficients of the parameters in equation (6.34) we get

Table 6.1: Parameter estimates of the Reg-SARIMA Model 1.
Par c φ1 φ2 Φ1 Φ2 Φ3 γ
Coef 0.0749 0.8396 -0.0177 -0.5293 -0.2894 -0.1562 -0.0134

(0.0000) (0.0000) (0.4772) (0.0000) (0.0000) (0.0000) (0.0000)
Par κ ρ τ2 τ3 τ4 τ5 τ6
Coef -0.0323 -0.0054 -0.0017 -0.0025 -0.0019 -0.0020 -0.0030

(0.0000) (0.0190) (0.0126) (0.0039) (0.0444) (0.0343) (0.0008)
Par τ7 α2 α3 α7 α8

Coef -0.0019 3.08E-05 -0.0017 -0.0042 0.00014
(0.0058) (0.0000) (0.0000) (0.0074) (0.0007)

logx̂t = 0.0749− 0.0017D2t − 0.0025D3t − 0.0019D4t − 0.0020D5t − 0.0030D6t

−0.0019D7t − 0.0134Ht−1 − 0.0323Ht − 0.0054Ht+1 + 0.00003x̄t

−0.0017T+
t − 0.0042T pt

t + 0.00014T pt2
t − 0.8396x̂t−1 − 0.0177x̂t−2

−0.5293x̂t−7 − 0.2894x̂t−14 − 0.1562x̂t−21

(6.35)

The coefficient for the holiday variable indicates that demand during holidays

decreases significantly compared to a day before a holiday. The coefficients

for the average daily electricity demand over the past seven days and peak

temperature squared are both positive and very small showing that their effect
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on DPED is minimal.

6.5.2 Reg-SARIMA model 2

In Reg-SARIMA model 2 we model the effect of temperature on DPED using

Heating Degree-Days (HDDt) and Cooling Degree-Days (CDDt). The functions

for HDDt and CDDt are given as follows:

HDDt = max(Tr − ADT, 0) (6.36)

CDDt = max(ADT − Tr, 0) (6.37)

where ADT is the average daily temperature at time t and Tr is the reference

temperature. The reference temperature used is 180C discussed in Chapter

3. After considering several Reg-SARIMA 2 models the best model is given in

equation (6.38).

log(xt) = c+ b1HDDt + b2CDDt + b3HDDt−1 + b4CDDt−1 + b5HDDt−2

+b6CDDt−2 + τ2D2t + τ3D3t + τ4D4t + τ5D5t + τ6D6t + τ7D7t + γHt−1

+κHt + ρHt+1 + α2x̄t + λ7M7t

+λ10M10t + zt (6.38)

where HDDt−1, CDDt−1, HDDt−2 and CDDt−2 represent the lagged effects of

the heating degree-days and cooling degree-days. The error term zt follows a

SARIMA model as given in equation (6.39).

(1− φ1B − φ2B
2)(1− Φ1B

7 − Φ2B
14 − Φ3B

21)(1−B7)zt = εt (6.39)
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and εt is a white noise process. Combining equations (6.38) and (6.39 we get

equation (6.40).

(1− φ1B − φ2B
2)(1− Φ1B

7 − Φ2B
14 − Φ3B

21)(1−B7)[log(xt)− c

−b1HDDt − b2CDDt − b3HDDt−1 − b4CDDt−1 − b5HDDt−2

−b6CDDt−2 + τ2D2t − τ3D3t − τ4D4t − τ5D5t − τ6D6t

−τ7D7t − γHt−1 − κHt − ρHt+1 − α2x̄t − λ7M7t

−λ10M10t] = εt (6.40)

A summary of the estimates of the variables of Reg-SARIMA model 2 together

with the p-values in parentheses are given in Table 6.2. After substituting the

Table 6.2: Parameter estimates of the Reg-SARIMA Model 2.
Par c φ1 φ2 Φ1 Φ2 Φ3 γ
Coef -0.0012 0.8425 -0.0204 -0.5291 -0.2897 -0.1540 -0.0139

(0.6128) (0.0000) (0.5416) (0.0000) (0.0000) (0.0000) (0.0000)
Par κ ρ τ2 τ3 τ4 τ5 τ6
Coef -0.0326 -0.0047 -0.0017 -0.0021 -0.0018 -0.0020 -0.0030

(0.0000) (0.1479) (0.0170) (0.0107) (0.0560) (0.0297) (0.0006)
Par τ7 α2 b1 b2 b3 b4 b5
Coef -0.0020 3.18E-05 0.0022 0.0012 0.0006 -0.0022 -0.0006

(0.0072) (0.0001) (0.0004) (0.0877) (0.5279) (0.0190) (0.2218)
Par b6 λ7 λ10

Coef 0.0011 -0.0121 0.0189
( 0.0129) (0.0261) (0.0011)
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coefficients of the parameters we get

logx̂t = −0.0012 + 0.0022HDDt + 0.0012CDDt + 0.0006HDDt−1

−0.0022CDDt−1 − 0.0006HDDt−2 + 0.0011CDDt−2 − 0.0017D2t

−0.0021D3t − 0.0018D4t − 0.0020D5t − 0.0030D6t − 0.0020D7t

−0.0139Ht−1 − 0.0326Ht − 0.0047Ht+1 + 0.0000318x̄t

−0.0121M7t + 0.0189M10t + 0.8425x̂t−1 − 0.0204x̂t−2

−0.5291x̂t−7 − 0.2897x̂t−14 − 0.1540x̂t−21 (6.41)

After considering several Reg-SARIMA 2 models the best model has a RMSE

of 568.27, MAE of 415.31 and a MAPE of 1.42%.

The monthly electricity demand profile given in Figure 6.1 shows that the

highest demand is experienced in July which is a winter month in the South-

ern Hemisphere. In summer the highest demand is experienced in October

as shown in Figure 6.1. These two months, July and October are included as

dummy variables in Reg-SARIMA model 2 and the p-values of these variables

are highly significant. The coefficient for the heating degree days is larger

than that of the cooling degree days indicating that demand for electricity is

more sensitive to cold temperatures. The value of the coefficients of HDDt−1

and CDDt−2 are positive showing the significance of the effect of previous day’s

and two days’ temperature on daily peak electricity demand. The coefficient

of HDDt is significantly higher than that of CDDt, again confirming that the
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effect of cold temperature on DPED in South Africa is significantly higher than

that of hot temperature. This is consistent with findings discussed in Chapter 3

that in South Africa electricity demand is more sensitive to cold temperatures

compared to hot temperatures. The dummy variables representing seasonal-

ity including those representing holidays and a day before a holiday are all

significant.
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Figure 6.1: Monthly seasonal index plot of DPED. The index for each month is
calculated by finding the average DPED for each month and then divide by the
overall average.

6.5.3 Reg-SARIMA model 3

In Reg-SARIMA model 3 we model the effect of temperature on DPED using

regression splines and the knots are selected using a Multivariate Adaptive

Regression Splines (MARS) algorithm developed by Friedman (1991). Reg-
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SARIMA model 3 is given in equation (6.42).

log(xt) = c+ τ2D2t + τ3D3t + τ4D4t + τ5D5t + τ6D6t + τ7D7t + γHt−1

+κHt + ρHt+1 + λ7M7t + λ10M10t + α1x
−
t + α2x̄t

+a1max(T+
t − k1, 0) + a2max(k1 − T+

t , 0) + a3max(T−
t − k2, 0)

+a4max(k2 − T−
t , 0) + a5max(T pt

t − k3, 0) + a6max(k3 − T pt
t , 0)

+a7max(T̄t − k4, 0) + a8max(k4 − T̄t, 0) + zt (6.42)

where zt is an error term which is assumed to follow a SARIMA model as shown

in equation (6.43).

φp(B)ΦP (B
s)∇d∇D

s zt = c+ θq(B)ΘQ(B
s)εt (6.43)

The MARS models’ results are given in appendix 6.1 at the end of the chapter.

For each temperature-demand relationship two MARS models are given with

different knots. After considering different knot combinations based on the

predictive power, the following model is selected.
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log(xt) = c+ τ2D2t + τ3D3t + τ4D4t + τ5D5t + τ6D6t + τ7D7t + γHt−1

+κHt + ρHt+1 + α1x
−
t + α2x̄t + a1max(T+

t − 10.81, 0)

+a2max(10.81− T+
t , 0) + a3max(T−

t − (−0.02), 0) + a4max(−0.2− T−
t , 0)

+a5max(T pt
t − 7.12, 0) + a8max(7.16− T̄t, 0) + a6max(7.12− T pt

t , 0)

+a7max(T̄t − 7.16, 0) + λ7M7t + λ10M10t + zt (6.44)

After considering several Reg-SARIMA 3 models the best model has a RMSE of

607.18, MAE of 443.71 and a MAPE of 1.42%. The model is given in equation

(6.45) and the parameter estimates together with their p−values in parenthe-

ses are given in Table 6.3.

(1− φ1B − φ2B
2)(1− Φ1B

7 − Φ2B
14 − Φ3B

21 − Φ4B
28)(1−B7)[log(xt)

−c− τ2D2t − τ3D3t − τ4D4t − τ5D5t − τ6D6t − τ7D7t − γHt−1 − κHt

−ρHt+1 − α2x̄t − a1max(T+
t − 10.81, 0)− a5max(T pt

t − 7.12, 0)

−λ7M7t − λ10M10t] = εt (6.45)

The coefficient for holiday shows that demand during holidays decreases sig-

nificantly compared to a day before and a day after a holiday. The coefficient

for the average daily demand over the past seven days is very small indicating



Regression-SARIMA modelling of DPED 118

Table 6.3: Parameter estimates of the Reg-SARIMA Model 3.
Par c φ1 φ2 Φ1 Φ2 Φ3 Φ4

Coef 0.0149 0.8550 -0.0191 -0.5627 -0.3492 -0.2163 -0.1129
(0.0000) (0.0000) (0.2664) (0.0000) (0.0000) (0.0000) (0.0000)

Par γ κ ρ τ2 τ3 τ4 τ5
Coef -0.0107 -0.0282 -0.0029 -0.0013 -0.0019 -0.0015 -0.0017

(0.0000) (0.0000) (0.0494) (0.0012) (0.0003) (0.0079) (0.0032)
Par τ6 τ7 α2 a1 a5 λ7 λ10

Coef -0.0026 -0.0018 0.000024 -0.0015 0.0008 -0.0101 0.0216
(0.0000) (0.0000) (0.0000) (0.0000) ( 0.0095) (0.0088) (0.0000)

that its effect is minimal on DPED.

6.6 Comparative Analysis

MAPE, MAE and RMSE are normally used for comparing models in short-term

demand forecasting up to seven days ahead (Munoz et al., 2010; Fan and Hyn-

dman, 2012). Table 6.4 shows a comparative analysis of the Reg-SARIMA mod-

els (training period). The Reg-SARIMA 3 model has the least MAPE, showing

Table 6.4: In-sample evaluation of the models.
Forecasting models

Performance criteria Reg-SARIMA 1 Reg-SARIMA 2 Reg-SARIMA 3
MAPE 1.42 1.42 1.42
RMSE 568.95 568.27 607.18
MAE 416.07 415.31 443.71

that it is the best fitting model. Table 6.5 summarizes the error measures for

out of sample evaluation of the models. From Table 6.5 Reg-SARIMA model 3

Table 6.5: Out-of-sample evaluation of the models.
Forecasting models

Performance criteria Reg-SARIMA 1 Reg-SARIMA 2 Reg-SARIMA 3
MAPE 1.83 1.81 1.78
RMSE 818.24 815.80 812.41
MAE 610.94 605.69 594.33
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has the least MAPE among the three Reg-SARIMA models. The graphical plot

of the out of sample forecasts for Reg-SARIMA models 1, 2 and 3 respectively

for the first 27 days of August 2010 are given in Figure 6.2. A summary of the

out of sample accuracy measures (MAPE and MAE) for Reg-SARIMA models

1, 2 and 3 respectively are given in Table 6.12 in appendix 6.2 at the end of the

chapter.
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Figure 6.2: Graphical plot of (a) Top left panel: Forecasts (dashed line) using
Reg-SARIMA model 1 and actual peak demand (solid line) and (b) Top right
panel: Forecasts (dashed line) using Reg-SARIMA model 2 and actual peak
demand (solid line) (c) Bottom left panel: Forecasts (dashed line) using Reg-
SARIMA model 3 and actual peak demand (solid line), for the first 27 days of
August 2010.
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Figure 6.3: Probability densities of actual (Top left panel) and predicted DPED
for the first 27 days of August 2010 using: (a) Reg-SARIMA model 1 (Top right
panel) (b) Reg-SARIMA model 2 (Bottom left panel) and (c) Reg-SARIMA model
3 (Bottom right panel).

days of August 2010 for Reg-SARIMA models 1, 2 and respectively are shown

in Figure 6.3. The actual demand values for both models fall within the region

predicted from the forecast distribution.

6.7 Residual distribution of Reg-SARIMA model

3

Table 6.6 shows that the residual series data are non-normal. The Jarque-Bera

test is carried out to check whether the skewness and kurtosis are consistent
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with a normal distribution. The residual demand series is very volatile as

Table 6.6: Descriptive statistics of the residual return series.
Mean Median Maxa Minb Std Devc Skewd Kurte J-Bf

9.07E-11 -6.82E-05 0.103 -0.091 0.019 0.054 6.041 625.7(0.00)

aMax represents maximum
bMin represents minimum
cStd Dev represents Standard deviation
dSkew denotes skewness
eKurt represents kurtosis
fJ-B denotes Jarque-Bera

shown in Figure 6.4, top left panel. This calls for risk analysis and modelling

of under and over demand predictions for an acceptable level of risk by a power

utility company. High quantiles such as the 90th, 95th or even 99th quantiles

will be used to calculate peak demand levels which correspond to acceptable

levels of risk. We shall in this chapter discuss under demand risk modelling,

but it should be noted that the modelling approach can be applied to over de-

mand predictions as well. The residual demand distribution (top right panel

of Figure 6.4) can be used to calculate acceptable risk levels of under-demand

and over-demand predictions of DPED. We define under demand prediction as:

positive residuals = actual demand − forecasted demand > 0

and over-demand prediction as

negative residuals = actual demand − forecasted demand < 0

The bottom right panel of Figure 6.4 shows a plot of the positive residual de-

mand data. We calculate high quantiles of the upper distribution of the resid-

ual demand series. Table 6.7 shows some of the calculated quantiles. Using

the 97.5th quantile as a confidence level which represents peak demand level

which correspond to the acceptable level of risk we carry out a frequency anal-

ysis of those positive residuals which exceed 0.04126 (i.e. the 97.5th quantile).
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There are 41 observations above 0.04126 as shown in Figure 6.5.
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Figure 6.4: (a) Top left panel: Plot of residual demand (b) Top right panel:
Probability density of residual demand (c) Bottom left panel: Normal QQ of
residual demand and (d) Bottom right panel: Enlarged right tail of density of
residual demand.

Table 6.7: Quantiles of residual demand.

90th 95th 97.5th 99th 99.9th

Quantiles 0.02185 0.03293 0.04126 0.05147 0.09836
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Figure 6.5: Plot of positive residuals. The dotted horizontal line represents the

97.5th quantile which is 0.04126.

6.8 Volatility modelling of DPED

In the previous Sections 6.5 to 6.8, the variance of the disturbance term in each

of the developed models is assumed to be constant. Causal inspection of the

electricity demand time series plot shown in Figure 3.1 in Chapter 3 suggests

that the series does not have a constant variance. The series exhibits phases of

high demand (in winter) followed by periods of low demand (in summer). The

assumption of homoskedasticity (constant variance) seems inappropriate, since

the data exhibits non-constant mean and variance, and multiple seasonality

corresponding to weekly and monthly periodicity. The Generalized Autoregres-

sive Conditional Heteroskedasticity (GARCH) modeling methodology is intro-

duced to accommodate the possibility of serial correlation in volatility. Models

for volatility forecasting were first developed by Engle (1982). These models

known as the Autoregressive Conditional Heteroskedasticity (ARCH) models

were developed to capture the non-constant variance. ARCH models were later
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extended to Generalized ARCH (GARCH) models by Bollerslev (1986).

6.8.1 Bayesian GARCH modelling with Student-t innova-

tions

In this section we present the empirical results of the Bayesian GARCH(1,1)

model with Student-t innovations of the residual return series (rt = xt − ft)

which was discussed in Sections 6.3.3. and 6.8. The marginal posterior densi-

ties of the parameters, ω, α, β and ν of the variance equation (6.46),

Variance equation: σ2
t = ω + αε2t−1 + βσ2

t−1 (6.46)

We cannot use the asymptotic symmetric approximation for the parameter es-

timators since the shapes of the histograms are asymmetric. Figure 6.7 also

confirms that the Student-t distribution is a better fit than a normal distribu-

tion.
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Figure 6.6: (a) Top left panel: Marginal posterior density of the parameter ω
(b) Top right panel: Marginal posterior density of the parameter α (c) Bottom
left panel: Marginal posterior density of the parameter β and (d) Bottom right
panel: Marginal posterior density of the parameter ν.

The modes of the simulated ω’s, α’s, β’s and ν ’s are calculated as 0.00633, 0.890,

0.00811 and 2.051 respectively and are considered as the estimates of ω, α, β

and ν. The sum of α and β is 0.898 which is close to 1. This indicates that past

shocks and past variances will have a longer impact on the future conditional

variance. The posterior density of the persistence of the squared variance pro-

cess is given in Figure 6.8.
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Figure 6.7: (a) Left panel: Return series with Student-t and normal distribu-
tions (b) Right panel: Student-t QQ plot.

The Bayesian parameter estimates with Student-t innovations are given in

Table 6.8.

Table 6.8: Bayesian parameter estimates.
Parameter Bayesian parameter estimates with Student-t innovations

ω 0.00633
α 0.89000
β 0.00811

persistence: α+β 0.89800

σ2
t = 0.00633 + 0.890ε2t−1 + 0.00811σ2

t−1 (6.47)

The Bayes parameter estimate of α = 0.89 in equation (6.47) shows that the

degree of impact of news about volatility of DPED from the previous period is

very high. This is true with South African load series data as bad news such

as an announcement of a cold front increases significantly the consumption of

electricity. This is consistent with previous findings which show that demand
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Figure 6.8: Posterior density of the persistence in the squared variance process.

for electricity in South Africa increases significantly for temperature values

below the reference temperature of 180C and increases slightly above this tem-

perature. The parameter β = 0.00811 in equation (6.47) shows that the impact

of the last period’s fluctuation (forecast variance) is very low. Some quantiles

for each variable for Bayes GARCH(1,1) with Student-t innovations are given

in Table 6.9.

Table 6.9: Quantiles for each variable.
Parameters 2.5% 25% 50% 75% 97.5%

ω 0.00196 0.00467 0.00624 0.00753 0.01047
α 0.36200 0.692 0.822 0.890 0.952
β 0.000823 0.0151 0.0316 0.0540 0.164
ν 2.026 2.037 2.045 2.061 2.132
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6.8.2 Empirical results: Reg-SARIMA-TGARCH

In this section we present the empirical results of the Reg-SARIMA-TGARCH

model. The DPED return series is given as

rt = log(xt)− log(xt−1) = log

(

xt
xt−1

)

(6.48)

This represents logarithmic daily changes in DPED. Positive daily changes in-

dicate an increase in demand which poses challenges to system operators who

have to ensure that there is an adequate supply of electricity to meet demand.

Several variants of the GARCH type models are fitted to the DPED return

series. The best fitting model is found to be the Threshold GARCH (TGARCH)

model based on the Akaike Information Criterion (AIC). The Reg-SARIMA-

TGARCH model is given as

Mean equation: rt = c+ τ5D5t + τ6D6t + τ7D7t + γHt−1 + κHt − ρHt+1

+φ1rt−1 + φ2rt−2 + φ3rt−14 + φ4rt−28 + φ5rt−175

+θ1εt−7θ2εt−42 + εt (6.49)

where the error term εt is given as

εt = νtσt,

νt ∼ i.i.d with E(νt) = 0, Var (νt) = 1

(6.50)



Regression-SARIMA modelling of DPED 129

and the variance model is a TGARCH introduced independently by Zakoian

(1990) and Glosten et al. (1993). The variance equation is a TGARCH(1,1)

model given as

Variance equation σ2
t = a0 + a1ε

2
t−1 + γε2t−1dt−1 + b1σ

2
t−1 (6.51)

where

dt =











1 if εt < 0

0 otherwise

(6.52)

where the parameters are as defined in Sections 6.2, 6.3 and 6.6, and γ repre-

sents the threshold. When γ = 0 the TGARCH reduces to the GARCH model.

