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Abstract

The prices of precious metals are volatile and financial market participants are in-

terested in knowing the downside of holding precious metals in their portfolios.

Risk management tools such as Value-at-Risk (VaR) are highly dependent on the

underlying distributional assumption. Identifying a distribution that may best cap-

ture all the aspects of the given financial data can provide immense advantages to

both investors and risk managers. In the analysis and modelling of financial re-

turns, there are stylised facts that are observed. These include volatility clustering,

heavy-tails, asymmetry, conditional heavy tails and long range dependence (long

memory). In this study, we investigated the stylised facts of gold, platinum and

silver returns. We thus propose models that are able to capture their empirical

features. The models capture extreme tails of profit and loss distributions and im-

prove the estimation of Value-at-Risk (VaR) of precious metal prices returns. Firstly,

we evaluate the performance of existing heavy-tailed and flexible distributions in

modelling extreme risk for precious metal returns. The heavy-tailed and flexible

distributions used are: Generalised Hyperbolic Distributions (GHDs), Generalised

Lambda Distribution (GLD), Stable Distribution (SD), Generalised Pareto Distribu-

tion (GPD), Generalised Extreme Value Distribution (GEVD), Pearson type-IV Dis-

tribution (PIVD), Symmetrical Student-t Distribution (STD) and Skewed Student-

t Distribution (SSTD). Secondly, we couple ARMA-GARCH models and ARMA-

APARCH models with heavy-tailed and flexible distributions. We fit the models to

precious metal returns and evaluate their relative performance in estimating Value-

at-Risk (VaR) using a number of conditional assumptions. The proposed models
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performed favourably when compared with the APARCH models with a Student-t

distribution and the APARCH models with a skewed Student-t distribution usually

used in the literature. This provides financial analysts with an alternative distribu-

tional scheme to be used in economic modelling. Thirdly, because all daily precious

metal price returns exhibit volatility clustering, heavy tails, asymmetry and long

range dependence, we fit the long-memory GARCH models under the GHDs, the

GPD, the GEVD, the SD, the STD, the SSTD, the GLD and the PIVD assumptions

to our price return data. The Anderson-Darling test is used to check for model ad-

equacy. Kupiec likelihood ratio tests and Christoffersen conditional coverage tests

are also used in this study to evaluate objectively whether VaR model is adequate.

The backtesting results confirm that the long-memory GARCH-heavy-tailed models

are adequate for improving risk management assessments and hedging strategies

in the highly volatile metal markets. ARFIMA-HYGARCH, ARFIMA-FIGARCH

and ARFIMA-FIAPARCH models with PIVD, Normal-Inverse Gaussian Distribu-

tion (NIGD), full GHD, FMKL GLD and Generalised Hyperbolic Student-t Distri-

bution (GHStD) innovations are found to be suitable for VaR estimation of precious

metals, thereby providing a good alternative candidate for modelling financial re-

turns.

Key Words: APARCH, ARFIRMA, Extreme Value Theory, FIAPARCH, FIGARCH,

HYGARCH, Generalised Hyperbolic, Generalised Lambda, Pearson type-IV, Pre-

cious metals, Stable, Value-at-Risk.
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Chapter 1

Introduction

This introductory chapter outlines the background to the study, related literature

on precious metals, stylised facts of financial returns, research problem, aim and

objectives and the significance of the study. The chapter also provides information

on the research contributions of the study and thesis layout.

1.1 Background

Risk measures are used primarily to quantify a financial position against severe

losses. To successfully model such tail-related risks, we need to find suitable tech-

niques to measure and capture these extreme events. Despite certain drawbacks,

Value-at-Risk (VaR) and Expected Shortfall (ES) remain popular measures of finan-

cial risk among practitioners. Therefore, there is a need for the development of more

robust methods to estimate VaR and ES. This study, in particular, aims to improve

current assumptions of appropriate underlying distributions in capturing extreme

tails, which results in the improvement of the estimation of VaR and ES.

The implementation of VaR to identify appropriate regulatory capital requirement

suffers from many setbacks such as its inability to capture “tail loss”. Such draw-

backs have recently been highlighted by the Basel Committee on Banking Supervi-

sion. The committee has also recommended a shift of focus to the alternative ES
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measure to address the drawbacks of VaR. Although many operational challenges

have been identified by the committee when moving to ES, it is believed that the ben-

efits outweigh the disadvantages. The use of ES has been proposed for the internal

model-based approach and to be utilised in determining risk weights for the stan-

dardised approach (Basel, 2012). In this study, both VaR and ES were implemented

under the assumption of heavy-tailed and volatility of precious metal returns. In

addition, backtesting procedures were also conducted to analyse model adequacy.

VaR can be described as the maximum loss of a portfolio such that the likelihood of

experiencing a loss exceeding that amount, over a specified risk horizon, is equal to

a pre-specified tolerance level. ES measures the mean of losses that are equal to or

greater than a corresponding VaR value. In order to capture the effect of market be-

havior under extreme events, Extreme Value Theory (EVT) has been widely adopted

in VaR estimation in recent years. Since EVT is derived from sound statistical theory

and provides a parametric form for the tails of a distribution, its methodologies are

attractive for risk assessments.

There is substantial research on EVT for risk measures in areas where extreme ob-

servations are of interest such as Finance, Insurance, Hydrology, Climatology and

Engineering. Numerous studies in finance and commodity markets have been con-

ducted using EVT, including studies by Embrechts minimising (1997), Gencay and

Selcuk (2004) and Gilli and Këllezi (2006). Byström (2005) applied EVT to the case of

extremely high electricity prices and declared a good fit with the Generalised Pareto

Distribution (GPD). Bali (2003) determined the type of asymptotic distribution for

modelling the extreme changes in US treasury yields. Bali (2003) also found that the

thin-tailed Gumbel and Exponential distributions perform worse than the heavy-

tailed Frechet and Pareto distributions. Marohn (2005) studied the tail index in the

case of generalised order statistics and went on to determine the asymptotic proper-

ties of the Frechet distribution.
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The Generalised Lambda Distribution (GLD) has been used differently in a financial

context. Lee (2003) showed that GLD is adequate for modelling spot exchange rates.

Chalabi et al. (2010) proposed GLD as an alternative to Stable distributions and the

Student-t distribution in modelling equities from NASDAQ-100 index. Beena and

Kumaran (2010) modelled the personal income data of a population with the GLD.

Corrado (2001) used the GLD to model security price distributions. Other studies

focusing on the theory and applications of the GLD were undertaken by Su (2007),

Corlu and Corlu (2015) and Corlu et.al. (2016).

Barndorff-Nielsen (1977) introduced a family of continuous distributions in order to

capture excess kurtosis, namely the Generalised Hyperbolic Distributions (GHDs),

in which the logarithm of its probability density function is a hyperbola. These dis-

tributions proved to fit financial returns more adequately than other distributions

such as the Normal and Student t distributions. Eberlein and Keller (1995) using

a data set consisting of daily prices of the 30 DAX (German Stock Exchange) over a

period of three years, were able to show that GHDs presented the best fit when mod-

elling high frequency data. Similar research was carried out by Bibby and Sørensen

(1996) and Prause (1999). Huang et al. (2014) also applied GHDs to model the South

African Mining Index and to estimate its corresponding VaR values. Hansen (1994)

and Azzalini and Capitanio (2003), among other researchers, proposed the gener-

alised skew t-type distributions for financial modelling. However, these models do

not handle substantial skewness. GHDs cater for asymmetry, heavy and semi-heavy

tail and are, therefore, more useful for modelling a variety of data sources.

Over time, several distributions were identified to describe the stock market data.

It is notable, however, that no known popular distribution that perfectly fits the

data has been established. Stable distributions are amongst some of the distribu-

tions used. These are a four parameter family of models that generalise the Normal

model, and thus allows for both skewness and heavy tails (Nolan, 2014). McCulloch

(1997) investigated the suitability of Stable distributions using data from the stock
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market known as the Center for Research in Security Prices (CRSP). The data were

analysed from January 1953 to December 1992. The Maximum likelihood (ML) esti-

mates as well as the quantile estimates were calculated and the goodness-of-fit was

studied using graphical methods by observing the P-P plots and the stable density

plots. The diagnostics confirmed a close fit. Weron (2004) analysed the Dow Jones

Industrial Average (DJIA) index from 2 January 1985 to 30 November 1992. The sta-

bility analysis was based on the Anderson-Darling (AD) criterion and the weighted

Kolmogorov criterion. The parameters of the Stable distribution were estimated by

the regression method proposed by Koutrouvelis (1980). Koutrouvelis (1980) stated

that the DJIA characteristics correspond perfectly to the Stable distribution. Hoech-

stoetter et al. (2005) analysed the returns of stocks comprising the German stock

index (DAX) in relation to the α-Stable distribution. They applied nonparametric

estimation methods such as the Hill estimator as well as the parametric estimation

methods conditional on the α-Stable distribution. Their results showed that the α-

Stable hypothesis cannot be rejected for the return data distribution for both non-

parametric and parametric estimation methods.

Krȩżłek (2012) used Stable distributions to measure the investment risk of precious

non-ferrous metals and their results confirmed the validity of the use of Stable dis-

tributions to assess the risk on the precious non-ferrous metals market. Brooks and

Persand (2003) highlighted the significance of asymmetry in the VaR framework

and recommended its integration in the volatility specification models. Mittnik and

Paolella (2000) and Mittnik et al. (2000) recommended extended structures useful

in enhancing a VaR forecast in terms of the distribution and the volatility opera-

tion. Giot and Laurent (2003a, 2003b) proposed that for VaR forecast, either long

or short trading positions, the use of an APARCH model with a skewed Student t-

distribution is the best. This was reinforced by Huang and Lin (2004) who added

that at a lower confidence level, the Student t-distribution gives better and preferred

results. Degiannakis (2004) introduced a fractional integrated APARCH model with

the skewed Student- t-distribution for predicting VaR and volatility. Stavroyiannis
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(2016) tested the efficiency of the APARCH model with residual after standardising

the Pearson type-IV distribution. The daily returns of three oil companies in the US

were used in the modelling. It was discovered that the APARCH model alongside

the standardised Pearson type-IV distribution provided greater accuracy. Thus, the

performance of the VaR model depends on the quality of the distributional assump-

tions.

An accurate description of the dynamics of stock requires a mix of a time-varying

volatility structure and an asymmetric and heavy-tailed distribution. Youssef et al.

(2015) adopted three long-memory models, namely, FIGARCH, HYGARCH and FI-

APARCH to forecast Europe Brent crude oil (Brent) and Cushing West Intermediate

crude oil (WTI) volatility by capturing some volatility stylised facts such as long-

range memory, heteroscedasticity, asymmetry and heavy-tails. Their findings con-

firmed that taking into account long-range memory, asymmetry and heavy-tails in

the behavior of the commodity (crude oil) prices returns combined with a filtering

process such as EVT are important in improving risk management assessments and

hedging strategies in the highly volatile energy market. Tang and Shieh (2006) used

FIGARCH and HYGARCH models with Normal, Student-t and skewed Student-

t distributions on S&P500 and Nasdaq100 and Dow Jones daily prices. They cal-

culated VaR using the estimated models. The HYGARCH models with skewed

Student-t distribution perform better based on the Kupiec LR tests for S&P500 and

Nasdaq100 future prices. Mabrouk and Saadi (2012) evaluated the performance

of several volatility models in estimating one-day ahead VaR of seven stock mar-

ket indices using many distributional assumptions. They concluded that the AR-

FIAPARCH model, under the skewed Student-t distribution outperforms all the

models including the widely used GARCH (1,1) and HYGARCH.
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1.2 Related Literature on Precious Metals

Precious metal prices respond to both short-term and long-term factors. Gold is a

primary form of reserve asset held by central banks around the world and influences

other precious metal prices. Sari et al. (2010) states: “Among the major precious

metal class, an increase in gold price seems to lead to parallel movements in the

prices of other precious metals which are also considered investment assets as well

as industrial commodities”. This statement suggests that a model that adequately

explains gold prices could also contribute to models used in predicting the prices of

other precious metals. Hence, many economists consider gold as a leading indicator

in the precious metal pack.

Silver is primarily obtained as a by-product of gold mining since two-thirds of the

total world silver supply comes from this source. As a result, the price of silver is

strongly related to that of gold (Hiller et al, 2006). Platinum is also jointly extracted

with other metals such as palladium, rhodium, nickel and chrome. Demand for

platinum comes mainly from industry for the conduction of catalytic converters for

automobiles. Platinum is not held by central banks in the form of reserves. There-

fore, the market for this metal is not directly sensitive to central banks’ actions (Hiller

et al, 2006).

There has been a growing interest in precious metal markets by agents that incorpo-

rate metals in production processes where metals such as gold, platinum and silver

are clearly dominant. These include many metallurgic companies and the jewellery

industry. Most research conducted focused on the analysis of the gold market with

particular focus on the role of this precious metal as a hedge against inflation. Little

research has been carried out on other precious metals (for example, silver, platinum,

palladium, etc.). Hiller et al. (2006) concluded that financial portfolios that contain

precious metals perform significantly better than standard equity portfolios.
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They also found that precious metals exhibit some hedging capability during peri-

ods of abnormal volatility. Sari et al. (2010) examined the co-movements and infor-

mation transmission among the spot prices of four precious metals, namely, gold,

silver, platinum and palladium, plus oil price and the US Dollar/Euro exchange

rate. They found evidence of a weak long-run equilibrium relationship and strong

feedbacks in the short run.

Hammoudeh et al. (2011) examined volatility and correlation dynamics in the price

returns of gold, silver, platinum and palladium and explored the corresponding risk

management implications for market risk and hedging. They used RiskMetrics and

GARCH models and concluded that the GARCH-t model should be used to calcu-

late VaR in precious metals. Chaithep et al. (2012) used the Generalised Extreme

Value Distribution (GEVD) for risk evaluation of gold price returns and the tail dis-

tribution of extreme events in gold price returns. According to Chkili et al. (2014) the

FIAPARCH model is best suited for estimating VaR forecasts of commodity prices.

They used daily spot and three-month futures of WTI, Henry Hub natural gas, gold

and silver values from January 1997 to March 2011. Chen and Giles (2014) analysed

the risk of investment in gold, silver and platinum by applying EVT to historical

data for the changes in their prices. VaR and ES (or Conditional VaR - CVaR) esti-

mates were obtained by fitting the Generalised Pareto Distribution (GPD), using the

Peaks Over Threshold (POT) method, to the extreme daily price changes. Chinhamu

et al. (2015) evaluated risk in daily gold returns using Generalised Hyperbolic Dis-

tributions (GHDs) and the Stable distribution. They found that the performances of

GHDs and the Stable distribution, in terms of VaR estimation, are comparable for

gold price returns. Extensive work was conducted on modelling and analysing risk

in metals. Data, methodology used and the key findings are shown in Table 1.1 on

the next page.
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Table 1.1: Previous research about modelling and analysing risk in metal

Studies Data Methodology Main Findings

Tulley and Lucey (2007) Monthly observations of gold
and a set of macroeconomic
variables from 1984 to 2003

APGARCH An APGARCH is applicable
to the data set in question,
taking into account GARCH,
leverage and power effects.

Hammoudeh and Yuan (2008) Daily time series for closing
three-month futures prices of
oil,gold,silver and copper, and
for the US three-month Trea-
sury bills rates from 2 January
1990 to May 2006

GARCH
CGARCH
EGARCH

EGARCH results suggest the
leverage effect is present and
significant in copper only.

Hammoudeh et al. (2011) Daily return based on spot
prices for four precious metals
(gold, silver, palladium and
platinum) from 4 January 1995
to 12 November 2009.

RiskMetrics
GARCH-t

GARCH-FHS

GARCH-t should be used to
calculate VaR for precious
metals as it will yield fewer vi-
olations.

Chaithep et al. (2012) Daily gold price from 1 Jan-
uary 1995 to 31 August 2011

EVT
Generalised

Extreme Value
Distributions

(GEVD model)

GEVD is suitable for mod-
elling daily gold prices.

Cochran et al. (2012) Daily returns of four metals
(copper, gold, platinum and
silver) from 4 January 1999 to
10 March 2009.

FIGARCH FIGARCH (1,d,1) appropri-
ately describes the volatility
processes of metal returns.

Krȩżłek (2012) Daily log returns of prices of
gold, silver, platinum and pal-
ladium from January 2000 to
June 2011.

Stable
distribution

The results confirm the valid-
ity of Stable distribution to as-
sess the risk on the precious
non-ferrous metal markets.

Chkili et al. (2014) Daily spot and three-month
futures of WTI, Henry Hub,
natural gas, gold and silver
from 7 January 1997 to 31
March 2011.

GARCH
IGARCH

Riskmetrics
FIGARCH

FIAPARCH
HYGARCH

The FIAPARCH model is best
suited for estimating VaR esti-
mates.

Chen and Giles (2014) Daily gold, silver and plat-
inum prices.

EVT,
Generalised

Pareto Distribu-
tion(GPD

model)

Silver is the most risky metal
amongst the three. For nega-
tive daily returns , platinum is
riskier than gold and the con-
verse is true for positive re-
turns.

Bentes (2015) Daily gold price returns from
2 August 1976 to 6 February
2015.

GARCH
IGARCH

FIGARCH

FIGARCH(1,d,1) appropri-
ately describes the volatility
process and is the best model
to forecast volatility in gold
returns.
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LM GARCH models have been applied to modelling precious metal returns. Ex-

tensive work on the application of nonlinear GARCH models (LM models) in mod-

elling precious metals were carried out by Arouri et al. (2012), Cochran et al. (2012),

Chkili et al. (2014), Bentes (2015), and Ranganai and Khubeka (2016), among others.

According to Chkili et al. (2014), the FIGARCH model is best suited for estimat-

ing Value-at-Risk (VaR) forecasts of commodity prices which included daily spot

and three-month futures of gold and silver. Cochran et al. (2012) found that the FI-

GARCH (1,d,1) appropriately describes the volatility processes of metal returns over

a long period of time. They used daily log returns of the prices of gold, silver, plat-

inum and palladium from January 2000 to June 2011.

Bentes (2015) compared the relative performances of GARCH, IGARCH and FI-

GARCH on the daily gold price returns. Her results using the daily price returns

from 2 August 1976 to 6 February 2015 were similar to that of Cochran et al. (2012).

Demiralay and Ulusoy (2014) investigated the VaR predictions of four major pre-

cious metals (gold, silver, platinum and palladium) with long memory volatility

models, namely, FIGARCG, FIAPARCH and HYGARCH under Normal and Student-

t innovations distributions. They considered both long and short trading positions in

their analyses. They found that the FIAPARCH model with the Student-t Distribu-

tion, which jointly captures LM and asymmetry, as well as heavy-tails outperforms

other models in VaR forecasts.

LM has been observed in both the mean and the volatility of precious metal returns,

that is, the dual LM phenomenon. Arouri et al. (2012), Diaz (2016) and Ranganai

and Khubeka (2016) have significantly contributed to research on the dual LM phe-

nomenon. The LM in the mean is handled by the autoregressive fractional inte-

grated moving average (ARFIMA) models and the LM inherent in volatility by non-

linear GARCH models. Arouri et al. (2012) confirmed that ARFIMA-FIGARCH is

the best model for describing daily spot and 3-month future prices of gold, silver,

platinum and palladium. However, they did not address the issue of heavy-tailed

error distributions. Diaz (2016) addressed the issue of dual LM and asymmetry phe-
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nomena. Ranganai and Khubeka (2016) addressed the issue of structural breaks

and heavy-tailed error distributions. Their results suggest that platinum returns

are mean reverting while its volatility exhibited strong LM. They also found in the

case of platinum returns, that the ARFIMA-FIEGARCH model under the Skewed

Student-t Distribution (SSTD) and ARFIMA-HYGARCH under the Normal Distri-

bution were able to capture the ARCH-effect. The best model for platinum return

was the AFRIMA-FIAPARCH under the Student-t Distribution (STD) based on the

Alkaike information criterion (AIC).

It is noted to the best of our knowledge, however, that there have been limited dis-

cussions on the application of EVT, GLD, PIVD, GHDs and Stable distribution and

GARCH-type models with PIVD and GHDs innovations to the metal market which

represent crucial commodities to the world economy. In the analysis and modelling

of financial returns, there are stylised facts that must be addressed. Thus, in the

following section, we will discuss these phenomena further.

