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ABSTRACT

Modelling flow in the unsaturated zone has caught interest recently in many fields of science
such as geohydrology; agriculture; and soil physics. Unsaturated zone flow has a significant
effect on the quality and quantity of groundwater resources; thus, it is essential to understand
it. This thesis aimed to model water flow in the unsaturated zone. There are many studies in
literature that aimed at understanding flow in this zone by means of mathematical models.
Richards’ equation is commonly used in such studies and its performance has shown great
success in reproducing the unsaturated flow system. However, complexities in the unsaturated
zone and soil hydraulic properties make Richards’ equation to be highly non-linear which
makes it impossible to solve analytically. As a result, it is mostly solved numerically using
computer codes to obtain numerical solutions. However, linearized Richards’ equation can be
solved analytically and reliable results can be obtained. The methodological approach of this
thesis entails application of Brooks & Corey and Mualem non-linear hydraulic conductivity
models to Richards’ equation. The resultant models were solved numerically and numerical
solutions were obtained. Following that a linearized Richards’ equation was proposed and
solved to obtain an exact solution. An exact solution was obtained using Laplace and inverse
Laplace transform and Green’s function. For numerical analysis, both models were discretized
using Crank-Nicolson and the Laplace Adam-Bashforth numerical approximation methods.
The stability analysis was provided for the linear model for both methods. From the stability
analysis, it was found that both numerical approximation methods yield stable solutions
provided the required conditions are met. For the considered unsaturated flow system, it is
concluded that the proposed linear model showed good performance in expressing water flow.
Models proposed by Brooks & Corey and Mualem seemed to overestimate hydraulic
conductivity resulting in an overestimation of soil moisture. These models were revised and
the resultant models were able to yield results that correspond to results obtained using the
proposed linear model.

Key WOrds: Unsaturated zone, unsaturated flow system, unsaturated hydraulic

conductivity, non-linear model, linear model, Richards’ equation, exact solution, numerical

simulations



USED GREEK NOTATIONS

a Alpha

B Beta

) Delta

€ Epsilon

n Eta

y Gamma

1 Lambda

L Laplace Transform Operator
U Mu

W Omega

9] Partial Differential Operator
7 Phi

¢ Phi Variant

Y Psi

p Rho




o Sigma
T Tau
0 Theta
& Xi
USED ABBREVIATIONS
q Darcy’s flux
K Hydraulic conductivity
h Matric pressure head
D Pore-water diffusivity
t Time elapsed
z Vertical distance




TABLE OF CONTENTS

Chapter 1: INtrOQUCTION ... ...uueiiiiiiiiiiiieiiiee i 1
1.1 BACKGIOUNG ......uiiiiiiiiiiiiiiiiieiiitei it 1
1.2 Problem STAtEMENT. .......ciiiiiiiiiiiiei et 3
1.3 AIM and ODJECHIVES......ccc e e a e aeaans 4
1.4 ResSearch framMeWOIK.........cooi i 5
1.5 RESEAICN OULINE ......ueiiiiiiieiee e 5
1.6 Richards’ @qUAtiON ..........coiiiii e e 6

Chapter 2: Literature review of unsaturated zone hydrology ..........ccccccvveiiiiiiieiiinnnn, 10
V2 R 1 o [F o311 ] o TP PPP PPN 10
2.2 Basic unsaturated zone hydrology ... 10

2.2.1 Soil hydraulic CharaCterization ..o 10
2.3. Unsaturated zone flOW PrOCESSES......ccooviiiieiieeeeeee e 15
2.3 L INPUE TIUXES ..ot 16
2.3.2 Drainage and rediStribULION. ..........c.cuiiiiiiiiiiese s 20
2.3.3 Output fluxes in the uNSatUrated ZONE...........cceieiiririiiieee e 22
2.3.4 Other important unsaturated flIOW ProCeSSES..........covvviiieiiiiiicie e 24

Chapter 3: Review of models predicting unsaturated hydraulic conductivity ............ 27
S L INFOAUCTION ... 27
3.2 Water retention Models...........ooooi 27

3.2.1 Brooks and Corey (1964) MOdel..........ccovviiieiiiiiicce e 28
3.2.2 van Genuchten (1980) MOdel...........coveiiiiiiece e 28
3.3 Models for predicting hydraulic conductivity in unsaturated flows................... 29
3.3.1 Theoretical basis of some popular Models ...........ccoeevvvviviiiiiiiiiie e, 30
3.4 ACCUIACY TESTS ..uuiiiiiiiiiii ettt ettt e e e e e e e e e e e e e e e e e e enaeees 39

vi



Chapter 4: The non-linear unsaturated flow models.............cccoooeeiiiiiiiiiiiie e, 41

I [ a1 oo [ Tox 1o o PP PP PPPPPPPPRRPPPP 41
o I =T o Y 41
4.2.1 Application of Brooks and Corey (1964) model to Richards’ equation......... 42
4.2.2 Application of Mualem (1976) model to Richards’ equation......................... 43
4.3 NUMENICAl @NAIYSIS.....uuiiiiiii e 44
4.4.1 Crank-NiCoISON SCNEME ........ccuoiiiiiiiiiiee s 45
4.4.2 Laplace Adams-Bashforth SCheme ... 46
Chapter 5: The linear unsaturated flow model..................uuueiiiiiiiiiiiiiiiiiis 51
5.1 INIFOAUCTION ... 51
5.2 TheOoretiCal DASIS...........uviiiiiiiee e 51
5.3 The exact solution to Richards’ equation.............ccccooooeiiiiiiiiii e, 54
5.4 NUMENICAl @NAIYSIS......covuiiiiiiii e e e e e e e 61
5.4.1 Crank-Nicolson finite-difference approximation scheme............cccccovevveiieieennenn, 61
5.4.2 Laplace Adam-Bashforth SCheme ..........ccccovoviiieii i, 62

5.5 Numerical Stability ANalYSIS...........oovuiiiiii e 64
5.5.1 Crank-Nicolson Finite-difference Approximation scheme.............ccccccvvvevieieennenn, 64
5.5.2 The Laplace Adam-Bashforth SCheme.............cccoiiiiiiiiiiiii e 66
Chapter 6: Numerical SIMUIAtIONS ...........uuuiiiiiiiiiiiiiiiiii s 70
(@] [ 11 5] o] o N 78
L1 1] €= 1002 79

LIST OF FIGURES

Figure 1: Framework Of the StUAY .........cooiiiii e 5
Figure 2: A schematic illustration of hydraulic conductivity for sand and clay in relation to soil

matric head and volumetric water content (“Chapter 4 - Water flow in unsaturated soils,” 2000)

vii



Figure 3 : Schematic example of permeameter used in the laboratory to measure unsaturated

hydraulic conductivity (Gallage et al., 2013)........cccveiiiiiiiieiiiiereee e 12
Figure 4 : An illustration of soil moisture conditions: (a) soil water at saturation, (b) soil water
at field capacity and (c) soil water at wilting point (Brouwer et al., 1985) .........c..cceevreenee. 15
Figure 5: Paths followed by water in the unsaturated zone (Heinse and Link, 2013) ............. 16
Figure 6: Horton’s model for infiltration (MIDUSS version 2 Reference manual, 2004). .....19

Figure 7: A schematic illustration of how soil moisture is redistributed across space and time
(PECK, LO7L). ittt bbbttt bbbt 21
Figure 8: A schematic representation of a typical water retention curve for porous soils (Kosugi
BL AL, 2002) ...ttt r b et be st et re et s neerens 25
Figure 9: A schematic representation of a typical Water Retention Curve based on (a) Capillary
flow and (b) both Capillary and Film flow (Zhang, 2010). ........cccceiiiiieneieieeeeeeeeee, 29
Figure 10: Numerical solution of Brooks and Corey (1964) model combined with Richards’
T U= L1 oo OSSPSR 71

Figure 11: ContourPlot of Brooks and Corey (1964) model combined with Richards’ equation

Figure 12: Numerical solution of the proposed linear model ..............c.cccoeoiiieiiiiiiciec 73
Figure 13: Numerical solution of the proposed non-linear model obtained from revising
VU E= 1 1=T o 0 T o S 73
Figure 14: Numerical solution of the proposed non-linear model obtained from revising Brooks
ANA COTEY MOUEL ...ttt e st e e be b e sae e reennesraenee e 74
Figure 15: ContourPlot of the proposed linear Model ............cooeeviieiieiicic e 74
Figure 16: ContourPlot of the proposed non-linear model obtained from revising Mualem

Figure 17: ContourPlot of the proposed non-linear model obtained from revising Brooks and
(@01 1=V 140 (=] SRS RUPPPTSR 75
Figure 18: Density Plot of the proposed linear model ..., 76
Figure 19: Density Plot of the proposed non-linear model obtained from revising Mualem

Figure 20: Density Plot of the proposed non-linear model obtained from revising Brooks and

(@00 =)V 1110 T L= SR 77

viii



CHAPTER 1: INTRODUCTION

1.1 Background

Water on earth is always in motion which sometimes involves phase change. This motion and
phase change are clearly described in the hydrological cycle (Zhang, 1991). When precipitation
occurs in the form of rain some water becomes surface runoff (Neitsch et al., 2011) and drains
to the closest drainage basin. Depending on the vegetation cover; soil and rock type; nature of
precipitation and other controlling factors, instead of flowing on the surface water can seep into
the subsurface. Water that seeps into the subsurface continues to move as unsaturated or
saturated flow. The unsaturated flow is a multi-phase flow that occurs when pore spaces
between soil particles are occupied by both water and air (Boulding and Ginn, 2013). The zone
at which this type of flow occurs is called the unsaturated zone, vadose zone or aeration zone
(Nimmo, 2005). The term unsaturated zone will be used in this study when referring to this
zone. The unsaturated zone is the subsurface water zone between the earth’s surface and the
water table. The focus of this study is on the flow of water in this zone. To add, the unsaturated
zone includes the capillary fringe where water is pulled up from groundwater resources by the
capillary forces (Nimmo, 2005). Water in the unsaturated zone is mostly referred to as soil
moisture. During extremely wet conditions surface water seepage can be very high in such a
way that this zone becomes saturated with water for a short period until the normal conditions
are retrieved. To expand, during or after a storm infiltration may be high enough to fill all
available pores between soil particles with water leaving the soil being fully saturated. The
saturation state is temporal and once drainage starts some water is replaced by air and
unsaturated conditions retrieve. During extremely high temperatures this zone can become dry
(Zhu et al., 2016).

The unsaturated zone plays a significant role in the hydrological cycle. It controls the
partitioning of precipitation and irrigation water into runoff, infiltration or evaporation. It also
controls the quantity of groundwater recharge through water fluxes such as evapotranspiration,
interflow and vertical water drainage (Twarakavi et al., 2008). Furthermore, the unsaturated
zone stores and transfers water to the saturated zone, it also aids in solute dilution and
transportation. Most importantly, it filters and absorbs contaminants in soil water before water
joins the groundwater resources. To expand, the unsaturated zone plays a significant role in the

quality of groundwater. This is mainly controlled by the soil type and its organic content as
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well as the chemistry of mineral constituents in soil (Nimmo, 2005). Moreover, This zone
connects the surface water resources and groundwater resources (Nimmo, 2005; Wong et al.,
2017).

Soil moisture can be lost through plants evapotranspiration, and or evaporation (Wong et al.,
2017). Since the Earth’s gravitational force tends to pull all masses toward its centre (Nimmo,
2005), the remaining soil moisture is pulled down towards the saturated zone. As water flows
in the vertical direction, some water is retained due to capillary forces acting against the pull
of gravity. Water that escapes flow resistance due to capillary forces percolates to the water
table as groundwater recharge (Nimmo, 2005; Zhang, 1991). At this point, soil moisture joins
groundwater resources and continue to flow as part of the saturated flow. The zone at which
groundwater occurs is called the saturated zone. It is found underneath the unsaturated zone.
This is where all the pore spaces are filled with water. Groundwater flows through permeable
geological formations called aquifers following the interconnected pore spaces towards the

discharge areas.

Subsurface water flow is mainly gravity controlled especially in the unsaturated zone. Soil
moisture flow is highly governed by the soil type and available soil moisture content.
Groundwater flows down the hydraulic gradient through porous matrix towards the discharge
areas or points of low hydraulic pressure (Eddebbarh et al., 2003). Sometimes flow can be
through preferential pathways such as fractures in igneous rocks and bedding plane fractures
in sedimentary rocks (Nimmao, 2005). In unconfined aquifers, groundwater tends to follow the
surface topography and flow from a higher topographic elevation to a lower elevation (Zhang,
1991). On the other hand, in confined aquifers water does not necessarily follow the topography
instead it flows from a region of high hydraulic head towards a region of a lower head. In
general, the rate at which subsurface water flow can be a few feet per hour, day, or a week
depending on the permeability of the media. For example, in primary porous media the flow is
matrix flow which is mainly by diffusion, therefore the flow is considered slow. In contrast, in

fractured systems conduction dominates and the water flows faster (Zhang, 1991).

The subsurface water flow is controlled by various factors in various media. Therefore, each
subsurface water system is associated with a unique level of complexities. Understanding
groundwater flow seems to be less complicated since aquifers’ hydraulic properties do not vary
randomly in space. This is not the case for soil moisture, soil hydraulic properties are not fixed

throughout the soil. Regardless of complexities associated with the unsaturated zone, there are



mathematical formulations that were developed to describe flow in this zone. The unsaturated
flow in porous media was mathematically formulated by Henry Darcy in 1856 (Whitaker,
1986; Zhang, 1991). Darcy explained subsurface flow in a porous media by means of a law,
Darcy’s law (Soulaine, 2015). Darcy’s law expresses the relationship between specific
discharge, water discharge per unit area, and the hydraulic gradient with Darcy’s permeability
as the proportionality constant. This law assumes a steady state flow in porous media (Gordon,
1989). Therefore, it does not cater for transient flows. There is another equation developed to
model water flow in the unsaturated zone, the well-known Richards’ equation (Ojha et al.,
2017; Zhang, 1991). Richards’ equation has been a better mathematical way of expressing the
unsaturated flow processes in the unsaturated zone. However, the effectiveness of Richards’
equation seems to decrease with an increase in complexities and heterogeneities of the system.
Spatial heterogeneities of water content in soils result in non-linear parametric functions to
Richards’ equation which makes it impossible to solve analytically. This led to the
development of a Finite water-content method (Zhu et al., 2016) to accommodate complex
problems that Richards’ equation cannot solve. Despite the weaknesses associated with
Richards’ equation, it remains the governing equation to express soil water flow processes
occurring in the unsaturated zone. Generally speaking, modelling flow in the unsaturated zone
is complicated and requires knowledge of parameters that are most of the times impossible to
obtain in the field. As a result, researchers proposed ways of reproducing the unsaturated
system theoretically (e.g. Assouline et al., 1998; Burdine, 1953; Childs and Collis-George,
1950; van Genuchten, 1980) by utilizing soil hydraulic parameters that are easy to obtain.
These parametric models are highly non-linear, therefore they can only be solved numerically.
This study attempts to solve Richards’ equation both numerically and analytically to obtain an

exact solution and numerical solutions expressing the unsaturated zone flow system.

