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Chapter	1	
 

INTRODUCTION 
1.1 GENERAL 
Most	 of	 the	 Earth’s	 liquid	 freshwater	 is	 found,	 not	 in	 lakes	 and	 rivers,	 but	 is	 stored	

underground	 in	 conglomerations	 of	 voids,	 called	 aquifers,	 present	 in	 the	 geological	

formations	constituting	the	earth’s	mantle,	where	they	act	as	reservoirs	of	water	for	rivers	

and	 streams,	 especially	 during	 periods	 of	 drought	 or	 low	 rainfall—a	 phenomenon	

commonly	 called	 base	 flow.	 This	 resource,	 conventionally	 referred	 to	 as	 groundwater,	

therefore	 forms	 an	 essential,	 in	 fact	 major,	 component	 of	 the	 fresh	 water	 resources,	 as	

illustrated	by	the	fact	that	nearly	two	billion	ሺ2	109ሻ	people	depend	directly	on	groundwater	

For	their	drinking	water,	while	40%	of	the	world’s	food	are	produced	on	farmlands	irrigated	

with	groundwater	ሺMorris	et	al.,	2003ሻ.	It	is	therefore	of	vital	importance	that	this	essential	

resource	should	be	protected	at	all	costs	if	 it	 is	to	keep	sustaining	the	human	race	and	the	

various	ecosystems	that	depend	on	it	in	the	future.	

One	 reason	 why	 groundwater,	 so	 often	 constitutes	 the	main	 source	 of	 drinking	 water	 in	

many	 cities	 and	 towns	 around	 the	world,	 is	 because	 it	 is	 frequently	 present	 in	 sufficient	

quantities	at	the	point	of	demand.	However,	this	seemingly	advantage	may	sometimes	be	its	

greatest	 disadvantage,	 especially	 in	 situations	 where	 the	 groundwater	 occurs	 at	 shallow	

depths	and	the	area	overlying	the	aquifer	is	populated	densely.	This	problem	is	particularly	

relevant	 in	 the	 present	 technological	 age	 with	 its	 vast	 quantities	 of	 waste	 that	 is	 often	

disposed	in	an	uncontrolled	manner.	Such	a	situation	occurs	at	Douala	the	economic	capital	

of	Cameroon	 in	central	Africa.	The	city	not	only	hosts	more	 than	80%	of	 industries	 in	 the	

country,	 but	 also	 has	 the	 largest	 urban	 population	 of	 approximately	 3	000	000	 with	 a	

population	density	of	approximately	350	persons	per	square	kilometre	ሺEneke	et	al.,	2011ሻ	,	

which	continue	to	increase	at	a	rate	of	approximately	120	000	migrants	per	year	from	the	

rural	 areas	 ሺGuevart	 et	 al.,	 2006ሻ,	 while	 the	 groundwater	 level	 is	 very	 shallow	 and	 may	

sometimes	 rise	 above	 the	 soil	 surface,	 especially	 during	 floods,	 which	 occur	 not	 too	

infrequently.	

There	 are	 essentially	 two	 difficulties	 that	 hamper	 the	 restoration	 of	 large‐scale	 polluted	

aquifers.	The	first	is	that	groundwater	is	nothing	else	than	rainwater	that	infiltrated	the	soil	

surface	 at	 one	 time	 or	 another	 and	 therefore	 could	 contain	 large	 quantities	 of	 dissolved	

solids	that	are	potentially	hazardous	to	living	organisms.	The	second	is	that	groundwater	is,	

with	the	exception	of	natural	springs	and	other	seepage	faces,	invisible.	It	is	thus	not	always	

easy	 to	 detect	 and	 control	 groundwater	 pollution.	 	 Although	 the	pollution	problem	 is	 not	
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restricted	to	groundwater	as	such,	 it	 is	aggravated	here,	because	of	 the	ancient	belief	 that	

wastes	are	safely	disposed	of,	if	buried	below	the	earth’s	surface.	It	took	disasters	like	Love	

Canal	 and	 the	 Price	 Landfill	 	 ሺPrinceton	 University	 Water	 Resource	 Program,	 1984ሻ	 	 to	

discover	the	detrimental	effects	that	this	practice	may	have	on	the	population	living	on	or	

near	polluted	aquifers.	Extreme	care	therefore	should	be	exercised	to	prevent	the	pollution	

of	any	aquifer	that	may	pose	problems	to	living	organisms	or	to	try	and	restore	a	polluted	

aquifer	threatening	the	natural	environment.	Groundwater	pollution	therefore	needs	to	be	

addressed	 once	 discovered	with	 the	 view,	 to	 prevent	 its	 spread	 and	 to	 clean	 and	 restore	

contaminated	aquifers	that	may	pose	unacceptable	risks	to	the	environment.	

1.2 PURPOSE OF THIS STUDY 

	
While	the	problem	of	groundwater	pollution	is	nowadays	recognized	worldwide	and	many	

governments	 have	 started	 to	 take	 aggressive	 action	 to	 address	 it	 ሺWisegeek,	 2012ሻ,	 such	

investigations	 are	 often	 conducted	 in	 a	 haphazard	 and	 injudicious	 fashion,	 or	 simply	

neglected.	Two	reasons	are	often	advanced	to	account	for	this	state	of	affairs.	The	first	that	

groundwater	 is,	with	 the	exception	of	natural	 springs	and	seepage	 faces,	 invisible	and	 the	

second	that	groundwater	originated	from	rainwater	that	infiltrated	into	the	soil	surface	and	

hence	 dissolve	 any	 solids,	 some	 of	 which	 are	 hazardous	 to	 living	 organisms,	 during	 the	

infiltration	process.	It	is	thus	not	always	easy	to	detect	and	control	groundwater	pollution,	

or	to	restore	a	polluted	aquifer.	

One	 approach	 to	 address	 the	 previously	 described	 situations	 would	 be	 to	 base	 the	

investigations	of	a	polluted	 groundwater	 resource	on	a	well‐established	and	 international	

accepted	structured	methodology	or	 framework.	However,	 environmental	phenomena	are	

complex	 and	 often	 site‐dependent.The	 development	 of	 such	 a	 framework	 can	 thus	 be	 a	

formidable	 task,	 as	 can	 be	 seen	 from	 a	 review	 of	 the	methodology	 developed	 during	 the	

coordinated	research	program	on	the	Improvement	of	Safety	Assessment	Methodologies	for	

Near	 Surface	 Disposal	 Facilities	 ሺISAMሻ	 organized	 by	 the	 International	 Atomic	 Energy	

Agency	 ሺIAEAሻ	 to	 improve	 the	 disposal	 of	 low	 and	 intermediate	 level	 radioactive	 waste	

ሺIAEA,	2004a,	2004bሻ.	No	attempt	will	therefore	be	made	to	develop	such	a	framework	for	

Douala.	 What	 will	 be	 done	 instead	 is	 to	 use	 information	 from	 the	 ISAM	 and	 related	

methodologies	ሺJousma	and	Roelofsen,	2003ሻ	 	to	propose	a	set	of	guidelines	for	the	future	

restoration	 of	 the	 groundwater	 resources	 of	 Douala	 and	 demonstrate	 their	 application	 to	

the	groundwater	resources.		
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1.3 SCOPE OF THE STUDY 

	
The	best	way	to	develop	a	set	of	guidelines	for	the	restoration	of	the	groundwater	resources	

at	 Douala	 is	 to	 have	 a	 detailed	 knowledge	 of	 all	 the	 factors	 that	 may	 contribute	 to	 the	

pollution.	 These	 include	 the	 origin	 and	 types	 of	 waste	 contributing	 to	 the	 pollution,	 the	

process	that	generates	the	waste,	the	nature	of	the	natural	environment	and	the	effects	that	

the	waste	have	on	humans	and	the	natural	environment.	The	thesis	therefore	begins	with	a	

discussion	of	these	aspects,	as	they	presently	exist	at	Douala	in	Chapter	2.	

One	 could	 in	 principle	 use	 any	 approach	 to	 develop	 a	 framework	 for	 the	 restoration	 of	 a	

contaminated	 groundwater	 resource.	 However,	 as	 a	 review	 of	 the	 ISAM	 and	 related	

methodologies	 referred	 to	 above	will	 show,	much	 can	be	 gained	by	dividing	 the	 resource	

and	 its	 immediate	 surroundings,	 henceforth	 referred	 to	 as	 the	 site	 into	 three	 basic	

components:	 the	 near	 field	 or	 source	 ሺequated	 here	 with	 the	 contaminated	 aquiferሻ,	 the	

geosphere	 ሺthe	geological	 formations	 in	which	 the	aquifer	occursሻ	and	 the	biosphere	 ሺthe	

regions	 of	 the	 earth’s	 crust	 and	 atmosphere	 surrounding	 the	 aquifer	 occupied	 by	 living	

organismsሻ.	 This	 approach	 was	 also	 used	 in	 the	 development	 of	 the	 set	 of	 guidelines,	

proposed	in	Chapter	3	for	the	Douala	aquifer.	

There	are	many	“trial–and–error”	approaches	that	can	be	used	to	 implement	a	 framework	

for	 the	 remediation	 of	 a	 contaminated	 aquifer.	 However,	 experiences	 worldwide	 have	

shown	that	the	most	useful	approach	is	to	supplement	the	framework	with	an	appropriate	

computational	model,	able	to	simulate	the	behaviour	of	the	site	under	different	conditions	

and	stresses	ሺNational	Academy	of	Science,	2007ሻ.	One	approach	to	develop	such	a	model	is	

to	 use	 the	 existing	 information	 and	 develop	 an	 appropriate	 conceptual	model	 of	 the	 site.	

This	 conceptual	 model	 is	 then	 translated	 into	 a	 mathematical	 model	 and	 implemented	

either	 analytically	 or	 numerically	 on	 a	 computer	 to	 simulate	 the	 future	 behaviour	 of	 the	

aquifer	and	to	study	the	efficiency	of	the	guidelines	proposed	in	Chapter	3	to	clean	up	the	

aquifer.	 The	 basic	 mathematical	 principles	 are	 underlying	 such	 a	 model	 together	 is	

discussed	 in	 Chapter	 4.	 New	 analytical	 solutions	 of	 the	 groundwater	 flow	 and	 advection	

dispersion	 equations	 are	 discussed	 in	 Chapter	 5.	 The	 implementation	 on	 a	 computer	

through	the	commercial	computer	package	FEFLOW	ሺDiersch,	2009ሻ	is	discussed	in	Chapter	

6.	 Various	 methods	 can	 be	 used	 for	 the	 remediation	 of	 contaminated	 groundwater	 ሺU.S.	

Environmental	 Protection	 Agency	 ሺEPAሻ,	 2012ሻ,	 such	 as	 pump‐and‐treat	 methods	 ሺU.S.	

Geological	 Survey	 ሺUSGSሻ,	 1999ሻ,	 air	 sparging	 and	 vacuum	 extraction	 techniques	

ሺSuthersan,	 1999ሻ.	 The	 methods	 are,	 unfortunately,	 often	 costly,	 ineffective	 and	 needs	



21	

	
constant	 human	 attention	 and	 therefore	may	 not	 be	 appropriate	 for	 every	 contaminated	

site.	This	applies	in	particular	to	Douala,	which	is	situated	at	an	elevation	of	60	mamsl	in	the	

littoral	 province	 of	 Cameroon,	 approximately	 50	 km	 from	 the	 Gulf	 of	 Guinea.	 The	 city	

experiences	 in	 general	 a	 humid	 equatorial	 climate	 with	 a	 maximum	 annual	 rainfall	 of	

4	000	mm,	while	daily	 temperatures	 ranges	 from	23°C	 to	33°.	What	 seems	 to	be	 required	

here	is	a	method	that	can	cope	with	these	climatic	conditions	with	little	human	intervention.	

A	 method	 that	 seems	 to	 be	 perfectly	 suitable	 for	 this	 purpose	 and	 has	 become	 a	 viable	

alternative	 to	 pump‐and‐treat	 methods	 over	 the	 past	 few	 decades	 is	 permeable	 reactive	

trench	technology	ሺHudak,	2009;	ITRC	ሺInterstate	Technology	&	Regulatory	Council,	2011ሻ,	

also	 called	 permeable	 reactive	 boundaries	 or	 Deep	 Aquifer	 Remediation	 Tools	

ሺU.S.Geological	 Survey	 ሺUSGSሻ,	 1999ሻ.	 	 This	 technology	 is	 discussed	 in	 more	 detail	 in	

Chapter	 5	 and	 its	possible	 implementation	 at	Douala	 investigated	with	 the	 computational	

model	developed	for	the	Douala	aquifer.		Computational	models	have	been	used	for	years	in	

groundwater	 investigations	 ሺPinder	 and	 Gray,	 1977;	 Botha,	 1985ሻ,	 often	 with	 the	

assumption	 that	 results	 obtained	 from	such	models	 describe	 the	 behaviour	of	 the	 aquifer	

accurately.	However,	mechanistic	modelling	of	physical	systems	is	often	complicated	by	the	

presence	 of	 uncertainties	 ሺIsukapalli	 and	 Georgopoulos,	 2001ሻ.	 The	 implications	 of	 these	

uncertainties	 are	 particularly	 important	 in	 the	 assessment	 of	 several	 potential	 regulatory	

options,	for	example,	with	respect	to	the	selection	of	a	strategy	for	the	control	of	pollutant	

levels.	While	 these	uncertainties	have	regularly	been	neglected	 in	 the	past,	 it	 is	nowadays	

imperative	 that	 groundwater	 models	 be	 accompanied	 by	 estimates	 of	 uncertainties	

associated	with	 the	model.	 Although	 a	 large	 number	 of	 approaches	 are	 available	 for	 this	

purpose	 ሺNational	Aeronautic	and	Space	Administration	 ሺNASA,	2010ሻ,	 they	often	 require	

exorbitant	 computing	 resources.	 One	 approach	 based	 on	 the	 Latin	 Hypercube	 Sampling	

method	ሺHelton	and	Davis,	2003ሻ	is	used	in	Chapter	7	to	derive	uncertainty	estimates	based	

on	 the	 analytical	 solution	 of	 the	 one‐dimensional	 hydrodynamic	 dispersion	 equation	

derived	 in	 Chapter	 5.	 It	 has	 been	 known	 for	 years	 that	 the	 hydrodynamic	 dispersion	

equation	 discussed	 in	 Chapter	 5,	 is	 not	 able	 to	 account	 for	 the	 long‐tail	 plumes	 often	

observed	in	studies	of	contaminated	fractured‐rock	aquifers.	One	approach	that	has	become	

quite	 fashionable	 in	 recent	 years	 to	 account	 for	 this	 is	 the	 replacement	 of	 the	 ordinary	

spatial	and	temporal	derivatives	in	the	hydrodynamic	equation	of	Chapter	4,	separately	or	

simultaneously,	 with	 fractional	 derivatives.	 This	 approach	 and	 its	 application	 to	 the	

hydrodynamic	 equation	 is	 illustrated	 in	 Chapter	 8	 with	 the	 help	 of	 the	 mathematical	

computer	package	Mathematica	ሺWolfram	Research	Inc.,	2012ሻ.		
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2.3 ECOLOGICAL PROBLEMS EXPERIENCED IN DOUALA 

	
2.3.1 Pollution	in	Douala	

The	 modern	 metropolitan	 area	 of	 Douala	 is	 essentially	 the	 product	 of	 the	 Government’s	

policy	of	what	may	be	called	 industrial	agglomeration	of	economical	benefits	with	 little	or	

no	 attention	 to	 the	 influence	 that	 the	 development	 may	 have	 on	 the	 environment.	 The	

government‐supported	 infrastructure	 for	 controlling	 pollution	 is	 consequently	 dispersed,	

weak	and	ineffective	and	there	is	severe	shortage	of	funding	ሺMunde,	2011ሻ.	This	situation	

is	particularly	troublesome	in	the	Bonaberi	area	where	the	major	industries	are	related	to	

the	 petroleum	 industry.	 The	 effluents	 discharged	 into	 the	 lagoon	 and	 surrounding	 areas	

therefore	often	consist	of	degraded	petroleum	products,	although	sources	of	pollution	from	

other	industries,	such	as	pest	control	in	cocoa,	coffee	and	banana	plantations,	which	are	not	

regulated	ሺSama,	1996ሻ,	also	contribute	to	the	overall	pollution.	For	example,	pesticides	that	

have	long	been	banned	elsewhere	in	the	world,	such	as	DDT,	are	still	used	and	often	stored	

in	 leaky	 storage	 facilities	 ሺMunde,	 2011ሻ.	 This	 poses	 a	 considerable	 threat	 to	 the	 local	

fishing	industry	and	human	health	ሺGabche	and	Smith,		2007ሻ.	

The	 environmental	 problems	 in	 the	 Bonaberi	 area	 is	 further	 aggravated	 by	 the	 rapidly	

growing	population	and	the	limited	availability	of	land,	which	force	poor	people	to	encroach	

onto	wetlands	ሺMcInnes	et	al.,	2002ሻ	 	and	the	often	maliciously	disposal	of	waste.	A	dense	

mangrove	 swamp	 forest	 with	 its	 luxuriant	 palms	 has	 been	 almost	 completely	 destroyed	

since	 2002,	 by	 urbanization.	 The	 houses	 and	 industrial	 buildings	 on	 the	 cleared	 land	 are	

poorly	built,	without	adequate	drainage.	The	situation	 is	 further	aggravated	by	 floods	and	

sea‐water	 intrusions	 that	 cause	water	 levels	 to	 rise	 from	 the	2	m	normal	 elevation	of	 the	

area	to	5m	within	a	few	minutes,	destroying	buildings	and	washing	waste	and	raw	sewage	

into	 the	 estuary	 and	 nearby	 springs	 and	 boreholes.	 This	 situation	 is	 particularly	

troublesome	as	approximately	only	65	000	inhabitants	out	of	a	population	of	3	million	have	

access	to	clean	reticulated	water.	The	rest,	including	80%	of	the	low‐income	populations	in	

the	 informal	 settlements,	 are	 forced	 to	 use	 springs	 and	 boreholes	 for	 their	 daily	 needs	

ሺTakemet	al	.,	2009ሻ.	



	

Figur

By‐pr

discha

encro

2.3.2 

As	 co

simpl

dysen

diseas

in	 200

some	

	

	

	

	

re	2‐6:	Malic

oducts	 from

arged	 into	

achment	of	

Water‐bo

uld	 be	 expe

e	to	comple

ntery	and	di

ses	were	res

00	 ሺKatte	 e

of	the	majo

cious	dispos

m	 the	 main

the	 nearby

invasive	spe

rne	Diseases

ected	 from	

ex	skin	infec

arrhoea	are

sponsible	fo

et	 al.,	 2003ሻ,

r	water‐bor

sal	of	waste	

nly	 chemica

y	 estuarine	

ecies,	in	the

s	

the	 preced

ctions	such	

e	quite	comm

or	15%	of	th

,	 and	 for	 ap

rne	diseases

in	the	Bépan
al.,	2009ሻ

al	 plants	 in

creek	 of	 th

e	adjacent	w

ing	 discussi

as	filarial	to

mon	in	Dou

he	deaths	of

pproximatel

	that	occur	i

nda	neighbo

n	 the	 Bass

he	 Dibamba

etlands.	

ion	 water‐b

o	highly	mo

uala	ሺFonteh

f	children	le

ly	 50%	of	 a

in	the	count

ourhood	of	D

a	 industria

a	 River,	 the

borne	 diseas

rtal	disease

h,	2003ሻ.	In	

ess	than	5	y

all	 deaths	 in

try.	

Douala	ሺTak

l	 zone	 are	

ereby	 causin

ses,	 ranging

es	such	as	ch

fact,	water‐

years	old	tha

n	 the	 countr

28	

	

kem	et	

often	

ng	 the	

g	 from	

holera,	

‐borne	

at	died	

ry	 lists	



29	

	
Table	2‐1:Major	water‐borne	diseases	that	occur	in	Cameroon			ሺKatte	et	al.,	2003ሻ	
Diseases	 Description	 Mode	of	infection Symptoms Mode	 of	

eradication

Hepatitis	A	 Viral	 disease	 that	

interferes	 with	 the	

functioning	of	the	liver	

	

Food	 or	 water	

contaminated	 with	 faecal	

matter	

	

Fever,	 jaundice,	 and	

diarrhoea;	 15%	 of	

victims	have	prolonged	

symptoms	 over	 6‐9	

months

Vaccine	

available

	

Hepatitis	E	 Water‐borne	 viral	

disease,	 interferes	

with	functioning	of	the	

liver	

Faecal	 contamination	 of	

drinking	water

	

Jaundice,	 fatigue,	

abdominal	 pain,	 and	

dark	coloured	urine	

vaccine	

available

	

Typhoid	Fever	 Bacterial	disease	

	

Contact	 with	 food	 or	

water	 contaminated	 by	

faecal	matter	or	sewage	

Victims	 exhibit	

sustained	 high	 fevers	

left	 untreated	

mortality	 rates	 can	

reach	20%

Availability	

of	drugs

	

Leptospirosis	 Bacterial	 disease	 that	

affects	 animals	 and	

humans		

contact	 with	 water,	 food,	

or	 soil	 contaminated	 by	

animal	urine

Severe	 fever,	 severe	

headache,	 vomiting,	

jaundice,	diarrhoea	

Availability	

of	drugs	

	

Schistosomiasis	

	

Caused	 by	 parasitic	

trematode	 flatworm	

Schistosoma;	and	fresh	

water	snails		

	

Larval	 form	 of	 the	

parasite	 penetrates	 the	

skin	of	people	exposed	to	

contaminated	water		

Urinary	 or	 intestinal	

disease,	 decreased	

work	 or	 learning	

capacity;		

Drugs	

available	
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Chapter	3	

RESTORATION	OF	THE	GROUNDWATER	RESOURCES	AT	DOUALA	

3.1 GENERAL 

The	term	restoration	is	defined	in	the	Oxford	English	Dictionary	as:	“The	action	or	process	

of	restoring	something	to	an	unimpaired	or	perfect	state.”	While	such	an	objective	may	be	

attainable	 in	 some	 situations	 or	 in	 an	 idealized	 world,	 experience	 shows	 that	 it	 is	 very	

difficult	 to	 achieve	 in	 the	 real	 world.	 This	 is	 especially	 true	 for	 what	 may	 be	 termed	

environmental	 phenomena	 and	 their	 related	 sciences.	 The	 situation	 here	 was	 further	

aggravated	 under	 the	 system	 of	 command‐and‐control	 regulations	 that	 dominated	 the	

environmental	sciences	through	the	mid‐1980’s	 in	that	regulators	and	 industry	 frequently	

played	adversarial	roles.	This	caused	a	great	deal	of	energy	to	be	consumed	in	challenging	

the	 regulatory	 system,	 resulting	 in	 inefficiencies	 when	 regulators	 specified	 inappropriate	

technology	solutions	and	in	unpredictability	when	courts	resolved	disputes	over	compliance	

dates	 and	 other	 program	 features	 ሺNAS,	 2006ሻ	 ሺpK75ሻ.	 The	 result	 was	 that	

restorationprocedures	 were	 often	 conducted	 in	 haphazard	 and	 dubious	 ways	 a	 situation	

further	 aggravated	 by	 the	 development	 of	 the	 desktop	 computer.	 	 However,	 the	 modern	

shift	 to	 more	 collaborative	 market‐sensitive	 regulatory	 strategies,	 allows	 an	 affected	

community	to	partake	in	the	restoration	and	at	to	share	responsibility	for	taking	actions	to	

protect	human	health	and	the	environment.	

Environmental	phenomena	are	complex	and	often	site‐dependent.	Various	guidelines	have	

consequently	 been	 developed	 in	 recent	 years	 to	 assist	 in	 the	 application	 of	 more	

collaborative	market‐sensitive	 regulatory	 and	 restorative	 strategies	 for	 these	phenomena.	

As	can	be	expected	 these	guidelines	not	only	vary	 from	one	phenomenon	 to	 the	next,	but	

often	 also	 mutually.	 Nevertheless,	 there	 is	 enough	 evidence	 today	 to	 conclude	 that	 no	

environmental	restoration	should	be	undertaken,	without	reference	to	one	or	more	of	these	

guidelines.	 This	 applies	 in	 particular	 to	 the	 field	 of	 Geohydrology,	 where	 the	 major	

constituents	ሺwater	and	rocksሻ	are	invisible.	However,	as	can	be	seen	from	an	evaluation	of	

guidelines	related	to	the	assessment	and	monitoring	of	groundwater	resources,	e.g.ሺJousma	

and	 Roelofsen,	 2003;	 IAEA,	 2004;	 NAS,	 2006;	 World	 Meteorological	 Organization,	 2008;	

Dent,	2012ሻ,	the	differences	are	often	more	related	to	details	rather	than	principles.	In	fact,	

judging	 from	 the	 references	 quoted	 above,	 guidelines	 for	 the	 restoration	 of	 contaminant	

groundwater	resources	can	be	essentially	summarized	in	five	major	recommendations.	
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aሻ Specification	of	the	restoration	context.	

bሻ The	consistent	and	detailed	documentation	of	the	state	of	the	contaminated	resource	

at	the	time	restoration	is	initiated	and	during	the	restoration.	

cሻ Identify	 and	 justify	 the	 actions	 and	 their	 goals	 that	 need	 to	 be	 taken	 during	 the	

restoration,	and	develop	appropriate	methods	for	their	implementation.	

dሻ Formulate,	 and	 implement	 appropriate	 models	 and	 use	 them	 consistently	 in	

combination	with	appropriate	monitoring	data	to	guide	and	assess	the	effectiveness	

of	 the	 restoration	 activities	 and	 to	 motivate	 and	 take	 corrective	 action	 where	

necessary.	

eሻ Analyze	the	restoration	results	continuously	and	use	them	to	build	confidence	in	the	

community	affected	or	stakeholders,	as	they	are	commonly	called.	

An	 attempt	 will	 be	 made	 in	 the	 discussion	 that	 follows	 to	 develop	 a	 preliminary	

methodology	 for	 the	 restoration	 of	 the	 groundwater	 resources	 at	 Douala	 based	 on	 these	

recommendations.		

	

3.2 SPECIFICATION OF THE RESTORATION CONTEXT 

The	 restoration	of	 contaminated	 aquifers	was	 in	 the	past	often	 conducted	 in	a	haphazard	

manner	 without	 a	 clear	 view	 of	 what	 should	 be	 achieved	 and	 what	 resources,	 including	

economic	resources,	are	available	for	the	task.	The	main	aim	of	the	restoration	context	is	to	

try	 to	 focus	 the	 restoration	 by	 developing	 a	 well‐documented	 framework	 for	 the	 project	

with	special	reference	to	the	following	not	necessarily	exhaustive	list	of	objectives:		purpose	

of	the	restoration	and	its	envisaged	goals	or	end‐points;	the	available	time	frames	and	any	

regulatory	 constraints	 that	 need	 to	 be	 satisfied	 by	 the	 restoration	 or	 taken	 into	 account	

during	the	actual	execution	of	the	restoration	procedures.	

Not	enough	information	is	at	present	available	to	specify	a	detailed	restoration	context	for	

Douala.	Three	aspects	that	would	certainly	have	to	be	addressed	in	an	actual	restoration	of	

the	area	are:	ሺaሻ	the	supply	of	clean	water	to	the	inhabitants	of	the	city,	ሺbሻ	reduction	in	the	

pollution	sources	and	ሺcሻ	a	healthier	biosphere.	

	

3.3 THE  DETAILED  DOCUMENTATION  OF  THE  STATE  OF  THE  CONTAMINATED 
RESOURCE 

	The	discussion	can	be	clarified	considerably	by	following	the	approach	advanced	in	ሺIAEA,		

2004ሻ	and	divide	the	resource	ሺor	aquifer,	as	it	is	more	commonly	calledሻ	into	three	inter‐
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dependent	domains.	

aሻ The	 source—the	 zone	 of	 the	 earth’s	 surface	 in	 direct	 contact	 with	 the	 source	 or	

sources	of	pollution.	

bሻ The	 geosphere—the	 soil	 and	 rock	 formations	 underlying	 the	 near	 field	 that	 may	

eventually	be	contaminated	by	the	pollution	sources	in	the	near	field.		

cሻ The	biosphere—the	part	of	the	earth's	crust,	waters,	and	atmosphere	that	supports	

life.	

	

3.3.1 The source 

	
The	available	information	on	the	disposal	of	waste	at	Douala	is	more	of	a	qualitative	rather	

than	 quantitive	 nature	 due	 to	 the	 ubiquitous	 sources	 of	 pollution;	 see	 Section	 2.3.1	 and	

Figure	 2‐7.	 One	 exception	 to	 this	 rule	 is	 the	 PK10‐Génie	Militaire	 landfill	 site	 depicted	 in	

Figure	3‐1.	The	site,	which	is	10	km	from	Douala	city	centre,	has	been	used	since	2003	by	

the	 company	HYSACAM	 ሺ“Hygiène	 et	 Salubrité	 du	 Cameroun”ሻ	 under	 a	 contract	with	 the	

Douala	Municipality	“Communauté	Urbaine	de	Douala”	or	CUD	to	dispose	municipal	waste	

collected	in	the	city	and	to	manage	the	site.	The	site	covers	an	area	of	approximately	63	ha	

of	which	nearly	10	ha	have	been	used	to	dispose	approximately	1	700	000	tonnes	of	waste	

by	 the	end	of	 2011.	The	 landfill	 is	 controlled,	 but	 there	 are	no	 specific	waste	 recovery	or	

disposal	 practices	 in	 HYSACAM’s	 operating	 contract	 with	 the	 CUD	 only	 requires	 that	 the	

waste	 be	placed	 in	 successive	 layers	 700mm	 thick,	 separated	by	200mm	 layers	 of	 soil	 or	

inert	 material	 in	 cells,	 which	 are	 compacted	 and	 covered	 daily.	 Unfortunately,	 these	

specifications	have	not	been	strictly	applied	at	PK10.	Current	practices	include	capping	with	

soil	material	but	it	is	not	done	systematically,	so	landfill	management	cannot	be	considered	

optimal.	Lists	of	 the	composition	and	 the	annual	quantity	of	Douala	waste	 received	at	 the	

PK10	landfill	is	given	in	Table	ሺ3‐1ሻ	
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BIOTECNOGAS	ሺUNFCCC,	2011ሻ.	A	further	aspect	of	the	study	is	to	reshape	and	fully	cap	the	

landfill	surface	thereby	improving	the	efficiency	of	LFG	recovery	and	at	the	same	time	limit	

water	 infiltration	 ሺUNFCCC,	 2011ሻ.It	 will	 take	 about	 two	 years	 ሺ2010‐2011ሻ	 before	 the	

landfill	management	is	fully	optimized	according	to	Biotecnogas’	recommendations.	On	top	

of	 that,	 new	waste	will	 be	placed	 into	 better‐structured	 cells	 and	 covered	 regularly.	Thus	

once	optimization	measures	are	applied,	from	2012	HYSACAM	will	be	able	to	stick	perfectly	

with	the	contractual	specifications	agreed	with	CUD.	The	PK10	landfill	will	therefore	involve	

a	controlled	placement	of	waste	ሺwaste	is	directed	to	specific	deposition	areas	and	there	is	

already	 a	 control	 of	 scavenging	 and	 firesሻ	 with	 ሺiሻ	 cover	 material;	 ሺiiሻ	 mechanical	

compacting;	and	ሺiiiሻ	levelling	of	the	waste.	

	

3.3.2 Chemical Properties of the Water 

	
Chemical	 analysis	 of	water	 samples	was	 carried	 out	 at	 the	 Indian	 Institute	 of	 Technology	

Bombay	and	the	Water	Analysis	Laboratory	of	the	Hydrologic	Research	Centre	of	Cameroon.	

HC0ଷ
ିwas	determined	as	 the	 total	 alkalinityby	 titrationas	outlined	 in	APHA/AWWA/WEFሺ	

Gue´vart	 	 et	 al.,	 2006ሻ.	 Cations	 were	 analyzed	 by	 inductively	 coupled	 plasma	 atomic	

emission	 spectrometry	 ሺICP‐AESሻ:	Na	 and	K,	 and	 Ca,	Mg	 and	 total	 hardness	 by	 the	 EDTA	

titrimetric	 method	 ሺAPHA/AWWA/WEF,	 1998ሻ	 ሺGue´vart	 et	 al.,	 2006ሻ.	 A	 UV‐visible	 light	

spectrophotometer	 was	 used	 to	 analyze	 S0ସ
ଶିby	 turbidimetry	 according	 to	

APHA/AWWA/WEF	ሺ	Gue´vart	et	al.,	2006ሻ.	Chloride	was	determined	by	the	 Ion	Selective	

Electrode	Meter	ሺORIONሻ.	N0ଷ
ିwas	determined	by	ion	chromatography	with	the	instrument	

model	DX‐120ሺDionexሻ	ሺ	Gue´vart	et	al	.,	2006ሻ.	

Table	 3‐2:	 Seasonal	 variation	 of	 the	 chemical	 content	 in	 springs	 ሺSPሻ	 and	 bore	wells	 ሺBሻ	

Februaryൌdry	and	Augustൌrainy	ሺ	Gue´vart	et	al	.,	2006ሻ	

Locality	name	 Month	
Sample	ID		

Feb					Aug.
pH

Feb.							Aug.
N0ଷሺmg/lሻ

Feb.										Aug.	
S0ସሺmg/lሻ

Feb.							Aug.
Clሺmg/lሻ	

BobongሺIIሻ	
Genie	
NdogsimbiሺCCCሻ	
Ndogbong	
NdokottiሺSOCART
Oሻ	
Bonabassem	
Mussoke	
Pays	Bas	
Genie	
Casmondo	

SP1	
SP2	
SP3	
SP4	
SP5	
SP6	
B1	
B2	
B3	
B4	

4.51							5.06
3.81							4.08
4.65							4.58	
4.01							4.04	
4.95								5.30	
4.10								3.98	
4.26							4.57	
4.63								4.75	
4.10								4.43	
4.27								4.95

49.83						26.43
54.81	 				56.61
44.37						24.74	
59.80						63.03	
47.80						31.29	
94.30						83.16	
0.210						0.360	
0.340						0.480	
11.54						13.42	
22.75					26.43					

23.20				10.75
17.10							0.710	
22.70							9.010	
4.520							3.330	
19.48							22.20	
06.30							01.22	
0.320							0.540	
04.82							05.46	
05.10							0.630	
06.21							06.96	

18.3					18.51
14.81			4.21
	28								11.35	
11.3					16.54	
38.0					44.41	
19.6					22.06	
2.3								01.46	
5.40						02.70	
3.70						01.80	
45.12				0.31
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3.3.3 Microbial	analysis	

The	microbiological	 contents	 in	 the	water	 samples	were	 determined	 using	 fecal	 coliform	

and	 fecal	 streptococcus	 as	 indicator	 bacteria.	 The	 isolation	 and	 enumeration	 of	 coliform	

were	 carried	out	 using	 the	membrane	 filtration	method.	 Fecal	 streptococcus	was	 isolated	

and	 enumerated	 by	 membrane	 filtration,	 and	 growth	 on	 membrane	 enterococcus	 agar	 ሺ	

Gue´vart	et	al	2006ሻ.	The	following	table	3‐3	shows	the	Seasonal	variation	of	the	microbial	

content	 in	 springs	 and	 bore	wells	 during	 the	 dry	 and	 rainy	 season	 in	 some	 settlement	 in	

Douala.	

Table	3‐3:	Seasonal	variation	of	the	microbial	content	in	springs	ሺSPሻ	and	bore	wells	ሺBሻ	
Februaryൌ	dry	and	Augustൌrainy( Gue´vart et al ., 2006)	

Locality	name	 Month	
Sample	
ID	

Feb.							Aug
ECሺμs/cmሻሻ

Feb.														
FC
ሺcfu/100	
mlሻ

July
FC
ሺcfu/100ሻ

Feb	
FS
ሺcfu/100	
mlሻ	

July	
FC	
ሺcfu/100ሻ

BobongሺIIሻ	
Genie	
NdogsimbiሺCCCሻ	
Ndogbong	
NdogbongሺSOCARTOሻ	
Bonabassem	
Mussoke	
Pays	Bas	
Genie	
Casmondo	

SP1	
SP2	
SP3	
SP4	
SP5	
SP6	
B1	
B2	
B3	
B4	

188.5			205
188						202
208						335	
202.4			213	
263						274	
258.4			270	
25.4					30.5	
33.8					35.9	
25.2						45
340						362

720
19
26	
500	
22	
27	
3	
94	
633
2	311

950
30
20	
800	
10	
1	
1	
70	
1	200
2.100

215	
6
5	
420	
4	
13	
0	
21	
681	
1	421	

280	
10	
2	
300	
1	
0	
0	
6	
800	
1	500	

 

3.4 GEOSPHERE 

As	 said	 earlier,	 the	 geosphere	 sometimes	 referred	 to	 as	 the	 near‐field	 ‐	 the	 rock	 and	

unconsolidated	material	that	lies	between	the	near‐field	and	the	biosphere.	It	can	consist	of	

both	 the	 unsaturated	 zone	which	 is	 above	 the	 groundwater	 table	 and	 the	 saturated	 zone	

which	 is	 below	 the	 groundwater	 table.	 We	 will	 then	 start	 the	 description	 here	 with	 the	

hydrogeology	of	the	area	under	investigation.	

3.4.1 Hydrogeology 

Two	shallow	and	deep	aquifer	units	have	been	identified	in	the	Douala	sedimentary	basin	by	

SNEC	 based	 on	 the	 work	 of	 ሺDumort,	 1968ሻ	 and	 ሺRegnoult,	 1986ሻ.	 A	 generalized	

stratigraphic	 sequence	 of	 the	 major	 aquifer	 	 	 	 units	 of	 the	 Douala	 sedimentary	 basin	

modified	from	ሺMafany,	1999ሻ	and	ሺRegnoult,	1986ሻ	is	given	in	Fig.1.	The	shallow	aquifer	is	

made	up	of	the	Mio‐Pliocene	sands	at	the	base	and	the	Quaternary	alluvium	at	the	top	ሺFig.	

3.2ሻ,	which	together	 form	the	Wouri	Formation.	 It	consists	of	 fine‐	 to	coarse‐grained	sand	

and	 gravel	mixed	with	 silt	 and	 clay,	 and	 lies	 on	 top	 of	 the	Miocene	 shale	 of	 the	Matanda	
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Formation,	which	serves	as	an	aquicludes.	According	to	ሺDjeuda‐Tchapnga	et	al,	2001ሻ,	the	

aquifer’s	 thickness	 ranges	 between	 50	 and	 60	 m.	 Several	 lentils	 of	 channel‐filled	 sands,	

hosted	 in	 clay	 layers,	 occur	 within	 this	main	 aquifer,	 which	 act	 as	 perched	 aquifers.	 The	

water	table	is	generally	less	than	10	m	below	the	surface	ሺ	Gue´vart		et	al.,	2006ሻ.		Bore‐well	

discharges	of	80	m3/h	well	have	also	been	reported	ሺ	Gue´vart	et	al	.,	2006ሻ.	The	aquifer	is	

mainly	recharged	by	precipitation.	Waste	water	from	drainage	channels	also	infiltrates	into	

this	aquifer.	Several	streams	drain	the	area	and	may	also	recharge	the	aquifer	depending	on	

the	season	and	the	water	levels.	Average	groundwater	level	fluctuations	range	between	0.3	

and	2.1	m	between	 the	dry	and	wet	 seasons.	The	aquifer	 is	 highly	exploited	by	dug	wells	

that	 record	water	 levels	 of	 approximately	 1–20	m.	Many	 springs	 flow	 from	valleys	 at	 the	

base	of	small	cliffs	where	the	topography	intersects	the	water	table	in	the	shallow	aquifer.	

These	 perennial	 springs	 are	 the	 major	 source	 of	 drinking	 water	 in	 the	 sub‐urban	

settlements,	 though	 their	 yields	 have	 not	 been	 measured.	 However,	 because	 of	 poor	

sanitation	facilities,	there	are	several	potential	sources	of	pollution	mixing	together	at	close	

proximity	 to	 the	 springs.	 During	 the	 rainy	 season,	 the	 area	 surrounding	 the	 springs	 is	

flooded	 with	 solid	 and	 liquid	 waste	 from	 the	 pit	 latrines,	 stagnant	 surface	 water	 from	

puddles	 located	 upstream,	 leachate	 from	 solid	 waste	 dumps,	 waste	 water	 from	 washing	

cloths	and	wastewater	mixed	with	human	feces	and	animal	dung.	The	deep	aquifer	consists	

of	the	Basal	sandstones	of	the	Moundeck	Formation,	underlain	by	the	Precambrian	granites	

and	overlain	by	shale	and	marl	of	the	Logbaba	Formation	and	the	Palaeocene	sands	of	the	

Nkappa	Formation	ሺFig.	3.2ሻ.	The	Palaeocene	aquifer	of	 this	area	has	a	 thickness	of	about	

200	m	see	in	ሺ	Gue´vart		et	al.,		2006ሻ.	
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negatively	charged	species	such	as	OHି	,	HCO3ିCOଷ

ି,	SOସ
ଶି	,	NOଷ

ଶି,POସ
ଷି,	positively	charged	

species	such	as	ZnOHା൅,CaH2PO4ା	,	CaClା,	and	zero‐charged	species	such	as	CaCO3,	FeSO4		

or	NaHCO3		as	well	as	organic	ligands.	Interactions	of	different	species	within	the	aqueous	

phase,	with	gases	and	solid	phases	ሺmineralsሻ	as	well	as	Equilibrium	reactions	5	transport	

and	 decay	 processes	 ሺbiological	 decomposition,	 radioactive	 decayሻ	 are	 fundamental	 in	

determining	 the	 hydro‐geochemical	 composition	 of	 ground	 and	 surface	 water.	 Hydro‐

geochemical	 reactions	 involving	 only	 a	 single	 phase	 are	 called	 homogeneous,	 whereas	

heterogeneous	reactions	occur	between	two	or	more	phases	such	as	gas	and	water,	water	

and	 solids,	 or	 gas	 and	 solids.	 In	 contrast	 to	 open	 systems,	 closed	 systems	 enable	 only	

exchange	of	energy,	not	constituents	with	the	surrounding	environment.	The	ability	of	solid	

substances	to	exchange	cations	or	anions	with	cation	or	anions	in	aqueous	solution	is	called	

ion‐exchange	capacity.	 In	natural	systems	anions	are	exchanged	very	rarely,	 in	contrast	to	

cations,	which	exchange	more	readily	 forming	a	 succession	of	decreasing	 intensity:	Ba2൅൐	

Sr2൅൐	Ca2൅	൐	Mg2൅൐	Be2൅		and	Cs൅൐	K൅൐	Na൅൐	Li൅.	Generally,	multivalent	ions	ሺCa2൅	ሻ	are	

more	 strongly	 bound	 than	 monovalent	 ions	 ሺNa൅ሻ,	 yet	 the	 selectivity	 decreases	 with	

increasing	ionic	strength	ሺStumm	and	Morgan,	1996ሻ.	Large	ions	like	Ra2൅		or	Cs൅	as	well	as	

small	ions	like	Li൅	or	Be2൅	are	merely	exchanged	to	a	lower	extent.	The	H൅	proton,	having	a	

high	charge	density	and	small	diameter,	is	an	exception	and	is	preferentially	absorbed.	The	

following	table	shows	the	major	ion	composition	of	water	sample	in	Douala	city.	The	hydro‐

geochemical	 characteristics	 of	 the	 water	 samples	 were	 studied	 using	 the	 data	 from	 the	

samples	from	the	year	2009	shown	in	Table	3‐4	ሺ	Gue´vart		et	al.,	2006ሻ.	

Table	3‐4:	Major	ion	composition	of	water	sample	collected	in	January	2006		

Sample	
Name	

pH	 Cond	
ሺμs/cmሻ	

Nܽା

ሺmg/lሻ
ାܭ

ሺmg/lሻ
Cܽଶା

ሺmg/lሻ
M݃ଶା

ሺmg/lሻ
C݈ି

ሺmg/lሻ
HC0ଷ

ି	
ሺmg/lሻ	

S0ସ
ଶି

ሺmg/lሻ
SP1	
SP2	
SP3	
SP4	
SP5	
SP6	
B1	
B2	
B3	
B4	
W1	
W2	

4.5		
4	
5	
4.1	
4.4	
4.4	
4.3	
4.65	
4.24	
4.3	
6.1	
6.4	

220	
199	
242	
188	
265	
261	
30.2	
34.3	
50.1	
356	
54.2	
74.8	
	

14.4
11.09
27.48	
11.53	
16.88	
13.28	
0.54	
0.73	
4.1	
38.34	
3.12	
5.5	

4.51
4.53
4.07	
5.1	
6.1	
4.53	
1.62	
2.5	
1.85	
6.39	
2.3	
1.36

4
8
8	
8	
12	
8	
8	
12	
8	
12	
12	
12

2.4
2.4
2.4	
0.0	
2.4	
2.4	
0.0	
2.4	
0.0	
0.0	
0.0	
2.43

18.6
15.2
33.4	
15.4	
35.3	
19.9	
3.1	
4.6	
4.3	
45.1	
2.27	
3

10	
5	
10	
5	
10	
10	
5	
10	
5	
10	
35	
40	

15.5
18.4
25.1	
3.6	
19.3	
6.3	
15.7	
16.2	
17.8	
19.1	
2.26	
11.11
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The	pH	of	water	ranged	from	4.1	to	6.5.	There	was	no	marked	difference	in	pH	between	the	

springs	 and	bore	wells	 as	 the	water	 is	 generally	 acidic.	 The	 acidic	nature	 of	 groundwater	

could	be	due	to	the	organic	acids	in	the	soil	as	well	as	from	atmospheric	sources	ሺChapman,	

1996ሻ.	 Although	 chemical	 data	 about	 the	 rainwater	 are	 not	 available,	 considering	 the	

number	of	industrial	establishments	present	in	the	region,	it	 is	assumed	that	the	rainfall	is	

acidic	due	 to	 the	 continuous	emission	of	 SO2	and	NO2.	The	 sandy	nature	of	 the	 soils	 and	

short	 residence	 time	 of	 groundwater	 in	 the	 aquifer	 provide	 less	 time	 for	 water‐rock	

interaction,	 thereby	 allowing	 the	 groundwater	 to	 maintain	 the	 pH	 of	 the	 rainwater	

ሺChapman,	1996ሻ.	Electrical	conductivity	varied	from	54.2	μs/cm	in	W1	to	356	μs/cm	in	B4	

ሺTable	 6ሻ,	 whereas	 a	 background	 electrical	 conductivity	 of	 50	 μs/cm	 was	 reported	 by	

ሺKamta,	1999ሻ.	The	springs	showed	high	conductivity	ሺ199–265	μs/cmሻ	compared	to	bore	

wells	ሺ30.2–50.1	μs/cmሻ,	except	for	B4	ሺ356	μs/cmሻ.	A	similar	situation	was	observed	with	

respect	to	major	ions	and	nitrate	ሺTable	3‐4ሻ.	