1.3 Stylized facts of financial asset returns

In financial market studies and econometrics, stylised facts refer to the presentation

of some empirical findings in a study. These findings are then summarised. The

main issue with such generalisations is that they may have inaccuracies and some

spurious information. A simple way to explain stylised facts is by taking the com-

mon denominator among properties observed in studies of different markets and

instruments and generalise it as a rule (Cont, 2001).

There are no fundamental theories that can suggest a distributional model for finan-

cial returns and as a result the problem remains largely a statistical one. Neverthe-

less, the extensive body of empirical research carried out since the 1950s leads to the

following stylised facts summarised from Cont (2001):

• Absence of autocorrelations: Autocorelations of asset returns are often in-

significant.
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• Heavy tails: The distribution of returns has a Pareto-like tail with a finite tail

index. It means that the probability of extreme profits or losses is much larger

than that predicted by the Normal distribution. Tail thickness varies from asset

to asset.

• Volatility Clustering: Different measures of volatility display a positive au-

tocorrelation over several days which quantifies the fact that highly-volatility

events tend to cluster in time. This means that large price changes tend to be

followed by large price changes and small price changes tend to be followed

by small price changes.

• Leverage effect: Most measures of volatility of an asset are negatively corre-

lated with the returns of that asset.

• Conditional heavy tails: Even after correcting returns for volatility clustering

(for example,. via GARCH-type models), the residual time series still exhibit

heavy tails. However, the tails are less heavy than the unconditional distribu-

tion of returns.

• Aggregational Gaussianity: As the time scale increases over which returns are

calculated, their distribution looks like a Normal distribution. In particular, the

shape of the distribution is not the same at different time scales.

• Gain/loss asymmetry: One observes large drawdowns in stock prices and

stock index values but not equally large upward movements. This property

is not true for exchange rates where there is higher symmetry in up/down

moves. Otherwise an asymmetry in the upside and downside potential of price

changes is observed.

• Slow decay of autocorrelation in absolute returns: The autocorrelation func-

tion of absolute returns decays slowly as a function of the time lag, roughly as

a power law with exponent β ∈ [0.2, 0.4]. This is a sign of long-range depen-

dence in the data (Cont, 2001).
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• Autoregressive behavior: Price changes depend on price changes in the past,

for example, positive price changes tend to be followed by positive price changes.

• Tail thickness varies across frequencies: High frequency data tends to be

more heavy-tailed than lower-frequency data (Stoyanov et. al, 2011).

A methodology for risk measurement can be based on any statistically accepted time

series models capable of capturing these stylised facts and an appropriate risk mea-

sure.

1.4 Research Problem, Aim and Objectives

Commodity markets have been highly volatile in recent years due to many factors.

In this study, we focus on modelling and analysing risk in the metal market because

metals are important and have diversified usage in medicine, jewellery, electronics

and other industries. Precious metals (gold, silver and platinum) also play an impor-

tant role in portfolio selection and management. Quantification of the risk in metal

price changes is fundamental in designing risk management strategies. Quantitative

literature on the characteristics of metal risk is insufficient. Risk management tools

such as Value-at-Risk (VaR) are highly dependent on the underlying distributional

assumption. The development of more robust approaches in estimating VaR is cru-

cial.

This study investigated and improved estimations of appropriate underlying dis-

tributions (models), in order to capture extreme tails of profit and loss distribution

thereby improving the estimation of VaR and ES. The models should be able to cap-

ture the features of gold, platinum and silver log-returns.

The main aim of the study was to propose a modelling framework which can be used

in precious metal market for carrying out accurate risk management or assessment.

The prices of precious metals are volatile and financial participants are interested in

knowing the downside of holding precious metals in their portfolio. Since risk man-

agement tools such as VaR are highly dependent on the underlying distributional
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assumption, identifying a distribution that may best capture all aspects of precious

metal data can provide immense advantages to both investors and risk managers. It

is thus important to model the volatility of precious metal prices and develop more

robust approaches in the estimation of VaR. We aim to improve the estimations of

appropriate underlying distributions, in order to capture extreme tails of profit and

loss distribution and as result, improve the estimation of VaR.

In this study, we utilised existing distributions and models by comparing their per-

formances in characterising precious metals log-returns and improved the models

for modelling extreme risk for platinum, gold and silver log-returns.

The objectives of the study are as follows:

• To evaluate the performance of heavy-tailed distributions in modelling ex-

treme risk for platinum, gold and silver log-returns.

• To improve and extend models by coupling GARCH-type models and heavy-

tailed distributions. The new models should be able to capture the features

of precious metal returns e.g. heavy-tailed, asymmetry, volatility clustering,

leverage effect and long memory.

• To improve existing models in order to accurately measure VaR in the precious

metal market.

• To model tail behaviour of precious metal returns using different GARCH-type

models with heavy-tailed distribution innovations.

• To validate results by comparing existing and improved models.

• To check for model adequacy using the Anderson-Darling Test.

• To estimate VaR and ES ( CVaR) using proposed models.

• To check for model adequacy and select the best models using the Anderson

Darling test, the Kupiec LR test and the Christoffersen test.

• To provide recommendations for future studies.
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1.5 Significance of the study

Precious metals such as gold, platinum and silver emerged as natural desirable

classes eligible for portfolio diversification. A robust estimate of extreme loss and

gain is vital, especially for mining companies, to mitigate risk and uncertainty in

metal price fluctuations. Investigating the price dynamics of precious metals is of

great interest to investors, traders and policy makers. The development of a more

robust approach in estimating VaR is crucial, since regulators accept it as a basis for

setting capital required for market risk exposure. Modelling precious metal price

returns is important in improving risk management assessments and in the hedg-

ing of strategies in highly volatile metal markets. The results and recommendations

of this research will be of interest to statisticians, researchers, econometricians, risk

managers, industry, government decision makers and other interested stakeholders

such as investors in precious metals, in terms of modelling and predicting precious

metal prices.

1.6 Scientific Contributions of the Study

The major contribution of this thesis is that is applies statistical techniques in mod-

elling and analysing the risk of gold, platinum and silver prices. The contributions

are as follows:

• Extension and improvement of existing models for precious metals.

• Application of Generalised lambda distribution in modelling daily precious

metal returns.

• Application of Generalised Pareto distribution and Generalised extreme value

distribution in modelling daily and monthly precious metal returns.

• Application of Generalised Hyperbolic Distribution and its subclasses (HD,

NIGD, VGD, GHStD) in modelling daily precious metal returns.
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• Application of Stable Distribution and PIVD in modelling daily precious metal

returns.

• Coupling of ARMA-GARCH-type models with heavy-tailed distributions (Sta-

ble, GHD, NIGD, GHStD, VGD, GLD, PIVD) and their application in mod-

elling daily precious metal returns.

• Coupling of ARMA-APARCH models with heavy tailed distributions (PIVD

and GHD, NIGD, VGD, GHStD, GLD, SD) and their application in modelling

daily precious metal returns.

• Coupling of nonlinear-GARCH-type models (ARFIMA-FIGARCH, ARFIMA-

FIAPARCH, ARFIMA-HYGARCH) with heavy-tailed distributions (NIGD, VGD,

full GHD, GHStD, GLD, SD, SSTD and PIVD) and their application in mod-

elling daily precious metal returns.

Thus, the key original and innovative contributions of this study are to:

• Extend and improve existing volatility models and distributions by proposing

potentially new conditional models for VaR estimation in the metal market.

Our research focuses on the modelling of precious metals volatility.

• Extend the work of McNeil and Frey (2000) based on the conditional GPD

method and Arouri et al. (2012) based on dual long memory models. In partic-

ular, ARMA-GARCH, ARMA-APARCH, ARFIMA-FIGARCH, ARFIMA-HYGARCH

and ARFIMA-FIAPARCH models are used to describe the precious metal re-

turn series, while GLD, PIVD, full GHD, NIGD, VGD and GHStD are proposed

as potential candidates for the innovations. Our results have potential impli-

cations for portfolio managers and policy makers.

1.7 Thesis Structure

This thesis consists of nine Chapters. Subsequent to this introductory chapter, the

second Chapter outlines the methods used in the data analyses. Chapter 3 presents
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the analysis of empirical properties of the daily precious metal data used in this

study. In Chapter 4, we discuss the theory of the risk measures (Value-at-risk and

Expected Shortfall) used in this study and the methods used in backtesting the mod-

els used. In Chapter 5 1, we evaluate risk in precious metals with Generalised Ex-

treme Value, Generalised Pareto and Generalised Lambda Distributions. In Chapter

6 2, we evaluate risk in precious metals with Generalised Hyperbolic Distributions,

Pearson type-IV Distributions, Skewed Student-t Distributions, Student-t Distribu-

tions and Stable Distributions. In Chapter 7 3,4, we utilised GARCH-type models

coupled with heavy-tailed distributions to estimate the value-at risk of precious met-

als. We estimated value-at risk of precious metals using long memory GARCH-type

models with innovations having heavy-tailed and flexible distributions in Chapter

8 5. Finally, Chapter 9 summarises the findings, concludes the study and gives rec-

ommendations for further study.

1Evaluating risk in precious metals with generalised lambda, generalised Pareto and generalised
extreme value distributions. South African Statistical Journal, 51(1), 159-182.

2Evaluating Risk in Gold Prices with Generalised Hyperbolic and Stable Distributions. South African
Statistical Journal Proceedings: Proceedings of the 57th Annual Conference of the South African Statisti-
cal Association, 17-24.

3 Value-at-Risk estimation of gold market with Stable and Generalised Hyperbolic Distributions.
The Journal of Economic and Financial Sciences. 10(3), 508-521

4Estimation of Value-at Risk and Backtesting of precious metals with ARMA-APARCH-Pearson
type-IV and ARMA-APARCH-GHD models. (Under review. South African Journal of Economic & Man-
agement Sciences).

5Value-at-Risk estimation of precious metal returns: A long-memory GARCH-heavy-tailed ap-
proach. (Under Review. South African Statistical Journal).

16



Chapter 2

Methodology

2.1 Introduction

In this section, we provide the theory of the methodology used in the data analysis.

These methods include tests for normality, unit root, autocorrelation and conditional

heteroscedasticity, goodness-of-fit and long memory. We also discuss stationary and

non-stationary time series models, long memory and fractional integration.

2.2 Testing for Normality

It is widely accepted that the distribution of financial returns is not Normally dis-

tributed. This is true for some return structure, which is why each researcher needs

to check this assumption before conducting analysis. To check for normality in the

data, i.e. returns and/or standardised residuals, the Q-Q plot, the Jarque-Bera and

Shapiro-Wilk tests are used and a description of these tests follow.

The Q-Q plot

The Quantile-Quantile (Q-Q) plot is used to evaluate how well the distribution of a

dataset matches a hypothesised distribution. The Q-Q plot displays sample quan-

tiles plotted against the theoretical quantiles of the hypothesised distribution. The

Q-Q plot illustrates any heavy tails in the returns. If there are any irregularities in the
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tails of the Q-Q plot, this suggests that the distribution of the dataset does not follow

the hypothesised distribution. A normal Q-Q plot is used to check for normality of

the distribution of the data set.

The Jarque-Bera Test (Jarque and Bera, 1987)

The Jarque-Bera test is a normality test and is also used to test whether a series of

observations are random and independent. The Jarque-Bera test assumes the series

of observations to be normally distributed. The null hypothesis is the data follows a

Normal distribution.

The test statistic is given by:

JB =
n− k + 1

6

[
S2 +

1

4
(C − 3)2

]
, (2.1)

where n-represents the number of observations,

S represents the sample skewness,

C represents the sample kurtosis,

k is the number of regressors.

Under the null hypothesis of normality, the JB is asymptotically distributed as χ2
(2).

The null hypothesis of normality is rejected if the calculated test statistic exceeds a

critical value from the χ2 distribution with 2 degrees of freedom or p-value is less

than the given significance level (0.05).

Fitting a statistical distribution usually assumes that the data are independent and

identically distributed (i.e. randomness), have no serial correlation and have no

heteroscedasticity.

2.3 Testing for Autocorrelation and Model Adequacy

Autocorrelation

Autocorrelation is correlation between members of a series of observations ordered

in time.
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Autocorrelation Function

For a stationary process Xt with mean E(Xt) = µ and variance V ar(Xt) = E(Xt −

µ)2 = σ2, which are constant, the covariance function Xt and Xt+k is defined as

γk = Cov(Xt, Xt+k) = E(Xt − µ)(Xt+k − µ)

and the autocorrelation function (ACF) is defined as

ρk =
Cov(Xt, Xt+k)√

V arXt

√
V ar(Xt+k)

=
γk
γ0

(2.2)

where γ0 = V arXt = V ar(Xt+k), γk is the autocovariance function.

Properties of autocovariance and autocorrelation functions

For any stationary process, the autocovariance function γk and the autocorrelation

function ρk have the following properties:

• γ0 = E(Xt − µ)2 = V ar(Xt)

ρ0 =
γo
γ0

= 1

• γk = E(Xt − µ)(Xt+k − µ)

= E(Xt−k − µ)(Xt − µ)

= γ−k

Also, ρk =
γk
γ0

=
γ−k
γ0

= ρ−k

• V ar(Xt +Xt+k) = V ar(Xt) + 2Cov(Xt, Xt+k) + V ar(Xt+k) ≥ 0

i.e. 2σ2 + 2γk ≥ 0

γk ≥ −σ2

ρk ≥ −1

From V ar(Xt −Xt+k) ≥ 0, it follows that ρk ≤ 1.

Therefore, |ρk| ≤ 1 and |γk| ≤ γ0.
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Partial Autocorrelation Function

We may want to investigate the correlation between Xt and Xt+k after mutual lin-

ear dependency on the intervening variables Xt+1, Xt+2, . . . .,and Xt+k−1 has been

removed. The conditional correlation Corr(Xt, Xt+k|Xt+1, . . . Xt+k−1) is referred to

as the partial autocorrelation in time series analysis denoted by φkk (Wei, 2006).

Consider the auto-regression model, where the dependent variableXt+k from a zero

mean stationary process is regressed on k lagged variables, that is

Xt+k = φk1Xt+k−1 + φk2Xt+k−2 + . . .+ φkkXt + et+k, (2.3)

where φki denotes the ith auto-regression parameter and et+k is an error term with

mean 0 and uncorrelated with Xt+k−j , for i = 1, 2, . . . , k.

Multiplying Xt+k−j on both sides of Equation 2.3 and taking the expectations, we

get
γj = φk1γj−1 + φk2γj−2 + . . .+ φkkγj−k. (2.4)

Dividing equation 2.4 by γ0, we get

ρj = φk1ρj−1 + φk2ρj−2 + . . .+ φkkρj−k. (2.5)

For j = 1, 2, . . . , k, we have the following system of equations:

ρ1 = φk1ρ0 + φk2ρ1 + . . .+ φkkρk−1

ρ2 = φk1ρ1 + φk2ρ2 + . . .+ φkkρk−2

...

ρk = φk1ρj−1 + φk2ρj−2 + . . .+ φkkρ0

We use Cramer’s rule successively for k = 1, 2, . . . , and get
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φ11 = ρ1

φ22 =

∣∣∣∣∣∣ 1 ρ1

ρ1 ρ2

∣∣∣∣∣∣∣∣∣∣∣∣ 1 ρ1

ρ1 1

∣∣∣∣∣∣

φ33 =

∣∣∣∣∣∣∣∣∣∣
1 ρ1 ρ1

ρ1 1 ρ2

ρ2 ρ1 ρ3

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 ρ1 ρ2

ρ1 1 ρ2

ρ2 ρ1 1

∣∣∣∣∣∣∣∣∣∣
...

φkk =

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 ρ1 ρ2 . . . ρk−2 ρ1

ρ1 1 ρ1 . . . ρk−3 ρ2
...

...
...

...
...

ρk−1 ρk−2 ρk−3 . . . ρ1 ρk

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 ρ1 ρ2 . . . ρk−2 ρk−1

ρ1 1 ρ1 . . . ρk−3 ρk−2
...

...
...

...
...

ρk−1 ρk−2 ρk−3 . . . ρ1 1

∣∣∣∣∣∣∣∣∣∣∣∣∣

(2.6)

φkk, as a function of k is referred to as the partial autocorrelation function (PACF).
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We checked for autocorrelation in the data and model adequacy in the standardised

residuals using the Ljung-Box test, a description of this test follows.

The Ljung-Box Test

Ljung and Box (1978) modified the Box and Pierce (1970)’s Portmonteau test for ver-

ifying the adequacy of time series regression models. The Ljung-Box test is used to

test whether a series of observations over time are random and independent. This

test is also used to check for model adequacy. The Ljung-Box test assumes that the

data are serially independent. The null hypothesis is the residuals are independently

distributed (model is adequate).

The test statistic is given by:

Q = n(n+ 2)
h∑
k=1

ρ̂2k
n− k

, (2.7)

where n represents the sample size

ρk represents the sample autocorrelation at lag k.

If the data are white noise then Q statistic will have an asymptotic chi-square distri-

bution with k degrees of freedom. An insignificant Q statistic value with a p-value

greater than 0.05 provides evidence of the absence of significant autocorrelations in

the data and vice versa. This test is used for both autocorrelation and conditional

heteroscedasticity.

In this study, we used the The Ljung-Box Test to:

• Test for autocorrelation in returns and squared returns.

• Check for model adequacy for mean and volatility equations.

• Check ARCH effects in squared standardised residuals.
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2.4 Testing for ARCH effects

We checked for Auto-Regressive Conditional Heteroscedasticity (ARCH) effects in

the data, that is returns and standardised residuals. We used the ARCH LM test and

a description of this test follows.

The ARCH LM Test

The ARCH LM test is used to assess for significant ARCH effects (Engle, 1982). The

ARCH LM test assumes the data are conditionally heteroscedastic. The null hypoth-

esis is that there is no ARCH effect.

Consider a time series
rt = µt + at,

where µt is the conditional mean of the process, and at is an innovation process with

mean zero. Suppose the innovations are generated as

at = σtet,

where et is an independent and identically distributed process with mean 0 and vari-

ance 1. Let Ht denote the history in the process available at time t. The conditional

variance of rt is

V ar(rt|Ht−1) = V ar(at|Ht−1) = E(a2t |Ht−1) = σ2t .

Thus, conditional heteroscedasticity in the variance is the same as autocorrelation

in the squared innovation process. If all autocorrelation in the original series, rt is

accounted for in the conditional mean model, then the residuals are uncorrelated

with mean zero. However, the residuals can be serially dependent.

The ARCH LM is based on the linear regression

a2t = α0 + α1a
2
t + . . .+ αma

2
t−m + et,

where et denote the error term.

α1 = α2 = . . . = αm = 0 is the null hypothesis under which there are no ARCH

effects and the alternative hypothesis is the presence of ARCH effect.

23



2.5. Goodness-of fit-test

The ARCH LM test statistic is given as

LM = nR2,

where n is the sample size andR2 is the squared multiple correlation coefficient from

the regression equation used in estimating the innovations. The test statistic has an

asymptotic chi-square distribution with m degrees of freedom.

Alternatively, we can use the F-statistic for the regression of squared residuals. Un-

der the null hypothesis, the mF statistic is asymptotically a chi-square distribution

with m degrees of freedom. We reject the null hypothesis if mF > χ2
m(α), where

χ2
m(α) is the upper 100(1− α) percentile of χ2

m or the p-value of mF is less than α, a

type I error (Tsay, 2013).

2.5 Goodness-of fit-test

To check for the goodness-of- fit of the fitted distributions, we use the Anderson-

Darling statistic. The Anderson-Darling statistic gives more weight to the tails of the

distribution (Chalabi, 2012).

The Anderson-Darling Test

The Anderson-Darling (AD) test was introduced by Anderson and Darling (1952).

The AD test is a general test to compare the fit of an observed cumulative distribu-

tion function to an expected cumulative distribution function. The null hypothesis

is that the data follows the specified distribution.

The AD test procedure is a general test to compare the fit of an observed cumulative

distribution function to an expected cumulative distribution function.
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2.6. Unit Root and Stationary tests

This test gives more weight to the tails than other tests (e.g. Kolmogorov Smirnov

test).

The Anderson-Darling test statistic (D2) is defined as

(D2) = m− 1

m

m∑
i=1

(2i− 1) [lnF (xi) + ln (1− F (xm−i+1))] (2.8)

where X(1) < . . . < X(n) is the ordered sample size n, and F (x) is the underlying

theoretical cumulative distribution to which the sample is compared.