In financial time series the effects of good and bad news are measured by εt in

the variance equation. If εt > 0 we have good news meaning that the volatility

does not increase significantly and we have bad news if εt < 0 resulting in an

increase in volatility. The impacts of good and bad news are measured by a and

a + γ respectively. For γ 6= 0 the news impact is asymmetric and for γ > 0 the

leverage effect exists meaning that bad news increases volatility.

In load series bad news could be an announcement by the meteorologist of

extreme weather conditions (e.g a heat wave or extreme cold temperatures).

It should be noted that positive and negative DPED return series of the same

size may have different impacts on volatility. We expect a positive return (bad

news) to have a larger impact than a negative return (good news).

Table 6.10 shows a summary of the estimates of the parameters of the Reg-

SARIMA-TGARCH model developed along with their p-values shown in paren-

theses. The model parameters are then estimated using the maximum like-

lihood method. The estimates are obtained by the Berndt et al. (1974) algo-

rithm using numerical derivatives. The Engle’s LM test is carried out and the
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null hypothesis that there are no ARCH effects in the residuals is accepted

at the 5% level. From Table 6.11 the coefficients of the dummy variables rep-

resenting holiday and day before holiday are negative meaning that DPED

decreases during these days. This is due to the fact that most companies will

be closed during these days. Other Reg-SARIMA-TGARCH models are consid-

ered but we are not able to improve further on the heteroskedasticity problem

revealed by the squared standardized residuals since we are dealing with high-

frequency data. The value of γ which is 0.064 suggests that the leverage effect

exists in that bad news will result in an increase in volatility in DPED return

series. The impact of good and bad news is asymmetric since γ 6= 0. For ex-

ample an announcement of some extreme low temperatures (bad news) due

to a cold front by the meteorologist will significantly increase the demand for

electricity. The impact of good news will be measured by a1 = 0.153 and bad

news by a1 + γ = 0.153 + 0.064 = 0.217. The persistence in volatility shocks is

a1 + b1 = 0.833. This suggests that the news impact tends to last for a fairly

long period of time.

Table 6.10: Parameter estimates of the Reg-SARIMA-TGARCH Model.
Mean Equation

Parameter c Ht−1 Ht Ht+1

Coefficient 0.016(0.000) -0.029(0.000) -0.038(0.000) 0.054(0.000)
Parameter Friday Saturday Sunday φ1

Coefficient -0.084(0.000) -0.048(0.000) 0.013(0.107) -0.134(0.000)
Parameter φ2 φ3 φ4 φ5

Coefficient -0.121(0.000) 0.367(0.000) 0.288(0.000) 0.181(0.000)
Parameter θ1 θ2
Coefficient 0.169(0.000) 0.056(0.015)

Variance Equation
Parameter a0 a1 γ b1
Coefficient 4.37E-05(0.000) 0.153(0.001) 0.064(0.317) 0.680(0.000)
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6.9 Comparative analysis of the models

Table 6.11 shows the number of under demand predictions above some accept-

able levels of 500MW, 750MW and 1000MW. Approximate mean absolute per-

centage errors are calculated for each of the under demand prediction levels of

500MW, 750MW, 1000MW and are found to be 1.60%, 2.38% and 3.18% respec-

tively. For an acceptable under demand estimation of 500MW Reg-SARIMA

3 model has a total of 190 violations (observations above 500MW) compared

to the Reg-SARIMA-TGARCH model with 210 violations for the period 2006

to 2009. The two models have the same number of 101 violations for an ac-

ceptable level of 750MW, while the Reg-SARIMA-TGARCH model has fewer

violations for a 1000MW acceptable level of under demand predictions. Over-

all Reg-SARIMA 3 has a total of 349 violations compared to 358 violations for

the Reg-SARIMA-TGARCH model for the period 2006 to 2009. For the year

2007 Reg-SARIMA 3 model has more violations compared to Reg-SARIMA-

TGARCH model. This analysis is important for risk assessment by system

operators and decision makers in Eskom, South Africa’s power utility com-

pany. Both the Reg-SARIMA-TGARCH and Reg-SARIMA models are simple to

Table 6.11: DPED under demand risk estimation for in sample predictions.
Under demand estimation of 500MW 2006 2007 2008 2009 Total

Reg-SARIMA 3 model 15 62 52 61 190
Reg-SARIMA-TGARCH model 23 56 70 61 210

Under demand estimation of 750MW 2006 2007 2008 2009 Total
Reg-SARIMA 3 model 7 35 29 30 101

Reg-SARIMA-TGARCH model 14 25 31 31 101
Under demand estimation of 1000MW 2006 2007 2008 2009 Total

Reg-SARIMA 3 model 5 21 17 15 58
Reg-SARIMA-TGARCH model 2 15 15 15 47

implement, reliable and provide information about the importance of each pre-

dictor variable. Using the Reg-SARIMA-TGARCH and Reg-SARIMA models

give results which are relatively robust. Plots of standardized residuals from
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the Reg-SARIMA-TGARCH and the Reg-SARIMA 3 models for the year 2008

are given in Figure 6.9. The dashed horizontal line denotes the threshold for

an acceptable under demand prediction of 1000MW. Using the Reg-SARIMA-
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Figure 6.9: Plot of standardized residuals for the year 2008 (a) Upper panel:
The Reg-SARIMA-TGARCH model and (b) Lower panel: The Reg-SARIMA 3
model.

TGARCH model there are 15 observations above the threshold of 1000MW and

all these exceedances (observations above the threshold) are below 2000MW.

There are 17 exceedances above 1000MW threshold using the Reg-SARIMA

3 model with three observations above 2000MW. The Reg-SARIMA-TGARCH

seems to capture well the volatility in the residuals.
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6.10 Concluding remarks

This chapter has investigated some hybrid models for daily peak electricity de-

mand forecasting. Three regression-seasonal autoregressive integrated mov-

ing average (Reg-SARIMA) models were developed. Empirical results show

that the Reg-SARIMA model in which the effect of temperature variables are

included through regression splines produces the best forecast accuracy. The

Reg-SARIMA model is simple to implement, reliable and provides informa-

tion about the importance of each predictor variable. The results from using

a regression-SARIMA model are relatively robust. The model assumes ho-

moskedasticity.

The second part of the chapter discussed volatility forecasting models including

volatility modelling of the residual return series data from the Reg-SARIMA

model 3. Empirical results of the Bayesian GARCH(1,1) model with Student-

t innovations of the residual return series of DPED are presented and com-

pared with results from Bayesian GARCH(1,1) with normal innovations. The

Bayesian GARCH(1,1) model with Student-t innovations seem to provide a

better description of the volatility of the DPED residual return series data.

A Reg-SARIMA-TGARCH model is developed and used in DPED under de-

mand risk estimation for in-sample predictions. A comparative analysis is done

with the Reg-SARIMA model which modelled temperature through regression

splines. Although both models produced results which were comparable the

Reg-SARIMA-TGARCH seem to capture well the volatility in the residuals dur-

ing the year 2008 when South Africa experienced countrywide blackouts, load

shedding and a global recession.

Daily peak electricity demand is not only influenced by the means (averages)

but by the tails of probability distributions as well. An analysis of extreme

peak load demand forecasting is very important to system operators and de-
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cision makers in power utility companies who have to balance supply and de-

mand of electrical energy to ensure grid stability, reliable supply schedules and

optimal distribution of electricity. At times there is a need to depart from the

average thinking and exploit information provided by the extremes (tails of dis-

tributions). Modelling of tail behaviour of DPED through the Extreme Value

Theory (EVT) approach is then covered in Chapters 7, 8, 9 and 10.
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Appendix 6.1: MARS models for minimum, maxi-

mum, average and peak temperatures

r(x) = ω0 +
M
∑

m=1

ωm

Km
∏

k=1

[

skm(xv(k,m) − tkm)
]

(6.53)

r(x, k,m) =











xv(k,m) − tkm, if xv(k,m) > tkm

tkm − xv(k,m), if xv(k,m) < tkm

(6.54)

1. DPED and Average Daily Temperature

(a) DPED = 33287.3 - 380.265 * max(0, T̄t - 7.16)

(b) DPED = 27700 + 443 * max(0, 21 - T̄t)

2. DPED and Minimum Temperature

(a) DPED = 33608.8 - 339.079 *max(0, T−
t - (-0.20))

(b) DPED = 27600 + 379 * max(0, 16.6 - T−
t )

3. DPED and Maximum Temperature

(a) DPED = 33646.8 - 345.716 * max(0, T+
t - 10.81)

(b) DPED = 28000 + 464 * max(0, 25.5 - T+
t )

4. DPED and Peak Temperature

(a) DPED = 33125.5 - 353.961 * max(0, T pt
t - 7.12)

(b) DPED =27900 + 455 * max(0,20.5 - T pt
t )
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Appendix 6.2: Out of sample accuracy measures

for Reg-SARIMA models 1, 2 and 3 for the period

1-27 August 2010

Table 6.12: Results for out-of-sample test for 1-27 August 2010 (Unit of index:
MAPE(%); MAE(MW)).

Reg-SARIMA model 1 Reg-SARIMA model 2 Reg-SARIMA model 3
DATE MAPE MAE MAPE MAE MAPE MAE

08/01/10 0.67 212.99 0.86 272.89 0.68 216.86
08/02/10 2.14 730.02 2.18 746.27 1.99 679.24
08/03/10 1.12 382.51 0.73 249.28 0.96 327.72
08/04/10 0.63 216.01 0.55 190.43 0.64 221.8
08/05/10 0.88 303.24 1.12 387.5 0.76 264.02
08/06/10 1.17 381.85 1.06 347.3 1.18 387.65
08/07/10 3.24 1008.55 3.3 1028.78 2.95 919.5
08/08/10 3.06 923.89 3.35 1013.95 3.15 951.64
08/09/10 2.3 755.43 2.29 751.14 1.88 618.1
08/10/10 7.7 2765.82 7.51 2699.41 7.99 2870.93
08/11/10 2.19 774.46 2.12 750.06 2.04 721.23
08/12/10 1.34 475.3 1.4 499.13 1.06 376.17
08/13/10 0.2 68.59 0.13 42.49 0.08 26.19
08/14/10 0.81 260.67 0.73 234.36 0.46 147.38
08/15/10 1.63 520.98 1.56 501.13 1.39 444.03
08/16/10 3.18 1071.32 3.19 1075.09 3.39 1143.23
08/17/10 4.66 1570.91 4.78 1610.74 4.28 1442.17
08/18/10 0.73 246.27 0.78 262.51 0.81 271.29
08/19/10 1.84 613.26 1.46 484.94 1.96 652.71
08/20/10 1.24 402.67 0.95 310.5 1.1 356.95
08/21/10 0.47 144.16 0.67 207.96 0.65 199.69
08/22/10 0.3 91.88 0.47 144.24 0.39 120.96
08/23/10 1.7 574.27 1.72 580.78 1.7 574.44
08/24/10 1.69 575.55 1.66 562.63 1.84 625.21
08/25/10 0.99 331.29 1.11 369.16 1.26 419.08
08/26/10 0.71 234.9 0.25 82.47 0.81 267.52
08/27/10 2.75 858.66 3.03 948.61 2.56 801.29
Average 1.83 610.94 1.81 605.69 1.78 594.33



Chapter 7

Analysis of the effect of

temperature on daily electricity

demand in South Africa using

extreme value theory

7.1 Introduction

The chapter presents an analysis of the effect of extreme low temperature on

daily electricity demand in South Africa using the generalized extreme value

theory approach. Electricity demand is not only influenced by the means of

the distributions but by the tails of distributions as well. The tails of electric-

ity demand distributions provide more information about extreme peak load

forecasts. A Generalized Extreme Value Distribution (GEVD) is fitted to the

temperature data below the reference temperature (180C). The reference tem-
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perature which separates the cold and heat regions of the load-temperature re-

lationship was derived in Chapter 3. Extreme Value Theory (EVT) is a powerful

and fairly robust framework for modelling the tail behaviour of a distribution

(Gencay and Selcuk, 2004).

7.2 Modelling extreme daily electricity demand

using extreme value theory

Chapter 3 discussed the modelling of the means of daily electricity demand.

Electricity demand is influenced by the tails of probability distributions as well

as by means or averages. At times there is a need to depart from the average

thinking and exploit information provided by the extremes (tails of distribu-

tions). The following sections discuss extreme value theory methods which will

be used in the modelling of extreme average daily temperature and its effect

on Daily Peak Electricity Demand (DPED).

7.3 Generalized Extreme Value Distribution

The Generalized Extreme Value Distribution (GEVD) is used to fit a distri-

bution to the whole data set so as to model the upper tail of a distribution

(maxima). The GEVD appears as a limiting distribution in the Fisher-Tippett

Theorem (Beirlant et al., 2004). The Fisher-Tippett Theorem is given in Theo-

rem 7.1.

Theorem 7.1. : Extreme Value Theorem (Fisher-Tippett, 1928)

Let X1, X2, ..., Xn be independent and identically distributed random variables

with common distribution function F and Mn = max(X1, X2, ..., Xn). If there
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exist sequences of constants an > 0 and bn for n ≥ 1 such that

P

(

Mn − bn
an

≤ x

)

= F n(anx+ bn) → G(x)

as n → ∞ for a non-degenerate distribution function G, then G belongs to

the generalized extreme value family of max-stable distributions which are the

Gumbel, Frechet and Weibull classes.

The proof of Theorem 7.1 is given in Gnedenko (1943). The three classes of dis-

tributions, Gumbel, Frechet and Weibull are discussed briefly in the following

paragraphs. In this thesis we shall use Gγ(x) to represent G(x) where γ is the

Extreme Value Index (EVI).

Gumbel class of distributions

The distribution function is given as (Fisher and Tippett, 1928):

Gγ(x) = exp

{

−exp

[

−
x− µ

σ

]}

, γ = 0 (7.1)

For γ = 0 the distribution function is interpreted as a limit as γ → 0. The right

tail of these distributions decays exponentially and they have an infinite right

end point (McNeil and Frey, 2000). Examples of distributions in this class are

Benktander II, Weibull, exponential, gamma, logistic and log-normal (Beirlant

et al., 2004).

Fréchet-Pareto class of distributions

The distribution function is given as (Fisher and Tippett, 1928):

Gγ(x) = exp

{

−

[

1 + γ

(

x− µ

σ

)]− 1

γ

}

, γ > 0 (7.2)
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The right tail decays polynomially and is infinite (McNeil and Frey, 2000).

Examples of distributions in this class are Pareto, Fréchet, Burr, F , inverse

gamma and loggamma (Beirlant et al., 2004).

The (Extremal) Weibull class of distributions

The distribution function is given as (Fisher and Tippett, 1928):

Gγ(x) = exp

{

−

[

1 + γ

(

x− µ

σ

)]− 1

γ

}

, γ < 0 (7.3)

The distributions in this class have a finite right end point (McNeil and Frey,

2000). Examples of distributions in this class are Beta, uniform, reversed Burr

and extreme value Weibull (Beirlant et al., 2004).

The Gumbel, Frechet and Weibull class of distributions can be combined into

one parametric family which is the GEVD (von Mises, 1954). The unified GEVD

for modelling maxima is given by

Gγ(x) = exp

{

−

[

1 + γ

(

x− µ

σ

)]− 1

γ

}

, if 1 + γ

(

x− µ

σ

)

> 0, γ 6= 0 (7.4)

where µ and σ are the location and scale parameters respectively. The shape

parameter γ also known as the EVI controls the tail behaviour. The EVI, γ

is an important parameter which distinguishes the classes of distributions. If

γ = 0, Gγ(x) belongs to the light-tailed Gumbel class of distributions (von Mises,

1954). If γ > 0, Gγ(x) belongs to the heavy-tailed Fréchet-Pareto class of dis-

tributions (von Mises, 1954). For γ < 0 we have the short-tailed Weibull class

(von Mises, 1954). The probability density function of GEVD is given by

gγ(x) =
1

σ

[

1 + γ

(

x− µ

σ

)]− 1

γ
−1

exp

{

−

[

1 + γ

(

x− µ

σ

)]− 1

γ

}

(7.5)
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Derivation of the quantile function for the GEVD

The GEVD is usually used to estimate extreme tail quantiles. The quantile

function for estimating the tail quantiles is derived as follows:

The survival function is given by

P (X > x) = G̃γ(x) = 1− exp

{

−

[

1 + γ

(

x− µ

σ

)]− 1

γ

}

,

if 1 + γ

(

x− µ

σ

)

> 0, ξ 6= 0 (7.6)

Let

p = P (X > x) = 1− exp

{

−

[

1 + γ

(

x− µ

σ

)]− 1

γ

}

exp

{

−

[

1 + γ

(

x− µ

σ

)]− 1

γ

}

= 1− p

[

1 + γ

(

x− µ

σ

)]− 1

γ

= −log(1− p)

1 + γ

(

x− µ

σ

)

= [−log(1− p)]−γ

γ

(

x− µ

σ

)

= [−log(1− p)]−γ − 1

x = µ+
σ

γ

{

[−log(1− p)]−γ − 1
}

Therefore the quantile function is given by

xp = µ+
σ

γ

{

[−log(1− p)]−γ − 1
}

, γ 6= 0 (7.7)
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where p is the upper tail probability. For γ = 0 the GEVD given in equation

(7.4) converges to a Gumbel distribution (Fisher and Tippett, 1928) which is

Gγ(x) = exp
{

−e−
x−µ
σ

}

(7.8)

and the quantile function is given by

xp = µ− σlog [log(1− p)] (7.9)

The quantile functions for the unified GEVD given in equations (7.7) and (7.9)

are then used to estimate high quantiles and predicting the probability of ex-

ceedance levels using South African electricity demand data.

Modelling Maxima and Minima

The thesis concentrates on modelling of stationary time series processes at

extreme levels using block maxima. We define the maximum of n observa-

tions in block i as {Min = max(Xi1, Xi2, ..., Xin)}i , i = 1, 2, ..., b and n ≥ 2, with

Xi1, Xi2, ..., Xin as the data in the i-th block. In order to extract upper extreme

values an extreme value distribution is then fitted to the block maxima data

{Min}i , i = 1, ..., b. The probability of Min not exceeding a value xi is then given

as

P {Min ≤ xi} = P {maxXin ≤ xi} = P {Xi1 ≤ xi, Xi2 ≤ xi, ..., Xin ≤ xi}

= {F (xi)}
in (7.10)

For modelling minima we use the duality between the distributions for maxima

and minima, that is M̃n = minXin = −max {−Xi1,−Xi2, ...,−Xin}, i = 1, ..., b

and n ≥ 2 (Coles, 2001). The distribution function of minima is given by



Analysis of the effect of temperature on DPED using EVT 143

P {minXin ≤ xi} = 1 − {1− F (xi)}
in. Extreme maxima theory and methods

are then used to model extreme minima.

In this chapter the parameters γ, µ and σ of the GEVD are estimated using

the Maximum Likelihood (ML) method. Let θ = (γ, µ, σ), then ML of θ is given

by

L(θ, x) =
n
∏

i=1

gγ(xi)

=
n
∏

i=1

1

σ

[

1 + γ

(

xi − µ

σ

)]− 1

γ
−1

exp

{

−

[

1 + γ

(

xi − µ

σ

)]− 1

γ

}

(7.11)

Let the log-likelihood be denoted by ℓ(θ, x), i.e. ℓ(θ, x) = logL(θ, x), then

ℓ(θ, x) = −nlogσ −

(

1 +
1

γ

) n
∑

i=1

log

{

1 +
γ(xi − µ)

σ

}

−
n
∑

i=1

{

1 +
γ(xi − µ)

σ

}− 1

γ

(7.12)

The R statistical package, ismev by Heffernan and Stephenson (2013) is used

to obtain the ML estimates.

7.4 Piecewise linear regression model

Our modelling approach is in two stages. A piecewise linear regression model

is used to explore the influence of temperature on daily electricity demand. In

stage two, a generalized extreme value distribution is fitted to the tempera-

ture values below the reference temperature. The fitted distribution is then

used to estimate the likelihood of extreme low temperatures and consequential

extreme increase in electricity demand.

The model for Average Daily Electricity Demand (ADED) developed in chapter

3 is now used to analyse the influence of low temperature on daily electricity
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demand using the GEVD. The piecewise linear regression model is given in

equation (7.13).

ADED = k0 + k1max(0, Ts − Tt) + k2max(0, Tt − Tw) + εt (7.13)

where ADED is the average daily electricity demand, Tt is the average daily

temperature, Ts and Tw are temperatures which separate summer and winter

sensitive periods (hot and cold temperatures) from the weather neutral period

respectively. The parameters to be estimated are k0, k1 and k2, and εt is the

error term with εt ∼ N(0, σ2
t ). The values for Tw and Ts used in this chapter are

180C and 220C respectively.

7.5 Data

Average Daily Electricity Demand (ADED) data and average daily tempera-

ture1 (Tt) for the period, years 2000 to 2010.