3.4.5 Tectonic	and	seismic	conditions	

The	Douala	basin	 is	bordered	by	Precambrian	basement	to	the	East	and	Northeast	and	by	

the	mount	 Cameroon	 volcanic	 line	 to	 the	West	 and	 Northwest.	 It	 extends	 south	 into	 the	

offshore	 across	 the	 shadow	 sheft	 off	 Cameroon	 into	 the	 deepwater	 area	 of	 Equatorial	

Guinea.	The	area	is	divided	into	two	sub‐areas,	comprising	an	uplifted	Cretaceous	platform	

in	 the	 southern	 shallow	 water	 region,	 the	 Kribi‐Campo	 sub‐basin	 and	 the	 onshore	 and	

offshore	Cretaceous	/	tertiary	Douala	sub‐basin	in	the	North	ሺLakin,	2010ሻ.	

3.4.6 Tectonic	setting	

The	 Douala	 basin	 developed	 during	 the	 Cretaceous	 break‐up	 of	 Gondwana	 and	 the	

separation	 of	 Africa	 from	 South	 America.	 The	 initial	 rifting	 phase	 may	 have	 commenced	

during	 very	 Early	 Cretaceous	 time	 ሺBerritasian‐Hauterivianሻ	 but	 the	 principal	 rifting	

episode	in	these	areas	occurred	from	late	Barremian‐Aptain	time	ሺLakin,	2010ሻ.	The	initial	

formation	 of	 oceanic	 crust	 as	 the	 continents	 separated	 is	 believed	 to	 have	 commenced	

during	 the	 late‐Aptian‐late	 Albian	 interval.	 It	 would	 appear	 that	 the	 rifting	 was	

asymmetrical,	 as	 many	 of	 the	 syn‐rift	 features	 that	 would	 normally	 be	 expected	 are	 not	

apparent	at	depth	in	this	area,	but	they	are	abundant	in	the	correspondent	South	American	

segment	 ሺLakin,	 2010ሻ.	 Several	 additional	 tectonic	 events	 occurred	 during	 the	 passive	

“drift”	phase	of	the	continent	margin	evolution	at	84	Ma	ሺSantonianሻ,	65	Ma	ሺK/T	boundaryሻ	

and	37	Ma	ሺlate	Eoceneሻ	ሺLakin,	2010ሻ.	These	events,	resulting	in	uplift,	deformation					and	

erosion	 at	 the	 basin	margins,	 are	 generally	 attributed	 to	 change	 in	 the	 plate	motion	 and	
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intraplate	 stress	 fields	due	 to	 convergent	 and	 collision	events	between	Africa	and	Europe	

ሺLakin,	2010ሻ.	The	Santonian	uplift	and	possibly	the	late	Eocene	events	also	appear	to	have	

resulted	 in	 significant	 mass	 wasting	 of	 the	 continental	 margin	 by	 gravity	 sliding,	

Contribution	 towards	 reservoir	 formation	 ሺLakin,	 2010ሻ.	 The	 final	 uplift	 event	 relates	 to	

growth	of	 the	Cameroon	Volcanic	 Line	 ሺCVLሻ	 and	effectively	 lasts	 from	37	Ma	 through	 to	

present	 day	 on	 the	 northwest	 margin	 of	 the	 basin	 ሺLakin,	 2010ሻ.	 This	 relatively	 recent	

volcanic	activity	is	important	as	heat	flows	resulting	from	it	are	through	to	be	instrumental	

in	pushing	younger	source	rocks	into	oil	window	ሺLakin,	2010ሻ	

3.4.7 Seismic	conditions	
The	 Uniform	 Building	 Code	 ሺUBCሻ	 lists	 Cameroon,	 specially	 the	 cities	 of	 Douala	 and	

Yaoundé,	as	being	in	seismic	zone	zero	ሺUBC,	1997ሻ.	The	design	basis	ground	motion	that	

has	 a	 10	 percent	 change	 of	 being	 exceeded	 in	 50	 years	 as	 determined	 by	 a	 site‐specific	

hazard	analysis	or	which	may	be	determined	from	a	hazard	map.	This	corresponds	to	a	475	

years	recurrence	interval.	Nevertheless	seismic	zone	zero	is	essentially	aseismic.	

3.5 BIOSPHERE 

As	we	 said	 earlier	 the	 biosphere	 is	 the	 physical	 media	 ሺatmosphere,	 soil,	 sediments	 and	

surface	 waterሻ	 and	 the	 living	 organisms	 including	 humans	 that	 interact	 with	 them.	 The	

biosphere	 ‐	 e.g.	 climate	and	atmosphere,	water	bodies,	human	activity,	biota,	near	 surface	

lithostratigraphy,	 topography,	 geographical	 extent	 and	 location.	 Hence	 we	 will	 start	 our	

description	with	climate	and	the	atmosphere	of	the	area	under	investigation.	

3.5.1 Climate and atmosphere 

Douala	 features	 a	 tropical	 monsoon	 climate,	 with	 relatively	 constant	 temperatures	

throughout	the	course	of	the	year.	The	city	typically	 features	warm	and	humid	conditions.	

Douala	sees	plentiful	rainfall	during	the	course	of	the	year,	experiencing	on	average	roughly	

3850	mm	 of	 precipitation	 of	 rainfall	 per	 year.	 Its	 driest	 month	 is	 December	 where	 on	

average	 33	mm	 of	 precipitation	 falls	 while	 its	 wettest	month	 is	 August	 when	 on	 average	

nearly	 800	mm	 of	 rain	 falls.	 The	 following	 graph	 shows	 the	 yearly	 and	 monthly	

precipitations	in	Douala	ሺ	World	Weather	Information	Service		Douala	,2012ሻ.	
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potential	ሺLakin,	2010ሻ.	

Phase	 3	 Transitions	 ሺMid	 Cretaceous:	 Albian‐U.Cenomanian/	 Turonianሻ:	 The	 transitional	

mega	 sequence	 is	 expected	 to	 include	 predominantly	 clay	 stones	 of	 the	 Upper	 Mundeck	

formation	 deposited	 in	 deepening	 water	 environments	 that	 may	 initially	 have	 been	

lacustrine,	 and	which	passed	 through	 restricted,	 possibly	 evaporitic,	marine	 conditions	 to	

open,	deepwater	marine.	The	mega	sequence	is	increasingly	truncated	towards	the	edge	of	

the	 basin	 in	 the	 northern	 part	 of	 the	 permit	 by	 the	 effects	 of	 the	 Santonian	 uplift.	 In	 the	

shallow	 basement	 area	 of	 OLHP‐1,	 this	 unit	 occurs	 in	 a	 more	 marginal	 “top	 set”	 facies	

comprising	alterations	of	arkosic	and	glauconitic	 sands	passing	up	 through	 limestone	 into	

shale.	

Phase	 	 4	 Post‐Rift	 ሺLate	 Cretaceous;	 Santonian‐Campanianሻ:	 The	 Douala	 Basin	 came	 into	

separate	 being	 during	 the	 Santonian,	 When	 thick	 clastic	 deposits	 were	 laid	 down	 in	 the	

centre,	thinning	rapidly	and	becoming	increasingly	shaly	to	the	east	and	south	of	the	permit	

area.	 Erosion	 took	 place	 around	 the	 basin	 margin	 during	 the	 Santonian	 uplift,	 removing	

some	previous	reservoir	facies,	so	the	Campanian	in	these	areas	is	resting	on	older	rocks	or	

directly	on	basement.	 It	 is	postulated	 that	 the	eroded	 sediments	were	 re‐deposited	 in	 the	

centre	of	the	basin,	in	close	proximity	to	Cenomanian‐Turonian	source	rocks.	Gravity	sliding	

may	have	created	localised	accommodation	space	to	pond	some	of	these	reworked	sands	in	

hanging	wall	growth	structures	or	on	the	landward	side	of	associated	toe‐thrusts	detaching	

in	the	lower	Cretaceous	above	the	syn‐rift	blocks.	

3.5.5 Geographical context 

The	Douala	coastal	environment	describes	a	barrier	 island	 lagoon	 formation.	A	number	of	

such	 old	 barrier	 island	were	 colonized	 by	 the	 following	 districts	 ሺAkwa,	 Deido,	 Bépanda,	

Bassa,	Bonamoussadiሻ	which	today	supports	the	high	population	density	metropolitan	area	

of	Douala	 ሺGabche	et	 al.,	2007ሻ.	The	 lagoon	system	 is	about	50	km	away	and	has	a	broad	

embayment	 as	 it	 opens	 in	 to	 the	Atlantic	Ocean,	which	 greatly	 enhances	 tidal	movement,	

often	 leading	 to	 the	 inflow	 of	 saline	 waters.	 The	 area	 is	 characterized	 by	 low‐lying	

geomorphic	features	with	faint	slopes	almost	at	sea	level.	Geographically	Douala	is	located	

at	 latitude	4	1´	North	and	 longitude	9	45´	East.	 It	 is	 subdivided	 into	5	 councils	which	are	

governed	 following	 the	 typical	 Cameroonian	 centralised	 command	 system	 where	 a	

government	 delegate	 appointed	by	 the	President	 of	 the	Republic,	 rules	 over	 the	 councils´	

mayors.	 This	 city	 of	 about	 3.5	 million	 inhabitants	 today,	 displays	 a	 nucleated	 settlement	

pattern	ሺGue´vart		et	al.,2006ሻ.	The	famous	central	town	called	Akwa,	has	banks,	commercial	

enterprises	and	other	small	scale	businesses	like	hackers	and	street	vendors.	It	also	has	two	
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major	 designated	 industrial	 zones	 called	 Bassa	 and	 Bonaberi	 amongst	 few	 other	 smaller	

ones.	These	 two	 zones	 are	 located	peripherally	 at	 the	Eastern	and	Western	 fringes	of	 the	

city	 albeit	 they	 are	 both	 situated	 in	 areas	 containing	 easily	 contaminated	 streams	 and	

brooks	 as	 well	 as	 below	 sea	 level.	 The	 two	 companies	 charged	 by	 the	 municipality	 to	

dispose	 waste	 are	 HYSACAM	 and	 CAMHYGIENE.	 ,	 The	 Douala	 coastal	 lagoon	 complex	 is	

easily	 the	 dominant	 feature	 with	 richly	 endowed	 natural	 and	 socio‐economic	 resources	

along	the	littoral	zone	of	Cameroon.	It	is	fed	mainly	by	the	River	Wouri,	evolving	a	maze	of	

creeks	 and	 lagoons	 about	 50	 km	 from	 the	 Atlantic	 Ocean,	 with	 its	 largest	 surface	 extent	

north	of	Bonaberi,	to	the	north	west	of	metropolitan	Douala	see	ሺFig,	2‐5ሻ.	

3.5.6 Human activities 

Douala	city	is	considered	as	the	economic	lung	of	Cameroon	because	it	hosts	about	70%	of	

the	economic	activities	of	the	entire	country.	Most	of	the	essential	infrastructure	is	found	in	

the	 coastal	 region:	 roads,	 ports,	 airports,	 telecommunication,	 schools,	 hospitals	 etc.	 With	

respect	 to	national	averages,	 this	region	has	 fewer	 jobs	 in	the	primary	sector	and	more	 in	

the	secondary	and	tertiary	sectors:	36.9%	of	the	active	population	is	engaged	in	the	primary	

sector	as	against	71.9%	for	the	whole	country:	21.4%	and	41.7%	work	in	the	secondary	and	

tertiary	sectors	respectively	ሺAsangwe,	2006ሻ.	Being	the	seat	of	Cameroon's	largest	port	and	

its	major	 international	 airport,	Douala	Airport,	 it	 is	 the	nation's	 commercial	 capital	hence	

indisputably	 the	 largest	 city	 in	 Cameroon	 as	 well	 as	 the	 capital	 of	 Cameroon's	 Littoral	

Province.	Consequently,	 it	 handles	 the	majority	 of	 the	 country's	 chief	 exports,	 such	 as	oil,	

cocoa	and	cotton,	coffee,	as	well	as	trade	with	neighbouring	landlocked	Chad	and	the	Central	

African	Republic.	It	is	also	home	to	the	Eko	Market,	not	only	the	country's	largest	market	but	

also	 the	 largest	 in	 the	 whole	 CEMAC	 Central	 African	 sub	 region.	 The	 port	 of	 Douala	 is	

situated	on	the	mouth	of	the	River	Wouri,	25	km	from	the	sea,	and	this	poses	a	problem	of	

siltation,	 thus	 demanding	 constant	 dredging.	 It	 is	 essentially	 a	 commercial	 port	 which	

receives	only	vessels	with	little	draught,	considering	its	location	on	an	estuary.	The	port	has	

a	 10	 km	wharf.	 Upstream,	 there	 is	 a	 banana	 port	 at	 Bonaberi,	 in	 the	 vicinity	 of	 which	 is	

located	the	industrial	zone.	The	following	figure	ሺ3‐8ሻ	shows,	the	industrial	activities	taking	

place	in	Douala	port.	
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market	 located	 at	 the	 intersection	 of	 Rue	de	New	Bell	 and	Rue	Congo	Pariso	 close	 to	 the	

Akwa	Shopping	centresሻ	one	of	the	biggest	African	style	markets	in	Cameroon	and	the	entire	

sub‐Saharan	region	of	Central	Africa.	The	Douala	Central	Market	holds	thousands	of	shops	

and	store	with	traders	from	all	over	Africa.	Prominent	amongst	these	traders	are	Cameroon,	

Benin,	 China,	 Mali,	 Nigerian,	 Togo,	 Lebanese,	 Koreans,	 Moroccans,	 Senegal	 and	 several	

others	nations.	All	 items	of	 interest	 can	be	 found	at	 the	Douala	Central	market	household	

appliances,	 electronics	 such	 as	 cell	 phones,	 cameras,	 television	 screens…,	 textile,	 leather	

products,	groceries	and	countless	others;	Congo	Market	at	Entrée	Camp	Bertau	consisting	of	

clothing	 and	 carpentry	 work;	 Marché	 De	 Sanaga	 Marché	 EkoSale	 of	 household	 goods	 to	

fashion	 accessoceries;	 Marché	 Bobbi	 Score	 ‐	 A	 typical	 Supermarket	 model	 in	 western	

fashion;	Marché	de	Fleur	 ሺoff	Ave	Charles	de	Gaulleሻ	 Sale	 of	 crafts	work	 ‐	wood	 carvings,	

masks,	 African	 wooden	 drums,	 special	 designer	 tablecloths	 stone	 jewelleries;	 Centre	

Artisanal	de	Douala	Sale	of	Cameroonian	artworks	‐	sculptors,	masks	and	various	crafts.	Has	

a	good	collect	of	arts	from	all	cultures	and	regions	of	Cameroon.	The	following	photo	shows	

some	 items	 sole	 in	 some	 Douala	 markets.	 In	 this	 coastal	 zone,	 the	 most	 important	

occupation	 of	 the	 rural	 population	 is	 undoubtedly	 small‐scale	 fishery.	 Fishery	 contributes	

more	 than	 half	 of	 the	 animal	 protein	 consumed	 in	Douala.	 The	 exploitable	 species	 of	 the	

aquatic	 fauna	 consist	 essentially	 of	 fishes,	 shrimps	and	mollusks.	Agriculture	 accounts	 for	

almost	50%	of	 foreign	currency	earnings	 in	Cameroon.	Thus,	 it	plays	an	 important	 role	 in	

the	economic	activities	of	this	coastal	zone	both	in	feeding	the	population	and	raising	family	

revenues.	Traditional	and	modern	agriculture	co‐exist	in	this	coastal	area	see	ሺFig,	2‐6ሻ.	

3.5.7 Topography 

Topography	 generally	 drops	 from	 East	 to	 West	 towards	 the	 Wouri	 River	 and	 leads	 to	

flooding	of	the	area.	The	altitude	is	about	57m	in	the	East,	passing	on	to	23m	in	the	Centre	

and	dropping	to	3	m	in	 the	West	 towards	the	Wouri	River.	The	high	magnitude	of	run‐off	

from	the	River	Wouri	estuarine	system	in	to	the	land‐water	interface	leads	to	a	high	water	

table	which	leads	to	flooding	of	the	area	see	ሺFig,	2‐2;	2‐3ሻ.	

3.5.8 Inundation 

In	Douala,	severe	flooding	affected	life,	economy	and,	floods	are	the	most	common	natural	

disasters.	 In	 recent	 years,	 floods	 have	 received	 much	 media	 attention.	 Many	 poor	

neighbourhoods	 got	 flooded	 so	 they	 went	 in	 debt	 to	 pay	 the	 price	 of	 repairing	 homes.	

Douala’s	vulnerability	to	flooding	was	highlighted	by	the	loss	of	 life	and	economic	damage	

from	 flooding	 events	 in	 flood‐prone	 zones	 like	 Mabanda	 and	 Bonendale	 localities	 of	
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Bonaberi	 to	 the	 north	 and	 Youpwe	 locality	 to	 the	 south	 ሺAsangwe,	 2006ሻ.	 In	 addition,	

summer	 flooding	 of	 the	 New	 Bell	 streams	 and	waterways	 resulted	 in	 some	 of	 the	 worst	

floods	 seen	 in	 the	 city	 in	 2010.	 The	 consequences	 were	 death,	 drowning,	 injury	 and	

destruction	of	property.	Crops	and	businesses	which	residents	depend	on	to	make	money	

were	destroyed.	Vulnerable	groups	within	communities	are	the	elderly,	disabled,	children,	

women,	ethnic	minorities,	and	those	on	low	incomes	ሺAsangwe,	2006ሻ.	

Douala	presents	an	array	of	varying	creeks,	lagoons,	sand	and	rocky	beaches,	coastal	plains,	

wetlands	and	with	faint	slopes.	Flooding	is	a	major	consequence	of	this	scenario	exhibited	

by	the	dynamism	of	the	River	Wouri	on	the	Douala	metropolitan	area	all	years	round.	This	

ensures	that	the	water	table	remain	high	and	thus	effect	constant	inundation.	Geographers	

say	 though	 the	newly	built	 up	 areas	 of	Bonamoussadi,	Makepe	 and	Logpom	are	 about	50	

kilometres	away	from	the	Atlantic	Ocean,	it	is	just	over	16	meters	above	sea	level,	while	the	

rapidly	growing	districts	of	 the	metropolis,	 like	Bonaberi	which	 includes	Mabanda,	Ndobo	

are	 just	 between	 3‐7	meters	 above	 sea	 level.	 The	 low	 lying	 nature	 of	 the	 city	 provoking	

floods	 is	 observed	 in	 the	 general	 lack	 of	 flowing	 drains	 in	 the	 core	 built	 up	 areas	 like	

Mabanda	and	Akwa,	 resulting	 in	stagnant	water	due	 to	 constantly	high	water	 table	which	

has	 a	 further	 consequence	 of	 increasing	 high	 rate	 of	 subsidence	 and	 tilting	 of	 residential	

housing	structures	ሺAsangwe,	2006ሻ	 .	 	This	has	 frequently	 inundated	hazardous	areas	 like	

Mabanda,	 Bonendale	 and	 Youpwe,	 which	 offer	 spaces	 for	 the	 development	 of	 slum	

settlements	and	now	suffer	subsidence	of	residential	housing	structures	ሺAsangwe,	2006ሻ.	

Figure	2‐3	and	2‐4	show	the	area	affected	by	this	natural	disaster	in	the	city	of	Douala.	

3.6 SCENARIO DESCRIPTIONS 

The	ecology	of	Douala	 is	 under	 threat	 from	growing	pollution	 from	 industry,	 farming	and	

households,	 threatening	 both	 fish	 yields	 and	 human	 health	 ሺGabche,	 2007ሻ.	 Sources	 of	

pollution	include	electroplating	and	oil	refinery	industries,	pest	control	in	cocoa,	coffee	and	

banana	 plantations,	 and	 waste	 organic	 oils	 from	 land	 transport,	 process	 industries	 and	

power	generation	ሺSama,	1996ሻ.	The	bulk	of	human‐generated	sewage	is	also	released	into	

the	 estuary	without	 treatment.	 The	 government	 infrastructure	 for	 controlling	 pollution	 is	

dispersed,	 weak	 and	 ineffective,	 and	 there	 is	 severe	 shortage	 of	 funding	 ሺMunde,	 2011ሻ.	

Agriculture	is	the	mainstay	of	the	Cameroon	economy.	Pesticides	are	not	regulated,	and	also	

contribute	to	pollution.	Pesticides	that	have	long	been	banned	elsewhere	are	still	in	use,	or	

are	 being	 held	 in	 leaky	 storage	 facilities	 ሺMunde,	 2011ሻ.	 The	 growing	 population	 is	

increasing	production	of	 export	 crops	 such	as	 coffee,	 cocoa,	bananas,	palm	oil	 and	cotton,	
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using	 imported	 pesticides	 and	 fertilizers.	 Typically	 fertilizers	 contain	 urea,	 ammonia,	 and	

phosphorus.	 Pesticides	 applied	 are	 mostly	 DDT	 and	 other	 derivatives	 of	 organ	 halogens	

ሺSama,	1996ሻ.	About	80%	of	Cameroon's	 industries	 are	 based	 in	or	 around	Douala.	 Their	

liquid	waste	is	released	into	the	estuary	with	little	or	no	treatment	ሺSama,	1996ሻ.	Douala's	

Bassa	 industrial	 zone	 ends	 in	 the	 estuarine	 creek	 formation	 of	 the	 Dibamba	 River,	

discharging	pollutants.	The	wetlands	are	quickly	being	colonized	by	invasive	species,	and	a	

great	number	of	phytoplankton	species	has	been	identified,	some	of	which	are	caused	by	the	

pollution.	 The	 Bonaberi	 suburb	 of	 Douala,	 with	 a	 rapidly	 growing	 population	 of	 over	

500,000,	 illustrates	 the	 urban	 environmental	 problems.	More	 than	 75%	 of	 Bonaberi	 is	 2	

metres	ሺ6.6	ftሻ	above	sea	level	on	average.	With	limited	land,	poor	people	have	encroached	

into	wetlands	ሺMcInnes	et	al.,	2002ሻ.	As	of	2002,	the	dense	mangrove	swamp	forest,	which	

included	 luxuriant	 growths	 of	 palms,	was	undergoing	 extinction	 due	 to	 urbanization.	 The	

houses	 and	 industrial	 buildings	 on	 the	 cleared	 land	 are	 poorly	 built,	 without	 adequate	

drainage.	Pools	of	stagnant	water	are	breeding	grounds	 for	disease.	Human	and	 industrial	

wastes	end	up	in	the	channels	of	the	Wouri,	reducing	its	rate	of	flow.	River	floods	and	sea	

incursions	may	cause	rises	of	water	level	from	2	metres	ሺ6.6	ftሻ	to	5	metres	ሺ16	ftሻ	within	a	

few	 minutes,	 destroying	 buildings	 and	 washing	 raw	 sewage	 into	 the	 wells.	 Waterborne	

diseases	such	as	typhus	and	dysentery	are	common	causes	of	death	ሺMcInnes	et	al.,	2002ሻ	

see	 ሺFig.;	 2‐7ሻ.	 The	 inadequate	 supply	 of	 pipe‐borne	 water,	 with	 approximately	 65,000	

persons	 connected	 out	 of	 the	 3	 million	 inhabitants	 ሺ	 Gue´vart	 	 et	 al.,	 2006ሻ,	 pushes	 the	

suburban	population	to	depend	on	springs	and	borehole	ሺTakem	et	al.,	2010ሻ.	80%	of	 the	

low‐income	populations	in	the	informal	settlements	use	springs	and	borehole	water	for	part	

or	all	of	their	drinking	and	other	domestic	needs	ሺTakem	et	al.,	2010ሻ.	Such	settlements	in	

Douala	 are	 Bapanda‐Makepe,	 Ndogbong,	 Bonabassem,	 Ndogsimbi,	 Genie	 Millitaire	 and	

Bobong	 II	 ሺTakem	 et	 al.,	 2010ሻ.	 The	 following	 picture	 shows	 relatively	 the	 scenario	 of	

ground‐water	pollution	in	Douala.	
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Chapter	4	

CLASSICAL	MATHEMATICAL	FORMULATION	OF	GROUNDWATER	
POLLUTION	

There	is	no	universal	view	of	how	science	proceeds	in	the	development	of	a	theory	ሺLouie,	

1983ሻ.	Nevertheless,	as	a	survey	of	the	history	of	Physics	ሺin	contrast	to	more	philosophical	

conceptsሻ	 will	 show	 the	 development	 of	 the	 “superb	 theories”	 of	 Physics	 can	 be	

conveniently	summarized	in	four	steps,	see	e.g.	ሺDavies,	1973;	Louie,	1983ሻ.	

Step1	 Observe	 the	 phenomenon	 through	 the	 human	 senses,	 aided	 by	 suitable	 auxiliary	

instruments,	if	necessary,	and	identifies	at	least	one	interaction	ሺBotha,	1984ሻ.		

Step2	 Measure	 whatever	 properties	 of	 the	 observed	 interactions	 in	 the	 phenomenon,	

commonly	known	as	observables,	are	measurable	and	try	to	relate	the	observables	

conceptually	 to	 one	 another,	 thereby	 establishing	 conceptual	 visualization	 for	 the	

phenomenon.	 ሺSuch	 a	 visualization	 can	 be	 presented	 formally	 in	 the	 form	 of	 a	

manuscript,	drawing	or	any	other	appropriate	medium,	but	often	consists	of	a	mere	

mental	image,	or	simple	sketch.ሻ	ሺBotha,	1984ሻ	

Step3	 Apply	 the	 rules	 of	 mathematical	 analysis	 to	 the	 observableሺsሻ	 included	 in	 the	

conceptual	visualization	of	the	phenomenon	and	try	to	synthesize	ሺRitchey,	1996ሻ	a	

framework,	or	hypothesis,	able	to	predict	the	behaviour	of	the	phenomenon,	under	

different	conditions	than	that	used	in	synthesizing	the	hypothesis.		

Step4	Compare	the	behaviour	of	the	phenomenon	predicted	by	the	hypothesis,	established	

in	Step	3,	with	new	observations	of	the	phenomenon.	It	is	only	when	the	two	sets	of	

data	 agreed	 satisfactorily	 that	 the	 hypothesis	 is	 regarded	 as	 a	 theory	 for	 the	

phenomenon.	 Otherwise,	 one	 has	 to	 repeat	 the	 analysis,	 in	 many	 cases	 also	 the	

observations	to	try	to	find	a	new	hypothesis—hence	theory.	In	the	following	section	

we	are	going	to	establish	step	3,	which	is	we	are	going	to	discuss	the	development	

of	 mathematical	 model	 that	 explains	 the	 measurement	 of	 the	 concentration	 of	

pollution	in	the	groundwater	ሺBotha,	1984ሻ.	

The	description	of	transport	is	closely	related	to	the	terms	convection,	diffusion,	dispersion,	

and	retardation	as	well	as	decomposition	of	the	solute	in	the	water.	First,	it	is	assumed	that	

there	are	no	interactions	between	the	species	dissolved	in	water	and	the	surrounding	solid	

phase.	Furthermore,	it	is	assumed	that	water	is	the	only	fluid	phase.	Multiphase	flow,	e.g.	in	

the	systems	water‐air,	water‐organic	phase	ሺe.g.	oil	or	DNAPLሻ	or	water‐gas‐organic	phase,	
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is	 not	 considered	here.	 Convection	 ሺalso	known	as	 advectionሻ	 is	 the	 vector,	which	 results	

from	 the	 DARCY	 or	 the	 RICHARDS	 equations.	 It	 describes	 the	 flow	 velocity	 or	 the	 flow	

distance	 for	 a	 certain	 time	 t.	 In	 general,	 convection	 has	 the	 major	 influence	 on	 mass	

transport.	Magnitude	and	direction	of	the	convective	transport	are	controlled	by:	

 The	development	of	the	flow	field.	

 The	distribution	of	the	hydraulic	permeability	within	the	flow	field.	

 The	development	of	the	groundwater	table	or	the	potentiometric	surface.	

 The	presence	of	sources	or	sinks.	

Concentration	gradients	are	levelled	out	by	diffusion	by	means	of	molecular	movement.	The	

vector	of	diffusion	is	generally	much	smaller	than	the	vector	of	convection	in	groundwater.	

With	increasing	flow	velocity	diffusion	can	be	neglected.	In	sediments,	in	which	the	݇௙	value	

is	 very	 low,	 and	consequently	 the	convective	proportion	 is	very	 small	or	 even	 converging	

towards	 zero	 ሺe.g.	 for	 clayሻ,	 the	 diffusion	 could	 become	 the	 controlling	 factor	 for	 mass	

transport.	The	third	term	in	mass	transport	is	dispersion.	The	dispersion	describes	the	mass	

flow,	which	 results	 from	velocity	 variations	due	 to	 the	 geometry	 and	 the	 structure	 of	 the	

rock	 system.	 From	 this	 definition	 it	 follows	 that	 the	 smaller	 the	 vector	 of	 convection	 the	

smaller	 the	 effect	 of	 dispersion.	 The	 other	 way	 round,	 an	 increasing	 effect	 of	 dispersion	

occurs	with	higher	flow	velocity.	Consequently,	the	mathematical	description	of	the	species	

distribution	is	an	overlap	of	convection,	diffusion,	and	dispersion.	All	phenomena	that	cause	

species	 not	 to	 spread	with	 the	 velocity	 of	 the	water	 in	 soil	 or	 in	 groundwater	 are	 called	

retardation.	 Retardation	 is	 possible	 without	 any	 mass	 decrease.	 Frequently,	 though,	

retardation	 is	 combined	 with	 degradation.	 This	 “degradation”	 of	 the	 concentration	 of	 a	

species	can	occur	by	means	of	radioactive	decay	of	a	radionuclide	or	biological	degradation	

of	an	organic	substance.	Also	sorption	and	cation	exchange	can	be	included	in	this	definition	

of	“degradation”,	because	the	considered	element	is	entirely	or	partially	removed	from	the	

aqueous	phase.	

4.1 CLASSICAL GROUNDWATER FLOW EQUATION 

Used	 in	 hydrogeology,	 the	 groundwater	 flow	 equation	 is	 the	 mathematical	 relationship	

which	is	used	to	describe	the	flow	of	groundwater	through	an	aquifer.	The	transient	flow	of	

groundwater	 is	described	by	a	 form	of	 the	diffusion	equation,	 similar	 to	 that	used	 in	heat	

transfer	 to	describe	 the	 flow	of	heat	 in	a	solid	ሺheat	conductionሻ.	The	steady‐state	 flow	of	

groundwater	 is	 described	by	 a	 form	of	 the	 Laplace	 equation,	which	 is	 a	 form	of	 potential	

flow	and	has	analogy	 in	numerous	 fields.	The	groundwater	 flow	equation	 is	often	derived	



55	

	
for	a	small	representative	elemental	volume	ሺREVሻ,	where	the	properties	of	the	medium	are	

assumed	to	be	effectively	constant.	A	mass	balance	is	done	on	the	water	flowing	in	and	out	

of	this	small	volume,	the	flux	terms	in	the	relationship	being	expressed	in	terms	of	head	by	

using	 the	constitutive	equation	called	Darcy's	 law,	which	requires	 that	 the	 flow	 is	 slow.	A	

mass	balance	must	be	performed,	and	used	along	with	Darcy's	law,	to	arrive	at	the	transient	

groundwater	 flow	equation.	 This	 balance	 is	 analogous	 to	 the	 energy	balance	used	 in	 heat	

transfer	to	arrive	at	the	heat	equation.	It	is	simply	a	statement	of	accounting,	that	for	a	given	

control	 volume,	 aside	 from	 sources	 or	 sinks,	 mass	 cannot	 be	 created	 or	 destroyed.	 The	

conservation	of	mass	states	that	for	a	given	increment	of	time	ሺݐ߂ሻ	the	difference	between	

the	mass	flowing	in	across	the	boundaries,	the	mass	flowing	out	across	the	boundaries,	and	

the	sources	within	the	volume,	is	the	change	in	storage.	

4.1.1 Hydraulic head 
The	 estimation	 of	 near‐field	 water	 flow	 is	 an	 important	 element	 of	 near‐field	 modelling	

since	 it	 is	 the	driving	 force	 for	 the	 release	of	 pollution	 in	 the	 liquid	phase.	 Its	 aim	 in	 this	

thesis	is	to	the	flow	rate	in	the	near‐field	for	each	phase	of	the	near‐field	disposal	facility’s	

existence.	 The	 model	 flow	 hence	 is	 based	 on	 a	 numerical	 solution	 of	 the	 conventional	

saturated	groundwater	flow	equation	for	density‐independent	flow.	

																																				ܵ଴ሺݔ, ,ݔሻ߲௧Φሺݐ ሻݐ ൌ .׏ ሾࡷሺݔ, ,ݔΦሺ׏ሻݐ ሻሿݐ ൅ ݂ሺݔ, 	ሺ4.1ሻ																																						ሻݐ

where,		ܵ଴ሺݔ, 	storativity	specific	the	is	ሻݐ

,ݔሺࡷ 	aquifer	the	of	tensor	conductivity	hydraulic	the	is	ሻݐ

Φሺݔ, 		.head	piezometric	the	is	ሻݐ

݂ሺݔ, 	ሻݐ is	 the	 strength	 of	 any	 source	 or	 sink,	 with	 	ݐ		݀݊ܽ	ݔ the	 usual	 spacial	 and	 time	

coordinates.	

	.operator	gradient	the	being	׏

This	model	showed	that	the	dominant	flow	field	in	these	aquifers	is	vertical	and	linear	and	

not	horizontal	and	radial	as	commonly	assumed.	As	a	review	of	the	derivation	of	Eq.	ሺ4.1ሻ	

will	show,	Darcy	law:	

,ݔሺݍ																																																																	 ሻݐ ൌ െࡷΦሺݔ, 	ሺ4.2ሻ																																																														ሻݐ
is	used	as	a	keystone	in	the	derivation	of	Eq.	ሺ4.1ሻ.	This	law	proposed	by	Darcy	early	in	the	

19th	century,	is	relying	on	experimental	results	obtained	from	the	flow	of	water	through	a	

one‐dimensional	 sand	 column.	 	 Alternatively,	 Darcy’s	 law	 states	 that	 the	 rate	 of	 flow			

through	a	porous	medium	is	proportional	to	the	loss	of	head,	and	inversely	proportional	to	

the	length	of	the	flow	path.	Note	that	the	specific	discharge	ݍሺݔ, 	a	of	dimensions	the	has	ሻݐ

velocity.	The	concept	specific	discharge	assumes	that	the	water	is	moving	through	the	entire	
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porous	medium,	 solid	 particles	 as	 well	 as	 pores,	 and	 is	 thus	 a	macroscopic	 concept.	 The	

great	advantage	of	this	concept	is	that	the	specific	discharge	can	be	easily	measured.	

4.1.2 Velocity field 
Assume	 that	 the	 density	 of	 groundwater	 is	 constant.	 Consider	 a	 unit	 volume	 of	 a	 porous	

medium	and	apply	Darcy's	law	and	the	law	of	conservation	of	mass.	The	three	dimensional	

form	of	the	partial	differential	equation	for	transient	groundwater	flow	in	saturated	porous	

media	can	be	expressed	as	

																																																		
డ௏ೄೣ
డ௫

൅
డ௏ೄ೤
డ௫

൅
డ௏ೄ೥
డ௫

െ ݓ ൌ ௌܵ
డ௛

డ௧
																																																		ሺ4.3ሻ	

where:	 ௫ܸ, ௬ܸ, ܽ݊݀	 ௭ܸare	values	of	the	specific	discharge	ሺor	Darcy	velocityሻ	through	the	unit	

volume	along	the	x,	y,	and	z	coordinate	axes,	w	ሾ1/Tሿ	 is	a	volumetric	 flux	per	unit	volume	

and	 represents	 internal	 sources	 and/or	 sinks	 of	 water;	 S	 ሾ1/Lሿ	 is	 the	 specific	 storage	 of	

saturated	porous	media;	h	ሾLሿ	is	the	hydraulic	head;	and	t	ሾTሿ	is	time.	

4.2 DEVELOPMENT  OF  CLASSICAL MATHEMATICAL MODELS  OF  HYDRODYNAMIC 
DISPERSION EQUATION 

4.2.1 General 
The	 primary	 mechanism	 for	 the	 transport	 of	 improperly	 discarded	 hazardous	 waste	

through	the	environment	is	by	the	movement	of	water	through	the	subsurface	and	surface	

waterways.	Study	this	movement	requires	that	one	must	be	able	to	measure	the	quantity	of	

waste	 present	 at	 a	 particular	 point	 in	 space	 time.	 The	 measure	 universally	 for	 chemical	

pollution	is	the	concentration,	conventionally	expressed	in	terms	of	either	a	mass	fraction	or	

mass	volume.	Experimental	evidence	 indicates	 that	 this	dependence	 is	 rather	weak,	 if	 the	

fractional	 concentration	 is	 small.	 The	 density	 of	 the	 solute	 may	 thus	 be	 considered	 as	

independent	 of	 the	 concentration	 when	 working	 with	 low	 concentration,	 or	 watery,	

solutions.	It	has,	therefore,	become	a	custom	to	use	the	volumetric	concentration	ሺcሻ,	which	

contain	the	solute	density	for	high	concentration	solutions.	However,	this	 is	not	a	fast	rule	

and	one	can	use	the	two	measures	interchangeably,	but	not	simultaneously	ሺBotha,	1996ሻ.	

4.2.2 Interactions between dissolved solids and a porous medium 

	
Groundwater	 is,	 by	 its	 nature,	 always	 in	 contact	 with	 the	 matrix	 of	 the	 aquifer	 ሺBotha,	

1996ሻ.	There	is	thus	a	possibility	that	the	solutes	may	interact	with	the	rock	matrix,	and	one	

another.	 A	 true	mathematical	 model	 of	 groundwater	 pollution	must	 therefore	 be	 able	 to	

account	 for	 interactions	 between	 the	 dissolved	 and	matrix	 of	 the	 aquifer.	 It	 will	 thus	 be	

advantageous	 to	 look	 at	 the	 nature	 of	 interaction	 between	 dissolved	 solids	 and	 a	 porous	

medium	 that	may	be	 expected	 in	 groundwater	 pollution.	 Experimental	 evidence	 indicates	
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that	when	a	dissolved	solid	comes	in	contact	with	the	matrix	of	porous	medium	it	may:	

dሻ 	Pass	through	the	medium	with	no	apparent	effect	

eሻ Be	absorbed	by	the	porous	matrix	and	

fሻ Reacts	 with	 the	 porous	 matrix	 and	 other	 substances	 dissolved	 in	 the	 fluid.	 The	

dissolved	 solids	 encountered	 in	 porous	 flow	 are,	 for	 this	 raison,	 often	 classified	 as	

conservative,	non‐conservative	and	reactive	tracers.	This	behaviour	implies	that	the	

quantity	 of	 dissolved	 solids	 in	 a	 porous	 medium	 depends	 not	 only	 on	 the	 flow	

pattern,	but	also	the	nature	of	the	porous	matrix	and	the	solution.	

The	 reactions	 of	 inorganic	 compounds	 with	 aquifer	 material	 are	 relatively	 well‐known	

ሺGarrels	and	Christ,	1965ሻ	ሺHem,	1970ሻ	ሺKauskopf,	1967ሻ.	Some	of	more	common	types	of	

reactions	 encountered	 in	 practice	 include,	 for	 example:	 ሺaሻ	 adsorption	 ሺincluding	 ion	

exchangeሻ,	ሺbሻ	oxidation	and	reduction	and	ሺcሻ	conversion	of	compounds	to	other	oxidation	

states.	 However,	 this	 is	 not	 the	 case	 with	 the	 many	 organic	 compounds	 occurring	 in	

effluents,	 storm	 water	 and	 others	 sources	 ሺZoeteman	 and	 Piet,	 1980ሻ.	 This	 applied	

especially	 to	 some	 of	 the	modern	 biodegradable	 organic	 compounds	 that	 are	 compounds	

that	tend	to	degrade	under	natural	conditions	to	simpler	compounds	such	as	carbon	dioxide	

and	 water.	 However,	 these	 compounds	 all	 tend	 to	 leave	 non‐degradable	 fractions,	 which	

persist	 in	 the	water,	 and	ultimately	 appear	 in	 the	groundwater.	This	behaviour	of	organic	

compounds,	 described	by	 the	 term	persistence,	 defined	by	 ሺZoeteman	and	Piet,	 1980ሻ	 as:	

“The	capacity	of	an	aquatic	pollution	to	resist	to	a	reduction	of	the	original	concentration	in	

the	 water	 place,	 after	 a	 certain	 period	 of	 time,	 while	 undergoing	 a	 variety	 of	 physical,	

chemical	and	biological	processes”	does	not	depend	only	on	their	chemistry,	but	also	on	the	

nature	of	the	particular	ecosystem.	A	comparison	of	particular	compounds	from	rivers	and	

aquifers	has	shown	that	most	organic	compounds	are	more	persistent	in	groundwater,	even	

a	 hundred	 times	more	 persistent,	 than	 in	 surface	water	 ሺZoeteman	 and	 Piet,	 1980ሻ.	 This	

persistence	 of	 organic	 compounds	 creates	 a	 considerable	 problem	 for	 the	 use	 of	

groundwater	 source,	 since	 many	 of	 these	 occur	 in	 modern	 household	 detergents	 and	

chemicals.	 It	 will	 clearly	 be	 formidable	 to	 task	 to	 develop	 a	 mathematical	 model	 for	

groundwater	 pollution	 that	 takes	 the	 complexity	 of	 all	 possible	 interactions	 into	 account,	

even	if	the	model	is	restricted	only	to	those	compounds	that	have	been	identified	hazardous	

ሺBotha,	 1996ሻ.	 Fortunately,	 the	 interactions	 do	 not	 all	 occur	 simultaneously	 in	 every	

polluted	aquifer.	The	mathematical	model,	discussed	below,	will	 therefore	be	restricted	to	

the	 adsorption	 of	 hydrophobic	 compounds	 and	 the	 decay	 of	 radioactive	 isotopes,	 which	
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cover	 a	 considerable	 number	 of	 interactions	 of	 importance	 in	 groundwater	 pollution.	

Nevertheless,	 this	model	may	not	be	 valid	 for	 all	 practical	 situations	 ሺAbriola	 and	Pinder,	

1985	aሻ	ሺAbriola	and	Pinder,	1985	bሻ.	

The	 full	 derivation	 of	 this	 can	 be	 found	 in	 ሺBotha,	 1996ሻ.	 The	 differential	 equation	 is	

therefore	nothing	else	than	another	expression	of	mass	conservative	and	is	given	below	as.	

ܿߠ௧ሺܦ																															 ൅ ሻݏ௕ߩ ൅ .׏ ሼvሺܿߠ ൅ ሻሽݏ௕ߩ ൅ ݏߠሺߣ ൅ ሻݏ௕ߩ ൅ .׏ ܨ ൌ 0.																			ሺ4.4aሻ	

In	 the	previous	discussion	no	account	was	 taken	of	 sources	and	sinks	 in	 the	derivation	of	

Equation	ሺ4.4ሻ.	Nevertheless,	this	oversight	can	be	easily	rectified	by	simply	adding	the	flux	

term,	݂ሺܠ, tሻ	with	 ܿo	 the	concentration	and	݂ሺݔ, 	ሻݐ the	 strength	of	 the	 source,	 to	 the	 right‐

hand	side	of	Equation	ሺ4.4ሻ.	This	yields	the	so‐called	hydrodynamic	dispersion	equation	

ܿߠ௧ሺܦ															 ൅ ሻݏ௕ߩ ൅ .׏ ሼvሺܿߠ ൅ ሻሽݏ௕ߩ ൅ ݏߠሺߣ ൅ ሻݏ௕ߩ ൅ .׏ ܨ ൌ ܿ଴݂ሺܠ, 	ሺ4.4bሻ																									ሻ,ݐ

which	 is	 the	 equation	 of	 customary	 used	 as	mathematical	model	 for	mass	 transport	 in	 a	

porous	medium.	

4.2.3 The Dispersion coefficient 

	
Substitution	of	dispersion	coefficient	into	Equation	ሺ4.4ሻ,	yields	the	equation	

ܿߠ௧ሺܦ								 ൅ ሻݏ௕ߩ ൅ .׏ ሼvሺܿߠ ൅ ሻሽݏ௕ߩ ൅ ݏߠሺߣ ൅ ሻݏ௕ߩ ൅ .׏ ሺܿݍത∗ െ Cሻ׏Dߠߩ ൌ ܿ଴݂ሺܠ, 	ሺ4.5ሻ								ሻ,ݐ

where	

ܦ																																																																															 ൌ ௛ܦ ൅ 	ሺ4.6ሻ																																																																௠ܦ

is	 known	 as	 hydrodynamic	 dispersion	 coefficient,	 or	 simply	 the	 dispersion	 coefficient.	

Notice	that	the	explicit	dependence	of	D	ሺand	other	variablesሻ	on	the	spatial	coordinates	has	

been	suppressed	in	Equation	ሺ4.5ሻ,	for	ease	of	notation.	

The	molecular	 diffusion	 coefficient	 for	 ordinary	 substances	 in	water	 is	 not	 very	 large,	 as	

indicated	by	the	numerical	values	in	Table	4‐1.	Molecular	diffusion	has	consequently	often	

been	neglected	in	the	studies	of	groundwater	pollution,	by	simply	ignoring	D୫	in	Equation	

ሺ4.5ሻ.	However,	studies	of	pollution	transport	in	heterogeneous	and	fractured	rock	aquifers	

in	 the	 last	 two	decades	have	shown	 that	molecular	diffusion	may	retard	 the	movement	of	

pollutants	considerably	in	these	aquifers	ሺ	Sudicky,	1983ሻ.	

	To	 illustrate	 the	 behaviour	 of	 the	 molecular	 diffusion,	 consider	 the	 situation	 of	 a	

heterogeneous	aquifer,	consisting	of	two	layers	with	different	hydraulic	conductivities.	The	

higher	 hydraulic	 conductivity	 of	 Layer	 2	 will	 obviously	 cause	 this	 layer	 to	 form	 a	

preferential	 flow	path	 in	 the	 aquifer.	Advection	will	 there	 tend	 to	 transport	 any	pollutant	

that	 enters	 Layer	 2	 along	 this	 preferential	 flow	 path.	 However,	 this	 will	 create	 a	

concentration	gradient	between	the	water	in	Layer	1	and	2.	This	gradient	will	not	only	cause	
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the	pollutants	to	diffuse	into	Layer	1,	but	also	decrease	the	concentration	of	the	pollutant.	