The null hypothesis is thatX(1) < . . . < X(n) comes from the underlying distribution

F (x) (i.e. the data follows a specified distribution) is rejected at a chosen level of

significance(α), if the test statistic (D2) is greater than the critical value obtained

from a table. In general, critical values of AD test statistic depends on the specific

distribution being tested. However, tables of critical values for many distributions

are difficult to find. Bootstrap (resampling) methods are utilised to obtain p-values

for the Anderson-Darling test (Thas, 2010). The Anderson-Darling test may be used

to compare the goodness-of-fit of several distributions (Engmann and Cousineau,

2011).

2.6 Unit Root and Stationary tests

A common assumption in many time series techniques is that the data is stationary.

There are basically two types of stationarity, namely strongly stationary (usually

referred to as strictly stationary) and weakly stationary (usually referred to as sta-

tionary).

A time series {xn,∈ Z} is said to be strongly or strictly stationary if the joint dis-

tributions xt1 , xt2 , . . . xtn is the same as the joint distribution of xt1+k , xt2+k , . . . xtn+k ,

for all choices of t1, t2, . . . tn and all choices of the time lag k.

A time series {xn, n ∈ Z} is said to be weakly stationary or second-order stationary

if
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2.6. Unit Root and Stationary tests

• E(xn) = µ ∀ n ∈ Z.

• E(x2n) <∞ ∀ n ∈ Z.

• Cov(xm, xn) = Cov(xm+k, xn+k) ∀ n,m, k ∈ Z.

Thus, for such a process the mean and variance are constant (and finite) and the

covariance between xm and xn is time invariant. I.e., it depends only on the time lag

n−m and not on m or n (Cryer and Chan, 2010). In this study we consider second-

order stationarity.

It is advisable to use several unit root tests. So we use the ADF, PP, and KPSS tests

to check for stationarity in the daily returns, a description of these tests follow.

The ADF Test

The Augmented Dickey-Fuller (ADF) test is an augmented version of the original

Dickey-Fuller Test that was introduced by Dickey and Fuller (1979). The ADF test is

used to test for a unit root in a time-series sample. The ADF test assumes the error

term to be white noise. The null hypothesis is that returns have a unit root (non-

stationary).

The ADF has three cases depending on the nature of the time series data being tested.

Case 1: no constant

The test equation is:

∆xt = γxt−1 + δ1∆xt−1 + . . .+ δp−1∆xt−p+1 + εt, (2.9)

where p is the lag order of the autoregressive process, δ1, . . . , δp−1 are coefficients of

lagged difference terms, ∆xt−i. ∆xt−i are used to approximate the ARMA structure

of the errors. The equation has no intercept and no time trend.
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2.6. Unit Root and Stationary tests

Case 2: no trend

The test equation is:

∆xt = α+ γxt−1 + δ1∆xt−1 + . . .+ δp−1∆xt−p+1 + εt, (2.10)

where α is a constant and p is the lag order of the autoregressive process. The equa-

tion has an intercept (α) but no time trend.

Case 3: with trend

The test equation is:

∆xt = α+ βt+ γxt−1 + δ1∆xt−1 + . . .+ δp−1∆xt−p+1 + εt, (2.11)

where α is a constant, β is the coefficient on a time trend and p is the lag order of the

autoregressive process. The test equation has an intercept (α) and time trend (βt).

In all cases εt is a white noise error term.

The test statistic is given by:

ADFτ =
γ̂

SE(γ̂)
, where γ = φ− 1, (2.12)

where φ is the coefficient of the lagged term of an AR(1) model. If φ = 1, we have a

unit root.

In the ADF test, we test γ = 0. Once a value of the test statistic is computed, it can be

compared to the critical value of the Dickey-Fuller test. The corresponding p-value

can be calculated.

The lag order, in addition to a sample size can affect the finite sample behaviour

of the ADF test. Proper correction for the lag effect in implementing the ADF test

is desirable. The number of augmenting lags (p) is determined by minimising the

Schwarz Bayesian Criterion (SBI) or minimising the Alkaike Information Criterion

(AIC). In this study the SBI is used and the software automatically selects appropri-

ate lag length.
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2.6. Unit Root and Stationary tests

The PP Test

The Phillips-Perron (PP) test was introduced by Phillips and Perron (1988). The

PP test is used to test for a unit root in a time-series sample. They proposed the

nonparametric test statistics for the unit root null by using consistent estimates of

variances.

In its simplest form, there are three cases of PP test equation depending on the nature

of the time series being tested.

Case 1: no constant

The test equation is:

xt = ρxt−1 + et

The equation has no intercept and no time trend.

Case 2: no trend

The test equation is:

xt = α+ ρxt−1 + et.

The equation has an intercept (α) but no time trend.

Case 3: with trend

The test equation is:

xt = α+ βt+ ρxt−1 + et.

The test equation has an intercept (α) and time trend (βt). In all cases et is a white

noise error term.

The two test statistics for each case taken from Maddala and Kim (2004) are given

by:

Case 1: no constant

Zp = T (ρ̂− 1)− 1

2

(s2 − s2e)
T−2

∑T
1 x

2
t−1

Zt =
se
s
tρ̂ −

1

2

(s2 − s2e)

s
(
T−2

∑T
1 x

2
t−1

)1/2
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Case 2: no trend

Zp = T (ρ̂− 1)− 1

2

(s2 − s2e)
T−2

∑T
1 (xt−1 − x̄−1)2

Zt =
se
s
tρ̂ −

1

2

(s2 − s2e)

s
[
T−2

∑T
1 (xt−1 − x̄−1)2

]1/2
where x̄−1 =

∑T−1
1 xt/(T − 1)

Case 3: with trend

Zp = T (ρ̂− 1)− T 6

24DX
(s2 − s2e)

Zt =
se
s
tρ̂ −

T 3(s2 − s2e)
4
√

3D
1/2
X s

where DX = det(X ′X) and the regressors are X = (1, t, xt−1),

s2 is the Newey-West consistent estimator of σ2 (Newey and West, 1987),

s2e is the consistent estimator of σ2e ,

s2e = 1
T

∑T
t=1 e

2
t and s2 = 1

T

∑T
t=1 e

2
t +

2

T

∑`
τ=1Wτ`

∑T
t=τ+1 etet−τ ,

where Wτ` = 1 − τ

`+ 1
and etet−τ is the estimator of the covariance between

the error terms. The limiting distributions of Zp and Zt are identical to those of

K = T (p̂ − 1) and the t-statistics, respectively, with s2 = s2e. Thus, the asymptotic

critical values of the tests are the same as the asymptotic critical values tabulated by

Fuller (1976).

The KPSS Test

The Kwiatkowski-Phillips-Schmidt-Shin (KPSS) test was introduced by Kwiatkowski,

Phillips, Schmidt and Shin (1992). The KPSS test is used to test for a stationary root

in a time-series sample. The KPSS test assumes the error term to be white noise.

Using the model:

xt = β′Dtεt + et, (2.13)
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2.7. Stationary Time Series models

and

εt = εt−1 + vt, (2.14)

vt ∼ iid(0, σ2v). (2.15)

where Dt contains the deterministic components (constant or constant plus time

trend). The test statistic is given by:

KPSS =
1

T 2

∑T
t=1 S

2
t

σ2∞
, (2.16)

where St =
∑t

s=1 ês represents a partial sum of es,

et is the residual of xt on a constant (case 1) and the time trend (case 2),

σ̂2∞ represents a heteroscedasticity and autocorrelation consistent estimator of the

variance of êt (This is a Lagrange Multiplier test for constant parameters against a

random-walk parameter).

For testing the null hypothesis of level stationary instead of trend stationary, the test

is constructed the same way except that et is obtained as a residual from a regression

of xt on an intercept only.

2.7 Stationary Time Series models

AR(p) model

We define the pth-order autoregressive AR(p) process or model as

Xt = φ1Xt−1 + φ2Xt−2 . . .+ φpXt−p + at (2.17)

or

φp(L)Xt = at,

where φp(L) = (1 − φ1L − φ2L2 − . . . φpLp), at is a zero mean white noise process,

φ1, φ2, . . . , φp are the autoregressive parameters, L is the backshift operator such

that LXt = Xt−1.
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2.7. Stationary Time Series models

Since,
∑p

j=1 |φj | <∞, the process is always invertible. To be stationary, the roots

φp(L) = 0 must lie outside the unit circle. The AR processes are useful in describing

situations in which the present value of the time series depends on the preceding

values plus a random shock (Wei, 2006).

MA(q) model

A moving average (MA) process of order q is defined as

Xt = at − θ1at−1 − . . .− θqat−q (2.18)

or

Xt = θq(L)at,

where θq(L) = (1− θ1L− θ2L2 − . . . θqLq) and θ1, θ2, . . . θq are the moving average

parameters.

Because 1 + θ21 + θ22 + . . . + θ2q < ∞, a finite moving average process is always

stationary. The moving average is invertible if the roots of θq(L) = 0 lie outside of the

unit circle. An MA model suggests that a time series is a moving average of a white

noise process while Xt and Xt−k remain uncorrelated. Moving average processes

are useful in describing phenomena in which events produce an immediate effect

that lasts for a short period. An AR(p) process may be identified as an infinite-order

of an MA(q) process and vice versa.

ARMA(p,q) model

An Autoregressive Moving Average (ARMA) Model combines AR and MA models.

ARMA model is defined as

φp(L)Xt = θ(L)at, (2.19)

where φp(L) = (1− φ1L− φ2L2 − . . . φpLp) and

θq(L) = (1− θ1L− θ2L2 − . . . θqLq).
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2.8. Non-stationary Time Series Models

For the process to be invertible, we require the roots of θq(L) = 0 to lie outside the

circle. To be stationary, we require the roots of φp(L) = 0 to lie outside the unit circle.

ARMA models are commonly used in the time series analysis because of their flexi-

bility in estimating many stationary processes. ARMA models are linear processes,

hence they are not suitable for non-linear time series (Fan and Yao, 2003).

2.8 Non-stationary Time Series Models

Non-stationary time series models are widely used for non-stationary data, such as

economic and stock price series.

Autoregressive Integrated Moving Average (ARIMA) Models

Autoregressive Integrated Moving Average (ARIMA) Models are used to describe

nonstationary ARMA models. This is done by differencing the nonstationary time

series until it becomes stationary. Consider a process Xt which is nonstationary but

can be made stationary by differencing it a certain number of times.

Xt can be represented as

φp(L)(1− L)dXt = θ(L)at, (2.20)

where d = 1, 2, . . . is the order of the difference parameter. This is an autoregressive

integrated moving average ARIMA(p, d, q) model. This process can be represented

as an ARMA process by letting Wt = (1− L)dXt.

The resulting process becomes the usual ARMA process

φp(L)Wt = θ(L)at.
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2.8. Non-stationary Time Series Models

Variance stabilizing transformation

Differencing a time series is useful when the process is nonstationary in mean. How-

ever, this method is not useful when the time series is nonstationary in variance. If

a series is non-stationary in the variance other variance stabilizing transformations

are needed. The power transformation is only applicable for a positive data value. If

some of the values are negative or zero, a positive constant may be added to all the

values to ensure that they are all positive before using the power transformation.

A variance stabilizing transformation, if needed, should be performed before any

other analysis such as differencing. Box and Cox (1964) introduced the following

power transformation.

For a given value of the parameterλ, the transformation is

T (Xt) =


Xλ−1
λ , for λ 6= 0

lnx, for λ = 0.
(2.21)

The table below shows the commonly used values of λ and their associated trans-

formations.

Table 2.1: Box Cox transformation

λ -1 -0.5 0 0.5 1

Transformation
Reciprocal Reciprocal of

Square root
Logarithmic Square

root
No

transformation
1

Xt

1√
Xt

lnXt

√
Xt Xt

To see why λ = 0 corresponds to the logarithmic transformation, we note that

lim
λ→0

T (Xt) = lim
λ→0

Xλ − 1

λ
= lnXt. (2.22)

One advantage of using the Box Cox transformation is that we can treat λ as a trans-

formation parameter and estimate its value from the data. We should choose the

value of λ that gives the minimum residual mean square error. In a preliminary data
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analysis, one can use an AR model of approximation to obtain the value of λ through

an AR fitting that minimises the residual mean square error. The choice of the opti-

mum value for λ is based on the evaluations of the residual mean square error on a

grid of λ values.

Box Jenkins methodology

The aim of this methodology is to find the most appropriate ARIMA(p, d, q) model to

use for forecasting. The stages involved in the Box Jenkins methodology are model

identification, model estimation, diagnostic checking (validation or residual analy-

sis), model selection (choice of a model) and forecasting.

Stage 1: Model identification

Model identification refers to the methodology in identifying the required transfor-

mation such as variance stabilizing transformations, differencing transformations

and polynomial orders of AR(p) and MA(q). The steps involved in model identifi-

cation are:

• Plot the time series data and choose proper transformations.

• Utilise Unit root and stationary tests discussed in chapter 2 to determine the

degree of differencing needed.

• Compute and examine the sample ACF and PACF of the properly transformed

and differenced series to identify the orders of p and q. If the ACF cuts off after

lag q and PACF tails off as exponential decay or damped sine wave, then the

process is MA (q). If the ACF tails off as exponential decay or damped sine

wave and PACF cuts off after lag p, then the process is AR(p). If the ACF tails

off after lag (p− q) and the PACF tails off after lag (p− q) , then the process is

ARMA (p, q)(Wei, 2006). However, a certain level of experience is required to

make interpretations in practice.
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Stage 2: Model Estimation

After identifying a tentative model, the next step is to estimate the parameters in

the model. Various approaches are utilised in estimating the parameters of ARMA

models. These include methods of moments, Maximum likelihood method, linear

least squares and non-linear estimation. Check whether parameters are significant.

Stage 3: Model Validation

The Ljung-Box test is widely used to check whether the assumption that residuals are

white noise process is met. The standardised residuals of the GARCH-type model

are assumed to be independent and identically distributed. Therefore, if the model

is adequate, the standardised residuals are expected not to exhibit autocorrelation

(serial correlation) and conditional heteroskedasticity (ARCH effect). In this study,

we used the Ljung-Box and ARCH tests.

Stage 4: Forecasting

Once the model is adequate, it can be used in forecasting future values of the series.

The objective is to produce optimal forecasts that have little or no error. The mini-

mum mean square error (MSE) is normally used in the literature.

Model selection criteria

Model selection criteria are used to select the best model from candidate GARCH-

type models to describe the precious metal returns. It is a useful tool for assessing if

a fitted model provides an optimal balance between parsimony and goodness-of-fit.

It helps to find the best GARCH-type model that is neither too simple or nore too

complex for the precious metal returns. The model selection criteria employed in

this thesis are: Akaike information criterion (AIC) and Bayesian information crite-

rion or Schwarz Bayesian criterion (SBI).

The Akaike Information Criterion (AIC)

AIC measures how well the evaluated model fits with the data in respect to candi-

date models. Given GARCH-type models of different structures, each model is fitted
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to the precious metal returns using Gaussian quasi Maximum likelihood. The AIC

is computed for each model (Akaike, 1974).

AIC = −2

k
log(likelihood) +

2

k
(p+ q), (2.23)

where k is the sample size and p+ q is the number of parameters in the model. The

model with the smallest number of parameters and with the largest likelihood has

the minimum AIC. The model with the smallest AIC is regarded as the best model

for the data (Tsay, 2013).

The Schwarz Bayesian Information Criterion (SBI)

SBI is concerned with the Bayes factor. The SBI of a model is given as:

SBI = −2 log(likelihood) + (p+ q) log k, (2.24)

where k is the sample size and p + q is the number of parameters in the model. SBI

allows for the comparison of multiple models by penalising complex models (model

with many parameters) relative to simpler models. The model that has the largest

posterior probability has the minimum SBI and is regarded as the best model for the

data.

2.9 Long memory and Fractional Integration

The Long memory concept

A stationary process Xt is a long memory process if there exist a real number 0 <

H < 1, such that the ACF , ρ(k) has the following hyperbolic decay

lim
k→∞

ρ(k) = C2H−1, C > 0, (2.25)

where C is a finite constant and H is the Hurst exponent. Such a process has auto-

covariance function γ(k) which is not summable, i.e.∑
∀k
|γ(k)| =∞. (2.26)
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The long-range parameter d of a stationary long memory process has the following

relationship with the Hurst exponent

d = H − 1

2
. (2.27)

Thus, we can deduce the equivalent interval for the Hurst exponent which is
1

2
< H < 1.

Equivalently, in the frequency domain long memory can be defined as a spectrum

as,

f(ω) ≈ c|ω|−2d as ω →∞, 0 < d <
1

2
. (2.28)

For d > 0, the ACF decays very slowly and the spectrum typically diverges to infin-

ity at frequency ω = 0, i.e., lim
ω→0

f(ω) =∞ indicating strong long-range dependence.

For d < 0, the spectrum of the series is equal to zero at ω = 0 indicating intermediate-

range dependence.

Fractional Integration

According to Tsay (2013), there exist some time series whose ACF decays slowly to

0 at a polynomial rate as lag increases. These time series processes are called long

memory time series. The fractionally differenced process defined by

(1− L)dXt = at, −0.5 < d < 0.5, (2.29)

where at is a white noise series is one such example.

Properties of the model in equation 2.29 were taken from Tsay (2013). The properties

are as follows:

• If d < 0.5, then Xt is a weakly stationary process and has the infinite MA

representation

Xt = at +

∞∑
i=1

ψiat−i, with
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ψk =
d(1 + d) . . . (k − 1 + d)

k!
=

(k + d− 1)!

k!(d− 1)!
. (2.30)

• If d > −0.5, then Xt is invertible and has the infinite AR representation

Xt = at +
∞∑
i=1

πiXt−i, with

πk =
−d(1− d) . . . (k − 1− d)

k!
=

(k − d− 1)!

k!(−d− 1)!
. (2.31)

• For −0.5 < d < 0.5, the ACF of Xt is

ρk =
d(1 + d) . . . (k − 1 + d)

(1− d)(2− d) . . . (k − d)
, k = 1, 2, . . .

In particular, ρ1 =
d

(1− d)
and

ρk ≈
(−d)!

(d− 1)!
k2d−1, as k →∞. (2.32)

• For −0.5 < d < 0.5, the PACF of Xt is φk,k =
d

(k − d)
for k = 1, 2, . . .

• For −0.5 < d < 0.5, the spectral density function of f(ω) of Xt, which is the

Fourier transform of the ACF of Xt, satisfies

f(ω) ∼ ω−2d, as ω → 0, (2.33)

where ω ∈ [0, 2π] denotes the frequency (Tsay, 2013).

The ARFIMA(p, d, q) model

One of the mostly used parametric models in long memory processes is the autore-

gressive fractionally integrated moving average (ARFIMA) model introduced by

Granger and Joyeux (1980), Granger (1980) and Hoskins (1981). The ARFIMA(p, d, q)
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model proposes the difference parameter as noninteger and suggest that fractional

integration process I(d) in the conditional mean.

Consider an ARFIMA(p, d, q) model of the form

φ(L)(1− L)dm(Xt − µ) = θ(L)εt, (2.34)

where εt is a white noise process, µ is the unconditional mean of Xt, dm is a frac-

tional integration real number parameter. φ(L) = φ1L + φ2L
2 + . . . + φpL

p and

θ(L) = θ1L + θ2L
2 + . . . + θqL

q are the autoregressive (AR) and moving average

(MA) polynomials, respectively, assumed to have all roots outside the unit circle.

The fractional difference operator (1 − L)dm is defined in a natural way, by a bino-

mial series (Hoskins, 1981):

(1−L)dm =

∞∑
k=0

(
dm
k

)
(−L)k = 1−dmL−

1

2
dm(1−dm)L2−1

6
dm(1−dm)(2−dm)L3−. . .

(2.35)

This can be expressed as

(1− L)dm =

∞∑
k=0

(−1)kΓ(k + dm)Lk

Γ(dm)Γ(k + 1)
(2.36)

where Γ(·) denotes the gamma (generalised fractional) function.

The Xt process defined by equation 2.34 and for d 6= 0 is said to be I(d). The autocor-

relation coefficients and the Wold decomposition will all exhibit a very slow rate of

hyperbolic decay. The ARFIMA process is said to be stationary when −0.5 < dm <

0.5, where the effect of shocks to εt decays at a gradual rate to zero. The process

becomes nonstationary when dm ≥ 0.5 and is a stationary but noninvertible process

when dm ≤ −0.5, implying that the data time series is impossible to be modelled

by any AR process. The ARFIMA(p, d, q) process has a positive dependence among

distant observations (i.e. long memory process) when 0 < dm < 0.5. It has an

anti-persistent property (an intermediate memory) if −0.5 < dm < 0, but we fol-

low Box et al. (2008) and refer to them as long memory processes or negative long
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memory (Baum and Wiggin, 2000). The process is mean reverting for 0.5 ≤ dm < 1.