7.6 Empirical results and discussion

7.6.1 Piecewise linear regression model output

The model identifies the winter sensitive, weather neutral and summer sen-

sitive periods. The model is not used for forecasting electricity demand but

rather to explain the influence of temperature on electricity demand. The

model is an extension of the one developed in chapter 3 in which we use 180C

for Tw instead of 160C for the ADED-average daily temperature relationship

1Average daily temperature for the whole country is usually built into the modelling
as weighted average temperatures from different meteorological stations of a country. The
weightings should reflect consumption of electricity of each region (province). Population fig-
ures are often used for estimating the weights. In this thesis the weightings were not done
since only aggregated average daily temperature was available at the time of the study.
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Figure 7.1: Scatter plot of ADED (in megawatts) against Tt (in 0C) with the
fitted piecewise regression line of equation (7.14).

model.

ˆADED = 23932 + 263max(0, 22− Tt) + 138max(0, Tt − 18) (7.14)

The graphical plot of ADED against Tt is shown in Figure 7.1. The piecewise

linear regression plot separates the non-linear response of electricity demand

to temperature into three regions: cold for temperatures lower than 180C, neu-

tral for temperatures between 180C and 220C, and hot for temperatures above

220C.

The three demand-temperature equations are given in equations 7.15 to 7.17.

If average daily temperature is less than or equal to 180C we have

ˆADED = 23932 + 263max(0, 22− Tt)) (7.15)

That is, if the temperature decreases by 10C (e.g. from 180C to 170C) electricity

demand will increase marginally by 263MW. If average daily temperature is
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greater than or equal to 220C we have

ˆADED = 23932 + 138max(0, Tt − 18) (7.16)

If temperature increases by 10C (e.g. from 220C to 230C) electricity demand will

increase marginally by 138MW. For the average daily temperature between

180C and 220C we have

ˆADED = 23932 + 263max(0, 22− Tt) + 138max(0, Tt − 18) (7.17)

If temperature decreases by 10C (e.g. from 220C to 210C) electricity demand

will increase marginally by 125MW.

7.6.2 Comparative analysis

Figure 7.2 shows a plot of ˆADED = 23932 + 263max(0, 22− Tt) + 138max(0, Tt −

18)). A comparative analysis with the relationship between electricity demand

and average temperature for South Australia shows that electricity demand in

South Australia is highly sensitive to summer months as shown in Figure 7.3.

Although the climate of Australia varies, the largest part is desert and semi-

arid and temperature ranges from around 00C to 450C between winter and

summer periods as shown in Figure 7.3. Most people stay in cities which are

clustered around coastal areas which are very hot and humid. On the contrary

temperatures in South Africa are generally lower than in other countries at

similar latitudes such as Australia due to the fact that South Africa is on a

greater elevation above sea level (South Africa information on climate (n.d.)).

7.6.3 Modelling extreme minimum temperatures

Modelling of extreme minimum temperatures is important to load forecasters

and system operators in South Africa since electricity demand increases signif-
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Figure 7.2: Plot of ˆADED = 23932 + 263max(0, 22− Tt) + 138max(0, Tt − 18)).

Figure 7.3: Half-hourly South Australian electricity demand in gigawatts (ex-
cluding major industrial demand) plotted against temperature (degrees Cel-
sius) (Hyndman and Fan, 2010).
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Figure 7.4: (a) Left panel: Average Daily Temperature (ADT or Tt) below 180C
and (b) Right panel: Inverted graph of ADT below 180C. The graph on the left
panel is inverted so that we can use the duality between the distributions for
maxima and minima.

icantly for average daily temperature values below 180C. We use the principle

of duality between the distributions of minima and maxima as discussed in

Section 7.3. In Figure 7.4 the left panel shows data for average daily tempera-

ture (Tt) below 180C while the right panel shows the graph of −Tt.

7.6.4 Tail quantile estimation

We estimate the extreme tail quantiles of Tt below 180C using the GEVD. The

data is seasonally adjusted. There are 1649 observations of average daily tem-

perature below 180C. The ML estimates of the parameters γ, µ and σ are given
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as (the standard errors are given in parentheses):

γ̂ = −0.2004(0.01817),

µ̂ = −15.02544(0.05758),

σ̂ = 2.0800(0.04176).

The standard errors of the ML estimates of the parameters, are small. This

shows that uncertainty about the parameters is small. These results show that

the data can be modelled using a Weibull class of distributions, (since γ̂ < 0)

and the right endpoint is finite. The right end point is

µ−
σ

γ
= −15.202544−

2.08

−0.2004
= −4.646

This implies that for any degree decrease below 4.60C there is unlikely to be

any further increase in electricity demand.

The Quantile-Quantile (QQ) and Probability-Probability (PP) plots given in

Figure 7.5 show that the Weibull class is a good fit to the data. The return

level estimates are inside the 95% confidence interval. This is an indication

that the fitted Weibull class is capable of accurately predicting future return

levels.

We then use equation (7.7) to estimate high quantiles and predicting the proba-

bility of exceedance levels. For example the 95th quantile is obtained as follows

−x0.05 = −15.025−
2.08

0.2004

[

(−log(0.95))0.2004 − 1
]

= −10.369 ⇒ x0.05 = 10.369

The number of temperature observations that are smaller than the estimated

tail quantile (x0.05 = 10.369) are then counted and found to be 78. For the ob-

served number of exceedances we get 0.05 × 1649 = 82.45 ≈ 82 where 1649 is
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Figure 7.5: Diagnostic plots illustrating the fit of the data (temperature below
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panel: Density plot.
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the number of temperature values below 180C. The marginal increase in elec-

tricity demand for a drop of temperature from 180C to x0.05 = 10.40C is given by

(18− 10.4)× 263 = 1998.8MW where 263 is the marginal increase in demand for

a decrease of 10C below 180C as discussed in Section 7.6.1. It should be noted

that this increase in ADED for temperature decreases below 180C is bounded.

As temperature decreases below 180C the increases in ADED reaches a certain

value after which any further decrease in temperature will not have any effect

on ADED. That is as temperature decreases people will switch on heating sys-

tems up to a point where all the heating systems are all switched on and no

additional energy is consumed for any further decrease in temperature.

Table 7.1 presents a summary of the estimated tail quantiles at different tail

probabilities. The second column shows the calculated quantiles (temperature

in degrees C). The number of exceedances using the GEVD are given in column

3 while column 4 shows the observed number of exceedances. In equation (7.16)

it is given that for a degree decrease in temperature below 180C there will be a

marginal increase in demand of 263 MW. For each of the estimated quantiles

in column 2, column 5 shows the marginal increase in demand from one quan-

tile to the next, e.g. if temperature drops from 11.30C to 10.40C there will be an

increase in demand of 263(11.3-10.4)=236.7MW. Similarly for a decrease from

10.40C to 8.80C the increase will be 263(10.4-8.8)=420.8MW. Extreme low aver-

age daily temperatures of the order of 8.20C are very rare in South Africa. This

only occurs about 8 times in a year. Table 7.2 summarizes the temperature val-

ues at high quantiles and the corresponding marginal increases while Figure

7.6 shows that the marginal increases converge to 1.58MW when temperature

converges to 4.60C.
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Table 7.1: Estimated tail quantiles at different probabilities.
Quantiles Tempa Expected number Observed Marginal

(xp) of exceedances number of increase in
(assuming GEVD) exceedances demand (MW)

90th quantile 11.30C 159 164
95th 10.40C 78 82 236.7
99th 8.80C 12 16 420.8
99.5th 8.20C 8 8 157.8
99.9th 7.20C 0 2 263

aTemp denotes Temperature

A summary of the monthly frequency of occurrence of average temperature

values below 12.40C (i.e. above the 95th quantile (−x0.05 = −10.369) is given in

Table 7.3. Over the sampling period, i.e. years 2000 to 2010 the month of July

has the highest number of days with temperature values below 10.40C. This is

an indication that the month of July is the coldest month in South Africa and

the winter period is from May to August of each year.

The bar chart of the monthly frequency of occurrence of exceedances is given

in Figure 7.7.
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Figure 7.6: (a) Left panel: shows that the gradual decrease in temperature
converges to 4.60C and (b) Right panel: shows that the marginal increases con-
verge to 1.58MW when temperature converges to 4.60C.
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Figure 7.7: Bar chart of the monthly frequency of occurrence of temperature
below xp = 10.40C (exceedances). The exceedances are average daily tempera-
ture values below 10.40C
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Table 7.2: Evaluation of estimated tail quantiles at different probabilities.
Numbera 1 2 3 4 5

Quantile 99.99th 99.999th 99.9999th 99.999 99.999

99th 999th

Temp (deg C)b 6.285 5.679 5.297 5.056 4.905
MIc (MW) 252.74 159.38 100.5 63.38 39.71
Number 6 7 8 9 10
Quantile 99.9999 99.9999 99.9999 99.999999 99.999999

999th 9999th 99999th 9999th 99999th

Temp (deg C) 4.809 4.749 4.711 4.687 4.672
MI (MW) 25.248 15.78 9.994 6.312 3.945
Number 11 12 13 14
Quantile 99.999999 99.9999999 99.9999999 99.99999999

999999th 999999th 9999999th 9999999th

Temp (deg C) 4.662 4.656 4.652 4.646
MI (MW) 2.63 1.578 1.052 1.578

aNumber denotes the observation number for each of the quantiles
bTemp (deg C) represents temperature in degrees Celcius
cMI denotes marginal increase in megawatts

Table 7.3: Monthly frequency of exceedances below xp = 10.369 (average tem-
perature below 10.40C) by month.
Month Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
Freq 0 0 0 0 11 16 45 6 0 0 0 0

7.7 Concluding remarks

An analysis of the intensity and frequency of occurrence of extreme low tem-

peratures is important for load forecasters in the electricity sector. In this

chapter the modelling of the influence of temperature on average daily elec-

tricity demand in South Africa using a piecewise linear regression model and

the extreme value theory modelling framework is discussed. The developed

piecewise linear regression model is not meant for forecasting but to model the

effect of temperature on electricity demand. Extreme low temperatures can be

modelled by the Weibull class of distributions. Extreme low temperatures of

the order of 60C are very rare in South Africa, but can cause huge increases in



Analysis of the effect of temperature on DPED using EVT 155

electricity demand. An investigation of expected cooler than normal years is

important and helps in guiding planning to decision makers in the electricity

sector.

Electricity demand in South Africa is highly sensitive to temperature fluctu-

ations during the winter periods. In contrast, Australia electricity demand is

sensitive to summer months (Hyndman and Fan, 2010) but both Australia and

South Africa are on the same latitude in the Southern Hemisphere.

The use of extreme value theory provides a lot of information in the modelling

of extreme peak electricity demand. Chapter 8 presents a detailed analysis of

extreme daily and same day of the week increases in peak electricity demand

in South Africa using extreme value theory.



Chapter 8

Analysis of extreme daily and

same day of the week increases

in peak electricity demand in

South Africa

8.1 Introduction

The chapter is divided into two main parts. The first part deals with mod-

elling of extreme daily increases in peak electricity demand. Peak electricity

demand is an energy policy concern for all economies throughout the world

and if unchecked, excess peak demand may cause blackouts and increase the

cost of electricity for consumers (Strengers, 2012). This has resulted in many

economies in designing energy efficient and demand side management strate-

gies to either redistribute or reduce energy demand during peak periods. This
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requires modelling and accurate assessment of the frequency and level of peak

electricity demand (Hor et al., 2008).

The South African Daily Peak Electricity Demand (DPED) data is not station-

ary as seen in the graphical plot in Chapter 3. In this thesis the data is made

stationary by taking first and seventh differences and also by removing the lin-

ear trend (detrending). The first difference of DPED will give rise to an anal-

ysis of interday (daily) changes in peak electricity demand, while the seventh

difference will result in day to day changes. Linear detrending will result in

modelling extreme winter peaks in electricity demand. We briefly describe the

three ways of making the DPED data stationary in the following paragraphs.

1. Taking the first difference results in daily (interday) changes in peak elec-

tricity demand, i.e.

∇xt = (1−B)xt = xt − xt−1

The model can be written as ARIMA(0,1,0) which is also known as a ran-

dom walk or naive model. A plot of the first difference of DPED is given

Figure 8.1, top left panel.

2. Taking the seventh difference will give rise to same day of the week

changes in peak demand, i.e.

∇1
7xt = (1−B7)xt = xt − xt−7

This is also known as a Seasonal Naive (SNAIVE) or SARIMA(0,0,0)(0,1,0)[7]

model. Figure 8.1, top right panel shows a plot of the seventh difference

of DPED.

3. Detrending

Initially we fit a trend line to DPED, that is, we regress DPED (xt) against
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time t, for t = 1, .., n. The trend line is given by the following equation

xt = β0 + β1t+ εt

where β0, β1 are parameters and εt is the error term. We then subtract

the values of the trend line from the original data which results in a time

series of residuals, i.e.

εt = xt − x̂t = xt − (β̂0 + β̂1t)

The detrended DPED (Figure 8.1 bottom left panel) will be used for mod-

elling extreme winter peak electricity demand in Chapter 9.

Both daily changes and same day of the week changes in peak electricity de-

mand will be discussed in this Chapter.

We define daily increase in peak electricity demand as the positive inter-day

change in DPED. Extreme daily increase in peak electricity demand is there-

fore positive inter-day change above a sufficiently high threshold. Extreme

value theory (EVT) is then used to model extreme daily increases in peak elec-

tricity demand and also to investigate whether extreme daily increases such as

the one experienced in May 2007 (DPED of 37158MW) in South Africa is truly

an extreme low-probability event or is one which will appear on a regular ba-

sis. The distribution of extreme daily increases in peak electricity is modelled

using the Generalized Pareto Distribution (GPD). A comparative analysis is

then done using the Generalized Single Pareto Distribution (GSPD). The sec-

ond part of the chapter discusses an application of the GSPD in predicting the

Probability of Exceedance (PoE) levels of the same day of the week increases in

peak electricity demand. A comparative analysis is done with a GPD.
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Figure 8.1: (a) Top left panel: First difference of DPED (MW) (b) Top right
panel: Seventh difference of DPED (MW) (c) Bottom left panel: Detrended
DPED (MW).
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Modelling of exceedances above a sufficiently high threshold has been stud-

ied for over three decades. Research has shown that the distribution function

of the excesses above a high threshold converges to a GPD as the threshold

tends to the right endpoint (Balkema and de Haan, 1974; Pickands, 1975).

If we let X1, X2, ..., Xn to be a sequence of hourly electricity demand, then

Mn = max(X1, X2, ..., Xn)

is the maximum hourly electricity demand over an n - observation period where

n ≥ 2. We divide the hourly data into b blocks. Each block consists of 24

hours each, which is a day. The maximum of n observations in block i is

then defined as {Min = max(Xi1, Xi2, ..., Xin)}i , i = 1, 2, ..., b and n ≥ 2, with

Xi1, Xi2, ..., Xin the data in the i-th block. The upper extremes from the se-

quence, M1n,M2n, ...,Mbn can be extracted by taking the exceedances over a

predetermined high threshold τ . The exceedances yj over τ are those xj such

that xj > τ . The values yj = xj− τ are the excesses over τ . Then if F [τ ](bτ +aτx)

has a continuous limiting distribution function as τ goes to the right endpoint,

ω(F ), then
∣

∣F [τ ](x)−Wξ(x)
∣

∣→ 0, as τ → ω(F ) (8.1)

for some generalized Pareto distribution function, Wξ(x), for a suitable choice

of constants bτ > 0 and aτ > 0 (Balkema and de Haan, 1974; Pickands, 1975).

F [τ ] represents the empirical exceedance distribution function at τ .
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8.2 Generalized Pareto Distribution (GPD)

The GPD is a Peaks Over Threshold (POT) distribution which is used to model

observations above a reasonably high threshold. The unified GPD is given by

Wξ(x) =



























1−
(

1 + ξ(x−τ)
σ

)− 1

ξ
if ξ > 0, x > τ

1− exp
(

−x−τ
σ

)

, if ξ = 0, x > τ

1−
(

1 + ξ(x−τ)
σ

)− 1

ξ
if ξ < 0, τ < x < τ − σ

ξ

(8.2)

where ξ > 0 is the Extreme Value Index (EVI) (shape parameter), σ is the scale

parameter and τ is the threshold. Equation (8.2) shows that when ξ < 0 the

distribution function of the GPD is bounded above, i.e. the distribution has a

finite right end point.

8.2.1 Threshold selection

Several methods are proposed in literature on how to select a threshold when

using peaks over threshold distributions such as the generalized Pareto type.

In this thesis we use two methods, the mean excess plot and the Pareto quantile

plot. One of the benefits of using these methods is that one can inspect the

features of the data and assess the model fit (Scarrott and MacDonald, 2012).

One of the drawbacks is the lack of a formal assessment of the uncertainty

associated with the threshold selected (Scarrott and MacDonald, 2012).

Mean excess plot

One of the methods used in selecting a threshold, τ is the mean excess plot.

This was introduced by Davison and Smith (1990). The mean excess function,

e(t) is defined as (Beirlant et al., 2004):

e(t) = E(X − τ |X > τ) (8.3)
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A mean excess plot is a plot of xn−k,n against the mean excesses ek,n. The mean

excesses ek,n are defined as (Beirlant et al., 2004):

ek,n := ên(xn−k,n) =
1

k

k
∑

i=1

xn−i+1,n − xn−k,n k = 2, ..., n (8.4)

where ên is the empirical function used to estimate e. The threshold is selected

where the plot follows a linear pattern (Beirlant et al., 2004).

Pareto quantile plot

The Pareto quantile plot is defined as the scatter plot of the following points:

(−log(1 − pi), logxi) where i = 1, ..., n (Beirlant et al., 1996); Beirlant et al.,

2004). Several choices of pi are used in literature (Beirlant et al., 2004). In this

thesis we will use pi =
i

n+1
. The threshold is taken as the observation on the

vertical axis (y-axis) where the plot starts to follow a linear pattern (Beirlant

et al., 2004). An analytic relationship between the GEVD and GPD exists and

is given in the following theorem (where γ = ξ) (Reiss and Thomas, 2007).

Theorem 8.1

Wξ(x) = 1 + logGξ(x), for logGξ(x) > −1

An outline of the proof

Using the right hand side of Theorem 8.1 we get

1 + log

[

exp

{

−

[

1 + ξ

(

x− τ

σ

)]− 1

ξ

}]

= 1−

(

1 +
ξ(x− τ)

σ

)− 1

ξ

= Wξ(x)
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The pdf of the GPD is

wξ(x) = W ′
ξ(x)

wξ(x) =
1

σ

(

1 +
ξ(x− τ)

σ

)−(1+ 1

ξ
)

(8.5)

8.3 Generalized Single Pareto Distribution

The distribution function of the GSPD (Verster and De Waal, 2011) is given in

equation (8.6).

Wη(x) =

{

1 +
η

1 + τη
(x− τ)

}− 1

η

, η 6= 0, x > τ (8.6)

where η is the EVI and τ is the threshold. The GSPD is a generalized Pareto-

type (GP-type) distribution with one parameter to estimate, i.e. the GSPD

belongs to the domain of attraction of the GPD written as:

Wη(x) ∈ D(Wξ(x))

The pdf is

wη(x) = W ′
η(x)

wη(x) =
1

1 + τη

[

1 +
η(x− τ)

1 + τη

]− 1

η
−1

(8.7)

8.4 Estimation of parameters

In this section we discuss the methods for estimating the parameters of GPD

and GSPD. We start with a brief discussion of the Hill estimator for estimating
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the EVI. This is followed by a discussion of the Maximum Likelihood (ML) and

then the Bayesian estimation methods.

8.4.1 Hill estimator

The Hill estimator (Hill, 1975) is an estimator of the EVI for the Generalized

Pareto - type (GP-type) distributions. It is based on k+ 1 upper order statistics

and is given as

Hk,n =
1

k

k
∑

i=1

logX(n−i+1,n) − logX(n−k,n) (8.8)

The Hill estimator is ML estimator of the mean excess values of log-transformed

data (Beirlant et al., 2004). Some of the pitfalls of the Hill estimator are that,

for different choices of k the estimator of the EVI changes, i.e. for shifts in the

data the estimator is not invariant despite the fact that some invariant estima-

tors are proposed in literature (Pereira, 1994; Drees, 1995, 1998; Fraga Alves,

2001).