Table	4‐1:	Molecular	diffusion	coefficients	of	selected	substances	in	water,	at	a	pressure	of	
100kpa	ሺBotha,	1996ሻ	

Diffusing				Substance ଵሻିݏሺ݉ଶܕ۲ Temperature	
ሺܥ଴ሻ

Oଶ.	 1,3.10ିଽ

2,0.10ିଽ
10
20

Nܽା	 1,3.10ିଽ 20

Clି	 2,0.10ିଽ 20

NaCl	 1,2.10ିଽ 18

NHସ
ା	 1,8.10ିଽ 15

HCOOH	 1,1.10ିଽ 12

CHଷCOOH	
CHଷOH	

0.9.10ିଽ

1,3. 10ିଽ
12
20

In	Layer	 2,	 thereby	 effectively	 retarding	 its	motion,	 and	 smooth	 out	 any	 variations	 in	 the	

concentrations	 of	 the	 two	 layers.	 The	 rate	 of	 longitudinal	 spreading	 in	 a	 heterogeneous	

aquifer	can	thus	be	quite	complex	time‐dependent	process.	

4.2.4 Mass Conservation in Hydrodynamic Dispersion 
Equation	 ሺ2.4ሻ	 is	 nothing	 more	 than	 an	 expression	 for	 the	 mass	 conservation	 of	 the	

dissolved	 solids,	 fluid	 and	 matrix	 combined.	 Since	 each	 of	 these	 components	 must	 also	

satisfy	 the	 law	 of	mass	 conservation	 separately,	 the	 possibility	 exists	 that	 Equation	 ሺ2.4ሻ	

may	contain	a	number	of	redundant	terms.	In	this	connection,	 it	 is	 interesting	to	note	that	

the	terms	containing	the	fluid	motion	fraction	can	also	be	expressed	in	the	equivalent	form.	

ሻܿߠ௧ሺܦ ൅ .׏ ሺvܿߠሻ ൌ ܥ௧ܦሼߠߩ ൅ v.ܥ׏ሽ ൅ ሻߠߩ௧ሺܦሼܥ ൅ .׏ ሺߠߩvሻሽ	

where	C	is	the	mass	fraction	concentration	.	The	time	derivative	in	the	second	term	on	the	

right‐hand	 side	 of	 this	 equation	 can	 now	 be	 replaced	 by	 its	 equivalent	 expression	 given	

below	

tሻሿ	௕ሺx,ߩ௧ሾܦ																																																										 ൌ .׏ ሾߩ௕v௠ሺx,	tሻሿ																																																								ሺ4.6ሻ	

to	obtain	

ሻܿߠ௧ሺܦ																					 ൅ .׏ ሺvܿߠሻ ൌ ܥ௧ܦሼߠߩ ൅ v.ܥ׏ሽ ൅ .׏ሼെܥ ݍߩ ൅ 	ሺ4.7ሻ																																								ሻሽ݂ߩ

where	

,ܠሺݍ tሻ ൌ െ׏ܭΦ,	

is	 the	 ordinary	 Darcy	 velocity,	 associated	 with	 the	 piezometric	 head	 Φሺx,tሻ.	 The	 terms	

relating	to	the	mass	ݏሺݔ, 	as	similarly	expresses	be	can	ሻݐ

ሻݏ௕ߩ௧ሺܦ ൅ .׏ ሼvሺߩ௕ݏሻሽ ൌ ௕ߩ௧ܦሼݏ ൅ .׏ ௕vሽߩ ൅ ݏ௧ܦ௕ሼߩ ൅ v.ݏ׏ሽ.	

The	 expression	 in	 the	 brackets,	 in	 the	 first	 term	 on	 the	 right‐hand	 side	 of	 the	 equation,	
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expresses	nothing	else	than	the	law	of	mass	conservation	for	the	absorbed	mass	fraction	sሺx,	

tሻ	 and	 the	 porous	 matrix.	 It	 must	 therefore	 vanish,	 according	 to	 the	 second	 equation	 in	

Equation	ሺ4.6ሻ,	so	that	

ሻݏ௕ߩ௧ሺܦ																																												 ൅ .׏ ሼvሺߩ௕ݏሻሽ ൌ ρ௕ሼܦ୲s ൅ v. 	ሺ4.8ሻ																																																sሽ.׏

Substitution	 of	 Equations	 ሺ4.6ሻ	 and	 ሺ4.8ሻ	 into	 Equation	 ሺ4.4ሻ,	 using	 the	 definition	 of	 the	

generalized	Darcy	velocity	given	below	

ሻݐ,௧ሺxݍ ൌ െ߮׏ܭሺx, ሻݐ ൅ 	,ሻݐ,v௠ሺxߠ

to	obtain	

	

.׏ ሺܿݍത∗ሻ ൌ .׏ܥ ሺݍߩ ൅ vሻߠߩ ൅ ݍሺߩ ൅ .vሻߠ 	,ܥ׏

yields	

ሾܦߠߩ௧ܥ ൅ ݏ௧ܦ௕ߩ ൅ .ݍߩ ሿܥ׏ ൅ ሺߠߩv. ܥ׏ ൅ ሻݏ׏.௕vߩ 	ൌ .׏ ሺߠߩDܥ׏ሻ െ ܥߩߠሺߣ ൅ ሻݏ௕ߩ ൅

,ሺx݂ߩ																																																 ଴ܥሻሺݐ െ ሻܥ െ .׏ܥ ሺߠߩvሻ െ 	ሺ4.9ሻ																																													.ܥ׏.vߠߩ

This	is	the	most	general	equation	for	description	of	density‐dependent	mass	transport	in	a	

consolidating	porous	medium.	

Equation	 ሺ4.9ሻ	 is	 quite	 complex	 and	 therefore	 seldom,	 if	 ever,	 applied	 in	 practice.	

Fortunately,	 it	 is	 seldom	 necessary	 to	 consider	 consolidating	 media	 in	 studies	 of	

groundwater	pollution.	The	terms	containing	the	matrix	velocity,	ݒ,	can	therefore	be	safely	

discarded	in	such	studies.	This	yields	the	equation																																																																				ሺ4.10ሻ	

ሾܦߠߩ௧ܥ ൅ ݏ௧ܦ௕ߩ ൅ .ݍߩ ሿܥ׏ ൅ ሺߠߩv. ܥ׏ ൅ ሻݏ׏.௕vߩ 	

ൌ .׏ ሺߠߩDܥ׏ሻ െ ܥߩߠሺߣ		 ൅ ሻݏ௕ߩ ൅ ,ሺx݂ߩ ଴ܥሻሺݐ െ 	,ሻܥ

that	 has	 to	 be	 used	 in	 modelling	 density‐dependent	 mass	 transport,	 such	 as	 the	

phenomenon	of	sea‐water	 intrusion,	for	example.	However,	 the	equation	can	be	simplified	

farther,	 if	 one	 is	 only	 interested	 in	 the	 study	 of	 problems	 where	 the	 density	 remains	

approximately	 constant.	 In	 such	 situations	Equations	 ሺ4.10ሻ	 can	be	 expressed	 in	 its	more	

usual	form	

௧ܿܦߠ						 ൅ ݏ௧ܦ௕ߩ ൅ .ݍ ܿ׏ ൌ .׏ ሺߠDܿ׏ሻ െ ܿߠሺߣ ൅ ሻݏ௕ߩ ൅ ሺܿ଴ െ ܿሻ݂ሺx,tሻ.																																	ሺ4.11ሻ	

The	practicable	application	of	the	hydrodynamic	dispersion	equation	in	Equation	ሺ4.11ሻ,	to	

actual	 groundwater	pollution	problems,	 is	 not	without	 its	difficulties.	 For	examples,	 there	

are	indications	that	it	does	not	describe	the	physics	of	the	groundwater	pollution	accurately	

ሺNguyen,	and	Pinder	1981ሻ.	Nevertheless,	it	is	the	equation	normally	used	for	this	purpose.		

It	 worth	 noting	 that	 the	 hydrodynamic	 dispersion	 equation	 ሺ4.11ሻ	 representing	 the	

variations	 of	 concentration	 of	 pollution	 in	 the	 aquifer	 in	 space	 and	 time	 is	 a	 partial	

differential	equation	of	integer	orders.		
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4.2.5 Hydraulic head 
Groundwater	flow	directions	are	determined	using	a	water‐table	or	potentiometric	surface	

map	 based	 on	 water‐level	 measurements	 made	 at	 the	 site.	 Groundwater	 flow	 is	

perpendicular	to	the	equipotential	 lines	expressed	on	a	map	as	contours	of	water‐table	or	

potentiometric	surface	elevation.	For	simple	 flow	 fields,	 groundwater	 flow	directions	may	

be	 determined	 using	 a	 three	 point	 problem	 approach.	 At	 most	 sites,	 however,	 sufficient	

measurements	 should	 be	 taken	 to	 delineate	 localized	 variations	 in	 the	 flow	 field	 using	

contour	 maps.	 Maps	 should	 be	 constructed	 for	 several	 different	 measurement	 events	 to	

determine	the	range	of	seasonal	hydraulic	variations	at	the	site.	The	final	design	of	the	PRB	

should	 incorporate	 the	 effect	 of	 maximum	 variation	 in	 flow	 directions	 to	 avoid	 future	

situations	where	the	plume	may	bypass	the	barrier.	

The	 estimation	 of	 near‐field	 water	 flow	 is	 an	 important	 element	 of	 near‐field	 modelling	

since	 it	 is	 the	driving	 force	 for	 the	 release	of	 pollution	 in	 the	 liquid	phase.	 Its	 aim	 in	 this	

thesis	is	to	the	flow	rate	in	the	near‐field	for	each	phase	of	the	near‐field	disposal	facility’s	

existence.	 The	 model	 flow	 hence	 is	 based	 on	 a	 numerical	 solution	 of	 the	 conventional	

saturated	groundwater	flow	equation	for	density‐independent	flow.	

ܵ଴ሺݔ, ,ݔሻ߲௧Φሺݐ ሻݐ ൌ .׏ ሾࡷሺݔ, ,ݔΦሺ׏ሻݐ ሻሿݐ ൅ ݂ሺݔ, 	ሻݐ

where,		ܵ଴ሺݔ, ,ݔሺࡷ	,storativity	specific	the	is	ሻݐ 	the	of	tensor	conductivity	hydraulic	the	is	ሻݐ

aquifer;	Φሺݔ, 	ሻݐ is	 the	piezometric	head,	݂ሺݔ, 	ሻݐ is	 the	 strength	of	any	source	or	sink,	with	

		.operator	gradient	the	being	׏	;coordinates	time	and	spacial	usual	the	ݐ		݀݊ܽ	ݔ

4.2.6 Velocity field 
Hydrologic	 or	 groundwater	 flow	 parameters	 are	 important	 in	 PRB	 design	 because	 these	

parameters	 determine	 the	 groundwater	 capture	 zone,	 and	 the	 location,	 orientation,	

configuration,	 and	 dimensions	 of	 the	 PRB.	 The	 objectives	 of	 taking	 hydrologic	

measurements	 are	 to	 estimate	 the	 groundwater	 flow	 velocity	 and	 direction	 in	 the	

prospective	PRB	location.	These	objectives	can	be	achieved	through	measurement	of	aquifer	

properties	 and	 the	 use	 of	 Darcy’s	 Law,	 through	 tracer	 testing,	 or	 through	 direct	

measurement	 with	 appropriate	 probes.	 Most	 available	 probes	 are	 in	 various	 stages	 of	

development	and	evaluation;	therefore,	at	most	sites,	the	most	reliable	method	of	estimating	

groundwater	 velocity	 and	 direction	 involves	 using	 water‐level	 measurements	 along	 with	

Darcy’s	 Law.	 The	 use	 of	 the	 Darcy’s	 Law	 equation	 is	 the	 most	 common	 approach	 for	

determining	groundwater	velocity	in	the	aquifers.	

Assume	 that	 the	 density	 of	 groundwater	 is	 constant.	 Consider	 a	 unit	 volume	 of	 a	 porous	

medium	and	apply	Darcy's	law	and	the	law	of	conservation	of	mass.	The	three	dimensional	
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form	of	the	partial	differential	equation	for	transient	groundwater	flow	in	saturated	porous	

media	can	be	expressed	as	

߲ ௌܸ௫

ݔ߲
൅
߲ ௌܸ௬

ݔ߲
൅
߲ ௌܸ௭

ݔ߲
െ ݓ ൌ ௌܵ

߲݄
ݐ߲
	

where	, ௫ܸ, ௬ܸ, ܽ݊݀	 ௭ܸare	values	of	the	specific	discharge	ሺor	Darcy	velocityሻ	through	the	unit	

volume	along	the	x,	y,	and	z	coordinate	axes,	wሾ1/Tሿ	is	a	volumetric	flux	per	unit	volume	and	

represents	 internal	 sources	 and/or	 sinks	 of	 water;	 S	 ሾ1/Lሿ	 is	 the	 specific	 storage	 of	

saturated	porous	media;	h	ሾLሿ	is	the	hydraulic	head;	and	t	ሾTሿ	is	time.	

4.3 ANALYTICAL  SOLUTIONS  OF  GROUNDWATER  FLOW  AND  ADVECTION 
DISPERSION EQUATIONS 

Our	 concern	 here	 is	 to	 provide	 a	 solution	 to	 a	model	 that	 describes	more	 accurately	 the	

events	that	take	place	in	the	aquifers;	we	first	start	with	the	test	of	aquifer	parameters	using	

the	groundwater	flow	equation	or	the	Theis	equation,	following	by	the	advection	dispersion	

equation.	

4.3.1 Analytical solution of groundwater flow equation 

In	 1935,	 Theis	 was	 the	 first	 to	 developed	 an	 equation	 for	 unsteady	 state	 flow	 which	

introduced	the	time	factor	and	the	storativity	as	

																																																							߲௥ଶΦሺݎ, ሻݐ ൅
ଵ

௥
߲௥Φሺݎ, ሻݐ െ

ௌబ
்
∂୲Φሺݎ, ሻݐ ൌ 0.																													ሺ4.12ሻ	

Several	 solutions	 of	 the	 above	 partial	 differential	 equation	 have	 been	 proposed;	 see	 for	

example	 ሺTheis,	 1935ሻ	 ሺCooper‐Jacob,	 1952ሻሺAtangana,	 Botha,	 2012ሻ.	 On	 one	 hand	 Theis	

solution	was	an	exact	solution	to	the	partial	differential	equation	and	this	solution	is	given	

below	as:																																																																																																																																																			ሺ4.13ሻ	

Φሺݎ, ሻݐ ൌ
ܳ

ܶ	ߨ	4
න
݁ି௬

ݕ

ஶ

ೝమೄ
ర೅	೟

	.ݕ݀

	However,	 for	 practical	 purpose	 this	 solution	 is	 very	 difficult	 to	 implement.	 On	 the	 other	

hand	 ሺCooper	 Jacob,	 1952ሻ	 proposed	 an	 approximate	 solution	 of	 the	 partial	 differential	

equation	for	a	latter	time	and	this	solution	is	given	below	as																																																		ሺ4.14ሻ	

Φሺݎ, ሻݐ ൌ
2.30	ܳ
ܭߨ	4

݃݋ܮ ൤
ݐ	ܭ	2.25
ଶܵݎ

൨	

The	Cooper	Jacob	is	the	most	used	in	groundwater	studies	because,	at	the	time	the	solution	

was	proposed,		it	was	easier	to	handle	it		with	the	Log		paper	than	the	exponential	integral	

,but	now	day	many	computational	software	are	available	to	handle	Theis	without	Log	paper.	
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4.4 ANALYTICAL  SOLUTIONS  OF  ADVECTION  DISPERSION  EQUATION  OF  A 
POLLUTED SITE 

It	 is	commonly	assumed	that	aquifer	system	is	 initially	 free	of	chemical	substances	before	

any	 injection	 of	 pollution.	 However	 this	 situation	 is	 unrealistic	 for	 the	 case	 of	 Douala,	

because	we	do	not	know	the	history	of	the	aquifer	underlying	the	city	of	Douala.		Therefore,	

we	 must	 assume	 that	 this	 aquifer	 is	 not	 initially	 free	 of	 chemical,	 but	 instead	 there	 is	 a	

certain	value	of	concentration,	ܿ଴	initial	found	in	this	aquifer	and	chemical	companies	inject	

chemical	from	one	side	of	the	aquifer.	

4.4.1 Analytical solution 

	
In	this	section	we	investigate	the	solution	of	the	hydrodynamic	dispersion	equation	subject	

to	the	following	initial	and	boundary	conditions:	

initials	conditions	

																																																																			ܿሺݔ, 0ሻ ൌ ܿ଴,																																																																											ሺ4.16ሻ	

and	boundary	conditions	

																										ܿሺ0, ሻݐ ൌ ܿଵ expሺെݐߛሻ 		for	ݐ ൐ 0			and	߲௫ܿሺݔ, ሻݐ → 0	as	ݔ → ∞.																							ሺ4.17ሻ	

Hence	we	assume	that	the	groundwater	 is	 initially	contaminated	with	ܿ଴	ሺ	case	of	Doualaሻ		

as	initial	concentration		and	boundaries	conditions	are	the	same	as	prescribed	by	Dirichlet.	

To	solve	this	equation	we	first	apply	the	Laplace	transform	on	both	sides,	as	follows	

																									ࣦ	൫߲௧ܿሺݔ, ሻݐ ൅ q୰߲௫cሺݔ, ሻݐ െ D୰߲௫ଶܿሺݔ, ሻݐ ൅ ,ݔሺܿߣ ሻ൯ݐ ൌ ࣦሺ0ሻ																													ሺ4.18ሻ	

where	the	symbol	ࣦ	is	the	Laplace	transform	operator,	and	yields	to	

ሻݔሺܥݏ														 െ ሺ0ሻܥ ൅ ൫qr߲௫ܥሺݔሻ െ Dr߲௫ଶܥሺݔሻ ൅ ሻ൯ݔሺܥߣ ൌ 0		with	ܥሺݔሻ ൌ ࣦ൫ܿሺݔ, 					ሺ4.19ሻ		ሻ൯.ݐ

Here	ݏ	 is	 the	 Laplace	 transform	variable	with	 respect	 to	 time	 variable	 and	ܥሺ0ሻ ൌ ܿ଴.	We	

have	 from	 the	 above	 that,	 the	 partial	 differential	 equation	 becomes	 an	 ordinary	 non‐

homogeneous	differential	equation	of	order	2	because	the	partial	derivative	here	becomes	a	

total	derivative	and	we	have	that,	Equation	ሺ4.18ሻ	reduced	to:	

																																																													‐Drܥᇱᇱ ൅ qrܥᇱ ൅ ሺݏ ൅ ܥሻߣ ൌ ܿ଴																																																ሺ4.20ሻ	

The	homogeneous	solution	associated	to	the	above	equation	is	given	as		

ሻݔ௛ሺܥ																																																			 ൌ ሻݔଵݎሺ	ଵexpܣ ൅ 	ሺ4.21ሻ																																															ሻݔଶݎሺ	ଶexpܣ

where	ܣଵand	ܣଶ	are		arbitrary	constants,																																																																																																																																				 	

ଶݎ ൌ
qr ൅ ටሺݍ௥

ଶ ൅ 4Drሺݏ ൅ ሻߣ

2Dr
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ଵݎ ൌ
qr െ ටሺݍ௥

ଶ ൅ 4Drሺݏ ൅ ሻߣ

2Dr
	

A	particular	solution	associate	to	the	equation	is	given	by	

ሻݔ௣ሺܥ																																													 ൌ ሻݔଵሺܣ expሺݎଵݔሻ ൅ 	ሺ4.22ሻ																																									ሻݔଶݎሺ	ሻexpݔଶሺܣ

where	ܣଵሺݔሻ	and	ܣଶሺݔሻ	are	function	to	be	determined	from	the	following	system	of	equation	

൜
ଵܣ
ᇱ ሺݔሻ expሺݎଵݔሻ ൅ ଶܣ

ᇱ ሺݔሻ expሺݎଶݔሻ ൌ 0
ଵܣଵݎ

ᇱ ሺݔሻ expሺݎଵݔሻ ൅ ଶܣଶݎ
ᇱ ሺݔሻ expሺݎଶݔሻ ൌ ݃ሺݔሻ

	

Hence	the	particular	solution	is	given	by																																																																																								ሺ4.23ሻ										

ሻݔ௣ሺܥ ൌ
ܿ଴

ߣ ൅ ݏ
	

Thus	the	solution	of	the	ordinary	non‐homogeneous	differential	equation	is	given	as		

ሻݔሺܥ																								 ൌ ଵܣ expሺݎଵݔሻ ൅ ଶܣ expሺݎଶݔሻ ൅
௖బ

ሺఒା௦ሻ
																																																														ሺ4.24ሻ	

To	determine	the	coefficient	ܣଵandܣଶ	we	need	to	put	our	initial	and	boundaries	conditions		

in	Laplace	space	as	follows:																																																																																																																	ሺ4.25ሻ	

ࣦ൫ܿሺ0, ሻ൯ݐ ൌ
ܿଵ

ߛ ൅ ݏ
.	

Applying	the	following	boundary	condition	lim௫→ஶ ߲௫ܥሺݔሻ →0	we	have		

ଶܣ ൌ 0.	

Further,	using	the	initial	condition,	ሺ4.25ሻ	we	have																																																																					ሺ4.26ሻ																					

ଵܣ ൌ െ
ܿ଴

ߣ ൅ ݏ
൅

ܿଵ
ߛ ൅ ݏ

.	

It	follows	the	solution	of	the	ordinary	differential	equation	is	given	as	

ܿ଴
ߣ ൅ ݏ

൅ ݔ݁ ݌ ൭ݔ
௥ݍ െ ඥݍ௥ଶ ൅ ߣ௥ሺܦ4 ൅ ሻݏ

௥ܦ2
൱ ൤

ܿଵ
ߛ ൅ ݏ

െ
ܿ଴

ߣ ൅ ݏ
൨.	

Therefore	the	solution	of	the	hydrodynamic	dispersion	equation	is	given	as																				ሺ4.27ሻ	

ܿሺݔ, ሻݐ ൌ ࣦିଵሺܥሺݔሻሻ	

where	ࣦିଵ	is	the	inverse	Laplace	transform	operator.	The	first	term	of	the	sum	is	invertible	

and	gives:																																																																																																																																																		ሺ4.28ሻ										

ࣦିଵ ቀ
ܿ଴

ߣ ൅ ݏ
ቁ ൌ ܿ଴ expሺെݐߣሻ.	

To	 find	the	 inverse	Laplace	of	the	second	term	of	the	sum	we	need	to	use	the	convolution	

theorem	since	we	have	the	product	of	two	functions	namely	

൤
ܿଵ

ߛ ൅ ݏ
െ

ܿ଴
ߣ ൅ ݏ

൨,	

and	
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ݔ݁ ݌ ൭ݔ
௥ݍ െ ඥݍ௥ଶ ൅ ߣ௥ሺܦ4 ൅ ሻݏ

௥ܦ2
൱.	

The	inverse	Laplace	of	the	above	expression	is	obtained	and	is	given	below	as	

ࣦିଵ ቌ݁݌ݔ ൭ݔ
௥ݍ െ ඥݍ௥ଶ ൅ ߣ௥ሺܦ4 ൅ ሻݏ

௥ܦ2
൱ቍ ൌ

݌ݔ݁ݔ ቀെ
ሺି௤ೝ௧ା௫ሻమି௧ఒ

ସ஽ೝ௧
ቁ

2ට
గ

஽ೝ
ଷ/ଶݐ

ൌ ݂ሺݐሻ.	

and																																																																																																																																																															ሺ4.29ሻ	

ࣦିଵ ൜
ܿଵ

ߛ ൅ ݏ
െ

ܿ଴
ߣ ൅ ݏ

ൠ ൌ ܿଵ expሺെݐߛሻ െ ܿ଴ expሺെݐߣሻ ൌ ݃ሺݐሻ.	

The	inverse	Laplace	of	the	second	term	of	the	sum	can	then	be	expressed	as	

න ݂ሺߦሻ݃ሺߦ െ .ߦሻ݀ݐ
௧

଴
	

Using	the	table	of	integrals	we	find	that	the	above	integral	yields	to	

ܿଵexp	ሾെݐߛሿ
2

ቊ݁݌ݔ ൬ݔ
௥ݍ െ ௥ݑ
௥ܦ2

൰ ݂ܿݎ݁ ቆ
ݔ െ ݐ௥ݑ

2ඥܦ௥ݐ
ቇ ൅ ݌ݔ݁ ൬ݔ

௥ݍ ൅ ௥ݑ
௥ܦ2

൰ ݂ܿݎ݁ ቆ
ݔ ൅ ݐ௥ݑ

2ඥܦ௥ݐ
ቇቋ

െ
ܿ଴exp	ሺെݐߣሻ

2
ቊ݂݁ܿݎ ቆ

ݔ െ ݐ௥ݍ

2ඥܦ௥ݐ
ቇ ൅ ݌ݔ݁ ൬ݔ

௥ݍ
௥ܦ
൰ ݂ܿݎ݁ ቆ

ݔ ൅ ݐ௥ݍ

2ඥܦ௥ݐ
ቇቋ,	

where																																																																																																																																																										ሺ4.30ሻ	

௥ݑ ൌ ටݍ௥ଶ ൅ ߣ௥ሺܦ4 െ 	ሻߛ

and	݂݁ܿݎሺݔሻ ൌ
ଶ

√గ
׬ expሺെݒଶሻ ݒ݀
ஶ
௫ 	is	known	as	complementary	error	function.	Therefore	the	

analytical	solution	of	the	hydrodynamic	dispersion	equation	subject	to	the	prescribed	initial	

and	boundaries	conditions	is	given	as:																																																																																												ሺ4.31ሻ	

ܿሺݔ, ሻݐ ൌ
ܿଵexp	ሾെݐߛሿ

2
ቊ݁݌ݔ ൬ݔ

௥ݍ െ ௥ݑ
௥ܦ2

൰ ݂ܿݎ݁ ቆ
ݔ െ ݐ௥ݑ

2ඥܦ௥ݐ
ቇ ൅ ݌ݔ݁ ൬ݔ

௥ݍ ൅ ௥ݑ
௥ܦ2

൰ ݂ܿݎ݁ ቆ
ݔ ൅ ݐ௥ݑ

2ඥܦ௥ݐ
ቇቋ

െ
ܿ଴exp	ሺെݐߣሻ

2
ቊ݂݁ܿݎ ቆ

ݔ െ ݐ௥ݍ

2ඥܦ௥ݐ
ቇ ൅ ݌ݔ݁ ൬ݔ

௥ݍ
௥ܦ
൰ ݂ܿݎ݁ ቆ

ݔ ൅ ݐ௥ݍ

2ඥܦ௥ݐ
ቇቋ ൅ ܿ଴ expሺെݐߣሻ.	

Here	 one	 can	 notices	 that	 if	 ܿ଴ ൌ 0,	 then	 the	 analytical	 solution	 of	 the	 hydrodynamic	

dispersion	equation	is	the	same	as	the	one	given	by	ሺClearly	and	Ungs	1978ሻ,	that	is,	ሺ4.32ሻ	

ܿሺݔ, ሻݐ ൌ
ܿଵexp	ሾെݐߛሿ

2
ቊ݁݌ݔ ൬ݔ

௥ݍ െ ௥ݑ
௥ܦ2

൰ ݂ܿݎ݁ ቆ
ݔ െ ݐ௥ݑ

2ඥܦ௥ݐ
ቇ ൅ ݌ݔ݁ ൬ݔ

௥ݍ ൅ ௥ݑ
௥ܦ2

൰ ݂ܿݎ݁ ቆ
ݔ ൅ ݐ௥ݑ

2ඥܦ௥ݐ
ቇቋ.	

In	 the	 following	 section,	 graphical	 representation	 of	 this	 solution	will	 be	 investigated	 for	

various	parameters	and	this	will	be	successfully	achieved	via	the	software	Mathematica.	For	

given	set	of	parameters	the	software	will	provide	a	surface	represents	a	solution	associated	
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Chapter	5	

GROUNDWATER	REMEDIATION	TECHNIQUES	

Groundwater	 contamination,	 as	 one	 of	 the	 most	 important	 health‐related	 environmental	

problems,	has	brought	 serious	adverse	effects	on	 the	environment	and	human	health	and	

attracted	more	and	more	 attention	around	 the	world.	Groundwater	 remediation	 is	one	of	

the	major	 technical	 and	 environmental	 challenges	 in	 the	 field	of	water	 resources	because	

completion	 of	 groundwater	 remediation	 often	 needs	 to	 undergo	 a	 relatively	 long	 time	

horizon	of	up	to	several	decades	or	more.	This	involves	removing	or	containing	the	plume	of	

contaminants	 within	 an	 aquifer.	 Many	methods	 have	 been	 devised	 and	 used	 to	 treat	 the	

many	 types	 of	 contaminants	 in	 the	 many	 types	 of	 aquifers.	 Eight	 of	 the	 more	 common	

remediation	methods	are	discussed	below.	Interested	readers	are	referred	to	the	following	

references	 for	more	detail	 ሺStewart,	2008ሻሺMiller,	1980ሻሺHayman	 	and	Dupont,	2001ሻሺAir	

Sparging,	2009ሻ	and	ሺBob,	2009ሻ.	

5.1 REMEDIATION METHODS 

The	method	 for	 remediation	depends	on	 the	 several	 factors:	 ሺaሻ	Hydro‐geological	 setting;	

ሺbሻ	 Contaminant	 characteristics;	 ሺcሻ	 Physical	 properties	 ሺsink	 or	 floatሻ;	 ሺdሻ	 Chemical	

properties	ሺsolubility,	sorptionሻ;	ሺeሻ	Subsurface	access,	land	use;	ሺfሻ	Toxicity‐risk;	ሺgሻ	Cost.	

All	are	expensive,	and	some	are	much	more	expensive	than	others	ሺStewart,	2008ሻ	.		

Many	remediation	methods	are	used	to	clean	the	polluted	aquifer,	the	more	common	are:		

Pump‐and‐treat	

This	involves	removing	contaminated	groundwater	from	strategically	placed	wells,	treating	

the	extracted	water	after	it	is	on	the	surface	to	remove	the	contaminates	using	mechanical,	

chemical,	 or	 biological	 methods,	 and	 discharging	 the	 treated	 water	 to	 the	 subsurface,	

surface,	or	municipal	sewer	system.	

Hydraulic	Containment	
Pumping	water	 from	wells	 can	 be	 done	 in	 such	 a	 way	 that	 it	 changes	 the	 flow	 of	 water	

through	an	aquifer	in	ways	to	keep	contaminants	away	from	wells	used	for	cities	or	farms.	

The	 technique	works	 if	 the	 flow	 through	 the	 aquifer	 is	 relatively	 simple,	 so	 the	 plume	 of	

contaminated	water	does	not	divide	into	different	paths.	It	is	often	used	together	with	pump	

and	treat,	and	it	has	the	same	limitations.	

Air	Sparging/Soil‐Vapour	Extraction	

The	 limitations	 include:	 	 ሺaሻ	 difficulty	 flushing	 in	 low	 permeability	 zones,	 ሺbሻ	 difficulty	
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operating	below	9m	ሺ30ftሻ,	ሺcሻ	difficulty	extracting	multi‐component	phases.	

In‐situ	Oxidation	

This	method	 injects	 an	 oxidant	 such	 as	hydrogen	peroxide	 ሺH2O2ሻ	 into	 the	 contaminated	

aquifer.	The	contaminant	is	oxidized,	primarily	producing	carbon	dioxide	and	water.	

Permeable	Reactive	Barriers	
These	methods	use	a	trench	backfilled	with	reactive	material	such	as	iron	filings,	activated	

carbon,	 or	 peat,	 which	 absorb	 and	 transform	 the	 contaminant	 as	water	 from	 the	 aquifer	

passes	through	the	barrier.	This	works	only	for	relatively	shallow	aquifers.	

Phyto‐remediation	

Some	 plants	 accumulate	 heavy	 metals	 and	 metal	 like	 elements,	 such	 as	 arsenic,	 lead,	

uranium,	 selenium,	 cadmium,	 and	 other	 toxins	 such	 as	 nutrients,	 hydrocarbons,	 and	

chlorinated	hydrocarbons.	Chinese	Ladder	fern	Pteris	vittata,	also	known	as	the	brake	fern,	

is	 a	 highly	 efficient	 accumulator	 of	 arsenic.	 Genetically	 altered	 cottonwood	 trees	 suck	

mercury	from	the	contaminated	soil	in	Danbury	Connecticut	and,	transgenic	Indian	mustard	

plants	 to	 soak	 up	 dangerously	 high	 selenium	 deposits	 in	 California.	 The	 remediation	

consists	 of	 growing	 such	 plants	 so	 their	 roots	 tap	 the	 groundwater.	 Then,	 the	 plants	 are	

harvested	and	disposed.	The	method	is	limited	to	remediation	of	groundwater	that	is	close	

enough	to	the	surface	that	it	can	be	reached	by	plant	roots.	

Natural	Attenuation	
Sometimes	 natural	 processes	 remove	 contaminants	 with	 no	 human	 intervention.	 The	

removal	 may	 involve	 dilution,	 radioactive	 decay,	 sorption	 ሺattachment	 of	 compounds	 to	

geologic	 materials	 by	 physical	 or	 chemical	 attractionሻ,	 volatization,	 or	 natural	 chemical	

reactions	that	stabilize,	destroy,	or	transform	contaminants.	 	

Intrinsic	and	Enhanced	Bioremediation 

Biodegradation	is	the	breakdown	of	carbon‐based	contaminants	by	microbial	organisms	

into	smaller	compounds.	The	microbial	organisms	transform	the	contaminants	through	

metabolic	or	enzymatic	processes.	Biodegradation	processes	vary	greatly,	but	frequently	the	

final	product	of	the	degradation	is	carbon	dioxide	or	methane.	Biodegradation	is	a	key	

process	in	the	natural	attenuation	of	contaminants	at	hazardous	waste	sites.	

The	most	widely	used	method	of	groundwater	remediation	is	a	combination	of	extraction,	

ex‐situ	treatment,	and	discharge	of	the	treated	water,	commonly	known	as	pump	and	treat.	

Pump‐and‐treat	methods	 are	 costly	 and	 often	 ineffective	 in	meeting	 long‐term	protection	

standards	ሺTravis	and	Doty,	1990ሻ	ሺGillham	and	Burris,	1992ሻ.	A	potentially	cost‐effective	

technology	 for	 the	 removal	 of	 organic	 and	 inorganic	 compounds	 from	 contaminated	

aquifers	that	will	be	used	in	the	model	described	in	Chapter	6	is	Deep	Aquifer	
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Since	1997,	 several	DART	prototypes	have	been	 field	 tested	 in	non‐pumping	wells	 for	 the	

removal	 of	 uranium	 ሺUሻ	 from	 groundwater	 at	 sites	 in	 Utah	 and	 Wyoming	 ሺDavid	 et	 al,	

1999ሻ.	 The	 reactive	material	 used	 during	 these	 field	 tests	 consisted	 of	 a	mixture	 of	 bone	

charcoal	and	 iron	oxide	pellets.	The	probable	mechanism	 for	U	 removal	 in	 this	mixture	 is	

sorption	or	precipitation	of	insoluble	uranyl	precipitates.	Results	from	the	latest	DART	field	

test	completed	 in	 July	1999	 indicate	an	order	of	magnitude	reduction	 in	U	concentrations	

compared	to	pre‐treatment	water	samples	ሺDavid	et	al.,	1999ሻ.	Additional	field	tests	of	the	

DARTs	are	currently	ሺSeptember	1999ሻ	in	progress	and	include	the	testing	of	an	additional	

barrier	material	ሺzero	valent	ironሻ	ሺDavid	et	al.,	1999ሻ.	Previous	research	with	zero‐valent	

iron	 ሺinstalled	 using	 trenching	 techniquesሻ	 has	 indicated	 greater	 than	 99.9	 percent	 U	

removal	 rates	 over	 extended	 field	 operations	 ሺDavid,	 et	 al.,	 1999ሻ.	Note	 that	 in	 a	 shallow	

aquifer,	the	boreholes	are	replaced	by	a	barrier.	

5.3 OBJECTIVE OF THE TECHNIQUE 

The	use	of	permeable	reactive	barriers	for	the	restoration	of	contaminated	groundwater	has	

evolved	from	innovative	to	accepted,	standard	practice,	for	the	containment	and	treatment	

of	a	variety	of	contaminants	in	ground	water.	Like	any	remedial	technology,	the	decision	to	

use	PRBs	will	be	conditioned	by	the	nature	of	the	natural	system,	the	target	contaminants,	

and	the	treatment	objectives.	As	with	any	technology	used	to	treat	or	extract	contaminants	

in	 the	 subsurface,	 successful	 implementation	 will	 be	 contingent	 on	 effective	 site	

characterization,	 design,	 and	 construction.	 Our	 studies	 on	 long‐term	 performance	 of	 the	

technology	 at	 a	 number	 of	 sites	 have	 shown	 the	 following	 with	 respect	 to	 ensuring	

ሺdesigningሻ	and	verifying	ሺmonitoringሻ	that	the	PRB	meets	performance	objectives	ሺUSEPA,	

1988;	1998a,	1998b,	2000a,	2000b,	2008aሻ:		

•	Adequate	site	characterization	is	necessary	on	the	scale	of	the	PRB.	Site	characterization	

approaches,	 typical	 of	 remedial	 feasibility	 investigations,	 are	 oftentimes	 not	 adequate.	

Additional	 localized	 characterization	 of	 the	 plume	 distribution	 in	 four	 dimensions	

ሺincluding	timeሻ,	understanding	of	local	hydrogeology,	and	knowledge	of	the	geochemistry	

of	the	site	is	required.		

•	Understanding	of	site	hydrology	has	emerged	as	the	most	important	factor	for	successful	

implementation.	This	is	not	surprising	given	the	nature	of	the	technology.	The	PRB	must	be	

located	 to	 intercept	 the	 plume.	Once	 located	 in	 the	 subsurface,	 it	 cannot	 be	moved,	 so	 an	

understanding	 of	 how	 the	PRB	will	 impact	 the	prevailing	 flow	patterns	 is	 important.	 It	 is	

imperative	 that	 the	 selected	 design	 allow	 for	 capture	 of	 the	 plume	 in	 its	 present	

configuration,	 as	 well	 as	 allow	 for	 variations	 in	 flow	 direction,	 depth,	 velocity,	 and	
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concentrations	of	contaminants,	which	may	vary	over	time.		

•	 There	 is	 a	 need	 to	 develop	 contingency	 plans	 in	 case	 a	 system	 fails	 to	 meet	 design	

objectives.	This	requires	specification	of	design	criteria,	performance	objectives,	and	what	

constitutes	 a	 failure	 in	 order	 to	 clearly	 trigger	 the	 activation	 of	 contingency	 plans,	 i.e.,	

alternative	technologies	or	remedies	to	the	installed	PRB	system.		

Performance	goals	should	target	the	adequacy	of	plume	capture	and	contaminant	treatment	

such	 that	 acceptable	 down	gradient	water	quality	 is	 achieved	 in	a	 reasonable	 time	 frame.	

Short‐term	 objectives	 generally	 involve	 establishment	 of	 adequate	 residence	 time	 of	 the	

contaminantሺsሻ	in	the	reactive	media	to	achieve	treatment	goals,	while	long‐term	objectives	

revolve	around	longevity	or	lifetime	expectations	for	the	system,	which	in	turn,	affect	cost.		

Specific	criteria	need	to	be	established	for	all	these	concerns,	and	both	parties	ሺsite	owner	

and	regulatorሻ	need	to	be	clear	on	what	triggers	contingency	plans.	Maximum	contaminant	

level	 ሺMCLሻ	concentrations	 for	contaminants	 in	ground	water	are	often	used	as	criteria	at	

points	of	compliance.	This	approach	becomes	complicated	when	contaminant	levels	already	

exceed	goals	at	the	point	of	compliance,	and	meeting	these	goals	is	contingent	on	desorption	

of	residual	contaminants	or	flushing	over	time.	A	time	period	needs	to	be	specified	in	such	a	

case	that	is	reasonable	given	site	characteristics	and	known	contaminant	behaviour.		

Performance	goals	are	usually	developed	for	the	site	as	a	whole	and	contingent	upon	plume	

and	barrier	location	relative	to	compliance	points	and/or	site	boundaries.	The	performance	

goals	 can	 be	 numeric,	 regulatory‐driven	 targets	 and	 may	 have	 system	 design	 features	

including	 remedial	 measures,	 such	 as	 natural	 attenuation,	 down	 gradient	 of	 the	 barrier	

location.	 The	 time	 horizon	 for	 sustaining	 performance	 goals	 will	 depend	 on	 site‐specific	

factors	related	to	chemical,	physical	and	microbiological	processes,	but	also	such	factors	as	

the	 extent	 of	 source	 removal,	 source	 containment	 or	 expected	 lifetime	 of	 the	 source	 as	 a	

plume	generator.		

In	 many	 cases,	 contingency	 plans	 are	 required	 in	 the	 event	 that	 the	 PRB	 fails	 to	 meet	

performance	criteria.	Such	plans	may	range	from	minor	modifications	of	the	PRB	to	use	of	

an	alternative	technology.	If	the	PRB	fails	to	capture	a	portion	of	the	plume,	an	extension	to	

the	PRB	may	be	prescribed.	 If	 concentrations	 of	 contaminants	 exiting	 the	PRB	 are	 higher	

than	expected,	 then	an	additional	wall	may	be	required	down	gradient	of	 the	 first	wall.	 In	

some	 installations,	 monitored	 natural	 attenuation	 of	 contaminants	 down	 gradient	 of	 the	

wall	 is	expected	and	designed	 into	 the	system	to	help	meet	compliance	goals.	This	will	be	

explicitly	observed	with	the	numerical	results	via	FEFLOW	in	the	next	Chapter	6.		
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Chapter	6	

SUGGESTED	NUMERICAL	MODEL	FOR	GROUNDWATER	POLLUTION	
AT	DOUALA	CITY	

In	 this	 chapter,	 the	 software	 “FEFLOW”	 is	 used	 to	 generate	 the	 numerical	 solution	 of	

groundwater	 in	 the	 city	 of	 Douala.	 Any	 pre‐existing	 geological	 background	 and	 site	

information	 should	 be	 assembled	 and	 a	 preliminary	 conceptualization	 of	 the	 subsurface	

geologic	features	should	be	completed.	This	model	should	have	general	information	on	the	

site‐wide	 lithology,	 various	 aquifer	 layers	 and	 confining	 units,	 contaminant	 plume	

configuration,	 and	 factors	 such	 as	 precipitation.	 A	 conceptualization	 of	 the	 lithologic	

variations	also	should	be	developed.	These	variations	have	a	significant	 impact	on	aquifer	

heterogeneity,	which	may	be	the	most	 important	control	on	the	groundwater	 flow	system	

and	placement	of	the	PRB.	This	preliminary	assessment	should	be	used	as	a	basis	for	further	

delineation	of	the	local	geology	for	PRB	installation.	This	was	done	earlier	in	chapter	two	

The	 topography	 of	 this	 area	 is	 generated	 by	 Google‐Map.	 	With	 the	 help	 of	 the	 software	

“Surfer”	 the	 topography’s	 image	 is	 discredited	 to	 have	 the	 numerical	 data.	 31ൈ31	 points	

were	 selected	 to	 be	 used	 in	 FEFLOW,	 some	 assumption	 were	 made	 for	 this	 matter,	

including,	 aquifer	 recharge,	 hydraulic	 conductivity	 and	 the	 specific	 storativity.	 	 The	 area	

under	 investigation	 measures	 a	 distance	 about	 40	 kilometres	 from	 Nouvelle	 route	 de	

Bonaberi	 to	 Yassa	 and	 17.7	 kilometres	 ሺ11	milesሻ	 from	 the	Wouri	 estuary	 to	 Logbessou‐

Sunshine	city.	However,	for	the	simulation	purposed,	we	will	only	consider,	 	from	north	to	

south	a	distance	of	5603	m	and	from	East	to	west	a	distance	of	5256	m.	

6.1 MASS TRANSPORT AND VELOCITY FIELDS 

In	this	section,	we	will	describe	the	hydraulic	head	and	the	vector	fields	of	Douala,	and	we	

start	this	description	with	the	hydraulic	head	following	by	the	velocity	field,	the	numerical	

solution	of	this	will	be	obtained	via	the	software	FEFLOW.	The	aquifer	parameters	used	for	

these	 simulation,	 are	 theoretical	 except	 the	 topography	 coordinates	 that	 are	 given	 by	

Google‐Earth.		

From	the	numerical	solution	generated	by	FEFLOW	one	can	see	that	the	elevation	of	water	

in	this	area	varies	between	0	and	15	meters.	Note	that	the	number	zero	here	in	the	below	

figure	6‐3	corresponds	to	the	elevation	at	the	sea.	The	figure	6‐4	below	shows	two	zone	of	

convergence	 of	 water	 flow,	 the	 first	 zone	 here	 includes,	 Bonassama,	 Deido,	 Akwa	 I,	

Bonamikengue	 and	 the	 bay	 of	 Bonaberi	 and	 the	 second	 zone	 including,	 New	Bell,	 Douala	
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International	Airport	and	the	Wouri	estuary	which	is	found	in	the	mangrove,	this	mangrove.	

Since	 the	water	 flow	 is	 the	driving	 force	 for	 the	release	of	pollution	 in	 the	 liquid	phase,	 it	

follows	that	the	high	concentration	of	groundwater	pollution	released	from	different	waste	

disposal	 in	Douala	may	 possibly	 be	 found	 in	 these	 two	 zones.	 The	 following	 Figure	 ሺ6‐1ሻ	

shows	the	finite	element	mesh	used	for	the	model.	To	set	up	our	model	we	considered	here	

two	points	of	pollutions,	one	in	the	Bonaberi	area	and	another	one	in	the	New	Bell	near	the	

estuary.	This	network	is	the	base	of	the	models	that	will	be	simulated	throughout	this	thesis.		

The	 model	 network	 was	 generated	 by	 making	 use	 of	 a	 3D	 finite	 element	 ground	 water	

modelling	software	package	FEFLOW,	developed	by	the	German	based	DHI	WASY	Institute	

for	Water	Resources	Planning	and	Systems	Research	GmbH.	The	basic	premise	on	which	all	

numerical	 models	 are	 based	 is	 that	 the	 area	 in	 question	 can	 be	 discredited	 into	 smaller	

areas,	 also	 referred	 to	 as	 elements.	 In	 the	 case	 of	 Douala	 city,	 the	 two	major	 areas	were	

discredited	 into	 393,860	 elements	 ሺ795044	 elements	 x	 1	 layerሻ,	 with	 217,074	 nodal	

positions	 ሺ795608	nodes	 x2	 slicesሻ.	 Different	 zones	 and	 layers	were	 assigned	 in	 order	 to	

compensate	for	hydro	geological	differences	in	characteristics	over	the	area	due	to	geology	

and/or	gradient	at	depth.	No	rotation	of	the	model	grid	was	required	as	it	was	assumed	that	

the	 natural	 flow	 occurs	 from	 South	 to	 North	 in	 the	 model	 domain.	 Two	 sources	 of	

contaminations	were	 introduced,	one	at	 industrial	 zone	of	Bonaberi	 and	one	 in	 industrial	

zone	 of	 Bassa	 as	 indicated	 in	 Figure	 ሺ6‐1ሻ	 in	 chapter	 2.	 From	 north	 to	 south	 we	 have	 a	

distance	of	5603	m	and	 from	East	 to	west	we	have	a	distance	of	5256	m,	 these	distances	

were	measures	via	WISH.	