The ARFIMA model nests to ARMA (short memory) when dm = 0 and ARIMA

when dm = 1 (i.e. infinite long memory). The ARFIMA model solves the short-run

and long-run dynamics by modelling short-run behaviour through the conventional

ARMA lag polynomials while long-run characteristic is captured by the differencing

parameter.

For an I(d) process, the spectral density is such that f(0) = 0 for d < 0 and f(0) =∞

for d > 0. For small frequencies, ω, an approximation for d > 0 is given by f(ω) ≈

ω−2d, while the process has infinite variance for d > 0.5.

We can derive the impulse response weights from the ARFIMA(p, d, q) process in

equation 2.34. The impulse weights are defined by first differencing Xt to obtain

(1− L)Xt = D(L)εt, (2.37)

where D(L) = (1 − L)1−dmφ(L)−1θ(L). The lag polynomial D(L) can be expressed

in terms of the hypergeometric function as D(L) = F (d− 1, 1, 1;L)φ(L)−1θ(L), and

Gradszteyn and Ryzhnik (1980) showed that F (d− 1, 1, 1;L) = 0 for d < 1. Thus for

d < 1,
D(1) = F (d− 1, 1, 1;L)φ(1)−1θ(1) = 0. (2.38)

The impact of a unit innovation at time t on a the process Xt+1 is the given by as

1 +
∑

j=1.kDj . For a mean reverting process, D(1) = 0. For any process Xt ∼ I(d)

and for d < 1, Xt will be mean reverting. Although Xt is not covariance stationary

for 0.5 < dm < 1, it is mean reverting. Hence, there is no long run impact of an

innovation on future values of the process. See Hoskins (1981) and Campbell and

Mankiw (1987) for more details.

Long memory tests

Testing for the long memory property is an essential task since any evidence of long

memory would support the use of a long memory modelling techniques. In this
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2.9. Long memory and Fractional Integration

study, we considered the most frequently used estimators of long memory param-

eter d. The first is the rescaled Range estimator (R/S) which estimates the Hurst

exponent developed by Hurst (1951) and introduced in finance by Mandel (1971).

See a paper by Kale and Butar (2010) on further details on this estimator. The second

and third are Lo’s modified rescaled range estimator and the Geweke, Porter and

Hudak (GPH) estimator respectively. We tested for long memory components in the

return generating process and volatility of precious metals using R/S, Lo’s R/S and

GPH statistics.

The rescaled range or R/S statistic (Baille, 1996)

The classical R/S, devised by Hurst (1951) and Mandelbrot (1972), is the range of

partial sums of deviations of a time series from its mean, rescaled by its standard

deviation. For a sample of T values x1, x2, . . . , xT ,

QT =
1

sT

 max
1≤k≤T

k∑
j=1

(xj − x̄)− min
1≤k≤T

k∑
j=1

(xj − x̄)

 , (2.39)

where sT is the Maximum likelihood estimator of the standard deviation of x and

x̄ = 1/T
∑T

i=1 xi.The first bracketed term is the maximum of the partial sums of the

first k deviations of xj from the full sample mean, which is nonnegative. The sec-

ond bracketed term is the corresponding minimum, which is nonnegative, so that

QT > 0. Empirical studies have shown that the R/S statistic has the ability to detect

long memory in the data. Like other estimators of long-range dependence, the R/S

statistic is not robust to short-range dependence and heteroscedasticity. See Davies

and Harte (1987), Aydogan and Booth (1988) and Lo (1991) for more details.

Lo’s modified rescaled range estimator

Lo’s (1991) modified rescaled range (R/S) test for long-range dependence of a time

series. Thus, it is extremely sensitive to short memory features of the data. Lo (1991)

modified the R/S statistic to account for the effect of short-range dependence by ap-

plying the Newey-West correction to derive a consistent estimate of the long-range
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2.9. Long memory and Fractional Integration

variance of the time series. The Lo (1991) modified R/S statistic is given by:

QT =
1

σ̂T (q)

 max
1≤k≤T

k∑
j=1

(xj − x̄)− min
1≤k≤T

k∑
j=1

(xj − x̄)

 , (2.40)

where σ̂T (q) is the square root of the Newey-West estimate of the long-range vari-

ance with bandwidth q.

GPH test

Geweke and Porter-Hudak(1993) proposed a semi-parametric estimator of the frac-

tional differencing estimator, d based on a log-periodogram regression or regression

of the ordinates of the log spectral density on trigonometric function. The estima-

tor exploits the theory of linear filters to express the process (1 − L)dXt = ut where

ut ∼ I(0) and the spectral density of Xt is given by

f(ω) = |1− e−iω|−2df(ω)u (2.41)

where f(ω)u is the spectral density of u.

Equation 2.41 can be expressed as

ln[f(ωj)] = ln[fu(0)]− d ln
[
4 sin2

(ωj
2

)]
+ ln

[
fu(ωj)

fu(0)

]
(2.42)

We define the periodogram of a time series Xt using the Fast Fourier transform

(FFT) for the first m ordinates as I(ωj) = 1
2πT |

∑T
t=1Xte

−ωjt|2, where ωj = 2πj
T , j =

1, 2, . . . ,m, withm = [
√
T ] Fourier frequencies and [.] denoting the integer part. The

estimate d can be derived from the following linear regression based on equation

2.42 and from the periodogram of Xt.

ln[I(ωj)] = a+ d ln
[
4 sin2

(ωj
2

)]
+ ηj ,

where ηj = ln

[
fu(ωj)

fu(0)

]
is the error term which is negligible for the near zero m

harmonic frequencies. See Baille (1996) for more details about the GPH test.
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2.10. Summary

2.10 Summary

In this chapter, we described the tests used to investigate the empirical properties of

precious metal returns. These include tests for autocorrelation, normality, unit roots

and stationarity, ARCH effects and long memory. We also outlined the Anderson-

Darling goodness-of-fit test for model adequacy which is essential in later chapters

where models are fitted to precious metals data. We also discussed stationary and

non-stationary time series models, long memory and fractional integration.
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Chapter 3

Precious metal data

3.1 Introduction

In this chapter we analyse some empirical properties of precious metal data used in

the study. We start by converting daily gold, platinum and silver prices into log-

returns. We compute the descriptive statistics of the log-returns and check for fea-

tures such as stationarity, volatility clustering, heavy-tailedness, asymmetry, long-

memory in the metal log-returns.

3.2 Data Analysis

We make use of daily data for three precious metal prices (i.e. gold, silver and plat-

inum) from 2 April 1990 to 18 September 2014. All of the prices are in US dollars per

Troy ounce and are internationally regarded as pricing mechanisms for a variety of

precious metal transactions and products. We downloaded daily gold, platinum and

silver P.M. fixing spot prices from London Bullion Market Association (LBMA) and

London Platinum and Palladium Market (LPPM) database quandl.com. The return

series for each index are calculated as the first backward-differences of the natural

logarithm of the index values. For day t, the daily log return rt is defined as

rt = ln(Pt)− ln(Pt−1) (3.1)

where Pt is the price at day t.
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3.2. Data Analysis

Figure 3.1: Time series plot of gold prices (left) and one-day returns (right)

Figure 3.2: Time series plot of platinum prices (left) and one-day returns (right)

Figure 3.3: Time series plot of silver prices (left) and one-day returns (right)

Figures 3.1, 3.2 and 3.3 provide the time series plot of daily precious metal prices

and returns for 25 years. The plots strongly indicate the presence of heteroscedastic-

ity and volatility clustering in all return series. Isolated extreme returns caused by

shocks to the financial market can be seen, such as those corresponding to the 2008/9

financial crisis. Descriptive statistics, correlation, normality, heteroscedasticity, unit

root and stationary tests are reported in Table 3.1 on the next page.
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3.2. Data Analysis

From Panel A, all returns have a positive mean indicating that the original price se-

ries have upward trends over time. We can also see that all precious metal returns

are skewed towards the left and they do not correspond to the Normal distribu-

tion assumptions. The excess kurtosis value indicates the leptokurtotic behaviour of

these return series. This implies that the empirical distribution of the daily precious

metal returns has heavier tails compared to the Normal distribution.

From, Panel B, the Anderson-Darling goodness-of-fit (GOF) test for normality and

Jarque-Bera test give p-values less than 0.001 for all three precious metals returns

rejecting the normality assumption at all levels of significance. The Ljung-Box test,

Q(5), Q(10), Q2(5) and Q2(10) indicate that autocorrelation is insignificant for gold

and platinum returns but highly significant in the squared gold, platinum and silver

returns. These results show signs of high degree of persistence in the volatility pro-

cess of precious metals.

The ARCH-LM test shows the presence of conditional heteroscedasticity in all daily

precious metal return series. Therefore, the GARCH-type models seem to be ap-

propriate for modelling and forecasting their time varying conditional volatility. In

Panel C, we represent the results of the Augmented Dickey-Fuller Test (1979) and

the Philips and Peron (1988) unit root tests and the Kwiatkowski et al. (1992) station-

arity test.

The ADF and the PP tests reject the hypothesis of unit root for all precious metal re-

turn series studied. We can conclude that precious metal price returns are stationary

i.e. governed by an I(0) process which have no long-range memory. The KPSS test

reveals that we cannot reject the stationarity null hypothesis for all precious metal

return time series.

Further analysis was done using the ACF and PACF plots of daily precious metal

returns, their squared and absolute returns, Normal Q-Q plots and box plots of re-

turns are reported in Figures 3.4 - 3.9. Figures 3.4, 3.6 and 3.8 show sample ACF

and PACF of daily precious metal returns, squared precious metal returns, absolute

precious metal returns.
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Table 3.1: Descriptive statistics and unit root tests of precious metal price returns

Gold Platinum Silver

Panel A: Descriptive Statistics

Minimum -0.0797200 -0.1728000 -0.1869000

Maximum 0.0700600 0.1178000 0.1828000

Mean 0.0002786 0.0002246 0.0003428

Std.dev 0.01012477 0.01378826 0.01958386

Moment coefficient
of skewness

-0.105173 -0.5253288 -0.3642794

Moment coefficient
of excess kurtosis

6.202978 10.19592 9.671625

Panel B: Testing for correlation, normality and heteroscedasticity

Statistic p-value Statistic p-value Statistic p-value

Q(5) 5.4356 0.3651 9.9475 0.07674 42.252 0.0017

Q(10) 12.987 0.2244 10.954 0.3611 47.054 0.0084

Jarque-Bera test 9670.8 <0.0001 22686 <0.0001 21165 <0.0001

Anderson Darling test 80.093 <0.0001 67.823 <0.0001 71.102 <0.0001

Q2(5) 489.95 <0.0001 554.012 <0.0001 721.953 <0.0001

Q2(10) 796.36 <0.0001 799.762 <0.0001 1055.31 <0.0001

ARCH LM test 421.56 <0.0001 504.85 <0.0001 607.1 <0.0001

Panel C: Unit root and stationary tests

Statistic p-value Statistic p-value Statistic p-value

ADF
No constant -71.7637 <0.0001 -70.4528 <0.0001 -78.5207 <0.0001

No trend -71.7912 <0.0001 -70.4649 <0.0001 -78.5247 <0.0001

With trend -71.7956 <0.0001 -70.4587 <0.0001 -78.5182 <0.0001

PP
No constant -71.7642 <0.0001 -70.4424 <0.0001 -78.5639 <0.0001

No trend -71.7917 <0.0001 -70.4551 <0.0001 -78.5715 <0.0001

With trend -71.7952 <0.0001 -70.4488 <0.0001 -78.5652 <0.0001

KPSS No trend 0.3025 >0.1 0.0823 >0.1 0.1091 >0.1

With Trend 0.1792 >0.1 0.0790 >0.1 0.0914 >0.1
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The ACF and PACF plots suggest that there are no serial correlation in gold and

platinum returns. This is confirmed by the Ljung-Box statistics of the log returns

which fail to reject the null hypothesis of zero autocorrelation (Panel B, Table 3.1).

However, the ACF and PACF of silver returns hint at a slight autocorrelation of first

order.

Figure 3.4: Sample ACF and PACF of daily gold returns, squared gold returns and absolute

gold returns.

This is confirmed by the Ljung-Box statistics which rejects the null hypothesis of zero

autocorrelation for silver returns. Clearly, the squared and absolute returns of daily

log-returns of gold, silver and platinum have some serial correlation. Slow decay of

autocorrelation in absolute returns indicate long-range dependence in the precious

metal returns. i.e. the ACF plots for absolute returns and squared returns suggest

the presence of long-memory in the volatility of returns for all precious metal series.
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Figures 3.5, 3.7, 3.8 show the Normal Q-Q plots and box plots for gold, platinum and

silver returns. The Normal Q-Q plots illustrate that the tails of daily precious metal

returns are heavier than the tails of the Normal distribution. It is evident that there

is a lack of fit at the extremes for all returns.

Figure 3.5: Normal Q-Q plot and Box plot for the daily gold returns.

Figure 3.6: Sample ACF and PACF of daily platinum returns, squared platinum returns, ab-

solute platinum returns.
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3.2. Data Analysis

Figure 3.7: Normal Q-Q plot and Box plot for the daily platinum returns.

The negative skew as well as the heavy tails are mirrored from their quantitative

values in these graphs. It can be seen from the box plots that daily precious metal

returns are skewed to the left and heavy-tails are evident.

Figure 3.8: Sample ACF and PACF of daily silver returns, squared silver returns and abso-

lute silver returns.
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Figure 3.9: Normal Q-Q plot and Box plot for the daily silver returns.

Testing long memory in metal price volatility

In long memory testing, we firstly carried out long memory tests to the squared

log returns of gold, platinum and silver returns based on the heuristic estimator.

The HURST exponent results of the long memory tests are shown in Table 3.2 for

precious metal returns and squared returns.

Table 3.2: long memory tests R/S method

Returns Hurst Standard Error t-value p-value

Gold returns 0.6246 0.03272 19.0909 < 0.0001

Platinum returns 0.5511 0.02025 27.2105 < 0.0001

Silver returns 0.5435 0.02589 20.9978 < 0.0001

Gold squared returns 0.6340 0.05384 11.7751 < 0.0001

Platinum squared returns 0.7320 0.02785 26.2814 < 0.0001

Silver squared returns 0.7208 0.02594 27.7909 < 0.0001

For all precious metal returns and squared returns, the test suggests long memory

and all p-values are less than 0.0001, rejecting the null hypothesis of no persistence.

The R/S method indicates strong evidence of long range dependence in the daily

conditional return and volatility processes for the precious metals.

Secondly, the Geweke Porter-Hudak (GPH) test was also carried out over the in-

sample period and results are shown in Tables 3.3 and 3.4. It is well known that

long memory tests are sensitive to selection of bandwidths. We therefore, apply the

GPH test with different bandwidths. Based on d-values for m = T 0.5, m = T 0.6
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3.2. Data Analysis

and m = T 0.7, the GPH test confirms the existence of long memory in the squared

returns. T is the sample size.

Table 3.3: GPH long memory test for returns

Returns Bandwidths d Standard Error t-value p-value

Gold
m = T 0.5 -0.1345 0.09399 -1.4310 0.157

m = T 0.6 -0.1106 0.05246 -2.1087 0.036

m = T 0.7 -0.0574 0.03301 -1.7392 0.083

Platinum
m = T 0.5 0.0360 0.1020 0.3533 0.725

m = T 0.6 -0.0151 0.05474 -0.2756 0.783

m = T 0.7 -0.0246 0.03164 -0.7764 0.438

Silver
m = T 0.5 -0.06865 0.08129 -0.8445 0.401

m = T 0.6 -0.07558 0.04764 -1.5863 0.115

m = T 0.7 -0.003691 0.03059 -0.1207 0.904

Table 3.4: GPH long memory test for Squared returns

Squared Returns Bandwidths d Standard Error t-value p-value

Gold
m = T 0.5 0.5363 0.07892 6.7962 <0.0001

m = T 0.6 0.4822 0.05502 8.7654 <0.0001

m = T 0.7 0.2747 0.03306 8.3089 0.083

Platinum
m = T 0.5 0.38583 0.0665 5.8022 <0.0001

m = T 0.6 0.3306 0.04266 7.7501 <0.0001

m = T 0.7 0.2596 0.02913 8.9111 <0.0001

Silver
m = T 0.5 0.2291 0.07645 2.9969 0.004

m = T 0.6 0.2302 0.05032 4.5748 <0.0001

m = T 0.7 0.2371 0.3167 7.4857 <0.0001

We then used the modified Lo’s R/S test and Table 3.5 shows long memory test

based on Lo’s R/S test.
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Table 3.5: Lo’s R/S test for precious metal returns and squared returns

Returns Test statistic Decision

Gold returns 1.84 Fail to reject null hypothesis of not long-range dependent
at 1% and 5% levels and reject null hypothesis at 10% level.

Platinum returns 1.38 Fail to reject null hypothesis of not long-range dependent

Silver returns 1.35 Fail to reject null hypothesis of not long-range dependent

Gold squared returns 4.37 Reject null hypothesis of not long-range dependent

Platinum squared returns 2.8 Reject null hypothesis of not long-range dependent.

Silver squared returns 3.34 Reject null hypothesis of not long-range dependent.

Critical values of Lo’s modified R/S statistic is 2.098 at 1%, 1.862 at 5% and 1.747 at 10%.

Lo’s R/S test does not reject the null hypothesis of no long memory in returns and

indicates long memory in squared returns. From Tables 3.3 and 3.5, we clearly notice

that the Lo’s R/S test and GPH test do not reject the hypothesis of no long-range

dependence for the precious metal returns. I.e. the two tests confirm short memory

in the returns. For the squared return series, the GPH test provides evidence of long

memory as shown in Table 3.4. These results confirm the suitability of GARCH-type

models, which capture long memory property in the volatility process.

3.3 Summary

In this chapter, we investigated the empirical properties of daily gold, platinum and

silver log returns. The three precious metals return exhibit the following stylised

facts:

• Absence of autocorrelation in gold and platinum returns and slight first-order

autocorrelation in silver returns.

• The absolute and squared returns of all three precious metals are highly auto-

correlated.

• The precious metal returns are characterised by heavy tails, as excess kurtosis

is positive. i.e. their distribution is leptokurtic.
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• The empirical distribution of all precious metals is skewed to the left. i.e. neg-

ative returns are more likely to occur than positive ones

• Volatility clustering (extreme returns were observed closely in time).

• Slow decay of autocorrelation in absolute returns indicating long-range depen-

dence in the precious metal returns. The R/S and the GPH tests confirm the

existence of long memory in the squared returns.

Statistically accepted models for the precious metals series should be able to capture

these stylised facts. The suggested models are:

• GARCH-type models with heavy tailed innovations.

• Long memory GARCH-type models with heavy tailed innovations.

The suggested distributions for modelling heavy tails are:

• Generalised Extreme Value Distribution (GEVD)

• Generalised Pareto Distribution (GPD)

• Generalised Hyperbolic Distributions and its subclasses Hyperbolic Distribu-

tion (HD), Normal-Inverse Gaussian Distribution (NIGD), Generalised Hyper-

bolic skew Student-t Distribution (GHStD) and Variance-Gamma Distribution

(VGD)

• Generalised Lambda Distribution (GLD)

• Pearson type-IV Distribution (PIVD)

• Stable Distribution (SD)

3.4 Statistical software packages

In this chapter, we used the fbasics (Wuertz et al., 2014), tseries (Trapletti and Hornik,

2017), TSA (Chan and Ripley, 2012), fUnitRoots (Wuertz et al., 2017) R packages in
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data analysis. We used the STATA command gphudak (Baum and Wiggins, 2000) to

test for the existence of long memory property in precious metal returns and squared

returns series using the GPH test. lomodrs command in STATA (Baum and Room,

2001) for Hurst-Mandelbrot rescaled range statistic and Lo’s modified rescale range

test for long range dependence in time series.
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Chapter 4

Risk Analysis

4.1 Introduction

Risk management is a core competence of financial institutions like banks, insur-

ance companies, investment funds and others. Techniques for the measurement of

risk are central for the process of managing risk. Risk can be measured in terms of

probability distributions (Emmer et al, 2015). In this chapter we discuss properties

of two risk measures: Value-at-Risk (VaR) and Expected Shortfall (ES). We will also

outline the backtesting methods used in this study.