8.4.2 Maximum Likelihood Estimation

GPD

Let α = (ξ, σ) then ML of α is given by

L(α, x) =
Nτ
∏

i=1

wξ(xi)

=
Nτ
∏

i=1

1

σ

[

1 + ξ

(

xi − τ

σ

)]−(1+ 1

ξ )
(8.9)
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where Nτ is the number of observations above the threshold τ . The log-likelihood

is

ℓ(α, x) = −nlogσ −

(

1 +
1

ξ

) Nτ
∑

i=1

log

[

1 +
ξ(xi − τ)

σ

]

(8.10)

GSPD

L(η, x) =
Nτ
∏

i=1

wη(xi)

=
Nτ
∏

i=1

{

1

1 + ητ

[

1 +
η

1 + ητ
(xi − τ)

]− 1

η
−1
}

(8.11)

Outline of the ML of the GSPD

Let L(η, x) be the maximum likelihood function, then

L(η, x) =
Nτ
∏

i=1

wη(xi)

=
Nτ
∏

i=1

1

1 + τη

{

1 +
η

1 + τη
(xi − τ)

}− 1

η
−1

Now

logL(η, x) =
Nτ
∑

i=1

log

[

1

1 + τη

{

1 +
η

1 + τη
(xi − τ)

}− 1

η
−1
]

Let ℓ(η, x) = logL(η, x)
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Then

ℓ(η, x) =
Nτ
∑

i=1

[

−log(1 + τη)−
1 + η

η
log

{

1 +
η

1 + τη
(xi − τ)

}]

=
Nτ
∑

i=1

[

−log(1 + τη)−
1 + η

η
log

{

1 + ηxi
1 + τη

}]

=
Nτ
∑

i=1

[

−log(1 + τη)−
1 + η

η
{log (1 + ηxi)− log (1 + τη)}

]

=
Nτ
∑

i=1

[

−log(1 + τη)−
1 + η

η
log (1 + ηxi) +

1 + η

η
log (1 + τη)

]

=
Nτ
∑

i=1

[

1

η
log(1 + τη)−

1 + η

η
log(1 + ηxi)

]

=
Nτ
∑

i=1

[

1

η
log(1 + τη)

]

−
Nτ
∑

i=1

[

1 + η

η
log(1 + ηxi)

]

Then

∂ℓ(η, x)

∂η
=

Nτ
∑

i=1

∂

∂η

[

1

η
log(1 + τη)

]

−
Nτ
∑

i=1

∂

∂η

[

1 + η

η
log(1 + ηxi)

]

= 0

Nτ
∑

i=1

[

−
1

η2
log(1 + τη) +

τ

η(1 + τη)

]

−

Nτ
∑

i=1



−
1

η2
log(1 + ηxi) +

(

1 + 1
η

)

xi

1 + ηxi



 = 0

τNτ

η(1 + τη)
−

Nτ

η2
log(1 + τη) +

1

η2

Nτ
∑

i=1

log(1 + ηxi)−
1

η

Nτ
∑

i=1

xi(1 + η)

1 + ηxi
= 0

ητNτ

1 + τη
−Nτ log(1 + τη) +

Nτ
∑

i=1

log(1 + ηxi)− η(1 + η)
Nτ
∑

i=1

xi
1 + ηxi

= 0 (8.12)

We then obtain η̂ as the ML estimator of η using the R statistical package.

Smith (1985) establishes that the limiting behaviour of the ML depends on the
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value of the shape parameter which is the EVI for extremal models. Smith

(1985) shows that the classical properties of the ML hold whenever ξ > −1
2
, but

not for ξ ≤ −1
2

in general for both the GEVD and the GPD. This is important

for the stability and asymptotic properties of the ML (Coles, 2001). In gen-

eral when these regularity conditions fail it is more attractive to use Bayesian

methods as they do not depend on these conditions (Beirlant et al., 2004).

8.4.3 Bayesian parameter estimation

In this thesis we use the MDI priors for the GPD and GSPD as they provide

maximal data information, easy to implement and that constraints can be built

into the prior (Zellner, 1977).

Generalized Pareto Distribution (GPD)

The distribution function of the GPD is given as:

Wξ,σ(x) =



























1−
(

1 + ξ(x−τ)
σ

)− 1

ξ
if ξ > 0, y − τ > 0

1− exp
(

−x−τ
σ

)

if ξ = 0, x− τ > 0

1−
(

1 + ξ(x−τ)
σ

)− 1

ξ
if ξ < 0, 0 < x− τ < −σ

ξ
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Maximal Data Information (MDI) prior

The MDI prior (Zellner, 1977), π(σ, ξ) is defined as follows:

π(σ, ξ) ∝ exp {E [logf(X|σ, ξ)]}

= exp

{

E

[

log

(

1

σ
(1 + ξx)−

1

ξ
−1

)]}

= exp

{

log
1

σ
−

1 + ξ

ξ
E [log(1 + ξx)]

}

=
1

σ
exp

{

−
1 + ξ

ξ
E [log(1 + ξx)]

}

=
1

σ
e−ξ (8.13)

Likelihood function

The likelihood function is

π(x|σ, ξ) =
Nτ
∏

i=1

1

σ

[

1 +
ξ(xi − τ)

σ

]− 1

ξ
−1

=
1

σNτ

1

σ−Nτ
ξ

−Nτ

Nτ
∏

i=1

(σ + ξ(xi − τ))−
1

ξ
−1

=
1

σ−Nτ
ξ

Nτ
∏

i=1

(σ + ξ(xi − τ))−
1

ξ
−1

(8.14)
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Joint posterior distribution

The joint posterior density of ξ and σ is given as follows:

π(σ, ξ|x) ∝ π(x|σ, ξ)π(σ, ξ)

π(σ, ξ|x) ∝
Nτ
∏

i=1

1

σ

[

1 +
ξ(xi − τ)

σ

]− 1

ξ
−1

π(σ, ξ)

∝
e−ξ

σ

1

σ−Nτ
ξ

Nτ
∏

i=1

(σ + ξ(xi − τ))−
1

ξ
−1

∝
e−ξ

σ−(Nτ
ξ

−1)

Nτ
∏

i=1

(σ + ξ(xi − τ))−
1

ξ
−1 (8.15)

Posterior predictive density

The posterior predictive density is given as

P (X0 > x0|x, τ) ∝

∫ ∫

π(σ, ξ|x)

{

1 +
ξ

σ
(x0 − τ)

}− 1

ξ

dσdξ (8.16)

The posterior predictive density given in expression (8.16) cannot be computed

analytically. It will be approximated through simulations using the Gibbs sam-



Analysis of extreme daily and same day of the week increases in DPED 170

pling procedure.

P (X0 > x0|x, τ) = P (X0 > x0|x1, ..., xNτ )

= E(σ,ξ)|x

(

1 +
ξ

σ
(x0 − τ)

)− 1

ξ

= E(σ,ξ)|x

(

σ + ξ(x0 − τ)

σ

)− 1

ξ

= E(σ,ξ)|x

(

σ + ξ(x0 − τ)

σ

)− 1

ξ

≈
1

Nτ

Nτ
∑

i=1

(

σi + ξi(x0 − τ)

σi

)

(8.17)

Gibbs sampling procedure for GPD

We consider Xi to be GPD distributed, i.e. Xi ∼ GPD(σ, ξ). A Gibbs sampler

is used to get approximate simulations of the set (ξ, σ) from the joint posterior

density given in expression (8.15). The Gibbs sampler considers univariate

conditional distributions. This involves simulating σ from its conditional den-

sity function given a fixed ξ. The EVI ξ, is then simulated from its conditional

density given the selected σ. This process is repeated a large number of times.

Let

θ = (θ1, θ2) = (σ, ξ)

For each iteration i, each θ
(i)
j is sampled from the conditional distribution given

all the other components of θ. Now given the set of values
{

σ(i), ξ(i)
}

, the algo-
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rithm proceeds as follows:

Draw σ(i+1)
∼ π

(

σ|ξ(i), x
)

Draw ξ(i+1)
∼ π

(

ξ|σ(i+1), x
)

(8.18)

Derivation of the quantile function for the GPD

The survival function of the GPD is given as follows:

P (X > x|τ) =



























(

1 + ξ(x−τ)
σ

)− 1

ξ
if ξ > 0, x− τ > 0

exp
(

−x−τ
σ

)

if ξ = 0, x− τ > 0
(

1 + ξ(x−τ)
σ

)− 1

ξ
if ξ < 0, 0 < x− τ < −σ

ξ

Let p = P (X > x|X > τ)

p = 1−Wξ,σ

p =

(

1 + ξ(
x− τ

σ
)

)− 1

ξ

1 +
ξ(x− τ)

σ
= p−ξ

ξ(x− τ)

σ
= p−ξ − 1

x = τ +
σ

ξ

(

p−ξ − 1
)

therefore

xp = τ +
σ

ξ

(

p−ξ − 1
)

, ξ 6= 0, x > τ (8.19)
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For details see Beirlant et al. (2004).

Generalized Single Pareto Distribution

The MDI prior (Zellner, 1977), π(η) is defined as follows (Verster and De Waal,

2011):

π(η) ∝ exp {E [logf(X|η)]}

= exp

{

E

[

log

(

1

1 + τη

[

1 +
η(x− τ)

1 + τη

]− 1

η
−1
)]}

= exp

{

E

[

−log(1 + τη)−
1 + η

η
log

(

1 +
η(x− τ)

1 + τη

)]}

=
e−(1+η)

1 + τη

π(η) ∝
e−η

1 + ητ
(8.20)

The derivation of the MDI prior π(η) is discussed in detail in Verster and De

Waal (2011).

Likelihood function

π(x|η) =
Nτ
∏

i=1

wη(xi)

=
Nτ
∏

i=1

1

1 + ητ

[

1 +
η(xi − τ)

1 + ητ

]− 1

η
−1

=
1

(1 + ητ)Nτ

Nτ
∏

i=1

(

1 + ηxi
1 + ητ

)− 1

η
−1

(8.21)
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Posterior distribution

π(η|x) ∝ π(x|η)π(η)

π(η|x) ∝
e−η

(1 + ητ)

1

(1 + ητ)Nτ

Nτ
∏

i=1

(

1 + ηxi
1 + ητ

)− 1

η
−1

∝
e−η

(1 + ητ)1+Nτ

Nτ
∏

i=1

(

1 + ηxi
1 + ητ

)− 1

η
−1

∝
e−η

(1 + ητ)1+Nτ

[

Nτ
∏

i=1

(

1 + ηxi
1 + ητ

)− 1

η
−1
]

∝

(

e−η

(1 + ητ)1+Nτ

)

(

1

(1 + ητ)−
1

η−1

)Nτ
[

Nτ
∏

i=1

(1 + ηxi)
− 1

η
−1

]

∝
e−η

[(1 + ητ)1+Nτ ]
[

(1 + ητ)(−
1

η
−1)Nτ

]

[

Nτ
∏

i=1

(1 + ηxi)
− 1

η
−1

]

∝
e−η

(1 + ητ)−(
Nτ−η

η )

Nτ
∏

i=1

(1 + ηxi)
− 1

η
−1 (8.22)

Posterior Predictive density

P (X0 > x0|x, τ) =

∫

π(η|x)

[

1 +
η

1 + ητ
(x0 − τ)

]− 1

η

dη (8.23)
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This posterior predictive density cannot be computed analytically. It will be

approximated through simulations.

P (X0 > x0|x1, ..., xn) = P (X0 > x0|X0 > τ)

= Eη|x

(

1 +
η

1 + ητ
(x0 − τ)

)− 1

η

≈
1

m

m
∑

j=1

(

1 +
ηj(x0 − τ)

1 + ηjτ

)

(8.24)

Gibbs Sampler (for the GSPD)

Draw η(i+1)
∼ π(η|x)

Derivation of the quantile function for GSPD

The survival function of the GSPD is given as:

1−Wη(x) = P (X > x|X > τ)

=

{

1 +
η

1 + τη
(x− τ)

}− 1

η

, η 6= 0, x > τ
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Let p = P (X > x|X > τ) then

p =

{

1 +
η

1 + τη
(x− τ)

}− 1

η

p−η = 1 +
η

1 + τη
(x− τ)

x = τ +
1 + τη

η
(p−η − 1)

Then

xp = τ +
1 + τη

η
(p−η − 1), η 6= 0, x > τ (8.25)

8.5 Analysis of extreme daily increases in peak

electricity demand

8.5.1 Data Set

Modelling of daily (interday) increases in peak electricity demand is done using

data for the period 2000 to 2010. The distribution of the inter-day changes is

nonnormal as evidenced by the skewness, kurtosis and Jarque-Bera test given

in Table 8.1. A visual inspection of Figure 8.2 shows that the largest interday

Table 8.1: Descriptive statistics of inter-day changes.
Mean Standard deviation Skewness Kurtosis Jarque-Bera
2.8475 1251.752 0.9299 3.5152 662.66 (0.0000)

change in peak electricity demand over the sampling period was experienced

in 2007.
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Figure 8.2: Inter-day changes in DPED.

8.5.2 Fitting the Generalized Pareto Distribution

Let X1, X2, ..., Xn be a sequence of daily increases in peak electricity demand.

The increase in peak demand is relative to the previous day. In order to extract

upper extremes from this sequence we take the exceedances over a predeter-

mined high threshold τ . If we let xt to be DPED on day t and xt−1 DPED

on day t − 1, then we define daily increase in peak demand on day t, as zt =

max(xt−xt−1, 0), t = 1, ..., n. In this definition decreases in demand are ignored.

Extremely large daily increases pose challenges to system operators of power

utility companies in the dispatching and scheduling of electricity. An initial

threshold is set at zero after taking the first differences of DPED and we use

observations above zero.

Over the sampling period the highest daily peak electricity demand of 37 158MW

was experienced on Thursday 24 May 2007. Plots of hourly electricity demand

for Thursday 24 May 2007 and daily peak electricity demand for the month of
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Figure 8.3: The plots are for the year 2007 only. (a) Top left panel: Hourly
electricity demand for Thursday 24 May 2007. There are two peaks, one in the
morning and the the other is in the evening (b) Top right panel: Daily peak
electricity demand for the month of May 2007. The peak demand of 37158MW
was on 24 May (c) Bottom left panel: Daily peak electricity demand for the
year 2007 and (d) Bottom right panel: Histogram of DPED . The distribution
is slightly skewed to the left.

May 2007 are shown in Figure 8.3. Figure 8.4 shows daily increases in peak

electricity demand together with the probability density for the whole data set,

from 2000 to 2010. The density is estimated using kernel density (Silverman,

1986). The density plot shows that the data is not normally distributed and has

a long upper tail suggesting that a heavy tailed distribution could be a good fit

to the data. The QQ plot in Figure 8.3 shows evidence of a distribution which

has heavier tails compared to those of a normal distribution. This calls for use

of extreme value theory distributions to model the upper tail of the distribution
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Figure 8.4: The plots are for the whole data set (2000 to 2010). (a) Top left
panel: Plot of daily increases, (b) Top right panel: Probability density of daily
increases. The distribution is heavily right skewed, (c) Bottom left panel: Nor-
mal QQ plot of daily increases and (d) Bottom right panel: Box plot.

of the daily increases in peak electricity demand. A Pareto quantile plot is used

to obtain the threshold. The Pareto quantile plot is defined as the scatter plot

of the following points: (−log(1 − pi), logzi) where pi =
i

n+1
and zi are the daily

increases in peak electricity demand, for all i = 1, ..., n (Beirlant et al., 2004).

In a Pareto quantile plot the observation on the vertical axis (y-axis) where the

plot starts to follow a linear pattern is taken as the threshold. In this case

τ = exp(8) = 2980.958. The Pareto quantile plot is shown in Figure 8.5 while

Figure 8.6 shows the mean excess plot. The plot starts to follow a straight

line around τ = 3000MW. We shall use the threshold determined by the Pareto

quantile plot (Beirlant et al., 1996, 2004). We now consider the observations
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Figure 8.5: Pareto quantile plot of the positive observations. The positive ob-
servations are the daily increases in peak electricity demand.
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where u denotes the threshold τ .
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greater than τ to be Generalized Pareto distributed. The parameters ξ and σ

are then estimated by simulating from the joint posterior distribution given in

equation (8.15).

Figure 8.7 shows a scatter plot of the simulated ξ’s against σ’s for the data.

The means of the simulated ξ’s and σ’s are calculated as -0.0079 and 269.164

respectively and are considered as the estimates of ξ and σ. The negative sign

of ξ, the extreme value index (EVI) indicates that the data has an upper bound

which implies that it belongs to the Weibull class. This is probably due to the

fact that the interday increases in peak electricity demand between any two

consecutive days cannot exceed the maximum in daily peak electricity demand

between the two days concerned and also demand cannot exceed supply. The

ML estimates of the parameters ξ and σ are -0.048(0.1014) and 274.609(39.073)

respectively with the standard errors in parentheses. The ML estimates are

comparable to the Bayesian estimates.

The empirical cumulative distribution function (cdf) and theoretical cdf of

the GPD with the estimated parameter values is constructed for observations

above the threshold and shown in Figure 8.8. From Figure 8.8 it is evident that

the theoretical cdf is close to the empirical cdf , indicating the appropriateness

of using the GPD to model the observations above the threshold. A QQ plot

can be constructed to indicate the goodness of fit. The theoretical quantiles

from the GPD with the estimated parameter are plotted against the empirical

quantiles. If the plot lies on the 450 line it indicates a good fit as is the case in

Figure 8.9.

The diagnostic plots given in Figure 8.10 show that the Weibull class of distri-

butions is a good fit to daily increases in DPED.
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Figure 8.7: Plot of 3000 simulated (ξ, σ) values simulated through Gibbs sam-
pler.

8.5.3 Fitting the Generalized Single Pareto Distribution

The GSPD has one parameter instead of two as in the GPD case. The simulta-

neous simulations of two parameters can become quite difficult and time con-

suming. We consider again the threshold obtained previously τ = exp(8) =

2981MW. For different values of η the posterior of η is constructed in Figure

8.11. The mode of the posterior is an estimate of η which is found to be η̂ = 0.08.

Figure 8.12 shows the Hill estimate of the EVI of the daily (interday) increases

in peak electricity demand observations above the threshold of 2981MW to-

gether with approximate 95% confidence bands.
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above the threshold τ = 2981. The
x−axis represents the exceedances and
the y−axis the cumulative probabili-
ties.
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standard theoretical quantiles while
the empirical quantiles are plotted on
the vertical axis (y-axis).
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right panel: Density plot. The distribution is right skewed.

The empirical cdf and theoretical cdf of the GSPD with the estimated param-

eter values η̂ = 0.08 is constructed for observations above the threshold and

shown in Figure 8.13. From Figure 8.13 it is evident that the theoretical

cdf is close to the empirical cdf , indicating the appropriateness of using the

GSPD to model the observations above the threshold. The QQ plot in Figure

8.14 indicates a good fit of the GSPD to the exceedances above the threshold,

τ = 2981MW.
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Figure 8.11: The posterior density of η. The x-axis represents the range of val-
ues of the parameter η while the y-axis represents the cumulative probabilities.
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peak electricity demand observations above the threshold of 2981MW together
with approximate 95% confidence bands.
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old, τ = 2981MW) versus a GSPD. The
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standard theoretical quantiles while
the empirical quantiles are plotted on
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8.5.4 Comparative analysis and discussion

Some of the posterior predicted tail probabilities for various extreme daily in-

creases in peak electricity demand are given in Table 8.2. For the GPD, 1000 ξ’s

and σ’s are simulated and substituted into posterior predictive density given in

equation (8.17). Similarly for the GSPD, 1000 η’s are simulated and substituted

into Equation (8.24). Empirical results show that both the GSPD and the GPD

Table 8.2: Posterior predictive tail probabilities (τ = 2981).
Extreme daily increases (x0) P (X0 > x0|x, τ) GPD P (X0 > x0|x, τ) GSPD

3400 0.2004 0.1966
3700 0.0628 0.0688
4000 0.0195 0.0261
4300 0.0060 0.0106

are a good fit to the data. However the QQ plot of the GSPD given in Figure

8.14 incorporates most extreme observations in the tail slightly better than the

GPD. One of the main advantages of the GSPD is the estimation of only one pa-

rameter instead of two as is the case with GPD. The plot of P (X0 > x0|x, 2981)

for GPD and GSPD distributions is given in Figure 8.15.

The plot of 100 exceedances (extreme daily increases) above the threshold

of 2981MW over the sampling period, 2000 to 2010 is given in Figure 8.16,

top panel. Over this sampling period the maximum extreme daily increase is

4327MW and the minimum is 2983MW. The highest extreme daily increase of

4327MW (see Figure 8.16) is the difference between DPED on 21 May 2007

which was 35910MW with that of 20 May 2007 which was 31583MW. This was

probably caused by extreme weather conditions. The probability density func-

tion of the exceedances, given in Figure 8.16, bottom panel, is estimated using

kernel density estimation (Silverman, 1986). The empirical density is skewed

to the right and is heavy tailed. All the exceedances of the extreme daily in-

creases occur on Mondays as expected since Sunday has the lowest demand of
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Figure 8.15: Plot of P (X0 > x0|x, 2981) for GPD (solid line) and GSPD distribu-
tion (dashed line).

electricity. The maximum extreme daily increase is on Monday 21 May 2007.