We	have	placed	the	western	source	of	groundwater	pollution	at	the	Bonaberi	industrial	zone.	

We	placed	the	Eartern	source	of	groundwater	pollution	in	the	Bassa	zone	industrial,	between	

Bonanjo	 and	 Akwa,	 as	 display	 in	 figure	 ሺ6‐1ሻ.	 Figure	 ሺ6‐3ሻ	 shows	 the	 initial	 head	 run	 as	

transient	 state.	The	black	areas	between	 the	 two	 industrial	 zones	correspond	 to	 the	estuary	

and	will	not	take	into	account.	Figure	ሺ6‐4ሻ	shows	the	velocity	field	of	Douala’s	groundwater	

flow.	This	figure	is	in	perfect	agreement	with	the	topography	and	the	hydraulic	head	field	show	

the	convergent	zones.	It	is	worth	noting	the	upper	part	of	the	area	under	study	shows	that	the	

water	from	the	springs	and	rivers	recharge	the	aquifer,	but	near	the	industrial	zone	including,	

Bonassama,	 Deido,	 Akwa	 I,	 Bonamikengue	 and	 the	 bay	 of	 Bonaberi,	 the	 groundwater	 flows	

toward	the	river	Wouri.	



	
	

	

Figgure	6‐1	Networrk	of	the	numeriical	model	at	Doouala	city	
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This	is	in	perfect	agreement	with	what	was	predicted	from	the	hydraulic	head;	see	Fig	ሺ6‐3ሻ.	
Therefore,	these	velocities	will	be	used	in	the	solution	of	the	mass	transport	equation.	

6.2 NUMERICAL  IMPLEMENTATION  OF  THE  GROUNDWATER  RESTORATION  AT 
DOUALA CITY VIA OF PRB 

The	 permeable	 reactive	 barrier	 ሺPRBሻ	 technology	 has	 gained	 acceptance	 as	 an	 effective	

ground‐water	remediation	strategy	for	the	treatment	of	a	variety	of	chlorinated	organic	and	

inorganic	 compounds.	 The	 technology	 combines	 subsurface	 fluid‐flow	 management	 with	

contaminant	treatment	by	chemical,	physical	or	biological	processes,	or	by	combinations	of	

these	 three	 principal	 process	 categories.	 The	 PRB	 methodology	 has	 advantages	 over	

traditional	pump‐and‐treat	systems	in	that	it	is	passive	and	a	large	plume	can	be	treated	in	a	

cost‐effective	 manner.	 More	 than	 one	 hundred	 implementations	 of	 the	 technology	

worldwide	 have	 proven	 that	 passive	 reactive	 barriers	 can	 be	 cost‐effective	 and	 efficient	

approaches	 to	 remediate	 a	 variety	of	 compounds	of	 environmental	 concern.	Yet,	 few	case	

studies	 are	 available	 that	 evaluate	 the	 long‐term	 performance	 of	 these	 in‐situ	 systems,	

especially	with	respect	to	the	long‐term	efficiency	of	contaminant	removal,	the	build‐up	of	

mineral	 precipitates,	 and	 the	 build‐up	 of	 microbial	 biomass.	 On	 the	 Eastern	 source	 of	

contamination	 we	 will	 accurately	 place	 the	 barrier	 to	 intercept	 the	 plume,	 but	 on	 the	

western	part	the	barrier	will	not	be	placed	accurately	for	the	sake	of	clarity.			This	choice	is	

to	illustrate	how	important	is	to	place	adequately	the	barrier	to	intercept	all	the	pathway	of	

the	 plume	 in	 the	 aquifer.	 The	 numerical	 simulations	 of	 the	 mass	 transport	 equation	 in	

Douala	cit	obtained	via	FEFLOW	have	been	depicted	 in	Figure	6‐7,	Figure	6‐8,	Figure	6‐9,	

Figure	6‐10,	Figure	6‐11	and	Figure	6‐12.	In	Figure	6‐7	we	placed	the	barrier	between	the	

pollution	source	and	the	estuary	and	then	we	run	the	model	for	few	days	to	see	the	effect	of	

the	 barrier	 to	 the	 pollution	 pathway.	 The	 similar	 scenario	was	 done	 in	 the	 simulation	 of	

Figure	6‐8,	Figure	6‐9,	Figure	6‐10.	
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The	above	 figure	 show	 that	after	 a	period	of	30	years	 there	will	 be	no	pollution	after	 the	

barrier	in	the	Eastern	part	and	after	a	period	of	50	years	no	pollution	will	be	observed	after	

the	barrier	in	the	western	part.	Note	that	if	the	barrier	was	placed	accurately	in	the	western	

part,	after	30	years	no	pollution	will	be	observed	as	 in	the	case	of	Eastern	part.	Therefore	

care	needs	to	be	taken	when	placing	the	interceptor	barrier.		

6.3 REMARKS AND DISCUSSIONS 

From	the	numerical	our	results	via	FEFLOW,	one	can	see	that,	 in	many	cases,	contingency	

plans	are	required	in	the	event	that	the	PRB	fails	to	meet	performance	criteria.	Such	plans	

may	range	 from	minor	modifications	of	 the	PRB	to	use	of	an	alternative	 technology.	 If	 the	

PRB	fails	to	capture	a	portion	of	the	plume,	an	extension	to	the	PRB	may	be	prescribed.	 If	

concentrations	of	contaminants	exiting	the	PRB	are	higher	than	expected,	then	an	additional	

wall	may	be	required	down	gradient	of	the	first	wall	see	for	example	the	barrier	placed	in	

Bonaberie.	 In	 some	 installations,	 monitored	 natural	 attenuation	 of	 contaminants	 down	

gradient	of	the	wall	is	expected	and	designed	into	the	system	to	help	meet	compliance	goals.	

As	 with	 any	 groundwater	 remediation	 technology,	 adequate	 hydro‐geological	

characterization	 must	 be	 done	 to	 understand	 flow	 patterns	 and	 the	 distribution	 of	 the	

contaminant	plume,	which	was	the	main	raison	of	 the	mass	 transport	solution	Figure	7‐6.	

This	is	particularly	important	for	PRBs	as	the	treatment	system	is	immovable	or	passive,	yet	

it	must	intercept	and	capture	the	contaminant	plume	for	effective	treatment.	Information	to	

be	 obtained	 includes	 advective	 velocity	 parameters	 such	 as	 the	 gradient,	 the	 hydraulic	

conductivity,	 porosity,	 and	 other	 parameters	 collected	 as	 part	 of	 a	 hydro‐geological	

characterization	 program.	 It	 is	 also	 important	 to	 understand	 temporal	 changes	 in	 flow	

direction	 and	 flux	 due	 to	 processes	 such	 as	 recharge,	 pumping	 of	 adjacent	wells	 or	 other	

disturbances.	Observed	changes	in	flow	direction	at	the	Douala	City	site,	for	example,	have	

ranged	as	high	as	15	degrees	from	time	to	time.		

In	 addition	 to	 the	 hydrology,	 the	 stratigraphic	 and	 lithology	 of	 the	 site	 is	 important	 to	

understand	 and	will	 dictate	 effective	PRB	design.	 If	 a	 low	permeability	 layer	 exists	 at	 the	

site,	the	PRB	can	be	keyed	into	this	layer.	If	it	does	not	exist,	then	a	hanging	wall	design	must	

be	 chosen	 which	 may	 add	 to	 the	 uncertainty	 of	 plume	 capture.	 If	 the	 site	 has	 low	

permeability	layers	through	which	the	PRB	must	be	constructed,	care	must	be	taken	during	

construction	to	avoid	smearing	of	such	layers.	This	could	impact	hydraulic	contact	between	

the	 formation	 and	 the	 reactive	 media.	 A	 thorough	 understanding	 of	 site	 stratigraphic	 is	

especially	 important	or	helpful	 in	choosing	a	particular	construction	method.	Use	of	 sheet	
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piling	to	construct	a	reactive	gate	may	not	be	a	good	choice	where	low	permeability	layers	

exist	 because	 of	 the	 smearing	 potential	 and	 increased	 difficulty	 in	 re‐establishing	 good	

hydraulic	contact	between	aquifer	sediments	and	the	reactive	zone.		

Characterization	 of	 contaminant	 concentrations	 in	 four	 dimensions	 is	 required	 for	

successful	 implementation	 of	 a	 PRB.	 In	 addition	 to	 knowledge	 of	 the	 plume	 in	 the	 three‐

dimensional	 space,	 it	 is	 also	 imperative	 to	 understand	 variability	 in	 plume	 shape	 and	

direction	 over	 time.	 Plumes	 deviate	 in	 direction	 and	 location	 over	 time	 and	may	 change	

shape	 due	 to	 attenuation,	 degradation,	 mixing	 with	 other	 plumes,	 dilution,	 recharge,	 and	

other	natural	and	anthropogenic‐induced	disturbances.		

PRBs	are	often	 located	within	plumes.	This	 requires	 some	understanding	of	 the	 impact	of	

construction	on	plume	behaviour,	both	up	gradient	 and	down	gradient	of	 the	barrier.	For	

example,	 it	 is	 essential	 to	 verify	 that	 hydraulic	 contact	 between	 the	 plume	 and	 reactive	

media	is	established.	If	a	PRB	is	located	below	an	impermeable	surface	structure	such	as	a	

parking	 lot,	will	 the	 surface	be	 repaved	 immediately	or	will	 recharge	be	allowed	 to	 occur	

over	the	PRB?	Some	understanding	of	natural	attenuation	processes	at	the	site	is	important	

in	being	able	to	interpret	the	subsequent	response	of	the	natural	system	to	the	presence	of	

the	PRB.	This	 is	most	 often	manifested	 in	 trying	 to	 estimate	 how	 long	 the	down	gradient	

aquifer	will	require	to	achieve	cleanup	goals.	A	key	question	to	address	is	the	length	of	time	

required	 before	 contaminants	 located	 down	 gradient	 of	 the	 barrier	 flush	 out	 of	 the	

sediments	or	degrade	naturally.	
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Chapter	7	

SENSITIVITY	AND	UNCERTAINTY	ANALYSIS	

In	more	general	 terms	uncertainty	and	sensitivity	analysis	 investigate	 the	 robustness	of	 a	

study	when	the	study	includes	some	form	of	statistical	modelling.	Sensitivity	analysis	can	be	

useful	to	computer	modellers	for	a	range	of	purposes,	including:	

 Support	 decision	 making	 or	 the	 development	 of	 recommendations	 for	

decision	makers	ሺe.g.	testing	the	robustness	of	a	resultሻ;	

 Enhancing	 communication	 from	 modellers	 to	 decision	 makers	 ሺe.g.	 by	

making	 recommendations	 more	 credible,	 understandable,	 compelling	 or	

persuasiveሻ;	

 Increased	understanding	or	quantification	of	the	system	ሺe.g.	understanding	

relationships	between	input	and	output	variablesሻ;	and	Model	development	

ሺe.g.	searching	for	errors	in	the	modelሻ	

In	the	following	sections	sensibilities	and	uncertainties	we	are	discussed.	

7.1 SENSITIVITY ANALYSIS 

The	aim	of	sensitivity	analysis	is	to	estimate	the	rate	of	change	in	the	output	of	a	model	with	

respect	 to	 change	 in	 model	 inputs.	 Such	 knowledge	 is	 important	 for	 ሺaሻ	 evaluating	 the	

applicability	 of	 the	model,	 ሺbሻ	 determining	 parameters	 for	 which	 it	 is	 important	 to	 have	

more	accurate	values,	and	ሺcሻ	understanding	the	behaviour	of	 the	system	being	modelled.	

The	choice	of	a	sensitivity	analysis	method	depends	to	a	great	extent	on	ሺaሻ	the	sensitivity	

measure	employed,	ሺbሻ	the	desired	accuracy	in	the	estimates	of	the	sensitivity	measure,	and	

ሺcሻ	the	computational	cost	involved.	

In	general,	the	meaning	of	the	term	“sensitivity	analysis”	depends	greatly	on	the	sensitivity	

measure	 that	 is	 used.	 Based	 on	 the	 choice	 of	 sensitivity	 metric	 and	 the	 variation	 in	 the	

model	parameters,	sensitivity	analysis	methods	can	be	broadly	classified	into	the	following	

categories:	Variation	of	parameters	or	model	formulation:	In	this	approach,	the	model	is	run	

at	 a	 set	 of	 sample	 points	 ሺdifferent	 combinations	 of	 parameters	 of	 concernሻ	 or	 with	

straightforward	changes	in	model	structure	ሺe.g.,	in	model	resolutionሻ.	

Sensitivity	measures	that	are	appropriate	for	this	type	of	analysis	include	the	response	from	

arbitrary	 parameter	 variation,	 normalized	 response	 and	 extrema.	 Of	 these	measures,	 the	



98	

	
extreme	values	are	often	of	critical	importance	in	environmental	applications.	

Domain‐wide	 sensitivity	 analysis:	 Here,	 the	 sensitivity	 involves	 the	 study	 of	 the	 system	

behaviour	over	the	entire	range	of	parameter	variation,	often	taking	the	uncertainty	in	the	

parameter	estimates	into	account.	

Local	sensitivity	analysis:	Here,	 the	 focus	 is	on	estimates	of	model	sensitivity	 to	 input	and	

parameter	variation	in	the	vicinity	of	a	sample	point.	This	sensitivity	is	often	characterized	

through	 gradients	 or	 partial	 derivatives	 at	 the	 sample	 point.	 In	 the	 following	 paragraph,	

local	sensitivity	analysis	will	be	used	in	the	case	of	our	work.	

7.1.1 Linear (first‐order) sensitivity coefficients 

The	analytical	solution	of	the	advection	dispersion	equation	subject	to	the	prescribed	initial	

and	boundaries	conditions	described	in	chapter	5	was	given	as:		
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From	 this	 solution	 one	 can	 see	 that	 the	 concentration	 is	 a	 function	 of	 the	 parameters	

,ߛ ,௥ݍ ,௥ݑ 	follows	as	concentration	the	write	can	we	thus	,ߣ	௥andܦ

																																																																						ܿ ൌ ܿሺݍ௥, ,௥ݑ ,௥ܦ ,ߛ ,ߣ ,ݔ 	ሺ7.1aሻ																																																ሻݐ

Note	that	because	ur	is	not	an	independent	parameter	and	should	thus	be	excluded	

from	the	sensitivity	analysis.	Therefore,	the	concentration	depends	on	the	following	

physical	parameters	and	 the	 independent	variables	ݔ	and	 	 .	Then,	 	Equation	ሺ7.1aሻ	

can	be	reproduced	as:	

																																																																	ܿ ൌ ܿሺߙ, ,ߛ ,ߣ ,ߠ ,ߩ ,ܭ ,௥ݍ ,ݔ 	ሺ7.1bሻ																																													ሻݐ

A	 common	 assumption	 in	 uncertainty	 analyses	 is	 that	 the	 independent	 variables	 are	

perfectly	 known	 and	 therefore	 excluded	 from	 such	 analyses.	 The	 same	 applies	 to	 λ	 as	 it	

denotes	the	rate	at	which	a	given	chemical	reaction	proceed	and	 is	usually	well‐known	or	

can	be	determined	quite	accurately	in	the	laboratory.	

Let	ሺߙ௜, ݅ ൌ 1…5ሻ	be	the	set	of	all	parameters	involve	in	Equation	ሺ7.	1ሻ	then	we	have	that	ܿ	

can	be	written	as	

																																																																							ܿ ൌ ܿሺߙ௜, ,ݔ 	ሺ7.2ሻ																																																																							ሻݐ

Consider	the	first‐order	sensitivity	coefficients	defined	as	

																																																																															ܿఈ೔ሺݔ, ሻݐ ൌ
డ௖ሺఈ,௫,௧ሻ

డఈ೔
, ݅ ൌ 1,2. .5																															ሺ7.3ሻ	
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‐	 it	 gives	 the	 same	 answerሻ	 to	 get	 this	 second	derivative:	 fxy	 So	 how	 can	we	use	 all	 those	

second	derivatives	to	decide	the	nature	of	a	point?	This	is	the	rule:	 	 If	 fxxfyy‐fxy2	 is	negative,	

then	the	point	is	neither	a	max	nor	a	min,	it	is	a	saddle	point.	If	fxxfyy‐fxy2	is	positive,	and	fxx	

and	fyy	are	both	negative,	the	point	is	a	maximum.	If	fxxfyy‐fxy2	is	positive,	and	fxx	and	fyy	are	

both	 positive,	 the	 point	 is	 a	 minimum.	 So	 let's	 try	 out	 those	 rules	 on	 a	 function	 under	

investigation,	that	is	ܿ൫ߙ௜,ߙ௝൯, ሺ݅, ݆ሻ ∈ ሼ1, …… ,5ሽ ൈ ሼ1,……	,5ሽ.	Hence	the	sign	of			fxxfyy‐fxy2	will	

be	given	for	a	few	values	of	ሺߙ௜,ߙ௝	ሻ	and	for	all	ݔ, ݐ ൐ 0.		We	start	this	investigation	by	given	

some	second	order	partial	derivatives	as	follows.																																																																										ሺ7.9ሻ																			 															
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The	sign	of	this	derivative	will	not	be	investigated.	But	one	can	still	go	in	detail	in	this	study	

by	given	the	sign	of	this	second	order	derivative	which	can	be	used	to	determine	in	which	

interval	one	will	have	the	maximum	or	minimum	for	a	given	set	of	ሺߙ௜,ߙ௝	ሻ.	

We	follow	here	with:																																																																																																																														ሺ7.10ሻ	
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Note	 that	ܿ஽ೝ	,஽ೝwas	calculated	but	due	 to	 the	 length	of	 the	expression	we	decided	 to	save	
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We	end	here	with:																																																																																																																																			ሺ7.13ሻ						

	

߲௨ೝ,௨ೝܿ ൌ
1
2
ܿଵ݁݌ݔሾെߛݐሿ ቎െ

݌ݔ݁ ቂെ
ሾି௧௨ೝା௫ሿమ

ସ஽ೝ௧
ቃ ሿݔݐሾ݌ݔ݁

ݐ௥ܦߨ௥ඥܦ
െ
݌ݔ݁ ቂ

ିሾ௧௨ೝା௫ሿమ

ସ஽ೝ௧
ቃ ሿݔݐሾ݌ݔ݁

ݐ௥ܦߨ௥ඥܦ

൅
݌ݔ݁ ቂെ

ሾି௧௨ೝା௫ሿమ

ସ஽ೝ௧
ቃ ௥ݍሻሺݐሺ݌ݔ݁ െ ݔሺݔ௥ሻݑ െ ௥ሻݑݐ

௥ܦݐߨ௥ଶඥܦ4

൅
݌ݔ݁ ቂ

ሾ௧௨ೝା௫ሿమ

ସ஽ೝ௧
ቃ ௥ݍሻሺݐሺ݌ݔ݁ ൅ ݔሺݔ௥ሻݑ ൅ ௥ሻݑݐ

௥ܦݐߨ௥ଶඥܦ4
቏	

Let	 ఈ݂,ఘሺݔ, ሻݐ ൌ ܿఈ,ఈሺݔ, ,ݔሻܿఘ,ఘሺݐ ሻݐ െ ሺܿఈ,ఘሺݔ, 	.ሻሻଶݐ The	 normalized	 solution	 of	 the	 above	

equation	is	illustrated	graphically	in	the	below	figure	for	different	values	of	ሺߙ, 	.ሻߩ

Note	 that	 several	 figures	were	 obtained	 for	 different	 values	 of	 	 ሺߙ, 	,ሻߩ but	 the	 above	 two		

were	chosen	to	illustrate	the	behavior	of	the	function	under	investigation.	From	the	above	

two	 figures,	 one	 can	 observe	 that	 there	 exists	 a	 set	

ܵସ ൌ ൛ሺܦ௥, ௥ሻ߳ሾ0,→ሻݑ ൈ ሾ0, 1ሿ:	 ஽݂ೝ,௨ೝሺݔ, ሻݐ ൐ ,ݐ	݈݈ܽ	ݎ݋݂	0 ݔ ൐ 0ൟ	 of	 Maximum	 or	 minimum	

depending	on	whether	ܿ௨ೝ,௨ೝ	and	ܿ஽ೝ,஽ೝ	are	both	negative,	or	are	both	positive.	 	And	there	

exists	a	set	ܵହ൛ሺܦ௥, ௥ሻ߳ሾ0,→ሻݑ ൈ ሾ0, 1ሿ:	 ஽݂ೝ,௨ೝሺݔ, ሻݐ ൏ ,ݐ	݈݈ܽ	ݎ݋݂	0 ݔ ൐ 0ൟ	of	saddle	points.	

The	above	analysis	 show	that	all	aquifer	parameters	are	bounded,	 that	 is	has	a	 lower	and	

upper	 bound.	 For	 practical	 purpose	 one	 will	 go	 to	 the	 field	 and	 measure	 the	 aquifer	

parameters	 for	 each	parameter,	one	will	possibly	be	able	 to	determine	 the	upper	and	 the	

lower	 bound	 of	 these	 parameters.	 Knowing	 the	 upper	 and	 the	 lower	 bound	 of	 each	

parameter,	 the	 uncertainty	 analysis	 will	 be	 followed.	 In	 the	 next	 section,	 aleatory	 and	

epistemic	uncertainties	will	be	presented.	

7.2 UNCERTAINTY ANALYSIS OF GROUNDWATER POLLUTION 

We	start	this	section	by	quoting	ሺFeynman,	1956ሻ	“Any	difference.	But	 to	get	a	 law	that	 is	

right,	or	at	least	one	that	keeps	going	through	the	successive	sieves,	that	goes	on	for	many	

more	 observations,	 requires	 a	 tremendous	 intelligence	 and	 imagination	 and	 a	 complete	

revamping	 of	 our	 philosophy,	 our	 understanding	 of	 space	 and	 time.	 I	 am	 referring	 to	 the	

relativity	 theory.	 It	 turns	 out	 that	 the	 tiny	 effects	 that	 turn	 up	 always	 require	 the	 most	

revolutionary	modifications	 of	 ideas.	 Scientists,	 therefore,	 are	 used	 to	 dealing	with	 doubt	

and	 uncertainty.	 All	 scientific	 knowledge	 is	 uncertain.	 This	 experience	 with	 doubt	 and	

uncertainty	is	important.	I	believe	that	it	is	of	very	great	value,	and	one	that	extends	beyond	

the	sciences.	I	believe	that	to	solve	any	problem	that	has	never	been	solved	before,	you	have	
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to	 leave	 the	door	 to	 the	unknown	ajar.	You	have	 to	permit	 the	possibility	 that	you	do	not	

have	it	exactly	right.	Otherwise,	if	you	have	made	up	your	mind	already,	you	might	not	solve	

it.	Doubt	is	clearly	a	value	in	the	sciences.	Whether	it	is	in	other	fields	are	an	open	question	

and	an	uncertain	matter.	I	expect	in	the	next	lectures	to	discuss	that	very	point	and	to	try	to	

demonstrate	that	it	is	important	to	doubt	and	that	doubt	is	not	a	fearful	thing,	but	a	thing	of	

very	great	value”.		Uncertainties	can	be	classified	into	different	categories:	

1. Aleatory	or	statistical	uncertainties	are	unknowns	that	differ	each	time	we	run	the	

same	experiment.	Statistical	uncertainties	are	therefore	something	an	experimenter	

cannot	 do	 anything	 about:	 they	 exist,	 and	 they	 cannot	 be	 suppressed	 by	 more	

accurate	measurements.	

2. Epistemic	or	systematic	uncertainties	are	due	to	things	we	could	in	principle	know	

but	 don't	 in	 practice.	 This	 may	 be	 because	 we	 have	 not	 measured	 a	 quantity	

sufficiently	 accurately,	 or	 because	 our	 model	 neglects	 certain	 effects,	 or	 because	

particular	data	are	deliberately	hidden.	

In	real	 life	applications,	 for	 instance	 in	groundwater	pollution,	both	kinds	of	uncertainties	

are	 often	 present.	 Uncertainty	 quantification	 intends	 to	 work	 toward	 reducing	 type	 2	

uncertainties	 to	 type	 1.	 The	 quantification	 for	 the	 type	 1	 uncertainty	 is	 relatively	

straightforward	to	perform.	Techniques	such	as	Monte	Carlo	methods	are	frequently	used.	

Pdf	ሺProbability	density	functionሻ	can	be	represented	by	its	moments	ሺin	the	Gaussian	case,	

the	mean	and	covariance	sufficeሻ,	or	more	recently,	by	techniques	such	as	Karhunen‐Loève	

and	 polynomial	 chaos	 expansions.	 To	 evaluate	 type	 2	 and	 3	 uncertainties,	 the	 efforts	 are	

made	to	gain	better	knowledge	of	the	system,	process	or	mechanism.	Methods	such	as	fuzzy	

logic	 or	 evidence	 theory	 ሺDempster–Shafer	 theory	 ‐	 generalization	 of	 Bayes	 theoryሻ	 are	

used.	

In	 this	 section	 uncertainty	 is	 carried	 out	 to	 investigate	 the	 predictive	 accuracy	 of	 the	

concentration	models	for	describing	the	transport	of	improperly	discarded	hazardous	waste	

through	the	environment	that	is	the	movement	of	water	through	the	subsurface	and	surface	

waterway	in	the	aquifer.	

Uncertainty	 in	 groundwater	 hydrology	 originates	 from	 different	 sources.	 Neglecting	

uncertainty	 in	groundwater	problems	can	 lead	 to	 incorrect	 results	and	misleading	output,	

generally,	there	are	various	sources	of	uncertainty	of	the	model	outputs,	such	as	the	 input	

uncertainty	 reflecting	 the	 lack	 of	 knowledge	 or	 accuracy	 of	 the	 model	 inputs,	 and	 the	

structural	 uncertainty	 related	 to	 the	mathematical	 interpretation	 of	 the	model	 ሺBradford	

and	 Toride,	 2007ሻ.	 From	 the	 uncertainty	 analysis,	 a	 probability	 distribution	 of	 model	
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outputs	can	be	obtained,	including	the	mean	value,	the	variances	and	the	quantiles	ሺMcKay	

et	al	1999ሻሺJ.C.	Helton,	1993ሻ	The	uncertainties	of	the	groundwater	pollution	model	 	 	may	

come	from	the	following	sources:	

1ሻ	Conceptual	Model	Uncertainties	
aሻ	Geological	uncertainties	
ሺiሻ The	approximation	of	the	geometry	of	the	aquifer.	

ሺiiሻ The	heterogeneity	or	anisotropy	of	sediments	or	bedrock	within	the	aquifer.	

bሻ	Physico‐chemical	Uncertainties	

ሺiiiሻ Lack	of	understanding	physical	mechanisms	responsible	for	the	mass	flux.	

ሺivሻ The	contaminant	transport	mechanisms	and	chemical	reactions.	

ሺvሻ 	The	 approximation	 of	 particle	 velocity	 by	 the	 average	 pore	water	 velocity;	 it	

has	 been	 observed	 that	 the	 particles	 of	 different	 sizes	 may	 travel	 faster	 or	

slower	that	the	carrying	fluid	in	porous	media	ሺR.L.	Iman	and	J.C.	Helton,	1988ሻ.		

ሺviሻ 	Estimation	 of	 dispersion	 coefficients	 by	 fitting	 to	 experiments;	 for	 highly	

heterogeneous	 porous	 media	 the	 observed	 breakthrough	 curves	 are	 more	

dispersed	and	contain	more	scattered	pointsሺR.L.	Iman	and	J.C.	Helton.	1985ሻ.	

ሺviiሻ The	approximation	of	 the	density	 in	most	general	 the	equation	describing	 the	

density	as	being	a	constant.	

2ሻ	Mathematical	Model	Uncertainties	

ሺviiiሻ Derivation	 of	 the	 mathematical	 model	 from	 the	 conceptual	 model.	 The	

approximation	 made	 in	 the	 most	 general	 equation	 for	 the	 description	 of	

density–dependent	 mass	 transport	 in	 a	 consolidating	 porous	 medium	 which	

consist	of	discarding	the	terms	containing	the	matrix	velocity.	

ሺixሻ The	assumption	made	in	finding	the	analytical	of	the	hydrodynamic	dispersion	

equation	 including,	 there	 is	 no	discharge	 from	or	 recharge	 to	 the	 aquifer,	 the	

Darcy	velocity,	and	dispersion	tensor	are	constant,	and	the	matrix	of	dissolved	

can	be	represented	by	the	Freundlish	isotherm.	

ሺxሻ The	boundaries	conditions	to	the	problem	frame.	

ሺxiሻ The	domain	V	spanned	by	x	and	its	boundary	്V	is		not		known	

ሺxiiሻ The	relational	parameters,	such	as	S0ሺx,	tሻ	and	Kሺx,	tሻ	 is	not	well	known	at	

all	points	x	in	V	and	any	time	t	for	which	the	differential	equation	has	to	be	

solved.	

ሺxiiiሻ Any	forcing	functions	that	appear	in	the	differential	equation	describing	the	

hydrodynamic	dispersion	equation	are	well	known	
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ሺxivሻ Boundary	conditions,	appropriate	values	of	the	dependent	variable,	are	not	

known	at	all	points	along	്V	and	again	at	any	time	t	for	which	differential	

equation	has	to	be	solved.	

ሺxvሻ Initial	conditions,	appropriate	values	of	dependent	variable	are	not	usually	

well	known	across	V	for	a	suitable	time,	t0	ൌ	0	say.	

3ሻ		Parameters	Model	Uncertainties	

Parameter	 uncertainty	 can	 be	 defined	 as	 uncertainty	 that	 arises	 in	 selecting	 values	 for	

parameters	in	the	various	models.	There	are	many	parameters	 in	this	assessment	that	are	

uncertain.	 First,	 there	 are	 insufficient	 data	 about	 the	 site	 climatic,	 geological	 and	

hydrological	 conditions.	 As	 a	 result,	 such	 parameters	 as	 sorption	 coefficients,	 moisture	

content,	river	flow	rate,	river	depth	and	width,	hydraulic	gradient	in	the	aquifer	and	erosion	

rate	are	taken	from	the	general	literature.	Some	parameters	used	need	to	be	specified	more	

accurately,	 e.g.	 evaporation	 or	 distance	 between	 the	 disposal	 facility	 and	 the	 river,	 and	

between	 the	 disposal	 facility	 and	 residences.	 	 On	 the	 other	 hand,	 the	 sensitivity	 analysis	

aims	 at	 quantifying	 the	 individual	 contribution	 from	 each	 parameter’s	 uncertainty	 to	 the	

uncertainty	 of	 outputs.	 Correlations	 between	 parameters	 may	 also	 be	 inferred	 from	

sensitivity	 analysis.	 It	 is	 a	 frequent	 routine	and	 recommended	 to	perform	 the	uncertainty	

and	sensitivity	analysis	in	tandem	ሺBradford	et	al,	2004ሻ	ሺSin	et	al.,2009aሻ	ሺSin	et	al.,	2009bሻ	

and		ሺ	Helton,	1997ሻ.	

Several	 approaches	 have	 been	 developed	 to	 cope	 with	 uncertainty	 including;	 Data	

uncertainty	 engine	 ሺDUEሻ;Error	 propagation	 equations;	 Expert	 elicitation;	 Extended	 peer	

review	 ሺreview	 by	 stakeholdersሻ;	 Inverse	 modelling	 ሺparameter	 estimationሻ;Inverse	

modelling	 ሺpredictive	 uncertaintyሻ;	 Monte	 Carlo	 analysis;	 Multiple	 model	 simulation;	

NUSAP;	Quality	assurance,	Scenario	analysis;	Sensitivity	analysis;	Stakeholder	involvement	

and	Uncertainty	matrix.	

The	most	widely	used	methods	 in	uncertainty	 analysis	 are	Monte	Carlo	 simulation	 ሺMCSሻ	

and	Latin	hypercube	 sampling	 ሺLHSሻ,	developed	 from	MCS.	Despite	 the	 simplicity	of	MCS,	

many	 runs	 are	 required	 to	 achieve	 a	 reliable	 result.	 In	 this	 thesis	we	 are	 using	 the	 Latin	

hypercube	sampling	Monte	Carlo	to	address	the	uncertainties	issues.	

7.2.1 Method history and description 

The	method	of	LHS	is	an	extension	of	quota	sampling	ሺSteinberg,	1963ሻ,	and	can	be	viewed	

as	a݊	dimensionalextension	of	Latin	square	sampling	ሺRaj	and	Des,	1968ሻ.	This	method	first	

was	 used	 in	 “Uncertainty	 Analysis”	 by	 selecting	 input	 values	 	ݔ ൌ 	 ሺݔଵ	, ,	ଶݔ . . . , 	݊		ሻ	௡ݔ



113	

	
ሺrandom	variableሻ	of	a	function		ݕ ൌ 	݄ሺ࢞ሻ	,	inorder	to	estimate	the	cumulative	distribution	

function	ሺc.d.f.ሻ	and	mean	value	of	ݕ	ሺMcKayet	al	,	1979aሻሺ	Iman	and	Conover	,1980ሻሺ	Iman	

and	Helton,	1988ሻ.	This	sampling	approach	ensures	that	each	of	the	input	variables	has	all	

portions	of	 its	 range	 represented.	LHS	 is	computationally	cheap	 to	generate	and	can	cope	

with	many	 input	 variables.	 In	 what	 follows	 the	 generation	 and	 application	 of	 LHS	 in	MC	

yield	estimation	is	presented.	

7.2.2 Samples Generation 
The	LHS	method	ሺMcKay	et	al.,	1979bሻ	is	a	type	of	stratified	MC	sampling	ሺHocevar	et	al	 .,	

1983ሻ	 .	The	sampling	region	is	partitioned	into	a	specific	manner	by	dividing	the	range	of	

each	 component	 of	 	.ݔ We	 will	 only	 consider	 the	 case	 where	 the	 components	 of	 	ݔ are	

independent	 or	 can	 be	 transformed	 to	 an	 independent	 base.	 Moreover,	 the	 sample	

generation	 for	 correlated	 components	 with	 Gaussian	 distribution	 can	 be	 easily	 achieved	

ሺIman	and	Conover,	1982ሻ.	

As	originally	described,	in	the	following	manner,	LHS	operates	to	generate	a	sample	size	N	

from	 the	 ݊	 variables	 ,ଵݔ ,ଶݔ , , , , , 	.௡ݔ The	 range	 of	 each	 variable	 is	 partitioned	 into	 N	 non	

overlapping	 intervals	 on	 the	 basis	 of	 equal	 probability	 size	 1/N.	 One	 value	 from	 each	

interval	is	selected	at	random	with	respect	to	the	probability	density	in	the	interval.	The	N	

values	thus	obtained	for	ݔଵare	paired	in	a	random	manner	with	the	N	values	of	ݔଶ	.	These	N	

pairs	are	combined	in	a	random	manner	with	the	N	values	of	ݔଷ	to	form	N	triplets,	and	so	on,	

until	a	set	of	N	݊‐tuples	is	formed.This	set	of	݊‐tuples	is	the	Latin	hypercube	sample.	Thus,	

for	given	values	of	N	and	݊,	there	exist	ሺN!ሻ௡ିଵ	possibles	interval	combinations	for	a	LHS.	A	

10‐run	LHS	for	3	normalized	variables	ሺrange	ሾ‐1,1ሿሻ	with	the	uniform	p.d.f.	is	listed		below.	

In	this	case	the	equal	probability	spaced	values	are	‐1,‐0.8...	0.8,	1.	

7.2.3 Efficiency of LHSMC 
Consider	 the	 case	 that	 	denotesݔ an	 ݊‐vectors	 random	 variable	 with	 p.d.f.	 ௫݂ሺݔሻforݔ	߳	ܵ.	

Let݄denote	an	objective	function	given	by	݄	 ൌ 	of	class	following	the	now	Consider	.	ሻ	ݔሺݍ	

estimators	

																																																																																						ܶ ൌ
ଵ

ே
∑ ݃ሺܪ௜ሻ
ே
௜ୀଵ .																																											ሺ7.14ሻ	

where	 gሺ.ሻ	 is	 an	 arbitrary	 known	 function	 and	ܪ௜ ൌ 	.	௜ሻݔሺݍ	 If	 ݃ሺ݄ሻ ൌ ݄that	 is	 if	 ݄	 a	 fixed	

point	for	݃,		then	T	represents	an	estimator	of	ሾ݄ሿ	.	If	݃ሺ݄ሻ 	ൌ 	sample	thݎ	the	obtains	௜oneܪ	

moment.	By	choosing	݃ሺ݄ሻ 	ൌ 	ሺܿݑ	 െ 	݄ሻ	ሺݑሺ. ሻ	is	astep	functionሻ,	one	achieves	the	empirical	

distribution	function	of	݄at	the	point	c.	Now	consider	the	following	theorems	

Theorem	7.1:	If		ݔ௜′s	are	generated	by	LHS	method.	Then,	the	statistic	T	Equation	ሺ7.14ሻ	is	an	

unbiased	estimator	of	the	mean	of		ሺ݄ሻ.	That	is,	
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ሾܶሿܧ																																																														 ൌ 	ሺ7.15ሻ																																																																		ሾ݃ሺ݄ሻሿ.ܧ	

Proof:	 This	 is	 a	 special	 case	 of	 Theorem	 7.1	 in	 ሺIman	 and	 Conover,	 1980ሻ.	 It	 should	 be	

emphasized	 that	 even	 if	 the	 variables	 are	 correlated	 LHS	 estimator	 will	 be	 unbiased.	

Let		 ோܶ	denote	 estimator	 ሺ7.14ሻ	 with	 standard	 random	 sampling	 of,	 and	 ௅ܶdenote	 the	

estimator	with	the	LHS	generator	of	ݔ.	Now	consider	the	 following	theorem	related	to	the	

variances	of	 ோܶand	 ௅ܶ.	

Theorem	7.2:	 If	݄ ൌ ,ଵݔሺݍ ,ଶݔ . . . . , 	at	monotonic	is	௡ሻݔ least	 in	ሺ݊ െ 1ሻ	of	 its	arguments,	and	

if	݃ሺ݄ሻisa	monotonic	function	of	h,	then	the	variance	of	LHSMC	estimator	is	less	than	that	of	

PMC,	that	is,	in	order	words	

ሺ	ݎܸܽ ோܶሻ ൒ ሺݎܸܽ ௅ܶሻ.		ሺKeramat,	1996ሻ	

The	goodness	of	an	unbiased	estimator	of	yield	can	be	measured	by	the	size	of	its	variance.	

From	Theorem	7.2,	it	is	seen	that	for	the	monotonic	function	ݍሺ. ሻ	for			݊ െ 1	variables	and	a	

monotonic݃ሺ. ሻ	the	LHSMC	method	gives	better	estimate	than	that	of	the	random	sampling,	

without	any	significant	additional	computational	costs.	

Theorem	 7.3:	 If	 ݄ ൌ ,ଵݔሺݍ ,ଶݔ . . . . , 	௡ሻݔ is	 monotonic	 in	 each	 of	 its	 arguments	 and	 if	 ݃ሺ݄ሻis	

amonotonic	 function	 of	 ݄,	 then	 a	 lower	 bound	 of	 the	 variance	 differences	 between	 the	

LHSMC	and	the	PMC	estimators	is		݉	

ሺݎܸܽ																										 ௅ܶሻ െ ሺݎܸܽ ோܶሻ ൑ െ
ଵ

ே
maxூఢሾଵ,……௡ሿሼܸܽݎሺܧூ೗̅ሺߤ௖ሻሻሽ.																																ሺ7.16ሻ	

where		ܫ௟̅ ൌ ,ଵܫ௖ሺߤ	and	ଵ….௟ିଵ,௟ାଵ……,௡ܫ ,ଶܫ … . , ௡ሻܫ ൌ ሺ݄ሻ݃׬ ௫݂ሺݔሻ݀ݔ	in	which	ܫ௟	presents	the	݄݅ݐ		

component	of	the	cell	ܫ	ሺthe	interval	number	in	direction	ݔ௟ሻሺ	Keramat,	1996ሻ	It	should	be	

emphasized	that	the	monotonicity	conditions	of	Theorem	9.2	and	Theorem	9.3	are	sufficient	

condition	and	are	not	necessary.	Consider	now	the	following	theorem	with	no	assumption	of	

monotonicity	in	the	two‐dimensional	space.	

Theorem	 7.4:	 If		݄	 ൌ ,ଵݔሺݍ	 	ଶሻݔ and	 ݃ሺ݄ሻare	 arbitrary	 functions,	 then	 the	 difference	 of	

variances	between	the	LHSMC	and	the	PMC	estimators	is	ሺKeramat,	1996ሻ																							ሺ7.17ሻ	

ሺݎܸܽ ௅ܶሻ െ ሺݎܸܽ ோܶሻ ൌ
1

ܰሺܰ െ 1ሻ
൥ܸܽݎሺߤ௖ሻ െ ܰ෍ܸܽܧൣݎூ೗ሺߤ௖ሻ൧

ଶ

௟ୀଵ

൩.	

In	order	to	compare	two	different	estimation	methods,	an	efficiency	measure	is	introduced	

as	 the	 product	 of	 the	 ratio	 of	 the	 respective	 variances	 with	 the	 ratio	 of	 the	 respective	

computation	times	ሺHocevar	et	al	,	1983ሻ																																																																																							ሺ7.18ሻ	

ߟ ൌ
ோߪ
ଶ߬ோ
௅ߪ
ଶ߬௅

,	

where	߬ோ	 and	 ோߪ
ଶdenote	 the	 computation	 time	 and	 the	 variance	 of	 the	 PMC	 estimator.	
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߬௅	and	ߪ௅

ଶ	are	the	computation	time	and	the	variance	of	the		LHSMC	respectively	

7.3 APPLICATIONS 

Iman	 and	 Helton	 ሺIman	 and	 Helton,	 1988ሻ	 applied	 the	 LHS	 approach	 to	 cumulative	

distribution	 function	 ሺc.d.f.ሻ	 estimation	 of	 the	 three	 computer	 models:	 1ሻ	 Environmental	

radionuclide	movement,	 2ሻ	Multi‐component	 aerosol	 dynamics,	 and	 3ሻ	 Salt	 dissolution	 in	

bedded	salt	formations.	They	reported	a	good	agreement	of	c.d.f.	estimations.	In	this	section,	

the	application	of	Latin	Hypercube	Sampling	Monte	Carlo	to	groundwater	pollution	will	be	

discussed.	