1.2 Problem statement

Groundwater resources have become a primary freshwater resource. The unsaturated zone
system has a huge impact on subsurface water resources. Unsaturated zone flow processes
control the quantity and quality of water entering the groundwater system. Depending on
processes acting on soil water, the amount and chemistry of infiltration water may change as
water migrates downwards. This poses a need to understand the movement of water through
porous soil towards the water table. For years the unsaturated zone flow modelling has been a
complicated issue due to the spatial evolution of soil hydraulic parameters. Regardless of

complexities associated with this zone, researchers utilize Richards’ equation to model flow in
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this zone. Richards’ equation is associated with many problems because it is highly non-linear.
Therefore, | see a need to develop a linear parametric model that will result in a linearized
Richards’ equation. I believe that the resultant equation will be free of problems associated
with Richards’ equation. Exact solutions can be obtained which allows the unsaturated zone

flow problems to be solved without a computer code.

1.3 Aim and objectives

The main purpose of this study is to model the flow of water in the unsaturated zone. The

following study objectives will assist in achieving this purpose:
1.3.1 To review existing models for estimating unsaturated hydraulic conductivity;
1.3.2 To perform numerical analysis of Richards’ equation;

1.3.3 To develop a theoretical linear expression for estimating unsaturated hydraulic
conductivity;

1.3.4 To develop a linear model for unsaturated flow in porous soils;
1.3.5 To obtain an exact solution of linearized Richards’ equation;

1.3.6 To evaluate the stability of the proposed linear model using two different numerical
approximation methods and

1.3.7 To produce numerical simulations for both non-linear and linear models representing

subsurface water flow in the unsaturated zone.



1.4 Research framework

The framework of this thesis is presented in Figure 1.1 below.

Literature review of

vadose zone hydrology

Review of models

estimating unsaturated

hydraulic conductivity

Applying Applying Solution to Numerical
Brooks and Mualem model Richards’ stability
Corey model to Richards’ equation and analysis
to Richards’ equation numerical

equation simulation

Figure 1: Framework of the study

1.5 Research outline

This thesis is divided into 7 chapters and they are outlined as follows: Chapter 1 introduces the
unsaturated flow system and the governing flow equation as well as the associated problem
that will be addressed in this study. Chapter 2 gives a literature review of unsaturated zone
hydrology. Chapter 3 provides a review of the literature on characteristic functions required for
parameterizing the governing flow equation. Chapter 3 also addresses objective 1.3.1. Chapter
4 provides the application of pre-existing mathematical models to the governing flow equation
and numerical analysis using two distinct numerical approximating methods. The work on
chapter 4 covers some part of objective 1.3.2. Chapter 5 covers developing a linear model for
expressing water flow in the unsaturated zone followed by obtaining its exact solution.
Towards the end of the chapter, a numerical analysis of the proposed model is covered. Part of
objective 1.3.2 is addressed in this chapter as well. Objectives 1.3.3-1.3.6 are also addressed in
chapter 5. Chapter 6 addresses the last objective of this thesis. It presents results for both non-
linear and linear models for the unsaturated flow system and discussion of the results; new non-

linear models are also proposed in this chapter. Chapter 7 provides a conclusion for the thesis.



1.6 Richards’ equation

Modelling flow in the unsaturated zone is essential for understanding the subsurface water
system. As a result of the complex nature of the subsurface water system, the modelling
procedure is more sophisticated. Unlike unsaturated flows, modelling saturated flows is less
sophisticated since the hydraulic conductivity is assumed to be constant throughout the media.
For unsaturated flow, the story is different and more complex (Nimmo, 2005; Ojha et al., 2017)
because unsaturated hydraulic conductivity varies randomly in space. There are mathematical
formulations found in the literature that were suggested to describe unsaturated flow systems.
There has been a great success achieved by these formulations in describing the unsaturated
flow processes. The most common formulation of the unsaturated system that researchers have
been using for decades to describe flow in unsaturated zone is Richards equation (Barari et al.,
2009; Vereecken et al., 2008) which was introduced by Richards (1931) after conducting his
studies in capillary tubes to mimic water movement in unsaturated porous media. To describe
moisture flow in soils Richards (1931) adopted the concept of water conductivity in porous
media which was suggested by Buckingham (1907) who also suggested that in unsaturated

flows conductivity is highly affected by moisture content (Barari et al., 2009).

Richards’ equation is a generalised equation for describing flow in unsaturated porous media;
it assumes a general non-steady one-dimensional flow in the unsaturated zone. It is expected
that water content varies throughout the medium. As a result, the hydraulic conductivity, as
well as forces governing the water flux, are also not fixed throughout the medium. This is the
cause of the highly non-linear nature of Richards’ equation. The spatial variation in
conductivity also leads to complexities in the field of modelling of unsaturated flow since it is
quite difficult to measure non-uniform hydraulic conductivities throughout the medium.
Richards (1931) formulated a non-linear Partial differential equation to describe one-dimension

vertical flow in unsaturated non-swelling porous soils by combining mass conservation

equation
6_9 _ _a_q (1.2)
ot 0z
with Darcy’s law
oh (1.2)
q= —K(Q)g

to obtain
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Where H = h + z. By substituting H into equation (1.3) the following is obtained
ah 0z 14
75053 -
VA
which is simplified into
(1.5)
7= <@ (5 1)

Where q is the water flux; @ is the dimensionless volumetric water content or moisture content;
t is the time; z is the vertical distance; h is the pore water pressure head, also referred to as

capillary pressure; and K () is the unsaturated hydraulic conductivity.

Equation (1.5) above is the well-known mixed-form Richards’ equation used in modelling
unsaturated flows; it is commonly used to describe flows in unsaturated soils. Given its mixed
form state, it is more expensive and time-consuming to obtain all the required data for this
equation because it has two independent variables, namely soil volumetric moisture content 6
and soil pore water pressure head h. Moreover, the mixed-form Richards equation does not
cater for all circumstances in unsaturated flow such as conditions with wetting fronts and where
the flow is not stable. This is due to the non-linear nature of Richards’ equation which is caused
by the strong dependence of the unsaturated hydraulic conductivity on capillary pressure head
h and volumetric water content 8. Alternatively, there are two formulations of Richards’
equation that consist of only one independent variable each. These formulations are soil
moisture content based form, 8-based form; and pore water pressure head based form, h-based
form. To obtain a head base form 8 needs to be eliminated from equation (1.5) above to yield
an equation that has only capillary pressure as an independent variable. 6 is eliminated by
introducing the derivative of the soil water retention curve, the specific water capacity concept,
into equation (1.5) which yields
0K (6) (1.6)

“”)g—?%i(’“ )—) oz

Where

(1.7)

i do
~dh

is the rate of change of water content or saturation in relation to the matric pressure head.



A 0-based form Richards’ equation is formulated by incorporating soil pore water diffusivity
D term into the mixed-form Richards’ equation to produce a transient unsaturated flow
equation with only one independent variable 6. This is achieved by assuming that the flow is
governed by water content only and neglecting the effect of soil matrix potential h. By

incorporating pore-water diffusivity term

K(6) _ (1.8)
D = O K(6 )—

into equation (1.5), the following is obtained

96 0 ( 69) 0K (0) (1.9)
adt 0dz\ 0z dz

Equation (1.9) above is a 8-based form of Richards’ equation. Both forms are effective in

mimicking flows in unsaturated systems and a choice on which one to use depends on the

available data.

Both D and K (6) highly depend on 8, but during data collection D is much easier to measure

compared to K(6) and h. In equation (1.9) a decrease in K(8) due to a decrease in 6 is
compensated for by a typical increase of % with a decline in 6. Therefore, D varies less than

K(6) in the field. It seems to be much easier to conduct 6 measurements compared to h
measurements in the field. Moreover, 8 measurements are more reliable than h measurements
because they cover the water content of the entire range whereas h measurements do not cover
the entire media but only that part of the water retention curve that is wet. In this study, only a

0-based form of Richard’s equation will be analyzed.

Despite the success of Richards’ equation, its application is problematic since it requires
knowledge of many soil hydraulic parameters (Ojha et al., 2017) that are sometimes impossible
to obtain. Unlike groundwater flow, unsaturated zone flow is characterised by parameters that
require spatial and temporal characterisation since they differ randomly in space as a result of
system heterogeneity. To add, parameterizing functions required to solve Richards’ equation
are highly non-linear. This is because the soil hydraulic parameters extremely depend on
volumetric water content which evolves randomly throughout a soil volume. As a result,
Richards’ equation is highly non-linear and difficult to solve. Obtaining analytical solutions
requires oversimplification of the natural unsaturated system which may lead to

underestimation or overestimation of flow parameters. For example, unsaturated hydraulic



conductivity is commonly miss-predicted in models where the effect of capillarity is over-
emphasized. Numerical solutions, on the other hand, are the most reliable ones. However, they
are sometimes associated with convergence problems because of the highly non-linear nature
of this equation. Moreover, computational procedures are complicated, time-consuming and

expensive.



CHAPTER 2: LITERATURE REVIEW OF UNSATURATED
ZONE HYDROLOGY

2.1 Introduction

The unsaturated zone flow processes control water transfer processes between the land surface
and the groundwater table. Understanding processes occurring in the unsaturated zone is the
key to understanding the geohydrological processes occurring in a groundwater system
(Twarakavi et al., 2008). Basic unsaturated zone hydrology helps to understand hydraulic
parameters influencing processes that water in the unsaturated zone undergoes starting from
input to output processes. This chapter provides a review of the unsaturated zone hydrology

including water flow processes.

2.2 Basic unsaturated zone hydrology

Soil hydrology can be simple and straight forward or complicated. Knowledge of hydrological
characteristics of the unsaturated zone is the base of understanding soil moisture flow. The soil
hydraulic parameters play a significant role in parameterizing the governing equation for

modelling soil moisture movement. Some important parameters are covered in this section.

2.2.1 Soil hydraulic characterization

Soil hydraulic parameters are introductory components to unsaturated flow studies. Some
important parameters are; porosity and effective porosity; volumetric water content and degree
of saturation; density; soil water retention curve which will be covered in section 2.3.4; and
one of the most important ones, unsaturated hydraulic conductivity. This section will cover a
few hydraulic parameters and soil hydraulic characteristics namely: soil water potentials; soil

moisture conditions; and types of soil water.

2.2.1.1Porosity
Porosity n describes a fraction of a medium that is occupied by pore spaces. In terms of soil,

porosity is that fraction of soil volume that is occupied by empty spaces that can be filled with

water or air (Tarboton, 2003). It is mathematically expressed as

volume of voids (2.1)

n= total volume of soil
Its values range from 0 to 1. For soil, it usually ranges from 0.3 to 0.7 (Nimmo, 2004) and is
controlled by many factors. Porosity is an important parameter in hydrology, to be specific

10



effective porosity which is referred to as the fraction of a soil volume that is occupied by pores
that are actually connected to allow conduction of flow. The size of these pores plays a
significant role in understanding fluid conductivity through them which brings interest to the
concept of pore size distribution. Pore size distribution describes the spread of pore sizes across
the soil volume. For decades this concept has caught the interests of many researchers who
aimed to study unsaturated hydraulic conductivity (Brooks and Corey, 1964; Burdine, 1953;
Mualem, 1976; van Genuchten, 1980).

2.2.1.2 Unsaturated hydraulic conductivity

Unsaturated hydraulic conductivity describes an ease at which water can move through soils
when both water and air occupy the pore spaces (Tarboton, 2003). It is known to be highly
dependent on the water content and the pressure head. A decline in unsaturated hydraulic
conductivity is the result of a decline in volumetric water content during redistribution or
internal drainage. This leads to a decline in flow cross-sectional area leading to a more tortuous
path and an increase in drag forces. Different soils conduct water differently and for this reason
change in unsaturated hydraulic conductivity is different for different soils since it depends on
individual soil properties (Childs and Collis-George, 1950). Figure 2, for example, presents
how clay and sand conduct water flow. Sand tends to permit flow more compared to clay; this
means that water moves fast in sands than in clays (Boulding and Ginn, 2013). Figure 2 also
presents the strong dependence of hydraulic conductivity K on water content & and matric

pressure h ,,,, K tends to decrease with 6 and h ,,, in both soil types.

sand
0.1d

logK (m/day] logK

h (m) 0

Figure 2: A schematic illustration of hydraulic conductivity for sand and clay in relation
to soil matric head and volumetric water content (“Chapter 4 - Water flow in
unsaturated soils,” 2000)
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Moreover, the relationship is highly nonlinear hence K varies randomly throughout the flow
media. When modelling flow in the unsaturated zone unsaturated hydraulic conductivity is an
important hydraulic parameter, it must be determined before carrying on with the modelling
procedure. It can be determined using direct measurements or by utilizing theoretical models
that are found in the literature. Direct measurements of unsaturated hydraulic conductivity can
be conducted in the field or in the laboratory (McCartney et al., 2007). Field measurements
require lots of manpower and relevant equipment to perform direct measurements. To add,
sometimes it is highly impossible to conduct a field experiment given the complicated nature

of the unsaturated zone.

Mariotte Pipe

Steel filters

i
—— 1 p==h1 (pore pressure sensor-1)
\‘\‘ d= 31 mm
Sempia Hﬁ=—-: s 12 {pore pressure sensor-2)

| B0 mm x 70 mm}j
| o |_ ___________________ _
| —
, i |
2.5 mm thick brass cylinder I H
(Holes on the surface to L
keep pore air pressure Weighting Scale N

almosphenc ) _

Figure 3: Schematic example of permeameter used in the laboratory to measure
unsaturated hydraulic conductivity (Gallage et al., 2013).

0 -rings

In the laboratory a permeameter is used, see Figure 3, to measure unsaturated hydraulic
conductivity; the results are correct and reliable. The disadvantage of using a permeameter in
the laboratory is that it requires highly trained personnel (Gallage et al., 2013) to operate it and
it takes time to conduct the whole experiment. Moreover, laboratory measurements are
expensive. Because of the disadvantages associated with direct measurements, researchers

have shown a great interest in predicting unsaturated hydraulic conductivity using theoretical
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models. A review of theoretical models for predicting unsaturated hydraulic conductivity is

given in the next chapter of this thesis.

2.2.1.3 Soil water potentials

Gravitational potential (+ value)

Gravitational potential is energy due to the pull of force of gravity towards the centre of the
Earth. It is associated with the depth of soil water from a reference point. It influences water
flow in soils; water drains down to deeper parts of the unsaturated zone under the influence of
gravity (Boulding and Ginn, 2013).

Matric potential (- value)

Matric potential is referred to as the relationship between the air in pore spaces and the pressure
head (Mawer et al., 2015). It is associated with water attraction strength to the soil particles,
thus it is commonly referred to as potential due to soil particles. It plays a major role in water
flow in unsaturated soils. Water tends to flow from regions with relatively high moisture
content to regions with relatively low moisture content (Hillel, 2004). This is from a less

negative matric potential to a more negative matric potential.
Solute/Osmotic potential (-value)

This is a water potential that is determined by the concentration of solutes in the soil water. It
is higher for high solute concentrations and lowers for low concentrations. In terms of soil
water movement, water tends to move from regions with relatively high concentration to

regions with relatively low concentration.
Pressure potential (+ or — value)

It is associated with the amount of pressure that soil water is exposed to. In most cases, it is

equal to O for unsaturated soils.