4.2 Risk Measures

The amount of asset risk capital, reserved by financial institutes as per the Basel

agreement, is directly associated to the portfolio risk level and two of the most com-

mon benchmark measures for evaluating such risk are VaR and ES. VaR is intended

to assess the maximum possible loss of a portfolio over a given time period, given

a certain risk level and its calculations focus on the tails of a distribution. Whereas,

ES evaluates the expected value of losses (or gains) that exceed a corresponding VaR

level. Hence, the accuracies of VaR and ES estimation depend on how well a selected

model portrays the extreme data observations (McNeil et al., 2005).
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Desirable properties of risk measures

In this study, we define a risk measure as providing a risk assessment in the form of

a capital amount that serves as some kind of buffer against unexpected future losses

(Emmer et al, 2015). Artzner et al (1999) provide a list of desirable properties that a

measure of risk should possess.

Definition 4.1: A risk measure ρ is coherent if it satisfies the following conditions:

• Homogeneity: ρ is homogeneous if for all loss variables L and α ≥ 0, it holds

that ρ(αL) = αρ(L).

• Subadditivity: ρ is subadditive if for all loss variables La and Lb, it holds that

ρ(La + Lb) ≤ ρ(La) + ρ(Lb).

• Monotonicity: ρ is monotonic if for all loss variables La and Lb, it holds that

La ≤ Lb ⇒ ρ(La) ≤ ρ(Lb).

• Translation invariance: ρ is translation invariant if for all loss variables L, it

holds that ρ(L− c) = ρ(L)− c for any constant c. This is referred to as risk free

condition.

Subadditivity implies that diversification reduces risk.

Definition 4.2: Two real-valued random variables La and Lb are said to be comono-

tonic if there exist a real random valuable X (the common risk factor) and non-

decreasing functions fa and fb such that La = fa(X) and Lb = fb(X).

A risk measure ρ is comonotonically additive if for any comonotonic random vari-

ables La and Lb it holds that ρ(La + Lb) = ρ(La) + ρ(Lb).

According to Embrechts et al (2002), comonotonicity may be considered the strongest

possible dependence of random variables. Thus, if a risk measure is both subaddi-

tivity and comonotonically additive, then on one hand it rewards diversification (via

subaddivity) but on the other hand does not attribute any diversification benefits to
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comonotonic risks (via additivity) (Emmer et al, 2015). Risk measures that depend

only on the distributions of losses are of special interest because they are estimated

from loss observations only i.e. no additional information is needed.

Definition 4.3: A risk measure ρ is law-invariant if

P (La ≤ k) = P (Lb ≤ k), k ∈ R⇒ ρ(La) = ρ(Lb).

Refer to a paper by Artzner et al (1999) and Emmer et al (2015) for further details on

other properties of risk measures such as elicitability and robustness.

Value-at-Risk

VaR has become a benchmark for evaluating market risks. There are two main ap-

proaches to calculating VaR for financial data series; the parametric method and the

non-parametric method (Brooks and Persand, 2000). In this study, we estimate VaR

using the proposed distributions (parametric approach for GLD, PIVD, SD, GHDs

and semi-parametric approaches for GPD and GEVD).

For a random variableX (usually for modelling the return distribution of some risky

financial portfolio) with distribution function F over a specified time period, the VaR

(for a given probability p) can be defined as the p-th quantile of F , i.e.

VaRp = F−1(1− p), (4.1)

where F−1 is the quantile function.

VaR sometimes is defined for log-returns of the original series. If rt = ln(Pt+h/Pt),

t = 1, 2, . . . ., n are log returns for some h with the marginal cumulative density

function F , then VaR can be defined by equation 4.1. If αh and σh denote the mean

and standard deviation of the log returns, respectively, then we can write
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V aRp = αh + F−1(1− p)σh, (4.2)

where F−1, the quantile function, denotes the standard form of the log return distri-

bution.

Properties of V aRp

Pflug (2000) and Jadhav and Ramanathan (2009) established several ordering prop-

erties of VaR. Given random variables X, X1, X2 and a constant k some of the or-

dering properties are:

• V aRp is translation equivariant, that is V aRp(X + k) = V aRp(X) + k.

• V aRp is positively homogeneous, that is V aRp(kX) = kV aRp(X) for k > 0.

• V aRp(X) = −V aR1−p(−X).

• V aRp is monotonic with respect to stochastic dominance of order 1, that is

X1 ≤ X2 ⇒ V aRp(X1) ≤ V aRp(X2) .

• V aRp is comonotonic additive, that is ifX1 andX2 are comonotone then V aRp(X1+

X2) = V aRp(X1) + V aRp(X2).

• If X ≥ 0 then V aRp(X) ≥ 0.

• V aRp is monotonic, that is if X1 ≥ X2, then V aRp(X1) ≥ V aRp(X2).
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Application of VaR

Application of VaR can be classified as

• Controlling risk- setting position limits for traders and business units so they

can compare diverse market risky activity.

• Information reporting- it measures aggregate risk and corporation risk in a

non-technical way of understanding.

• Managing risk- reallocating of capital across traders, products, business units

and whole institutions.

Other applications of VaR include estimating equity market, foreign exchange rates,

measurement of stock index futures market risk and risk management.

Expected Shortfall

Although VaR is often considered as an adequate risk measure, it does not capture all

aspects of market risks, such as subadditivity. Hence, Artzner et al. (1999) proposed

Expected shortfall (ES) or conditional VaR as a better measure of risk, which is sub-

additive and also informs one about the likely magnitude of exceedances. ES gives

the expected size of return that exceed VaR, i.e., for a probability level p,

ESp = E(X|X > VaRp) (4.3)

And, equivalently,

ESp = VaRp + E(X − VaRp|X > VaRp) (4.4)

where the second term above represents the mean of the excess distribution FVaRp(x)

(treating VaRp as the threshold).

Properties of Conditional VaR (CV aRp)

CV aRp exhibits the following properties:

• CV aRp is translation-equivariant, that is CV aRp(X + k) = CV aRp(X) + k.
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• CV aRp is positively homogeneous, that is CV aRp(kX) = kCV aRp(X) for k >

0.

• If X has a density,

E(X) = (1− p)CV aRp(X)− pCV aR(1−p)(−X).

• CV aRp is convex since, for arbitrary (possible) random variables X1 and X2

and 0 < λ < 1, CV aRp(λX1 + (1− λ)X2 ≤ λCV aRp(X1) + (1− λ)CV aRp(X2).

• CV aRp is monotonic with respect to stochastic dominance of order 2, that is

X1 ≤ X2 ⇒ CV aRp(X1) ≤ CV aRp(X2).

A risk measure is coherent if it is translation-invariant, convex, positively homoge-

neous and monotonic with stochastic dominance of order 1. CV aRp is coherent in

this sense. V aRp is not coherent, since it is not convex but it is comonotone additive.

Relations between VAR and CVaR

VaR and CVaR measure different properties of the distribution in principle. VaR is a

quantile and CVaR is a conditional tail expectation. The two values coincide only if

the tail is cut off.

Proposition 1

• CV aRp(X) ≥ V aRp(X)

• V aRp(X) = sup{v : CV aRp([X]v) = v}.

• If X is nonnegative, then as n→∞,[
E(Xn)− (1− p)CV aRp(Xn)

p

] 1
n

→ V aRp(X).

It is well known that VaR, as a risk measure, has some shortcomings and some au-

thors prefer to use the expected shortfall. Since financial institutions must follow the

prescriptions of the Basel accord II and III (Basel Committee on Banking Supervi-

sion, 2006, 2011) and these are based on VaR, we will use mainly VaR in this study.
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4.3 Backtesting models

Financial risk model evaluation or backtesting is a key part of the internal model’s

approach to market risk management as laid out by the Basel Committee on Banking

Supervision (1996). The accuracy of VaR models in predicting future risks is checked

by back testing methods (Nieppola, 2009). According to Halulu (2012) and Nieppola

(2009), back testing is a statistical procedure where the actual profits and losses are

systematically compared to corresponding VaR estimates.

To examine the adequacy and effectiveness of VaR and ES estimates, we utilise vari-

ous backtesting procedures. In particular, VaR backtesting is performed using the

Kupiec likelihood ratio unconditional coverage test (Kupiec, 1995) and Christof-

fersen conditional coverage test (Christoffersen, 1998). For ES, we follow the back-

testing procedure in McNeil and Frey (2000), implemented for both with and with-

out bootstrapping.

The Kupiec Likelihood test

The Kupiec test exploits the fact that an adequate model ought to have its propor-

tion of violations of VaR estimates close to the corresponding tail probability level.

The method consists of calculating the number of times xp the observed returns fall

below (for long positions) or above (for short positions) the VaR estimate at level p,

i.e., rt < VaRp or rt > VaRp, and compare the corresponding failure rates to p.

The null hypothesis is that the expected proportion of violations is equal to p. Under

this null hypothesis, the Kupiec statistic, which is given by

LRUC = 2 ln

((
xp

N

)xp (
1− xp

N

)N−xp)
− 2 ln

(
αx

p
(1− p)N−xp

)
(4.5)

is asymptotically distributed according to a chi-square distribution with one degree

of freedom where xp is the number of violations, N is the sample size and α is the

pre-specified VaR level.
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There are two shortcomings of the Kupiec LR test which are:

• the test is statistically weak with small samples (Dowd, 2002, Nyssanov, 2013).

• the test considers only the frequency of losses and not the time which they

occur (Halulu,2012).

The Christoffersen conditional coverage test

The Christoffersen test extends the Kupiec test and accounts for serial independence

of violations (i.e., clustering of extremes). It is a joint test that examines both prop-

erties of a good VaR model, the correct failure rate and independence of exceptions,

thus conditional coverage (Nieppola, 2009).

The Christoffersen test statistic is given by

LRCC = LRUC + 2 ln
b(1− π0)ϕ00πϕ01

0 (1− π1)ϕ10πϕ11
1 c

lnb(1− π)(ϕ00+ϕ10)π(ϕ01+ϕ11)c
, (4.6)

where ϕij is defined as the number of returns in state i while they have been in

state j previously (state 1 indicates that the VaR estimate is violated and state 0 in-

dicates that it is not) and πi is defined as the probability of having an exception that

is conditional on state i the previous day. This statistic is asymptotically chi-square

distributed distributed with two degrees of freedom (Nieppola, 2009, Halulu, 2012).

The null hypothesis of equal probabilities πi is rejected if LRCC value is greater than

χ2
(2). According to Nyssanov (2013), one disadvantage of the Christoffersen test is

that it is difficult to find the true cause of the model rejection. It could be either vio-

lation cluster or inconsistency of the violation proportion with VaR confidence level

from Binomial distribution (Nyssanov, 2013).

Bootstrap t-test

The null hypothesis of the ES backtest is that the excess conditional shortfalls (excess

of the actual data series when VaR is violated), are iid and has zero mean. The test is

a one sided t-test against the alternative that the excess shortfall has a mean greater

than zero, and thus the conditional shortfall is systematically underestimated. The
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test statistic is given by

T =
r̄ − µ0
σ̄/
√
m
, (4.7)

where r̄ and σ̄ are the mean and standard deviation of “exceedance residuals” {r1, r2,

. . . , rm}, m is the sample size of the exceedance residuals, µ0 is the mean of the

empirical distribution.

The bootstrap techniques can also be utilised to alleviate any bias with respect to

assumptions about the underlying distribution of the excess shortfall. For the boot-

strap test, we sample r̃∗1, r̃
∗
2, . . . , r̃

∗
m without replacement from the shifted residuals

r̃i = ri − r̄ + µ0 and compute the test statistic

T ∗j =
¯̃r∗ − µ0
¯̃σ/
√
m

(4.8)

for each bootstrap sample j (McNeil and Frey, 2000).

4.4 Summary

In this chapter we discussed the properties of two risk measures VaR and ES. We

also outlined the backtesting methods used in this study. In the next chapter we

look at evaluating the risk of precious metal prices with Generalised Extreme Value,

Generalised Pareto and Generalised Lambda distributions.
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Chapter 5

Evaluating risk in precious metals

with Generalised Extreme Value,

Generalised Pareto and

Generalised Lambda Distributions

5.1 Introduction

Distributions with higher tail probabilities compared to a Normal distribution are

called heavy-tailed. Heavy-tailed distributions are important models in finance be-

cause the distributions of asset returns and other changes in market prices have

heavy tails. Heavy-tailed distribution models are required to accurately model the

tail behavior and compute probabilities of extreme returns.

In Chapter 3 it was shown that the empirical distribution of precious metal returns is

characterised by excess kurtosis and skewness. In order to capture these properties

heavy-tailed and asymmetry distributions are required to overcome the drawbacks

of the widely used classical normality of distribution assumption. Risk manage-

ment tools, such as VaR, are highly dependent on the underlying distributional as-
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sumption, with particular focus being placed at the extreme tails. In this chapter,

we extend the work of Corlu and Corlu (2015) and Chen and Giles (2014). Specifi-

cally, we investigate the performances of the Generalised Extreme Value Distribution

(GEVD), the Generalised Pareto Distribution (GPD) and the Generalised Lambda

Distribution (GLD) in modelling extreme risks for daily platinum, gold and silver

log-returns. Our primary goal is to compare GLD against GPD, and GEVD, in the

estimation of Value-at-Risk (VaR) and expected shortfall (ES) as per the international

Basel regulatory framework. This is done by utilising graphical analyses (such as ex-

cess distribution plots, plot of the tail of underlying distribution and scatter plot of

residuals) and various backtesting procedures (i.e., Kupiec test, Christoffersen test

and bootstrap test) to draw robust conclusions on the adequacy of GLD, GPD and

GEVD models for Value-at-Risk (VaR) and expected shortfall (ES) estimates.

5.2 Extreme Value Theory (EVT)

EVT relates to the asymptotic behaviour of extreme observations of a random vari-

able. It provides the fundamentals for the statistical modelling of rare events and is

used to assess tail risk measures (Ren and Giles, 2010). The two fundamental meth-

ods for identifying extremes in EVT are the block maxima and the Peak Over Thresh-

old (POT) approaches (Coles, 2001; Gilli and Këllezi, 2006). The first method concen-

trates on the distribution of block maxima, which can be modelled by GEVD (since

GEVD asymptotically describes the limiting behaviour of block maxima) (Coles,

2001). The latter method identifies realised large values over a predefined thresh-

old and describes the behaviour of these exceedances by the GPD. This is based on

the fact that, given a large enough threshold, the distribution of these exceedances

asymptotically tends toward the GPD.

5.2.1 The Generalised Extreme Value Distribution (GEVD)

The GEVD is a family of continuous probability distributions. It includes the Gum-

bel, Fréchet and Weibull classes of distributions into a single family to allow a con-
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tinuous range of possible shapes. Based on the extreme value theorem, GEVD is the

limiting distribution of properly normalised maxima of a sequence of independent

and identically distributed (iid) random variables (Coles, 2001). Thus, GEVD is used

to model the maxima of a long (finite) sequence of random variables. The unified

GEVD for modelling block maxima is given by

Gξ,µ,σ(x) =


exp

{
−
[
1 + ξ

(
x− µ
σ

)]− 1
ξ

}
, for ξ 6= 0, σ > 0, 1 + ξ(x−µσ ) > 0,

exp

{
− exp

[
−
(
x− µ
σ

)]}
, for ξ = 0,−∞ < x <∞.

(5.1)

The probability density function, obtained as the derivative of the distribution func-

tion (5.1), is given by:

gξ,µ,σ(x) =


1

σ

[
1 + ξ

(
x− µ
σ

)]−1− 1
ξ

exp

{
−
[
1 + ξ

(
x− µ
σ

)]− 1
ξ

}
, ξ 6= 0

1

σ
exp

[
−
(
x− µ
σ

)]
exp

{
exp

[
−
(
x− µ
σ

)]}
, ξ = 0,

(5.2)

where µ and σ are the location and scale parameters, respectively. The shape param-

eter ξ is also known as the extreme value index (EVI). ξ−1 is the rate of tail decay

of the GEVD distribution. If ξ > 0, G belongs to the heavy-tailed Fréchet class

of distributions such as the Pareto, Cauchy, Student-t and mixture distributions. If

ξ < 0, G belongs to the short-tailed Weibull class of distributions such as uniform

and beta distributions. If ξ = 0, then G belongs to the light-tailed Gumbell class of

distributions and includes distributions such as Normal, Exponential, Gamma and

Lognormal distributions (Bali, 2003).

Block maxima

The block maxima method is an EVT approach for identifying extremes in a data

set and for describing their asymptotic behaviour. It consists of fitting GEVD to a

particular set of block maxima chosen in a given sample of data. This method may

be summarised as follows.
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Given a sample X1, X2 . . . . . . ., XN of iid data points drawn from an unknown dis-

tribution F :

(a) We divide the sample into m non-overlapping subsamples of n observations

each (n-blocks), for given integers m and n (0 < m,n < N), and denote Mn,j

as the maximum of the jth subsample:

(b) Assuming that F belongs to the maximum domain of attraction of Gξ,µ,σ for

some ξ, µ, σ ∈ R, with σ > 0, we fit GEVD to the sequence of block maxima

Mn,1, . . . .,Mn,m, to determine the parameter estimates ξ̂, µ̂ and σ̂ (by, for ex-

ample, using Maximum likelihood estimation (MLE).

Analogous results and methods can be employed to study the asymptotic distribu-

tion of minima, taking into account the relation min{X1, . . . . . . ., Xn} = −max{−X1, . . . ,

−Xn}. In the context of this study, we use block sizes of 5, 10 and 21, corresponding

to weekly, fortnightly and monthly maxima. For daily returns, block size 5 and 21

correspond approximately to the number of trading days in a week and in a month,

respectively.

Maximum likelihood estimation for GEVD

Under the assumption thatX1, . . . , Xm are independent variables having the GEVD,

the log-likelihood for the GEVD parameters, when ξ 6= 0 is

`(µ, σ, ξ) = −m lnσ−
(

1 +
1

ξ

) m∑
i=1

ln

[
1 + ξ

(
x(i) − µ

σ

)]
−

m∑
i=1

ln

[
1 + ξ

(
x(i) − µ

σ

)]−1/ξ
,

(5.3)

provided that 1 + ξ

(
x(i) − µ

σ

)
> 0 for i = 1, . . . ,m.

For parameter combinations in which the above condition is violated, i.e. a config-

uration for which at least one of the observed data points falls beyond an end-point

of the distribution, the likelihood is zero and the log-likelihood equals−∞. The case

ξ = 0 requires separate treatment using the Gumbel limit of GEVD. This leads to the

log-likelihood

`(µ, σ) = −m lnσ −
m∑
i=1

(
x(i) − µ

σ

)
−

m∑
i=1

exp

{
−
(
x(i) − µ

σ

)}
. (5.4)
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Maximization of equations 5.3 and 5.4, with respect to the parameter vector (µ, σ, ξ),

leads to the maximum likelihood estimates for the entire GEVD family (Coles, 2001).

MLE offers the advantage of simultaneous estimation of the three parameters.

Model checking for GEVD

After estimating the GEVD parameters, one can check the goodness-of-fit of the

model by utilising residual plots, where the residuals are defined as

res =



(
1 +

ξ

σ
(x− µ)

)−1/ξ
if ξ 6= 0

exp

[
− exp

(
−x− µ

σ

)]
if ξ = 0.

(5.5)

The data points are converted to unit exponentially distributed residuals under the

null hypothesis that GEVD provides a good depiction of the data set.

5.2.2 The Generalised Pareto Distribution (GPD)

The two-parameter GPD (with scale parameter β and shape parameter ξ) has the

following representation (Tsay, 2013):

Gξ,β(x) =


1−

(
1 +

ξx

β

)−1/ξ
if ξ 6= 0

1− e
−
(
x

β

)
if ξ = 0,

(5.6)

where x > 0 when ξ ≥ 0, 0 ≤ x ≤ −β/ξ when ξ < 0, and β > 0.

Excess Distribution

For a random variable X , the excess distribution function Fu above a certain thresh-

old u is defined as

Fu(x) = P (X − u ≤ x|X > u), (5.7)

where x represents the size of exceedances over u. Furthermore, if we denote F as

the distribution function of X , then we can write
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Fu(x) =
F (x+ u)− F (u)

1− F (u)
, (5.8)

A fundamental theorem in EVT by Balkema and de Haan (1974) and Pickands (1975)

identifies the asymptotic behaviour of these exceedances with GPD. Hence, the ex-

cess distribution function Fu can be well approximated by the GPD for large enough

u.