7.3.1 Latin hypercube sampling of parameters involved in the solution of advection 

dispersion equation 

	
The	generation	of	an	LHS	is	presented	here	for	ߙ ൌ ሾܦ௥, ,௥ݍ ,௥ݑ ,ߛ ܵ݊	and	ሿߣ ൌ 	assigned	௥ܦ	.5

a	triangular	distribution	and	a	mode	of	1	on	ሾ0,2ሿ,ሻ		ݍ௥	assigned	a	triangular	distribution	and	

a	mode	of	0.875	on	ሾ0,	1.75ሿ,		ߣ	and		ߛ	assigned	a	uniform	distribution	on	ሾ0,	1ሿ.	The	range	of	

the	 five	 parameters	 are	 subdivided	 into	 five	 intervals	 of	 equal	 probability,	 with	 this	

represented	by	lines	that	originate	at	0.2,	0.4,	0.6	and	0.8	on	the	ordinates	Fig	ሺ6‐20,	6‐21,	6‐

22	and	6‐23ሻ,	extend	horizontally	to	the	CDFs	ሺCumulative	Distribution	Functionሻ,	and	then	

drop	 vertically	 to	 the	 abscissas	 to	 produce	 the	 five	 indicated	 intervals.	 Random	 values	

,௥ሺ1ሻܦ ,௥ሺ2ሻܦ … , ,௥ሺ1ሻݍ		;௥ሺ5ሻܦ ,௥ሺ2ሻݍ ,௥ሺ3ሻݍ … , ,௥ሺ1ሻݍ		;௥ሺ5ሻݍ ,௥ሺ2ሻݍ … , 	௥ሺ5ሻݑ

,ሺ1ሻߣ ,ሺ2ሻߣ … , ,ሺ1ሻߛ	ሺ5ሻandߣ ,ሺ2ሻߛ … , 	sample	The	intervals.	these	from	sampled	then	are	ሺ5ሻߛ

of	 these	 random	 values	 is	 implemented	 by	 ሺiሻ	 sampling	

,௥ሺ1ሻܦܴ ,௥ሺ1ሻݍܴ ,௥ሺ1ሻݑܴ 	ሺ1ሻߛܴ	ሺ1ሻandߣܴ from	 a	 uniform	 and	 a	 triangular	 distribution	 on	

ሾ0,0.2ሿ,	ܴܦ௥ሺ1ሻ, ,௥ሺ1ሻݍܴ ,௥ሺ1ሻݑܴ 	ሺ1ሻߛܴ	ሺ1ሻandߣܴ from	a	uniform	and	triangular	distribution	

on	 ሾ0.2,	 0.4ሿ,	 and	 so	 on,	 and	 then	 ሺiiሻ	 using	 the	 CDFs	 to	 identifyሺi.e.	 sampleሻ	 the	

corresponding	 ,௥ܦ ,௥ݍ ,௥ݑ 	ߣ		and	ߛ values,	 with	 this	 identification	 represented	 by	 the	 	 lines	

that	originate	on	the	ordinates	of	Fig		ሺ6‐20,	6‐21,	6‐22	and	6‐23ሻ,	extend	horizontally	to	the	

CDFs,	and	then	drop	vertically	to	the	abscissas	to	produces		

,௥ሺ1ሻܦ ,௥ሺ2ሻܦ … , ,௥ሺ1ሻݍ		;௥ሺ5ሻܦ ,௥ሺ2ሻݍ ,௥ሺ3ሻݍ … , ,௥ሺ1ሻݍ	;௥ሺ5ሻݍ ,௥ሺ2ሻݍ … , 	௥ሺ5ሻݑ

,ሺ1ሻߣ ,ሺ2ሻߣ … , ,ሺ1ሻߛ		and		ሺ5ሻߣ ,ሺ2ሻߛ … , 	by	completed	then	is	LHS	the	of	generation	The	ሺ5ሻ.ߛ

randomly	 pairing	 without	 replacement	 the	 resulting	 values	 for	 ,௥ܦ ,௥ݍ ,௥ݑ 	.ߣ		nd	aߛ As	 this	

pairing	is	not	unique,	many	possible	LHSs	can	be	result.			In	this	case,	we	have	3125	possible	

LHS’s.	 Note	 that,	 improbability	 and	 statistics,	 the	 triangular	 distribution	 is	 a	 continuous	

probability	 distribution	with	 lower	 limit	 ܽ,	 upper	 limit	 ܾ	 and	mode	 ܿ,	 where	 ܽ	 ൏ 	ܾ	 and	

ܽ	 ൑ 	ܿ	 ൑ 	ܾ.	The	probability	density	function	is	given	by:																																																							ሺ7.20ሻ	
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exist	such	that	the	result	obtained	with	sample	element	ݔ௜can	be	used	in	conjunction	with	

the	weight	ݓ௜to	obtain	quantities	such	as	expected	values,	variances	and	other	entities	that	

derive	 from	 integration	 over	 	 the	 space	 of	 probability	 associatedሺJ.C.	 Helton,	 F.J.	 Davis,	

2003ሻ.	For	random	sampling	and	also	Latin	hypercube	sampling,	ݓ௜is	the	reciprocal	of	the	

sample	size,	that	is	ݓ௜ ൌ
ଵ

௡ௌ
	and	hence	for	our	case	ݓ௜ ൌ

ଵ

ଵ଴
	

7.3.2 Analysis inputs to analysis results 

Once	the	sample	is	generated,	evaluation	of	the	concentration	creates	the	following	mapping	

from	analysis	inputs	to	analysis	results.ሾߙ௜, ܿ௜ሺݔ, ݅			,ሻሿݐ ൌ 1, …… ,10		

Table	7‐3:	Parameter	sets	1	and	2	
co,	 c1	 α	 γ λ θ ρb K	 q	

990	 1	000	 20	 0 1 1/5 2	200 60	 3/5,	
990	 1	000	 60	 0 1 1 1	200 20	 3/5	

	

x	 t c1ሺx,	tሻ c2ሺx,	tሻ

0.10	 0.50 600.465	357 600.465	353		
0.10	 1.00 364.210	719 364.202	496		
0.10	 1.50 221.053	143 220.944	828		
0.10	 2.00 134.580	366 134.208	805		
0.10	 2.50 82.567	359 81.833	507
0.10	 3.00 51.397	512 50.298	374
x	 t c1ሺx,	tሻ c2ሺx,	tሻ

0.20	 0.50 600.465	353 600.465	353
0.20	 1.00 364.200	647 364.200	647
0.20	 1.50 220.898	859 220.898	859		
0.20	 2.00 133.981	934 133.981	931
0.20	 2.50 81.264	201 81.264	153		
0.20	 3.00 49.289	518 49.289	233
x	 t c1ሺx,	tሻ c2ሺx,	tሻ

0.30	 0.50 600.465	353 600.465	353
0.30	 1.00 364.200	647 364.200	647
0.30	 1.50 220.898	859 220.898	859
0.30	 2.00 133.981	930 133.981	930		
0.30	 2.50 81.264	149 81.264	149
0.30	 3.00 49.289	198 49.289	198					

	



	

Table	

	

	

7‐4:	Param
co,	 c

990	 1	0
990	 1	0

eter	sets	3	a
c1 α	

000	 10	
000	 80	

x	

0.10	
0.10	

0.10	

0.10	

0.10	

0.10	

x	

0.20	
0.20	

0.20	

0.20	

0.20	

0.20	

x	

0.30	
0.30	

0.30	

0.30	

0.30	

0.30	

Figure	7‐18

and	4	
γ

0
0

t

	0.50
	1.00

	1.50

	2.00

	2.50

	3.00

t

	0.50
	1.00

	1.50

	2.00

	2.50

	3.00

t

	0.50
	1.00

	1.50

	2.00

	2.50

	3.00

8:		Output	fo

λ

1
1

c1ሺx,	t

600.466
364.381

222.150

137.256

	86.926

	57.197

c1ሺx,	t

600.465
364.200

220.898

133.982

	81.268

	49.303

c1ሺx,	t

600.465
364.200

220.898

133.981

	81.264

	49.289

r	set	1	and	2

θ

2/5
4/5

tሻ

6	107 6
1	161 3

0	424 2

6	283 1

6	745

7	792

tሻ

5	353 6
0	647 3

8	886 2

2	590 1

8	416

3	233

tሻ

5	353 6
0	647 3

8	859 2

1	930 1

4	149

9	200

2	

ρb

1	800
1 400 1

c2ሺx,	tሻ

600.465	440	
364.254	870	

221.418	769

135.579	581

	84.299	223	

	53.788	658

c2ሺx,	tሻ

600.465	353	
364.200	647

220.898	86

133.982	003

	81.264	835	

	49.292	099	

c2ሺx,	tሻ

600.465	353	
364.200	647	

220.898	859	

133.981	930

	81.264	149

	49.289	198	

K	 q	

1	 1/10
00	 4/5
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Table	

	

	

7‐5:	Param
co,	 c

990	 1	0
990	 1	0

eter	sets	5	a
c1	 α	

000	 40	
000	 20	

x	

0.10	
0.10	

0.10	

0.10	

0.10	

0.10	

x	

0.20	
0.20	

0.20	

0.20	

0.20	

0.20	

x	

0.30	
0.30	

0.30	

0.30	

0.30	

0.30	

Figure	7‐19

and	6	
γ

0
0

t

	0.50
	1.00

	1.50

	2.00

	2.50

	3.00

t

	0.50
	1.00

	1.50

	2.00

	2.50

	3.00

t

	0.50
	1.00

	1.50

	2.00

	2.50

	3.00

9:		Output	of

λ

1
1

c1ሺx,	t

600.465
364.200

220.898

133.981

	81.264

	49.289

c1ሺx,	t

600.465
364.200

220.898

133.981

	81.264

	49.289

c1ሺx,	t

600.465
364.200

220.898

133.981

	81.264

	49.289

f	set	3	and	4

θ

3/5 2
2/5 2

tሻ

5	353 6
0	647 3

8	859 2

1	930 1

4	149

9	198

tሻ

5	353 6
0	647 3

8	859 2

1	930 1

4	149

9	198

tሻ

5	353 6
0	647 3

8	859 2

1	930 1

4	149

9	198

4	

ρb

2	000 4
2	200 2

c2ሺx,	tሻ

600.465	434	
364.252	940	

221.405	532	

135.547	007	

	84.246	384	

	53.718	886	

c2ሺx,	tሻ

600.465	353	
364.200	647	

220.898	860	

133.981	998	

	81.264	799	

	49.291	969	

c2ሺx,	tሻ

600.465	353	
364.200	647	

220.898	859	

133.981	930	

	81.264	149	

	49.289	198	

K	 q	

40	 1/10
20	 5/5
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Table	

	

	

7‐6:	Param
co,	 c

990	 1	0
990	 1	0

eter	Sets	7	a
c1	 α	

000	 60	
000	 10	

x	

0.10	
	0.10	

	0.10	

	0.10	

0.10	

	0.10	

x	

0.20	
0.20	

0.20	

	0.20	

	0.20	

	0.20	

x	

0.30	
0.30	

	0.30	

0.30	

	0.30	

	0.30	

	

Figure	7‐20

and	8	
γ

0
0

t

	0.50
	1.00

	1.50

	2.00

	2.50

	3.00

t

	0.50
	1.00

	1.50

	2.00

	2.50

	3.00

t

	0.50
	1.00

	1.50

	2.00

	2.50

	3.00

0:	Output	of

λ

1
1

c1ሺx,	t

704.987
600.179

550.359

524.673

510.888

503.309

c1ሺx,	t

620.975
441.794

351.209

303.239

277.103

262.593

c1ሺx,	t

603.340
386.298

268.420

203.693

167.657

147.362

f	set	5	and	6

θ

1/5
4/5

tሻ

7	753 6
9	033 3

9	324 2

3	999 1

8	768

9	636

tሻ

5	852 6
4	161 3

9	771 2

9	341 1

3	149

3	907

tሻ

0	468 6
8	579 3

0	488 2

3	756 1

7	008

2	470

	

ρb

1 200
1 400 1

c2ሺx,	tሻ

600.465	353
364.200	647

220.898	859

133.981	930	

	81.264	149

	49.289	198	

c2ሺx,	tሻ

600.465	353	
364.200	647	

220.898	859

133.981	930

	81.264	149

	49.289	198	

c2ሺx,	tሻ

600.465	353	
364.200	647

220.898	859	

133.981	930

	81.264	149

	49.289	198	

K	 q	

1	 2/5
00	 1/10
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5	
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Table	

	

	

7‐7:	Param
co	 c

990	 1	0
990	 1	0

eter	Sets	9	a
c1	 α	

000	 80	
000	 40	

x	

0.10	
0.10	

0.10	

0.10	

0.10	

0.10	

x	

0.20	
0.20	

0.20	

0.20	

0.20	

0.20	

x	

0.30	
0.30	

0.30	

0.30	

0.30	

0.30	

Figure	7‐21

and	10	
γ

0
0

t

	0.50
	1.00

	1.50

	2.00

	2.50

	3.00

t

	0.50
	1.00

	1.50

	2.00

	2.50

	3.00

t

	0.50
	1.00

	1.50

	2.00

	2.50

	3.00

1:	Output	of

λ

1
1

c1ሺx,	

600.465
364.210

221.053

134.580

	82.567

	51.397

c1ሺx,	t

600.465
364.200

220.898

133.981

	81.264

	49.289

c1ሺx,	t

600.465
364.200

220.898

133.981

	81.264

	49.289

f	set	7	and	8

θ

1/5
4/5 2

tሻ

5	357 6
0	719 3

3	143 2

0	366 1

7	359

7	512

tሻ

5	353 6
0	647 3

8	859 2

1	934 1

4	201

9	518

tሻ

5	353 6
0	647 3

8	859 2

1	930 1

4	149

9	198

	

ρb

1 200 1
2 000 4

c2ሺx,	tሻ

600.465	353	
364.202	496	

220.944	828	

134.208	805	

	81.833	507	

	50.298	374	

c2ሺx,	tሻ

600.465	353	
364.200	647	

220.898	859	

133.981	931	

	81.264	153	

	49.289	233	

c2ሺx,	tሻ

600.465	353	
364.200	647	

220.898	859	

133.981	930	

	81.264	149	

	49.289	198	

K	 q	

00	 5/5
40	 3/5
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7.3.3 

The	 d

ሺCDFሻ

minus
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Let		ܥ
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distribution	
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, ,ݔ ሻݐ ൐ ߙሺܥ

ൌ ൜
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then	the	probability	is	given	by																																																																																																										ሺ7.22ሻ	

,ߙ൫ܿሺܾ݋ݎ݌ ,ݔ ሻݐ ൐ ,ߙሺܥ ,ݔ ሻ൯ݐ ൌ෍ߜ஼ሺఈ,௫,௧ሻ

ଵ଴

௜ୀଵ

൫ܿ௜ሺݔ, ሻ൯ݐ
1
10

ൌ
9
10
	

For	ሺݔ, ሻݐ ൌ ሺ20,20ሻ	we	have:	

Table	7‐9:	Concentration	for	ሺ࢞, ሻ࢚ ൌ ሺ૛૙, ૛૙ሻ	
ܿଵሺߙ, ,ݔ ሻݐ 0.00176227
ܿଶሺߙ, ,ݔ ሻݐ 0.634651
ܿଷሺߙ, ,ݔ ሻݐ 0.00250054
ܿସሺߙ, ,ݔ ሻݐ 0.00131972
ܿହሺߙ, ,ݔ ሻݐ 0.0000131415
ܿ଺ሺߙ, ,ݔ ሻݐ 12.3906
ܿ଻ሺߙ, ,ݔ ሻݐ 62.123
଼ܿሺߙ, ,ݔ ሻݐ 1.76417ൈ 10ି଻

ܿଽሺߙ, ,ݔ ሻݐ 5.40976ൈ 10ି଺

ܿଵ଴ሺߙ, ,ݔ ሻݐ 1.00504
,ߙሺܥ ,ݔ ሻݐ 1.85504ൈ 10ି଻

	

	

then,	the	probability	is	given	by	

,ߙ൫ܿሺܾ݋ݎ݌ ,ݔ ሻݐ ൐ ,ߙሺܥ ,ݔ ሻ൯ݐ ൌ෍ߜ஼ሺఈ,௫,௧ሻ

ଵ଴

௜ୀଵ

൫ܿ௜ሺݔ, ሻ൯ݐ
1
10

ൌ
9
10
	

For	ሺݔ, ሻݐ ൌ ሺ100,100ሻ	we	have:	

Table	7‐10:	Concentration	for		ሺ࢞, ሻ࢚ ൌ ሺ૚૙૙, ૚૙૙ሻ	
ܿଵሺߙ, ,ݔ ሻݐ 5.35161ൈ 10ିଶଶ

ܿଶሺߙ, ,ݔ ሻݐ 2.02342ൈ 10ିଽ

ܿଷሺߙ, ,ݔ ሻݐ 1.42489ൈ 10ିଶଵ

ܿସሺߙ, ,ݔ ሻݐ 8.70786ൈ 10ିଶଶ

ܿହሺߙ, ,ݔ ሻݐ 1.14739ൈ 10ିଷଵ

ܿ଺ሺߙ, ,ݔ ሻݐ 1.48021
ܿ଻ሺߙ, ,ݔ ሻݐ 52.9736
଼ܿሺߙ, ,ݔ ሻݐ 3.34787ൈ 10ିସଶ

ܿଽሺߙ, ,ݔ ሻݐ 4.73136ൈ 10ିଷଷ

ܿଵ଴ሺߙ, ,ݔ ሻݐ 1.02619ൈ 10ି଼

,ߙሺܥ ,ݔ ሻݐ 3.34807ൈ 10ିସଶ

	

then	,the	probability	is	given	by	

,ߙ൫ܿሺܾ݋ݎ݌ ,ݔ ሻݐ ൐ ,ߙሺܥ ,ݔ ሻ൯ݐ ൌ෍ߜ஼ሺఈ,௫,௧ሻ

ଵ଴

௜ୀଵ

൫ܿ௜ሺݔ, ሻ൯ݐ
1
10

ൌ
9
10
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For	ሺݔ, ሻݐ ൌ ሺ200, 200ሻ	we	have:	

Table	6‐11:	Concentration	for		ሺݔ, ሻݐ ൌ ሺ200, 200ሻ	

ܿଵሺߙ, ,ݔ ሻݐ 3.29798ൈ 10ିସହ

ܿଶሺߙ, ,ݔ ሻݐ 4.71079ൈ 10ିଶ଴

ܿଷሺߙ, ,ݔ ሻݐ 2.25591ൈ 10ିସସ

ܿସሺߙ, ,ݔ ሻݐ 1.51925ൈ 10ିସସ

ܿହሺߙ, ,ݔ ሻݐ 2.63774ൈ 10ି଺ସ

ܿ଺ሺߙ, ,ݔ ሻݐ 0.137565
ܿ଻ሺߙ, ,ݔ ሻݐ 57.4742
଼ܿሺߙ, ,ݔ ሻݐ 1.24551ൈ 10ି଼ହ

ܿଽሺߙ, ,ݔ ሻݐ 1.33147ൈ 10ି଺଺

ܿଵ଴ሺߙ, ,ݔ ሻݐ 1.05306ൈ 10ିଵ଼

,ߙሺܥ ,ݔ ሻݐ 1.2455ൈ 10ି଼ହ

then,	the	probability	is	given	by	

,ߙ൫ܿሺܾ݋ݎ݌ ,ݔ ሻݐ ൐ ,ߙሺܥ ,ݔ ሻ൯ݐ ൌ෍ߜ஼ሺఈ,௫,௧ሻ

ଵ଴

௜ୀଵ

൫ܿ௜ሺݔ, ሻ൯ݐ
1
10

ൌ 1.	

	For	ሺݔ, ሻݐ ൌ ሺ2500,2500ሻ	we	have:	

Table	6‐12:	Concentration	for	ሺ࢞, ሻ࢚ ൌ ሺ૛૞૙૙, ૛૞૙૙ሻ	
ܿଵሺߙ, ,ݔ ሻݐ 1.3525ൈ 10ିହ଻ଽ

ܿଶሺߙ, ,ݔ ሻݐ 8.8894ൈ 10ିଶ଺ହ

ܿଷሺߙ, ,ݔ ሻݐ 8.76466 ൈ 10ିହ଺ଽ

ܿସሺߙ, ,ݔ ሻݐ 8.416153ൈ 10ିହ଺ଽ

ܿହሺߙ, ,ݔ ሻݐ 8.32007ൈ 10ି଼ଵ଺

ܿ଺ሺߙ, ,ݔ ሻݐ 0
ܿ଻ሺߙ, ,ݔ ሻݐ 83.3925
଼ܿሺߙ, ,ݔ ሻݐ 1.652ൈ 10ିଵ଴଼ସ

ܿଽሺߙ, ,ݔ ሻݐ 0ൈ 10ି଼ଶ଼

ܿଵ଴ሺߙ, ,ݔ ሻݐ 1.90842ൈ 10ିଶସ଼

,ߙሺܥ ,ݔ ሻݐ 1.652ൈ 10ିଵ଴଼ହ

then,	the	probability	is	given	by:	

,ߙ൫ܿሺܾ݋ݎ݌ ,ݔ ሻݐ ൐ ,ߙሺܥ ,ݔ ሻ൯ݐ ൌ෍ߜ஼ሺఈ,௫,௧ሻ

ଵ଴

௜ୀଵ

൫ܿ௜ሺݔ, ሻ൯ݐ
1
10

ൌ
4
5
.	

	Therefore	the	mean	of	those	probabilities	is	given	by	

,ߙ൫ܿሺܾ݋ݎ݌ ,ݔ ሻݐ ൐ ,ߙሺܥ ,ݔ ሻ൯തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതݐ ൌ
9
10
	

As	 said	before,	 the	distribution	 function	approximated	above	provides	 the	most	 complete	

representation	of	the	uncertainty	in	the	concentration	that	derives	from	the	distributions.	



	
7.3.4 

For	La

the	co

where

the	va

summ

inform

expec

	
7.3.5 

Varian
The	fo

The	 g

appro

resolu

2003ሻ

Expected v

atin	hypercu

oncentration

e											ܿ௜ሺݔ,

alues	are	giv

mary	of	this	

mation	 cont

cted	values	a

Figure	

Variance o

nce	of	the	sa
orm	for	estim

goodness	 of

oximated	he

ution	that	oc

ሻ.	 The	 follo

value of the

ube	samplin

n	is	given	by

ሻݐ ൌ ܿሺܦ௥ሺ݅

ven	in	the	ta

distribution

tained	 in	 20

as	function	o

7‐23:	Expec

of the sampl

ample	
mator	of	the

ሺݎܸܽ

f	 an	 unbias

ere	provides

ccurs	when	

owing	 grap

e sampling 

ng	method,	

y	ሺHelton	an

ܿ̅ሺݔ, ሻݐ

݅ሻ, ,௥ሺ݅ሻݍ ௥ሺݑ

ables	above

n	but	with	th

0	 numbers.	

of	space	and

cted	values	o

ling and Rep

e	variance	o

ሺܿሺݔ, ሻሻݐ ൌ
1

ed	 estimato

s	a	summary

the	informa

ph	 shows	

the	form	fo

d	Davis,	200

ሻ ൌ
1
10

෍ܿ

ଵ଴

௜ୀଵ

݅ሻ, ,ሺ݅ሻߣ ሺ݅ሻߛ

e.	The	expec

he	inevitabl

The	 follow

d	time.	

of	the	sampl

peatability U

f	ܿሺݔ, gi	is	ሻݐ

1
10 െ 1

෍ሺܿ

ଵ଴

௜ୀଵ

or	 can	 be	 m

y	of	this	dis

ation	contain

the	 cross	

or	the	estim

03ሻ: 															

௜ሺݔ, 	,ሻݐ

, ,ݔ ܦ	and	ሻ	ݐ

cted	value	a

e	loss	of	res

wing	 surface

le	as	functio

ncertainty

iven	by 								

௜ሺݔ, ሻݐ െ ܿ̅ሺݔ

measured	 b

stribution	b

ned	in	20	nu

section	 ሺݔ

ator	of	the	

																						

,௥ሺ݅ሻܦ ,௥ሺ݅ሻݍ ݑ

pproximate

solution	that

e	 shows	 the

on	of	space	a

																						

,ݔ 	ሻሻଶݐ

by	 its	 varian

ut	with	the	

umbers	ሺJ.C.

ൌ 25ሻ	 of	

expected	va

																					ሺ

,௥ሺ݅ሻݑ ሺ݅ሻanߣ

ed	here	prov

t	occurs	wh

e	 response	

and	time	

																						

nce.	 The	 va

inevitable	 l

.	Helton,	F.J.	

the	 varianc

127	

alue	of	

ሺ7.23ሻ	

nd	ߛሺ݅ሻ	

vides	a	

hen	the	

of	 the	

	

ሺ7.24ሻ	

ariance	

loss	of	

Davis,	

ce	 for	



	
0.001

functi

Repea

It	is	im

sampl

expre

൑ ݐ ൑ 25	 a

ion	of	space	

Figure	

Figu

atability	Unc

mportant	no

le	data	 ሺNA

ssion	is	give

Variance	of	c

and	 the	 surf

and	time	

7‐24:	Cross

ure	7‐25:	Va

certainty	

oting	that	re

ASA	HANDBO

en	as														

ܵሺܿሺ

concentration	

face	 shows	

	section	ሺ࢞ ൌ

ariance	of	th

epeatability	

OOK,	2010ሻ

																						

,ݔ ሻሻݐ ൌ ඩ
10

the	 respon

ൌ ૛૞ሻ	of	the

he	sample	as

uncertainty

ሻ.	 In	 the	cas

																	 				

1
0 െ 1

෍ሺܿ௜

ଵ଴

௜ୀଵ

nd	 of	 the	 va

e	variance	fo

s	function	of

y	is	equal	to	

e	under	 inv

																						

ሺݔ, ሻݐ െ ܿ̅ሺݔ,

ariance	 of	 th

or	a	fixed	va

f	time	and	sp

the	standar

vestigation,	

																							

, 	.ሻሻଶݐ

Time

he	 distribut

	

alue	of	࢞	

	

pace	

rd	deviation

the	mathem

																					

128	

tion	 as	

n	of	the	

matical	

ሺ7.25ሻ	



	
The	n

	

7.3.6 
An	 er

quant

mode

given	

											

where

,௖ሺఈ,௫ߝ

disper

th	ఊisߝ

and	 	

relativ

first	o

For	th

Then,	

஽ೝߝ ൌ

V

ormalized	s

Develop t
rror	 model	

tity	 in	 term

l	 for	 the	qu

below	as	ሺN

௖ሺఈ,௫,௧ሻߝ	 ൌ ߝ

e	

௧ሻis	 the	 err

rsion	coeffic

he	error	in	ߛ

ܿ஽ೝ,	ܿ௤ೝ,	 ܿ௨ೝ

ve	contribut

order	sensiti

his	purpose	w

0.0085714

Varሺx,tሻ	

solution	of	th

Fi
he Error Mo
is	 an	 algeb

ms	 of	 all	 rel

uantityܿሺߙ, ݔ

NASA,	2010ሻ

,ݔ஽ೝܿ஽ೝሺߝ ሻݐ

ror	 in	 the	 c

cient;		ߝ௤ೝis	t

er	the	ఒisߝ		;ߛ

,	 ܿఊ	 and	 ఒܿ	

tion	of	 the	

ivity	coeffici

we	chose	th

ఈ೔ߝ ൌ
݅ݔܽ݉

௤ೝߝ,28 ൌ 0.0

he	above	eq

igure	7‐26:	R
odel 
braic	 expres

evant	 meas

,ݔ 	,ሻݐ the	 con

ሻ,	

൅ ,ݔ௤ೝܿ௤ೝሺߝ

concentratio

the	error	in	

rror	in	thera

	are	 the	 fir

errors	 in	ܦ௥

ients	are	the

he	following	

݁ݑ݈ܽݒ	݉ݑ݉݅
݉ݑ݉݅ݔܽ݉

008601823,

x

quation	is	illu

Repeatabilit

ssion	 that	 d

surement	 pr

ncentration	

ሻݐ ൅ ௨ೝܿ௨ೝሺߝ

on;	 	஽ೝisߝ th

the	retarde

ate	of	decay

st	 order	 sen

௥,	 ߛ	,௥ݑ	,௥ݍ

e	same	as	th

definition	o

݁ െ ݑ݉݅݊݅݉
	݁ݑ݈ܽݒ	݉ ൈ 10

௨ೝߝ		 ൌ 0.00

ustrated	gra

ty	uncertain

defines	 the	 t

rocess	 or	 c

of	 pollution

ሺݔ, ሻݐ ൅ ఒߝ ఒܿ

he	 error	 in	

d	velocity	v

y	of	the	radio

nsitivity	 coe

and	ߣ		to	 th

he	one	define

of	error, 							

݁ݑ݈ܽݒ	݉
00

,

ఊߝ7959183

aphically	in	t

nty.	

total	 error	

component	

n	 that	was	

ሺݔ, ሻݐ ൅ ఊܿఊߝ

the	 retarde

vector;	ߝ௨ೝis	

onuclide;	

efficients	 th

he	 total	 erro

ed	in	section

																						

݅ ൌ 1, . .5.

ൌ 0.0091,	a

t

the	below	fi

	

in	 the	 valu

errors.	 The

calculated	h

ఊሺݔ, ሺ										ሻݐ

ed	 hydrody

the	error	in

hat	 determin

or	 inܿሺߙ, ,ݔ ݐ

n	6.1.	

																						

.	

and	ߝఒ ൌ 0.0

129	

igure.	

ue	 of	 a	

e	 error	

here	 is	

ሺ7.26ሻ	

ynamic	

n	ݑ௥;	

ne	 the	

	The	ሻ.ݐ

ሺ7.27ሻ	

009.	



	
Here	w

Th

And	th

	

,௖ሺఈ,௫ߝ

0.009

The	fo

of	tim

7.3.7 

The	u

error	

௖ሺఈݑ

Provid

zero.	T

we	also	chos

hus	ܦ௥ ൌ 1.0

he	error	in	t

௧ሻ ൌ 0.0085

ఒܿሺݔ, ሻݐ ൅ 0.

ollowing	sur

me	and	space

Uncertain

uncertainty	 i

or	variance

ఈ,௫,௧ሻ ൌ ටߝଶ஽

ding	 that	 th

The	respons

Erroሺx,tሻ	

se	

௥ݍ		,6 ൌ 0.9

ߙ

the	concentr

71428ܿ஽ೝሺݔ

.0091ܿఊሺݔ, ݐ

rface	plot	sh

e.	

Figure	7‐2

nty in quantit

in	 a	quantit

.	In	mathem

஽ೝܿ
ଶ
஽ೝሺݔ, ሻݐ

he	correlatio

se	of	this	an

௜ߙ ൌ
1
5

௥ݑ	,8 ൌ 1.29

ൌ ሺ1.06, 0.9

ration	equat

,ݔ ሻݐ ൅ 0.008

	.ሻݐ

hows	the	er

27:	Model	er

ties or variab

ty	or	variab

matical	terms

൅ ଶ௤ೝܿߝ
ଶ
௤ೝሺ

on	coefficien

alytical	expr

x

1
5
෍ߙ௜ೖ

ହ

௞ୀଵ

, ݅ ൌ

ߛ	,99 ൌ 0.54

98, 1.299, 0.5

tion	ሺ7.8ሻ	be

8601823ܿ௤ೝሺ

rror	in	the	c

rror	as	funct

bles 

ble	 is	 the	sq

s,	this	is	exp

ሺݔ, ሻݐ ൅ ଶ௨ೝߝ

nts	 for	 the	e

ression	is	sh

ൌ 1…5.	

462	and	ߣ ൌ

5462, 0.524

ecomes:	

ሺݔ, ሻݐ ൅ 0.00

oncentratio

tion	of	spac

quare	 root	o

pressed	as	ሺN

ܿଶ௨ೝሺݔ, ሻݐ ൅

error	 in	ܦ௥,

hown	in	the	

0.5245	whi

5ሻ.	

07959183ܿ௨

on	of	the	sam

e	and	time

of	 the	variab

NASA,	2010

,ݔଶఒܿଶఒሺߝ ݐ

,	 	,௥ݑ	,௥ݍ a	ߛ

following	su

ich	implies	t

௨ೝሺݔ, ሻݐ ൅

mple	as	a	fu

	

ble’s	mean	s

ሻ:																			

ሻ ൅ ଶఊܿଶఊሺߝ

and	ߣ	are	eq

urface.	

t	

130	

that	

unction	

square	

ሺ7.28ሻ	

ሺݔ, 	.ሻݐ

qual	 to	



	

7.3.8 

Descr

about

distrib

ሺNASA

as:	Sin

mean	

and	co

The	 f

coeffic

M

Figure	

Skewness

riptive	 statis

t	the	normal

bution	is	ab

A,	2010ሻ.	In

nce		ܿଵሺߙ, ,ݔ

ܿ̅ሺݔ, 	ሻandݐ

oefficient	of

following	 su

cient	of	skew

Mvarሺx,tሻ	

7‐28:	Variab

 and Kurtosi

stics,	 such	

lity	of	the	d

bout	its	mea

n	mathemati

,ሻݐ … . , 		ܿଵ଴ሺ

standard	de

f	kurtosis	ܿସ	

urface	 show

wness,	as	fu

x

ble's	mean	s

is Tests 

as	 skewnes

data	sample.

n.	Kurtosis	

ical	terms	fo

ሺߙ, ,ݔ o	ሻareݐ

eviation	ݎܽݒ

are	given	b

ܿଷ ൌ

ଵ

ଵ଴ିଵ
∑

ws	 the	 resp

unction	of	tim

x	

square	error

ss	 and	 kurt

.	Skewness	

is	a	measur

or	the	case	u

our		sampled

,ݔሺݎ 	ሻݐ ,	 then

y	ሺNASA	,	20

∑ ሺܿ௜ሺݔ, ሻݐ
ଵ଴
ଵ

,ݔሾሺܿሺݎܽݒ

pond	 of	 th

me	and	spac

r	as	function

tosis,	 can	 p

is	a	measur

re	of	the	“pe

under	inves

d	functions	

n,	 the	 samp

010ሻ 													

െ ܿ̅ሺݔ, ሻሻଷݐ

ሻሻଷݐ
.

he	 analytica

ce	

n	of	time	and

provide	 rele

re	of	how	sy

eakedness”	o

stigation,	the

from	a	samp

ple	 coefficien

																						

al	 expressio

t

	

d	space.	

evant	 inform

ymmetric	th

of	the	distrib

ese	are	expr

ple	of	size	1

nt	of	 skewn

																						

on	 of	 the	 s

131	

mation	

he	data	

bution	

ressed	

0,with	

ness	 ܿଷ	

ሺ7.29ሻ 									

sample	

	



	

and				

The	 f

coeffic

The	a

clear	

done,	

analys

																						

following	 su

cient	of	kurt

bove	study	

knowledge	

and	once	 t

sis.		

Skሺx,tሻ	

Kuሺx,tሻ	

Figu
																							

urface	 show

tosis	as	func

Figu

is	very	imp

of	 aquifer	

these	param

ure	7‐29:	Sam
																						

ܿସ ൌ

ଵ

ଵ଴ିଵ
∑

ws	 the	 resp

ction	of	time

ure	7‐30:	Sam

ortant	in	gr

parameters

meters	 are	 k

x	

x	

mple	coeffic
																						

∑ ሺܿ௜ሺݔ, ሻݐ
ଵ଴
ଵ

,ݔሺݎܽݒ ݐ

pond	 of	 th

e	and	space

mple	coeffic

roundwater	

,	 several	m

known	 they	

ient	of	skew
																						

െ ܿ̅ሺݔ, ሻሻସݐ

ሻସݐ

he	 analytica

cient	of	Kurt

study,	very

easurement

can	be	 exp

wness	
										 											

al	 expressio

tosis.	

y	important	

t	 of	 each	 pa

posed	 to	 ale

t

t

	

																					ሺ

on	 of	 the	 s

	

because	to	

arameter	m

eatory	uncer

132	

ሺ7.30ሻ	

sample	

have	a	

must	 be	

rtainty	



133	

	

Chapter	8	

THE	CONCEPT	OF	NON‐INTEGER	ORDER	DERIVATIVES	
 

It	 is	 commonly	 believed	 that,	 the	 concept	 of	 fractional	 calculus	 stemmed	 from	 a	 question	

rose	 in	the	year	1695	by	Marquis	de	L	Hospital	 ሺ1661‐1704ሻ	 to	Gottfried	Wilhelm	Leibniz	

ሺ1646‐1716ሻ,	which	sought	the	meaning	of	Leibniz’s	currently	popular	notation		

																																																																				
ௗ೙௬

	ௗ௫೙
, ݊	߳	Գ଴ ≔ ሼ0, 1, 2, …… ሽ																																											ሺ8.1ሻ																																				

for	derivative	of	order	when	࢔	 	 	 	 ሺWhat	 if	 ࢔	 ൌ
૚

૛
ሻ.	 In	his	reply,	dated	30	September	1695,	

Leibniz	wrote	to	L’	Hospital	as	follows:	“	This	is	an	apparent	paradox	from	which,	one	day,	

useful	consequences	will	drawn…..”.	

Starting	 from	these	speculation	of	G	 .W.	Leibniz	and	others	such	as	Leonard	Euler	 ሺ1730ሻ	

and	George	Bernard	Friederich	Riemann,	 the	 fractional	 calculus	 ሺFCሻ	 has	 been	 developed	

progressively	up	to	now.	The	fractional	calculus	therefore	may	be	considered	an	old	and	yet	

novel	 topic.	However,	 it	 is	only	since	about	1970	that	 the	subject	has	been	consistently	 in	

the	 physical	 and	 engineering	 sciences	 ሺRoss,	 1975ሻ.	 The	 topic	 is	 consequently	 not	 well	

known	 in	 many	 branches	 of	 physical	 and	 engineering	 sciences.	 The	 discussion	 below	

therefore	begins	with	a	brief	overview	of	the	history	of	fractional	order	derivatives.		

8.1 BRIEF HISTORY OF FRACTIONAL ORDER DERIVATIVES 

	
It	 is	 worth	 nothing	 that	 the	 standard	 mathematical	 models	 of	 integer‐order	 derivatives,	

including	 nonlinear	 models,	 do	 not	 work	 adequately	 in	 many	 cases.	 In	 the	 recent	 years,	

fractional	 calculus	 has	 played	 a	 very	 important	 role	 in	 various	 fields	 such	 as	 mechanics,	

electricity,	 chemistry,	 biology,	 economics,	 notably	 control	 theory,	 and	 signal	 and	 image	

processing.	 Major	 topics	 include	 anomalous	 diffusion;	 vibration	 and	 control;	 continuous	

time	 random	 walk;	 Levy	 statistics,	 fractional	 Brownian	 motion;	 fractional	 neutron	 point	

kinetic	model;	power	law;	Riesz	potential;	fractional	derivative	and	fractals;	computational	

fractional	 derivative	 equations;	 nonlocal	 phenomena;	 history‐dependent	 process;	 porous	

media;	 fractional	 filters;	 biomedical	 engineering;	 fractional	 phase‐locked	 loops;	 fractional	

variational	 principles;	 fractional	 transforms;	 fractional	 wavelet;	 fractional	 predator‐prey	

system;	soft	matter	mechanics;	fractional	signal	and	image	processing;	singularities	analysis	

and	integral	representations	for	fractional	differential	systems;	special	functions	related	to	

fractional	 calculus;	 non‐Fourier	 heat	 conduction;	 acoustic	 dissipation,	 geophysics;	
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relaxation;	 creep;	 viscoelasticity;	 rheology;	 fluid	 dynamics;	 chaos	 and	 groundwater	

problems..	 An	 excellent	 literature	 of	 this	 can	 be	 found	 in	 ሺOldham	 and	 Spanier,	 1974;	

Podlubny,1999;	 Caputo,	 1967;	 Atangana,	 2012ሻ.	 These	 models	 are	 making	 use	 of	 the	

fractional	 order	 derivatives	 that	 exist	 in	 the	 literature.	 However	 there	 are	many	 of	 these	

definitions	 in	 the	 literature	 nowadays,	 but	 few	 of	 them	 are	 commonly	 used,	 including	

Riemann‐Liouville	 ሺKilbas	 et	 al,	 2006;	 Samko,	 1993ሻ,	 Caputo	 ሺCaputo,	 1967ሻ,	 Weyl	

ሺAtangana,	 2012;	 Botha	 and	 Cloot,	 2006,	 Atangana	 and	 Kilicman,	 2013ሻ,	 ሺAtangana	 and	

Secer,	 2013ሻand	 Guy	 Jumarie	 ሺJumarie,	 2005,	 2006ሻ,	 Hadamard	 ሺPodlubny,1999ሻ,	 	 Matt	

Davison	and	Christopher	Essex	ሺEssex	and	Matt,	1998ሻ,	Riesz	ሺOldham	and	Spanier,	1974ሻ,	

Erdelyi‐Kober	ሺMagin,	2006ሻ		and	Coimbra	ሺCoimbra;	2003ሻ.		All	these	fractional	derivatives	

definitions	have	their	advantages	and	disadvantages.		The	purpose	of	this	note	is	to	present	

the	result	of	fractional	order	derivative	for	some	function	and	from	the	results,	establish	the	

disadvantages	 and	 advantages	 of	 theses	 fractional	 order	 derivative	 definitions.	 We	 shall	

start	with	the	definitions.	

8.1.1 Definitions 
There	 exists	 a	 vast	 literature	 on	 different	 definitions	 of	 fractional	 derivatives.	 The	 most	

popular	ones	are	the	Riemann–Liouville	and	the	Caputo	derivatives.	For	Caputo	we	have		

																																																																																																																																																																									ሺ8.2ሻ	

ሻ൯ݔ௫ఈ൫݂ሺܦ ൌ
1

ሺ݊߁ െ ሻ଴ߙ
஼ නሺݔ െ ሻ௡ିఈିଵݐ

݀௡݂ሺݐሻ
௡ݐ݀

.ݐ݀

௫

଴

	

In			the	case	of	Riemann‐Liouville	we	have	the	following	definition																																									ሺ8.3ሻ	

ሻ൯ݔ௫ఈ൫݂ሺܦ ൌ
1

ሺ݊߁ െ ሻߙ
݀௡

௡ݔ݀
නሺݔ െ ݐሻ݀ݐሻ௡ିఈିଵ݂ሺݐ

௫

଴

.	

	Guy	Jumarie	proposed	a	simple	alternative	definition	to	the	Riemann–Liouville	derivative.							

																																																																																																																																																																									ሺ8.4ሻ					
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଴

	

For	the	case	of	Weyl	we	have	the	following	definition																																																																		ሺ8.5ሻ	

ሻ൯ݔ௫ఈ൫݂ሺܦ ൌ
1
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௡ݔ݀
නሺݔ െ .ݐሻ݀ݐሻ௡ିఈିଵ݂ሺݐ

ஶ

௫

	

With	the	Erdelyi‐Kober	type	we	have	the	following	definition:																																																	ሺ8.6ሻ	

଴,ఙ,ఎܦ
ఈ ൫݂ሺݔሻ൯ ൌ ௡ఙିݔ ൬

1
ఙିଵݔߪ

݀
ݔ݀
൰
௡

଴,ఙ,ఎାఙܫఙሺ௡ାఎሻݔ
௡ିఈ ሺ݂ሺݔሻሻ.	

here																																																																																																																																																																ሺ8.7ሻ	



135	

	

଴,ఙ,ఎାఙܫ
ఈ ሺ݂ሺݔሻሻ ൌ

ఙሺఎାఈሻିݔߪ

Γሺߙሻ
න
ሻݐఙఎାఙିଵ݂ሺݐ
ሺݐఙ െ ఙሻଵିఈݔ

௫

଴

	.ݐ݀

With	Hadamard	type,	we	have	the	following	definition																																																																ሺ8.8ሻ	

଴ܦ
ఈ൫݂ሺݔሻ൯ ൌ

1
Γሺ݊ െ ሻߙ

൬ݔ
݀
ݔ݀
൰
௡

න ቀ݈݃݋
ݔ
ݐ
ቁ
௡ିఈିଵ

݂ሺݐሻ
ݐ݀
ݐ
.

௫

଴

	

With	Riesz	type,	we	have	the	following	definition																																																																										ሺ8.9ሻ	

ሻ൯ݔ௫ఈ൫݂ሺܦ ൌ െ
1

2cos	ቀ
ఈగ

ଶ
ቁ
ቐ

1
Γሺߙሻ

൬
݀
ݔ݀
൰
௠

ቌ නሺݔ െ ሻ௠ିఈିଵݐ

௫

ିஶ

݂ሺݐሻ݀ݐ

൅	නሺݐ െ ሻ௠ିఈିଵݔ

ஶ

௫

݂ሺݐሻ݀ݐቍቑ.	

We	will	not	mention	the	Grunward‐Letnikov	type	here	because	 it	 is	 in	series	form.	This	 is	

not	more	suitable	for	analytical	purpose.	

In	 1998,	 ሺDavison	 and	 Essex,	 1998ሻ	 published	 a	 paper	which	 provides	 a	 variation	 to	 the	

Riemann‐Liouville	 definition	 suitable	 for	 conventional	 initial	 value	 problems	 within	 the	

realm	of	fractional	calculus.	The	definition	is	as	follows																																																												ሺ8.10ሻ	

଴ܦ
ఈ݂ሺݔሻ ൌ

݀௡ାଵି௞

௡ାଵି௞ݔ݀
න
ሺݔ െ ሻିఈݐ

Γሺ1 െ ሻߙ

௫

଴

݀௞݂ሺݐሻ
௞ݐ݀

	ݐ݀

In	an	article	published	by	ሺCoimbra,	2003ሻ,	a	variable	order	differential	operator	is	defined	

as	follows:																																																																																																																																																		ሺ8.11ሻ	

଴ܦ
ఈሺ௧ሻሺ݂ሺݔሻሻ ൌ

1

Γ൫1 െ ሻ൯ݔሺߙ
නሺݔ െ ሻିఈሺ௧ሻݐ

݂݀ሺݐሻ
ݐ݀

௫

଴

ݐ݀ ൅
൫݂ሺ0ାሻ െ ݂ሺ0ିሻ൯ିݔఈሺ௫ሻ

Γ൫1 െ ሻ൯ݔሺߙ
	

8.2 ADVANTAGES AND DISADVANTAGES 

8.2.1 Advantages 

It	 is	 very	 important	 to	 point	 out	 that	 all	 these	 fractional	 derivative	 order	 definitions	 has	

theirs	 advantages	 and	 disadvantages,	 here	 we	 shall	 include,	 Caputo,	 variational	 order,	

Riemann‐Liouville,	Jumarie	and	Weyl.	We	shall	examine	first	the	variation	order	differential	

operator.	Anomalous	diffusion	phenomena	are	extensively	observed	 in	physics,	 chemistry	

and	 biology	 fields	 ሺSolomon	 et	 al.,	 1993;	 Bhalekar	 et	 al.,	 2011;	Magin	 et	 al.,	 2008;	Magin,	

2006ሻ.	To	characterize	anomalous	diffusion	phenomena,	constant‐order	fractional	diffusion	

equations	 are	 introduced	 and	 have	 received	 tremendous	 success.	 However,	 it	 has	 been	
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found	 that	 the	 constant	 order	 fractional	 diffusion	 equations	 are	 not	 capable	 of	

characterizing	 some	 complex	 diffusion	 processes,	 for	 instance,	 diffusion	 process	 in	

inhomogeneous	 or	 heterogeneous	medium	 ሺChechkin	 et	 al.,	 2005ሻ.	 In	 addition,	 when	 we	

consider	 diffusion	 process	 in	 porous	 medium,	 if	 the	 medium	 structure	 or	 external	 field	

changes	with	time,	in	this	situation,	the	constant‐order	fractional	diffusion	equation	model	

cannot	be	used	to	well	characterize	such	phenomenon	ሺSantamaria	et	al.,	2006;	Sun	et	al.,	

2009ሻ.	 Still	 in	 some	 biology	 diffusion	 processes,	 the	 concentration	 of	 particles	 will	

determine	 the	 diffusion	 pattern	 ሺSun	 et	 al.,	 2009;	 de	 Azevedo	 et	 al.,	 2006ሻ.	 To	 solve	 the	

above	 problems,	 the	 variable‐order	 ሺVOሻ	 fractional	 diffusion	 equation	 models	 have	 been	

suggested	for	use	ሺChechkin	et	al.,	2005;	Sun	et	al.,2011;	Umarov	and	Steinberg,	2009ሻ.	

The	ground‐breaking	work	of	VO	operator	can	be	traced	to	Samko	et	al.	by	introducing	the	

variable	 order	 integration	 and	 Riemann–Liouville	 derivative	 in	 1993	 ሺSamko	 and	

Ross,1993;	 Ross	 and	 Samko,	 1995ሻ.	 It	 has	 been	 recognized	 as	 a	 powerful	 modelling	

approach	in	the	fields	of	viscoelasticity	ሺCoimbra,	2003ሻ,	viscoelastic	deformation	ሺIngman	

and	Suzdalnitsky,	2005ሻ,	viscous	fluid	ሺPedro	et	al.,	2008ሻ,	anomalous	diffusion	ሺKobelev	et	

al.,	 2003ሻ,	 Schrödinger	 equation	 ሺAtangana	 and	 Cloot,	 2013ሻ	 and	 groundwater	 flow	

ሺAtangana	and	Botha,	2013ሻ	etc.....	

With	 the	 Jumarie	 definition	 which	 is	 actually	 the	 modified	 Riemann‐Liouville	 fractional	

derivative,	 an	 arbitrary	 continuous	 function	 needs	 not	 to	 be	 differentiable;	 the	 fractional	

derivative	of	a	constant	is	equal	to	zero	and	more	importantly	it	removes	singularity	at	the	

origin	 for	all	 functions	 for	which	 	 fሺ0ሻ ൌ constant	 	 for	 instance	 the	exponentials	 functions,	

Mittag‐Leffler	functions	and	so	on.		

With	 the	 Riemann‐Liouville	 fractional	 derivative,	 an	 arbitrary	 function	 needs	 not	 to	 be	

continuous	at	the	origin	and	it	needs	not	to	be	differentiable.	

One	of	the	great	advantages	of	the	Caputo	fractional	derivative	is	that,	it	allows	traditional	

initial	and	boundary	conditions	to	be	included	in	the	formulation	of	the	problem.	In	addition	

its	derivative	for	a	constant	is	zero.	

It	 is	 customary	 in	 groundwater	 investigations	 to	 choose	 a	 point	 on	 the	 centreline	 of	 the	

pumped	borehole	as	a	reference	for	the	observations	and	therefore	neither	the	drawdown	

nor	 its	 derivatives	will	 vanish	 at	 the	 origin,	 as	 required	 ሺCloot	 and	Botha,	 2006ሻ.	 In	 such	

situations	 where	 the	 distribution	 of	 the	 piezometric	 head	 in	 the	 aquifer	 is	 a	 decreasing	

function	 of	 the	 distance	 from	 the	 borehole	 the	 problem	 may	 be	 circumvented	 by	 rather	

using	 the	 complementary,	 or	 Weyl,	 fractional	 order	 derivative	 ሺCloot	 and	 Botha,	 2006ሻ	

ሺAtangana,	2012ሻ.	
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8.2.2 Disadvantages		

Although	 these	 fractional	 derivative	 display	 advantages,	 they	 are	 not	 applicable	 in	 all	 the	

situations	 however.	We	 shall	 begin	with	 the	 Liouville‐Riemann	 typeሺAtangana	 and	 Secer,	

2013ሻ	.	