It is interesting to note that on Thursday 24 May 2007 South Africa had the

highest daily peak demand over the sampling period 2000 to 2010, which is

the same week the country experienced the maximum extreme daily increase.

Figure 8.17 shows the density function of the GSPD with threshold of 2981MW

and η̂ = 0.08. The density is heavy tailed and skewed to the right, indicating

that it can be used to model exceedances above the threshold, τ = 2981MW.
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Figure 8.16: (a) Top panel: Plot of extreme daily increases (exceedances) above
the threshold τ = 2981MW and (b) Bottom panel: Empirical density function of
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Figure 8.17: Probability density function of the GSPD with threshold of
2981MW and η̂ = 0.08.

The frequency of the occurrence of exceedances per month over the sampling

period given in Table 8.3 (Freq represents frequency) shows that May had the

highest frequency of 24 with the least being October with a frequency of 2. The

months May, June and July have the highest frequencies above the threshold.

This is an indication that South Africa experiences a higher peak electricity

demand in winter than in summer. This is consistent with results found in

chapters 3, 4 and 5. Those days with positive daily changes above the thresh-

old of 2981MW will then be declared as critical peak days and an appropriate

critical peak pricing tariff will then be used, e.g. the month of May had a to-

tal of 24 critical peak days over the sampling period, years 2000 to 2010. The

Table 8.3: Monthly frequency of extreme daily increases above, τ = 2981MW.
Month January February March April May June
Freq 5 6 7 10 24 12

Month July August September October November December
Freq 13 8 5 2 4 4

bar chart of the frequency of occurrence of extreme daily increases above the

threshold, τ = 2981MW is given in Figure 8.18.
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Figure 8.18: Bar chart of the monthly frequency of occurrence of extreme daily
increases above the threshold, τ = 2981MW.

A summary of the frequency analysis of the exceedances by year is given in

Table 8.4. Over the sampling period the year 2004 has the largest number of

exceedances. This analysis is important for prediction of return period of this

largest number of exceedances. This will help decision makers in long term

strategic planning which will include capacity expansion to ensure that there

is enough energy during periods of abnormal peak demand. The bar chart of

Table 8.4: Yearly frequency of extreme daily increases above the threshold,
τ = 2981MW.
Year 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010
Freq 1 4 5 5 14 13 10 10 10 7 10

the frequency of occurrence of exceedances by year is given in Figure 8.19.

Eskom has put in place an integrated demand management programme for all

sectors of the economy (Eskom Integrated Demand Management, (n.d.)). This

is meant to shift the load curve to lower demand levels (Cousins, 2009). This
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Figure 8.19: Bar chart of the yearly frequency of occurrence of interday in-
creases in peak electricity demand.

is in line with the International Energy Agency (IEA) Demand-side Manage-

ment (DSM) programme which seeks to reduce the demand peaks, shift the

loads between times of day or even seasons and to better utilize existing power

resources and reduce overall electricity demand (International Energy Agency

Demand Side Management, 2012).

In this Section 8.5, we discussed the modelling and analysis of extreme daily

(interday) increases in peak electricity demand. This modelling approach helps

to quantify and assess the frequency of occurrence of extreme interday changes

in peak electricity demand. This is important to system operators who have to

schedule and dispatch electricity to end users, including ensuring grid stabil-

ity even during periods of extreme peak electricity demand. The modelling

approach also assists decision makers in determining critical peak days. An-

other important and interesting study involves an analysis of the same day of

the week increases in extreme peak electricity demand. This analysis will be
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discussed in Section 8.6.

8.6 Analysis of same day of the week increases

in daily peak electricity demand

8.6.1 Data description

We define same day of the week (day to day) increases in peak electricity de-

mand as follows: Let xt be DPED on day t and xt−7 DPED on day t− 7, then the

same day of the week increase in peak electricity demand on day t is defined as

yt = max(xt − xt−7, 0), t = 1, ..., n. (8.26)

In this definition we only consider positive increases in peak demand. Elec-

tricity demand varies from day to day depending on the day of the week. The

demand of electricity is generally higher during the week (Monday to Friday)

than during the weekend (Saturday and Sunday). A summary of the demand

indices for each day of the week is shown in Table 8.5 while the graphical plot

is given in Figure 8.19. The indices are calculated as follows: we calculate the

average DPED for each day of the week and divide by the overall average. Day

7 which is Sunday has the lowest weekly seasonal index of 93.793% showing

that on average the demand of electricity is 6.027% below average demand.

The highest index of 102.883% on day 2 which is Tuesday indicates that there

is an above average demand of 2.883%.
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Table 8.5: DPED demand indices.
Number Day Weekly seasonal index (unit of index (%))

1 Monday 102.64
2 Tuesday 102.883
3 Wednesday 102.878
4 Thursday 102.854
5 Friday 99.879
6 Saturday 95.073
7 Sunday 93.793
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Figure 8.20: Weekly seasonal index plot of DPED.

The plot in Figure 8.20 shows that the same day of the week increases (top

left panel) in peak electricity demand is volatile. This volatility may be due

to a range of uncertainties, including population growth, changing technology,

economic conditions and activity, prevailing weather conditions as well as the

general day to day variations in individual usage of electricity (Hyndman and

Fan, 2010). Both the histogram (top right panel) and probability density (bot-

tom left panel) of the same day of the week increases in Figure 8.20 shows a

heavy tail and right skewed.
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Figure 8.21: Same day of the week increases in peak electricity demand: (a)
Top left panel: Time series plot (b) Top right panel: Histogram (c) Bottom left
panel: Density plot. The distribution is heavily right skewed and (d) Bottom
right panel: Box plot.

8.6.2 Analysis of future observations

Threshold selection

The Pareto quantile plot given in Figure 8.22 is used to obtain the threshold on

the same day of the week increases in peak electricity demand. The threshold

is τ = exp(8) = 2980.958. There are 44 exceedances. The exceedances, zt are

those yt’s such that yt > τ , that is zt = yt − τ > 0 = max(xt − xt−7, 0) − τ > 0.

The values zt = yt − τ > 0 are the excesses over τ . Figure 8.23 shows the mean

excess plot of the same day of the week increases in peak electricity demand.
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Figure 8.22: Pareto quantile plot on the same day of the week increases in peak
electricity demand.
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Figure 8.23: Mean excess plot of the same day of the week increases in peak
electricity demand.
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8.6.3 Analysis of future observations: Fitting the GPD

Figure 8.24 shows a scatter plot of the simulated ξ’s against σ’s for the data.

The means of the simulated ξ’s and σ’s are calculated as -0.0272 and 740.5557

respectively and are considered as the estimates of ξ and σ. The value of ξ̂ is

negative indicating the existence of an upper bound. This is probably due to the

fact that the same day of the week increase in peak electricity demand cannot

exceed supply. Maximum electricity supply is fixed over the short run. The ML

estimates of the parameters ξ and σ are -0.1411(0.1658) and 795.551(177.556)

respectively with the standard errors in parentheses. The QQ plot of the same

day of the week increase in peak electricity demand above the threshold, τ =

2981MW given in Figure 8.25 shows that the empirical distribution is a good

fit to the GPD. The diagnostic plots given in Figure 8.26 show that the Weibull

class of distributions is a fairly good fit to the same day of the week increases

in DPED.
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Figure 8.24: Plot of 1000 simulated (σ, ξ) values simulated through Gibbs sam-
pler.
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Figure 8.25: A QQ plot of sample data (same day of the week increases in
peak demand above the threshold, τ = 2981MW versus a GPD. The horizontal
axis (x-axis) represents the standard theoretical quantiles while the empirical
quantiles are plotted on the vertical axis (y-axis).
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Figure 8.26: Diagnostic plots: (a) Top left panel: Probability plot (b) Top right
panel: Quantile plot (c) Bottom left panel: Return level plot and (d) Bottom
right panel: Density plot. The distribution is left skewed.

8.6.4 Analysis of future observations: Fitting the GSPD

The threshold is again considered as τ = exp(8) = 2981 obtained from the

Pareto quantile plot in Figure 8.22. The posterior density of η is given in Figure

8.27. The mode of the posterior density is taken as an estimate of η and is

η̂ = 0.1909. Figure 8.28 shows a plot of the Hill estimate of the tail index for

same day of the week increases in peak electricity demand observations above

the threshold of 2981MW together with approximate 95% confidence bands.
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Figure 8.27: The posterior density of η. The x-axis represents the range of val-
ues of the parameter η while the y-axis represents the cumulative probabilities.
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Figure 8.28: Plot of the Hill estimate of the tail index for same day of the
week increases in peak electricity demand observations above the threshold of
2981MW together with approximate 95% confidence bands.
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Figure 8.29: A QQ plot of sample data (same day of the week increases in
peak demand above the threshold, τ = exp(8) = 2981MW) versus a GSPD. The
horizontal axis (x-axis) represents the standard theoretical quantiles while the
empirical quantiles are plotted on the vertical axis (y-axis).

In order to assess whether the GSPD is a good fit to the empirical distribution

of the exceedances a QQ plot is constructed. The theoretical quantiles from the

GSPD with the estimated parameter are plotted against the empirical quan-

tiles in Figure 8.29. In Figure 8.29 the quantiles seem to lie on the 450 line

except for the last observation which is a little underestimated. This is a fairly

good fit.

8.6.5 Comparative analysis and discussion

Selected posterior predicted tail probabilities for various future extreme same

day of the week increases in peak electricity demand are given in Table 8.6.

For the GSPD, 1000 η’s are simulated and substituted into expression (8.24).

Similarly for the GPD, 1000 ξ’s and 1000 σ’s were simulated and substituted

into expression (8.17). After substituting the averages are obtained. Both the

GSPD and the GPD are a good fit to the data. As noted earlier, one of the main
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Table 8.6: Posterior predictive tail probabilities (τ = 2981).
Observation X0 (in megawatts) P (X0 > x0|x, τ) GSPD P (X0 > x0|x, τ) GPD

4500 0.1230 0.1084
5000 0.0707 0.0514
5500 0.0437 0.0221
6000 0.0288 0.0099

advantages of the GSPD is the estimation of only one parameter instead of two

as is the case with the GPD. The simultaneous simulations of two parameters

can be difficult and time consuming in terms of programming and computing

time.

The maximum extreme same day increase above the threshold of 2981MW is

5603MW. This is the difference between the DPED of Thursday 8 January 2009

(28 202MW) and that of Thursday 1 January 2009 (22 599MW). This huge in-

crease is possibly due to weather changes and day to day variations in individ-

ual usage of electricity and possibly due to the fact that 1 January is a public

holiday. Table 8.7 shows the frequency of same day of the week increases in

peak demand. In table 8.7 ’Freq’ represents frequency. The daily frequency of

the occurrence of exceedances given in Figure 8.30 shows that Monday has the

highest frequency of 15 followed by Friday with a frequency of 13. This shows

that large increases are likely to be experienced mainly on Mondays.

Table 8.7: Same day of the week frequency of exceedances (above τ = 2981MW)
over the sampling period 2000-2010.

Day Monday Tuesday Wednesday Thursday Friday Saturday Sunday
Freq 15 3 5 4 13 3 1
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Figure 8.30: Bar chart for frequency of occurrence of same day of the week
increases in peak electricity demand above the threshold of τ = 2981MW.

The monthly frequency of same day of the week increases in peak electric-

ity demand above the threshold of 2981MW is given in Table 8.8. An assess-

Table 8.8: Monthly frequency of exceedances (above τ = 2981MW) over the
sampling period 2000-2010.
Month Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
Freq 14 0 3 20 7 0 0 0 0 0 0 0

ment of the monthly level and frequency of exceedances above the threshold

of 2981MW by month is given in Figure 8.31. Figure 8.31 shows that most of

the large same day increases above the threshold of 2981MW experienced on

Mondays (as shown in Figure 8.30) are found mainly in the month of April.

This analysis is important for both load forecasters and system operators of

power utilities for planning, load flow analysis and scheduling of short-term

electricity demand particularly during periods of peak demand. Figure 8.32

(top panel) shows that same day of the week increases above 2 981 megawatts
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Figure 8.31: Bar chart for monthly frequency of occurrence of same day of the
week increases in peak electricity demand above the threshold τ = 2981MW.

are volatile and that there is a weak positive linear trend. This volatility poses

challenges to load forecasters and system operators in scheduling peak elec-

tricity demand. There is a heavy tail present in the distribution in Figure 8.32

(bottom panel) and is skewed to the right. This calls for accurate predictions

of extreme same day of the week peak electricity demand increases as over or

underestimation can be very costly to a power utility. Underestimation will re-

sult in insufficient generation of electricity which will result in unmet demand

(Hyndman and Fan, 2008). Overestimation results in wastage of financial re-

sources.
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Figure 8.32: (a) Upper panel: Same day of the week increases above 2 981 MW
(b) Lower panel: Kernel density estimate of the exceedances. The distribution
is heavily right skewed.
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8.7 Concluding remarks

The chapter discussed the modelling of extreme interday increases and same

day of the week increases in peak electricity demand using South African data.

Extreme daily increases in peak electricity demand are modelled using a Gen-

eralized Pareto Distribution (GPD) in the first part of the chapter. A compara-

tive analysis of the GPD is done with the Generalized Single Pareto distribu-

tion (GSPD). A Pareto quantile plot is used to obtain the optimum threshold.

Empirical results show that both the GSPD and the GPD are a good fit to the

extreme daily increases in peak electricity demand data.

An application of the GSPD to modelling the same day of the week increases

in peak electricity demand using South African data is discussed in the second

part of the chapter. The GSPD is used for estimating extreme tail quantiles

and probability of exceedance values for various future extreme same day of

the week increases in peak electricity demand. A comparative analysis is done

with the GPD. The GSPD and the GPD both provide a satisfactory fit to the

data. However the GSPD is easier to use since it has only one parameter to

estimate instead of two as is the case with the GPD.

Modelling of extreme daily increases in peak electricity demand helps in deter-

mining the number of critical peak days and also in improving the reliability

of a power network if an accurate assessment of the frequency and level of fu-

ture extreme load forecasts is carried out (Hor et al., 2008). This also helps to

relieve peak capacity loads (Cousins, 2009). Accurate forecasts used together

with dynamic electricity pricing programs may help in shifting peak loads to

off peak periods (Letzler, 2010; Newsham and Bowker, 2010; among others).

The next chapter focuses on modelling extreme winter peaks in electricity de-

mand.



Chapter 9

Winter peak electricity demand

modelling in South Africa

9.1 Introduction

Chapters 3 to 7 established temperature as an important driver of electricity

demand in South Africa. Electricity demand increases significantly for temper-

ature values below 180C as discussed in Chapters 3 to 7. Modelling of abnormal

winter peak electricity demand is important to load forecasters who must pro-

vide accurate predictions. In this chapter we model extreme Daily Peak Elec-

tricity Demand (DPED) during the winter period in South Africa. The data is

initially detrended using the method discussed in Chapter 8. We use a Peaks

Over Threshold (POT) distribution to model the winter peaks above a suffi-

ciently high threshold. The POT distribution used is the Generalized Single

Pareto Distribution (GSPD). A comparative analysis is then carried out with

the Generalized Extreme Value Distribution (GEVD).
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9.2 The Generalized Single Pareto Distribution

The survival function of the GSPD distribution is given in equation (9.1).

P (X > x|τ) =

{

1 +
η

1 + τη
(x− τ)

}− 1

η

, η 6= 0, x > τ (9.1)

where x is DPED and τ is the threshold. The Extreme Value Index (EVI) η

is estimated using the Bayesian approach. We use the Maximal Data Infor-

mation (MDI) prior discussed in Zellner (1977), as it provides maximal data

information, easy to implement and that constraints can be built into the prior.

See Zellner (1977) for more details. The MDI prior for the GSPD derived in

Chapter 8 and discussed in detail in Verster and De Waal (2011) is given as:

π(η) ∝ exp {E [logf(X|η)]} =
e−η

1 + τη
(9.2)

The likelihood function is

π(x|η) ∝
Nτ
∏

i=1

1

1 + τη

[

1 +
η(xi − τ)

1 + τη

]− 1

η
−1

(9.3)

i.e. Xi ∼ GSPD(η), i = 1, ..., Nτ , Nτ is the number of DPED observations above

the threshold τ . The posterior density of η is given as

π(η|x) ∝
Nτ
∏

i=1

1

1 + τη

[

1 +
η(xi − τ)

1 + τη

]− 1

η
−1

π(η) (9.4)
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Future posterior predictive tail probabilities of a future observation, X0, can be

predicted through the following posterior predictive density:

P (X0 > x0|x, τ) ∝

∫

π(η|x)

{

1 +
η

1 + τη
(x0 − τ)

}− 1

η

dη, η 6= 0, x > τ

P (X0 > x0|x, τ) ≈
1

m

m
∑

j=1

(

1 +
ηj(x0 − τ)

1 + ηjτ

)

(9.5)

The posterior predictive density given in expression (9.5) cannot be computed

analytically. We will approximate the posterior predictive density through sim-

ulations. Values of η are simulated from the posterior density given in expres-

sion (9.4) and substituted into expression (9.5). The average over all the tail

probabilities is then used as an estimate of the posterior predictive tail proba-

bility.

9.3 Generalized Extreme Value Distribution

The unified GEVD is given by

Gγ(x) = exp

{

−

[

1 + γ

(

x− µ

σ

)]
1

γ

}

, 1 + γ

(

x− µ

σ

)

> 0, γ 6= 0 (9.6)

where γ is the extreme value index. For γ = 0 equation (9.7) is the Gumbel

class of distributions which is given by

Gγ(x) = exp

{

−exp

[

−
x− µ

σ

]}

, γ = 0 (9.7)

When γ > 0 we have the Frechet class of distributions and when γ < 0 we have

the Weibull class of distributions as discussed in Chapter 7.
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GEVD: Prior Distribution

For GEVD, Jeffreys’ prior is complicated and only exists for γ > −0.5 (Beirlant

et al., 2004). We use the trivariate normal prior (conjugate prior) discussed in

Coles and Powell (1996); Stephenson and Ribatet (2006). Let the prior distri-

bution be denoted by π(θ) where θ = {σ, µ, γ}. Let

θ′ = {logσ, µ, γ}

then the prior distribution on θ is defined as (Stephenson and Ribatet, 2006)

π(θ′) ∝
1

σ
exp

{

−
1

2
(θ′ − ν)

T
Σ−1 (θ′ − ν)

}

(9.8)

where ν is the mean vector and Σ is the covariance matrix.

Likelihood function

The likelihood function is

π(x|θ) =
n
∏

i=1

1

σ

[

1 + γ

(

xi − µ

σ

)]− 1

γ
−1

exp

{

−

[

1 + γ

(

xi − µ

σ

)]− 1

γ

}

(9.9)
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Joint posterior distribution

The joint posterior density is

π(θ|x) ∝ π(θ)π(x|θ)

π(θ|x) ∝
1

σ
exp

{

−
1

2
(θ′ − ν)

T
Σ−1 (θ′ − ν)

}

×
n
∏

i=1

1

σ

[

1 + γ

(

xi − µ

σ

)]− 1

γ
−1

exp

{

−

[

1 + γ

(

xi − µ

σ

)]− 1

γ

}

π(θ|x) ∝
1

σn+1
exp

{

−
1

2
(θ′ − ν)

T
Σ−1 (θ′ − ν)

}

× exp

{

−Σn
i=1

[

1 + γ

(

xi − µ

σ

)]− 1

γ

}

×

n
∏

i=1

1

σ

[

1 + γ

(

xi − µ

σ

)]− 1

γ
−1

π(θ|x) ∝
1

σn+1
exp

{

−
1

2
(θ′ − ν)

T
Σ−1 (θ′ − ν)−

n
∑

i=1

[

1 + γ

(

xi − µ

σ

)]− 1

γ

}

×

n
∏

i=1

[

1 + γ

(

xi − µ

σ

)]− 1

γ
−1

(9.10)

Let θ0 = {σ0, µ0, γ0} and s = {sσ, sµ, sγ} denote the initial values of the Markov

Chain Monte Carlo (MCMC). We use the Maximum Likelihood (ML) estimates

for these initial values. If the chain is at state θt = {σt, µt, γt}, then subsequent

states θt+1 are generated as follows (Stephenson and Ribatet, 2006): Let LN

denote the log-normal distribution then the algorithm to generate θt+1 is

Let µ∗
∼ N(µt, s

2
µ)

Set ∆ =
π(µ∗, σt, γt|x)

π(µt, σt, γt|x)
(9.11)
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Set µt+1 = µ∗ with probability min {1,∆}, else set µt+1 = µt.

Let σ∗
∼ LN(logσt, s

2
σ)

Set ∆ =
π(µt+1, σ

∗, γt|x)

π(µt+1, σt, γt|x)

σ∗

γt
(9.12)

Set σt+1 = σ∗ with probability min {1,∆}, else set σt+1 = σt.