Peaks-Over-Threshold (POT)

To fit GPD to a data set, we adopt the POT method that focuses on the distribution of

exceedances above some high threshold u. For x− u ≥ 0, we can rewrite the excess

distribution function 5.8 as

Fu(x− u) =
F (x)− F (u)

1− F (u)
, (5.9)

and, hence, deduce the following reverse expression

F (x) = (1− F (u))Fu(x− u) + F (u) (5.10)

which allows us to apply the POT method.

There are two steps in applying the POT method. Firstly, we need to choose an ap-

propriate threshold. Secondly, we need to fit the GPD function to the data set. Given

the choice of a sufficiently high threshold, we may estimate F (u) by (1 − Nu/n),

where n is the total sample size and Nu is the amount of observations above the

chosen threshold. Fu(x− u) can be estimated by a GPD using Maximum likelihood

estimation (Embrechts et al., 1997). We then obtain the following tail estimator (Ren

and Giles, 2010),

F (x) = 1− Nu

n

(
1 +

ξ

β
(x− u)

)− 1
ξ

. (5.11)

Threshold Selection

In this paper, we utilise the empirical mean excess plot for threshold selections. For

a random variable X , the mean excess function is defined as

e(u) = E(X − u|X > u) (5.12)
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i.e., the mean of exceedances over a threshold u. If the underlying distribution of

X > u follows a GPD, then the corresponding mean excess is

e(u) =
β + ξu

1− ξ
, β + ξu > 0, (5.13)

provided that ξ < 1.

From equation 5.13, we can clearly see that the mean excess function must be linear

in u. More precisely, X > u follows a GPD if and only if the mean excess function is

linear in u (Coles, 2001). This gives us a way of selecting an appropriate threshold.

Given the data set, we define the empirical mean excess function as

en(u) =

∑n
i (Xi − u)I{Xi>u}∑n

i I{Xi>u}
, (5.14)

where n is the sample size and I{Xi>u} is the indicator variable on the event {Xi > u}

which is defined as

I{Xi>u} =


1, if Xi > u

0, otherwise.
(5.15)

The empirical excess plot is a graphical representation of the locus of (u, en(u)) and

we can examine this plot to choose the threshold u such that en(u) is approximately

linear for X > u.

Parameter Estimation

There are various techniques for estimating the parameters of the GPD, such as

Maximum likelihood estimation (MLE), method of moments and the method of

probability-weighted moments. We adopt the MLE method in this study because

the Maximum likelihood estimator is asymptotically normal and allows simple ap-

proximations for standard errors and confidence intervals (Azzalini, 1996).

Given that we have a sufficiently high threshold u and, assuming there are m ob-

servations with xi − u ≥ 0, the subsample x1 − u, . . . , xm − u has an underlying

distribution of GPD, where xi − u ≥ 0 for ξ ≥ 0, 0 ≤ xi − u ≤ −β/ξ for ξ < 0,
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then the logarithm of the probability density function of xi can be derived from

equation 5.6 as

ln f(xi − u) =


− ln(β)− 1 + ξ

ξ
ln

(
1 + ξ

(
xi − u
β

))
for ξ 6= 0

− ln(β)− 1

β
(xi − u) for ξ = 0.

(5.16)

Hence, the log-likelihood function L(ξ, β|xi − u) for the GPD is the logarithm of the

joint density of the m observations, i.e.,

L(ξ, β|xi − u) =


−n ln(β)− 1 + ξ

ξ

m∑
i=1

ln

(
1 + ξ

(
xi − u
β

))
for ξ 6= 0

−n ln(β)− 1

β

m∑
i=1

(xi − u) for ξ = 0.

(5.17)

Therefore, we obtain the estimates for ξ and β by maximizing the log-likelihood

function of the subsample under a suitable threshold u.

Model Validation

We can use quantile plots to assess the adequacy of a fitted generalised Pareto model

(Coles, 2001). With a chosen threshold u, the ordered excesses x(1) ≤ · · · ≤ x(m) and

an estimated model F̂ with ξ̂ 6= 0, the quantile (Q-Q) plot consists of the pairs

{(
F̂−1(

i

m+ 1
), x(i)

)
; i = 1, . . . ,m

}
, (5.18)

where

F̂−1(x) = u+
β

ξ̂

[
x−ξ̂ − 1

]
. (5.19)

If GPD is a reasonable fit for the exceedances above u, then the Q-Q plot should de-

pict points that are approximately linear. Furthermore, we may confirm the goodness-

of-fit of GPD by utilising the excess distribution plot and plot of the tail of the un-

derlying distribution (McNeil et al., 2005). For a good fit, the exceedances should lie

close to the theoretical curves. Lastly, a scatter plot of residuals should not depict

any visible pattern, and should show independence of the exceedances.
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5.3 Generalised Lambda Distribution

GLD is a family of distributions that can accommodate a wide range of shapes within

one distributional form, including heavy-tailedness and asymmetry. Depending

on the values of their shape parameters, GLD will exhibit platykurtic, mesokurtic

or leptokurtic behaviour. Most continuous probability distributions are defined in

terms of their cumulative distribution function (cdf), F (x), or their probability den-

sity functions (pdf), f(x). The Tukey’s lambda distribution was first introduced by

Hastings et al. (1947) and Tukey (1960). The Tukey’s lambda distribution has a sin-

gle parameter and is the simplest example of a distribution specified in terms of its

quantile-based functions (van Staden, 2013). According to van Staden (2013), vari-

ous different generations of the Tukey’s lambda distribution proposed in the litera-

ture are referred to as Generalised lambda distributions (GLDs).

The two types of GLDs are:

• the Ramberg-Schmeiser type (RS GLD) introduced by Ramberg and Schmeiser

(1972, 1974),

• the Freimer-Mudholkar-Kollia-Lin type (FMKL GLD) introduced by Freimer

et al (1988).

The RS GLD and FMKL GLD have become preferred in theoretical development

in statistics and practical applications in other fields of research. (King, 1999, van

Staden, 2013).

Tukey’s Lambda Distribution

Following Bergevin (1993), we define the Tukey’s Lambda Distribution in terms of

its quantile function, which is simply the inverse of the cumulative distribution func-

tion. The quantile function Q(u), of the Tukey’s Lambda Distribution is given by

Q(u) = F−1(u) =
uλ − (1− u)λ

λ
, (5.20)

for 0 ≤ u ≤ 1 and λ 6= 0, or
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Q(u) = F−1(u) = log

(
u

1− u

)
, (5.21)

for 0 ≤ u < 1 and λ = 0,

where λ represents the shape parameter.

Equation 5.21 is simply the quantile function of the standard logistic distribution,

which is the limiting case of Tukey’s lambda distribution, attained for λ = 0 (van

Staden, 2013).

According to van Staden (2013) and King (1999), the Tukey’s lambda distribution

has:

• unimodal bell-shaped distributions with infinite support for λ ≤ 0 and bounded

support for 0 < λ < 1.

• the uniform distribution for both λ = 1 and λ = 2.

• U-shaped distributions for 1 < λ < 2.

• unimodal truncated distributions for λ > 2.

See van Staden (2013) for details on the probability density functions of Tukey’s

lambda distribution for various values of λ.

Equations 5.20 and 5.21 are the standard form of the Tukey’s lambda distribution in

the literature. According to van Staden (2013), if location and scale parameters are

added it results in the more general form,

Q(u) =


α+

β

λ

(
uλ − (1− u)λ

)
, λ 6= 0

α+ β log

(
u

1− u

)
, λ = 0

(5.22)

Accordingly, the quantile density quantile functions of the Tukey’s lambda distribu-

tion are then

q(u) = β
(
uλ−1 + (1− u)λ−1

)
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and

f(u) =
1

β (uλ−1 + (1− u)λ−1)
(5.23)

respectively (van Staden, 2013).

Ramberg-Schmeiser Type (RS GLD)

The four-parameter Generalised Lambda distribution was first introduced by Ram-

berg and Schmeiser (1972, 1974) which was then extended by Ramberg et al (1979).

The RS GLD is flexible and it produces distributions with different shapes (Uni-

modal, S-shape, Monotone and U-shape). It is a well-known distribution with scale,

location and shape parameters that can take different forms of distributions.

The four-parameter Generalised Lambda distribution (RS GLD) is defined by the

following quantile function:

Q(u) = λ1 +
uλ3 − (1− u)λ4

λ2
, (5.24)

where 0≤ u ≤ 1, are the probabilities; λ1 is the location parameter, λ2 6= 0 is the

scale parameter, λ3 and λ4 are the shape parameters. To obtain a Turkey’s Lambda

Distribution λ1 = 0 and λ2 = λ3 = λ4 = λ.

The following conditions are imposed on the RS GLD:

If λ2 →∞ then λ3, λ4 → −∞

and,
If λ3, λ4 →∞ then |λ2| > 0.

According to van Staden (2013) the quantile density and density quantile functions

of the RS GLD are respectively

q(u) =
1

λ2

(
λ3u

λ3−1 + λ4(1− u)λ4−1
)

(5.25)
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and

f(x) =
λ2

λ3uλ3−1 + λ4(1− u)λ4−1
. (5.26)

Properties of the RS GLD

Equation 5.24 is not a proper quantile function for all combinations of values of

the shape parameters λ3 and λ4 (King and MacGillivray, 1999). It can have finite

(bounded), half-finite or infinite support depending on the values of λ3 and λ4. Fig-

ure 5.1 which is adapted from Van Staden (2013) and also found in Chalabi (2012)

and King and MacGillivary (1999), shows the parameter space of the RS GLD. The

parameter space based on the two shape parameters λ3and λ4 is divided into six

regions. Ramberg et al. (1979) identified Region 1,2,3, and 4. Region 5 and 6 were

derived by Karian et al.(1996). Table 5.1 adapted from van Staden (2013) and also

found in Karian and Dudewicz (2000), shows parameter space and support for dif-

ferent values of the shape parameters λ3 and λ4.

Figure 5.1: The parameter space of the RS GLD in terms of Regions 1,2,3,4,5 and 6 (Adapted
from van Staden (2013))
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5.3. Generalised Lambda Distribution

In Figure 5.1 the dotted line at λ3 = λ4 represent symmetric distributions. N and

L symbolise the approximations of the Normal distribution and logistic distribution

by the RS GLD. At λ3 = λ4 = 1 and λ3 = λ4 = 2, we have uniform distribution

denoted by U1 and U2 respectively (van Staden, 2013). For more details on the first

four moments and L-moments see van Staden (2013).

Karian and Dudewicz (2000, 2010) performed an in-depth study of the RS GLD. Re-

gion 3 of the RS GLD can be divided into sub-regions based on diverse distributional

shapes attainable in this region. See van Staden (2013) and King (199) for more de-

tails on sub-regions in region 3 of the RS GLD.

Table 5.1: Parameter space and support of the RS GLD distribution in terms of regions
1,2,3,4,5 and 6

Region Shape parameter values Support

Region 1 λ3 < −1, λ4 > 1
(
−∞, λ1 + 1

λ2

]
Region 2 λ3 > 1, λ4 < −1

[
λ1 − 1

λ2
,∞
)

Region 3

λ3 = 0, λ4 > 0
[
λ1, λ1 + 1

λ2

]
λ3 > 0, λ4 = 0

[
λ1 − 1

λ2
, λ1

]
λ3 > 0, λ4 > 0

[
λ1 − 1

λ2
, λ1 + 1

λ2

]

Region 4

λ3 = 0, λ4 < 0 [λ1,∞)

λ3 < 0, λ4 = 0 (−∞, λ1]

λ3 < 0, λ4 < 0 (−∞,∞)

Region 5 −1 < λ3 < 0, λ4 > 1, a(λ3, λ4)< b(λ3, λ4)
(
−∞, λ1 + 1

λ2

]
Region 6 λ3 > 1, −1 < λ3 < 0, a(λ3, λ4)< b(λ3, λ4)

[
λ1 − 1

λ2
,∞
)

Source: van Staden (2013)
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5.3. Generalised Lambda Distribution

Note: a(λ3, λ4)=
(1− λi)1−λi(λj − 1)λj−1

(λi − λj)λi−λj
, b(λ3, λ4) = −λi

λj

Source: van Staden (2013)

The Freimer-Muldholar-Kollia-Lin Type (FMKL GLD)

The Freimer-Muldholar-Kollia-Lin Type of the GLD introduced by Freimer et al.

(1988) denoted by FMKL GLD has a quantile function:

Q(u) = λ1 +
1

λ2

(
uλ3 − 1

λ3
− (1− u)λ4

λ4

)
, (5.27)

Source: van Staden (2013)

where 0 ≤ u ≤ 1;λ1 is the location parameter, λ2 is the scale parameter, λ3 andλ4 are

shape parameters, respectively.

The quantile density and density quantile functions of the FMKL GLD are respec-

tively

q(u) =
1

λ2

(
uλ3−1 + (1− u)u

λ4−1
)

and
f(u) =

λ2
uλ3−1 + (1− u)λ4−1

Source: van Staden (2013)

For λ2 > 0, this Freimer-Mudholkar-Kollia-Lin type of GLD is well defined for all

parameter values. Also, for a finite k -th moment of the GLD to exist, we must have

min(λ3, λ4) > − 1
k .

According to Chalabi (2012), and van Staden (2013), the FMKL GLD has three pos-

sible type of support namely infinite support, half-infinite and bounded support.

Table 5.2 adapted from van Staden(2013) and also found in Chalabi (2012), shows

the support obtained by the FMKL GLD for different values of the shape parameters

λ3 and λ4. The four regions of the FMKL GLD shown in Table 5.2 are represented

graphically in Figure 5.2.
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5.3. Generalised Lambda Distribution

Table 5.2: Parameter space and support of the FMKL GLD distribution in terms of regions
1,2,3, and 4.

Region Shape parameter values Support

Region 1 λ3 ≤ 0, λ4 > 0
(
−∞, λ1 + 1

λ2λ4

]
Region 2 λ3 > 0, λ4 ≤ 0

[
λ1 − 1

λ2λ3
,∞
)

Region 3 λ3 > 0, λ4 > 0
[
λ1 − 1

λ2λ3
, λ1 + 1

λ2λ4

]
Region 4 λ3 ≤ 0, λ4 ≤ 0 (−∞,∞)

Source: van Staden (2013)

Figure 5.2 displays the parameter space and support region of the FMKL GLD.

Figure 5.2: The parameter space of the FMKL GLD in the Regions 1,2,3 and 4. (Adapted from
van Staden (2013))

According to Chalabi (2012) the GLD is highly flexible in terms of distributional

shape. Freimer et al. (1988) classified the shapes return for the FMKL GLD as follows:
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5.3. Generalised Lambda Distribution

(i) Class-I family (λ3 < 1, λ4 < 1) represents unimodal distributions with continu-

ous tails. These unimodal members of the FMKL GLD in Class-I are platykur-

tic leptokurtic or mesokurtic (the approximation of the Normal distribution by

the FMKL GLD) (van Staden, 2013).

(ii) Class-II family (λ3 ≥ 1, λ4 ≤ 1) represents monotone decreasing density curves

similar to the Exponential distribution. The uniform distribution is obtained

when both the shape parameters are equal to one or when one of the shape

parameters equals one while the other shape parameter tends to infinity.

(iii) Class-III family (1 < λ3 ≤ 2, 1 < λ4 ≤ 2) represents U-shaped densities

with truncated tails. The density curve of the FMKL GLD in Class-III is U-

shaped for all pairs of λ3 and λ4. The curve forms a uniform distribution when

(λ3, λ4) = (2, 2) (van Staden, 2013).

(iv) Class-IV family (λ3 > 2, 1 < λ4 < 2) represents S-shaped pattern of the density

curves.

(v) Class-V family (λ3 ≥ 2, λ4 ≥ 2, λ3 + λ4 > 4) represents unimodal truncated

density curves.

Two additional classes Class II’ and Class IV’ were identified by King (1999). Class

II’ and Class IV’ contain the reflection of the FMKL GLD from Class II and Class IV

(van Staden, 2013). Class II’-family (λ3 ≤ 1, λ4 ≥ 1) represents monotone increasing

curves. According to van Staden (2013), the FMKL GLD is negatively skewed in

Class II’.

Class-IV′-family ((1 < λ3 < 2, 1 < λ4 > 2) represents S-shaped pattern of the density

curves. For more information on shape properties of the GLD, see MacGillivray

(1982) and van Staden (2013 ). See King (1999) for picture galleries of probability

density functions detailing the behaviour of the FMKL GLD for different values of

the shape parameter. The seven classes are listed in Table 5.3 and shown graphically

in Figure 5.3.
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Table 5.3: Parameter space of the FMKL in terms of Classes I, II, II’, III, IV’, IV and V.

Class Shape parameter values

Class I λ3 < 1, λ4 < 1

Class II λ3 ≥ 1, λ4 ≤ 1

Class II’ λ3 ≤ 1, λ4 ≥ 1

Class III 1 < λ3 ≤ 2, 1 < λ4 ≤ 2

Class IV λ3 > 2, 1 < λ4 < 2

Class IV’ 1 < λ3 < 2, λ4 > 2

Class V λ3 ≥ 2, λ4 ≥ 2, λ3 + λ4 > 4

Source: van Staden (2013)

The main difference between parameter spaces of the RS GLD and FMKL GLD is

that, the FMKL is a valid distribution for all values of λ3 and λ4 unlike the RS GLD.

King (1999) gave the quantile functions for the limiting cases of the FMKL GLD. We

summarise the limiting distributions of FMKL GLD in Table 5.4.

Table 5.4: Limiting cases of the FMKL GLD

Distribution Parameter description

Logistic λ3 = λ4 = 0

Exponential λ3 →∞ and λ4 = 0

Tukey’s lambda λ3 = λ4 = λ, λ1 = α and λ2 = 1
β (5.21)

Normal λ3 = λ4 ≈ 0.14

Uniform (λ3, λ4) = (1, 1), (λ3, λ4) = (2, 2), λ3 = 1
and λ4 →∞, λ3 →∞ and λ4 = 1

Source: van Staden (2013)

Note: The two pair values (λ3, λ4) = (1, 1), (λ3, λ4) = (2, 2) are similar for RS GLD.

RS GLD and FMKL GLD both reduce to Tukey’s lambda when λ3 = λ4 = λ (sym-

metric case). This is the only functional relation between the two distinct types of

GLD.
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5.3. Generalised Lambda Distribution

Figure 5.3: The parameter space of the FMKL GLD in terms of Classes I, II, II’, III, IV’, IV
and V. (Adapted from van Staden (2013))

Tail behavior of GLD

The tail behavior plays a major role in modelling stochastic processes (Chalabi, 2012).

This is applicable in the case of financial returns which have heavy tail distributions.

(Chalabi et al. 2012). Certain combinations of the values of the GLD?s shape param-

eters in Region 3 and 4 affect the tails of the GLD. For instance, when λ3 > 2 and

λ4 > 2 in Region 3, a change in the value of λ4 affects the left tail. In Region 4, for

λ3 < 0 and λ4 < 0, change in values of λ3 affects the left tail and change in values of

λ4 affects the right tail (van Staden, 2013). See King (1999) and van Staden (2013) for

more details on the tail behaviour of GLD.

However, the FMKL GLD is preferable as a result of its ease to use Corlu et al. (2016).

In this study, we used the FMKL GLD and also the Maximum likelihood estimation

method in the GLDEX package of R (Su, 2007).

Parameter Estimation Methods of the FMKL GLD

In the literature, several fitting methods for estimating the parameters of the GLD

have been developed. In this study, we discussed the Maximum likelihood estima-

tion method.
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5.3. Generalised Lambda Distribution

Maximum likelihood estimation for the FMKL GLD

Several fitting methods for estimating parameters of the GLD have been proposed

due to its flexibility in depicting various distributional shapes (Corlu and Meterel-

liyoz, 2015). In this study we utilise the MLE procedure of Su (2007). The proce-

dure uses the method of moments for the FMKL parameterisation of GLD to find

the initial values. These initial values are then used to maximise the numerical log-

likelihood to find the parameters of the appropriate GLD.

The algorithm is described below:

• Specify a range of initial values for λ3, λ4 and the number of initial values to

be selected (λ3, λ4 are set by default to a range from -0.25 to 1.5 for the FMKL

GLD method of moments (Su, 2007)).

• Evaluate λ1, λ2 for each of the initial values of λ3, λ4. Remove all the set initial

values that do not: (a) result in a legal parameterisation of GLD (b) span the

entire region of the data set.