The	 Riemann‐Liouville	 derivative	 has	 certain	 disadvantages	 when	 trying	 to	 model	 real‐

world	phenomena	with	 fractional	differential	equations.	The	Riemann–Liouville	derivative	

of	a	 constant	 is	not	 zero.	 In	addition,	 if	 an	arbitrary	 function	 is	a	 constant	at	 the	origin,	 it	

fractional	 derivatives	 has	 a	 singularity	 at	 the	 origin,	 for	 instance	 exponential	 and	Mittag‐

Leffler	 functions.	 Theses	 disadvantages	 reduce	 the	 field	 of	 application	 of	 the	 Riemann‐

Liouville	fractional	derivative.	

Caputo’s	derivative	demands	higher	conditions	of	regularity	for	differentiability:	to	compute	

the	 fractional	 derivative	 of	 a	 function	 in	 the	 Caputo	 sense,	 we	 must	 first	 calculate	 its	

derivative.	Caputo	derivatives	are	defined	only	 for	differentiable	 functions	while	 functions	

that	have	no	first	order	derivative	might	have	fractional	derivatives	of	all	orders	 less	 than	

one	in	the	Riemann–Liouville	sense	ሺAtangana	and	Secer,	2013ሻ	.	

With	 the	 Jumarie	 fractional	 derivative,	 if	 the	 function	 is	 not	 continuous	 at	 the	 origin,	 the	

fractional	derivative	will	not	exist,	for	instance,	the	fractional	derivative	of	lnሺݔሻ , 	and		ଵ/ଶିݔ

many	other	one.		

	Variation	order	differential	operator	 cannot	 easily	be	handled	analytically.	However,	 they	

can	be	useful	for	numerical	purposes.	

Although	Weyl	 fractional	 derivative	 found	 its	 place	 in	 groundwater	 investigation,	 its	 still	

display	a	significant	disadvantage,	because	the	integral	defining	these	Weyl	derivatives	are	

improper,	 greater	 restrictions	 must	 be	 placed	 on	 a	 function.	 For	 instance	 the	 Weyl	

derivative	of	a	constant	is	not	defined.	In	addition,	general	theorem	about	Weyl	derivatives	

are	 often	 more	 difficult	 to	 formulate	 and	 prove,	 as	 in	 the	 case	 of	 their	 corresponding	

theorems	for	Riemann‐Liouville	derivatives	ሺAtangana	and	Secer,	2013aሻ	.	

8.3 DERIVATIVES REVISITED 

8.3.1 Variational order differential operator revisited  
Let	 ݂:	Թ ⟶ Թ, 	ݔ ⟶ ݂ሺݔሻ	denotes	 a	 continuous	but	 necessary	 differentiable,	 let	 	ሻݔሺߙ be	 a	

continuous	function	in	ሺ0,	1ሿ.	Then	its	variational	order	differential	in	ሾa,∞ሻ	is	defined	as:	

																																																																																																																																																																						ሺ8.12ሻ	

௔ܦ
ఈሺ௧ሻሺ݂ሺݔሻሻ ൌ ቌܲܨ

1

Γ൫1 െ ሻ൯ݔሺߙ

݀
ݔ݀

නሺݔ െ ሻݐሻିఈሺ௧ሻሺ݂ሺݐ െ ݂ሺܽሻሻ

௫

௔

	.ቍݐ݀
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Where	FP	means	finite	part	of	the	variation	order	operator	ሺAtangana	and	Secer,	2013ሻ.	

Notice	 that,	 the	 above	 derivative	 meets	 all	 the	 requirement	 of	 the	 variational	 order	

differential	 operator;	 in	 additional	 the	 derivative	 of	 the	 constant	 is	 zero,	 which	 was	 not	

possible	with	the	standard	version. 

8.3.2 Variational order fractional derivatives via fractional difference revisited 

	
Let	 ݂:	Թ ⟶ Թ, 	ݔ ⟶ ݂ሺݔሻ	denotes	 a	 continuous	but	 necessary	 differentiable,	 let	 	ሻݔሺߙ be	 a	

continuous	 function	 in	 ሺ0,	 1ሿ	 and	 ݄ ൐ 0	denote	 a	 constant	 discretization	 span.	 Define	 the	

forward	operator			݄ܹܨ	by	the	expression:																																																																																	ሺ8.13aሻ											

ሻ൯ݔሺ݄ሻ൫݂ሺܹܨ ≔ ݂ሺݔ ൅ ݄ሻ.	

	Note	that,	the	symbol	means	that	the	left	side	is	defined	by	the	right	side.	Then	the	variation	

order	fractional	difference	of	order	ߙሺݔሻ	of	݂ሺݔሻ	is	defined	by	the	expression																ሺ8.13bሻ						

∆ఈሺ௫ሻ݂ሺݔሻ ൌ ሺܹܨ െ 1ሻఈሺ௫ሻ ൌ ෍ሺെ1ሻ௞
1

Γ൫݇ െ ሻ൯ݔሺߙ
݂ሺݔ െ ሺߙሺݔሻ െ ݇ሻ݄ሻ.

ஶ

௞ୀ଴

	

And	its	variational	order	fractional	derivative	of	order	ߙሺݔሻ	is	defined	by	the	limit						ሺ8.13cሻ												

݂ఈሺ௫ሻሺݔሻ ൌ lim
௛→଴

∆ఈሺ௫ሻሺ݂ሺݔሻ െ ݂ሺ0ሻሻ

݄ఈሺ௫ሻ
	

	

8.3.3 Jumarie fractional derivative revisited  

Recently,	 Guy	 Jumarie	 proposed	 a	 simple	 alternative	 definition	 to	 the	 Riemann–Liouville	

derivative.	 His	 modified	 Riemann–Liouville	 derivative	 has	 the	 advantages	 of	 both	 the	

standard	 Riemann–Liouville	 and	 Caputo	 fractional	 derivatives:	 it	 is	 defined	 for	 arbitrary	

continuous	ሺnon‐differentiableሻ	functions	and	the	fractional	derivative	of	a	constant	is	equal	

to	zero.	However	if	the	function	is	not	defined	at	the	origin,	the	fractional	derivative	will	not	

exist,	 therefore	 in	 order	 to	 circumvent	 this	 defeat	 we	 propose	 the	 following	 definition	

ሺAtangana	and	Secer,	2013ሻ.	

Let	 ݂:	Թ ⟶ Թ, 	ݔ ⟶ ݂ሺݔሻ	 denotes	 a	 continuous	 but	 necessary	 at	 the	 origin	 and	 not	

necessary	differentiable,	then	its	fractional	derivative	is	defined	as:																																					ሺ8.14ሻ									

଴ܦ
ఈሺ݂ሺݔሻሻ ൌ ቌܲܨ

1
Γሺ1 െ ሻߙ

݀௡

௡ݔ݀
නሺݔ െ ሻݐሻ௡ିఈିଵሺ݂ሺݐ െ ݂ሺ0ሻሻ

௫

଴

	.ቍݐ݀

Where	FP	means	finite	part	of	the	variational	order	operator.	

Notice	 that,	 the	 above	 derivative	 meets	 all	 the	 requirement	 of	 the	 fractional	 derivative	
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operator;	 the	 derivative	 of	 the	 constant	 is	 zero,	 in	 addition	 the	 function	 needs	 not	 to	 be	

continuous	at	the	origin.	With	this	definition,	the	fractional	derivative	of	݈݊ሺݔሻ	is	given	as	

଴ܦ
ఈሺ݈݊ሺݔሻሻ ൌ െ

ܽ݉݉ܽܩݎ݈݁ݑܧఈሺିݔ ൅ ሿߙ	ߨሾݐ݋ܥߨ െ ݈݊ሺݔሻ ൅ ,ሾ0ܽ݉݉ܽܩݕ݈݋ܲ ሿሻߙ

Γሺ1 െ ሻߙ
 

Remark:	 	 It	 is	 very	 important	 to	 notice	 that	 all	 existing	 fractional	 derivation	 has	 theirs	

advantages	 and	 disadvantages	 depending	 on	 the	 function	 under	 investigation.	 These	

fractional	 derivatives	 must	 be	 used	 with	 care,	 in	 particular	 one	 will	 needs	 to	 chose	 a	

fractional	derivative	according	to	the	support	of	the	function	ሺAtangana	and	Secer,	2013aሻ.	

8.4 DEFINITIONS AND PROPERTIES 

Definition	1			A	real	function		݂ሺݔሻ, 	ݔ ൐ 	0,	is	said	to	be	in	the	space	ିܥఓ, μ߳Թ	if	there	exists	a	

real	number	݌ ൐ 	,ߤ such	 that	݂ሺݔሻ 	ൌ 	 	and	ሾ0,∞ሻ,	ܥ߳	ሻݔ݄ሺ	where	ሻ,ݔ௣݄ሺݔ it	 is	said	 to	be	 in	

space	ܥఓ௠	if		݂ሺ௠ሻ߳	ܥఓ	,	m∈Գ	

Definition	 2	 The	 Riemann‐Liouville	 fractional	 integral	 operator	 of	 order	 α൒0,	 of	 a	

function		݂߳,ߤ_ܥ	ߤ ൒ െ1,	is	defined	as																																																																																														ሺ8.15ሻ																										

ሻݔ݂ሺ	ఈܬ ൌ
1

ሻߙሺ߁
න ሺݔ െ ߙ			,ݐሻ݀ݐሻఈିଵ݂ሺݐ ൐ 0, ݔ ൐ 0
௫

଴
	

ሻݔ଴݂ሺܬ ൌ ݂ሺݔሻ.	

Properties	 of	 the	 operator	 can	 be	 found	 in	 ሺLuchko	 and	 Groneflo,	 1998ሻ	 ሺOldham	 and	

Spanier,	1974ሻ	we	mention	only	the	following:	

For		݂߳	ܥఓ	, ߤ ൒ 	െ1	, ,ߙ ߚ ൒ 0	and	ߛ ൐ 	െ1:	

ሻݔఉ݂ሺܬఈܬ													 ൌ ሻݔఉ݂ሺܬఈܬ												,ሻݔఈାఉ݂ሺܬ ൌ ఊݔఈܬ	ሻandݔఈ݂ሺܬఉܬ ൌ
௰ሺఊାଵሻ

௰ሺఈାఊାଵሻ
	ሺ8.16ሻ								ఈାఊݔ

The	 Riemann‐Liouville	 derivative	 has	 certain	 disadvantages	 when	 trying	 to	 model	 real‐

world	 phenomena	 with	 fractional	 differential	 equations.	 Therefore,	 we	 shall	 introduce	 a	

modified	fractional	differential	operator	ܦ∗ఈ	proposed	by	Caputo	in	his	work	on	the	theory	

of	viscous‐elasticity	ሺCaputo,	1967ሻ.	

Definition	3	

	The	fractional	derivative	of	݂ሺݔሻ	in	the	Caputo	sense	is	defined	as																																							ሺ8.17ሻ	

௔௖ܦ ௫
ఈ݂ሺݔሻ ൌ ሻݔ݂ሺ	௠ܦ௠ିఈܬ ൌ

1
ሺ݉߁ െ ሻߙ

න ሺݔ െ ݐሻ݀ݐሻ௠ିఈିଵ݂௠ሺݐ
௫

௔
,	

݉ െ 1 ൏ ߙ ൑ ݉,݉ ∈ Գ, ݔ ൐ 0, ݂ ∈ ଵିܥ
ఓ .	

also,	we	need	here	two	of	its	basic	properties.	

Lemma	1	If	݉ െ 1 ൏ ߙ ൑ ݉,݉ ∈ Գ	ܽ݊݀	݂ ∈ ,ఓ௠ܥ ߤ ൒ െ1,	then	

														 ௔௖ܦ ௫
ఈܬఈ݂ሺݔሻ ൌ ݂ሺݔሻand	,ܬఈܦ଴ఈ݂ሺݔሻ ൌ ݂ሺݔሻ െ ∑ ݂ሺ௞ሻሺ0ାሻ

௫ೖ

௞!
	 , ݔ ൐ 0.		௠ିଵ

௞ୀ଴ 																ሺ8.18ሻ	
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Definition	4:	Partial	Derivatives	of	Fractional	order	

Assume	now	that	݂ሺ࢞ሻ	is	a	function	of	n	variables	ݔ௜	݅ ൌ 1,…… , ݊				also	of	class	C	on	D∈ Թ௡.	

As	an	extension	of	definition	3	we	define	partial	derivative	of	order	ߙ	for	f	respect	to	ݔ௜	the	

function																																																																																																																																																			ሺ8.19aሻ	

߲௔௖ ࢞
ఈ݂ ൌ

1
Γሺ݉ െ ሻߙ

න ሺݔ௜ െ ሻ௠ିఈିଵݐ
௫೔

௔
߲௫೔
௠݂൫ݔ௝൯|௫ೕୀ௧݀ݐ.	

If	 it	 exists,	where	߲௫೔
௠	 is	 the	usual	partial	derivative	of	 integer	order	݉.	Hence,	 the	Caputo	

fractional	 derivative	 is	 considered	 because	 it	 allows	 traditional	 initial	 and	 boundaries	

conditions	to	be	included	in	the	formulation	of	the	problem	ሺPodlubny,	2002ሻ.	

8.5 FUNDAMENTALS OF THE FRACTIONAL CALCULUS IN MULTIPLE DIMENSIONS 

In	this	section	the	basic	operators	and	definitions	regarding	to	the	calculus	in	more	than	one	

dimension	are	generalized	to	the	case	of	derivatives	of	fractional	orders.	

8.5.1 Clairaut’s theorem for partial derivatives of fractional orders 

Assume	 that	 ݂ሺ࢞ሻ	 is	 a	 function	 which	 ߲௖೔
௖
௫೔
ఈ ቂ ௝߲ܿ௫ೕ

ఉ ݂ቃ	 and ߲	௖೔
௖
௫ೕ
ఉ ൣܿ௜߲௫೔

ఈ݂൧	 exist	 are	 continuous	

over	a	domain	D		∈ Թ௡		then																																																																																																													ሺ8.19bሻ 																																		

߲௖೔
௖
௫೔
ఈ ቂ ௝߲ܿ௫ೕ

ఉ ݂ቃ ൌ ߲௖೔
௖
௫ೕ
ఉ ൣܿ௜߲௫೔

ఈ݂൧, ݅ ് ݆	

Proof:	Writing			ߙ ൌ ݉௜ െ ;௜ݎ ߚ ൌ ௝݉െݎ௝; 0 ൏ ,௜ݎ ௝ݎ ൑ 1,	we	have	on	one	hand	that												ሺ8.20ሻ	

߲௖೔
௖
௫೔
ఈ ቂ ௝߲ܿ௫ೕ

ఉ ݂ቃ ൌ
1

Γሺr୧ሻΓሺr୨ሻ
න ሺݔ௜ െ ሻ௥೔ିଵݐ
௫೔

௖ೕ

ܿ௜߲௫೔
௠೔ ൥න ൫ݔ௝ െ ൯ݏ

௥ೕିଵ
௫ೕ

௖ೕ
௝߲ܿ௫ೕ

௠ೕ݂൫ݔ൯|௦ୀ௫ೕ݀ݏ൩ 	ݐ݀

ൌ
1

Γሺr୧ሻΓሺr୨ሻ
න ሾන ሺݔ௜ െ ሻ௥೔ݐ

௫ೕ

௖ೕ

൫ݔ௝ െ ൯ݏ
௥ೕିଵܿ௜߲௫೔

௠೔ሾ ௝߲ܿ௫ೕ
௠ೕ

௫೔

௖೔

	݂൫ݔ൯|௦ୀ௫ೕ݀ݏሿ݀ݐ	

ൌ
1

Γሺr୧ሻΓሺr୨ሻ
න න ሺݔ௜ െ ሻ௥೔ିଵݐ

௫ೕ

௖ೕ

൫ݔ௝ െ ൯ݏ
௥ೕିଵܿ௜߲௫೔

௠೔
௝߲ܿ௫ೕ

௠ೕ
௫೔

௖೔

	݂൫ݔ൯|௦ୀ௫ೕ݀ݐ݀ݏ	

and	on	the	other	hand	we	have	the	following																																																																																ሺ8.21ሻ	

߲௖೔
௖
௫ೕ
ఉ ൣܿ௜߲௫೔

ఈ݂൧ ൌ
1

Γ൫r୨൯Γሺr୧ሻ
න ሺݔ௝ െ ሻ௥ೕିଵݐ
௫ೕ

௖ೕ
௝߲ܿ௫ೕ

௠ೕ ቈන ሺݔ௜ െ ሻ௥೔ିଵݏ
௫೔

௖೔

ܿ௜߲௫೔
௠೔݂൫ݔ൯|௦ୀ௫೔݀ݏ቉ 	ݐ݀

ൌ
1

Γ൫r୨൯Γሺr୧ሻ
න ሾන ሺݔ௜ െ ሻ௥೔ݐ

௫೔

௖೔

൫ݔ௝ െ ൯ݏ
௥ೕିଵ

௝߲ܿ௫ೕ
௠ೕሾܿ௜߲௫೔

௠೔
௫ೕ

௫ೕ

	݂൫ݔ൯|௦ୀ௫೔݀ݏሿ݀ݐ	

ൌ
1

Γ൫r୨൯Γሺr୧ሻ
න න ሺݔ௜ െ ሻ௥೔ݐ

௫೔

௫೔

൫ݔ௝ െ ൯ݏ
௥ೕିଵ

௝߲ܿ௫ೕ
௠ೕܿ௜߲௫೔

௠೔
௫ೕ

௫ೕ

	݂൫ݔ൯|௦ୀ௫೔݀ݐ݀ݏ	

Using	 the	 continuity	 hypothesis	we	 have,	 according	 to	 Clairaut	 ሺJames,	 1966ሻ	 and	 Fubini	

ሺThomas	and	Finney,	1996ሻ	theorems	that	the	right	hand	side	and	identical	and	thus	so	are	
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the	left	hand	sides	therefore																																																																																																			ሺ8.22ሻ	

߲௖೔
௖
௫೔
ఈ ቂ ௝߲ܿ௫ೕ

ఉ ݂ቃ ൌ ߲௖೔
௖
௫ೕ
ఉ ൣܿ௜߲௫೔

ఈ݂൧, , ݅ ് ݆.	

8.5.2 Gradient, divergence and curl of fractional order 

Consider	the	scalar	 field	݂ሺ࢞ሻ	and	the	vector	 field	ࡲሺ࢞ሻ	 that	are	assume	to	possess	partial	

derivatives	 of	 α	 with	 respect	 to	 all	 the	 Cartesian	 coordinates	 ݅	௜ݔ ൌ 1, 2,3.	 We	 define	 the	

gradient	of	order	α	as	being	the	vector	field																																																																																		ሺ8.23ሻ	

c׏௫ఈ݂ ൌ෍ሺܿ௜߲௫೔
ఈ݂ሻ

ଷ

௜ୀଵ

	.࢏ࢋ

where	݁௜	is	the	unit	vector	in	the	“݅”		direction.	The	divergence	of	order	α	as	being	the	scalar	

field		

c׏௫ఈ. ܨ ൌ෍ܿ௜߲௫೔
ఈܨ௜

ଷ

௜ୀଵ

.	

and	the	curl	of	orderߙas	being	the	vector	field	is	hence	defined	as	follows.																								ሺ8.24ሻ	

c׏௫ఈ ൈ ܨ ൌ෍቎෍෍݁௜௝௞ ௝߲ܿ௫ೕ
ఈ ௞ܨ

ଷ

௞ୀଵ

ଷ

௝ୀଵ

቏

ଷ

௜ୀଵ

	

where	݁௜௝௞		is	the	Levi‐Civita	symbol.	

8.5.3 Fundamental relation for gradient, divergence and curl of fractional order 

Assuming	that	the	different	operations	for	the	scalar	and	vector	fields	exist,	we	have				

1. c׏xαሺα݂	൅β݃ሻൌ	αc׏௫α݂ ൅ 	βc׏௫ఈ݃	

								2.		c׏xα. ൫αܨ	൅βܩ൯ൌ	αc׏௫α. ሺܨሻ ൅ 	βc׏௫ఈ. ሺܩሻ.																																																																												ሺ8.	25ሻ	

							3.					c׏xα ൈ ൫αܨ	൅βܩ൯ൌ		αc׏௫α ൈ ሺܨሻ ൅ 	βc׏௫ఈ ൈ ሺܩሻ				

.௫ఈ׏ܿ					.4 ௫ఈ׏ܿൣ ൈ ൧ܨ ൌ 0	

௫ఈ׏ܿ					.5 ൈ ௫ఈ݂൧׏ܿൣ ൌ 0	

The	first	three	relations	are	direct	consequences	of	the	linear	characteristic	of	the	different	

operations	 are	 fairly	 trivial	 to	 establish.	 The	 last	 two	 relations	 rely	 on	 Clairaut’s	 result.	

Consider	for	example	relation	ሺ4ሻ.	We	have	from	the	definition	of	the	divergence	and	curl	of	

fractional	order.																																																																																																																																							ሺ8.26ሻ	
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.௫ఈ׏ܿ ௫ఈ׏ܿൣ ൈ ൧ܨ ൌ෍෍෍݁௜௝௞ܿ௜߲௫೔
ఈ

௝ܿ׏௫ೕ
ఈ .௞ܨ

ଷ

௞ୀଵ

ଷ

௝ୀଵ

ଷ

௜ୀଵ

	

But	 the	 Levi‐Civita	 symbol	 equals	 to	 zero	 whenever	 two	 or	 more	 indexes	 take	 the	 same	

value	and	the	triple	sum	in	the	relation	reduces	to	

෍෍෍݁௜௝௞ܿ௜߲௫೔
ఈ

௝ܿ ∂௫ೕ
ఈ ௞ܨ

ଷ

௞ୀଵ

ൌ

ଷ

௝ୀଵ

ଷ

௜ୀଵ

෍ቀ݁௜௝௞ܿ௜߲௫೔
ఈ ቂ ௝ܿ ∂௫ೕ

ఈ ௞ܨ െ ܿ௞߲௫ೖ
ఈ ௝ቃቁܨ

ଷ

௜ୀଵ

; ݅ ് ݆ ് ݇	

or																																																																																																																																																																	ሺ8.27ሻ	

.௫ఈ׏ܿ ௫ఈ׏ܿൣ ൈ ൧ܨ ൌ ܿ௜߲௫೔
ఈ ቂ ௝ܿ ∂௫ೕ

ఈ ௞ܨ െ ܿ௞߲௫ೖ
ఈ ௝ቃܨ ൅ ௝߲ܿ௫ೕ

ఈ ൣܿ௞ ∂௫ೖ
ఈ ௜ܨ െ ܿ௜߲௫೔

ఈܨ௞൧

൅ ܿ௞߲௫ೖ
ఈ ቂܿ௜ ∂௫೔

ఈ ௝ܨ െ ௝߲ܿ௫ೕ
ఈ ௜ቃܨ ൌ 0	

by	 direct	 application	 of	 the	 generalized	 version	 of	 Clairaut’s	 theorem.	 Relation	 5	 is	

established	using	similar	arguments	as	for	relation	4.	

8.5.4 Directional derivatives of fractional orders 

Let	݂ሺݔሻ	be	a	function	of	n	variables	for	which	the	gradient	of	the	fractional	order	α,ܿ׏௫ఈ݂,	

exists	over	a	domain	D	of	Թ௡.	Then	we	define	the	directional	derivatives	of	fractional	order	

α	for	the	function	݂	in			the	direction	ߠ	to	be	the	function																																																									ሺ8.28ሻ	

ఏܦܿ
ఈ݂ ൌ .௫ఈ݂׏ܿ ;ߠ ฮߠฮ ൌ 1	

8.5.5 The generalized Divergence theorem 

To	recall,	let	the	vector	field	ܨ	have	continuous	derivatives	on	an	open	region	of	the	space	D	

containing	the	volume	V	and	S	be	the	boundary	surface	of	V	positively	outward	orientated.	

Then	we	have																																																																																																																																										ሺ8.29ሻ	

∭v׏. V݀ܨ ൌ ׬ .ܨௌ׬ ݊݀ܵ.	

Within	the	framework	of	fractional	derivatives	this	theorem	can	be	rephrased	as	following:	

Notation	

Let	 the	 vector	 field	 	ܨ having	 partial	 fractional	 derivatives	 of	 order	 	ߚ with	 respect	 to	 all	

variables	ݔ ൌ ሺݔଵ,… . , ௫ܦܿ		by	denote	we	Then	D.	on	௡ሻ்ݔ
ఉܨ			the	vector																														ሺ8.30ሻ	

௫ܦܿ
ఉܨ ൌ෍ሺ݁௫೔

் ቂܿ׏௫
ఉ൫ܨ൯

்
ቃ . ݁௫೔ሻ

௡

௜ୀଵ

݁௫೔	
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ൌ෍ܿ௜߲௫೔
ఉܨ௫೔݁௫೔

௡

௜ୀଵ

	

Theorem	8.1	

Let	the	vector	field	ܨ	have	continuous	fractional	derivatives	of	order	α	on	an	open	region	of	

the	space	D	containing	the	volume	V	and	S	be	the	boundary	surface	of	V	positively	outward	

orientated.	Then	we	have																																																																																																																					ሺ8.31ሻ	

∭௏ܿ׏௫
ఉ. ܸ݀ܨ ൌ ∬ௌܿD௫

ఉିଵܨ. ݊݀ܵ.	

Proof:	

The	proof	of	this	is	very	easy	once	one	realize	that	

௫׏ܿ
ఉ. ܨ ൌ .௫׏ ௫ܦܿ

ఉିଵܨ	

We	have	then	by	direct	application	of	the	classical	version	of	the	divergence	theorem		ሺ7.32ሻ	

∭௏ܿ׏௫
ఉ. ܸ݀ܨ ൌ ∬ௌ׏௫. ܿD௫

ஒିଵF. n݀ܵ	

In	the	similar	way,	the	well	known	theorems	of	Green	and	Stokes	of	classical	vector	calculus	

may	be	suitable	rewritten	to	accommodate	directly	the	concept	of	derivatives	of	fractional	

orders.	We	have	the	following	expressions:	

Theorem	2:	Generalized	Green’s	theorem	

Let	C	be	a	 simple	positively	orientated,	piecewise‐smooth,	 closed	 curve	 in	Թଶ,	 say	 the	x‐y	

plane,	 further	more	 let	D	be	 the	 interior	of	C.	 If	݂ሺݔ, ,ݔ݃ሺ				ሻ,ݕ 	are	ሻݕ two	 functions	having	

continuous	partial	derivatives	of	fractional	order	α	on	D	then																																																ሺ8.33ሻ	

∬஽ܿ௫߲௫
ఈ݃ െ ܿ௬߲௬ఈ݂݀ܵ ൌ ஼ܿ௬߲௬׬

ఈିଵ݂݀ݔ ൅ ܿ௫߲௫ఈିଵ݃݀ݕ	

Proof	

This	is	clearly	a	direct	application	of	the	classical	version	of	Green’s	theorem.	Since,	

																																		∬஽ܿ௫߲௫
ఈ݃ െ ܿ௬߲௬ఈ݂݀ܵ ൌ ∬஽߲௫ሺܿ௫߲௫

ఈିଵ݃ሻ െ ߲௬ሺܿ௬߲௬ఈିଵ݂ሻ݀ܵ																	ሺ8.34ሻ	

Hence	applying	Green’s	theorem	yields																																																																																											ሺ8.35ሻ	

∬஽ܿ௫߲௫
ఈ݃ െ ܿ௬߲௬ఈ݂݀ܵ ൌ ஼ܿ௬߲௬׬

ఈିଵ݂݀ݔ ൅ ܿ௫߲௫ఈିଵ݃݀ݕ	

Note	that	for	further	purposes,	this	relation	into	the	plane	can	be	expressed	in	term	of	the	

curl	 of	 fractional	 order	 α	 of	 the	 vector	 field	 ܨ ൌ ሺ݂, ݃, ݄ሻ, ݄	being	 an	 arbitrary	 function	

defined	in	D.	

																																							∬஽ܿ׏௫
ఈ ൈ .ܨ ݊݀ܵ ൌ ஼ܿ௬߲௬׬

ఈିଵ݂݀ݔ ൅ ܿ௫߲௫ఈିଵ݃݀ݕ,																																			ሺ8.36ሻ	
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where	݊	is	the	outward	normal	to	the	x‐y	plane	pointing	in	the	direction	of	݁௭.	

Theorem	3:	Generalized	Stokes’s	theorem		

Let	S	be	a	regular	surface	of	class	ܥଶ	described	by	the	parametric	equations	

																																																			ܲሺݑ, ሻݒ ൌ ൫ݔሺݑ, ,ሻݒ ,ݑሺݕ ,ሻݒ ,ݑሺݖ ;ሻ൯ݒ ,ݑ ݒ ∈ ܵ,																													ሺ8.37ሻ	

where	 ,ݔ ,ݕ 	areݖ the	 Cartesian	 coordinates.	 Consider	 a	 simple	 positively	 orientated,	

piecewise‐smooth,	closed	curve	ܥ௞	in	the	ݑ െ 	C	and	S	௞.ܥ		of	interior	the	be	K	let	and	plane,	ݒ

are	images	of	the	domain	K	and	its	boundary	ܥ௞	in	the	Cartesian	space	and	ܨ	is	a	vector	field	

having	continuous	partial	derivatives	of	fractional	order	α	on	S	then																																			ሺ8.38ሻ	

∬ௌൣܿ׏௫
ఈ ൈ ܨ ൅ ൫߲௫ൣܿܣ௫ఈିଵ൧. ௬݁௬൯݁௫ܨ ൅ ൫߲௬ൣܿܣ௫ఈିଵ൧. ௭݁௭൯݁௬ܨ ൅ ൫߲௬ൣܿܣ௫ఈିଵ൧. .௫݁௫൯݁௭൧ܨ ݊݀ܵ

ൌ ஼ܿ௭߲௭׬
ఈିଵܨ௫݀ݔ ൅ ܿ௫߲௫ఈିଵܨ௬݀ݕ ൅ ܿ௬߲௬ఈିଵܨ௭݀ݖ.	

Hence		ܿܣ௫ఈ	stands	for	the	differential	operator	

௫ఈܣܿ																																																	 ൌ 	െ1ܿ׏௫ఈ																																																																																									ሺ8.39ሻ	

																																									ൌ ൫ܿ௬߲௬ఈ െ ܿ௭߲௭ఈ൯݁௫ ൅ ሺܿ௭߲௭ఈ െ ܿ௫߲௫ఈሻ݁௬ ൅ ൫ܿ௫߲௫ఈ െ ܿ௬߲௬ఈ൯݁௭.	

While		݊	is	the	unit	positive	outside	normal	to	S	

Proof	

It	is	easy	to	prove	this	by	splitting	the	line	integral	

஼ܿ௭߲௭׬
ఈିଵܨ௫݀ݔ ൅ ܿ௫߲௫ఈିଵܨ௬݀ݕ ൅ ܿ௬߲௬ఈିଵܨ௭݀ݖ.	

Into	 3	 components	 including,	 ஼ܿ௭߲௭׬
ఈିଵܨ௫݀,ݔ			׬஼ܿ௫߲௫

ఈିଵܨ௬݀ݕ		and		׬஼ܿ௬߲௬
ఈିଵܨ௭݀ݖ.	 We	

consider	the	component	׬஼ܿ௭߲௭
ఈିଵܨ௫݀ݔ	without	loss	of	generality.	Let	us	assume,	for	clarity	

of	this	purpose,	that	the	boundary	ܥ௞	can	be	described	by	the	mean	of	one	single	parametric	

relation	ܥ௞:൫ݑሺݐሻ, ;ሻ൯ݐሺݒ ݐ ∈ ሾܽ, ܾሿ	 then	the	corresponding	curve	C	 in	 the	Cartesian	space	of	

coordinates	is	given	by	

																																					ܲሺݐሻ ൌ ቀݔ൫ݑሺݐሻ, ,ሻ൯ݐሺݒ ,ሻݐሺݑ൫ݕ ,ሻ൯ݐሺݒ ,ሻݐሺݑ൫ݖ 	ሺ8.40ሻ																															ሻ൯ቁ.ݐሺݒ

Therefore,	defining	, ଵ݂ ൌ ܿ௭ ௭߲
ఈିଵܨ௫	,	we	have	the	following	

ර ଵ݂ ݔ݀ ൌ න ଵ݂ሺሺݑሺݐሻ, ሻሻሻݐሺݒ
௕

௔

,ሻݐሺݑሺݔ݀ ሻሻݐሺݒ
ݐ݀

	ݐ݀

																															ൌ න ଵ݂ሺݑሺݐሻ, ሻሻݐሺݒ
௕

௔
߲௨ݔ

ݑ݀
ݐ݀

ݐ݀ ൅ ଵ݂ሺݑሺݐሻ, ݔሻሻ߲௩ݐሺݒ
ݒ݀
ݐ݀

	ݐ݀
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ൌ න
஼ೖ

ଵ݂ሺݑ, 	ݑ݀ݔሻ߲௨ݒ ൅ ଵ݂ሺݑ, 	.ݒ݀ݔሻ߲௩ݒ

Hence,	applying	the	Green’s	theorem	in	its	classical	version	to	this	last	result	gives							ሺ8.41ሻ	

௖׬ ଵ݂݀ݔ ൌ ∬௄߲௨ሾ ଵ݂ሺݑ, ሿݔሻ߲௩ݒ െ ௩߲ሾ ଵ݂ሺݑ, ݒ݀ݑሿ݀ݔሻ߲௨ݒ ൌ ∬௄߲௨ሾ ଵ݂߲௩ݔሿ െ ௩߲ሾ ଵ݂߲௨ݔሿ݀ݒ݀ݑ	

																			ൌ ∬௄ൣ߲௫ ଵ݂߲௨ݔ ൅ ߲௬ ଵ݂߲௨ݕ ൅ ߲௭ ଵ݂߲௨ݖ൧ ௩߲ݔ

െ ൣ߲௫ ଵ݂߲௩ݔ ൅ ߲௬ ଵ݂߲௩ݕ ൅ ௭߲ ଵ݂ ௩߲ݖ൧߲௨ݒ݀ݑ݀ݔ	

																			ൌ ∬ௌሾ∂୸ ଵ݂ ቤ
∂ሺݖ, ሻݔ

∂ሺݑ, ሻݒ
ቤ െ ∂୸ ଵ݂ ቤ

∂ሺݔ, ሻݕ

∂ሺݑ, ሻݒ
ቤሿ݀ݒ݀ݑ	

																			ൌ ∬ௌൣ ௭߲ ଵ݂݊௬ െ ߲௬ ଵ݂݊௭൧݀ܵ.	

Hence	݊௬and	݊௭	are	the	components	of	the	normal	to	S,	that	is																																														ሺ8.42ሻ	

	݊ ൌ ൫݊௫, ݊௬, ݊௭൯ ൌ
߲௨ݔ ൈ ߲௩ݔ

ห߲௨ݔ ൈ ߲௩ݔห
,	

or	explicitly	

௖ܿ௭߲௭׬
ఈିଵܨ௫݀ݔ ൌ 	∬ௌൣ ௭߲ሺܿ௭ ௭߲

ఈିଵܨ௫ሻ݊௬ െ ߲௬ሺܿ௭ ௭߲
ఈିଵܨ௫ሻ݊௭൧݀ܵ.	

Repeating	the	same	analogy	for	the	two	others	line	integral	components	yields														ሺ8.43ሻ	

௖ܿ௫׬ ௫߲
ఈିଵܨ௬݀ݕ ൌ 	∬ௌൣ߲௫ሺܿ௫߲௫

ఈିଵܨ௬ሻ݊௭ െ ߲௭ሺܿ௫߲௫ఈିଵܨ௬ሻ݊௬൧݀ܵ	

and	

௖ܿ௬߲௬׬
ఈିଵܨ௭݀ݖ ൌ 	∬ௌൣ߲௬ሺܿ௬߲௬

ఈିଵܨ௭ሻ݊௫ െ ߲௫ሺܿ௬߲௬ఈିଵܨ௭ሻ݊௬൧݀ܵ.	

Now	adding	those	3	relations	and	rearranging	the	terms	with	respect	to	the	components	of	

the	normal	vector	yields																																																																																																																							ሺ8.44ሻ	

஼ܿ௭߲௭׬
ఈିଵܨ௫݀ݔ ൅ ܿ௫߲௫ఈିଵܨ௬݀ݕ ൅ ܿ௬߲௬ఈିଵܨ௭݀ݖ

ൌ 	ඵ
ௌ
߲௭ሺܿ௭߲௭ఈିଵܨ௫ሻ݊௬ െ ߲௬ሺܿ௭߲௭ఈିଵܨ௫ሻ݊௭

൅ ൣ߲௬൫ܿ௬߲௬ఈିଵܨ௭൯݊௫ െ ߲௫൫ܿ௬߲௬ఈିଵܨ௭൯݊௬൧ ൅ ሾ߲௫ሺܿ௫߲௫ఈିଵܨ௬ሻ݊௭
െ ߲௭ሺܿ௫߲௫ఈିଵܨ௬ሻ݊௭ሿ݀ܵ.	

Finally	 the	 expected	 result	 is	 obtained	by	 adding	 to	 the	 kernel	 of	 the	 surface	 integral	 the	

term	of	null	value	

ሺܿ௭߲௭ఈܨ௬ െ ܿ௭߲௭ఈܨ௬ሻ݊௫ ൅ ൣሺܿ௫߲௫ఈܨ௭ሻ െ ሺܿ௫߲௫ఈܨ௭ሻሿ݊௬൧ ൅ ሺܿ௬߲௬ఈܨ௫ െ ܿ௬߲௬ఈܨ௫ሻ݊௭	

Indeed	we	have	then	that	

஼ܿ௭߲௭׬
ఈିଵܨ௫݀ݔ ൅ ܿ௫߲௫ఈିଵܨ௬݀ݕ ൅ ܿ௬߲௬ఈିଵܨ௭݀ݖ

ൌ 	∬ௌ߲௭ሺܿ௭ ௭߲
ఈିଵܨ௫ሻ݊௬ െ ߲௬ሺܿ௭߲௭ఈିଵܨ௫ሻ݊௭

൅ ൣ߲௬൫ܿ௬߲௬ఈିଵܨ௭൯݊௫ െ ߲௫൫ܿ௬߲௬ఈିଵܨ௭൯݊௬൧ ൅ ሾ߲௫ሺܿ௫߲௫ఈିଵܨ௬ሻ݊௭
െ ߲௭ሺܿ௫߲௫ఈିଵܨ௬ሻ݊௭ሿ݀ܵ.	

That	is																																																																																																																																																									ሺ8.45ሻ	
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஼ܿ௭߲௭׬

ఈିଵܨ௫݀ݔ ൅ ܿ௫߲௫ఈିଵܨ௬݀ݕ ൅ ܿ௬߲௬ఈିଵܨ௭݀ݖ

ൌ ∬ௌൣܿ׏௫
ఈ ൈ ܨ ൅ ൫߲௫ൣܿܣ௫ఈିଵ൧. ௬݁௬൯݁௫ܨ ൅ ൫߲௬ൣܿܣ௫ఈିଵ൧. ௭݁௭൯݁௬ܨ

൅ ൫߲௬ൣܿܣ௫ఈିଵ൧. .௫݁௫൯݁௭൧ܨ ݊݀ܵ.	

8.5.6 The Laplace operator of fractional order 

	
With	the	concept	of	the	gradient	of	fractional	order	leads	to	a	possible	generalization	of	the	

Laplacian	of	a	scalar	function.	By	definition	we	call	the	Laplacian	of	fractional	order	ሺߙ, 	of	ሻߚ

a	scalar	functions	ܨ	the	differential	operator.																																																																															ሺ8.46ሻ	

.௤ఈ׏ܿ ቂܿ׏௤
ఉቃ ൌ

1
݄ଵ݄ଶ݄ଷ

൝߲௤భ ൥
݄ଵ݄ଶ
݄ଵ
ఈିଵ ܿଵ߲௤భ

ఈିଵ ൝
1

݄ଵ
ఉ ሺܿଵ߲௤భ

ఉ ሻൡ൩ܨ ൅ ߲௤మ ൥
݄ଵ݄ଷ
݄ଶ
ఈିଵ ܿଶ߲௤మ

ఈିଵ ൝
1

݄ଶ
ఉ ሺܿଶ߲௤మ

ఉ ሻൡ൩ܨ

൅ ߲௤య ൥
݄ଶ݄ଷ
݄ଷ
ఈିଵ ܿଷ߲௤య

ఈିଵ ൝
1

݄ଷ
ఉ ሺܿଷ߲௤య

ఉ 	.ሻൡ൩ൡܨ

In	following	section	the	concept	of	 fractional	derivative	will	be	used	to	generalize	first	 the	

standard	form	the	groundwater	 flow	equation	and	secondly,	 the	hydrodynamic	dispersion	

equation.	An	asymptotic	solution	of	this	new	equation	will	be	investigated	via	the	Adomian	

decomposition	 ሺAtangana,	 2012aሻ,	 Variational	 Iteration	 ሺHe,	 1977ሻ	 methods	 and	

straightforward	 resolution	 of	 this	 equation	 will	 be	 investigated	 in	 term	 of	 Mittag‐Leffler	

function.	

	

8.6 A  GENERALIZATION  OF  THE  GROUNDWATER  FLOW  AND  ADVECTION 
DISPERSION EQUATIONS USING THE CONCEPT OF FRACTIONAL DERIVATIVES ORDERS 

Fractional	Calculus	has	been	used	to	model	physical	and	engineering	processes,	which	are	

found	to	be	best	described	by	fractional	differential	equations.	It	 is	worth	nothing	that	the	

standard	mathematical	models	of	integer‐order	derivatives,	including	nonlinear	models,	do	

not	work	adequately	in	many	cases.	In	the	recent	years,	fractional	calculus	has	played	a	very	

important	 role	 in	 various	 fields	 such	 as	 mechanics,	 electricity,	 chemistry,	 biology,	

economics,	 notably	 control	 theory,	 and	 signal	 and	 image	 processing.	Major	 topics	 include	

anomalous	diffusion;	vibration	and	control;	 continuous	 time	random	walk;	Levy	statistics,	

fractional	 Brownian	 motion;	 fractional	 neutron	 point	 kinetic	 model;	 power	 law;	 Riesz	

potential;	 fractional	derivative	and	 fractals;	 computational	 fractional	derivative	equations;	

nonlocal	 phenomena;	 history‐dependent	 process;	 porous	 media;	 fractional	 filters;	

biomedical	 engineering;	 fractional	 phase‐locked	 loops;	 fractional	 variational	 principles;	

fractional	 transforms;	 fractional	 wavelet;	 fractional	 predator‐prey	 system;	 soft	 matter	
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mechanics;	 fractional	 signal	 and	 image	 processing;	 singularities	 analysis	 and	 integral	

representations	 for	 fractional	 differential	 systems;	 special	 functions	 related	 to	 fractional	

calculus;	 non‐Fourier	 heat	 conduction;	 acoustic	 dissipation,	 geophysics;	 relaxation;	 creep;	

viscoelasticity;	rheology;	fluid	dynamics;	chaos.	An	excellent	literature	of	this	can	be	found	

in	 ሺOldham	 and	 	 Spanier,	 1974ሻ	 ሺ	 Podlubny,	 1999ሻ	 ሺKilbas	 et	 al.,	 2006ሻ	 ሺ	 Caputo,	 1967ሻ	

ሺMiller	and	B.	Ross,	1993ሻ	ሺSamko	et	al,	1993ሻ	ሺZaslavsky,	2005ሻ.	

8.6.1 Generalization of groundwater flow equation 

A	problem	that	arises	naturally	 in	groundwater	 investigations	 is	 to	choose	an	appropriate	

geometry	 for	 the	 geological	 system	 in	which	 the	 flow	occurs.	 For	 example,	 one	 can	use	 a	

model	based	on	percolation	 theory	 to	simulate	 the	 flow	 in	a	 fractured	rock	system	with	a	

very	 large	 fracture	density	or	 the	parallel	plate	model	 	 	 to	 simulate	 flow	 through	a	 single	

fracture.	However,	 there	are	many	 fractured	rock	aquifers	where	the	 flow	of	groundwater	

does	not	fit	conventional	geometries.		This	is	in	particular	the	case	with	the	Karoo	aquifers	

in	South	Africa,	characterised	by	the	presence	of	a	very	few	bedding	parallel	fractures	that	

serve	as	the	main	conduits	of	water	in	the	aquifers.	Attempts	to	fit	a	conventional	radial	flow	

model	 to	 the	 observed	 drawdown	 always	 yield	 a	 fit	 that	 underestimates	 the	 observed	

drawdown	at	early	times	and	overestimates	it	at	later	times.		The	deviation	of	observations	

from	 theoretically	 expected	 values	 is	 usually	 an	 indication	 that	 the	 theory	 is	 not	

implemented	correctly,	or	does	not	fit	the	observations.			Recent	investigations	ሺVan	Tonder	

et	al.,	2001ሻ	suggest	that	the	flow	is	also	influenced	by	the	geometry	of	the	bedding	parallel	

fractures,	a	feature	that	Theis	cannot	account	for.	It	is	therefore	possible	that	Theis	equation	

may	not	be	applicable	to	flow	in	these	fractured	aquifers.	In	an	attempt	to	circumvent	this	

problem,	Barker	ሺBarker,	1988ሻ	introduced	a	model	in	which	the	geometry	of	the	aquifer	is	

regarded	as	a	fractal.	Although	this	model	has	been	applied	with	reasonable	success	in	the	

analysis	 of	 hydraulic	 tests	 from	 boreholes	 in	 Karoo	 aquifers	 ሺVan	 der	 Voort,	 2001ሻ,	 it	

introduces	parameters	 for	which	no	sound	definition	exist	 in	 the	case	of	non‐integer	 flow	

dimensions.	