Let γ∗
∼ N(γt, s

2
γ)

Set ∆ =
π(µt+1, σt+1, γ

∗|x)

π(µt+1, σt+1, γt|x)
(9.13)

Set γt+1 = γ∗ with probability min {1,∆}, else set γt+1 = γt.

Posterior predictive density

Future posterior predictive tail probabilities of a future observation, X0 can be

predicted by the following posterior predictive density:

P (X0 > x0|x1, ..., xn) =

∫

θ

P (X0 > x0|θ)π(θ|x)dθ

P (X0 > x0|x1, ..., xn) ≈
1

n− b+ 1

n
∑

i=b

P (X0 > x0|θi) (9.14)

where P (X0 > x0) is the GEVD evaluated at x0, b is the burn-in period (Stephen-

son and Ribatet, 2006).

Let XM be the DPED over a future period of M years, the posterior predictive

distribution is then given as (Stephenson and Ribatet, 2006):

P (X0 > x0|x1, ..., xn) ≈
1

n− b+ 1

n
∑

i=b

P (X0 > x0|θi)
M (9.15)
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9.4 Winter demand characteristics and demand

data

Winter demand forecasts have been developed using historical data for 11 win-

ters, from 2000 to 2010. The data is from Eskom, South Africa’s power utility

company. The winter is defined as the 93 day period from 15 May to 15 Au-

gust of each year. Winter peak demand is the highest level of hourly demand

observed during a particular winter. A plot of daily peak electricity demand

data from 2000 to 2010 is given in Figure 9.1. The winter period experiences
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Figure 9.1: Daily peak electricity demand data for the years 2000 to 2010. Only
data from 15 May to 15 August of each year are given.

high demand of electricity in South Africa since demand is highly sensitive to

temperature changes in winter and less sensitive in summer as discussed in
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Chapters 3 to 7. This calls for accurate predictions of peak winter electricity

demand as underestimation would result in load interruptions and blackouts.

The highest annual peak electricity demand is in July which is a winter month

in the Southern Hemisphere, see Figure 9.2.
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Figure 9.2: Monthly seasonal index plot of DPED. The index for each month is
calculated by finding the average DPED for each month and then divide by the
overall average.

9.5 Empirical results

Electricity demand is generally subject to an upward positive linear trend. The

data is initially made stationary by removing the linear trend (detrending).

We fit a trend line to DPED, that is, we regress DPED (xt) against time t, for

t = 1, .., n. The trend line is given by the following equation

xt = β0 + β1t+ εt
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where β0, β1 are parameters and εt is the error term. We then subtract the

values of the trend line from the original data which results in a time series of

residuals, i.e.

εt = xt − x̂t = xt − (β̂0 + β̂1t)

An initial threshold is set at zero after detrending and all those observations

with negative values are excluded. Figure 9.3 shows a plot of the detrended

DPED data.

Detrended DPED

Year

D
et

re
nd

ed
 D

PE
D

 (M
W

)

2000 2002 2004 2006 2008 2010

−1
00

00
−5

00
0

0
50

00

−10000 −5000 0 5000

0.
00

00
0

0.
00

01
0

Density of detrended DPED

Detrended DPED (MW)

D
en

si
ty

0 1000 2000 3000

0
20

00
40

00
60

00

Positive detrended DPED

Number of observations

D
et

re
nd

ed
 D

PE
D

 (M
W

)

Histogram of positive detrended DPED

Positive detrended DPED

Fr
eq

ue
nc

y

0 1000 3000 5000

0
10

0
30

0
50

0

Figure 9.3: (a) Upper left panel: Detrended daily peak electricity demand (b)
Upper right panel: Density of detrended DPED. The distribution is left skewed.
(c) Lower left panel: Positive detrended daily peak electricity demand (d) Lower
right panel: Histogram of positive detrended DPED.
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The optimum threshold of these observations is then determined using a Pareto

quantile plot shown in Figure 9.4. The threshold is chosen at the observation

value where the plot begins to follow a linear pattern, which is τ = exp(8) =

2980.96.
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Figure 9.4: Pareto quantile plot on the observations greater than zeros.

9.5.1 Predicting future observations

We now consider the observations larger than the threshold τ to be generalized

single Pareto distributed. The parameter η is estimated through a Bayesian

approach. The mode of the posterior distribution is taken as the estimate of η

which is found to be 0.077. The posterior density of η is given in Figure 9.5.
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Figure 9.5: The posterior density of η.

The posterior predictive survival distribution of the approximated GSPD given

in equation (9.5) is now used to predict posterior tail probabilities. For example

we can predict the probability exceeding a large value such as 4500, which is

P (X0 > 4500|x1, ..., xn) =
1

m

m
∑

j=1

(

1 +
ηj(x0 − τ)

1 + ηjτ

)

= 0.0052 (9.16)

where m number of η values are simulated from the posterior and substituted

into equation (9.5). The value on the j-th simulation run is denoted by ηj.

Some of the predicted tail probabilities for various future daily peak electricity

demands where η was simulated from its posterior are given in Table 9.1.

Table 9.1: Posterior predictive tail probabilities
Observation xn+1 P (X > xn+1|X > τ) Posterior tail probabilities (GSPD)

3000 0.9224
3500 0.1310
4000 0.0237
4500 0.0052

The density function of the posterior predictive tail probabilities is given in

Figure 9.6.
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Figure 9.6: Density function for the posterior predictive tail probabilities.

9.5.2 Predicting future observations using the General-

ized extreme Value Distribution (GEVD): A compar-

ative analysis

In this section we fit a Generalized Extreme Value Distribution (GEVD) to all

the detrended DPED data, M1n,M2n, ...,Mbn (not only the observations above a

threshold). In order to extract upper extreme values an extreme value distribu-

tion is then fitted to the block maxima data {Min}i , i = 1, ..., b. The probability

of Min not exceeding a value xi is then given as

P {Min ≤ xi} = P {maxXin ≤ xi} = P {Xi1 ≤ xi, Xi2 ≤ xi, ..., Xin ≤ xi}

= {F (xi)}
in (9.17)

and the exceedance probability is given as

P {Min ≥ xi} = 1− {F (xi)}
in (9.18)
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The three parameters γ, µ, and σ are estimated for the given dataset through

the Bayesian approach. The R statistical package evdbayes by Stephenson

and Ribatet (2012) is used for obtaining the parameter estimates. We use the

maximum likelihood estimates of µ, σ and γ and their corresponding standard

errors as the initial trial solutions. We use simulated annealing (SANN) to

maximise π(θ|x. Simulated annealing is a meta-heuristic which seeks a global

or near global optimal solution. For a detailed discussion of simulated anneal-

ing see Deb (1996); Eglese (1990); Kirkpatrick et al. (1983); among others. The

Bayesian estimates are:

γ = −0.0401,

µ = −540.482,

σ = 1008.22.

These results show that the data can be modelled using a Weibull class, (γ < 0).

The quantile function for the GEVD is then used for predicting the probability

of exceedance levels. The quantile function is given by

xp = µ+
σ

γ

[

{−log(1− p)}−γ − 1
]

, if γ 6= 0 (9.19)

The probabilities are calculated using equation (9.20).

p = 1− exp

[

−

{

γ(xp − µ) + σ

σ

}− 1

γ

]

(9.20)

Some of the predicted tail probabilities for various future daily peak electricity

demand are given in Table 9.2.
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Table 9.2: Posterior predictive tail probabilities
Observation xn+1 Posterior predictive tail probabilities (GEVD)

3000 0.0225
3500 0.0126
4000 0.0069
4500 0.0038

The return level plot of the posterior distribution with 95% Bayesian credible

intervals (dashed lines) is given in Figure 9.7.
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Figure 9.7: Return level plot of posterior distribution with 95% Bayesian cred-
ible intervals (dashed lines).
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9.6 Comparative analysis

A summary of the posterior predictive tail probabilities from the GSPD and

GEVD are given in Table 9.3. The Quantile-Quantile (QQ) plot for the observa-

Table 9.3: Posterior predictive tail probabilities
Observation xn+1 Tail probability (GSPD) Tail probability (GEVD)

3000 0.9224 0.0225
3500 0.1310 0.0126
4000 0.0237 0.0069
4500 0.0052 0.0038

tions above the threshold is constructed in Figure 9.8. The QQ-plot is a method

for judging the goodness of fit of the proposed model to the data, see for exam-

ple Beirlant et al. (2004). If the QQ-plot follows a 450 line it indicates a good

fit. Figure 9.8 therefore indicates a fairly good fit of the GSPD to the data, i.e.

M1n,M2n, ...,Mbn above τ = 2981.

In Figure 9.9 the QQ-plot (GEVD) for the theoretical quantiles against the

empirical quantiles is constructed for all the observations. The results from

the GSPD are better than those from fitting a GEVD as shown by the QQ-plots

of Figures 9.8 and 9.9 respectively.
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Figure 9.8: QQ plot of DPED above τ = 2981 (GSPD). The horizontal axis
represents the standard theoretical quantiles while the empirical quantiles are
plotted on the vertical axis.

9.6.1 Frequency analysis of exceedances

Figure 9.10 shows a bar chart of the frequency of occurrence of exceedances

above the threshold τ = 2981MW using the Generalized Single Pareto Distri-

bution. Figure 9.10 shows that July has the highest number of exceedances.

This indicates that it is the coldest month during the winter period. Modelling

of winter peak electricity demand improves the reliability of a power network

if an accurate assessment of the level and frequency of future extreme winter

peak load forecasts is carried out as peak demand may exceed existing maxi-

mum generating capacity of a power utility company.
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Figure 9.9: QQ plot of DPED above τ = 2981 (GEVD). The horizontal axis
represents the standard theoretical quantiles while the empirical quantiles are
plotted on the vertical axis.

9.7 Concluding remarks

In this chapter, we presented an application of a Generalized Single Pareto Dis-

tribution (GSPD) to the statistical analysis of extreme daily peak electricity de-

mand during the winter period in South Africa. The GSPD seems appropriate

in modelling of extreme winter peak electricity demand. The main advantage

of this modelling approach is that the GSPD has only one parameter to esti-

mate, given that the threshold is known. A comparative analysis was done by

fitting a Generalized Extreme Value Distribution (GEVD). Empirical results

show that the Weibull class can be used to model the daily peak electricity de-

mand data. The results from the GSPD are better than those from fitting a



Winter peak electricity demand modelling 223

Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec

Month

Fr
eq

ue
nc

y

0
20

40
60

80
10

0
12

0
14

0

Figure 9.10: Bar chart of the frequency of occurrence of exceedances above the
threshold τ = 2981MW using the Generalized Single Pareto Distribution.

GEVD. Extreme value theory is good at analysing tails of distributions.

The focus in the next chapter is an analysis of the tails of the residuals after

accounting for changes in the behaviour of the mean demand.



Chapter 10

Assessing peak electricity

demand uncertainty in South

Africa

10.1 Introduction

Peak electricity demand modelling is a policy concern for countries through-

out the world (Strengers, 2012). Many countries are investing heavily in the

construction of new generating plants in order to increase electricity supply

during peak demand periods. Most countries including those with emerging

economies, have embarked on use of new and smart energy saving technolo-

gies and have put in place integrated demand side management and energy

efficient strategies and policies in an effort to reduce consumption of electricity.

In this chapter we present a probabilistic description of interday changes in
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daily peak electricity demand uncertainty and the modelling of extreme under

demand predictions using a hybrid model, the Autoregressive Moving Average-

Exponential Generalized Autoregressive Conditional Heteroskedasticity-Generalized

Single Pareto Distribution (ARMA-EGARCH-GSPD). We define interday changes

as daily increase/decrease in Daily Peak Electricity Demand (DPED) where

DPED is the maximum hourly demand in a 24-hour period. The Chapter fo-

cuses on positive interday changes. Modelling of unexpected extreme positive

interday increases is important to load forecasters, systems operators and de-

mand managers in planning, load flow analysis and scheduling of electricity

particularly during peak periods. The modelling approach discussed in this

chapter is important for assessing and quantifying risk in interday increases

in peak electricity demand forecasting.

10.2 The models

We adopt the approach used by McNeil and Frey (2000) and Bystrom (2005).

Using a two stage approach, McNeil and Frey (2000) estimate a GARCH model

in stage one with a view to filtering the return series to get nearly independent

and identical distributed residuals. In stage two, the extreme value theory

(EVT) framework is then applied to the standardized residuals.

10.2.1 ARMA-EGARCH model

Electricity returns are highly volatile, exhibit leverage effects and clustering

in volatility and display seasonalities in both their mean and as well as volatil-

ity, and feature extreme levels of skewness and kurtosis (Chan and Gray, 2006).

This requires the use of ARMA-EGARCH extreme value theory modelling frame-

work (McNeil and Frey, 2000; Bystrom, 2005).

Formal unit root tests are conducted using the Augmented-Dickey Fuller test.
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Results indicate that the natural logarithm of the first difference of DPED is

stationary. Based on the stationarity requirements we calculate the interday

percentage changes (rt) that are called the return series data, as given in equa-

tion (10.1).

rt = 100(log(xt)− log(xt−1)) (10.1)

where xt, xt−1 are the current and one period lagged DPED respectively. The

returns (rt) given in equation (10.1) are explained in detail in appendix 10. As-

suming a conditional normal distribution, we adopt an ARMA(p,q)-EGARCH(1,1)

model with the following mean and variance structures

Mean equation : rt = φ0 +

p
∑

i=1

φirt−i + εt +

q
∑

i=1

θjεt−j, εt ∼ N(0, σ2
t ) (10.2)

Variance equation : logσ2
t = ω + βlogσ2

t−1 + α

∣

∣

∣

∣

εt−1

σt−1

∣

∣

∣

∣

+ γ
εt−1

σt−1

(10.3)

where rt is the return series of DPED, as defined in equation (10.1). The

EGARCH model was developed to capture the leverage effect in financial time

series data (Nelson, 1991). Negative shocks in financial markets (bad news)

generally have larger impacts on market volatility than positive shocks (good

news). The presence of a leverage effect can be tested by the hypothesis that

γ < 0; if γ 6= 0, then the impact is asymmetric. The EGARCH (1,1) model is

used because the inequality constraints on the parameters, α, β and γ, given

in equation (10.3) are not imposed; oscillatory behaviour in the conditional

variance is permitted as the coefficient β can either be positive or negative,

and the persistence of volatility shocks can be measured easily (Ho and Tsui,

2004). Nelson (1991) discusses in detail the advantages of using the EGARCH

approach instead of the standard GARCH model.
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10.2.2 The Generalized Single Pareto distribution

The survival function of the Generalized Single Pareto Distribution (GSPD) is

given in equation (10.4).

P (Et > εt|τ) =

{

1 +
η

1 + τη
(εt − τ)

}− 1

η

, η 6= 0, εt > τ (10.4)

where εt is the error term (i.e εt = rt − ft), rt represents return series and

predicted return series is denoted by ft. The Extreme Value Index (EVI) η is

estimated using the Bayesian approach. We use the maximal data information

(MDI) prior discussed in Zellner (1977). The MDI prior (Verster and De Waal,

2011) is given as:

π(η) ∝ exp {E [lnf(Et|η)]} =
e−η

1 + τη
(10.5)

The likelihood function is

π(εt|η) ∝

Nτ
∏

i=1

1

1 + τη

[

1 +
η(εi − τ)

1 + τη

]− 1

η
−1

π(εt|η) ∝
Nτ
∏

i=1

1

1 + τη

[

1 + τη + ηεi − τη

1 + τη

]− 1

η
−1

π(εt|η) ∝
Nτ
∏

i=1

1

1 + τη

[

1 + ηεi
1 + τη

]− 1

η
−1

π(εt|η) ∝ (1 + τη)−n
Nτ
∏

i=1

[

1 + ηεi
1 + τη

]− 1

η
−1

π(εt|η) ∝ (1 + τη)−n (1 + τη)−
1+η
η

Nτ
∏

i=1

[1 + ηεi]
− 1+η

η

π(εt|η) ∝ (1 + τη)−
η2−η−1

η

Nτ
∏

i=1

[1 + ηεi]
− 1+η

η (10.6)
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i.e. Ei ∼ GSPD(η), i = 1, ..., Nτ , Nτ is the number of observations above the

threshold. The posterior density of η is given as

π(η|εt) ∝ π(η)π(εt|η)

π(η|εt) ∝
e−η

1 + τη

Nτ
∏

i=1

1

1 + τη

[

1 +
η(εi − τ)

1 + τη

]− 1

η
−1

π(η|εt) ∝ e−η (1 + τη)−1 (1 + τη)−
η2−η−1

η

Nτ
∏

i=1

[1 + ηεi]
− 1+η

η

π(η|εt) ∝ e−η (1 + τη)−
η2−1

η

Nτ
∏

i=1

[1 + ηεi]
− 1+η

η (10.7)

Future posterior predictive tail probabilities of a future observation, E0, can be

predicted through the following formula:

P (E0 > ε0|εt, τ) ∝

∫

π(η|εt)

{

1 +
η

1 + τη
(ε0 − τ)

}− 1

η

dη, η 6= 0, εt > τ

P (E0 > ε0|ε1, ..., εn) ≈
1

m

m
∑

j=1

(

1 +
ηj(ε0 − τ)

1 + τηj

)

P (E0 > ε0|ε1, ..., εn) ≈
1

m

m
∑

j=1

(

1 + ε0η

1 + τηj

)

(10.8)

where m number of η values are simulated from the posterior density given in

expression (10.7) and substituted into equation (10.8). The j-th simulation run

is denoted by ηj. The average over all the tail probabilities is then used as an

estimate of the posterior predictive tail probability.
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Figure 10.1: Plot of DPED return series (2000-2010).

10.3 Empirical results

Hourly electricity data is collected for years 2000 through to 2010 from Es-

kom, South Africa’s power utility company. The hourly data is then divided

into blocks of 24 hours each. All hours in a 24 hour block are from the same

date. In each block the maximum hourly demand is recorded, and is referred

to as the Daily Peak Electricity Demand (DPED). The DPED data is initially

transformed by taking natural logarithms so as to reduce the impact of het-

eroskedasticity. Formal unit root tests are conducted using the Augmented-

Dickey Fuller test. Results indicate that the natural logarithm of the first

difference of DPED is stationary.

The DPED return series given in Figure 10.1 shows that volatility occurs in

bursts and exhibits the presence of volatility clustering. The kernel density

of DPED return series given in Figure 10.2 shows that the empirical distribu-

tion of the data is non-normal. The density is estimated using kernel density



Assessing peak electricity demand uncertainty 230

−15 −10 −5 0 5 10 15

0.0
0

0.0
5

0.1
0

0.1
5

N = 4270   Bandwidth = 0.4738

De
ns

ity

Figure 10.2: Kernel density of DPED return series (2000-2010). Distribution
is nonnormal.

estimation (Silverman, 1986).

10.3.1 ARMA(p,q)-EGARCH(1,1) model results

In Table 10.1 we present descriptive statistics of the return series data. The

skewness and kurtosis presented in Table 10.1 show that the return series data

are non-normal. The Jarque-Bera test is carried out to check whether the skew-

ness and kurtosis are consistent with a normal distribution. Our ARMA(p,q)-

Table 10.1: Descriptive statistics of the returns.
Mean Median Max Min Std Skew Kurt Jarque-Bera
0.012 -0.559 13.553 -13.365 4.346 0.908 3.517 635.4 (0.0000)

EGARCH(1,1) model is given as follows:

Mean equation : rt = φ0 + φ1rt−1 + φ2rt−7 + φ3rt−28 + φ4rt−365 + εt + θ1εt−1 + θ2εt−7

(10.9)
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and

Variance equation : logσ2
t = ω + βlogσ2

t−1 + α

∣

∣

∣

∣

εt−1

σt−1

∣

∣

∣

∣

+ γ
εt−1

σt−1

(10.10)

As shown in the previous chapters electricity demand in South Africa exhibits

strong seasonality. For DPED, seasonality is strong over the week, month and

year. The following terms are therefore included AR(7), AR(28), AR(365) and

MA(7) in the model given in equation (10.9) in order to filter out this sea-

sonality from the data before fitting the extreme value distributions. Several

ARMA(p,q)-EGARCH(1,1) models are considered and the model with the small-

est Akaike information criterion (AIC) is selected. The model parameters are

estimated using the maximum likelihood method under the assumption that

the errors are conditionally normally distributed. The estimates are obtained

by the Berndt et al. (1974) algorithm using numerical derivatives. The param-

eter estimates of the best model along with their p-values in parentheses are

presented in Table 10.2.

The Lung-Box test results given in Table 10.2 indicate that there is some au-

tocorrelation remaining and most of the heteroskedasticity has been removed.

It should be noted that it may not be possible to remove all autocorrelation

because we are dealing with high-frequency data. Figure 10.3 shows that

the residuals are very volatile and exhibit volatility clustering (top left panel),

while the top right panel shows the kernel density of residuals, with the bottom

left panel showing the normal QQ plot and the bottom right panel shows the

kernel density of the positive residuals.