The total potential energy in soils is given by the sum of all potentials acting on soil water. The
direction at which water moves in the soil is determined by how the total potential energy is
distributed across the soil. The direction can be vertical, downwards if the potential is greater
at the top or upwards in cases such as that of capillary rise, or horizontal, left when right

experiences high potential and right if higher potentials are at left.
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2.2.1.4 Soil moisture conditions

Soil moisture content/volumetric water content

This is the amount of water that is present in the soil. In unsaturated flows, the water content
is known to vary randomly across time and space. It is a function of physical and hydraulic soil
properties and the rate of change is unique for different soils (Tarboton, 2003).

Saturation

The soil is fully saturated when all pore spaces are filled with liquid water, see Figure 4(a). It
is common for the soil to be fully saturated from the top to a certain depth depending on
hydraulic properties of the soil. This is only for a limited period of time after rain or irrigation;
coarse sands will be saturated for a few hours because they drain quickly and fine sands can be
saturated for a few hours to a few days due to their low permeability (Boulding and Ginn,
2013). At this stage, the air is totally absent and all pores are filled with water. This stage lasts
until water is drained down by gravity reducing the moisture content. Large pores drain first
(Gallage et al., 2013; Swartzendruber, 1954) and air fills the emptied pores. Therefore, both
water and air will be present in the system and the unsaturated state will be retrieved.

Field capacity or storage

This is a condition that occurs after drainage; here larger pores are empty or contain both air
and water, smaller pores are still filled with water, see Figure 4 (b). This is the unsaturated zone
water storage, it describes all the water that is retained during drainage (Chanasyk and
Verschuren, 1983). This water is available for roots uptake and sustains shallow subsurface
life.

Permanent wilting point

The quantity of water that is put to storage decreases continuously due to evaporative processes
and uptake by plants and bacteria. Soil moisture content declines and if there is no water input
into the unsaturated system the moisture content declines until there is only a little water
accessible by plants roots (Brouwer et al., 1985). Plants suffer from water deficiency condition
and their growth is hindered, their leaves turn yellow. Moisture content continues to decline
until a very small amount of water, see Figure 4 (c), is left in the soil and cannot be accessed
by plants (Chanasyk and Verschuren, 1983). Consequently plants dry out and die. This

moisture condition that results in the death of plants is known as the permanent wilting point.
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Figure 4: An illustration of soil moisture conditions: (a) soil water at saturation, (b) soil
water at field capacity and (c) soil water at wilting point (Brouwer et al., 1985)

2.2.1.5 Types of water

After infiltration water is stored between pore spaces in the unsaturated zone as soil moisture
which is then redistributed in the subsurface as either gravitational water, capillary water or
hygroscopic water. Gravitational water is that part of soil moisture that is drained downwards
into deeper parts of the unsaturated zone by the gravitational force (Boulding and Ginn, 2013).
Water that resists gravitational force is held back in pore spaces by capillary forces, namely
adhesion and cohesion, is called capillary water. This water is available for plants uptake, it
sustains shallow subsurface life. Lastly, the water that is held back by adhesion and is not found
in pore spaces but on the particle surface is the hygroscopic water. This water contributes to

film flow and is dominant in very dry areas.

2.3. Unsaturated zone flow processes

The fate of water that infiltrates into the soil is broad, before joining groundwater flow

precipitation or irrigation water goes through a number of processes, see Figure 5. These
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processes play a significant role in the quantity of recharge. The following section covers

processes occurring in the unsaturated zone starting from infiltration to groundwater recharge.
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Figure 5: Paths followed by water in the unsaturated zone (Heinse and Link, 2013)

2.3.1 Input fluxes
2.3.2.1 Infiltration

This is a process whereby throughfall, part of precipitation that reaches the soil or ground

surface, or irrigation water is absorbed into the soil (Nimmo, 2005). During absorption one of
the two conditions occurs. The intensity of precipitation may be high in such a way that local
infiltration capacity, the maximum amount of water that soil can hold or absorb, is lower than
the throughfall rate. Precipitation intensity may be lower than infiltration rate and the local soil
surface gets saturated, water will start flowing on the earth’s surface as surface runoff in
response to topographic gradients (Wetzel et al., 1996). Runoff can be defined as all liquid

water that flows over the soil surface. At the beginning infiltration rate is usually high
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especially if the soil surface is relatively dry; this is when the soil water intake capacity is still
high. As infiltration proceeds, the soil moisture content increases and the capillary pores
become filled with water hindering the further intake of water into the soil. Thus, infiltration
rate declines rapidly until saturation is reached and no infiltration occurs (Nimmo, 2005).
Various soil types have various infiltration capacity. Even though a certain soil type
characterizes a flow medium the infiltration capacity is still not fixed, it varies as a function of
water content. Infiltration occurs until a state of pseudo-saturation is reached on the topsoil
layer. If percolation does not distribute water from the topsoil to other dry parts of the soil to
reduce the moisture content at the surface, infiltration stops until drainage occurs making a
room for new incoming water in the soil. This explains the common trend of infiltration graphs.
Figure 6 provides a graphical representation of a trend where infiltration if high at the beginning
of the storm followed by a rapid decline in infiltration rate and an extended period of relatively
low rates before infiltration ceases. Researchers believe that this trend is not only caused by
local surface saturation but also by physical changes that occur on the soil as infiltration
proceeds. Raindrops or water drops from irrigation practices alter soil structure (Boulding and
Ginn, 2013) and affect the infiltration rate. To expand, raindrops can cause alteration of pore
spaces; closing of some cracks and preferential pathways and swelling in cases where clays are

present.

The measure of how fast the water can go into the soil is governed by many factors. Soil that
has been exposed to dry atmospheric conditions has little moisture content and is considered
to be relatively dry and has high water intake capacity (Boulding and Ginn, 2013). This is
because there is more room for incoming water than in relatively wet soils. Because of that,
when precipitation or irrigation occurs water is absorbed instantaneously into the soil.
However, prolonged dry conditions can make the soil surface to be hard and soil can respond
to precipitation the same way that pavements do. Nature of precipitation is important especially
the intensity. In terms of rain heavy showers give no time for water on the soil surface to
actually seep into the ground. Once water drops reach the ground they accumulate and start
flowing as surface runoff. In contrast, soft showers promote infiltration and more water is
absorbed into the soil. The state at the ground surface plays a significant role in the partitioning
of rainwater into either infiltration or surface runoff. Pavements and other impervious
structures on the soil surface act as an umbrella during storms. No water goes through
impervious structures thus more water will flow on the surface. Vegetation cover adds

resistance to water flow and assists in infiltration. Moreover, Plants are rooted in the soil which
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increases the permeability of the soil and allows water to go into the soil. Soil permeability is
referred to as the ability of soil to permit water flow; is also known as the ability of soil to
conduct liquid flow. Soil that allows water to flow easily has a high infiltration rate than soil
that is less permeable. This is because water that has already seeped into the soil requires to be
redistributed to other parts where there is less moisture content. In cases where soil permits fast

redistribution of water, the topsoil will have more room for surface water to infiltrate into.

Depending on the aforementioned factors infiltration rate can be considered fast or slow. To
add, Boulding and Ginn (2013) pointed out that factors such as topography; the quantity of air
present in soils; thermodynamic conditions; as well as microstructures that open pores in soils

also affect infiltration rate.

Since the infiltration process is one of the key processes to the occurrence of subsurface water
and most importantly groundwater, it is important to understand it. Some researchers use
Richards’ equation to model infiltration. The effectiveness of Richards’ equation seems to be
highly affected by the heterogeneity in water content; pressures; and randomly changing fluxes
with time. This limits it from yielding results that mimic the physical unsaturated system.
Alternatively, other studies make use of models that incorporate numerous assumptions that
oversimplify the physical system. One of them is an infiltration model by Green and Ampt
(1911) which is based on the assumptions that a porous media has homogeneous and isotropic
properties. The mathematical expression of the Green and Ampt (1911) model is given by

_K(L+S)
L (2.2)
Where K; is hydraulic conductivity when the soil is saturated; L is the depth of infiltration,
and S is capillary suction. Green and Ampt model is based on oversimplified assumptions that
do not really exist in a real natural system but its application has produced useful results.
Another popular model for expressing infiltration is the one proposed by Horton (1940). Horton
described infiltration based on the theory that the infiltration rate is less than the rainfall
intensity. He also assumed that water ponds form on the soil surface and that infiltration rate
declines continuously with time. Horton’s function is commonly used to describe infiltration;

it is mathematically expressed as

f©) =fo+ (fo— fe ™ (2.3)
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Where

k is the decay constant

fc 1s the final equilibrium infiltration capacity

fo is the initial capacity at t = 0

f(t) is the infiltration capacity at any time as from the beginning of the rainfall

tq Iis the rainfall duration

Figure 6: Horton’s model for infiltration (MIDUSS version 2 Reference manual, 2004).

Figure 6 above is a typical graph for expressing the infiltration capacity of soils obtained using
Horton’s model. At any time interval, it is possible to obtain the depth of infiltration by
calculating the area under the infiltration capacity curve. Assumptions made by Horton (1940)
are not always valid. Sometimes rainfall intensity is less than infiltration rate. For this reason,
many studies consider infiltration capacity to vary with cumulative infiltration volume than
with time. This leaves Horton’s equation to be valid only when storm intensity exceeds soil
infiltration capacity, usually during heavy storms. Since there is no perfect model for
infiltration, researchers make use of these models with the aid of some modifications and
extensions of assumptions. The choice on which model to use depends on the nature of a

problem and whether the model is based on realistic assumptions for a given natural situation.
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2.3.2 Drainage and redistribution

Infiltration process introduces water to the soil to wet the soil from the surface to a certain
depth, sometimes the entire soil profile gets saturated. After some time when precipitation or
irrigation has stopped ponding water on the surface disappears and infiltration stops. However,
the migration of water in the subsurface does not stop immediately (Wetzel et al., 1996). Water
continues to move (Youngs and Poulovassilis, 1976) to regions with lower total potential
energy by sucking water from the wetted top layer. In cases where the soil was fully saturated
during infiltration, water movement occurs by means of internal drainage. This usually occurs
in the presence of a shallow groundwater table, eventually soil water gets discharged to
groundwater as groundwater recharge. In cases where the soil was partially saturated during
infiltration water movement occurs by means of redistribution (Hillel, 2004). In most cases
redistribution occurs where the groundwater table is deep and does not pose a significant role
in soil water percolation processes. The movement of water can be in either vertical or
horizontal direction or both depending on the potential gradients. Gravity plays a major role
combined with the matric pressure gradients and soil hydraulic conductivity in continuously

draining the water to deeper parts of the unsaturated zone until the saturated flow is reached.

2.3.2.1 Internal drainage

In a soil volume that was fully saturated when infiltration stopped gravitational potential
becomes the only active energy. Under the influence of gravity, water tends to flow towards
the groundwater table (Gallage et al., 2013). The vertical movement of water towards the
groundwater table draws water from the top layer resuming unsaturated flow conditions. If
another infiltration episode does not occur pores get emptied. Larger pores are emptied first
and moisture content declines continuously leaving the flow narrowed to small pores

(Tarboton, 2003). Therefore, the rate for internal drainage highly depends on pore sizes.

2.3.2.2 Soil water redistribution

As water is absorbed into the top parts of the unsaturated zone through infiltration moisture
content in soil rises. Depending on the amount of water that has been absorbed the wet portion
extends to a certain depth below the earth’s surface. The forces that influence water movement
during infiltration continue to act and water continues moving in the subsurface (Peck, 1971).
For water to move from the wet upper parts of the unsaturated to other parts drainage of
moisture from wet parts occurs due to the influence of gravity and matric potential. The pores
are drained and water is replaced by air; as mentioned above larger pores are drained first and
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filled with air leaving only small pores filled with water. Water content tends to decline with
depth and time (Youngs and Poulovassilis, 1976). Figure 7 clearly elaborates how moisture
declines with depth after some time when a storm has passed. When water moves from a wetted
soil layer at the top to dry deeper soil the rate of movement declines (Hillel, 2004). This is
because the capillary forces in soil tend to hold back some moisture resulting in a decrease in
residual flow. The amount of water that is held back depends on the soil texture; fine sands
tend to retain more water compared to coarse sands. To add, coarse-grained soils lose water
quickly and a lot of water at once and a typical graph of water content decline is expected to

be much steeper compared to a typical graph for fine grained-sands.

<«— Depth

Figure 7: A schematic illustration of how soil moisture is redistributed across space and
time (Peck, 1971).

The decline in moisture content leaves a small volume of pores with water and flow path
becomes more tortuous and complex. Moisture content declines continuously which increases
the tortuosity of the flow path (Gallage et al., 2013).
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2.3.2.3 Lateral flow

Lateral flow occurs in unsaturated soils (Neitsch et al., 2011). Even though the vertical flow is

most common and tends to grab most of the attention in moisture flow modelling, it is important
to look at lateral flow as well. The condition for lateral flow is that the soil horizon must be at
a slope so that gravity can pull water down the slope. Results from a laboratory experiment
conducted by Singh and O’Callaghan (1978) proved that horizontal moisture flow in soils
occurs especially in stratified soils with layers characterised by significantly different hydraulic
conductivities. Moreover, in cases where the groundwater table is shallow lateral flow is

common.

2.3.3 Output fluxes in the unsaturated zone

After sometime soil moisture leaves the unsaturated zone to groundwater through percolation
as groundwater recharge; atmosphere through evapotranspiration, and surface water bodies
through interflow. This section provides a review of those processes that flash out water from

the unsaturated zone.

2.3.3.1 Evapotranspiration

Some researchers use the term exfiltration to describe the process that is the exact opposite of
infiltration. This is all water fluxes that remove water from the soil surface. The main
exfiltration process in tropical and hot climates is evapotranspiration which consists of two
processes namely evaporation and transpiration (Rosas-Anderson et al., 2018; Tesfuhuney et
al., 2015). Transpiration is a loss of water that is drawn from the soil by plants and leaves plants
bodies through evaporation on the surface of plants leaves. In short, transpiration is evaporation
of water through plants leaves and stems. It is common in tropical climates where intense
vegetation cover is present (Neitsch et al., 2011). Evaporation of soil water directly from the
soil surface is the most important one of the two evapotranspiration processes in arid climates
with soil surfaces characterized by little or no vegetation cover. When there is enough moisture
on the soil surface and atmospheric conditions favour evaporation water will leave the soil back
to the atmosphere. Evaporation occurs in two ways, one way is where there is high moisture
content at the soil surface and enough radiation energy to extract water from the soil. Another
way is when the soil surface is relatively dry and atmospheric conditions are less effective but
soil properties (Klocke, 2002). The amount of moisture that leaves the soil through evaporation
depends on how exposed the soil is relative to the sun. A study by Gava et al (2013) showed
that evaporation is high in bare soil and less where the soil surface is concealed. To add,
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evapotranspiration is one of the most significant fluxes in the unsaturated zone because it

governs energy transfers between the subsurface and the atmosphere (Kang et al., 2009).