The	 law,	 proposed	 by	 Darcy	 early	 in	 the	 19thcentury,	 is	 relying	 on	 experimental	 results	

obtained	from	the	 flow	of	water	through	a	one‐dimensional	sand	column,	the	geometry	of	

which	 differs	 completely	 from	 that	 of	 a	 fracture.	 There	 is	 therefore	 a	 possibility	 that	 the	

Darcy	 law	may	not	be	valid	 for	 flow	 in	 fractured	rock	 formations	but	 is	only	a	very	crude	

idealisation	of	the	reality.	Nevertheless,	the	relative	success	achieved	by	Botha,	ሺBotha	et	al.,	
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1998ሻ,	 to	 describe	many	 of	 the	 properties	 of	 Karoo	 aquifers,	 suggests	 also	 that	 the	 basic	

principle	 underlying	 this	 law	may	 be	 correct:	 the	 observed	 drawdown	 is	 to	 be	 related	 to	

either	a	variation	in	the	hydraulic	conductivity	of	the	aquifer,	or	a	change	in	the	piezometric	

head.	Any	new	form	of	the	law	should	therefore	reduce	to	the	classical	form	under	the	more	

common	conditions.	Because	K	 is	essentially	determined	by	 the	permeability	of	 the	 rocks,	

and	not	the	flow	pattern,	the	gradient	term	in	Theis	is	the	most	likely	cause	for	the	deviation	

between	the	observed	and	theoretical	drawdown	observed	in	the	Karoo	formations.	In	this	

Possibility	 is	 further	 investigated	 for	 a	 radially	 symmetric	 form	of	 Theis	 by	 replacing	 the	

classical	first	order	derivative	of	the	piezometric	head	by	a	complementary	derivative.	It	is	

customary	in	groundwater	investigations	to	choose	a	point	on	the	centreline	of	the	pumped	

borehole	 as	 a	 reference	 for	 the	 observations	 and	 therefore	neither	 the	 drawdown	nor	 its	

derivatives	will	vanish	at	the	origin,	as	required.	In	such	situations	where	the	distribution	of	

the	 piezometric	 head	 in	 the	 aquifer	 is	 a	 decreasing	 function	 of	 the	 distance	 from	 the	

borehole	 the	problem	may	be	 circumvented	by	 rather	using	 the	complementary,	or	Weyl,	

fractional	order	derivative.		

Broadly	seen	the	generalised	version	of	the	Darcy	law	is	affecting	conceptually	the	physical	

content	 of	 Darcy’s	 work	 in	 mainly	 two	 ways.	 Firstly,	 the	 new	 generalised	 constitutive	

equation	 is	 not,	 unlike	 the	 usual	 Darcy	 relation,	 satisfying	 the	 popular	 principle	 of	 local	

ሺspatialሻ	action	that	postulates	that	the	evolution	of	a	system	at	a	given	spatial	position	and	

at	 a	 given	 time	 is	 only	 affected	 by	 the	 behaviour	 of	 the	 different	 variables	 in	 the	 direct	

neighbourhood	around	that	point.	Within	the	frame	of	Darcy’s	law	this	principle	implies	that	

the	Darcy	velocities	may	only	be	expressed	as	relations	containing	the	value,	at	that	point,	of	

the	piezometric	head	and/or	 its	 derivatives.	 The	use	of	 a	 constitutive	 relation	based	on	a	

spatial	integration	of	the	piezometric	head	over	the	half	infinite	line	is	breaking	away	from	

this	 postulate	 and	 is	 allowing	 for	 the	 consideration	 of	more	 general	 situations	where	 the	

groundwater	flow	at	a	given	point	of	the	aquifer	 is	governed	not	only	by	the	properties	of	

the	 piezometric	 field	 at	 that	 specific	 position	 but	 also	 depends	 on	 the	 global	 spatial	

distribution	of	that	field	in	soil	matrix. Note	that	there	is	a	close	relation	between,	the	flow	

equation	 and	 the	 mass	 transport	 ሺAdvection	 Dispersion	 Equationሻ.	 The	 successful	

application	of	 the	 fractional	order	derivative	 to	 groundwater	 flow	equation	 lead	us	 to	 the	

mass	transport	equation.	The	following	section	deals	with	the	fractional	advection	equation.	
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8.7 GENERALIZED  ADVECTION  DISPERSION  EQUATION  USING  THE  CONCEPT  OF 
FRACTIONAL ORDER DERIVATIVES 

Dispersion	 of	 aqueous	 tracers	 in	 natural	 systems	 including	 heterogeneous	 soils,	 aquifers,	

and	 rivers,	 is	 typically	 observed	 to	 Benon‐Fickian,	 also	 called	 ‘‘anomalous”.	 Anomalous	

transport	is	very	often	found	at	all	scales	–	from	pore	scale	simulations	ሺZhang	XX,	Mouchao	

,	 2007ሻ,	 soil	 cores	 ሺBromly	 and	 	 Hinz	 ,	 2004ሻሺCortis	 and	 Berkowitz	 ,	 2004ሻ,	 laboratory	

experiments	ሺHatano	and	Hatano	1998ሻሺKlise	et	al.,	2004ሻ	to	field	scale	observations	see	for	

example	 ሺAdams	 and	 Gelhar	 ,	 1992ሻ	 ሺBenson	 et	 al.,	 2000ሻ	 and	 ሺDeng,	 2004ሻ.	 Anomalous	

transport	 may	 be	 characterized	 by	 trailing	 edges	 ሺalso	 called	 heavy	 tailsሻ	 of	 a	 plume	

emanating	 from	a	point	source,	or	nonlinear	growth	of	 the	centred	second	moment.	 If	 the	

growth	 rate	 is	 faster	 than	 linear,	 the	 transport	 is	 anomalous	 super‐diffusion;	 slower	 than	

linear	growth	rate	is	sub‐diffusion	ሺBouchaud	and	Georges	,		1990ሻ.The	extreme	heavy	tails	

of	 the	 solute	 transport	 dominate	 problems	 associated	with	 toxic	 chemicals:	 early	 arrivals	

pose	 the	most	 risk,	while	 late	 arrivals	 dominate	 the	 cost	 and	 strategy	 of	 cleanup.	 Proper	

modelling	 of	 anomalous	 transport	 of	 tracers	 is	 a	 truly	 important	 step	 that	 has	 not	 been	

achieved	completely,	even	after	decades	of	effort.	Anomalous	 transport	behaviour	may	be	

due	 to	 different	 mechanisms.	 First,	 the	 complex	 flow	 velocity	 in	 natural,	 multi‐scale	

heterogeneous	media	 leads	 to	anomalous	 spreading	of	 a	 conservative	 tracer	 that	deviates	

significantly	 from	 a	 Fickian	 model.	 For	 example,	 preferential	 flow	 paths	 can	 enhance	

spreading	 of	 the	 plume	 front,	 resulting	 in	 anomalous	 super‐diffusion.	 Second,	 mass	

exchange	 between	 relatively	 mobile	 and	 immobile	 zones	 can	 retard	 the	 movement	 of	

aqueous	tracers	and	result	in	heavy	tails	concentration	profile,	which	is	typically	referred	to	

as	a	sub‐diffusive	process	ሺBouchaud	and	Georges	A,	1990ሻ.	The	second	mechanism	is	due	

to	chemical	 reactions	ሺincluding	sorption/desorptionሻ,	where	 the	diffusion	and	dispersion	

of	 solute	 in	 the	 mobile	 phase	 can	 still	 be	 Fickian.	 See	 also	 the	 recent	 discussion	 by	

ሺBerkowitz	et	al,	2008ሻ.	

Numerous	numerical	experiments	indicate	that	anomalous	dispersion	cannot	be	described	

by	 the	 traditional	 second‐order	 advection–	 dispersion	 equation	 ሺADEሻ	without	 extremely	

detailed	 information	 on	 the	 connectivity	 of	 high	 and	 low	 hydraulic	 conductivity	 ሺKሻ	

sediments	ሺEggleston	and	Rojstaczer	,	1998ሻ	ሺZheng	and		Gorelick,	2003ሻ.		Five	alternative,	

nonlocal	 transport	 techniques	 have	 been	 developed	 for	 the	 use	 of	 the	 general	 hydrology	

community.	 These	 techniques	 are	 the	 Stochastic	 Averaging	 of	 the	 classical	ADE	 ሺSA‐ADEሻ	

method,	the	ሺsingle‐	andሻ	multiple‐rate	mass	transfer	ሺMRMTሻ	method,	an	interested	reader	

can	 find	 this	 method	 in	 the	 recent	 work	 ሺHaggerty	 et	 al.,	 2000ሻ	 ሺHaggerty	 et	 al.,	
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2002ሻሺHarvey	 and	 	 Gorelick,	 1995ሻሺHarvey	 and	Gorelick	 	 2000ሻ,	 also	 see	 ሺBrusseau	 et	 al	

,1995ሻሺCarrera		et	al,	1997ሻሺ	Coats	and	Smith,	1964ሻሺGerke	and	van	Genuchten.,1993ሻ	the	

continuous	time	random	walk	ሺCTRWሻ	method	ሺDentz	and	Berkowitz	 ,	2003ሻሺDentz	et	al.,	

2004ሻ	 ሺMontroll	 and	 Weiss,	 1965ሻ,	 the	 time	 fractional	 advection–dispersion	 equation	

ሺfADEሻ	 method	 with	 the	 time	 scale	 index	 0	 ൏c	 ൏1	 ሺZhang	 et	 al,	 2006ሻሺSchumer	 R	 et	 al	

2003ሻሺMeerschaert	and	Scheffler,	2004ሻሺBecker‐Kern	P,	2004ሻ,	and	the	space	fADE	method	

ሺBenson	 et	 al.,	 2000,	 2001ሻሺClarke,	 2005ሻሺSchumer	 	 et	 al.,	 2000ሻሺZhang,	 2007ሻ.	 These	

alternative	 conceptual	 models	 describe	 nonlocal	 dependence	 on	 either	 time	 or	 space,	 or	

both,	 to	 explain	 the	 development	 of	 anomalous	 dispersion.	 Here	 the	 nomenclature	

‘‘nonlocal”	 follows	 the	 definition	 given	 by	 Cushman	 ሺCoats	 and	 Smith,	 1964ሻ:	 ‘‘If	 the	

constitutive	variable	depends	on	what	is	happening	at	a	point	in	space–time	or	a	very	small	

neighbourhood	of	the	point,	the	variable	is	said	to	be	local	and	derived	from	a	local	theory	.	.	

.	 On	 the	 other	 hand,	 if	 information	 is	 needed	 to	 define	 the	 constitutive	 variables	 from	

regions	 of	 space	 and	 time	 distinct	 from	 a	 neighbourhood	 of	 the	 space–time	 point	 where	

evaluation	of	 the	variables	 is	 to	be	made,	 then	 the	 theories	 and	 constitutive	variables	 are	

said	 to	 be	 nonlocal	 in	 character”.	 More	 specifically,	 the	 concentration	 change	 at	 some	

location	 in	 time	 might	 depend	 on	 a	 wide	 variety	 of	 locations	 upstream	 meaning	 space	

nonlocality	 ሺCushman	 and	Ginn	 ,	 2000ሻሺMolz,	 2002ሻሺSchumer	 et	 al.,	 2001ሻሺZhang,	 2007ሻ,	

and	it	also	might	depend	on	the	temporal	history	of	concentration	‘‘loading”	at	that	location	

ሺtime‐nonlocalityሻሺCushman	 JH,	 1991ሻሺCushman	 et	 al.,	 1994ሻሺDentz	 	 and	 	 Berkowitz,	

2003ሻሺDentz	et	al.,	2004ሻ	ሺNeuman,	1993ሻሺSchumer	et	al.,	2003ሻ.	The	temporal	nonlocality	

can	 be	 physically	 attributed	 to	 mass	 transfer	 of	 solute	 between	 relatively	 immobile	 and	

mobile	phases	meaning	the	sorption	or	desorption	mechanism	discussed	above	ሺDentz	and	

Berkowitz,	2003ሻሺDentz	et	al.,	2004ሻ	 	and	transport	in	segregated	regions	of	high	and	low	

permeability	 ሺBenson	 DA	 et,	 	 2001ሻሺZinn	 and	 Harvey,	 2003ሻ	 ሺBenson	 DA	 et	 al,	 2000	

ሻሺBerkowitz	 and	 	 Scher,	1998ሻ.	The	spatial	nonlocality	might	be	due	 to	 the	high	variation	

and	 long‐range	dependence	 ሺor	 long	 spatial	 autocorrelationሻ	of	permeability	 ሺGrabasnjak,	

2003ሻሺHerrick,	 2002ሻሺKohlbecker,	 2006ሻሺTrefry,	 2003ሻ	 and	 ሺZhang,	 2007ሻ,	 including	 the	

preferential	 flow	 paths	 discussed	 above.	 In	 this	 thesis	 we	 focus	 our	 investigation	 on	 the	

fractional	advection	dispersion	equation	ሺFADEሻ.	

With	the	fundamental	of	Fractional	Calculus	in	multiple	Dimensions	we	have	introduced	in	

the	previous	section,	a	possible	generalization	of	dispersion	equation	can	be	introduced	as	

follows.	From	the	following	equation:	
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௧ܿܦߠ ൅ ݏ௧ܦ௕ߩ ൅ .ݍ ܿ׏ ൌ .׏ ሺߠDܿ׏ሻ െ ܿߠሺߣ ൅ ሻݏ௕ߩ ൅ ሺܿ଴ െ ܿሻ݂ሺx,tሻ.	

Hence	ܦ௧	and	׏c	can	be	replaced	by	߲݋௧
ఈ	and	׏݋௫ఈ	respectively	and	become		

௧߲݋ߠ							
ఈܿ ൅ ௧߲݋௕ߩ

ఈݏ ൅ .ݍ ௫ఈܿ׏݋ ൌ 			 ௫ఈܿሻ׏݋Dߠሺ׏ െ ܿߠሺߣ ൅ ሻݏ௕ߩ ൅ ሺܿ଴ െ ܿሻ݂ሺx,tሻ.															ሺ8.57ሻ	

Where	α	is	a	real	number	lying	in	ሺ0,	1ሿ	and	the	above	equation	in	this	thesis	will	be	called	

the	generalized	hydrodynamic	dispersion	equation.	The	hydrodynamic	dispersion	equation	

in	 Equation	 ሺ8.57ሻ	 is	 quite	 complex,	 from	 the	 mathematical	 point	 of	 view,	 and	 must	 be	

usually	be	 solved	numerically	 in	practice	until	we	 find	a	suitable	mathematical	method	 to	

solve	it	analytically.		

The	majority	 of	 the	 available	 analytical	 solutions	 for	 Equation	 ሺ8.57ሻ	 are	 based	 on	 three	

assumptions:	

aሻ There	is	no	discharge	from	the	recharge	to	the	aquifer	

bሻ 	The	Darcy’s	velocity,	q	and	the	dispersion	tension,	D,	are	constant		

cሻ 	The	matrix	fraction,	sሺx	,	tሻ,	of	dissolved	solids	can	be	represented	by	the		Freundlish	

isotherm.	

gሻ ݏሺݔ, ሻݐ ൌ ,ݔܿሺ	ௗܭ 	ሻݐ

where	ܭௗ	is	the	volumetric	distribution	coefficient.	With	these	assumptions	Equation	ሺ8.57ሻ	

can	be	written	in	more	compact	form	as	

																																																								ܴௗܦ௧ܿ ൅ .ݍ ܿ׏ ൌ .׏ ሺܿ׏ࢎࡰߠሻ െ 	ሺ8.58ሻ																																								ௗܿ,ܴߣ

for	the	standard	case	.	In	order	to	include	explicitly	the	possible	effect	of	the	flow	geometry	

into	the	mathematical	model	the	Cartesian	component	of	the	gradient	of	the	concentration,	

∆ܿ	 is	 replaced	 here	 by	 Caputo	 fractional	 derivative	 	 	௫ఈ׏݋ of	 order	 	.ߙ This	 provides	 a	

generalized	form	of	the	classical	equation	governing	the	dispersion	ሺ8.58ሻ	

																																																ܴௗ݋ ௧߲
ఉܿ ൅ .ݍ ௫ఈܿ׏݋ ൌ ௫ఈܿሻ׏݋ࢎࡰߠሺ׏ െ 	ሺ8.59ሻ																																				ௗܿ.ܴߣ

This	integro‐differential	equation	does	contain	the	additional	parameters	including,		ߚandߙ,	

which	 can	 be	 viewed	 as	 a	 new	 physical	 parameters	 that	 characterizes	 the	 dispersion	

through	the	geological	formations	and	hence	also,	

																																																																																ܴௗ ൌ ߠ ൅ 	ሺ8.60ሻ																																																									ௗܭ௕ߩ

is	known	as	the	retardation	factor.	Two	particular	 important	sets	of	problems,	 that	satisfy	

these	assumptions,	are	the	set	of	the	one‐dimensional	problems,	characterized	by	

ݍ																																																																														 ൌ ௛ܦߠand	௫ݍ݅ ൌ 	ሺ8.61ሻ																																												௅qߙ

and	the	set	of	two‐dimensional	problems	characterized	by	
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ݍ ൌ ௫ݍ݅ ൅ ௛ܦߠ		and			௬݆ݍ ൌ ௫ݍ௅ߙ݅	 ൅ ௬ݍ்ߙ݆ ൌ ௅ܦ݅ ൅ 	.்ܦ݆

In	these	cases	Equation	ሺ7.59ሻ	can	be	divided	through	by	ܴௗ	to	obtain	

																																																		߲௧
ఉܿ ൅ q୰. ௫ఈܿ׏݋ ൌ ௫ఈܿሻ׏݋D୰ߠሺ׏ െ 	ሺ8.62ሻ																																											.ܿߣ

For	the	generalized	form	and	here	

q୰ ൌ
q
Rୢ

			and				D୰ ൌ
D
ܴௗ
	

are	 the	 retarded	 velocity	 vector	 and	 hydrodynamic	 dispersion	 coefficient,	 respectively.	

Notice	 that	 since	 ܴௗ ൒ 	,	q	൑	q୰		and		,ߠ the	 Darcy	 velocity	 of	 the	 fluid,	 hence	 the	 name	

retardation	coefficient	for	ܴௗ.	For	Equation	ሺ8.62ሻ	there	is	no	analytical	solution	is	available	

for	 the	moment	being.	 In	 the	discussion	 to	 follow	attention	will	be,	 therefore,	 limited	 to	a	

simple	one‐dimensional	Dirichlet	boundary	condition	problem.	

8.7.1 Solution  of  generalized  form  of  advection  dispersion  equation  via  Adomian 

decomposition and Variational Iteration methods 

As	V.M.	Alexandrov	wrote	in	the	foreword	of	a	popular	science	book	‘‘Asymtotology:	ideas,	

methods,	and	applications’’,	asymptotic	methods	belong	to	the,	perhaps,	most	romantic	area	

of	 modern	 mathematics	 ሺAndrianov and Manevitch, 2003).	 Though	 computer	 science	 is	

growing	 very	 fast,	 and	numerical	 simulation	 is	 applied	 everywhere,	 non‐numerical	 issues	

will	 still	 play	 a	 large	 role	 ሺAndrianov and Awrejcewicz, 2000; (Bender et al., 1989); 

Delamotte, 1993; He, 1999).	 There	 exists	 some	 alternative	 analytical	 asymptotic	

approaches,	 such	 as	 the	 non‐perturbative	 method,	 modified	 Lindstedt–Poincare	 method	

ሺDelamotte, 1993ሻ,	 variational	 iteration	 method	 ሺHe, 1999),	 Adomian	 decomposition	

method	 ሺADMሻ,	 homotopy	 perturbation	 method	 ሺHe, 1999;  He, 2000),	 book‐keeping	

artificial	 parameter	 perturbation	 method	 ሺHe, 2001) and the homotopy decomposition 

method by Atangana  see in (Atangana and Alabaraoye, 2013) (Atangana et al., 2013) 

and (Atangana and Secer, 2013b) .	Our	 concern	here	 is	 to	make	use	 of	VIM	and	ADM	 to	

provide	asymptotic	solutions	to	the	fractional	advection	dispersion	equations.	For	the	case	

of	generalized	form	of	advection	dispersion	equation,	two	different	methods	will	be	used	to	

investigate	 a	 possible	 analytical	 solution,	 including	 the	 Adomian	 Decomposition	 and	

variational	 iteration	 methods.	 	 The	 equation	 under	 investigation	 is	 the	 one‐dimensional	

space‐time	fractional	advection	dispersion	equation	as	shown	below.		

																																					߲௧
ఈܿሺݔ, ሻݐ ൅ q୰߲௫

ஒcሺݔ, ሻݐ െ D୰߲௫
ఓܿሺݔ, ሻݐ ൅ ,ݔሺܿߣ ሻݐ ൌ 0.																												ሺ8.63ሻ	
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Subject	to	the	initial	condition	

ܿሺݔ, 0ሻ ൌ 0	

and	boundary	conditions	

߲௫
ఉܿሺݔ, ሻݐ ൌ 0																						ሺݔ → ∞ሻ,	

here	 the	 operator	 ௫߲݋
ఉ	 is	 fractional	 derivative	 in	 Caputo	 ‐Weyl	 sense	 which,	 because	 we	

want	our	solution	to	vanish	at	infinity	and	

ܿሺ0, ሻݐ ൌ ܿ଴ expሺെݐߛሻ																ሺݐ ൐ 0ሻ,	

where	0 ൏ ߙ ൑ 1	,0 ൏ ߚ ൑ 1	and	1൏ ߤ ൑ 2;	ܿ଴	is	the	initial	concentration	and	ߛ	a	is	positive	

constant.	

Adomian	Decomposition	method	

Hence	the	method	is	based	on	applying	the	operator	ܬఉ,	the	inverse	operator	of		߲௫
ఉ,	on	both	

sides	of	the	Equation	ሺ7.63ሻ	to	obtain:																																																																																													ሺ8.64ሻ 																																	

									q୰ܿሺݔ, ሻݐ ൌ ෍
߲ఉܿሺ0, ௞ݔሻݐ

௞ݔ߲
൅ ௫ܬ

ఉൣD୰߲௫
ఓܿሺݔ, ሻݐ െ ߲௧

ఈܿሺݔ, ሻݐ െ ,ݔሺܿߣ ሻ൧ݐ

௠ିଵ

௞ୀ଴

.	

The	Adomian	decomposition	method	ሺAdomian,	1988ሻ	assumes	a	series		solution	for	ܿሺݔ, 	ሻݐ

given	by	

ܿሺݔ, ሻݐ ൌ ෍ ܿ௡ሺݔ, ,ሻݐ

ஶ

௡ୀ଴

	

	where	the	component	ܿ௡ሺݔ, 	Equation	in	this	substituting	recursively,	determined	be	will	ሻݐ

ሺ8.64ሻ	yields																																																																																																																																													ሺ8.65ሻ	

q୰ ෍ ܿ௡ሺݔ, ሻݐ ൌ

ஶ

௡ୀ଴

෍
߲ఉܿሺ0, ௞ݔሻݐ

௞ݔ߲

௠ିଵ

௞ୀ଴

൅ ௫ܬ
ఉ ൥D୰߲݋௫

ఓ ෍ ܿ௡ሺݔ, ሻݐ

ஶ

௡ୀ଴

െ ∞߲௧
ఈ ෍ ܿ௡ሺݔ, ሻݐ

ஶ

௡ୀ଴

െ ෍ߣ ܿ௡ሺݔ, ሻݐ

ஶ

௡ୀ଴

൩ .	

To	the	following	decomposition	method	we	introduce	the	recursive	relation	as	

ܿ௡ାଵሺݔ, ሻݐ ൌ
1
q୰
௫ܬ
ఉൣെ߲݋௧

ఈܿ௡ሺݔ, ሻݐ ൅ D୰߲݋௫
ఓܿ௡ሺݔ, ሻݐ െ ,ݔ௡ሺܿߣ 	,ሻ൧ݐ

																																																																																																																																																																					ሺ8.66ሻ	

ܿ଴ሺݔ, ሻݐ ൌ ෍
߲ఉܿሺ0, ௞ݔሻݐ

௞ݔ߲
.

௠ିଵ

௞ୀ଴

	

It	 is	 worth	 noting	 that	 if	 the	 zero’s	 component		ܿ଴ሺݔ, 	ሻݐ is	 known	 then	 the	 remaining	
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components	 ܿ௡ሺݔ, ,	ሻݐ ݊ ൒ 1,	 can	 be	 completely	 determined	 such	 that	 each	 term	 is	

determined	by	using	the	previous	 terms,	and	the	series	solutions	are	entirely	determined.	

Finally,	we	approximate	the	solution	ܿሺݔ, 	series	truncated	the	ሻbyݐ

																												ܿேሺݔ, ሻݐ ൌ ∑ ܿ௡ሺݔ, ሻݐ
ேିଵ
௡ୀ଴ and			 limே→ஶ ܿேሺݔ, ሻݐ ൌ ܿሺݔ, 	ሺ8.67ሻ																															ሻ.ݐ

For	 our	 purpose,	 we	 used	 the	 Dirichlet	 initial	 and	 boundary	 conditions	 as	 defined	

previously.	Therefore	the	recursive	relation	is	given	as	

ܿ଴ሺݔ, ሻݐ ൌ ܿሺ0, ሻݐ ൌ ܿ଴ expሺെݐߛሻ ݐ			, ൐ 0	.		

Following	the	discussion	presented	earlier,	we	obtain	the	recurrence	relation	

																		ܿ௡ାଵሺݔ, ሻݐ ൌ
ଵ

୯౨
௫ܬ
ఉൣെ߲݋௧

ఈܿ௡ሺݔ, ሻݐ ൅ D୰߲݋௫
ఓܿ௡ሺݔ, ሻݐ െ ,ݔ௡ሺܿߣ 	ሺ8.68ሻ																															ሻ൧,ݐ

It	follows	from	the	above	recurrence	formula	that.	

ܿଵሺݔ, ሻݐ ൌ
1
q୰
௫ܬ
ఉൣെ߲݋௧

ఈܿ଴ሺݔ, ሻݐ ൅ D୰߲݋௫
ఓܿ଴ሺݔ, ሻݐ െ ,ݔ଴ሺܿߣ 	ሻ൧ݐ

																															ൌ
1
q୰
௫ܬ
ఉൣെ߲݋௧

ఈܿ଴ expሺെݐߛሻ ൅ D୰߲݋௫
ఓܿ଴ expሺെݐߛሻ െ ଴ܿߣ expሺെݐߛሻ൧	

ൌ
1
q୰
௫ܬ
ఉሾെ߲݋௧

ఈܿ଴ expሺെݐߛሻ െ ଴ܿߣ expሺെݐߛሻሿ	

ൌ
1
q୰
௫ܬ
ఉሾሺെߛሻఈܿ଴ expሺെݐߛሻ െ ଴ܿߣ expሺെݐߛሻሿ	

ൌ
1
q୰
ܿ଴ expሺെݐߛሻ ሺെሺߛሻఈ െ ሻߣ

ఉݔ

Γሺ1 ൅ ሻߚ
.	

ܿଶሺݔ, ሻݐ ൌ
1
q୰
௫ܬ
ఉൣെ߲݋௧

ఈܿଵሺݔ, ሻݐ ൅ D୰߲݋௫
ఓܿଵሺݔ, ሻݐ െ ,ݔଵሺܿߣ 	ሻ൧ݐ

ൌ ൬
1
q୰
൰
ଶ

ሼെሺߛሻఈ െ ሽܿ଴ߣ expሺെݐߛሻ ቈሼെሺെߛሻఈ െ ሽߣ
ଶఉݔ

Γሺ2ߚ ൅ 1ሻ
൅ Dr

ଶఉିఓݔ

Γሺ2ߚ െ ߤ ൅ 1ሻ
቉.	

ܿଷሺݔ, ሻݐ ൌ
1
q୰
௫ܬ
ఉൣെ߲݋௧

ఈܿଶሺݔ, ሻݐ ൅ D୰߲݋௫
ఓܿଶሺݔ, ሻݐ െ ,ݔଶሺܿߣ 	ሻ൧ݐ

௫߲݋
ఓܿଶሺݔ, ሻݐ ൌ ൬

1
qr
൰
ଶ

ሼെሺߛሻఈ െ ሽߣ expሺെݐߛሻ ቈ
ଶఉିఓݔ

Γሺ2ߚ െ ߤ ൅ 1ሻ
൅ Dr

ଶఉିଶఓݔ

Γሺ2ߚ െ ߤ2 ൅ 1ሻ
቉.	

௧߲݋
ఈܿଶሺݔ, ሻݐ ൌ ሺെߛሻఈ ൬

1
q୰
൰
ଶ

ሼെሺߛሻఈ െ ሽܿ଴ߣ expሺെݐߛሻ ቈሼെሺߛሻఈ െ ሽߣ
ଶఉݔ

Γሺ2ߚ ൅ 1ሻ

൅ Dr
ଶఉିఓݔ

Γሺ2ߚ െ ߤ ൅ 1ሻ
቉.	

Thus		



155	

	

ܿଷሺݔ, ሻݐ ൌ ൬
1
qr
൰
ଷ

ሼെሺߛሻఈ െ ሽߣ expሺെݐߛሻ ቎Dr ቈ
ଷఉିఓݔ

Γሺ3ߚ െ ߤ ൅ 1ሻ
൅ Dr

ଷఉିଶఓݔ

Γሺ3ߚ െ ߤ2 ൅ 1ሻ
቉ ൅ ሼെሺߛሻఈ

െ ሽߣ ቈሼെሺߛሻఈ െ ሽߣ
ଷఉݔ

Γሺ3ߚ ൅ 1ሻ
൅ Dr

ଷఉିఓݔ

Γሺ3ߚ െ ߤ ൅ 1ሻ
቉቏.	

In	this	case,	four	components	of	the	decomposition	series	of	Equation	ሺ8.66ሻ	were	obtained,		

of	 which	 ܿሺݔ, 	ሻݐ was	 evaluated	 to	 have	 the	 following	 asymptotic	 expansion.	 But	 is	 very	

important	to	know	that,	for	practise	purpose,	one	will	need	compute	the	number	terms	that	

will	fit	the	experimental	data.	

																															ܿሺݔ, ሻݐ ൌ ܿ଴ሺݔ, ,ݔሻ൅ܿଵሺݐ ሻݐ ൅ ܿଶሺݔ, ሻݐ ൅ ܿଷሺݔ, ሻݐ ൅ ⋯൅																																ሺ8.69ሻ	

Using	the	package	mathematica,	we	roughly	approximate	the	above	series	solution	to:	

ܿሺݔ, ሻݐ ൌ
ሻݐఈߛሺെ݌ݔ݁

2
ቈܧఓ,ఉ ൤

௥ݍሺݔ െ ௥ሻݑ
௥ܦ2

൨ ݂ܿݎ݁
ݔ െ ݐ௥ݑ

2ඥܦ௥ݐ
൅ ఓ,ఉܧ ൤

௥ݍሺݔ ൅ ௥ሻݑ
௥ܦ2

൨ ݂ܿݎ݁
ݔ ൅ ݐ௥ݑ

2ඥܦ௥ݐ
቉	

Where	ܧఓ,ఉ	is	the	generalized	Mittag‐Leffler	function	

Variation	Iteration	Method	

To	 solve	 the	 generalized	 hydrodynamic	 dispersion	 equation	 by	 means	 of	 variational	

iteration	method		ሺHe,	1977ሻ,	we	rewrite	Equation	ሺ8.61ሻ	in	the	form																																ሺ8.70ሻ	

ሺܿሺݔ, ሻሻఈ௧ݐ ൅ q୰ሺcሺݔ, ሻሻ௫ఉݐ െ ሺܿሺݔ, ሻሻ௫ఓݐ ൅ ,ݔሺܿߣ ሻݐ ൌ 0	

Where	ߙ, 	the	for	functional	correction	The	previously.	defined	parameters	the	are	ߤ	and		ߚ

above	equation	can	be	approximately	expresses	as	follows																																																					ሺ8.71ሻ	

ܿ௡ାଵሺݔ, ሻݐ ൌ ܿ௡ሺݔ, ሻݐ ൅ න ߬ሺߞሻ ൬
߲
ߞ߲
ܿ௡ሺߞ, ሻݐ ൅ ሺܿ̃ሺߞ, ሻሻఈ௧ݐ െ ሺܿ̃ሺߞ, ሻሻ௫ఓݐ ൅ ,ߞሺ̃ܿߣ ሻ൰ݐ ߞ݀

௫

଴
,	

where	 ߬	 is	 a	 general	 Lagrange	 multiplier	 ሺInokuti	 et	 al,	 1978ሻ,	 which	 can	 be	 identified	

optimally	via	variational	 theory,	here	ሺܿ̃ሺݐ, 	ሻሻఈ௧ߞ ,	 ሺܿ̃ሺݐ, 	and	ሻሻ௫ఓߞ 	 ܿ̃ሺݐ, 	as	considered	are	ሻߞ

restricted	variations.	Making	the	above	functional	stationary,	

,ݔ௡ାଵሺܿߜ ሻݐ ൌ ,ݔ௡ሺܿߜ ሻݐ ൅ ߜ න ߬ሺߞሻ
߲
ߞ߲
ܿ௡ሺߞ, ߞሻ݀ݐ

௫

଴
	

yields	the	following	Lagrange	multiplier	߬ ൌ െ1.	Therefore	we	obtain	the	following	iteration	

formula:																																																																																																																																																						ሺ8.72ሻ	

ܿ௡ାଵሺݔ, ሻݐ ൌ ܿ௡ሺݔ, ሻݐ െ න ቀሺܿ௡ሺߞ, ሻሻఈ௧ݐ ൅ q୰ሺc୬ሺߞ, ሻሻ௫ఉݐ െ ሺܿ௡ሺߞ, ሻሻ௫ఓݐ ൅ ,ߞ௡ሺܿߣ ሻቁݐ .ߞ݀
௫

଴
	

In	this	case	we	begin	with	the	initial	approximation	
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ܿ଴ሺ0, ሻݐ ൌ ܿ଴ expሺെݐߛሻ,	

By	 the	 above	 iteration	 formula,	 begin	 withܿ଴ሺ0, 	,ሻ	ݐ we	 can	 obtain	 the	 following	

approximation																																																																																																																																									ሺ8.73ሻ	

ܿ଴ሺ0, ሻݐ ൌ ܿ଴exp	ሺെݐߛሻ	

ܿଵሺݔ, ሻݐ ൌ ܿ଴ሺݔ, ሻݐ െ න ቀሺܿ଴ሺߞ, ሻሻఈ௧ݐ ൅ q୰ሺc଴ሺߞ, ሻሻ௫ఉݐ െ D୰ሺܿ଴ሺߞ, ሻሻ௫ఓݐ ൅ ,ߞ଴ሺܿߣ ሻቁݐ ߞ݀
௫

଴
	

ൌ ܿ଴ expሺെݐߛሻ ൅ ሺെሺെߛሻఈ െ 	ݔሻݐߛሺെ	ሻܿ଴expߣ

ൌ ܿ଴ expሺെݐߛሻ ሾ1 ൅ ሺെሺെߛሻఈ െ 	.ሿݔሻߣ

ܿଶሺݔ, ሻݐ ൌ ܿଵሺݔ, ሻݐ െ න ቈെ2ߛఈ െ q୰ሺߛఈ െ ሻߣ
Γሺ2ሻߞଵିఉ

Γሺ2 െ ሻߚ
൅ ሾ1ߣ ൅ ሺߛఈ െ ሿ቉ߞሻߣ ߞ݀

௫

଴
	

ൌ ܿଵሺݔ, ሻݐ െ ܿ଴exp	ሺെݐߛሻ ቈെ2ߛఈݔ െ q୰ሺߛఈ െ ሻߣ
Γሺ2ሻݔଶିఉ

Γሺ2 െ ሻሺ2ߚ െ ሻߚ
൅ ݔሾߣ ൅ ሺߛఈ െ ሻߣ

ଶݔ

2
ሿ቉	

ൌ ܿ଴ expሺെݐߛሻ ቈ1 ൅ ሺߛఈ െ ݔሻߣ ൅ ݔఈߛ2 ൅ q୰ሺߛఈ െ ሻߣ
Γሺ2ሻݔଶିఉ

Γሺ2 െ ሻሺ2ߚ െ ሻߚ
െ ݔሾߣ ൅ ሺߛఈ െ ሻߣ

ଶݔ

2
቉.	

In	this	case	three	components	of	the	series	Equation	ሺ8.43ሻ	were	obtained	of	which	ܿሺݔ, 	ሻݐ

was	evaluated	to	have	the	following	asymptotic	expansion	

																																																	ܿሺݔ, ሻݐ ൌ ܿ଴ሺݔ, ,ݔሻ൅ܿଵሺݐ ሻݐ ൅ ܿଶሺݔ, ሻݐ ൅ ⋯൅																																	ሺ8.74ሻ	

It	 is	worth	 noting	 that	 the	 solution	 obtained	 via	 Variation	 Iteration	Method	 has	 repeated	

terms.		To	reduce	the	repeated	terms	in	this	solution	one	need	to	cancel	the	repeated	terms	

or	while	 calculating	 ܿ௡	 component,	 	 and	 then,	 the	 last	 component	gives	 the	approximated	

solution	of	the	differential	equation.	The	following	example	is	used	as	illustration.	Consider	

the	differential	equation	describing	the	rate	at	which	the	radioactive	material	disintegrates,	

that	is	

ሻݐሺܰܦ ൌ െܰߛሺݐሻ.	

The	analytical	solution	of	the	above	differential	equation	is	given	as	

ܰሺݐሻ ൌ ܰሺ0ሻ expሺെݐߛሻ.	

For	the	Variation	iteration	method	the	following	recursive	formula	is	considered	

௡ܰାଵሺݐሻ ൌ ௡ܰሺݐሻ െ න ൫ܦ ௡ܰሺߞሻ െ ߛ ௡ܰሺߞሻ൯݀ߞ,
௧

଴
	

with		 ଴ܰሺݐሻ ൌ ܰሺ0ሻ	

Here	 for	 any	 ൒ 1, ௡ܰሺݐሻ ൌ ܰሺ0ሻሾ1 ൅ ∑ ሺିఊ௧ሻೖ

௞!
௡
௞ୀଵ ሿ	 ,	 it	 follows	 that	 when	 ݊	 is	 approaching	

infinity		ܰஶሺݐሻ ൌ ܰሺ0ሻ∑
ሺିఊ௧ሻೖ

௞!
ൌ ܰሺ0ሻexp	ሺെݐߛሻஶ

௞ୀ଴ ,	 which	 is	 the	 exact	 solution	 of	 the	
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equation.	

8.7.2 Analytical  solution  of  space‐time  fractional  derivative  of  hydrodynamic  advection‐

dispersion equation in term of Mittag‐Leffler function 

In	this	section	a	straight	fort	method	will	be	used	to	give	an	analytical	solution	of	space‐time	

fractional	 derivative	 of	 hydrodynamic	 advection‐dispersion	 equation	 in	 term	 of	 Mittag‐

Leffler	 function.	 The	method	 is	 based	 on	 Laplace	 transform,	 due	 to	 the	 complexity	 of	 the	

Mittag‐Leffler	function,	the	graphical	representation	will	not	be	given	in	this	thesis.	We	start	

this	analysis	with	the	fractional	derivative	according	to	Riemann‐Liouville,	following	by	the	

fractional	derivative	according	to	Caputo	ሺAtangana	and	Kilicman,	2013ሻ.	

Case	1	Fractional	derivative	in	Riemann‐Liouville	sense	

The	 method	 here	 consists	 of	 applying	 the	 Laplace	 transform	 with	 respect	 to	 the	 time	

variable	on	both	sides	of	equation	ሺ8.63ሻ	to	have	

ܦ																																																				
డഀ௖ሺ௫,௦ሻ

డ௫ഀ
െ ݒ

డഁ௖ሺ௫,௦ሻ

డ௫ഁ
െ ܴሺߣ ൅ ,ݔሻܿሺݏ	 ሻݏ ൌ ܴܿሺݔ, 0ሻ,																	ሺ8.75ሻ	

with	the	initial	condition	and	further	transformation,	the	above	equation	can	then	be	in	the	

following‐form																																																																																																																																									ሺ8.76ሻ	

߲ఈܿሺݔ, ሻݏ
ఈݔ߲

െ ߤ
߲ఉܿሺݔ, ሻݏ
ఉݔ߲

െ ߬	ܿሺݔ, ሻݏ ൌ 0,	

where	ݏ	is	the	Laplace	variable,	ߤ ൌ
௩

஽
	and	߬ ൌ

ோሺఒା	௦ሻ

஽
.	Let	ܿሺݔ, ሻݏ ൌ 	ሺ8.76ሻ	equation	the	ሻ,ݔሺݕ

becomes:																																																																																																																																																				ሺ8.77ሻ	

߲ఈݕሺݔሻ
ఈݔ߲

െ ߤ
߲ఉݕሺݔሻ
ఉݔ߲

െ ሻݔሺݕ	߬ ൌ 0.	

Applying	the	Laplace	operator	respect	to	the	space	variable	on	both	sides	of	equation	ሺ7.77ሻ,	

on	the	space	component	and	replacing	we	have	the	following	equation: 																																																																											

ࣦሺݕሻሺ݌ሻ ൌ෍݄௜

௟

௜ୀଵ

௜ିଵ݌

ఈ݌ െ ఉ݌	ߤ െ ߬
	

																																																																																																																																																																						ሺ8.78ሻ	

where	݌	is	the	Laplace	variable		for		the	space	varaible		and		݄௜ ൌ ߲௫ఈି௜ܿሺ0ାሻ	.		

For	 ݌ ∈ ԧ	and	 ቚ
ఛ௣షഁ

௣ഀషഁିఓ
ቚ ൏ 1,	we	have	 the	 following	 expression	

ଵ

௣ഀିఓ	௣ഁିఛ
	 can	be	writing	 as	

follows:	

௜ିଵ݌

ఈ݌ െ ఉ݌	ߤ െ ߬
ൌ ௜ିଵ෍݌

߬௡ି݌ఉିఉ௡

ሺ݌ఈିఉ െ ሻ௡ାଵߤ
,

ஶ

௝ୀ଴
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and	 hence	 replacing	 the	 above	 expression	 in	 equation	 ሺ8.78ሻ	 yields	 to	 the	 following	

representation:																																																																																																																																								ሺ8.79ሻ	

ሺࣦݕሻሺ݌ሻ ൌ෍݄௜෍
߬௡ି݌ఉିఉ௡ା௜ିଵ

ሺ݌ఈିఉ െ ሻ௡ାଵߤ

ஶ

௝ୀ଴

௟

௜ୀଵ

.	

The	 above	 expression	 is	 then	 simplified	 further,	 for	 ݌ ∈ ԧ	andห݌ߤఉିఈห ൏ 1,	 we	 have	 that	

first,	

߬௡ି݌ఉିఉ௡ା௜ିଵ

ሺ݌ఈିఉ െ ሻ௡ାଵߤ
ൌ
߬௡݌ሺఈିఉሻିሺఈାఉ௡ି௜ାଵሻ

ሺ݌ఈିఉ െ ሻ௡ାଵߤ
,	

and	secondly	the	above	equation	can	now	be	expressed	as	follows																																						ሺ8.80ሻ	

ൌ
1
݊!
ࣦ ቊݔఈ௡ାఈି௜ ൬

߲
ݔ߲
൰
௡

	ఈିఉሻቋݔߤఈିఉ,ఈା௡ఉାଵି௜ሺܧ

where		

൬
߲
ݔ߲
൰
௡

ሻݔఈ,ఉሺܧ ൌ෍
Γሺ݊ ൅ ݆ ൅ 1ሻ

Γሺ݊ߙ ൅ ߚ ൅ ሻ݆ߙ
௝ݔ

݆!

ஶ

௝ୀ଴

.	

Hence	the	solutions	of	equation	ሺ8.77ሻ	can	be	given	as	follows																																															ሺ8.81ሻ						

ሻݔ௜ሺݕ ൌ ෍
߬௡

݊!
ఈ௡ାఈି௜ݔ

ஶ

௡ୀ଴

൬
߲
ݔ߲
൰
௡

	ఈିఉሻݔߤఈାఉ௡ାଵି௜ሺ			ఈିఉ,ܧ

Thus	it	follows	that	the	solution	of	equation	ሺ8.63ሻ	is	given	as:																																														ሺ8.82ሻ	

ሻݔሺݕ ൌ෍݄௜ݕ௜

௟

௜ୀଵ

ሺݔሻ	

In	our	case	here	݈ ൌ 2		so	that	

ܿሺݔ, ሻݏ ൌ෍݄௜ܿ௜

ଶ

௜ୀଵ

ሺݔ, 	ሻݏ

Thus	 the	 series	 solution	 of	 equation	 ሺ7.63ሻ	 can	 be	 now	 given	 by	 applying	 the	 inverse	

Laplace	operator	on		ܿሺݔ, 	ሺ8.83ሻ																																																																																																have:	to	ሻݏ

ܿ௜ሺݔ, ሻݐ ൌ ࣦିଵ ൭෍
߬௡

݊!
ఈ௡ାఈି௜ݔ

ஶ

௡ୀ଴

൬
߲
ݔ߲
൰
௡

	.ఈିఉሻ൱ݔߤఈାఉ௡ାଵି௜ሺ			ఈିఉ,ܧ

	Since	the	inverse	Laplace	operator	is	a	linear	operator	it	follows	that																																	ሺ8.84ሻ	

ܿ௜ሺݔ, ሻݐ ൌ ෍
ࣦିଵሺ߬௡ሻ

݊!
ఈ௡ାఈି௜ݔ

ஶ

௡ୀ଴

൬
߲
ݔ߲
൰
௡

	.ఈିఉ൯ݔߤఈାఉ௡ାଵି௜൫			ఈିఉ,ܧ
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Replacing	߬௡ ൌ ቀ
ோሺఒା	௦ሻ

஽
ቁ
௡
ൌ ቀ

ோ

஽
ቁ
௡
ሺߣ ൅ 	ሺ8.85ሻ																																																																							that	so	ሻ௡ݏ

ࣦିଵሼ߬௡ሽ ൌ ൬
ܴ
ܦ
൰
௡

ࣦିଵሼሺߣ ൅ ሻ௡ሽݏ ൌ ൬
ܴ
ܦ
൰
௡ exp	ሼെݐߣሽିݐଵି௡

Γሺെ݊ሻ
	

ܿ௜ሺݔ, ሻݐ ൌ ෍
ቀ
ோ

஽
ቁ
௡ ୣ୶୮ሼିఒ௧ሽ௧షభష೙

୻ሺି௡ሻ

݊!
ఈ௡ାఈି௜ݔ

ஶ

௡ୀ଴

൬
߲
ݔ߲
൰
௡

	.ఈିఉ൯ݔߤఈାఉ௡ାଵି௜൫			ఈିఉ,ܧ

																																																																																																																																																																						ሺ8.86ሻ																																			

ܿሺݔ, ሻݐ ൌ෍݄௜ܿ௜

ଶ

௜ୀଵ

ሺݔ, 	ሻݐ

ܿଵሺݔ, ሻݐ ൌ ෍
ቀ
ோ

஽
ቁ
௡ ୣ୶୮	ሼିఒ௧ሽ௧షభష೙

୻ሺି௡ሻ

݊!
ఈ௡ାఈିଵݔ

ஶ

௡ୀ଴

൬
߲
ݔ߲
൰
௡

	ఈିఉሻݔߤఈାఉ௡ሺ			ఈିఉ,ܧ

																																																																																																																																																																						ሺ8.89ሻ	

ܿଶሺݔ, ሻݐ ൌ ෍
ቀோ
஽
ቁ
௡ ୣ୶୮	ሼିఒ௧ሽ௧షభష೙

୻ሺି௡ሻ

݊!
ఈ௡ାఈିଶݔ ൬

߲
ݔ߲
൰
௡

ఈିఉሻݔߤఈାఈ௡ିଵሺ			ఈିఉ,ܧ

ஶ

௡ୀ଴

.	