10.3.2 Threshold estimation

We fit a GSPD to the upper tail of the n=1993 positive residuals (under demand

predictions, i.e. positive residual = actual demand - predicted demand > 0).
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Figure 10.3: (a) Top left panel: Plot of residuals (b) Top right panel: Kernel
density of residuals. Distribution is fat tailed (c) Bottom left panel: Normal QQ
plot of residuals (d) Bottom right panel: Kernel density of positive residuals.
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Table 10.2: ARMA(p,q)-EGARCH(1,1) model.
Mean Equation

Parameter φ0 φ1 φ2 φ3

Coefficient -3.851(0.002) 0.006(0.070) 0.979(0.000) 0.021(0.004)
Parameter φ4 θ1 θ2
Coefficient 0.009(0.009) -0.135(0.000) -0.932(0.000)

Variance Equation
Parameter ω α β γ
Coefficient -0.115(0.000) 0.349(0.000) 0.867(0.000) -0.249(0.000)

Model Diagnostics
a Q(7) Q(28) ARCH(7) ARCH(28)

248.3(0.000) 376.9(0.000) 0.059(0.032) 0.012(0.384)

aQ(7) is the Ljung-Box tests for serial correlations in the standardized resid-
uals with 7 lags while ARCH(7) is Engle’s LM test of ARCH effects up to the 7th
order. The p-values are shown in parentheses. In all cases 5% level of significance
is used.

This is defined as

εt = rt − ft > 0

where εt is the error term, rt represents return series and predicted return se-

ries is denoted by ft. We have considered the risk of under demand prediction

of interday increases in peak electricity demand. However it should be noted

that over demand prediction risk analysis (i.e. negative residual = actual de-

mand - predicted demand < 0 or εt = rt − ft < 0 ) can be done in the same way.

A Pareto quantile plot is used to obtain the threshold. The observation on the

y-axis where the plot starts to follow a straight line is taken as the threshold.

In this case τ = exp(2) = 7.3891. There are 26 exceedances. The Pareto quantile

plot is shown in Figure 10.4.

10.3.3 GSPD parameter estimates

We now consider the error terms greater than τ = 7.3891 to be generalized

single Pareto distributed. The parameter η is estimated, using the Bayesian

approach. We use the mode of the the posterior as an estimate of η and is
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Figure 10.4: Generalized Pareto quantile plot on the positive residual (εt) ob-
servations.

found to be η̂ = 0.072. The QQ plot of the residual observations in Figure 10.5

suggests that the GSPD is a relatively good fit to the data. The conditional

GSPD quantiles of the residual distribution are now estimated using the quan-

tile function εt,p given in equation (10.11) after substituting in the estimated

parameter values.

εt,p =
1 + τη

η

(

p−η − 1
)

, η 6= 0, εt,p > τ (10.11)

The upper tail probability p is calculated using equation (10.12).

p =

(

1 + τη + ηεt,p
1 + τη

)− 1

η

, η 6= 0, εt,p > τ (10.12)



Assessing peak electricity demand uncertainty 235

7 8 9 10 11 12 13 14
7

8

9

10

11

12

13

14

Figure 10.5: Normal QQ plot of (εt,p) above τ = 7.3891. The horizontal axis
represents the standard theoretical quantiles, and the empirical quantiles are
plotted on the vertical axis.

The conditional tail quantiles, rt,p of the original return distribution are calcu-

lated as

rt,p = φ0 + φ1rt−1 + φ2rt−7 + φ3rt−28 + φ4rt−365 + θ1εt−1 + θ2εt−7 + σtεt,p (10.13)

where φ0 + φ1rt−1 + φ2rt−7 + φ3rt−28 + φ4rt−365 + θ1εt−1 + θ2εt−7 and σt are the

conditional mean and volatility from the ARMA-EGARCH model.

10.3.4 Evaluation of estimated tail quantiles at different

probabilities

The estimated tail quantiles at different probabilities using the conditional

GSPD are evaluated. The estimated number of exceedances is then compared

to the exceedances from fitting ARMA-EGARCH model. A summary of the

results is given in Table 10.3. The observed number of exceedances of a 90%

quantile which is 3.0353 (n=1993 residuals) is obtained for example as follows:



Assessing peak electricity demand uncertainty 236

Table 10.3: Estimated tail quantiles (number of exceedances).
Quantiles Observed (εt,p) ARMA-EGARCH ARMA-EGARCH-GSPD

90th 3.0353 (199) 2.7118 (255) 3.8369 (138)
95th 4.5264 (100) 3.4505 (172) 5.1123 (75)

98.715th 7.3891 (26) 3.8961(131) 7.8196 (20)
99th 7.7914 (20) 4.8360 (84) 8.3474 (18)
99.5th 9.0606 (10) 5.3433 (69) 9.8598 (6)
99.9th 10.5256 (2) 6.3892 (39) 13.6757 (0)

(0.1×1993 = 199). The density of the residuals from the ARMA-EGARCH model

in Figure 10.3 top right panel is used for estimating the quantiles given in col-

umn 3 of Table 10.3.

Using the quantile function given in equation (10.11) the 90th quantile using

the GSPD is given as:

εt,0.1 =
1 + 7.3891(0.072)

0.072

(

0.1−0.072 − 1
)

= 3.8369

where 7.3891 is the threshold and 0.072 is the Bayesian estimate of η. The

number of observations that are larger than the estimated tail quantile (εt,0.1 =

3.8299) are then counted and found to be 138. Overall the ARMA-EGARCH-

GSPD model produces more accurate estimates of extreme tails than a pure

ARMA-EGARCH model above the threshold, τ = 7.3891 as shown in Table 10.3

and Figure 10.6.

10.3.5 Frequency analysis of exceedances (by month)

There are 26 exceedances above the threshold (τ = 7.3891). A summary of the

monthly frequency analysis of the exceedances over the sampling period (2000-

2010) is presented in Table 10.4 and the bar chart is given in Figure 10.7.
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Figure 10.6: Plot of P (X0 > x0|x, τ) for Observed (solid line), GSPD (dotted line
below solid line) and ARMA-EGARCH (dashed line above solid line).

Table 10.4: Monthly frequency of exceedances above the threshold (τ = 7.3891).
Month Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
Freq 7 0 2 9 3 1 0 2 0 0 0 2

Over the sampling period large under demand predictions from the developed

model (ARMA-EGARCH-GSPD) are most frequently experienced in April fol-

lowed by January. This frequency analysis of extreme under demand prediction

is important to system operators and decision makers in the electricity sector

as it helps them in planning and scheduling electricity.

The upper panel of Figure 10.8 shows a plot of exceedances (εt,p) above the

threshold of τ = 7.3891 and the lower panel shows the kernel density of the

exceedances.
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Figure 10.7: Bar chart of the monthly frequency of occurrence of exceedances
above the threshold (τ = 7.3891).

10.4 Concluding remarks and policy implications

In this chapter we have considered the risk of under demand prediction of in-

terday increases in peak electricity demand (i.e. positive residual = actual de-

mand - predicted demand > 0) using an ARMA-EGARCH-GSPD model. Under

demand predictions can severely affect the operations of all the sectors of an

economy and may lead to grid instability, blackouts and load shedding. Al-

though we analysed under demand predictions it should be noted that over

demand prediction risk analysis (i.e. negative residual = actual demand - pre-

dicted demand < 0) can be done in the same way. Underestimation demand

analysis (positive residual analysis) provides power utility decision makers

with an important and useful tool which can assist in assessing and quanti-

fying the risk of under demand predictions of peak electricity demand partic-

ularly during periods of extreme weather conditions. Empirical results show

that the ARMA-EGARCH-GSPD model produces more accurate estimates of
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extreme tails than a pure ARMA-EGARCH model.

Policy implications derived from this study are that demand side managers,

decision and policy makers in the electricity sector should play a leading role

in achieving behavioural change in electricity usage particularly during peak

periods. Policy makers should design demand side management strategies

where users are exposed to electricity price-based incentives such as tax incen-

tives initiated by the South African National Energy Development Institute

(SANEDI, (n.d.)). One of these incentives could be in the form of an energy

efficiency savings allowance to users who save electricity in peak periods. The

allowance could be in the form of a tax rebate (South African National Energy

ACT, 2008). All energy users should be encouraged to use energy efficient tech-

nologies. There is need for energy efficient target monitoring systems. Use of

smart technologies (e.g. smart meters) in all sectors of the economy should be

encouraged. Properly designed time of use tariffs can be used to discourage

high electricity usage during peak periods.

The chapter and the other previous chapters concentrated on short term peak

demand modelling which is important for load flow analysis, scheduling and

dispatching of electrical energy. For strategic decision making such as planning

for construction of new generating plants, long term forecasts are required. We

present in chapter 10 a brief discussion on long term peak demand forecasting.

Appendix 10: Log return

The log return is defined as

rt = (1− B)logxt = logxt − logxt−1 = log
xt
xt−1

= log(1 +Rt)
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where xt, xt−1 are the current and one period lagged DPED respectively, B is

the backward shift operator and Rt is the simple return defined as

Rt =
xt − xt−1

xt−1

For the average return, rt(k) over k periods we have

rt(k) = log {1 +Rt(k)} =
1

k
log

k−1
∏

j=0

(1 +Rt−j)

=
1

k

k−1
∑

j=0

log(1 +Rt−j)

=
1

k

k−1
∑

j=0

rt−j



Chapter 11

Annual peak electricity demand

forecasting in South Africa

11.1 Introduction

Load forecasting is carried out for various time frames, from short term to

long term forecasting. Short term forecasting is important for scheduling of

electricity and for daily system operations (Fan and Hyndman, 2012). On the

other hand long term electricity demand is important for medium term risk

assessment and strategic planning for capacity expansion, power system plan-

ning, power security and supply reliability (Ismail et al., 2009; Hyndman and

Fan, 2010). Long term peak electricity demand forecasting ranges from several

months to several years ahead. This thesis would be incomplete without men-

tioning the long term electricity demand forecasting.

The use of the Generalized Gamma Distribution (GGD) in predicting annual
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hourly peak electricity loads is discussed in this chapter. We model the annual

peak load as a function of Gross Domestic Product (GDP) using the Bayesian

framework. An accurate prediction of peak annual hourly electricity demand

is important to decision makers in the electricity sector for strategic planning

particularly in capacity expansion and risk assessment.

11.2 The Generalized Gamma Distribution (GGD)

The Generalized Gamma Distribution (GGD) was introduced by Stacy (1962).

It is a flexible family of distributions which includes the gamma, exponential,

Weibull, including the lognormal as a limiting distribution. If Z ∼ GGD(k, α, β)

then the probability density function is given by (Beirlant et al., 2002)

f(z) =
αk

βΓ(k)
e−αz

1
β
z

k
β
−1, z > 0 (11.1)

where k is the nuisance (shape) parameter, β is the tail index (shape param-

eter) and the scale parameter is α. When β = k = 1 we get the exponential

distribution given in equation (11.2)

f(z) = αe−αz, z > 0 (11.2)

If β = 1 the GGD reduces to a gamma distribution

f(z) =
αk

Γ(k)
e−αzzk−1, z > 0 (11.3)

and the Weibull distribution when k = 1

f(z) =
α

β
e−αz

1
β
z

1

β
−1, z > 0 (11.4)
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As k −→ ∞, f(z) tends to the lognormal distribution (Lawless, 1980).

The GGD can be used in predicting peak electricity demand given predictor

variables such as economic, calendar and weather. In this thesis we consider

annual hourly peak electricity demand with GDP as a regressor variable. Let

Z (annual hourly peak electricity demand) be the dependent variable where

Z ∼ GGD(α, β, k) and Y denote the independent variable (GDP). To obtain

parameter estimates on Z we introduce Z into the model in the form of a linear

regression, by using the fact that µ = −E(log(Z)) and σ =
√

V ar(−log(Z)). Let

−E(log(Z)) = β0 + β1log(GDP). This equates to the following regression:

−E(log(Z)) = β0 + β1log(GDP) = µ (11.5)

The parameters β0 and β1 are then expressed in terms of the shape parameter,

k. A distribution function for k is then constructed by applying Bayesian in-

ference. A detailed discussion of this modelling approach is found in De Waal

et al. (2011). We use the Maximal Data Information (MDI) prior discussed in
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Zellner (1977). The MDI prior for k is given by

π(k) ∝ exp {E [log(z|k)]}

∝ exp

{

E

[

log

(

αk

βΓ(k)
e−αz

1
β
z

k
β
−1

)]}

∝ exp

{

E

[

klog(α)− log(βΓ(k))− αz
1

β +

(

k

β
− 1

)

log(z)

]}

∝ exp

[

klog(α)− log(βΓ(k))− αE
(

z
1

β

)

+

(

k

β
− 1

)

E (log(z))

]

∝
1

Γ(k)
×

αk

β
exp

[

−αE
(

z
1

β

)

+

(

k

β
− 1

)

E (log(z))

]

∝
1

Γ(k)
e−k+(k−1)Ψ(k) (11.6)

where Ψ(k) =
∂logΓ(k)

∂k
represents the digamma function. The likelihood func-

tion is

π(z|k) =
n
∏

i=1

f(zi, k)

=
n
∏

i=1

αk

βΓ(k)
e−αz

1
β
i z

k
β
−1

i

=

(

αk

βΓ(k)

)n n
∏

i=1

e−αz
1
β
i z

k
β
−1

i

=

(

αk

βΓ(k)

)n

e−
∑n

i=1
αz

1
β
i

n
∏

i=1

z
k
β
−1

i

=
αnk

βnΓ(k)n
e−α

∑n
i=1

z
1
β
i

n
∏

i=1

z
k
β
−1

i (11.7)
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Combining the prior in expression (11.6) with the likelihood in equation (11.7)

we get the following posterior distribution of k:

π(k|z) ∝ π(z|k)π(k)

∝
1

Γ(k)
e−k+(k−1)Ψ(k) ×

αnk

βnΓ(k)n
e−α

∑n
i=1

z
1
β
i

n
∏

i=1

z
k
β
−1

i

∝

(

αk

βΓ(k)

)n

×
e−k+(k−1)ψ(k)

Γ(k)
× e−α

∑n
i=1

z
1
β
i

n
∏

i=1

z
k
β
−1

i

∝
1

βn(Γ(k))n+1
× αnke

−

[

k+(k−1)ψ(k)+α
∑n

i=1
z
1
β
i

]

×

(

n
∏

i=1

zi

)
k
β
−1

(11.8)

A large number of k’s are then simulated from the posterior distribution of k.

The predictive density of Zn+1 given Y is given as

Pred(Zn+1|Yn+1) = E [f(z|k, α, β)]

≈
1

m

m
∑

j=1

f(kj, α, β) (11.9)

11.3 Data

Aggregated hourly Annual Peak Electricity Demand (APED) data is used for

the industrial, commercial and residential sectors of South Africa. Modelling of

APED is done using data for fifteen years from 1996 to 2010. APED is the max-

imum hourly demand in a year, i.e. in 8760 hours. In South Africa the annual

peak electricity is usually in July (which is a winter month in the Southern

Hemisphere) as shown by the monthly seasonal demand index plot in Figure

11.1.
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Whilst there are several drivers of electricity demand, in this chapter we

Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec

90

92

94

96

98

100

102

104

106

108

Month

Ind
ex

 (%
)

Figure 11.1: Monthly seasonal index plot of Daily Peak Electricity Demand
(DPED). The index for each month is calculated by finding the average DPED
for each month and then divide by the overall average. Annual peak electricity
demand is in July of each year.

have GDP as the major driver. There is a strong positive relationship be-

tween GDP and APED as shown in Figure 11.2. The Pearson’s correlation

coefficient between GDP and APED over the sampling period is 0.975. Figure

11.2 shows that APED and GDP both have an upward positive trend and are

non-stationary. Generally there are four cases to consider when working with

non-stationary variables. We shall consider a simple linear regression model1,

zt = β0 + β1yt + ut where zt is the dependent variable, yt is the explanatory

variable and ut is the error term. The four cases to consider are:

1. when both variables, zt and yt are stationary then the estimated coeffi-

cients will be appropriate,

2. If both zt and yt are integrated of different orders then regressing zt on yt

is meaningless.

1“An important consideration in estimating a regression with ARMA errors is that all vari-
ables in the model must first be stationary” (Hyndman and Athanasopoulos, 2012)
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3. when both variables are integrated of the same order and the residuals

are not white noise we have a case of spurious regression and the results

are meaningless and

4. when both zt and yt are are integrated of the same order and the residuals

follow a white noise process, then the variables are said to be cointegrated

and the regression model is appropriate.

The non stationary APED and GPD are integrated of order 1 (after first differ-

ences they both become stationary).

Over the years 1996 to 2010 APED has been increasing steadily, an indication

of increased demand for electricity by all sectors of the economy after South

Africa had gained democracy in 1994. This sharp increase in electricity de-

mand is a policy concern to decision makers in Eskom, South Africa’s power

utility company as they have to balance supply with demand. This calls for

accurate predictions of APED to enable decision makers to make strategic de-

cisions with regards to capacity expansion and risk assessment. Fitting the

GGD to APED before differencing we get the following parameter estimates:

k = 1.0079

α = 85.121

β = 396.27

Since k ≈ 1 the density of APED follows the Weibull class of distributions. The

quantile-quantile (QQ) and probability-probability (PP) plots given in Figure

11.3 show that the Weibull class of distributions is a good fit to APED.
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Figure 11.2: Plot of logarithm of GDP against logarithm of APED.

11.4 Empirical results

Estimating β = {β0, β1} by least squares method from equation (11.5) we get

β0 = 0.0253 and β1 = 0.3029. The parameters β0 and β1 are then expressed in

terms of the shape parameter, k of the GGD. A distribution function for k is

then constructed by applying Bayesian inference as discussed in Section 11.2.

The Mean Absolute Percentage Error (MAPE), Root Mean Square Error (RMSE)

and Mean Absolute Error (MAE) are used for comparing the models. Table 11.1

shows a comparative analysis of the Bayes (GGD) model with a Seasonal Naive

(SNAIVE) model. The SNAIVE model is given as

(1− Bs)Yt = εt

Yt = Yt−s + εt (11.10)
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Figure 11.3: Diagnostic plots: (a) Top left panel: Probability plot (b) Top right
panel: Quantile plot (c) Bottom left panel: Return level plot and (d) Bottom
right panel: Density plot. The distribution is left skewed.

where B is lag operator, s is the seasonal length, Yt denotes the annual peak

electricity demand and εt is the error term. The Bayes (GGD) model has the

Table 11.1: In-sample evaluation.
Method RMSE MAE MAPE (%)

Bayes method (GGD) 799.1 686.9 2.13
Seasonal naive method 1156.3 936.2 2.81

least MAPE, RMSE and MAE, showing that it can be used for forecasting an-

nual hourly peak electricity demand.
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Figure 11.4: Plot of APED (solid line) with the fitted APED using GGD (broken
line).

11.5 Concluding remarks

In this chapter we explored the use of the Generalized Gamma Distribution

(GGD) in modelling hourly annual electricity peak demand in South Africa.

Empirical results show that the GGD can be used in predicting annual peak

electricity demand into the long term.

Areas for further study would include the addition of other explanatory vari-

ables. It will also be interesting to explore other methods for long term fore-

casting such as semi-parametric additive models (Debba et al., 2010; Hyndman

and Fan, 2010; Hong et al., 2013; among others).



Chapter 12

Conclusion

12.1 Introduction

In this thesis we presented and analysed a number of statistical models for

modelling daily peak electricity demand in South Africa. The thesis concen-

trated on short term daily peak electricity demand forecasting and modelling

of extreme daily peak electricity demand. Modelling of short term peak electric-

ity demand is very important to system operators and decision makers in the

electricity sector in load flow analysis, scheduling of start-up times for peak sta-

tions, in the determination of consistent and reliable supply schedules partic-

ularly during peak periods and optimal distribution of electrical energy. Mod-

elling of extreme peak electricity demand helps in determining critical peak

days, risk management including load shifting between transmission substa-

tions which is important for the stability of a power network.
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12.2 Summary and concluding remarks

Modelling the influence of temperature on daily peak electricity demand us-

ing Multivariate Adaptive Regression Splines (MARS) and piecewise linear re-

gression models was discussed in Chapter 3. Using the MARS algorithm the

threshold temperatures which separate the weather neutral period from the

winter and summer sensitive periods were determined. The threshold temper-

atures determined by the MARS algorithm were found to be 180C and 220C.

Above 220C electricity demand tends to rise slightly and below 180C electricity

demand increases significantly. Within the weather neutral period residents

would neither use a heater nor a cooling system. Chapter 3 established tem-

perature as an important variable in explaining electricity demand in South

Africa.