• Calculate the quantiles µi from the initial values. This can be done by solving

expression (5.27) numerically.

• Once µi is obtained, substitute µi into the numerical log-likelihood (5.28). The

numerical log-likelihood can be obtained by applying the chain rule to differ-

entiate expression (5.27) to obtain f(xi) and apply the logarithm on the joint

distribution of f(xi), assuming independence of f(xi).

ML =

n∑
i=1

log

[
λ2

λ3µ
λ3−1

i + λ4(1− µi)λ4−1

]
. (5.28)

• The optimal result can be obtained via the Nelder-Mead simplex algorithm, or

other suitable numerical optimisation algorithms. It is always desirable to find

another set of initial values in the optimisation process to check if the result

obtained is a reasonable solution. The final fitting result can be examined using
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plots such as a histogram with the fitted line and quantile plot as well as testing

the goodness of fit using resample Kolmogorov-Smirnov tests.

5.4 Empirical Results

In this section, we are primarily interested in analysing losses. I.e. negative re-

turns. Results and methods for the GEVD and the GPD can be employed to study the

asymptotic distribution of extreme losses, taking into account the relation min{X1, . . . , Xn}

= − max{−X1, . . . ,−Xn}. We fitted the GEVD, GPD and the FMKL GLD to each

of the three precious metal data sets by using maximum likelihood estimation. The

results are presented and discussed in the subsequent sections.

Platinum returns

The block maxima of the negative returns have been fitted to the GEVD with differ-

ent block sizes (5, 10, and 21). Table 5.5 shows the Maximum likelihood estimates of

the parameters with increasing block sizes and their corresponding standard errors.

The shape parameter is positive for all cases. Hence, the extreme negative returns

follow a Fréchet family of GEVD for all block sizes considered. The Fréchet type of

GEVD confirms that the original series has a negative heavy tail.

Table 5.5: Parameter estimates using GEVD for platinum returns

No. of
ξ SE σ SE µ SE

Maxima

GEVD5 1127 0.138586581 0.0181311546 0.007414277 0.0001572313 0.008520950 0.0002394523

GEVD10 564 0.250289053 0.0347814862 0.007295754 0.0002411375 0.012564967 0.0003428281

GEVD21 269 0.22567420 0.0447542623 0.00873558 0.0004230932 0.01772121 0.0005857268
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In Figure 5.4, we observe that the residuals are approximately Exponentially dis-

tributed, with most points lying on straight lines (recall that the residuals are con-

verted to exponential residuals and the straight line indicates perfectly Exponen-

tially distributed behaviour), indicating that GEVD fits the data set well.

Figure 5.4: Residual and Q-Q plots for negative platinum returns with block size 5, 10 and
21.

The mean excess plots determine a suitable threshold which is necessary for fitting

the GPD model. The choice of a threshold should be depicted by linear increases

in the excess mean plot. Figure 5.5 presents the mean excess function of negative

platinum returns. By observing the mean excess function in Figure 5.5, a threshold

of between 0.1% and 2.5% seems to be a reasonable choice.
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We selected thresholds at 70th, 80th and 90th percentiles. These provided reasonable

choices as they yielded enough data points for analyses and fell within the above

range. The GPD parameter estimates for the chosen thresholds are given in Table

5.6.

Figure 5.5: Mean excess function of negative platinum returns

Table 5.6: GPD parameter estimates for platinum negative returns

Threshold No. of Exceedances ξ SE β SE

GPD70 0.004662496 1690 0.127558323 0.0249354527 0.008131006 0.0002707504

GPD80 0.008302249 1127 0.185611883 0.0339145722 0.007725041 0.0003314023

GPD90 0.01427866 564 0.266062732 0.054845928 0.007728025 0.000505959

To assess the suitability of the GPD model for our data set, the plot of excess distri-

bution and Q-Q plot of the residuals can be used. Figure 5.6 confirms a good fit of

the GPD at all three chosen thresholds. Based on results in Tables 5.7, 5.12 and 5.17,

all three precious metals have λ3 and λ4 less than 1, i.e., their densities are unimodal

with continuous tails, i.e. class-I family of GLD. For all three data sets, the fitted

FMKL GLD is leptokurtic with infinite support, since the estimated shape parame-

ters are less than zero. The histogram and Q-Q plots in Figure 5.7 indicate a good fit

of FMKL GLD for platinum returns.

86



5.4. Empirical Results

Table 5.7: GLD parameter estimates of platinum returns

λ1 λ2 λ3 λ4

GLD -0.00003515827 189.0246 -0.1684266 -0.1938585

Figure 5.6: Diagnostic plots for negative platinum returns fitted with GPD and a threshold

of 0.004662, 0.008302 and 0.014279 respectively.

Figure 5.7: Histogram and Q-Q plots for GLD on platinum returns.
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Table 5.8: VaR and ES estimates for platinum returns using heavy-tailed distributions

Model
VaR ES

1% 0.1% 1% 0.1%

GEVD5 0.03599667 0.0665049 0.05254638 0.08513325

GEVD10 0.03522065 0.0757051 0.05107759 0.09795668

GEVD21 0.03400134 0.07156585 0.04975126 0.09515629

GPD70 0.03928797 0.07287112 0.05645988 0.09515629

GPD80 0.03926181 0.07796422 0.05645988 0.101456

GPD90 0.03884833 0.08416858 0.05589228 0.1234228

GLD 0.03925881 0.07679914 0.05645988 0.09795668

Table 5.9: VaR and ES Backtesting for platinum returns versus heavy-tailed distributions

Model
No. of Kupiec Christoffersen t-test Bootstrap

violations p-value p-value t-test

1% 0.1% 1% 0.1% 1% 0.1% 1% 0.1% 1% 0.1%

GEVD5 74 13 0.0240 0.0081 <0.0001 <0.0001 0.5000 0.5000 0.5547 0.5868

GEVD10 81 7 0.0019 0.5789 <0.0001 0.8498 0.5000 0.5000 0.5303 0.5687

GEVD21 88 8 <0.0001 0.3483 <0.0001 0.6368 0.5000 0.5000 0.5216 0.5602

GPD70 59 8 0.7227 0.3483 <0.0001 0.6368 0.5000 0.5000 0.5318 0.5610

GPD80 59 6 0.7227 0.8783 <0.0001 0.9820 0.5000 0.5000 0.5409 0.5706

GPD90 61 3 0.5372 0.2227 <0.0001 0.4747 0.5000 0.5000 0.5445 0.5368

GLD 59 7 0.7227 0.5789 <0.0001 0.8498 0.5000 0.5000 0.5536 0.5764

Table 5.8 shows VaR and ES estimates for platinum returns using the three heavy-

tailed distributions. GPD and GLD give the largest p-values at 1% VaR level, GPD

gives the highest p-values at 0.1% VaR. It is interesting to note that all the distribu-

tions were rejected at 1% VaR level using the Christoffersen test. However, at 0.1%

all the models were suitable except the GEVD (block size 5) with the best model

having been the GPD. With regard to the backtesting of ES, with and without boot-

strapping, very suitable ES estimates were obtained for all the three distributions

both at 1% and 0.1%.
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Gold returns

Parameter estimates of GEVD, GPD and GLD for gold returns were likewise ob-

tained as for platinum returns. The results are presented in Tables 5.10 to 5.12 and

Figures 5.8 to 5.11.
Table 5.10: Parameter estimates using GEVD

No. of
ξ SE σ SE µ SE

Maxima

GEVD5 1127 0.132949101 0.0191908031 0.005734704 0.0001084900 0.005883060 0.0001839834

GEVD10 564 0.254529125 0.0398705642 0.005818116 0.0001805527 0.008802717 0.0002774462

GEVD21 269 0.178241831 0.0522624337 0.007196091 0.0003462762 0.012848434 0.0005000939

Table 5.11: GPD parameter estimates for negative gold returns.

Threshold No. of
ξ SE β SE

Exceedances

GPD70 0.002980369 1690 0.121231323 0.0271243494 0.006224234 0.0002103677

GPD80 0.005543627 1127 0.120455789 0.0334280019 0.006556563 0.0002743407

GPD90 0.01029216 564 0.123111999 0.048070092 0.007087633 0.000427269

Figure 5.8: Residual and Q-Q plots for negative gold returns with block size 5, 10 and 21.
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Figure 5.9 presents the mean excess function of negative gold returns. By observing

the mean excess function in Figure 5.9, a threshold of between 0.1% and 2% seems to

be a reasonable choice for negative platinum returns. Again, we made correspond-

ing selection of threshold as for platinum returns, while conforming to the above

range. The GPD parameter estimates for the chosen thresholds are given in Table

5.11.

Table 5.12: GLD parameter estimates of gold returns.

λ1 λ2 λ3 λ4

GLD -0.000267928 301.619722473 -0.258694728 -0.266889288

Figure 5.9: Mean excess function of negative gold returns.

Figure 5.10: Diagnostic plots for negative gold returns fitted with GPD and a threshold of

0.002980, 0.005544 and 0.010292 respectively.
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Figure 5.11: Histogram and Q-Q plots for GLD on gold returns.

The model checking plots again indicate good fits for the different models. The only

exception is the deviations in GEVD5 and for GLD, suggesting a poor fit on the tails.

Table 5.13 presents the VaR and ES estimates for gold returns using the three heavy-

tailed distributions. The GPD, at all the chosen thresholds, is the best model for most

of the tests and different VaR levels. In fact, it is the model that stands out in terms

of both VaR and ES estimations. Meanwhile, GLD did not perform as well in gold

as it did for platinum returns.

Table 5.13: VaR and ES estimates for gold returns using heavy-tailed distributions

Model VaR ES

1% 0.1% 1% 0.1%

GEVD5 0.02694425 0.04998866 0.03784411 0.05837483

GEVD10 0.03488165 0.07398208 0.04724566 0.07971887

GEVD21 0.04127705 0.07627359 0.0515494 0.07971887

GPD70 0.02918245 0.05415155 0.03988009 0.06829382

GPD80 0.02920024 0.05416033 0.03989458 0.06827302

GPD90 0.02917186 0.05422744 0.03990521 0.06847851

GLD 0.02973696 0.06580758 0.04087007 0.07971887
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Table 5.14: VaR and ES Backtesting for gold returns versus heavy-tailed distributions

Model
No. of Kupiec Christoffersen t-test Bootstrap

violations p-value p-value t-test

1% 0.1% 1% 0.1% 1% 0.1% 1% 0.1% 1% 0.1%

GEVD5 70 10 0.0778 0.0974 0.0016 0.2486 0.5000 0.5000 0.5108 0.5613

GEVD10 30 1 0.0001 0.0159 0.0005 0.0547 0.5000 0.5000 0.5436 0.5761

GEVD21 20 1 <0.0001 0.0159 <0.0001 0.0547 0.5000 0.5000 0.5350 0.5342

GPD70 58 6 0.8239 0.8783 0.0118 0.9820 0.4993 0.9523 0.5234 0.8915

GPD80 58 6 0.8239 0.8783 0.0118 0.9820 0.5036 0.9518 0.5162 0.8813

GPD90 58 6 0.8239 0.8783 0.0118 0.9820 0.5067 0.9570 0.5228 0.8889

GLD 53 1 0.6524 0.0159 0.0448 0.0547 0.5000 0.5000 0.5272 0.5241

Silver returns

The corresponding results for silver returns are presented in Tables 5.15 to 5.19 and

Figures 5.12 to 5.15. Figure 5.12 indicates some tail misfits for GEVD5 while the other

two GEVDs seem to provide good general fits. However, this does not necessarily

translate into good VaR and ES estimates, as we observed for gold returns.

By observing the mean excess function in Figure 5.13, a threshold of between 0.1%

and 5% seems to be a reasonable choice for negative silver returns. The GPD param-

eter estimates for the chosen thresholds are given in Table 5.16. Figure 5.14 illustrates

a good fit of the GPD at all the three chosen thresholds.

Table 5.15: Parameter estimates using GEVD for silver returns

No. of
ξ SE σ SE µ SE

Maxima

GEVD5 1127 0.14361649 0.0176622739 0.01028936 0.0002348363 0.01216481 0.0003327519

GEVD10 564 0.24768493 0.0343044895 0.01061347 0.0003834909 0.01813485 0.0005023602

GEVD21 269 0.33112549 0.0584081599 0.01162131 0.0006614363 0.02415713 0.0008147953
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Table 5.16: GPD parameter estimates for negative silver returns.

Threshold
No. of

ξ SE β SE
Exceedances

GPD70 0.006320252 1690 0.14345273 0.0260461269 0.01135394 0.0003945729

GPD80 0.01127292 1127 0.18153387 0.0340957706 0.01127726 0.0004967514

GPD90 0.01988539 564 0.23889623 0.0535944602 0.01166915 0.0007724233

Figure 5.12: Residual and Q-Q plots for negative silver returns with block size 5, 10 and 21.

Figure 5.13: Mean excess function of negative silver returns.
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Figure 5.14: Diagnostic plots for negative silver returns fitted with GPD and a threshold of

0.006320, 0.011273 and 0.019885 respectively.

Table 5.17: GLD parameter estimates of silver returns.

λ1 λ2 λ3 λ4

GLD -0.00002282959 141.2906 -0.2018097 -0.214

Figure 5.15: Histogram and Q-Q plots for GLD on silver returns.

Figure 5.15 indicates a good fit of GLD for silver returns.
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Table 5.18 presents the VaR and ES estimates for silver returns using the three heavy-

tailed distributions. For the Kupiec test, GLD provides the largest p-values at 1%

VaR level and the GPD (at 90% threshold) gives the highest p-values at 0.1% VaR. It

is interesting to note that all the distributions were rejected at 1% VaR level using the

Christoffersen test. However, at 0.1% all the models were suitable except the GEVD

(block size 5).

As for the backtesting of ES, the results from the test with and without bootstrapping

indicate very suitable ES estimates for the three distributions both at 1% and 0.1%.

GPD at 90% threshold, however, performs the best at 0.1% level.

Table 5.18: VaR and ES estimates for silver returns using heavy-tailed distributions

Model VaR ES

1% 0.1% 1% 0.1%

GEVD5 0.05060311 0.09384714 0.07335927 0.1328763

GEVD10 0.05098534 0.1093363 0.07366153 0.1399215

GEVD21 0.04780574 0.1151699 0.07083345 0.1481313

GPD70 0.05609807 0.1065598 0.07769023 0.1366032

GPD80 0.05616838 0.1117015 0.07990462 0.1477549

GPD90 0.05573374 0.1178478 0.08231774 0.1639282

GLD 0.05544103 0.1119322 0.08178319 0.1436126

Table 5.19: VaR and ES Backtesting for silver returns versus heavy-tailed distributions

Model
No. of Kupiec Christoffersen t-test Bootstrap

violations p-value p-value t-test

1% 0.1% 1% 0.1% 1% 0.1% 1% 0.1% 1% 0.1%

GEVD5 76 11 0.0124 0.0456 <0.0001 0.0071 0.5000 0.5000 0.5114 0.5169

GEVD10 75 9 0.0173 0.1920 <0.0001 0.0147 0.5000 0.5000 0.5340 0.4987

GEVD21 85 7 0.0003 0.5789 <0.0001 0.0173 0.5000 0.5000 0.5152 0.5240

GPD70 50 9 0.3875 0.1920 0.0002 0.0147 0.0785 0.3480 0.1488 0.3826

GPD80 49 8 0.3154 0.3483 0.0002 0.0173 0.1527 0.6835 0.2301 0.6588

GPD90 52 7 0.5569 0.5789 0.0004 0.0173 0.4561 0.9677 0.4964 0.9158

GLD 54 8 0.7534 0.3483 <0.0001 0.0173 0.5000 0.5000 0.5254 0.5030
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5.5 Summary

We have analysed daily log returns of precious metals (platinum, gold and silver)

using three distributions namely, GEVD, GPD and GLD. The data sets were for the

period 2 April 1994 to 18 September 2014. Our analysis shows that, generally the

GPD and the GLD outperform the GEVD for VaR estimation of negative precious

metal returns. For gold, GPD stands out as the most suitable model. For platinum, it

is between GPD and GLD, especially at 1% level. For silver, GLD is the most suitable

at 1% level, whereas GPD is the best model at 0.1%. However, the difference in ES

estimation between the three distributions for platinum is minor while GPD stands

out for ES estimation at the 0.1% level for both gold and silver.

The purpose of this study was to compare the performance of the two EVT mod-

els to a flexible distribution, GLD, for describing daily log returns of precious met-

als. This study confirms the results by Ren and Giles (2010) that EVT is a reliable

method for predicting future potential extreme losses/gains for precious metals. It

also shows that GLD competes favourably with EVT for predicting future potential

extreme losses/gains for precious metal results, especially for silver and platinum

returns. These results do not imply that GPD and GLD will always provide good

fits for every financial data set. As further research, we recommend out-of-sample

backtests and comparisons with generalised POT models, such as DPOT and PORT

and the generalised logistic distribution for block maxima (Nidhin and Chandran,

2013, Balakrishnan, 1992, Johnson et. al., 1995).

5.6 Statistical software packages

The extreme value theory part of the research (GEVD and GPD) was done using

the evd (Stephenson, 2002, Stephenson and Ferro, 2015), evir (Pfaff et al., 2012) and

Ismev (Heffernan et al., 2012) R packages. We used laeken R package (Alfons and

Templ, 2013) to estimate suitable threshold and exceedances for GPD. In this study,

we used the Maximum likelihood estimation method in the GLDEX package of R to
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fit FMKL GLD (Su, 2007, 2016). We also used the gld (King et al., 2016) R package. For

model adequacy, we used the AD test in the ADGofTest (Bellosta, 2011) R package.

To check for VaR models adequacy, we utilised the Kupiec LR and Christoffesen tests

in the rugarch R package (Ghalanos, 2015).

5.7 Appendix

VaR and CVaR

GLD is represented with a quantile function (Corlu and Corlu, 2015)

V̂aRp = F−1
(
p, λ̂1λ̂2, λ̂3, λ̂4

)
= λ̂1 +

1

λ̂2

(
pλ̂3 − 1

λ̂3
− (1− p)λ̂4 − 1

λ̂4

)
. (5.29)

We may also use GEVD and GPD to model and approximate this risk measure. For

a small upper tail probability p, the GEVD approximation to VaR can be written as

V̂aRp =


µ̂− σ̂

ξ̂

{
1− [−n ln(1− p)]−ξ̂

}
, ξ̂ 6= 0

µ̂− σ ln [−n ln(1− p)] , ξ̂ = 0,

(5.30)

where n is the length of the subperiod and µ, σ̂ and ξ̂ are the Maximum likelihood

estimates of the GEVD parameters, and the GPD approximation to VaR is given by

V̂aRp =


u+

β̂

ξ̂

{(
n

Nu
p

)−ξ̂
− 1

}
, ξ̂ 6= 0

u− β̂ log

(
n

Nu
(1− p)

)
, ξ̂ = 0,

(5.31)

where β̂ and ξ̂ are the estimates of the GPD parameters and Nu is the number of

exceedances above the threshold u in a given sample (Tsay, 2013).

Proceeding as before, if the threshold VaRp is sufficiently large, then FVaRp(x) is a
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GPD, that is,

FVaRp(x) = Gξ,β+ξ(VaRp−u)(x). (5.32)

Thus, the mean of the excess distribution FVaRp(x) can be calculated as

β + ξ(VaRp − u)

1− ξ
, (5.33)

where ξ < 1, and substituting into equation 4.4 yields

ÊSp =
V̂aRp
1− ξ̂

+
β̂ − ξ̂u
1− ξ̂

. (5.34)

ES for GLD is given by (Corlu and Corlu, 2015)

ES(p) =
1

p

∫ p

0
F−1(p, λ1, λ2, λ3, λ4)dy (5.35)

= λ1 +
1

pλ2λ3

(
pλ3+1

λ3 + 1
− p
)
− 1

pλ2λ4

(
1− (1− p)λ4+1

λ4 + 1
− p
)
. (5.36)
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Chapter 6

Evaluating risk in precious metals

with Generalised Hyperbolic,

Stable and Pearson type-IV

Distributions

6.1 Introduction

Various heavy-tailed distributions have been proposed for modelling extreme events.

Among them, Generalised Hyperbolic Distributions (GHDs), Stable Distributions

(SDs) and the Pearson type-IV Distribution (PIVD) have attractive mathematical

properties to be viable alternatives to Normal distributions in trading, optimisation

and risk management systems.