2.3.3.2 Interflow
This is a process where water flows laterally in the unsaturated zone and gets discharged from

a soil layer before joining groundwater flow (Wetzel et al., 1996). Usually, it occurs where a
soil horizon contains soil layers with various hydraulic conductivities. The basic condition is
that the layers must be at a slope (Minshall and Jamison, 1965). The main driving force of
interflow is the soil layer hydraulic conductivity. If a soil horizon has various types of soil their
hydraulic conductivity will also vary and water flow in that specific soil horizon will be
affected. If the hydraulic conductivity of the layer on top is significantly greater than that of
the layer below (Singh and O’Callaghan, 1978), water will drain fast in the top layer. When it
reaches the boundary where it intercepts with the layer having significantly low conductivity
the flow will be slow. Water will start to accumulate along the boundary between two soil
layers forming a thin layer of wet soil. Continuous accumulation of moisture will feed the thin
wet layer until saturation is reached at the boundary and water holding capacity will be
exceeded. Where there is a steep slope enough for horizontal flow, the horizontal flow of water
will dominate at the boundary of these layers and vertical flow into the less conductive layer
will be slow. Continuous horizontal flow of water will result in interflow where it intercepts
the earth’s surface (Chanasyk and Verschuren, 1983). Interflow is common in watersheds
characterized by steep slopes and has an impact on drainage. Minshall and Jamison (1965)
studied the impact of interflow on soil water drainage and found that interflow reduces soil
moisture. According to Wetzel et al (1996), a sink term for interflow should be included when
modelling flow in the unsaturated zone to account for moisture loss to avoid overestimation of

soil moisture at certain depths.

2.3.3.3 Groundwater recharge

If there is still access free soil water that is still migrating even after evapotranspiration and
interflow, groundwater recharge occurs. By definition, groundwater recharge is a
geohydrological process whereby access soil moisture in continuous vertical motion reaches
the groundwater table and join saturated flow as new input water to groundwater resources.
Recharge occurs both naturally and artificially. In this case, attention is given to natural
recharge that is influenced by unsaturated flow processes. All unsaturated flow processes affect
groundwater recharge and thus the existence of groundwater resources. Infiltration introduces

water to the subsurface which then escapes through evapotranspiration to the atmosphere; get
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redistributed to other parts of soil with lower total potential energy; discharged on the earth’s
surface as interflow through lateral flow on hilly slopes; and lastly get discharged to the
saturated groundwater zone (“C hapter 6 Groundwater Recharge,” 2014). Therefore, all input,
redistribution; and output fluxes are essential in understanding the quantity of recharge. In most
cases, groundwater recharge is a very slow process and occurs in very small quantities
especially in areas with deep groundwater tables. To add, groundwater recharge is divided into
direct and indirect recharge (Condesso de Melo, 2015). Direct recharge refers to water that
joins saturated flow directly from infiltration water that percolates into groundwater resources.
Indirect recharge, on the other hand, refers to recharge through connected streams and surface

flow channels.

2.3.4 Other important unsaturated flow processes

2.3.4.1 Capillarity
Capillarity is the process whereby water opposes the pull of gravity and resist flow resulting in

unsaturated zone storage. It is controlled by adhesion and cohesion. Water molecules tend to
be attracted to the boundaries of particles and remain behind when some water is drained by
gravity; this process is known as adhesion. Water molecules are also attracted to one another
rising surface tension; this process is defined as cohesion. Mostly capillarity in soils is
conceptualised using a bundle of capillary tubes (Childs and Collis-George, 1950; Richards,
1931). Water in capillary tubes rise to a certain level depending on the width of the tube; water
rises to higher heights in thin tubes compared to thick tubes. Pores between soil particles are
commonly considered as capillary tubes. Since capillary rise is high at thin tubes soils with
small pores are expected to hold more water than larger pores. This is the reason why sands
drain quickly (Brooks and Corey, 1964) and clays have high water holding capacities.
Capillarity is the governing force for soil water retention. Moreover, capillarity also causes
upward and horizontal movement of water in soils given a sublayer with high moisture content,
high enough to be shared to upper parts. For example, a thin saturated layer just above the water
table is saturated from groundwater under capillary pull.

2.3.4.2 Water retention

This is where some water is trapped around or between soil particles and becomes disconnected
from the flow which reduces the residual flow quantity. After infiltration percolation occurs in
response to gravity to distribute water into deeper parts of soil. As already mentioned water in

larger pores is drained first while water in small pores is held back by capillary forces. Some
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of the water that is draining downward is also sucked into capillary pores and separated from
the downward migrating moisture. It is through this process that moisture content in the
unsaturated zone decreases through space and time. As mentioned in the previous section, this
process is achieved with the aid of capillary forces, adhesive and cohesive forces.

Soil-water retention curve

Understanding water retention process is significant for parameterizing Richards’ equation
used in modelling flow in the unsaturated zone. Information about water retention is provided
in the form of water retention curves. These are curves representing the relationship between
the volumetric soil water content and matric head (Boulding and Ginn, 2013)The knowledge
of water retention assist in describing pore-size distribution parameters that are used in many
models that predict unsaturated hydraulic conductivity (e.g. Burdine, 1953). In a rigid
homogeneous soil horizon with only water as a wetting phase and air as a drying phase the air-
water system is formed. The typical changes in volumetric water content with a further decline

in matric pressure is presented in Figure 8 below.
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Figure 8: A schematic representation of a typical water retention curve for porous soils
(Kosugi et al., 2002)

The main parameters in a water retention curve are: volumetric water content 8; water content

at saturation 6, ; and residual water content 8,.. At saturation, the matric head is zero and
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volumetric content equals to water content at saturation. Depending on soil hydraulic
properties 8 remains at 6, for some time after a storm as long as h,, is approximately zero. At
some point h,, goes below zero, with a continuous decline in h,, an air-entry point is reached
where the matric head is h,, 5. At an air entry point soil moisture content starts to decline and
air start to replace water in pores, therefore the system becomes unsaturated. h,,, becomes more
negative when there are many connected large pores forming paths for water to flow through
as it drains down a soil volume. When h,,, declines to values less than h,, ,, volumetric soil
water content also declines. The decline in 8 follows a path similar to a shape, s-shape, of WRC
presented in Figure 8 above. The s-shape curve is characterised by an inflection point. Matric
head at this point is h,,;. If there is no additional moisture that joins the flow system 6 continues
to decline with h,,, towards the lowest water content of the system, residual water content 6,.
(Mawer et al., 2015). The water retention curve becomes more flattened towards 6, (Kosugi et
al., 2002). Many models consider 6, and 6, as the most wet and dry water contents a system
can have respectively. Thus their models fall within the 6, < 6 < 6, range. Based on this

range the definition of effective saturation is

Se = (i:%:) 2.0

and it can only be 0 < Se < 1. Direct prediction of WRC data is time-consuming and

expensive. Alternatively, there are many reliable theoretical models for estimating the water
retention function in the literature (Assouline et al., 1998; Brooks and Corey, 1964; van
Genuchten, 1980).
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CHAPTER 3: REVIEW OF MODELS PREDICTING
UNSATURATED HYDRAULIC CONDUCTIVITY

3.1 Introduction

Unsaturated hydraulic conductivity is one of the key parameters for understanding water flow
in porous unsaturated soils. Modelling flow in unsaturated soils starts with understanding this
parameter and ways to estimate it. As mentioned in section 2.2.1 there are direct methods, field
and laboratory experiments, and indirect methods, theoretical models, for obtaining this
parameter. Direct methods are mostly more accurate. However, they are more sophisticated
and too demanding (McCartney et al., 2007). Alternatively, theoretical methods are the most
preferred. Although theoretical methods are the most preferred they come with a challenge due
to the extreme dependence of hydraulic conductivity on water content and pressure which
makes it highly non-linear. Researchers have utilized a number of soil properties that are easier
to obtain (Burdine, 1953; Childs and Collis-George, 1950; Mualem, 1976; van Genuchten,
1980; Vereecken, 1995) to develop models predicting conductivity. In literature, there are
several existing theories and analytical expressions that were developed to estimate unsaturated
hydraulic conductivity. Most models require knowledge of water retention functions. This
section provides a short review of water retention models followed by a review of some

common models for estimating conductivity in unsaturated flows.

3.2 Water retention models

The soil water retention function relates the energy state of the soil water to its water content.
If the soil pores are represented by an equivalent bundle of capillaries with identical retention
properties as the real soil, a retention function provides the soil’s pore-size distribution from
which the unsaturated hydraulic conductivity can be predicted. In literature, there is quite a
number of models to fit soil water retention data that can be combined with retention curves to
obtain unsaturated hydraulic conductivity. The choice on which water retention model to use
depend on whether assumptions made to develop a model are suitable for a given natural
problem. This involves soil type; how accurate the results are supposed to be; and of cause
personal preference in cases where more than one models are suitable to serve the purpose.
This section presents two water retention models that are combined with relative hydraulic

conductivity models to predict unsaturated hydraulic conductivity functions.
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3.2.1 Brooks and Corey (1964) model
In 1964 Brooks and Corey suggested the existence of a power law relationship between
effective saturation and soil water energy state. This relationship is mathematically expressed

as

Se = (hf:,;a) (3.1)

For hy, < hpa

and

Se

Il
[N

(3.2)
Forhy, = hyq
As mention in section 2. h,, , is the air-entry head value, see Figure 2.7, A is a dimensionless
parameter associated with pore-size distribution, it is referred to as the pore-size distribution
index. It ranges from zero to infinity, with an infinite value for a perfect uniform soil pore-size

distribution and zero for highly non-uniform pore-size distribution.

3.2.2 van Genuchten (1980) model

van Genuchten (1980) suggested a continuous empirical model for describing a soil water

retention curve by utilizing soil parameters.

ay B
Se = <1 + (hfZ:) ) (3.3)

Where a and g are fitting parameters. This model, as well as the aforementioned model, are

popular; they are used in conjunction with relative conductivity models to parameterize
Richards’ equation presented in section 1.6 covered in the first chapter. Despite their success,
they are also associated with some accuracy problems due to the nature of given unsaturated
flow situation. For example, Brooks and Corey model does not have an inflection point which
makes its accuracy dissipates in situations where the soil is wetted close to saturation and when
the soil moisture content is very low. On the other hand, van Genuchten model has a point of
inflection which makes it capable of handling highly wetted soils but it shows unsatisfactory
performance when dealing with very low soil moisture contents. Therefore, deviations of
assumed functions from the true water retention curves are critical at near saturation and at the
dry end of the curve. Accuracy of the predictive unsaturated hydraulic conductivity equations

is controlled by the adequacy of the soil water retention model over the water content range of
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interest. A common assumption made in both above models is that water content never goes
below residual water content irrespective of how small the pressure head becomes. This is not
always true in real soils; it is possible and common in arid climates for water content to be less
than residual water content and sometimes it can be zero. For this reason, Zhang (2010)
suggested a model for soil water retention by extending the lower limit of capillary-based
models to zero. This was done in order to accommodate conditions where water content is less
than residual water content. The proposed model covers water retention for full-range
saturation and is accurate for soils with very low water contents, see Figure 9. The model
accounts for both capillary flow and flow due to absorptive forces in the soil, film flow. The
resultant water retention curve comprises of two parts, | and 1l representing capillary and film
flow respectively. Part | and part 11 are separated by a critical point which is a point where
relatively dry conditions start.
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Figure 9: A schematic representation of a typical Water Retention Curve based on (a)
Capillary flow and (b) both Capillary and Film flow (Zhang, 2010).

3.3 Models for predicting hydraulic conductivity in unsaturated flows

The models that will be reviewed are Child and Collis-George (1950) model; Burdine (1953)
model; Brooks and Corey (1964) model; Mualem model (1976) model; and van Genuchten
(1980) model. Hydraulic conductivity of unsaturated soils is a product of saturated hydraulic
conductivity (K;) and relative conductivity (K,.).

K(0) = Kr x K, (3.5
To estimate hydraulic conductivity many approaches start with models for estimating relative

hydraulic conductivity.
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K
Kr = ?S = Se* (36)

and substitute the resultant expression into equation 3.5 to obtain an expression describing
conductivity. K is absolute conductivity; Se is effective saturation, and the power on Se mostly

describe parameters associated with soil properties.

3.3.1 Theoretical basis of some popular models

3.3.1.1 Child and Collis-George (1950) model
A Kozeny-type model was revised to come up with a model for estimating conductivity. Unlike

Kozeny-type that use soil particle sizes to estimate hydraulic conductivity Child and Collis-
George (1950) used pore-size distribution. To achieve that, they used a bundle of capillary
tubes to reproduce a natural unsaturated flow system. They conducted an experiment on a
fraction of a sand volume to describe the distribution of pore sizes. The fraction has a cross-
sectional area described by f(r)dér ; where f(r) represents pore space distribution of pores
with r to r + 67 radius. The sand is split into two identical planes. If one plane is considered
to have an area of a, and a radius ranging from o to o + 6o and the other one has the area of

a, and a radius ranging from p to p + §p the following equation describes the area in both

planes

ap = f(p)6r, a = f(0)r (3.7)

The pore sequence p — ¢ will have an area of

ap-e = f(p)orf(0)dr (3.8)
Child and Collis-George (1950) model is based on the assumption that as drainage occurs in
unsaturated flows larger pores lose their moisture first and small pores have a tendency of
resisting flow thus water is retained in small pores. Another assumption is that contribution to
flow permeability is only by connected pores. If o represents the radius of the small pores, then
the number of small pores is proportional to o~2. By applying the Poisseailles’ equation the
rate of flow in each pore becomes proportional to o* per unit potential gradient. The

contribution of small pores to the total permeability is

5K = a*Mf (p)drf(o)dr (3.9)
and the total permeability is
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Z 2f (p) 6rf(0)or (3.10)

This equation emphasizes the effect of cross-sectional area and neglects the fact that some cells

may have different sizes which result in different lengths.

3.3.1.2 Burdine (1953) model

Burdine (1953) conducted a study to formulate relative permeability functions of unsaturated

flows. The model is an extension of models that are based on capillary columns to mimic pores
in soils. Burdine (1953) incorporated the flow tortuosity term in the equation and developed
equations predicting relative permeability for both wetting and non-wetting phases. It was
pointed out that tortuosity is directly related to volumetric water content and the relationship is

linear. The model for relative hydraulic conductivity during wetting is given by

X _(S—Sr)zjst/jlds
e 1_57' 0 PCZ 0 PCZ (311)

Burdine’s theory has been adopted by many researchers to develop theoretical expressions for

predicting unsaturated hydraulic conductivity (e.g. Brooks and Corey, 1964; Mualem, 1976;
van Genuchten, 1980) which are essential for modelling unsaturated flow processes.

3.3.1.3 Brooks and Corey (1964) model
This model utilizes bubbling pressure and pore-size distribution index to predict hydraulic

conductivity in a system with two non-mixing fluid phases namely the non-wetting phase and
wetting phase. In most cases, it is only the wetting phase that is expressed using Darcy’s law.
Brooks and Corey (1964) made an assumption that as long as there are connected pores in a
system to allow flow Darcy’s law may be applicable in expressing both wetting and drying

phases. Darcy’s law is given by

K, /AP yAh 3.12
w ALy Ly

Where q is the flux and x is the flow direction; K is flow conductivity; u is the fluid viscosity;
L is the flow distance; y is the term for specific yield; AP and Ah are changes in pressure and

elevation respectively.

The governing assumption of this model is that the two phases are immiscible and separated
by curved interfaces. Another assumption is that saturation conditions are relatively high in a

flow system with pores that are large enough to permit flow. Therefore, model validity is highly
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dependent on the presence of large pores and moisture content. It is not accurate for cases
where the system is relatively dry with saturation less than field capacity and porous media

with extremely small pores such as clays.

Capillary pressure P, exists at the interface of wetting and drying phase. In most cases,

capillary pressure is greater in the drying phase and less in the wetting phase

Pc = Pgas - PLiquid (3.13)
For a given saturation small pore tend to have high capillary pressure compared to larger pores.