Chapter 4 extended the analysis discussed in Chapter 3 by modelling the ef-

fect of temperature on average daily electricity demand in South Africa using

a piecewise linear regression model. Empirical results were found to be con-

sistent with findings discussed in Chapter 3 that electricity demand in South

Africa is more sensitive to cold temperatures than to hot temperatures.

The use of the Bayesian parameter estimates to a piecewise linear regression

model in explaining the effect of temperature on daily peak electricity demand

in South Africa was discussed in Chapter 5. Probability statements were made

about the uncertainty in the estimated parameters. The modelling approach

exploits patterns in electricity demand. This empirical study provides an ex-

tension of point forecasting to density forecasting so as to take into account

uncertainty in the estimation of the parameters.

Chapter 6 investigated some hybrid models for daily peak electricity demand

forecasting. Three regression-seasonal autoregressive integrated moving aver-
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age (Reg-SARIMA) models were developed. The Reg-SARIMA model in which

the effect of temperature variables were included through regression splines

produced the best forecast accuracy amongst the three Reg-SARIMA models

discussed. The Reg-SARIMA model is simple to implement, reliable and pro-

vides information about the importance of each predictor variable. The results

from using a regression-SARIMA model are relatively robust. The model as-

sumes homoskedasticity. The second part of the chapter discussed volatility

forecasting models. Empirical results of the Bayesian GARCH(1,1) model with

Student-t innovations of the residual return series of DPED are presented and

compared with results from Bayesian GARCH(1,1) with normal innovations

The Bayesian GARCH(1,1) model with Student-t innovations seem to provide

a better description of the volatility of the DPED residual return series data.

A Reg-SARIMA-TGARCH model was developed and used in DPED under de-

mand risk estimation for in-sample predictions. A comparative analysis was

done with the Reg-SARIMA model which modelled temperature through re-

gression splines. Although both models produced results which were compa-

rable the Reg-SARIMA-TGARCH seem to capture well the volatility in the

residuals during the year 2008 when South Africa experienced countrywide

blackouts and load shedding.

Chapters 3 to 6 established that electricity demand in South Africa is highly

sensitive to cold temperatures (below 180C) than to hot temperatures (above

220C). Electricity demand in South Africa is not only influenced by average de-

mand but by extreme demand as well. In order to have a better understanding

of peak electricity demand for temperature values below 180C Chapter 7 pre-

sented an analysis of the effect of extreme low temperature on daily electricity

demand in South Africa using the generalized extreme value theory approach.

Empirical results showed that extreme low temperatures can be modelled by

the Weibull class of distributions. Extreme low average daily temperatures
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of the order of 8.20C are very rare in South Africa. They only occur about 8

times in a year and result in huge increases in electricity demand. Electricity

demand in South Africa is highly sensitive to temperature fluctuations during

the winter periods. A comparative analysis was done with Australia on the

effect of temperature on electricity demand. It was noted that in Australia

electricity demand is highly sensitive to summer months (Hyndman and Fan,

2010) despite the fact that both Australia and South Africa are on the same

latitude in the Southern Hemisphere. It was noted that this difference could

be due to the fact that the largest part of Australia is desert and semi-arid

while South Africa is on a greater elevation above sea level.

Chapter 7 established that the use of extreme value theory provides a lot of

information in the modelling of peak electricity demand. Chapter 8 then pre-

sented a detailed analysis of extreme daily and same day of the week increases

in peak electricity demand in South Africa using extreme value theory. Ex-

treme daily increases in peak electricity demand were modelled using a Gen-

eralized Pareto Distribution (GPD) in the first part of Chapter 8. A compar-

ative analysis of the GPD was done with the GSPD. A Pareto quantile plot

was used to obtain the optimum threshold. Empirical results showed that both

the GSPD and the GPD are a good fit to the extreme daily increases in peak

electricity demand data. However the use of the GSPD is recommended. The

main advantage of this modelling approach is that the GSPD has only one pa-

rameter to estimate, given that the threshold is known. The GSPD was used

for estimating extreme tail quantiles and probability of exceedance values for

various future extreme same day of the week increases in peak electricity de-

mand in the second part of Chapter 8. A comparative analysis was done with

the GPD. The GSPD and the GPD both provide a satisfactory fit to the data.

Empirical results show that the modelling of extreme daily increases in peak

electricity demand helps in determining the number of critical peak days and
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also in improving the reliability of a power network if an accurate assessment

of the frequency and level of future extreme load forecasts is carried out.

In an attempt to have a better understanding of peak electricity demand during

the winter period Chapter 9 discussed an application of a Generalized Single

Pareto Distribution (GSPD) to the statistical analysis of extreme daily win-

ter peak electricity demand. The GSPD was found to be appropriate in mod-

elling of South African extreme daily peak electricity demand data. A compar-

ative analysis was done by fitting a Generalized Extreme Value Distribution

(GEVD). Empirical results show that the Weibull class can be used to model

the daily peak electricity demand data. The results from the GSPD were found

to be better than those from fitting a GEVD.

Chapter 10 provided an extension of Chapters 8 and 9 to the modelling of

the risk of under demand prediction of interday increases in peak electric-

ity demand. Under demand predictions can severely affect the operations of

all the sectors of an economy and may lead to grid instability, blackouts and

load shedding. Although we analysed under demand predictions in this the-

sis it should be noted that over demand prediction risk analysis can be done

using the same modelling approach. Underestimation demand analysis (posi-

tive residual analysis) provides power utility decision makers with an impor-

tant and useful tool which can assist in assessing and quantifying the risk of

under demand predictions of peak electricity demand particularly during pe-

riods of extreme weather conditions. Empirical results show that the ARMA-

EGARCH-GSPD model produces more accurate estimates of extreme tails than

a pure ARMA-EGARCH model. Some policy implications were discussed.

Chapters 3 to 10 focused on modelling short term daily peak electricity de-

mand which is important for operational decision making such as optimal dis-
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patching of electrical energy to consumers. For strategic decision making which

involves, e.g. construction of new generating plants, long term peak demand

forecasts are needed. Chapter 11 explored the use of the Generalized Gamma

(GG) distribution in modelling hourly annual electricity peak demand in South

Africa. Empirical results show that the GG distribution can be used in predict-

ing annual peak electricity demand.

Use of frequentist and Bayesian methods produce results which are fairly com-

parable. However the Bayesian approach is more attractive since it provides

a way of taking into account uncertainty in the estimation of the parameters.

The Bayesian approach is more informative than the classical approach.

12.3 Summary of key findings and contributions

The key findings are summarized as follows:

1. Demand for electricity in South Africa is more sensitive to cold temper-

atures (less than 18oC) than to hot temperatures (more than 22oC). Elec-

tricity demand increases significantly for temperature values below 18oC

and rises slightly for temperature values above 22oC. Extreme low tem-

peratures of the order of 5oC are very rare in South Africa, but can cause

huge increases in electricity demand.

2. Modelling under and over demand electricity forecasts provides a basis for

risk assessment and quantification of the risk associated with forecasting

uncertainty including demand variability in South Africa.

3. An accurate assessment of the frequency and level of future extreme peak

load forecasts help system operators and decision makers in determining

the number of critical peak days as well as scheduling, load flow analysis

and dispatching of electricity in South Africa.
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4. Accurate forecasts of the magnitude and timing of peak electricity de-

mand can help to determine the time to shift peak loads to off peak peri-

ods and also helps in planning for maintenance.

12.4 Limitations of the Thesis

One of the limitations of this thesis is that we only used aggregated hourly elec-

tricity demand for all the sectors of the South African economy which are: res-

idential, industrial, commercial and agricultural sectors. It would have been

interesting to analyse electricity demand by each sector of the South African

economy and also by each of the nine provinces of the country. Average temper-

ature data for the country was made available. The ideal average temperature

would be the weighted temperature by, e.g. population size of each town or city

would be a reasonable weight.

12.5 Future Research Directions

The results of this thesis provide possible areas for future research. The fol-

lowing possible future research directions are proposed:

• Future research may include use of a full Bayesian MARS model in which

we place a prior distribution on the whole MARS model space, treating

the number of splines, knot points and all other parameters as unknown.

• In long term forecasting it is important to capture uncertainty involving

forecasts. This can be done through use of density forecasting of long term

peak electricity demand as this provides full probability distributions of

possible future load forecasts, (Hyndman and Fan, 2010). It would be

interesting to carry out this study using South African data.

• In the thesis Jeffreys and maximal data information priors are used. The
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use of robust Bayesian analysis in which a class of prior distributions is

used instead of a single prior distribution (Chaturvedi, 1996) would be an

interesting approach to use.

• In this thesis aggregated national hourly electricity data is used. Future

research should look at modelling electricity demand for each of the nine

provinces of South Africa separately including analysis by sector (i.e. resi-

dential, commercial, agricultural and industrial sectors). Some provinces

are in the coastal areas and electricity demand patterns are expected to

be different from provinces which are inland. Some of the provinces such

as Gauteng are densely populated and heavily industrialized as compared

to others.

• Another area which requires future research is a probabilistic description

and modelling of extreme peak loads using Poisson point process. This

modelling approach helps in estimating the frequency of occurrence of

peak loads (Chidodo and Lauria, 2012).

• A sensitivity analysis with respect to daily and seasonal peak electric-

ity demand performed for each of the provinces of South Africa and the

development of a two-stage stochastic integer recourse models with the

objective of optimizing electricity distribution is an interesting future re-

search direction with South African data.
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Appendix

SOME SELECTED R CODES

R code for Bayes GARCH (1,1) model with Student-

t innovations

The code is run on bayesGARCH package in R

import data

win.graph()

# RUN THE SAMPLER (1 chain)

addPriorConditions < − function(psi)psi[2] + psi[3] < 1

set.seed(1234)

MCMC < − bayesGARCH(Residual, control = list(n.chain = 1, l.chain = 8000,

addPriorConditions = addPriorConditions))

# MCMC ANALYSIS (using coda)

plot(MCMC)

summary(MCMC, quantiles = c(0.025, 0.25, 0.5, 0.75, 0.975))

autocorr.diag(MCMC)

1-rejectionRate(MCMC)

# FORM THE POSTERIOR SAMPLE

smpl < − formSmpl(MCMC, l.bi = 500)

# POSTERIOR STATISTICS

summary(smpl,quantiles = c(0.025, 0.25, 0.5, 0.95, 0.99,0.995),)
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smpl < − as.matrix(smpl)

summary(smpl)

pairs(smpl,col=“blue”)

R code for GEVD using the Bayesian approach

The code is run on evdbayes package in R

attach(dpdRESDPD)

head(dpdRESDPD)

win.graph()

y=ts(RESDPD1, start=2000,freq=365)

plot(y, xlab = “Year”, ylab = “Daily Peak Electricity Demand (MW)”, col=“blue”)

mat < − diag(c(10000, 10000, 100))

pn < − prior.norm(mean = c(0,0,0), cov = mat)

n < − 2000 ; t0 < − c(-1200,2100,-0.2) ; s < − c(40,20,0.005)

ptpmc < − posterior(n, t0, prior = pn, lh = “gev”, data = RESDPD1, psd = s)

attributes(ptpmc)$ar

# MCMC works with coda

ptp.mcmc < − mcmc(ptpmc, start = 0, end = 2000)

plot(ptp.mcmc, den = FALSE, sm = FALSE, main=“ ”)

# best initial values of to

maxpst < − mposterior(t0, prior = pn, lh = “gev”, method = “SANN”,data =

RESDPD1)

round(maxpst$par, 2)

# best initial values of s

t0 < − c(-1196.17, 2101.25,-0.25); psd < − rep(0.01, 3)

psd < − ar.choice(init = t0, prior = pn, lh = “gev”, data = RESDPD1, psd =

psd, tol = rep(0.02, 3))$psd

round(psd, 2)
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# using best t0 and s

mat < − diag(c(10000, 10000, 100))

pn < − prior.norm(mean = c(0,0,0), cov = mat)

n < − 2000 ; t0 < − c(-1196.17, 2101.25,-0.25) ; s < − c(85.39,0.02, 0.01)

ptpmc < − posterior(n, t0, prior = pn, lh = “gev”, data = RESDPD1, psd = s)

attributes(ptpmc)$ar

# MCMC works with coda

ptp.mcmc < − mcmc(ptpmc, start = 0, end = 2000)

plot(ptp.mcmc, den = FALSE, sm = FALSE, main=“ ”)

# TRACE OF THE PARAMETERS

t0 < − c(-1196.17, 2101.25,-0.25) ; s < − c(85.39,0.02, 0.01)

ptpmc < − posterior(n, t0, prior = pn, lh = “gev”, data = RESDPD1, psd = s)

ptp.mcmc < − mcmc(ptpmc, start = 0, end = 2000)

plot(ptp.mcmc, den = FALSE, sm = FALSE,col=“blue”, main=“ ”)

# diagnostic checks Geweke

ptp.mcmc < − window(ptp.mcmc, start = 100)

geweke.diag(ptp.mcmc)

geweke.diag(ptp.mcmc, 0.2, 0.4)

# Marginal posterior densities and summary statistics

bwf < − function(x) sd(x)/2

plot(ptp.mcmc, trace = T, bwf = bwf,col=“blue”, main=“ ”)

summary(ptp.mcmc)

#Return level plot of posterior distribution with 95% Bayesian credible

# intervals

rl.pst(ptp.mcmc, npy, lh = “gev”, ci = 0.95, lty = c(2,1), col = c(2,1),

xlab = “Return period (Years)”, ylab = “Return level (Megawatts)”)

mc.quant(ptp.mcmc, p=c(0.9796,0.96011,0.9332,0.895), lh = “gev”)
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R codes for fitting extreme value distributions

(GEVD and GPD)

Both codes are run on the R package ismev

R code for fitting GEVD

ppfit < − gev.fit(resid.)

gev.diag(ppfit)

R code for fitting GPD

rnfit < − gpd.fit(RESDPD, 2981)

gpd.diag(rnfit)

R codes for fitting a Pareto quantile plot

The code is run on the R package laeken

attach(paretoqp)

win.graph()

library(laeken)

paretoQPlot(lnYt, w = NULL, xlab = “-log[1− i/(n+ 1)]”,

ylab = “Log of the observations”, main=“ ”,

interactive = TRUE, x0 = NULL, theta = NULL,

pch = par(“pch”), cex = par(“cex”), col =“blue”,

bg = “transparent”, ylim=c(4,9))
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The R code for MLE of GSPD

The code is run on maxLik: A package for maximum likelihood esti-

mation in R

Import data

win.graph()

library(“maxLik”)

fn < − function(η){

sum((1/η)*log(1+(τ*η)))-sum((1+η)/(η)*log(1+η*data))

}

mle < − maxLik(logLik = fn, start= c(η=0.08), method=“SANN”)

summary(mle)



Summary

Peak electricity demand is an energy policy concern for all countries through-

out the world, causing blackouts and increasing electricity tariffs for consumers.

This calls for load curtailment strategies to either redistribute or reduce elec-

tricity demand during peak periods. This thesis attempts to address this prob-

lem by providing relevant information through a frequentist and Bayesian

modelling framework for daily peak electricity demand using South African

data. The thesis is divided into two parts. The first part deals with modelling

of short term daily peak electricity demand. This is done through the inves-

tigation of important drivers of electricity demand using (i) piecewise linear

regression models, (ii) a multivariate adaptive regression splines (MARS) mod-

elling approach, (iii) a regression with seasonal autoregressive integrated mov-

ing average (Reg-SARIMA) model (iv) a Reg-SARIMA model with generalized

autoregressive conditional heteroskedastic errors (Reg-SARIMA-GARCH). The

second part of the thesis explores the use of extreme value theory in modelling

winter peaks, extreme daily positive changes in hourly peak electricity demand

and same day of the week increases in peak electricity demand. This is done

through fitting the generalized Pareto, generalized single Pareto and the gen-

eralized extreme value distributions.

One of the major contributions of this thesis is quantification of the amount of

electricity which should be shifted to off peak hours. This is achieved through

accurate assessment of the level and frequency of future extreme load forecasts.

This modelling approach provides a policy framework for load curtailment and
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determination of the number of critical peak days for power utility companies.

This has not been done for electricity demand in the context of South Africa to

the best of our knowledge. The thesis further extends the autoregressive mov-

ing average-exponential generalized autoregressive conditional heteroskedas-

ticity model to an autoregressive moving average exponential generalized au-

toregressive conditional heteroskedasticity-generalized single Pareto distribu-

tion. The benefit of this hybrid model is in risk modelling of under and over

demand predictions of peak electricity demand.

Some of the key findings of this thesis are (i) peak electricity demand is influ-

enced by the tails of probability distributions as well as by means or averages,

(ii) electricity demand in South Africa rises significantly for average tempera-

ture values below 180C and rises slightly for average temperature values above

220C and (iii) modelling under and over demand electricity forecasts provides a

basis for risk assessment and quantification of such risk associated with fore-

casting uncertainty including demand variability.

Key words and phrases: Bayesian inference, extreme value theory, frequen-

tist, load management, maximal data information prior, peak electricity de-

mand, risk management, temperature.



Opsomming

Spitselektrisiteitsaanvraag is vir alle lande regdeur die wêreld ’n energiebelei-

dskwessie en veroorsaak verdonkerings en toenemende elektrisiteitstariewe

vir allle verbruikers. Dit verg ladinginkortingstrategieë om óf elektrisiteit-

saanvraag tydens spitstye te herversprei óf om dit te verminder. Diéverhandeling

poog om hierdie probleem aan te spreek deur toepaslike inligting deur ’n frek-

wentistiese en Bayes-modelraamwerk vir daaglikse spitselektrisiteitsaanvraag

te verskaf met behulp van Suid-Afrikaanse data. Die verhandeling word in

twee dele verdeel. Die eerste gedeelte handel oor modellering van korttermyn

daaglikse spitselektrisiteitsaanvraag. Dit word bereik deur die belangrike

dryfvere van elektrisiteitsaanvraag te ondersoek met behulp van (i) stuks-

gewyse lineêre regressiemodelle, (ii) ’n meerveranderlike aanpassende regressielat-

modelbenadering (MARS in Engels), (iii) ’n regressie met seisoenale outore-

gressiewe geı̈ntegreerde bewegingsgemiddeld-model (Reg-SARIMA in Engels)

en (iv) ’n Reg-SARIMA-model met veralgemeende outoregressiewe voorwaarde-

like heteroskedastiese foute (Reg-SARIMA-GARCH in Engels). Die tweede

gedeelte van die verhandeling verken die gebruik van ekstreemwaardeteorie

in die modellering van winterspitstye, ekstreem-daaglikse positiewe veran-

deringe in uurlikse spitselektrisiteitsaanvraag en selfde dag van die week ver-

hogings in spitselektrisiteitsaanvraag. Dit word bereik deur die veralgemeende

Pareto, veralgemeende enkel-Pareto en die veralgemeende ekstreemwaarde-

verdeling, in te pas.

Een van die hoofbydraes van die verhandeling is die kwantifisering van die
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aantal elektrisiteit wat na niespitstydperke toe geskuif moet word. Dit word

bereik deur akkurate assessering van die vlak en herhaling van toekomsitge

ladingvoorspellings. Dié modelbenadering verskaf ’n beleidsraamwerk vir ladinginko-

rting en die bepaling van die aantal kritieke spitsdae vir krag-utiliteitsmaatskappye.

Dit is, na ons beste wete, nie vir elektrisiteitsaanvraag in die Suid-Afrikaanse

konteks gedoen nie. Die verhandeling brei verder die outoregressiewe bewe-

gende gemiddelde eksponensiaal veralgemeende outoregressiewe voorwaarde-

like heteroskedastisiteitsmodel uit na ’n outoregressiewe bewegende gemid-

delde eksponensiaal veralgemeende outoregressiewe voorwaardelike

heteroskedastisiteit-veralgemeende enkel-Paretoverdeling. Die voordeel van

hierdie hibriede model is in risikomodellering van onder-en ooraanvraagvoor-

spellings van spitselektrisiteitsaanvraag.

Sommige van die hoofbevindinge van die verhandeling is dat (i) spitselek-

trisiteitsaanvraag beı̈nvloed word deur die waarskynlikheidsverdelings asook

deur die gemiddelde, (ii) elektrisiteitsaanvraag in Suid-Afrika vir gemiddelide

temperatuurwaardes onder 180C aansienlik vermeerder en vir gemiddelde tem-

peratuurwaardes bo 220C effens vermeerder en (iii) modellering van onder-en

ooraavraag-elektrisiteitsvoorspellings ’n basis vir risiko-assessering en kwan-

tifisering van sulke risikos wat verband hou met voorspellingsonsekerheid, in-

sluitend aanvraagveranderlikheid, verskaf.

Sleutelwoorde en-frases: Bayes-inferensie, ekstreemwaardeteorie, frekwen-

tisties, beladingsbestuur, maksimale data-inligting inligting a priori-verdeling,

spitselektrisiteitsaanvraag, risikobestuur, temperatuur.