To	find	the	coefficient	݄௜,			݅ ൌ 1,2,	we	need	to	apply	the	boundary	and	initial	conditions		on	

ܿሺݔ, 	:	to	yields	ሻݐ

݄௜ ൌ
ܿ଴
2
.	

Example	1	

Our	concern	here	is	to	consider	equation	ሺ8.63ሻ	when	ߙ ൌ 2	and	0 ൏ ߚ ൑ 1.		Following	the	

discursion	 presented	 earlier,	 the	 analytical	 solution	 ofspace‐time	 fractional	 derivative	 of	

hydrodynamic	advection‐dispersion	equation	has	its	two	solutions	given	by:	

ܿଵሺݔ, ሻݐ ൌ ෍
expሼെݐߣሽ ଵି௡ିݐ

Γሺെ݊ሻ݊!

ஶ

௡ୀ଴

ଶ௡ାଵݔ ൬
߲
ݔ߲
൰
௡

ଶିఉ,ଶሺܧ
ܴ
ܦ
	ଶିఉሻݔ

																																																																																																																																																																						ሺ8.90ሻ	

ܿଶሺݔ, ሻݐ ൌ ෍
expሼെݐߣሽ ଵି௡ିݐ

Γሺെ݊ሻ݊!

ஶ

௡ୀ଴

ଶ௡ݔ ൬
߲
ݔ߲
൰
௡

ଶିఉ,ଶሺܧ
ܴ
ܦ
	ଶିఉሻݔ

The	above	solutions	form	the	fundamental	system	of	solution	when			ߚ ൏ 1.	

Case	2	Fractional	derivative	in	Caputo	sense	

The	 Riemann‐Liouville	 derivative	 has	 certain	 disadvantages	 when	 trying	 to	 model	 real‐

world	phenomena	with	fractional	differential	equations.	Therefore,	investigate	the	solution	

of	space‐time	Caputo	fractional	derivative	of	hydrodynamic	advection‐dispersion	equation.	
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For	the	Caputo	derivative,	the	Laplace	transform	is	based	on	the	formula:	

ሺࣦ	ܿܦఈݕሻሺݏሻ ൌ ሻݏሻሺݕఈሺࣦݏ െ෍݄௜

ଶିଵ

௜ୀ଴

	ఈି௜ିଵݏ

with																																																																																																																																																													ሺ8.91ሻ	

݄௜ ൌ ሺ݅			௜ሺ0ሻݕ ൌ 0,1ሻ	

Thus	applying	 the	Laplace	 transform	 in	both	side	of	equation	ሺ8.63ሻ	on	 the	component	of	

time,	and	applying	again	the	Laplace	transform	on	the	component	of	space	yields	to:				ሺ8.92ሻ																																		

ࣦሺݕሻሺ݌ሻ ൌ ෍݄௜
ఈି௜ିଵ݌

ఈ݌ െ ఉ݌	ߤ െ ߬
െ ෍݄௜ߤ

ఉି௜ିଵ݌

ఈ݌ െ ఉ݌	ߤ െ ߬

ଵିଵ

௜ୀ଴

ଶିଵ

௜ୀ଴

.	

	For	 ݌ ∈ ԧ	 and	 ቚ
ఛ௣షഁ

௣ഀషഁିఓ
ቚ ൏ 1,	 in	 analogy	of	 the	discussion	presented	 earlier	 for	 the	 case	of	

Riemann‐Liouville,	we	have	the	following																																																																																					ሺ8.93ሻ	

ࣦሺݕሻሺ݌ሻ ൌ ෍݄௜

ଶିଵ

௜ୀ଴

෍ ߬௡
ሺఈିఉሻିሺఉ௡ା௜ାଵሻ݌

ሺ݌ఈିఉ െ ሻ௡ାଵߤ
െ ෍߬௡ߤ

ሺఈିఉሻିሺఉ௡ା௜ାଵାఈିఉሻ݌

ሺ݌ఈିఉ െ ሻ௡ାଵߤ

ଵିଵ

௜ୀ଴

ஶ

௡ୀ଴

	

Hence	for	݌ ∈ ԧand		ห݌ߤఉିఈห ൏ 1,	we	have	that	

ሺఈିఉሻିሺఉ௡ା௝ାଵሻ݌

ሺ݌ఈିఉ െ ሻ௡ାଵߤ
ൌ
1
݊!
ቆࣦ ቈݔ௡ఈା௜ ൬

߲
ݔ߲
൰
௡

	ఈିఉ൯቉ቇݔߤఈିఉ,ఉ௡ା௜ାଵ൫ܧ

and																																																																																																																																																															ሺ8.94ሻ	

ሺఈିఉሻିሺఉ௡ା௝ାଵାఈିఉሻ݌

ሺ݌ఈିఉ െ ሻ௡ାଵߤ
ൌ
1
݊!
ࣦ ቈݔ௡ఈା௜ାఈିఉ ൬

߲
ݔ߲
൰
௡

	ఈିఉ൯቉ݔߤఈିఉ,ఉ௡ା௜ାଵାఈିఉ൫ܧ

Thus	from	the	above	expression	we	derive	the	following	solution	to	the	space‐time	Caputo	

fractional	derivative	of	advection‐dispersion	equation	ሺ8.63ሻ:																																															ሺ8.95ሻ	

ܿሺݔ, ሻݐ ൌ ෍݄௜ܿ௜ሺݔ, ሻݐ െ

ଶିଵ

௜ୀ଴

,ݔ෍݄௜ܿ௜ሺߤ ሻݐ
ଵିଵ

௜ୀ଴

	

where	for	݅ ൌ 0																																																																																																																																								ሺ8.96ሻ	

ܿ௜ሺݔ, ሻݐ ൌ ෍
expሼെݐߣሽ ଵି௡ିݐ

Γሺെ݊ሻ݊!

ஶ

௡ୀ଴

௡ఈା௜ݔ ൬
߲
ݔ߲
൰
௡

ఈିఉ൯ݔߤఈିఉ,ఉ௡ା௜ାଵ൫ܧ

െ ෍ߤ
expሼെݐߣሽ ଵି௡ିݐ

Γሺെ݊ሻ݊!

ஶ

௡ୀ଴

௡ఈା௜ାఈିఉݔ ൬
߲
ݔ߲
൰
௡

	ఈିఉ൯ݔߤఈିఉ,ఉ௡ା௜ାଵାఈିఉ൫ܧ

and	for	݅ ൌ 1																																																																																																																																													ሺ8.97ሻ	

ܿ௜ሺݔ, ሻݐ ൌ ෍
expሼെݐߣሽ ଵି௡ିݐ

Γሺെ݊ሻ݊!

ஶ

௡ୀ଴

௡ఈା௜ݔ ൬
߲
ݔ߲
൰
௡

	ఈିఉ൯ݔߤఈିఉ,ఉ௡ା௜ାଵ൫ܧ
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	Further	 the	 coefficients	 ݄௜	 are	 found	 by	 applying	 the	 initial	 and	 boundary	 conditions	 on	

ܿሺݔ, 	.ሻݐ

Example	2	

Our	concern	here	is	to	consider	equation	ሺ8.63ሻ	when	ߙ ൌ 2	and	0 ൏ ߚ ൑ 1.		Following	the	

discursion	 presented	 earlier,	 the	 analytical	 solution	 of	 space‐time	 fractional	 derivative	 of	

hydrodynamic	advection‐dispersion	equation	has	its	two	solutions	given	by:																			ሺ8.98ሻ	

ܿଵሺݔ, ሻݐ ൌ ෍
expሼെݐߣሽ ଵି௡ିݐ

Γሺെ݊ሻ݊!

ஶ

௡ୀ଴

ଶ௡ݔ ൬
߲
ݔ߲
൰
௡

ଶିఉ൯ݔߤଶିఉ,ఉ௡ାଵ൫ܧ

െ ෍ߤ
expሼെݐߣሽ ଵି௡ିݐ

Γሺെ݊ሻ݊!

ஶ

௡ୀ଴

ଶ௡ାଶିఉݔ ൬
߲
ݔ߲
൰
௡

	ଶିఉ൯ݔߤଶିఉ,ఉ௡ାଷିఉ൫ܧ

and																																																																																																																																																														ሺ8.99ሻ	

ܿଶሺݔ, ሻݐ ൌ ෍
expሼെݐߣሽ ଵି௡ିݐ

Γሺെ݊ሻ݊!

ஶ

௡ୀ଴

ଶ௡ାଵݔ ൬
߲
ݔ߲
൰
௡

	.ଶିఉ൯ݔߤଶିఉ,ఉ௡ାଶ൫ܧ

These	 solutions	 are	 linearly	 independent	 and	 they	 provide	 the	 fundamental	 system	 of	

solutions	to	space‐time	Caputo	fractional	derivative	of	hydrodynamic	advection‐dispersion	

equation.	We	have	 to	prove	 that	 the	 series	 are	 convergent.	 	Note	 that	 the	below	 series	 is	

convergent	and	converges	to:		

෍
Γሺ݊ ൅ ݆ ൅ 1ሻ

Γሺߙ ൅ ߙ݉ ൅ !ሻ݆ߚ
௝ݔ

ஶ

௝ୀ଴

ൌ െ
ሺ1 െ ሻି௡Γሺ1ݔ ൅ ݊ሻ

ሺെ1 ൅ ߙሻΓሺݔ ൅ ߙ݊ ൅ ሻߚ
	

or																																																																																																																																																											ሺ8.100ሻ	

෍
Γሺ݊ ൅ ݆ ൅ 1ሻ

Γሺߙ ൅ ߙ݉ ൅ !ሻ݆ߚ
௝ݔ

ஶ

௝ୀ଴

൒෍
Γሺ݊ ൅ ݆ ൅ 1ሻ

Γሺ݆ߙ ൅ ߙ݉ ൅ !ሻ݆ߚ
௝ݔ

ஶ

௝ୀ଴

	

Because	the	series	of	left	hand	side	is	convergent	it	follows	that	the	series	of	the	right	hand	

is	 convergent	 and	 ܿଶሺݔ, 	ሻݐ and	 ܿଵሺݔ, 	ሻݐ are	 convergent.	 Due	 to	 the	 complexity	 of	 these	

solutions,	the	graphical	representation	of	these	solutions	will	not	be	given	in	this	thesis.		

8.7.3 Approximated solution via Fourier transform 

	
In	order	to	be	consistent	 in	comparison,	one	need	to	propose	an	analytical	solution	to	the	

fractional	version	of	the	advection	dispersion	equation,	and	one	compare	the	two	solutions	

by	 mean	 of	 experimental	 data.	 Solutions	 to	 common	 solute	 transport	 boundary	 value	

problems	 ሺBVPሻ	are	usually	obtained	by	means	of	Laplace	or	Fourier	 transforms.	We	will	

solve	the	BVP	for	instantaneous	injection	of	a	“spike”	of	solute,	i.e.	the	Green’s	function.	The	
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fractional‐in‐space	 equation	 is	 solved	 via	 Fourier	 transform.	 To	 start	 here	we	 choose	 the	

fractional	advection	dispersion	equation	governed	by:	

																														߲௧ܿሺݔ, ሻݐ ൅ q୰߲ఈ௫cሺݔ, ሻݐ െ D୰߲݋௫
ఓܿሺݔ, ሻݐ ൅ ,ݔሺܿߣ ሻݐ ൌ 0																														ሺ8.102ሻ	

Applying	 the	 Fourier	 transform	 in	 	direction‐ݔ on	 both	 sites	 of	 the	 above	 equation,	 we	

obtained	the	following	ordinary	differential	equation:																																																												ሺ8.103ሻ	

	

݀ܿ̆ሺ݌	, ሻݐ
ݐ݀

ൌ െሾq୰ሺ݅݌ሻఈܿ̆ሺ݌	, ሻݐ െ D୰ሺ݅݌ሻఓܿ̆ሺ݌	, ሻݐ ൅ ,	݌ሺ̆ܿߣ 	ሻሿݐ

And	the	solution	of	the	above	ordinary	differential	equation	is	given	as:																										ሺ8.104ሻ	

ܿ̆ሺ݌	, ሻݐ ൌ exp	ሾെሾq୰ሺ݅݌ሻఈ െ D୰ሺ݅݌ሻఓ ൅ 	ሿݐሿߣ

Using	the	trigonometry	properties	݅ ൌ ݁௜గ/ଶ,	the	above	expression	is	transformed	to	

										ܿ̆ሺ݌	, ሻݐ ൌ expሾെݐߣሿ exp ቂെ ቂq୰ሺ݅݌ሻఈ െ D୰݁
௜൫௦௜௚௡ሺ௣ሻ൯గఓ ଶൗ ቃ 	ሺ8.105ሻ																																										ቃ.ݐ

This	Fourier	 transform	does	not	have	a	 closed	 form	 inverse.	However	 following	 the	work	

done	 by	 Benson	 in	 1998,	 the	 expression	 can	 be	 put	 it	 in	 the	 form	 of	 the	 characteristic	

function	by	substituting	‐p	for	p,	the	density	can	be	manipulated	into	the	canonical	form	of	

the	characteristic	function	for	ߤ‐stable	densities	ሺBenson,	1998ሻ.	

The	 solution	 to	 the	 classical	ADE	with	 the	 continuous	 source	 initial	 condition	 is	 generally	

written	 in	 “closed	 form”	 using	 the	 error	 function.	 The	 error	 function	 itself	 is	 twice	 the	

integral	of	the	positive	half	of	a	Gaussian	density	with	variance	ൌ	1/2,	or	standard	deviation	

of	√2ോ2	 ሺBenson,	 1998ሻ.	 The	 analytical	 solution	 the	ADE	was	 given	 by	 ሺCleary	 and	Ungs,	

1978ሻ,	is	

ܿሺݔ, ሻݐ ൌ 	
ܿ଴exp	ሾെݐߛሿ

2
ቈ݁݌ݔ

௥ݍሺݔ െ ௥ሻݑ
௥ܦ2

݂ܿݎ݁
ݔ െ ݐ௥ݑ

2ඥܦ௥ݐ
൅ ݌ݔ݁

௥ݍሺݔ ൅ ௥ሻݑ
௥ܦ2

݂ܿݎ݁
ݔ ൅ ݐ௥ݑ

2ඥܦ௥ݐ
቉	

where	

௥ݑ ൌ ටݍ௥ଶ ൅ ߣ௥ሺܦ4 െ 	ሻߛ

and	

ሻݔሺ݂ܿݎ݁ ൌ
2

ߨ√
න exp	ሺെݐଶሻ݀ݐ

ஶ

௫

	

is	 known	 as	 complementary	 error	 function.	 For	 the	 generalisation	 of	 this	 widely‐used	

formula,	a	similar	solution	to	the	Fractional	Advection	Dispersion	Equation	is	given	by:	
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ܿሺݔ, ሻݐ ൌ 	
ܿ଴exp	ሺെݐߛሻ

2
൦݁݌ݔ

௥ݍሺݔ െ ௥ሻݑ
௥ܦ2

ఓܿܨܴܧܵ ቎
ݔ െ ݐ௥ݑ

2ሺܦ௥ݐሻ
భ
ഋ

቏

൅ ݌ݔ݁
௥ݍሺݔ ൅ ௥ሻݑ

௥ܦ2
ఓܿܨܴܧܵ ቎

ݔ ൅ ݐ௥ݑ

2ሺܦ௥ݐሻ
భ
ഋ

቏൪,	

where																																																																																																																																																							ሺ8.106ሻ	

ఓܿܨܴܧܵ ൌ 1 െ 	function	error	stable‐ߤ	the	as	1998ሻ	,	ሺBenson	by	defined	was	ఓܨܴܧܵ	,ఓܿܨܴܧܵ

ሺܵܨܴܧఓሻ	function	similarly	to	the	error	function,	that	is,	twice	the	integral	of	a	symmetric	ߤ‐

stable	density	from	0	to	the	argument	ሺzሻ:																																																																																	ሺ8.107ሻ	

ܴܧܵ ఓ݂ሾݖሿ ൌ 2න ఓ݂

௭

଴

ሺݔሻ݀ݔ	

where		 ఓ݂ሺݔሻ	is	the	standard,	symmetric,	ߤ‐stable	density.	The	factor	of	2	in	the	denominator	

of	the	ܵܨܴܧ	argument	has	been	dropped	from	equation	ሺ8.107ሻ	for	simplicity.		The	ߤ‐stable	

density	is	defined	in	series	form	as:																																																																																															ሺ8.108ሻ	

	 ఓ݂ሺݖሻ ൌ
1
ߨ
෍

ሺെ1ሻ௡

ሺ2݊ ൅ 1ሻ!
Γ ൤
2݊ ൅ 1
μ

൅ 1൨ zଶ௡
ஶ

௡ୀ଴

	

Or	in	integral	form	we	have:																																																																																																													ሺ8.109ሻ	

ఓ݂ሺݖሻ ൌ
ሺݖ
ଵ
ఓିଵൗ ሻߤ

2|1 െ |ߤ
න ఓܷሺߠሻ݁݌ݔ ൤െݖ

ቀఓ ఓିଵൗ ቁ
ఓܷሺߠሻ൨

ଵ

଴

	ߠ݀

																																																																																		 ఓܷሺߠሻ ൌ ቈ
௦௜௡ቂ

ഏഇഋ
మ
ቃ

௖௢௦ቂ
ഏ	ഋ
మ
ቃ
቉

ఓ
ሺଵିఓሻൗ

.																																ሺ8.110ሻ	

Up	to	this	day	the	analytical	expression	of	the	ߤ‐stable	density	is	not	well	known	in	general	

but	for	some	specific	case	that	may	not	be	relevant	for	our	problem,	therefore	we	propose	

the	 following	 alternative	 expression	 as	 solution	 of	 the	 Fractional	 Advection	 Dispersion	

Equation	ሺAtangana,	and	Kilicman	,		2013ሻ:																																																																															ሺ8.111ሻ																	

ܿሺݔ, ሻݐ ൌ 	
ܿ଴exp	ሺെݐߛሻ

2
቎݁݌ݔ ቆ

௥ݍఈሺݔ െ ௥ሻݑ
௥ܦ2

ቇ ݂ܿݎ݁ ቌ
ఈݔ െ ݐ௥ݑ

2ሺܦ௥ݐሻ
భ
ഋ

ቍ

൅ ݌ݔ݁ ቆ
௥ݍఈሺݔ ൅ ௥ሻݑ

௥ܦ2
ቇ ݂ܿݎ݁ ቌ

ఈݔ ൅ ݐ௥ݑ

2ሺܦ௥ݐሻ
భ
ഋ

ቍ቏.	
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The	above	simulation	let	no	choice	than	to	believe	that	the	order	of	the	derivative	plays	an	

important	role	while	simulation	the	plume	of	the	pollution	in	the	aquifer.		

Several	studies	have	been	done	for	this	concern,	more	precisely	when	the	parameter	ߣ ൌ 0,	

see	for	example	ሺBenson	et	al.,	2000ሻ,	however	the	approach	used	is	their	studies	is	rather	

stochastic	than	deterministic.	In	this	thesis	we	deal	with	the	deterministic	approach	.To	test	

the	 accuracy	 and	 efficiency	 of	 FADE,	 we	 compare	 the	 solution	 of	 FADE,	 ADE	 and	 the	

experimental	 data	 from	 field	 observation.	 The	 following	 figures	 8‐6	 and	 8‐7	 show	 the	

comparison	between	FADE,	ADE,	and	measured	data	from	real	 field	 for	different	values	of	

	.ߤ	and	ߙ The	 equations	 compared	here	 are	 ሺ8.111ሻ	 and	 the	 solution	 by	 ሺCleary	 and	Ungs,	

1978ሻ.	A	plume	observed	in	natural	systems	is	used	in	this	section	to	distinguish	further	the	

time	 and	 space	 non‐localities.	 Realistic	 data	 from	 natural	 systems	 provide	 the	 most	

important	criteria	for	distinguishing	the	space‐	and	time‐nonlocal	processes	and	evaluating	

the	 applicability	 of	 the	 FADE	 models.	 Three	 experiments	 are	 selected,	 where	 tracer	

transport	 through	 regional‐scale	 natural	 systems	with	 very	 different	 hydraulic	 properties	

including,	 a	 natural	 two	 confined	 aquifers,	 were	 monitored.	 The	 observed	 anomalous	

phenomena	 were	 studied	 extensively	 and	 modelled	 using	 the	 space	 FADE	 by	 different	

researchers	in	the	last	several	years.	Analysis,	comparison	and	application	of	various	FADEs	

in	this	study	are	intended	to	provide	a	general	guidance	for	model	selection.	

The	below	simulation	let	no	choice	than	to	believe	that	the	order	of	the	derivative	plays	an	

important	role	while	simulation	the	plume	of	 the	pollution	 in	the	aquifer.	The	comparison	

revealed	that,	the	fractional	advection	dispersion	equation	is	compatible	with	observations	

of	the	plume	in	the	laboratory	and	the	field.	It	predicts	power	law,	faster	than	the	apparent	

plume	 variance.	 It	 is	 shown	 that	 the	 traditional	 2nd	 –order	 advection	 equation	 does	 not	

adequately	describe	the	movement	of	solute	trace	in	the	aquifer.		On	the	basis	this	assertion	

we	 conclude	 that,	 the	 fractional	 advection	dispersion	 equation	 is	 better	 than	 the	 classical	

version	of	advection	dispersion	equation	ሺAbdon	and	Kilicman,	2013ሻ.		
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permeable	material	tends	to	form	preferential	flow	paths,	such	as	the	interconnected	paleo‐

channels	observed	 in	 alluvial	 depositional	 systems,	 then	 the	 solute	 transport	may	 show	a	

heavy	 leading	 edge,	 which	 can	 be	 described	 by	 the	 space	 FADE	 with	maximally	 positive	

skewness	 as	 shown	 in	 Figures	 8‐1	 ,	 8‐2	 ,	 8‐3	 and	 8‐4.	Development	 of	 partial	 differential	

equations	such	as	the	advection‐dispersion	equation	ሺADEሻ	begins	with	assumptions	about	

the	 random	behaviour	 of	 a	 single	 particle:	 possible	 velocities	 it	may	 experience	 in	 a	 flow	

field	and	the	length	of	time	it	may	be	immobilized.	When	assumptions	underlying	the	ADE	

are	relaxed,	a	fractional	ADE	ሺFADEሻ	can	arise,	with	a	non‐integer‐order	derivative	on	time	

or	space	terms.	Fractional	ADEs	are	nonlocal;	they	describe	transport	affected	by	hydraulic	

conditions	 at	 a	 distance.	 Space	 fractional	 ADEs	 arise	 when	 velocity	 variations	 are	 heavy	

tailed	 and	 describe	 particle	 motion	 that	 accounts	 for	 variation	 in	 the	 flow	 field	 over	 the	

entire	system.	Time	 fractional	ADEs	arise	as	a	result	of	power	 law	particle	residence	 time	

distributions	and	describe	particle	motion	with	memory	in	time.	As	shown,	the	best‐fitting	

curve	 from	 the	 classical	 radial	 flow	model	 greatly	 under‐estimated	 early	 arrival.	We	 also	

remark	 that	 this	 solute	 flow	model	 and	 its	numerical	 solution	match	 the	 test	 data	 closely	

only	up	to	the	peak.	

An	excellent	 literatures	 review	revealed	 that,	 the	 fractional	advection	dispersion	equation	

has	proven	useful	 in	modelling	contaminant	flow	in	heterogeneous	porous	media	ሺBenson	

et	al.,	2000	a,	2000	b	and	2000	cሻ.	The	fractional	advection	dispersion	equation	is	known	to	

be	a	special	case	of	a	general	transport	equation	with	convolution	flux	ሺCushman	and	Ginn	

TR,	 2000ሻand	 a	 limit	 case	 of	 the	 continuous	 time	 random	 walk	 with	 power‐law	 particle	

jumps	ሺBerkowitz		et	al.,	2006ሻ	ሺMeerschaert	and	Scheffler,	2004	ሻ.	It	is	a	simple	matter	to	

derive	the	fractional	advection	dispersion	equation	from	the	fractional	conservation	of	mass	

equation	using	a	moving	coordinate	system	at	the	plume	centre	of	mass,	in	exactly	the	same	

way	that	the	usual	advection	dispersion	equation	follows	from	the	traditional	conservation	

of	mass	equation	 see	 ሺMeerschaert	et	 al.,	 2006ሻ.	This	approach	validates	 the	utility	of	 the	

fractional	 advection	 dispersion	 equation	 and	 related	 theories,	 by	 highlighting	 the	 scaling	

factor	 that	 renders	 the	 fractional	 equation	 scale	 invariant.	 We	 believe	 that	 this	 scaling	

captures	the	fractal	nature	of	the	porous	medium	ሺWheatcraft	and	Tyler	1988ሻ.	
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Chapter	9	

CONCLUSIONS AND RECOMMENDATIONS 
9.1  CONCLUSIONS 

A	 large	 number	 of	 cities	 in	 tropical	 and	 subtropical	 areas	 of	 the	 earth	 depend	 on	 both	

groundwater	and	surface	water	resources	for	their	supply	of	drinking	water.	As	discussed	in	

Chapter	 2,	 one	 problem	 is	 that	 both	 sources	 are	 often	 highly	 polluted,	 a	 situation	 that	 is	

particularly	 important	 for	 the	 city	 of	 Douala	 in	 the	 Cameroon.	 The	 present	 thesis	 is	 an	

attempt	 to	 draw	 attention	 to	 this	 problem	 and	 to	 provide	 preliminary	 guidelines	 for	 the	

future	 remediation	 of	 the	 groundwater	 resources	 at	 Douala.	 There	 is	 no	 doubt	 that	 to	

achieve	 this	will	be	an	 immense	 task.	Nonetheless,	 the	discussion	also	shows	that	such	an	

action	should	be	undertaken	urgently.	

While	it	would	be	possible	to	instigate	“trial–and–error”	methods	for	the	remediation	of	the	

groundwater	 resources	 at	 Douala,	 past	 experiences	 worldwide	 have	 shown	 that	 the	 best	

approach	to	remediate	an	aquifer	is	to	have	a	good	knowledge	of	the	problem	at	hand	and	

use	it	to	develop	an	appropriate	conceptual	model	of	the	site.	This	conceptual	model	is	then	

translated	into	a	mathematical	model	and	implemented	either	analytically	or	numerically	on	

a	computer	and	 then	used	 to	 simulate	 the	expected	 future	behaviour	of	 the	contaminated	

aquifer	with	the	view	to	devise	an	appropriate	method	to	clean	up	the	aquifer.	

There	is	not	much	quantitative	information	available	on	the	Douala	aquifer	at	the	moment.	

Nevertheless,	an	analysis	of	the	available	information	in	Chapter	3	provided	some	guidance	

in	developing	a	preliminary	conceptual	and	mathematical	model	of	the	aquifer,	which	was	

implemented	numerically	with	the	computer	package	FEFLOW	ሺDiersch,	2009ሻ	as	discussed	

in	Chapter	6.	Although	there	exists	a	large	number	of	technologies	that	can	be	used	to	clean	

up	an	aquifer,	the	investigation	was	limited	to	the	so‐called	Deep	Aquifer	Remediation	Tools	

ሺDARTsሻ	 in	particular	 it	 shallow	aquifer	equivalent	 to	the	Permeable	Reaction	Barriers.	 In	

this	 technique	 the	 groundwater	 is	 allowed	 to	 pass	 through	 a	 permeable	 reactive	 barrier	

ሺPRBሻ,	 which	 transform	 the	 contaminant	 into	 a	 non‐toxic	 form	 by	 a	 variety	 of	 chemical	

reactions	and	then	immobilized	it.	The	reasons	for	this	choice	were	twofold.	The	first	is	that	

the	Douala	 aquifer	 occurs	 at	 relatively	 shallow	 depths	 and	 the	 second	 that	 the	 technique	

does	not	 require	constant	active	supervision.	These	expectations	are	 largely	supported	by	

the	results	of	the	FEFLOW	model	in	Chapter	6.	As	discussed	in	Chapter	6,	the	barrier	can	be	

emplaced	either	in	a	series	of	non‐pumping	wells	or	in	a	trench.	Although	not	investigated	in	

detail,	the	FEFLOW	model	in	Chapter	6	suggests	that	trenches	might	be	particularly	useful	at	
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Douala.	

Mathematical	 models	 are	 only	 as	 effective	 in	 describing	 a	 contaminated	 aquifer	 as	 the	

underlying	 conceptual	 model,	 which	 can	 never	 be	 complete.	 Results	 derived	 from	

groundwater	 models	 are	 consequently	 always	 subject	 to	 uncertainties.	 While	 these	

uncertainties	 have	 regularly	 been	 neglected	 in	 the	 past,	 it	 is	 nowadays	 imperative	 that	 a	

groundwater	 model,	 whether	 it	 a	 flow	 or	 mass	 transport	 model,	 be	 accompanied	 by	 an	

estimates	 of	 uncertainties	 associated	 with	 the	 model.	 Although	 a	 large	 number	 of	

approaches	 are	 available	 for	 this	 purpose,	 they	 often	 require	 exorbitant	 computing	

resources.	 The	 present	 investigation	was	 consequently	 limited	 to	 the	 application	 of	 Latin	

Hypercube	 Sampling	method	 to	 the	 analytical	 solution	 of	 the	 conventional	 hydrodynamic	

dispersion	 equation,	 discussed	 in	 Chapter	 6.	 The	 discussion	 there	 showed	 that	 the	 Latin	

Hypercube	Sampling	method	might	provide	one	with	uncertainty	 estimates	 that	might	be	

quite	useful,	especially	during	preliminary	investigations.	

It	 has	 been	 known	 for	 years	 that	 the	 hydrodynamic	 dispersion	 equation	 discussed	 in	

Chapter	 4,	 is	 not	 able	 to	 account	 for	 the	 long‐tail	 plumes	 often	 observed	 in	 studies	 of	

contaminated	 fractured‐rock	aquifers.	One	approach	 that	has	become	quite	 fashionable	 in	

recent	years	to	account	for	this	is	to	replace	the	ordinary	spatial	and	temporal	derivatives	in	

the	 hydrodynamic	 equation	 of	 Chapter	 5,	 separately	 or	 simultaneously,	 with	 fractional	

derivatives.	 As	 shown	 by	 the	 exploratory	 discussion	 of	 the	 approach	 in	 Chapter	 8,	 the	

method	 seems	 to	 be	 able	 to	 account	 for	 long	 tail	 plumes.	 However,	 an	 analysis	 of	 the	

computations	reported	in	Chapter	8	with	the	mathematical	computer	package	Mathematica	

revealed	that	the	results	depend	not	only	on	the	definition	of	the	fractional	derivative	used	

in	the	computation,	but	also	on	how	the	derivatives	are	computed.	

9.2 RECOMMENDATIONS 

The	most	important	factor	for	the	successful	implementation	of	the	DART	technology	is	an	

adequate	 site	 characterization.	 Site	 characterizations	 typical	 of	 remedial	 feasibility	

investigations,	 are	 usually	 not	 enough.	 This	 is	 not	 surprising	 given	 that	 the	 PRB	 ሺpart	 of	

DARTሻ	 cannot	 be	 moved	 once	 installed.	 It	 will	 therefore	 be	 necessary	 to	 develop	 and	

perform	 a	 detailed	 site	 characterization	 of	 the	 Douala	 area	 before	 the	 method	 can	 be	

applied.	Such	an	exercise	should	concentrate	include	detailed	studies	of:	

aሻ the	nature,	origin	and	positions	of	the	existing	and	expected	future	pollution	sources	

and	their	evolution	over	time	

bሻ 			the	stratigraphy	and	geochemistry	of	the	contaminated	area.	
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cሻ the	prevailing	surface–	and	groundwater	flow	patterns	laterally	and	at	depth	

	The	possibility	of	course	always	exists	that	a	project	of	this	nature	may	fail	at	sometime	in	

the	future,	with	unexpected	consequences.	However,	this	can	be	avoided	to	some	extend	by	

the	keeping	a	fully	documented	history	of	the	evolution	of	the	project	and	the	development	

of	a	 continuously	updated	contingency	plan	detailing	 corrective	actions	 that	needed	 to	be	

taken	should	the	system	fail.	

There	 is	no	doubt	 that	 the	 success	with	a	 remediation	 scheme	 for	 the	Douala	aquifer	will	

depend	to	a	large	extent	on	the	development	of	an	accurate	numerical	model	for	the	aquifer.	

However,	 as	 shown	 by	 the	 discussion	 in	 Chapter	 7,	 any	 such	 model	 will	 be	 subject	 to	

uncertainties.	It	is	therefore	important	that	the	model	used	with	the	implementation	of	the	

technology	 and	 the	 contingency	 plan	 be	 based	 on	 a	 sound	 uncertainty	 analysis	

supplemented	by	an	appropriate	risk	analysis.	

There	is	little	doubt	that	fractional	derivatives	may	account	for	properties	of	mass	transport	

in	 the	subsurface	of	 the	earth,	 that	cannot	be	accommodate	 in	 the	classical	hydrodynamic	

equation.	However,	the	computations	of	fractional	derivatives	in	Chapter	8,	indicated	that	it	

may	 be	 necessary	 to	 pay	 more	 attention	 to	 their	 definition	 and	 implementation	 than	

suggested	in	the	existing	literature.		

The	 framework	 and	 recommendations	 provided	 in	 this	 thesis,	 may	 not	 fully	 address	 the	

problems	associated	with	the	pollution	of	 the	groundwater	resources	of	Douala.	However,	

but	it	is	hoped	that	it	can	serve	as	a	basis	for	a	more	detailed	project	to	create	a	cleaner	and	

healthier	 environment,	 if	 not	 for	 the	 present	 population	 of	 Douala,	 then	 for	 future	

generations.	
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Appendix	

4-Table of fractional order derivative for some functions 
We shall present for the Liouville fractional derivative (Atangana and Secer, 2013): 
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Here:   

HypergeometricPFQ [{},{},{}] is the generalized hypergeometric function which is defined as 

follow in the Euler integral representation: 

,ଵሺܽܨ2 ܾ, ܿ, ሻݖ ൌ
୻ሺ௔ሻ

୻ሺ௕ሻ୻ሺ௖ି௕ሻ
׬ ௕ିଵሺ1ݐ െ ሻ௖ି௕ିଵሺ1ݐ െ ,ݐሻି௔݀ݐݖ ܿ ∈ ԧ\Ժ଴

ି, ܽ, ܾ ∈ ԧ
ଵ
଴  

ሺ0 ൏ ܴ݁ሾܾሿ ൏ ܴ݁ሾܿሿ; ሺ1݃ݎܽ| െ |ሻݖ ൏  ሻߨ

The PolyGamma[n, z] and PolyGamma[z]  are the logarithmic derivative of gamma function 

given by 

,ሾ݊ܽ݉݉ܽܩݕ݈݋ܲ ሿݖ ൌ
݀௡

௡ݖ݀
ቆ
Γᇱሺݖሻ

Γሺݖሻ
ቇ , ሿݖሾܽ݉݉ܽܩݕ݈݋ܲ ൌ ,ሾ0ܽ݉݉ܽܩݕ݈݋ܲ  ሿݖ



177	

	
These functions are meromorphic of z with no branch cut discontinuities. 
	
 ఈሻis the generalized Mittag-Leffler function and is defined asݐఈሺെܧ

ఈሻݐఈሺെܧ ൌ ෍
ሺെݐఈሻ௞

Γሺ݇ߙ ൅ 1ሻ

ஶ

௞ୀ଴

 

Γis denotes the gamma function, which is the Mellin transform of exponential function and is 
defined as: 

Γሺݖሻ ൌ න ௭ିଵݐ
ஶ

଴

݁ି௧݀ݐ, ܴ݁ሾݖሿ ൐ 0 

,ሻݔ௡ሺܬ ሻandݔ௡ሺܭ ௡ܻሺݔሻare Bessel functions first and second kind. 

Zeta[s] is the zeta function, has no branch cut discontinuities and is defined as: 

ሿݔሾܽݐܼ݁ ൌ ෍݊ି௫
ஶ

௡ୀଵ
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Abstract	

One	 reason	 why	 groundwater,	 so	 often	 constitutes	 the	main	 source	 of	 drinking	 water	 in	

many	 cities	 and	 towns	 around	 the	world,	 is	 because	 it	 is	 frequently	 present	 in	 sufficient	

quantities	at	the	point	of	demand.	However,	this	seemingly	advantage	may	sometimes	be	its	

greatest	 disadvantage,	 especially	 in	 situations	 where	 the	 groundwater	 occurs	 at	 shallow	

depths	and	the	area	overlying	the	aquifer	is	populated	densely.	This	problem	is	particularly	

relevant	 in	 the	 present	 technological	 age	 with	 its	 vast	 quantities	 of	 waste	 that	 is	 often	

disposed	in	an	uncontrolled	manner.	Such	a	situation	occurs	at	Douala	the	economic	capital	

of	 Cameroon	 in	 central	 Africa.	 The	 city	 not	 only	 host	more	 than	80%	of	 industries	 in	 the	

country,	 but	 also	 has	 the	 largest	 urban	 population	 of	 approximately	 3	000	000	 with	 a	

population	density	of	approximately	350	persons	per	square	kilometre,	which	continue	to	

increase	at	a	rate	of	approximately	120	000	migrants	per	year	from	the	rural	areas,	while	

the	 groundwater	 level	 is	 very	 shallow	 and	 may	 sometimes	 rise	 above	 the	 soil	 surface,	

especially	during	floods,	which	occur	not	too	infrequently.	

Although	 the	pollution	 problem	 is	 not	 restricted	 to	 groundwater	 as	 such,	 it	 is	 aggravated	

here,	 because	of	 the	 ancient	 belief	 that	wastes	 are	 safely	disposed	of,	 if	 buried	below	 the	

earth’s	 surface.	 It	 took	 disasters	 like	 Love	 Canal	 and	 the	 Price	 Landfill	 to	 discover	 the	

detrimental	effects	that	this	practice	may	have	on	the	population	living	on	or	near	polluted	

aquifers.	Extreme	care	therefore	should	be	exercised	to	prevent	the	pollution	of	any	aquifer	

that	 may	 pose	 problems	 to	 living	 organisms	 or	 to	 try	 and	 restore	 a	 polluted	 aquifer	

threatening	 the	 natural	 environment.	 Groundwater	 pollution	 should	 therefore	 receive	

urgent	attention	when	discovered.	

This	 thesis	 describes	 an	 attempt	 to	 develop	 a	 set	 of	 guidelines	 for	 the	 restoration	 of	 the	

groundwater	 resources	 at	 Douala,	 based	 on	 the	 relatively	 new	 technique	 of	 permeable	

reactive	 barriers	 for	 groundwater	 remediation—a	 technique	 that	 is	 also	 increasingly	

applied	in	the	restoration	of	the	Superfund	sites	in	the	United	States	of	America.	

Modern	 attempts	 to	 clean	 up	 contaminated	 aquifers,	 relies	 heavily	 on	 the	 use	 of	 suitable	

computational	numerical	models.	 Such	models	have	 in	 the	past	always	been	based	on	 the	

classical	 hydrodynamic	 dispersion	 equation.	 However,	 an	 analysis	 of	 the	 equation	 in	 this	

thesis	has	shown	that	 the	equation	cannot	account	 for	 the	 long‐tail	contamination	plumes	

characteristic	of	fractured	rock	aquifers.	Fortunately,	it	is	not	too	difficult	to	develop	a	more	

suitable	equation.	For,	as	shown	in	the	thesis,	all	that	one	has	to	do	is	to	replace	the	ordinary	
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derivatives	in	the	classical	equation	with	fractional	derivatives.	

Mechanistic	 modeling	 of	 physical	 systems	 is	 often	 complicated	 by	 the	 presence	 of	

uncertainties,	which	was	in	the	past	usually	neglected	in	the	models	used	in	the	restoration	

of	 aquifers.While	 these	 uncertainties	 have	 regularly	 been	 neglected	 in	 the	 past,	 it	 is	

nowadays	 imperative	 that	 any	 groundwater	 model	 be	 accompanied	 by	 estimates	 of	

uncertainties	 associated	 with	 the	 model.	 Although	 a	 large	 number	 of	 approaches	 are	

available	for	this	purpose,	they	often	require	exorbitant	computing	resources.	The	present	

investigation	was	consequently	limited	to	the	application	of	the	Latin	Hypercube	Sampling	

method	applied	to	an	analytical	solution	of	the	hydrodynamic	dispersion	equation.	

It	 has	 been	 known	 for	 years	 that	 the	 hydrodynamic	 dispersion	 equation	 discussed	 in	

Chapter	 5,	 is	 not	 able	 to	 account	 for	 the	 long‐tail	 plumes	 often	 observed	 in	 studies	 of	

contaminated	fractured‐rock	aquifers.	An	approach	frequently	used	to	account	for	this	is	to	

replace	 the	 ordinary	 spatial	 and	 temporal	 derivatives	 in	 the	hydrodynamic	 equation	with	

fractional	derivatives—a	procedure	confirmed	in	this	thesis.	
Keywords	 and	 phrases:	 Groundwater	 pollution,	 Douala	 City,	 hydrodynamic	 dispersion	

equation,	 groundwater	 flow	 equation,	 uncertainty	 and	 sensitivity	 analyses,	 groundwater	

remediation;	fractional	derivatives,	mathematical,	analytical	and	numerical	models.	

	

OPSOMMING	

Een	 van	 die	 redes	waarom	 grondwater	 gereeld	 die	 primêre	 bron	 van	 drinkwater	 in	 baie	

stede	 en	 dorpe	 in	 die	 wêreld	 is,	 is	 omdat	 dit	 teenwoordig	 is	 in	 voldoende	 hoeveelhede	

wanneer	dit	benodig	word.	Ongelukkig	is	hierdie	voordeel	dikwels	’n	groot	nadeel,	veral	in	

digsbevolkte	 gebiede	 met	 vlak	 grondwatervlakke.	 Hierdie	 probleem	 kom	 veral	 voor	 in	

digsbevolkte	 gebiede	 wat	 voortdurend	 groot	 hoeveelhede	 afval	 genereer	 en	 dit	 op	 ŉ	

ongekontroleerde	wyse	wegdoen.	Dit	 is	onder	andere	die	geval	 in	Douala,	die	ekonomiese	

hoofstad	van	die	staat	Kameroen	in	sentraal	Afrika.	Die	stad	huisves	meer	as	80%	van	die	

industrie	 in	 die	 land	 en	 het	 ook	 die	 grootste	 stedelike	 bevolking	 van	 ongeveer	 3	000	000	

met	ŉ	digtheid	van	plus	minus	350	persone	per	km2	wat	elke	jaar	met	sowat	120	000	vanaf	

die	landelike	gebiede	toeneem.	Die	grondwatervlak	is	baie	vlak	en	dagsoom	dikwels	tydens	

vloede	watgereeld	voorkom.	

Alhoewel	die	besoedelingsprobleem	nie	beperk	is	tot	grondwater	as	sulks	nie,	word	dit	hier	

vererger	deur	die	historiese	geloof	dat	afval	veilig	gestort	word	as	dit	in	die	grond	begrawe	

word.		onder	die.	Dit	het	rampe	soos	die	Love	Canal	en	die	Price	stortingsterrein	gekos	om	
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mense	 te	 besef	 dat	 hierdie	 praktyk	 uiters	 negatiewe	 impakte	 op	 die	 bevolking	 in	 die	

onmiddellike	omgewing	van	besoedelde	akwifere	mag	hê.	Uiterste	voorsorg	moet	dus	getref	

word	om	te	verhoed	dat	akwifere	besoedel	word.	

Hierdie	 proefskrif	 beskryf	 ŉ	 poging	 om	ŉ	 stel	 riglyne	 daar	 te	 stel	 vir	 die	 herstel	 van	 die	

besoedelde	 grondwaterbronne	 van	 te	 Douala,	 wat	 gebaseer	 word	 op	 die	 redelike	 nuwe	

tegniek	 van	 deurlaatbare	 reagerende	 versperrings—ŉ	 tegniek	wat	 ook	 in	 die	 skoonmaak	

van	die	sogenaamde	“Superfund”	terreine	in	die	VSA	toegepas	word.	

Hedendaagse	 pogings	 om	 besoedelde	 akwifere	 skoon	 te	 maak,	 steun	 geweldig	 op	 die	

gebruik	van	geskikte	rekenaar	gebaseerde	numeriese	modelle.	Hierdie	modelle	is	tot	nogtoe	

gewoonlik	 op	 die	 klassieke	 hidrodinamiese	 dispersiewe	 vergelyking	 gebaseer.	 Die	

ondersoek	 wat	 vir	 hierdie	 proefskrif	 onderneem	 is,	 ondersteun	 egter	 die	 hedendaagse	

siening	 dat	 hierdie	 vergelyking	 nie	 besoedelingspluime	 met	 lang	 agterstukke—’n	

karakteristieke	 eienskap	 van	 besoedelingspluime	 in	 gekraakte	 akwifere—kan	beskryf	 nie.	

Soos	getoon	in	hierdie	proefskrif,	kan	die	probleem	geredelik	oorkom	word	deur	klassieke	

afgeleides	wat	in	die	hidrodinamiese	dispersievergelyking	voorkom	met	breukafgeleides	te	

vervang.	

Meganistiese	modellering	van	 fisiese	 sisteme	 is	altyd	onderhewig	aan	onsekerhede	wat	 in	

die	verlede	gewoonlik	 in	modelle	van	sulke	geïgnoreer	 is	wat	gebruik	 is	 in	die	restourasie	

van	 akwifere.	 Hierdie	 onsekerhede	 is	 in	 die	 verlede	 gewoonlik	 geïgnoreer.	Deesdae	 is	 dit	

egter	noodsaaklik	dat	modelle	skattings	van	dié	onsekerhede	moet	bevat.	Alhoewel	daar	ŉ	

groot	verskeidenheid	van	metodes	bestaan	wat	vir	hierdie	doel	gebruik	kan	word,	vereis	dit	

dikwels	 buitensporige	 hulpbronne.	 Die	 huidige	 ondersoek	 is	 daarom	 beperk	 tot	 die	

aanwending	 van	 Latynse	 hiperkubus	monsters,	 wat	 toegepas	 is	 op	ŉ	 analitiese	 oplossing	

van	die	hidrodinamiese	dispersiewe	vergelyking	wat	getoon	het	dat	dit	uiters	geskik	vir	die	

doel	is.	

Sleutelwoorde	 en	 frases:	 Grondwaterbesoedeling,	 Douala	 Stad,	 hidrodinamiese	

dispersievergelyking,	 grondwatervloeivergelyking,	 herstel	 van	 besoedelde	 akwifere,	

onsekerheids‐	 en	 sensitiwiteitsanalises,	 breukafgeleides,	 wiskundige,	 analitiese,	 en	

numeriese	modelle.		

	

	

	

	
	
	
	