To come up with a model, Burdine theory was adopted for relative hydraulic conductivity

X - Sr)z fs dS/fl ds (3.14)
i ST 0 Pc2 0 Pc2
which by placing an effective saturation term becomes
SedSe dSe (3.15)
Ky = (Se)zf /f

An expression defining the relationship between effective saturation and capillary pressure was

proposed after close observations of experimental data in the petroleum industry

A
Se = (% (3.16)

For P. = P,
Where P, is pressure due to the largest pores forming a continuous network and A is pore-size
distribution index. The famous Brooks and Corey model was then developed by combining

equations n and m to yield

Kpy = (S¢) 7 = (Se)* 3.17)

This model is associated with some limitations. As the bubbling pressure becomes more
negative it affects results from numerical simulations. The slope of both unsaturated
conductivity curve and water-retention curve becomes discontinuous; it can result in delayed
convergence in numerical simulations of coupled unsaturated-saturated systems. This is not a
universal model since it was developed for sands and is limited to relatively dry and moderately
wet soils. In soils with very high moisture content this model is not accurate. To add, the model
cannot be used for very fine soils such as clays because they are associated with extremely high
capillary pressures which hinder flow. Moreover, it is assumed that the geometry of the porous

32



media is fixed throughout the whole range of applicable saturation which is extremely rare in

soils.

3.3.1.4 Mualem (1976) model
Mualem suggested a model for approximating unsaturated hydraulic conductivity from water

retention curves. He made use of the moisture content-capillary head curve and the saturated
hydraulic conductivity as parameters for determining unsaturated hydraulic conductivity.
Mualem’s theory is similar to the one of Childs and Collis-George discussed above with
modification on the contribution of large pores to the total permeability. In this case, it is
assumed that there is a significant contribution to permeability by large pores. Like other pre-
existing expressions of relative hydraulic conductivity, Mualem used a power law relationship

to express the relationship between relative conductivity and effective saturation

K, = K/Kg = Se“ (3.18)
Soil water conductivity was approximated with the aid of capillary head-water content curves.
Same procedure as that performed by Childs and Collis-George was followed using a
homogeneous soil profile. Considering two similar portions of soil taken out from the same
profile; one with pore radius r and another one with pore radius p where the contribution of

connected pores with radius r to r + dr to the moisture content 6 is

F(r)dr = d6 (3.19)
Equation (3.10b) is also

[ royar=em
Rmin (320)

To be particular

Rmax
(r)dr=26
'Lmin f s (321)

f(r) dr is also the ratio of area covered by pores with radius ranging from r to r + dr to the

total area. The probability of pores at different slabs to be in contact is expressed as

a(r,p) = f(r)f(p)drdp (3.22)
This means that there is no direct connection between pores in different slabs. One of Mualem’s
objectives was to find the effect of pores having different sizes on the conductivity of a porous
media under unsaturated conditions. When slab consisting of pores with a radius ranging from

p to p + dp have the length equal to the pore radii the probability becomes
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a(r,p) = GR,7,p)f(r)f(p) dr dp (3.23)
In the above equation G(R,r, p) accounts for the partial correlation that exists between pores
with radius r and p for a given water content. It was assumed that the bypass flow between the
pores in two slabs is absent; and that the pore configuration may be replaced by a pair of

capillary elements whose lengths are proportional to their radii

L/L=1/p (3.24)
This means that large pores really have a significant contribution to unsaturated conductivity
than it is usually assumed. It was found that conductivity varies with pore size distribution and
tortuosity. To account for tortuosity a correction factor T(R,r,p) < 1 was introduced. The
factor also accounts for the contribution of the r — p element to the relative conductivity and

equation below was obtained

T(R,1,p)GR,7,p)rpf (r)f(p) drdp
ffmax [Rmexp(R )G R PITOf P (P) drdp  (3.25)

Rmm le

dKr (T, p) =

For a given 6 (R) the equation above is written as

[ TR pGR T, p)rpf (Nf(p) dr dp
Kr(0) = R R (3.26)
e [ " T(R, 7, p)G(R,, p)rpf (r)f (p) dr dp

Rmm

The values of correction factors seem to be highly dependent on R. Hence

L rf) drfy  pf(e) dp [ orpeyar]
Kr(e) — Sen len Sen len
Jorrf(r) dr IRZ‘:‘ pf (p) dp o rf(r) dr

A much simpler equation that is easy to apply is obtained by applying capillary law and

(3.27)

substituting equation (3.21) on the above equation

Bsat
K, (0) = Se™ [f d9
(3.28)

Where n may be positive or negative. By substltutlng analytical expressions for ¢(6) to the
above equation, K,-(8) can be easily derived. For example, the expression by Brooks and Corey
(1964)

Se = ((p/a)cr)_)l (3.29)
yields
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2
K, (Se) = Se™**7 (3.30)
This expression has been useful and produced reliable results that are close to natural
unsaturated systems. n has a significant impact on how close the results physical mimic
experimental data. Some literature include it (Burdine, 1953) and some exclude it (Brooks and

Corey, 1964).

3.3.1.5 van Genuchten (1980) model
Van Genuchten (1980) used Mualem (1976) capillary theory to derive a closed-form analytical

expression using a continuous soil water retention curve with a continuous slope. The derived
expression for unsaturated hydraulic conductivity has three independent parameters which are
obtained by matching the soil-water retention curve to empirical data. Mualem (1976) used
saturated hydraulic conductivity and soil-water retention curve to formulate a model of
approximating unsaturated hydraulic conductivity. Using the same theory van Genuchten
(1980) came up with a reliable expression for conductivity. The definition of relative hydraulic

conductivity by Mualem (1976) is given as

1[ rSe 1
KT=587U1 ﬁdx/Jo ﬁdx (3.31)

Where Se is effective saturation and h is the pressure head which is given as a function of Se.

2

The relationship between Se and h is expressed as

o= [Tlah)n]m (3.32)

Where a, m, n are fitting parameters that are determined empirically. To derive an expression
for conductivity van Genuchten (1980) imposed certain restrictions on the values of m and n
in equation (3.32) and solved it to obtain an expression that was then substituted into equation

(3.31). The following was obtained

_ iffser” (3.33)
K, (Se) = Se2 If(l) l
Where
Se xm n
£(Se) = f | dx (3.34)
0 |11 —xm
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y is considered as an auxiliary variable, substituting x = y™ into equation (3.34) to obtain a

general particular form of Beta-function

serm 141 1
f(Se)=m f y" (1= y)Tndy (3.35)
0
This is not a closed form equation; to obtain a closed form all integer valuesof K =m — 1 + %

integration becomes easy. When K = 0thenm =1 —% and

f(Se)=1- (1 - Se%)m (3.36)

Since f(1) = 1, equation (3.33) becomes

1\™? (3.37)
K,.(Se) = |1 - (1 — Sem) ]
van Genuchten (1980) also derived an expression based on Burdine’s model (1953). He used
the same procedure explained above and substituted expression that was obtained from solving
equation (3.32) into equation (3.33) to obtain

f 50 = 502 (102) 339
Where
Se x% n
f(Se) = j | dx (339)
0 |11 —xm

Substituting x = y™ into equation (3.39) to yield

Se% 2 2
f(Se) =m JO y" (11 - y) Tndy (3.40)

To reduce equation (3.40) it was assumed that the power of y, m =1 —%, vanishes and

equation (3.39) becomes

f(Se)=1- (1 - 53%)m (3.41)

Therefore an expression for relative hydraulic conductivity is given by
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K.(Se) = se? |1 - (1 - Se%)m] (3.42)

m=1—%;0<m<1;n>2

The above expression is equivalent to the one that was obtained using Mualem (1976) theory.

Models by Childs and Collis-George; Burdine; and Mualem are all based on the use of capillary
bundles to represent the pore spaces in a homogeneous porous media. The common governing
theory in these models is that water in soils flows through interconnected pores and that the
size distribution of these pores is characterized by the shape of the water retention curve of a
specific soil. They all utilize pore-size distribution to predict unsaturated hydraulic
conductivity. They go separate ways when it comes to relating 7, tor, p and Ry . Childs and
Collis-George considered flow effective radius to be equivalent to the radius of pores with
small radius assuming that only pores with small radius contribute to the hydraulic

1

conductivity. Burdine used 7, = r (H(Rf)) to describe the relationship between 7, and r, p

and R¢. Mualem, on the other hand, proposed that the effective radius is equal to the product
of radius of both pores with small a radius and pores with a large radius. In this case, it is
assumed that pores with a large radius also contribute to hydraulic conductivity. All three

theories yield

K(H) 9 9 Se dx 1 dx 1" (3.43)
U tP(x) o Y2 (x)

Where constants b, r, and m are associated with pore-size distribution. The values of these

constants tend to vary for each model. For example, according to Mualem (1976), the constants

are: b = 0.5; r = 1; and m = 2; Burdine, on the other hand, suggested that b = 2; r = 0; and

m=1.

These theories provide a basis for estimating unsaturated hydraulic conductivity. Analytical
models describing 8 — v relationship such as those proposed by Brooks and Corey (1964) and
van Genuchten (1980) may then be used to obtain a hydraulic conductivity function. Assouline
et al (1998) suggested a model for soil water retention function based on the concept of particle
size distribution, by assuming that fragmentation processes change the soil structure. The
resultant soil water retention function is applicable to both high and low moisture conditions

and consists of two fitting parameters.
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Se() = 1 —exp(=£(PI™ = .| ™))" (3.44)
For 0 <[] < |yl
Where & and u are fitting parameters, ; represents capillary head at relatively low moisture
conditions. Assouline and Tartakovsky (2001) proposed a model based on soil structure and

texture

e 3.45
K.(Se) = US ds (3.45)

n is a parameter associated with soil structure and texture. Combining the above equation with

the WRC model proposed by Brooks and Corey yields

@+ 4
K,.(Se) =Se 2 (3.46)

Assouline (2005) conducted a study to relate the pore-size distribution index and n a soil

structure and texture describing parameter

n = 1.42%717 (3.47)
and found that A can be used to obtain n which can be substituted in Assouline and Tartakovsky

(2001) model to obtain another model describing relative hydraulic conductivity

K,(Se) = Se“ (3.48)
Where

a = a(AP+20-V) (3.49)
a and b are empirical parameters. The use these models have produced great success in
literature. With recent technologies and scientific inputs on soil hydrological sciences
modifications have been made and new models have been developed based ancient theories.
For example, Neto (2013) developed a model by combining Burdine (1953) and Mualem
(1976) relative conductivity predicting models with the water retention curve model by van
Genuchten (1980). His focus was on getting rid of restricting factors associated with these
theories to produce more a flexible analytical solution that is applicable to a wide range of soil

type. A less restricted model proposed by Neto (2013) based on Mualem (1976) model is given
by
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A, 1 1 2 3 4\T
Se2"mn (1 +n,Sem + n,Sem + n3Sem + 774Sem)

_ 3.50
K.(Se) = 155 (3.50)
Where
_(mn+1) n3 (n + Dn? n+1)(2n+ 1n
= n* [(mn +n+1) + 2(mn+2n+1) + 6(mn+3n+1) (3.51)
n+1D@2n+1)Bn+1)
24(mn+4n+ 1)
and
_ (mn+1) (3.52)
[y r——)
_ (mn+1n+1) (3.54)
M2 = 2n2(mn+2n+1)
ny = (mn+1Dn+1)2n+1) (3.55)

6n3(mn+3n+1)

B (mm+1Dn+1)2n+1)Bn+1)
Ma = 24n*(mn+4n+ 1) (3.56)

Apart from the afore-reviewed capillary models, there are other approaches that have provided

great success in predicting hydraulic conductivity for unsaturated flows. There are those that
are based on percolation theory (Ghanbarian-Alavijeh and Hunt, 2012). It has been proven that
compared to capillary tube models these models yield best results for soils with high moisture
contents. However, at very low moisture contents like capillary models, they underestimate

hydraulic conductivity.

3.4 Accuracy tests

Two comparison procedures, Root of the Mean Squared Error (RMSE) and Akaike’s
information criterion (AIC) are used to evaluate the performance of the theoretical models for
predicting unsaturated hydraulic conductivity.

The Root of the Mean Squared Error (RMSE)

RMSE is a tool for evaluating the performance of theoretical models on reproducing the natural
unsaturated system. It demonstrates how predicted values deviate from observed data.

Mathematically RMSE is expressed as
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RMSE = \/ ?zl((KmeasI\)li — (Kest);)? (357)

Where Kmeas and Kest represent measured and estimated hydraulic conductivity respectively
and N is the sample size. It has been used by many researchers to test models which are best
fit for observed experimental data. For example, Neto (2013) and Assouline (2005) used RMSE
to evaluate the performance of models that they proposed compared to the performance of pre-

existing popular models.
The Akaike’s information criterion (A1C)

AIC is another way of evaluating the performance of conductivity models and is expressed

mathematically as

RSS
AIC = Nln (T) + 2q (358)

Where N is the sample size; RSS is the likelihood and g is a number of parameters in a model.
This is a statistical tool that is used to select models sustainable for a given problem (Akaike,

1973). It provides the relative performance of models.
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CHAPTER 4: THE NON-LINEAR UNSATURATED FLOW
MODELS

4.1 Introduction

Richards’ equation is the tool for modelling non-steady vertical movement of moisture in the
unsaturated zone. Finding solutions to this governing equation requires knowledge on soil
water retention function and unsaturated hydraulic function such as those presented in the
previous chapter. This chapter presents solutions to Richards’ equation with unsaturated
hydraulic conductivity described by Mualem (1976) and Brooks and Corey (1964) theoretical
models. The models are combined with a soil water retention function suggested by Brooks
and Corey (1964). Because of the non-linear nature of these models, the resultant Richards’
equation is highly non-linear; therefore solving it requires numerical analysis with appropriate
numerical approximation schemes. In this thesis, solutions will be obtained using the well-

known Crank-Nicolson Scheme and a recently proposed Laplace Adam-Bashforth Scheme.

4.2 Theory

Understanding non-steady vertical soil moisture flow is challenging but Richards’ equation has
been utilized for decades and showed great success. As mentioned in section 1.6 mixed-form
Richards’ equation can be split into a water content based form or a head based form. In this
study, unsaturated water movement will be expressed using a water content based form of

Richards’ equation. To recall,

00 _  9%0  0K(6)
ot 0z2 0z (4.1)

Where 6 is volumetric water content; K (8) is unsaturated hydraulic conductivity, D is the term
for pore water diffusivity; t is the time elapsed and z is the vertical distance in a soil column.
Solving equation (4.1), as already mentioned, requires the knowledge on unsaturated hydraulic
function. Obtaining unsaturated hydraulic function requires knowledge on soil water retention
characteristic which is a unique signature for every soil volume. Therefore, a procedure for
understanding unsaturated flow starts with identifying a soil moisture retention curve that is
based on assumptions that reflects water retentions of a natural system. Secondly, finding a
model that will be combined with a retention function to estimate hydraulic conductivity. Then
incorporating hydraulic conductivity function into Richards’ equation to find solutions that

represent the unsaturated flow system. Existing models for predicting retention curves and
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conductivity functions are highly non-linear but they based on assumptions that simplify a

complex system to a more understandable system.

Consider a homogeneous soil volume with pores equivalent to cylindrical capillary tubes.
Assuming that pore-size distribution is equivalent to the shape of soil water retention curve
proposed by Brooks and Corey (1964) given by

Se(8) = (¢/we)™* (4.2)
Then the definition of effective saturation becomes

H—Hr)

Se(6) = (es — 0,

(4.3)
Assuming a pore-size distribution index of 2 for the soil, two parametric theoretical models are

used to predict unsaturated hydraulic conductivity

K(0) = K, * Kr (4.4)
Saturated hydraulic conductivity is easy to obtain. Using equation (4.4) above unsaturated
hydraulic conductivity can be estimated as long as knowledge on relative hydraulic
conductivity is available. The following two subsections present models for estimating relative

hydraulic conductivity based on basic soil properties.

4.2.1 Application of Brooks and Corey (1964) model to Richards’ equation

A model by Brooks and Corey relating relative hydraulic conductivity to effective saturation
will be used to obtain unsaturated hydraulic conductivity. This model utilizes an empirical
parameter, pore-size distribution index A, and saturated hydraulic conductivity K, to describe

the relationship between K, and Se. Mathematically the relationship is presented as

0 Osat 10712
K, () = Se™ UO (f,b_e/fo cfp_@l (4.5)

Combination of equations (4.2) and (4.5) gives

K,(Se) = Se® (4.6)
Where ¢ is Brooks and Corey exponent. In this study pore-size distribution index is given the

value of 2, therefore ¢ is expressed as

27 4.7
£=3+7=5 ( )
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Substituting for ¢ in equation (4.6) and combining equation (4.6) with equation (4.4) gives the

following unsaturated hydraulic conductivity model

6—6, )5 (4.8)
0; — 0,
Which is substituted into equation (4.1) to get rid of the term for unsaturated hydraulic

K(9)=Ks*(

conductivity resulting in the following equation

26 920 a[ 0—0,\"
-pZ_ KS< )

ot "9z oz 0, — 0, (4.9)
This is the unsaturated flow equation with both soil retention characteristic and hydraulic

conductivity function described by Brooks and Corey Models.

4.2.2 Application of Mualem (1976) model to Richards’ equation
Relative hydraulic conductivity model proposed by Mualem (1976) will be used to obtain
results that will be compared with those from the Brooks and Corey model. The mathematical

expression below was suggested to relate relative hydraulic conductivity to effective saturation.

0 Osat 2
r(0) = 5e7 Uo Cfp_g/ fo Civ_g (4.10)

Substituting an analytical ¢ (8) expression by Brooks and Corey (1964)

Se = ((p/wcr)_l (4.11)
into equation (4.10) yields

2
K.(Se) = Se™*?*7 (4.12)
Where n is a parameter describing flow tortuosity and A is pore-size distribution index which
is given a value of 2 in this study. Mualem defined n as 0.5, substituting these values and

remembering that Se = (6 — 6,.) /(6 — 6,.) yields

6 —0,\>" (4.13)
0 — HT)
Which is substituted into equation (4.4) to obtain

Ko (se) =

6 -6, )3-5 (4.14)

k(6 =KS*(95—9r
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which is the unsaturated hydraulic conductivity model. This equation is substituted into the

governing Richards’ equation in equation (4.1) to obtain

=D+ =
ot - a2 Taz| o6~

Equation (4.15) is the unsaturated flow equation with soil retention characteristic and hydraulic

060 9?0 0 l (9—9r>3-51 (4.15)

conductivity function described by Brooks and Corey model and Mualem model respectively.
Both governing equations, equations (4.9) and (4.15) are highly non-linear as due to the
unsaturated hydraulic conductivity models used. Thus analytical solutions cannot be obtained.
Finding solutions to these equations requires the use of computer code. For discretisation
purposes equations (4.9) and (4.15) are presented by one non-linear equation

0  3%0 d 9—6,\° (4.16)
2 _ 520 3L (920
ot 0z 0z 6, — 6,

Where w represents the exponent of effective saturation for both equations, w = ¢ for equation
(4.9) and w = 3.5 for equation (4.15). The next section will cover the numerical analysis of

non-linear governing equations.

4.3 Numerical analysis

Obtaining computer simulations of physical systems described by time-dependent differential
and partial differential equations requires numerical analysis of equations by means of
numerical approximation methods. In this case, the numerical approximation methods of
choice must be able to give adequate representations of soil moisture flow. The flow is
described by means of a non-linear partial differential equation. There are many schemes that
can be used to solve this equation thus a close consideration need to be made when choosing
schemes that will give the most appropriate results. For the best choice an overview of different
schemes is done, the schemes include: explicit; implicit; Crank-Nicolson; and a recently
suggested scheme by Gnitchogna and Atangana (2018), the Laplace Adam-Bashforth method.
An explicit method is one that is based on the computation of dependent variables by means of
known quantities. It requires less computational effort and computation is easy. However, it is
not stable for large size time steps thus conditionally stable. In contrast, the implicit method
uses unknown quantities to evaluate the dependent variables. It is stable throughout all sizes of
time step although its accuracy decreases with an increase in the size of the time step. Thus for
very large size time step, the formulation has to be carefully constructed; this is the reason it
requires high computational effort and complicated computation process thus time-consuming.

If the computation goal is accuracy an explicit method is best, and if the goal is stability an
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implicit method is best. On the other hand, Crank-Nicolson scheme is a finite difference
scheme that is based on approximating first order derivatives by means of central difference
and second order derivatives by means of averages at (i, /)" and (i, j + 1)*" . This scheme is
stable and convergent. It is commonly used in many studies since it conquers convergence and
stability issues that the explicit scheme has. It is an implicit scheme; therefore it is associated
with disadvantages similar to those of the implicit scheme. At every time step, it requires the
equation to be solved simultaneously thus time-consuming. The two-step Laplace Adam-
Bashforth scheme is the combination of Adam-Bashforth scheme and Laplace transform
(Gnitchogna and Atangana, 2018). Since the ordinary Adam-Bashforth scheme has some
limitations when solving partial differential equations, the partial differential equations are
transformed to ordinary differential equations using Laplace transform. The equations are
analyzed in Laplace space to obtain a numerical solution in time variables; the solution is then
taken back to its original space by applying the inverse Laplace Transform. This scheme is
considered to be highly accurate and stable; the computational procedure is also simple and not
time-consuming. In this case both stability and accuracy are of significant importance.
Therefore, the Crank-Nicolson scheme and Laplace Adam-Bashforth scheme serve the purpose
better than the explicit and implicit schemes because they are both unconditionally stable and
convergent. The following subsections will give numerical discretization of equation (4.16)

using Crank-Nicolson scheme and Laplace Adam-Bashforth scheme.

Equation (4.16) can be simplified into

90 920 K, 9 (4.17)
—=D—+ —(6-6,)°
ot 0z (6, —0,)* 0z
06 b 920 N K, 00 (6 —6,)0-1 (4.18)
ot~ 9z2 ' (0, —6,)% " a7 r
4.4.1 Crank-Nicolson scheme
The Crank-Nicolson scheme is defined as
06 6/* -4/ (4.19)
_) ————

at At
The Crank-Nicolson scheme for a first-order derivative is defined as
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6_9_>1 611++11_9]+1 + 911+1 Hij—1
Jt 2 2Az 2Az

The Crank-Nicolson scheme for a second order derivative is defined as

026 1 . .
FT m(@fﬂl — 6/ +6/%1) + (8}, — 6] +6,))

The Crank-Nicolson scheme is at a particular time defined as
Loj+i_ g
6 - 2 (‘9i — )

The Crank-Nicolson scheme for the previous channel is defined as
Oy - = (9“1 -0}
The Crank-Nicolson scheme for the next channel is defined as
By -~ (677 — gJ
M~ E( i~ i)
Just to recall the non-linear transient soil moisture flow equation

ae_Da 0 K,
at (0 —g)0®

(9 g)w 1

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

The Crank-Nicolson finite-difference approximation to the above equation is given by

0]+1

+1 j+1
42 (L w) ol -6
2°\(6, —6,)«" 20z

911+1 - Bi]—l ei]+1 + 6'i] —0 ’
20z 2 r

4.4.2 Laplace Adams-Bashforth scheme

The governing partial differential equation

ae_Da 0 K,
at (9 —er)w

(9 9)0) 1
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is solved by applying Laplace transform on both sides of the equation in order to transform the

equation from a partial differential equation to a differential equation

26 026 K, ot (4.28)
£(@) = (v s o)

Where L is the Laplace transform operator. The resultant equation is given by

do(s,t 626 K 6 4.29
dt 072 (9 -0 )w
s can be silenced by
do(s,t) (4.30)
T F(6,t)
(4.31)
6(t) = 6(s,t)
and equation (4.29) can be written as
D 629 K c’) (0 6, )01 (4.32)
’ Bl (9 - Hr)w
Applying the fundamental theorem of calculus on the equation above yields
t (4.33)
o(t) = 6(ty) +j F(6,7)dr
0
Which is also
t (4.34)
6(t) =6, +f F(0,7)dt
0
When t = t,,,, the equation becomes
tn+1 (4.35)
Onin = 0Ctns) =0, [ F (0,0
0
When t = t,,, the equation becomes
tn (4.36)

6, = 0(t,) = eof F(6,7)dr

0
and
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tn

F(6,7)dt — f F(6,7t)dt
0

tnt1

Ons1 — On =f
0

tn+
Opi1— 0, = f F(0,7)dt
n

The Langrange polynomial is used for the approximation of F(8,t) to obtain

t—t

t—1th—1
P(t)(= F(6,1)) = ﬁF(G, tn) + ﬁF(el tn-1)
t—t,- t—t
P(t) = ——F+ ———Fns
th —th—1 th-1 — tn
Therefore,
th+1
Opi1 — 0, = f F(0,7)dt
n
b= [ (g
e " t tn —th1 " th-1 — ty n
Fn tny Fn—l tnt
Opi1 — O = —f (t = to_y)dt + —f (t — tp)dt
th —th-1Jy, th-1 —th Jy
E, 1 tns1 Fo_s 1 tns1
0 -0 =—[—t2—tt_] +—[—t2—tt]
i " th — th-1 12 nl tn th-1 — tn 12 " tn

If h =t, — t,_4, then the following is obtained

E, /1 ) 1 )
Ons1 — O = W(Et n+1 ~ tny1ln-1 — Et nt tntn—1>

F,_1/1 1
- (§t2n+1—tn+1tn—§t2n+t2n)

Further simplification gives
E, (1
Ons1 — On = 7 E (tnsr — tn) (tngr + tn) — tpoq(tnyr — t0)

Fn_1
h

<% (tn+1 - tn)(tn+1 + tn) - tn(tn+1 - tn))
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(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)
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E, /1 F,_1/1 4.48
6n+1 - Gn = Wn(z h(tn+1 + tn) - htn—l) - 1;1 - (Eh(tn+1 + tn) - htn) ( )
1 1 4.49
Ont1— O =F, (E (tnsr + ) — tn—l) —Fn (E (tner +tn) — tn) ( )
1
Op41— 60, = E, (E((n +1Dh+nh)— (n- 1)h)
" (4.50)
— Fpy (E ((n+ Dh+nh) - nh)
1 1
0,0n— 0, =F, (nh +sh—nh+ h) —F,_, (nh +5h- nh) (451)
3 1
One1 =0+ h (EFn - EFn—l) (4.52)

Applications of inverse Laplace transform to take back the equation to its real space is given

by

3 1
L7 Opq] = L7 [Qn +h (EFn —5Fh

2 )] (4.53)

H(Z, tn+1) = H(Z» tn) )
3(._046(zt,)
e

2
K 96(z, ty) o1 (4.54)
5.—6)0 a7 O@t) =6 )

1/ 0%0(z,t,_1)
B hE<D 0z2
KS aH(Z' tn—l)

T 0.—0)°% oz

1

0z ty-1) — 9r)“’_1>

The equation above is discretised forward and backward in space to yields
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H(Zii tn+1) = B(Zil tn) 5
3 0 B(Ziﬁtn)
¥ h§<D 20
KS 69(Zi, tn)
0. —6.)°" " oz
1 azg(zil tn—l)

2
Ks ae(zi» tn—l) w—1
+ (65 _ 9,«)‘" w aZ (H(Zi' tn—l) 01‘)

Let 6(z;, t,) = 6] and Az = [, then the above equation becomes

(4.55)

1 (0(zi tn-1) = Hr)“’"1>

Hin+1 = H(Zi'tn)

3 6" ,—20"*+6"
Zlp i+1 i -1
+hzl ( D)2

KS 9;”_9;”_1 n w—-1
L[ (o - oo
(an?

2
K pr-t_gnt _
+ (es_gr)w w( i Al i—-1 ) (eln 1_9r)£—1l

The above is the numerical solution to Richards’ equation obtained using Laplace Adam-

(4.56)

Bashforth numerical approximation scheme.
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CHAPTER 5: THE LINEAR UNSATURATED FLOW MODEL

5.1 Introduction

The only thing that makes Richards’ equation impossible to solve analytically is its highly non-
linear nature associated with spatial variation of the unsaturated hydraulic conductivity. Since
the analytical approach is not an option computer codes are used to find solutions. However,
numerical approximation methods show convergence issues when it comes to Richards’
equation. If it is linearized analytical solutions may be obtained and convergence issues
associated with non-linear Richards’ equation will be solved as well. There are few analytical
solutions available in the literature. In this chapter conditions where the unsaturated hydraulic
conductivity model by Mualem (1976) may be linear are suggested and an analytical solution
to Richards’ equation is obtained. Numerical analysis of the proposed analytical solution is
also covered and two numerical approximation methods are used namely: the popular Crank-
Nicolson method; and a recently proposed Laplace Adam-Bashfoth method. Stability analysis

for both methods is provided as well.

5.2 Theoretical basis

The unsaturated flow system is complex (Ojha et al., 2017) because moisture content evolves
as water moves through a soil volume. It has been proven that hydraulic conductivity strongly
depends on evolving water content (van Genuchten, 1980). As water migrates in the downward
direction pores are emptied in upper parts of the unsaturated zone and water is replaced with
air. Water content tends to decrease with depth. This is due to water that is retained in
disconnected pores as residual water content, refer to section 2.3.4 for more details in soil water
retention. Eventually, a number of pores conducting water flow declines. As a result, the flow
becomes more tortuous since there are only a few connected pores that are filled with water
and flow has to follow those pores. The decline in water content and number of connected
pores with water is the reason for the spatial variation of the unsaturated hydraulic conductivity.

Unsaturated hydraulic conductivity is a function of effective saturation and pressure, it is highly
variable in space and requires spatial characterization. As mentioned in chapter 3 the function
of unsaturated hydraulic conductivity is given by the product of relative hydraulic conductivity

and saturated hydraulic conductivity

K(0) = K, x k, (5.1)
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Estimation of unsaturated hydraulic conductivity requires the substitution of a relative
hydraulic conductivity estimation model into equation (5.1) such as substitutions in section 4.2
where relative hydraulic conductivity models by Brooks and Corey and Mualem were used. In
this chapter, a relative conductivity model that will be used is based on the basis of theories

proposed by Childs and Collis-George, Burdine, and Mualem.

K@) b[ se dx
K, - ¢ f 2/ ) 5 r(x) 5.2)

Childs and Collis-George, Burdine, and Mualem proposed different values for model

parameter b, r and m. For example, Mualem suggested thatbh = 0.5; r = 1; and m = 2;

Burdine, on the other hand, suggested that b = 2;r = 0;and m =1

When Mualem parameter values are adopted equation (5.2) becomes

0dg /e dg’
_ 0.5 _ -
Kr(8) = Se U 5/ f " (5.3)
Where

6 -0, (5.4)
05 - Br
0.5 in equation (5.3) is a value representing an empirical term for the pore-size interaction term.

Se =

The values of this term have been carefully selected by researchers; the most common ones are
0.5 as indicated in the equation above; 2 which is associated with Burdine model. Brooks and
Corey suggested that pore-size interaction term is not necessary when the pore-size distribution
index is used and considered it to be 0. Pore-size interaction term adds flexibility to relative
hydraulic conductivity models. Leij et al (1994) proved that the pore-size interaction term is
not confined to these values only, however it can have any value including negative values.
Therefore, the wide range for values of this term, referred to as n from now on, allows both
linear and non-linear relationship between effective saturation and relative hydraulic
conductivity. Assuming that n = —2 and adopting other soil physical parameters proposed by

Mualem equation (5.3) becomes

esat
K. (0) = Se™? U d@

Incorporating a water retention characteristic described by Brooks and Corey

(5.5)
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Se = ((p/wcr)_)L (5.6)
into equation (5.5) yields

2
Kr — Sea) — Se—2+2+z (57)

Where A is an empirical parameter representing the pore-size distribution index. The same
completely homogeneous soil volume with pore-size distribution index of 2 considered in the
previous chapter will be used in this chapter as well. w = 1 when the value of A is substituted
in the equation (5.7). Therefore, the relative permeability of the soil is assumed to be equivalent
to effective saturation and unsaturated hydraulic conductivity varies linearly across space. The
soil profile is assumed to be completely homogeneous. Mathematically, the above assumptions

can be expressed as

_6-0, (5.8)
S 6,—6,

and the resultant unsaturated hydraulic conductivity function is given by

6 — er) (5.9)
95 - er

Therefore, K (8) can be eliminated from the equation (1.9) by combining it with equation (5.9)

K©) = K+ K, = K,

to obtain

<D66)+6 K(9—9T> 96 0
dz)  az\ *\o;—6,) ot 0z (5.10)

Equation (5.10) is a linearized Richards’ equation and it can be simplified to obtain

a6 629+6< 2] )
ot  9z%2 0z

*6s — 6, (5.11)
60 N 2%6 4 a0 ( 1 )
If K 5 ie = [ then equation (5.12) can be written as
a6 0%0 N 20
ot~ 0z2 " oz (5.13)

The above equation is a one-dimension partial differential equation for unsaturated flow in a
vertical direction which will be solved in the following section to obtain an exact solution using

Laplace Transform and Green’s Function.
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5.3 The exact solution to Richards’ equation

In this section, the partial differential equation (5.13) obtained in the previous section is solved
using Laplace transform to obtain the exact solution. The transform is applied to equation
(5.13) with an assumption that variable t meets the following condition: 0 < t < oo, t is
transformed from being a variable to a parameter so that equation (5.13) becomes an algebraic
equation which is easy to solve compared to differential equations. The Laplace transform of a

function is given by

L(f®) = f(s) (5.14)
Where £ is a Laplace transform operator, f(s) is a function in Laplace space, f(t) is a function
in its original space where 0 < t < oo, and s is a parameter representing t in Laplace space.

Application of Laplace transform on both sides of equation (5.13)

£(5) = v (32) + 02 ) 51

$5—0(0) = (aze) + B( )
(5.16)

by rearranging the equation above

yields

626 +B- % 6 = 6(0)
— =S e}
o (5.17)

is obtained. Where 6(0) represents the initial soil water content, and sB is an expression of
Laplace transform of function % involving parameter s and which corresponds to t in the
original space. The above equation is non-homogeneous because 6(0) is not equal to zero. Just
for the purpose of obtaining a particular solution of the above equation soil water content 6(0)
is considered to be 0. If 8(0) is zero, equation (5.17) becomes a homogeneous equation and is
written as
Dﬁé + B@ —-s6=0
0z? 0z (5.18)

The above equation is in the form of a quadratic equation, if 8 = Ae™, then equations

B _ (5.19)
9z =rAae
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and

9%0

— = r?Ae™

0z (5.20)
are obtained and substituted into the Laplacian quadratic equation in equation (5.18) to obtain

Dr2Ae™ + BrAe'™ — sAe™ = 0 (5.21)

which is a particular equation for equation (5.13). Equation (5.21) is further simplified into

Dr2+rf—s=0 (5.22)
A quadratic formula is used to solve the above equation for r values and the following values

are obtained

_ —B—+B*+4Ds
2D
and

_—p+ /DS (523

T, =
* 2D
Since soil water content cannot increase to infinity, r_ is used and 8(z, s) can be expressed as

(—ﬁ—w/ﬁz+4Ds>
5 z 2D
The inverse Laplace Transform of equation (5.22) yields a particular solution to equation (5.13)

in its original space. The inverse Laplace transform of equation (5.22) is given by

_p—JF7vaDs
£7(8(z,9)) = AL A 2o (5.25)

(—(—ﬁt+z)—t)
Zze\ 4Dt
91(2, t) == A.
T 3
2 EtZ
(5.26)

Since equation (5.17) is non-homogeneous with 6(0) # 0 finding the exact solution will
require the use of Green’s function. Green’s function gives a solution to non-homogenous
linear differential equations defined on a domain with boundary problems. In Green terms

equation (5.17) can be expressed as
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DaZG+ oG G =962
'Baz sG =6(z

0z* (5.27)

The above Green’s function is solved by applying Laplace transform both sides to obtain

%G oG
L (Dﬁ + ﬁa - SG) = L((S(Z')) (528)

D(p?G —pG' - G(0)) + B (G — G(0)) — sG =1 (5.29)
Where p a parameter in the second Laplace is space and pG is a function sG in the second

Laplace space. Grouping and rearranging of equation (5.29) yields

(Dp? +Pp—s)G =1 (5.30)
1

SRy s (5.31)

Using the quadratic formula equation (5.31) can be written as

i 1
G =
5 JFETaDs
2D
or
o 1
- (—ﬁ + B+ 4Ds>
2D

(5.32)

From the above equation the values of A; p,; and p_ are obtained and given as follows

A= B? + 4sD (5.33)
_ZB-VA_
-~ T2 " (5.34)
. —B+VA .
T ’ (5.35)

Using the above values equation (5.31) can be written as

1

6= —a)P—ay) (5.36)

G is a convolution of two functions and it can be expressed in the form of
L(f(z) * h(z)) = L(f(z))L(h(z)) =G (5.37)
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where f(p) and h(p) are chosen as

1 —_—
(»—ay) B

N

and
1
(» —az)
Equation (5.36) can be written in the form of equation (5.37) as

h

1 1

G = : ,
p—a p—az (5.38)

The inverse Laplace transform of a convolution is given by the product of the inverse of the
individual functions. In this case the inverse of G will be a product inverse of f(p) and h(p)

and is given by

L7(f).L7H(R) = eM*.e®" (5.39)
The inverse Laplace transform of equation (5.38) can be obtained using the convolution

theorem given by the following integrals

£7(G) = J;) f(@) h(z—1)dr

(5.40)
Using the above equation and equation (5.39) G becomes
z
G = f eMTe®2(Z=T) g7
0 (5.41)
zZ
G = eazzj e(alr—azr)_d,[
0 (5.42)
z
G = eazzf e(@1-az) gr
° (5.43)
After the integration
1
G = %z er(al—az)l(z)
a; —a; (5.44)
G = eazz( ! eZ(a1=az) _ ! ) =G(z5)
a; —a a; —a ’ (5.45)

Substituting equations (5.34) and (5.35) into the above equation yields

57



Z(—B—ﬁ) |[ 1 (—ﬁ+\/§ _ —ﬂ—\/§>
G(z,5) = |e 2D b 2D 2D
| ]K‘M)—("”ﬁ)
2D 2D
]
_ ! |
(—B + \/§> _ <—ﬁ + \/E)J
The above equation is simplified into
G(z,s) = [ez<_[);;/E ]| ! ]I[ez<g;\/§_ _[Z)\E — 1]
|[<_BZJL; ﬁ) - (—,324{) \/E>J| (5.47)

Substituting equation (5.33) into the above equation yields

G(z,s) =|e b | |
[(—ﬁ ; m> ) <_5 ; mﬂ
2D 2D

—B+/B°+4Ds —B—/B?+4Ds
eZ< 2D - 2D > _1
(5.48)
The exact solution in Laplace space is given by
(5.49)

0(z,s) = 0,(z,5) + 129(0,5) G(z—r1,5)dt
0

Where 8(z,s) is the term for the exact solution; 6, (z, s) is the particular solution given by
equation (5.25); (0, s) is the term for initial soil pore-water content; and foz G(z—r1,s)dtis
the integral of equation (5.48) in t direction.

To obtain the exact solution each term must be substituted into the above equation; and

substitution of the particular solution, equation (5.25) yields

0(z,s) = A. +6(0, G(z—r1,5)d
(z,5) e (0,s) .];) (z—1,5)dt (5.50)

To find fOZ G(z —1,s) dt equation (5.48) is again expressed as equation (5.45) and by

simplifying it can be expressed as
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G(z,s) = eazz(

) (e*(@-a) _ 1)

a1 =~ a2 (5.51)
and its integral is expressed as
VA 1 z
f G(z—1,5)dt = f e%? (e?(@1=@) —1).dt
0 a; — Az Jy (5.52)
Z 1 z
f G(z—1,5)dt = f e®2(z=0) (z-D(a1-02) _ ga:(z-7) 4y
0 a; —azJy
1 z
_ f (eal(z—‘r) _ eaz(z—r)) dt (5.53)
a; —azJy
Let (z— 1) bey; whent=0,y =zandwhenz = 0,y = 0; thus dy = —dt
Thus
z 1 0
f G(z—1,5)dt = f (e%2Y — e®2Y) (—dy)
0 a; —azJ,
0
= 1 j (ealy — eClZY)_dy (554)
ap—azJ,
and after integration, the following is obtained
z 1 1 1
f G(z—r1,5)dt = (—ealy——ea2y>|§
0 a4y — Gz \4y a2 (5.55)

By substituting equations (5.33), (5.34) and (5.35) into the above equation, the following

equation is obtained

1

[\ ()

fOZ G(z—r1,s)dr =

2D 2D

1 2D 1 1
+

=) () ()

(5.56)

2D 2D 2D

Now foz G(z — t,s) dt in equation (5.50) can be replaced by equation (5.56) to give
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Z<—ﬁ— B2+4Ds>
0(z,s) =A.e * + [6(0,s)] (

-B- /ﬁz +4Ds
1 z 2D
e —
(—B— ﬂ2+4Ds>

2D

JB2+4Ds +4Ds>

—

2D

1 e (5.57)

[
|
|
|
£ )

N — |

2D

The equation above is an expression of the exact solution of linearized Richards’ equation. The
equation above is still in Laplace space; to remove the solution from Laplace space to its

original space inverse Laplace transform is applied as follows

0(z,t) = L71(0(z,5))
) Ze(—"(_ﬁ?f)"t)\
=4l —=—
)

+ L7t !+0(O s)]

[ ——
=g

_ 1 eZ(—_[HW) _ 1 ]
<—B +yB2 + 4Ds> JB? + 4Ds / )
2D
(5.58)
. <Ae—Z<JBZ—4D12>+Bez<JB2—4D12>>

0(z,t) =86 g nt (5.59)

2
0(z,0) =6, (5.60)

6(z,0) = 6, z e~Mnt(4e~T7) s

j=0
Where
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r=—JB2% —4DA? (5.62)

and
1 (5.63)
=K
B S BS _ er
The term
Bez(\/ﬁz—wﬂ)

in equation (5.59) was dropped off because water cannot increase up to infinity.
5.4 Numerical analysis

5.4.1 Crank-Nicolson finite-difference approximation scheme
This sub section will provide a numerical approximation of the linearized Richards’ equation
using Crank-Nicolson finite-difference approximation method. Numerical approximation of

equation (5.13) is given by

i+1 ' i+1 +1 j+1 i+1 i+1
0"~ 0] _ o o (0l =20 w0l ol o
At ' (Az)? 20z
+05(D 6i1+1 — 29{ + Hij—l B Hij+1 — 9{—1 (5.64)
' (Az)? 20z

Expanding and rearranging give

YR
=2 (Ait - (A'%)Z) 6] + (m'%)z + 2%) o/*! (5.65)
* ((A% - 2%) 6% + ((Ai)z * 2%) 6

If the following constants are used

a=2 ((Ag)z + %)

-2 @)
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c

(@ o)

t= (G 315)
\(A2)2 24y
Then equation (5.4.2) becomes
ad!* = b6} + o] + a0/t + o, +do] (5.66)

5.4.2 Laplace Adam-Bashforth Scheme

This subsection provides a numerical approximation method of the linearized Richards’
equation using Laplace Adam-Bashforth method. Application of Laplace transform on both
sides of equation (5.13) transforms the equation from a partial differential equation to a

differential equation

r 00\ (o 0%6 a0
Ge) =t (P32 45, (5.67)
The resultant equation is given by
do b 0%6 a0
= \PoztPa (5.68)
s can be silenced by
do(s,t)
TR F(6,t)
0(t) = 6(s,t)

F(6,t) =L D629+ 96
S 072 'Baz

The same procedure that was followed in section 4.4.2 is followed here to obtain

3 1
Oner1 =60+ h (EFn - EFn—l) (5.69)

Applications of inverse Laplace transform to take back the equation to its real space is given

by
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3 1
L_1[9n+1] =L7" [en +h (EFn - EFn—1>]

which result in

3
H(ZJ tn+1) = B(Zl tn) + hz D aZZ aZ

B hE 0z2 0z

Forward and backward discretization in space variable yields

3 07 1—26]'+6]" 0.4 1—0
n+l _ gn Zp i+1 i -1 i+1 i
K K +h2l ( 30)? + B —

(Az)?

0%0(z,t,) N BGH(Z, t,)

1 (D 0%0(z,t,_1) N Bae(z, tn_1)>

)

L[ (G20 e | (6r o
2 Az

Where 6(z;, t,) = 6]*. If Az = [ then equation above becomes

3[. (6{41—26'+6. 0107
n+l _ gn = i+1 l i—-1 i+1 i
o+t = o+ ng |p (B 4 p ()

_pl [D (0351 - 29{"1+0{‘_‘11> .5 <9?+‘11—9?‘1>l
2

OUF
Expanding
3hD Shﬁ
O = O + 5 57 (O =267 +010) + 5 (61, —01)
hD B
2([)2 (lefl-ll - 29“— 1_i_eln 11) 57 (91+1
If the following constants are substituted into equation (5.74) above

3hD
2(D?

a =

3hB
b==r

_hD
~2(D?
hp

d= —
21
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(5.70)

(5.71)

(5.72)

(5.73)
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then the following equation is obtained

O/t = 07 +a(6]4,—201+0]"1) + b(67,,—6]") — c(637" — 207 +6]'
—d(675' -6 (5.75)

which is simplified into

Ot =(1—-2a—-b)8"+ (a+b)0; +ab; + 2c+ ) — (c + )OI

5.5 Numerical Stability Analysis

Stability analysis is conducted to evaluate the performance of numerical approximation
methods. It is essential for ensuring that discrete errors do not spread to the entire simulation
(Allwright and Atangana, 2018). In this study, the Fourier expansion in space variables will be

used.

0(2,6) = ) 6(t) exp(ifD) (5.77)
f

5.5.1 Crank-Nicolson Finite-difference Approximation scheme
The stability analysis of the solution obtained using the Crank-Nicolson method is provided in
this subsection. Using the Fourier expansion equation (5.66) becomes

al, e/t = bB, el + B,/ DI 4 4,/ -DfL 4 (@, /DI

+df,, el DI (5.78)
Where
9i1'+1 =0,,,e! (5.79)
0] = B,eVf! (5.80)
o (5.81)
9i1++11 = B4, e/ O
i+1 _ 7 i(i—
07 = Byl V! (5.82)
Dividing equation (5.78) by e//! yields
ab, ., = b, + cO,elt + db,e /' + b, e/ +db,, e I (5.83)

Atn=0

Equation becomes
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ab, = bBy + chyelt + dfye It + ch et + dB eI

Rearranging
ab, — ch,e’t —dBe /'t = bh, + cOHye/t + dfye I

Simplifying
0,(a—celft —de 1Y) = 8y(b + celt + deIT)

Rearranging
_b+cellt +de !
"~ a—celfll —de i

8,
e/t = cos(f1) + j sin(f1)
e It = cos(fl) — j sin(fI)

Then equation (5.87)

6; b+ c(cos(f1) + jsin(f1)) + d(cos(f1) — j sin(f1))
é_o ~a—c(cos(f1) + j sin(f1)) — d(cos(f1) — j sin(f1))

Expanding and rearranging

0, b + c cos(fl) + d cos(f1) + j ¢ sin(f1) — j d sin(f1)

9_0 Ta-c cos(f1l) — d cos(f1) + jdsin(f1) — j csin(f1) (d)

Simplifying
61 b+ cos(fD) (c + d) + jdsin(f1) (c — d)
9_0 "~ a—cos(fl) (c + d) + j dsin(f1) (c — d)

The solution will be obtained when

(b + (c + d) cos(f1))? + (¢ — d)?sin?(f1) .
(@—(c+d)cos(FD)Z + (c — d)Zsin?(F])

(b + (c + d)cos(f1))? < (a — (c + d) cos(f1))?
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(5.84)

(5.85)

(5.86)

(5.87)

(5.88)

(5.89)

(5.90)

(5.91)

(5.92)



b? + 2 cos(f1) (c + d) + cos®(f1) (c + d)? < a? — 2 cos(fl) (c + d)
+ cos?(f1) (c + d)? (5.92)

The assumed condition for stability is true when

b? —a? < —4cos(f)(c + d) (5.94)

Substituting for the constants a = 2 ((A 2 ) b=2 (At (A[Z’)Z); c= ((Az)z + i); and

= ((AZ)Z - f) into equation (5.94) yields

2 2D \* /2 2D \* D B D B
(E B (Az)Z) B (E * (AZ)Z) < —4cos(fl) ((Az)z oy T 2Ay> (5.95)

By simplifying the following is obtained

(2 2D )2 (2+ 2D )2< _8cos(f)
At (bz)? At T (82)? cos(f (A )2 (5.96)
It is concluded that the present solution is stable for Yn < 0 when this condition is met and can

be used to obtain reliable numerical simulations.

5.5.2 The Laplace Adam-Bashforth scheme

For stability analysis of equation (121) the term 6;* will be replaced by Gl]

The stability analysis of the solution obtained using Laplace Adam-Bashforth method is

provided in this subsection. Using the Fourier expansion equation (5.76) becomes

Ops1e/t = (1= 2a — b)0,e/V + (a + b)B,e/ DI + g, e/ -DI
+(2c + d)B,_1e/ — (¢ + d)B,_, e/ VI — ¢, e/G-DrL (5.97)

By dividing equation (5.97) above by e//! the following is obtained

0,1 =(1—2a—-b)b, + (a+b)b,e/" +ab,e '+ (2c +d)b,_,
—(c+ad)b,_1e/ft —ch,_1e T (5.98)
And by grouping 8, and 8,,_, terms together equation (5.98) becomes

Oni1=(1—2a—b+ (a+b)e/t +ae /)8,
+(2c+d—(c+d)e/t —ce i), _, (5.99)

And by expanding and rearranging it becomes
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0,41 = (1 —2a—b)0, + (a+b)B,e’t + ab,e /' +2¢6,_, +db,_,
—(c+d)e/8, 4 — ce 1, (5.100)

e/t = cos(fl) + j sin(f1)
e It = cos(fl) — j sin(fI)
Then equation (5.100) becomes

0,41 = (1 —2a —b)0, + (a + b)(cos(f) + j sin(f1))0,
+ a(cos(f1) — jsin(f1)8,, + 2¢0,_, + db,_,
— (c + d)(cos(f) + j sin(f1))B,
— c(cos(f1) — jsin(f1))6n_4

(5.101)

Expanding equation (5.101) gives

0,11 = (1—2a—b)b, + (a+ b)cos(f1)8,, + (a + b)j sin(f1) b,
+ acos(f1) 8, — aj sin(f1) 6, + 2¢0,_, + db,,_, (5.102)
— (c+ d)cos(f) 8,1 — (c + d)j sin(f1)8,,_; — c cos(f1) B,_,
+ ¢j sin(f1)8,,_,
By Grouping and simplifying the following is obtained

0,41 = (1 —2a—b+ (2a + b) cos(f1))8,, + (2c + d)(1 — cos(f1))0,_,
+ j sin(f1) (b8, — db,_,) (5.103)
0,01 = (1 —2a—b+ (2a + b) cos(f1) + j sin(f1) b)8,

+ (¢ + d)(1 = cos(F1)) — j sin(f1) d)Br_s (5.104)
Equation (5.104) above can be written as
0p01=0,A+0,_,B (5.105)

Where
A=1-2a—b+ (2a + b) cos(fl) + jsin(fl) b
B = (2c +d)(1 — cos(fl)) —jsin(fl)d

Atn = 0, equation (5.105) becomes
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The condition required for the solution to be stable is 5

"1 = §0A + é_lB

bl <1

0

If equation (5.106) is considered to be

Then

éleéo
01 _
8o

The condition above is assumed to be true if

Al =/x2+y2 <1

Where x and y obtained by splitting

into

and

A=1—-2a—b+ (2a+ b) cos(fl) +jsin(fl) b

x=1-—2a—b+ (2a + b) cos(f1)

y =jsin(fOb

Substituting the x and y into equation (5.109) yields

§

|A] = (1 = 2a — b + (2a + b) cos(f1))2 + (j sin(f1) b)?

3hD 3hB (3hD 3hp 2 3hB
IO ((1)2 MY )Cos(ﬂ)) +(] Sm(ﬂ)?)

2

:j( 3hD 3h,8+<3hD 3B

INOEY

0L + 5] )cos(fl))2 + (j sin(fl)%)

e

3hD 3hB (3hD 3hp 2 3hB
O +<(1)2 2 )Cos(ﬂ)) +<]Sm(ﬂ)7>
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2

2

<1

(5.106)

(5.107)

(5.108)

(5.109)

(5.110)

(5.111)

(5.112)

(5.113)

(5.114)

(5.115)



It is concluded that the solution is stable for vn = 0. To prove that the solution is stable for

vn < 0 the following condition is assumed Ona| 1, then
0
0,01 =0,A+0, B (5.116)
|041| = 1024 + 8,_1B] (5.117)
0r41| = 1024 + 8,_1B| < |8,|1A] + |0, |1B] (5.118)

According to the induction theory the solution is stable when

18,11 + |81 |I1BI < |8o|14] + |80 1BI (5.119)

) 5.120
|"+1|<|A|+|B|<1 (5.120)

A

Expanding by substituting for A and B

Onsa| _ (o
|§| <|1—-2a—b+ (2a+ b) cos(fl) + j sin(f1) b| (5.121)

+ |(2c + d)(1 — cos(f1)) —jsin(fl)d| < 1

Which is also
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6]

3hD  3hp (BhD Shﬁ)

3h
0L 3 0L cos(f1) + j sin(f1) 2_lﬁ|

|-

|((i;§)2 ﬁ) (1 = cos(f1)) - ]Sln(fl)_’g <1 (5.122)

It can be concluded that solution obtained using Laplace Adam-Bashforth numerical method

is stable.
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CHAPTER 6: NUMERICAL SIMULATIONS

A computer program called MATHEMATICA was used to produce numerical simulations of
water movement in the unsaturated zone. The program was used to solve both highly non-linear
Richards’ equation for vertical flow, equation (4.16) and the linearized Richards’ equation
based on system oversimplifying assumptions, equation (5.13). The following initial and

boundary conditions were considered:
0(z,0) >0,
6(z,1) =6,
6(0,t) > 6,

Flow in a homogeneous volume of soil was simulated for three different models; Brooks and
Corey (1964) model; Mualem (1976) model; and the proposed linear model. The following soil
hydraulic parameters are considered in this study for numerical simulations: D = 0.05, 6, =
0.043, 6, = 0.44, 6, = 0.3, K, = 6.935, and 6, = 0.43

6.1 Results and discussion

To reproduce the unsaturated flow system three unsaturated hydraulic conductivity models
were combined with Richards’ equation. The first one is Brooks and Corey (1964) model; the
second one is Mualem (1976) model; and the last one is the linear proposed in this study.
Simulation results obtained when Richards’ equation was combined with Brooks and Corey
model showed that soil water content evolves across space and time. However, the evolution
presented by this model is non-realistic, because for the simulated time water is less than initial
water content during early and mid-simulation time. Moreover, water content seems to be
constant at shallow depth and there is a sudden increase in water content. The numerical
solution presented in Figure 10 shows a rapid increase in water content near the lower flow

boundary; this is questionable because water content rises above initial values.

Figure 11 presents a ContourPlot of water content. Similarly, there is one characteristic contour
from the surface extending towards the lower boundary. Then, a sudden change in contours’
slope is present; there are steep contours close to the boundary. To add, this model is implying
that for this particular soil volume almost all soil moisture is located near the lower boundary.
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Figure 10: Numerical solution of Brooks and Corey (1964) model combined with
Richards’ equation
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Figure 11: ContourPlot of Brooks and Corey (1964) model combined with Richards’
equation
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Mualem model also yielded results with water content evolution trend that is similar to the one

explained above. This is expected provided that the models theories are not entirely different.

It was found necessary to revise these models to see if it will be possible to obtain realistic
results. In order to revise Muleam and Brooks & Corey models, equation (4.13) and equation
(4.8) respectively, close attention has to be paid on how the model parameters are related. The
relationship between relative hydraulic conductivity and effective saturation suggested by these
models is highly non-linear. Therefore, realistic results can be obtained if the relationship is
made to be less non-linear. In this case, it is suggested that the exponent in equation (4.8) and
equation (4.13) is given to 8 — 6, only. The exclusion of 6, — 6, from the base of exponent
makes the resultant model to be less non-linear. The proposed non-linear model for estimating

unsaturated hydraulic conductivity is given by

(6 -6, (6.1)
K, = Ki————
T N 65 _ Hr

Combining the above unsaturated hydraulic conductivity model with Richards’ equation
yields

20 0%6 0 6—6,)“ 6.2

— =D—+—|K, (—r) ( )

at d0z%* 0z 65 — 0,

Where w is 5 for the revised Books and Corey model and 3.5 for the revised Mualem model.

Simulation runs using these revised models yielded results that are totally different from those
obtained using original models. The water content evolution trend is the opposite of the one
explained above. Here, water is distributed across the soil volume; there is high water content
at the beginning. As time passes, water content declines with depth towards the lower
boundary. This trend is seen in both revised models. However, revised Brooks and Corey model
show some oscillations of high and lower water contents towards the lower boundary. In
general, the revised models seem to be more realistic compared to original models for the
considered soil volume. To expand, it is expected for water content to decline with time and
depth because some water becomes disconnected from flow resulting in a decline in the
residual flow. The results for revised models are presented in Figure 4, Figure 5, Figure 7,

Figure 8, Figure 10, and Figure 11 below.
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Figure 12: Numerical solution of the proposed linear model

Figure 13: Numerical solution of the proposed non-linear model obtained from revising
Mualem model
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Figure 14: Numerical solution of the proposed non-linear model obtained from revising
Brooks and Corey model
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Figure 15: ContourPlot of the proposed linear model

74



08 -

06 |-

oz

oo 1 1 1 1 1 1 1 1 1 1 1 1

0.0 0.5 1.0 1.5 2.0
Space

Figure 16: ContourPlot of the proposed non-linear model obtained from revising
Mualem model
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Figure 17: ContourPlot of the proposed non-linear model obtained from revising
Brooks and Corey model
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Figure 18: Density Plot ot the proposed linear model
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Figure 19: Density Plot of the proposed non-linear model obtained from revising
Mualem model
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Figure 20: Density Plot of the proposed non-linear model obtained from revising Brooks
and Corey model

Simulation runs using the proposed unsaturated hydraulic conductivity model combined with
Richards’ equation yielded results that are presented in Figure 12, Figure 15, and Figure 18
above. The numerical solution shows an evolution of water content with depth into the soil
volume. Water content is decreasing as expected, the ContourPlot and Density plot show how
the water content decreases in time and space. Water content is high close to the surface and
low towards the lower boundary. Therefore the results are realistic for the considered soil

volume.

The proposed linear and non-linear models performed similarly. Although there is a slight
difference in solutions, models were able to produce valid results. The performance of the
revised Mualem model and the proposed models is very close. Revised Brooks and Corey
model also show same performance at early to mid-simulation time, however at late simulation

time water is distributed in a wave-like form.

1



CONCLUSION

The purpose of this thesis was to model subsurface water flow in the unsaturated zone using
selected pre-existing non-linear models and a proposed linear model. A volume of unsaturated
soil with characteristic soil hydraulic properties was considered to address the afore-mentioned
purpose. Incorporation of pre-existing unsaturated hydraulic conductivity models in Richards’
equation yielded highly non-linear models that required numerical analysis. Application of the
proposed linear unsaturated hydraulic conductivity model to Richards’ equation resulted in a
linearized Richards’ equation which is easy to solve both numerically and analytically. The
exact solution of linearized Richards’ equation obtained using Laplace transform and Green’s
function is valid. Therefore, if parametric soil hydraulic properties are available a system can

be solved without a computer program.

Numerical analysis was performed for all models using two numerical approximation methods
for more reliable results. The stability of resultant solutions of linearized Richards’ equation
tested using the Fourier expansion stability analysis method, the equation is stable for both

approximation methods provided the required conditions are met.

Numerical simulations were obtained for all models and the results showed that for a vertical
water flow soil water content evolves with depth. Non-linear showed poor performance and
the resultant numerical solutions were not realistic. To expand, simulations showed that there
is an increase in water content with depth which is not realistic. Water content is expected to
decline with depth due to the concept of water retention. Revision of these models yielded
results that were found to be more realistic. The results corresponded with the results obtained
using a linear model. It can be concluded that the linear model is valid provided the assumptions
are met. Therefore, this model can be used for modelling flow in local soils as long as the
required conditions are met. Moreover, this is not a universal model and applying it in soils
with hydraulic parameters that do not correspond with the ones assumed may yield unreliable

results.
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