Risk management tools such as value-at-risk (VaR) are highly dependent on the un-

derlying distributional assumption. Identifying a distribution that best captures all

the aspects of the given financial data may provide advantages to both investors

and risk managers. In this chapter, we investigate this possibility by establishing the

best generalised hyperbolic distributions to fit precious metal price returns, while
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comparisons to Stable distributions are also drawn. There are limited studies with

which to compare GHDs to the Stable distribution which is also useful for mod-

elling financial data (Mandelbrot, 1963; Nolan, 2003). Furthermore, Vee et al (2012)

have suggested that the best models for different financial data may differ. Thus,

the primary objective in this study was to examine the performances of GHDs on

precious metal price returns and to identify the most appropriate GHD for their re-

spective VaR estimates. Secondly, we contrast these results with estimates from the

Stable Distribution, Pearson type-IV Distribution and symmetric and asymmetric

Student-t Distributions. The adequacy of these distributions is assessed through the

Anderson-Darling test and backtesting of their respective VaR estimates.

6.2 Generalised Hyperbolic Distribution and its Subclasses

GHDs are continuous probability distributions defined as variance-mean mixtures

of Generalised Inverse Gaussian Distributions (GIGDs). The class owes its name to

the fact that the logarithm of the densities is of the hyperbolic shape, whereas the

logarithmic values of the Normal distribution are parabolic. GHDs are five parame-

ter continuous distributions and are useful in modelling a variety of data mainly due

to the fact that they cater for asymmetry, heavy and semi-heavy tailed data (Prause,

1999, Aas and Haff, 2006, Eberlein and Keller, 1995).

We follow Prause (1999) for the parameterisation of univariate GHD. Suppose X is

a random variable following GHD, then its probability density function (pdf) can be

defined as

fGHDfull(x) =

(
α2 − β2

)λ/2
Kλ−1/2

(
α
√
δ2 + (x− µ)2

)
exp (β(x− µ))

√
2παλ−1/2δλ Kλ

(
δ
√
α2 − β2

)(√
δ2 + (x− µ)2

)1/2−λ , x ∈ R

(6.1)

where Kj is the modified Bessel function of the third kind of order j (Abramowitz

and Stegun, 1972) and the following conditions apply to the parameters:

δ ≥ 0, |β| < α , ifλ > 0,
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δ > 0, |β| < α , ifλ = 0,

and δ > 0, |β| ≤ α , ifλ < 0. (6.2)

In all cases µ ∈ R.

The parameters µ and δ determine the location and scale respectively, while α and

β control the shape of the density. If β = 0, the distribution is symmetric. The class

of GHDs is closed under affine transformation. Thus, if X ∼ H(λ, α, β, δ, µ) and

Y = aX + b, for some positive a , then we have that:

Y ∼ H(λ, α/a, β/a, aδ, aµ+ b). (6.3)

From equation 6.3, we also see that the parameter λ is invariant under affine trans-

formation as a generalised hyperbolic random variable.

The GHD behaves as:

fGHDfull(x) ∼ const|x|λ−1 exp{(∓α+ β)x} as x→ ±∞, (6.4)

for all the values of λ. This means that, as long as β 6= α, the GHD has two semi-

heavy tails.

The GHD may be represented as a normal variance-mean mixture with the Gener-

alised Inverse Gaussian (GIG) as a mixing distribution where the GIGD has a density

f(z;λ, δ, γ) =
(γ
δ

)λ zλ−1

2Kλ(γδ)
exp

{
−1

2
(δ2z−1 + γ2z)

}
. (6.5)

This means that a generalised hyperbolic variable X can be represented as

X = µ+ βZ +
√
ZY, (6.6)

where Y ∼ N(0, 1), Z ∼ GIG(λ, δ, γ) with Z and Y independent.

It follows from equation 6.6 that

X|Z = z ∼ N(µ+ βz, z). (6.7)
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GHD sub-classes

Sub-classes of the GHDs are obtained via different parameter choices some of which

arise as limiting distributions. These special cases used in this study are given below.

The Hyperbolic Distribution (HD)

The Hyperbolic Distribution is a sub-class of GHD when λ = 1. The hyperbolic

distribution is defined as a normal variance-mean mixture where the mixing distri-

bution is the Generalised Inverse Gaussian (GIG) law with parameter λ = 1; that is,

it is conditionally Gaussian. More precisely, a random variable Z has the hyperbolic

distribution if

(Z|Y ) ∼ N(µ+ βY, Y ), (6.8)

where Y is a Generalised Inverse Gaussian GIG(λ = 1, χ, ψ) random variable and

N(m, s2) denotes the Gaussian distribution with mean m and variance s2. Relation

6.8 implies that the hyperbolic random variableZ ∼ H(χ, ψ, β, µ) can be represented

in the form:

Z ∼ µ+ βY +
√
Y N(0, 1), (6.9)

with characteristic function

Φz(u) = eiuµ
∫ ∞
0

eiβzu−
1
2
zu2dFY (z). (6.10)

Here, FY (z) denotes the distribution function of a Generalised Inverse Gaussian ran-

dom variable Y with parameter λ = 1.

Hence, the pdf is given by

fHD(x) =

√
ψ/χ

2
√
ψ + β2K1(

√
ψχ)

e−
√
ψ + β2χ+ (x− µ)2 + β(x− µ), (6.11)

where the normalising constant Kλ(t) is a modified Bessel function of the third kind

with index λ (here λ = 1), also known as the MacDonald function (MacDonald,

1899).
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If another parameterisation of the Hyperbolic distribution with δ =
√
χ and α =√

ψ + β2 is used, then the pdf of the hyperbolic H(α, β, δ, µ) law can be written as

fHD(x) =

√
α2 − β2

2αδK1

(
δ
√
α2 − β2

)e−α√δ2 + (x− µ)2 + β(x− µ), (6.12)

where K1 denotes the Bessel function of the third kind with index 1. The first two

of the four parameters, namelyα and β with α > 0 and 0 ≤ |β| < α, determine the

shape of the distribution with α representing the gradient and β, the skewness. δ > 0

is a scale parameter and µ ∈ R is a location parameter. The calculation of the pdf is

straightforward. However, the cdf has to be numerically integrated from equation

6.12.

With ξ =
(

1 + δ
√
α2 − β2

)− 1
2 and χ = ξ

β

α
, one gets a the parameterisation hyp(x;χ,

ξ, µ) which has the advantage that ξ and χ are invariant under scale and location

transformations. The new invariant shape parameters vary in the triangle 0 ≤ |χ| <

ξ < 1 , which was conveniently called the shape triangle by Barndorff-Nielsen et al.

(1985).

For ξ → 0, the Normal distribution is obtained as a limiting case; for ξ → 1, one gets

the symmetric and asymmetric Laplace distribution; for χ → ±ξ, it is a Generalised

Inverse Gaussian distribution and finally, for |χ| → 1, we end up with an Exponen-

tial distribution.

The Normal-Inverse Gaussian Distribution (NIGD)

The Normal-Inverse Gaussian Distribution (NIGD) is a subclass of the GHDs with

λ = −1/2. Its pdf is

fNIGD(x) =
αδ

π
eδ
√
α2 − β2 + β(x− µ)

K1

(
α
√
δ2 + (x− µ)2

)
√
δ2 + (x− µ)2

, (6.13)

where δ > 0 and 0 < β ≤ α. K1denotes the Bessel function of the third kind with

index 1.
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The tails of NIGD behave as

fNIGD(x) ∼ const|x|−3/2 exp(∓(α+ β)x) as x→ ±∞. (6.14)

This means that the heaviest tail decays as

NIGD(x) ∼ const|x|−3/2 exp(−αx+ β|x|) when


β < 0 and x→ −∞,

β > 0, and x→ +∞,

and the lightest as

NIGD(x) ∼ const|x|−3/2 exp(−αx+ β|x|) when


β < 0 and x→ +∞,

β > 0, and x→ −∞.

The two tails of NIGD are semi-heavy and non-identical i.e. behave differently,

but are both semi-heavy. This makes the NIGD attractive for financial applications.

However, it is only appropriate when the two tails are not too heavy (Aas and Haff,

2006).

The Variance-Gamma Distribution (VGD)

For λ > 0 and δ → 0 in equation 6.1, we obtain the pdf of the variance-gamma

distribution (VGD),

fV GD(x) =
(α2 − β2)λ|x− µ|λ−1/2Kλ−1/2 (α|x− µ|)

√
π Γ(λ)(2α)λ−1/2

eβ(x−µ), (6.15)

where Kλ−1/2 denotes the Bessel function of the third kind with index λ = −1/2.

The tails of VGD decrease more slowly than that of the Normal distribution, making

it a suitable model for phenomena where extreme values are more probable than

in the case of the Normal distribution. Returns from financial assets exhibit this

phenomenon.

Generalised Hyperbolic Skew Student-t Distribution (GHStD)

Letting α→ |β| in equation 6.1, we obtain the Generalised Hyperbolic skew Student-

t Distribution (GHStD)
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fGHStD(x) =
21/2+λδ−2λ|β|1/2−λK1/2−λ

(√
β2(δ2 + (x− µ)2)

)
exp (β(x− µ))

Γ(−λ)
√
π
(√

δ2 + (x− µ)2
)1/2−λ ,

(6.16)

where β 6= 0 and λ < 0.

If β = 0, we get the non-central (scaled) Student t distribution with −2λ degrees of

freedom.

In the tails from equation 6.4, the GHStD density is given by

fGHStD(x) ∼ const|x|−v/2−1 exp(−|β||x|+ βx) as x→ ±∞, λ = −v/2.

The heaviest tail decays as:

fGHStD(x) ∼ const|x|−v/2−1 when


β < 0 and x→ −∞,

β > 0, and x→ +∞,

and the lightest as

fGHStD(x) ∼ const|x|−v/2−1 when


β < 0 and x→ +∞,

β > 0, and x→ −∞.

Thus, the GHStD has one heavy and one semi-heavy tail. An important property

of this distribution is that it has one heavy polynomial tail and one semi-heavy ex-

ponential tail. This makes it unique for modelling skewed data with dissimilar tail

behaviours which are commonly found in financial returns (Aas and Haff, 2006).

Limiting distributions of GHDs

An important aspect of GHDs is that they cover many special cases such as Normal

distribution, Student-t distribution and Cauchy-distribution. The Normal distribu-

tion is obtained as a limiting case of the GHD for δ →∞ and δ
α → σ2. The Student-t
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results from the mixture of Normal and inverse gamma distributions. We have a

Student-t as a limit of GHD for λ < 0 and α = β = µ = 0 . Cauchy distribution can

be obtained from limiting the case of GHDs with λ = −1/2, α = β = 0 and δ = 1.

See Barndorff-Nielsen (1978) and Blaesild (1999) for more details. We summarise the

limiting distributions of GHDs in Table 6.1.

Table 6.1: Limiting cases of GHDs

Distribution Parameter Description

Normal(µ, σ2) δ →∞ and δ
α → σ2.

Student-v λ < 0 and α = β = µ = 0, λ = −v
2 , δ =

√
v

Cauchy(0,1) λ = −1/2, α = β = 0 and δ = 1

Maximum likelihood estimation for the GHDs

We utilise the Maximum likelihood estimation (MLE) for parameter estimates of the

GHDs.

Assuming the independence of the observations xi, i = 1, . . . , n, we maximise the

log-likelihood function

LGHD(λ, α, β, δ, µ) = n log {a(λ, α, β, δ, µ)}+

(
λ

2
− 1

4

) n∑
i=1

log
{
δ2 + (xi − µ)2

}
+

n∑
i=1

[
logKλ− 1

2

(
α
√
δ2 + (xi − µ)2

)
+ β(xi − µ)

]
. (6.17)

Taking the first derivatives of the log-likelihood function with respect to the five

parameters, we obtain the following expression, in which the log-likelihood function

is denoted by L.

d

dλ
L = n

1

2
ln

(
α2 − β2

αδ

)
−
kλ

(
δ
√
α2 − β2

)
Kλ

(
δ
√
α2 − β2

)


+

n∑
i=1

1

2
ln
{
δ2 + (xi − µ)2

}
+
kλ−1/2

(
α
√
δ2 + (xi − µ)2

)
Kλ−1/2

(
α
√
δ2 + (xi − µ)2

)
 , (6.18)
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d

dα
L = n

δα√
α2 − β2

Rλ

(
δ
√
α2 − β2

)

−
n∑
i=1

√
δ2 + (xi − µ)2Rλ−1/2

(
α
√
δ2 + (xi − µ)2

)
, (6.19)

d

dβ
L = n

{
δβ√
α2 − β2

Rλ

(
δ
√
α2 − β2

)
− µ

}
+

n∑
i=1

xi, (6.20)

d

dδ
L = n

{
−2λ

δ
+
√
α2 − β2Rλ

(
δ
√
α2 − β2

)}

+
n∑
i=1

 (2λ− 1)δ

δ2 + (xi − µ)2
−
αδRλ

(
α
√
δ2 + (xi − µ)2

)
√
δ2 + (xi − µ)2

 , (6.21)

and
d

dµ
L = − nβ +

n∑
i=1

xi − µ√
δ2 + (xi − µ)2

×

{
2λ− 1√

δ2 + (xi − µ)2
− αRλ−1/2

(
α
√
δ2 + (xi − µ)2

)}
, (6.22)

where

kλ(x) =
dKλ(x)

dλ

and Rλ(x) =
Kλ+1(x)

Kλ(x)

Setting the derivatives to zero, we get a complicated system of nonlinear equations.

Theoretically, there is a solution to a system with five equations and five unknown

parameters. However, in practice, the solution is not easy to obtain. Algorithms

without using derivatives are, therefore, utilised to solve the problem of maximizing

a function in a five-dimensional space (Prause, 1999).

6.3 Stable Distribution

The Stable Distribution (SD) is a class of probability distributions described by four

parameters namely, α an index of stability which is also referred to as the shape
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parameter in the literature with 0 < α ≤ 2, β is the skewness parameter with −1 ≤

β ≤ 1, γ ≥ 0 the scale parameter, and δ ∈ R a location parameter. These distributions

are widely used in practice because they allow for skewness and heavy tails.

The theory of Stable distributions comes from the pioneering work of Levy in the

1930s. Levy (1937) studied the limits arising from normalising sums of independent

terms. For this reason, these distributions are sometimes called Levy stable laws.

Definition 6.1 (Nolan, 2003)

(i) A random variable X is stable if for X1 and X2 independent copies of X , and

any positive constants a and b,

aX1 + bX2 d cX + d (6.23)

for some positive c and some d ∈ R, where d denotes equality in distribution.

A random variable X is stable if it satisfies equation 6.23.

(ii) Any random variableX is symmetrically stable if it is stable and symmetrically

distributed around 0, that is Xd−X.

(iii) A random variableX is strictly stable if equation 6.23 holds for d = 0.

Three special cases exist which can be expressed in closed-form densities. Stable

random variables have probability density functions which are continuous and uni-

modal but do not have a closed form except for Normal, Cauchy and Levy distribu-

tions (Belov, 2005).

Normal Distribution:

X ∼ N(µ, σ2) if it has the probability density

f(x) =
1√
2πσ

exp

[
−(x− µ)2

2σ2

]
, −∞ < x <∞. (6.24)
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The Normal distribution is a Stable distribution with parameters α = 2, β = 0,

γ = σ√
2
, and µ = 0. It is symmetric with finite variance. For Normal distribution all

moments exist.

Cauchy Distributions:

X ∼ Cauchy(γ, δ) if it has the density

f(x) =
γ

π[γ2 + (x− δ)2]
, −∞ < x <∞. (6.25)

Cauchy distribution is a Stable distribution with parameters α = 1, β = 0. It is

symmetric with infinite variance. For the Cauchy distribution, no moments exist.

Levy Distributions:

X ∼ Levy(γ, δ) if it has the density

f(x) =

√
γ

√
2π(x− δ)

3
2

exp

[
− γ

2(x− δ)

]
, δ < x <∞. (6.26)

Levy distribution is a Stable distribution with parameters α = 1/2, β = 1. It is non-

symmetric with infinite variance. Also, for the Levy distribution, no moments exist.

Alternative definitions of stability

Definition 6.2 (Nolan 2014)

Non-degenerateX is stable if and only if ∀n > 1, ∃ constants cn > 0 and dn ∈ R such

that

X1 + . . .+Xn d cnX + dn, (6.27)

where X1, . . . , Xn are independent and identical copies of X and are strictly stable

if and only if dn = 0. Nolan (2014) showed that the only possible choice for the scal-

ing constant is cn = n1/α for some α ∈ (0, 2]. Equation 6.27 generalises the familiar

property of normal random variables: sum of normal terms are normal . Thus, some

of the iid stable terms are stable (stability under addition property).

The most accurate way of describing Stable distributions is by a characteristic func-
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tion or Fourier transform. For a random variable X with a distribution function

F (x), the characteristic function is defined as

φ(t) = E(eitX) =

∫ ∞
−∞

eitXdF (x), (6.28)

where the φ(t) determines the distribution of X and has many mathematical prop-

erties, see Nolan (2014).

Definition 6.3 (Nolan 2015)

A random variable X is stable if and only if X d aZ + b, where 0 < α ≤ 2, −1 ≤ β ≤

1, a 6= 0, b ∈ R and Z is a random variable with characteristic function

E(eitZ) =


exp

(
−|u|α

[
1− iβ tan πα

2 (sign t)
])
, α 6= 1

exp
(
−|u|

[
1 + iβ 2

π (sign t) log |t|
])
, α = 1

. (6.29)

The distributions are symmetric when β = 0 and b = 0. Then, the characteristic

function of aZ has the form

φ(t) = e−a|t|
α
.

In this study, the sign function used in equation 6.29 above is defined as

sign t =


−1 t < 0

0 t = 0

1 t > 0.

For the α = 1 case, x log x at x = 0, is interpreted as limx↓0 x log x = 0.

In this thesis, unified notation was used as suggested by Nolan (2015). The notation

S(α, β, γ, δ) was used to specify a Stable distribution.

The four parameters required to specify stable law are interpreted as:

• α, the tail index or characteristic exponent which describes the power rate at

which the tail(s) of the density function decay;
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6.3. Stable Distribution

• β, the skewness index which describes how skewed the distribution is. If β >

0, the distribution is skewed to the right and if β < 0, the distribution is skewed

to the left.

• γ, the scale parameter;

• δ, the location parameter. It denotes the rightward and leftward shift of the

distribution. The distribution has a left shift if δ < 0 and conversely, the distri-

bution has a rightward shift if δ > 0.

Parameterisations of Stable distributions

Although many parameterisations can be used to describe the characteristic function

of a Stable distribution, it does not have an analytical form in general. Different pa-

rameterisations are used in the literature to accommodate different needs of solving

problems. While one parameterisation may be better for the analytical properties

of the distribution, another may simplify the numerical computations or parameter

estimation. There is no one parameterisation that may be best for all the different

purposes that might exist. It is thus important to observe what type of parameteri-

sation is used.

Definition 6.4 Nolan’s S0 parameterisation (Nolan, 2015)

A random variable X is S(α, β, γ, δ; 0) if

X d

 γ
(
Z − β tan πα

2

)
+ δ, α 6= 1

γZ + δ, α = 1,
(6.30)

where Z = Z(α, β) has a characteristic function 6.29.

In this case, X has a characteristic function

E(eitX) =

 exp
(
−γα|t|α

[
1 + iβ tan πα

2 (sign t)(|γt|1−α − 1)
]

+ iδt
)
, α 6= 1

exp
(
−γ|t|

[
1 + iβ 2

π (sign t) log(γ|t|)
]

+ iδt
)
, α = 1.

(6.31)
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6.3. Stable Distribution

Definition 6.5 Nolan’s S1 parameterisation (Nolan, 2015)

A random variable X is S(α, β, γ, δ; 1) if

X d

 γZ + δ, α 6= 1

γZ +
(
δ + β 2

πγ log γ
)
, α = 1,

(6.32)

where Z = Z(α, β) has a characteristic function 6.29. In this case, X has a character-

istic function

E(eitX) =


exp

(
−γα|t|α

[
1− iβ

(
tan πα

2

)
(sign t)

]
+ iδt

)
, α 6= 1

exp

(
−γ|t|

[
1 + iβ

2

π
(sign t) log(γ|t|)

]
+ iδt

)
, α = 1.

(6.33)

Definition 6.6 Zolotarev’s A− parameterisation (Zolotarev, 1996)

A random variableX is S(α, β, γ, δ;A)if its characteristic function can be represented

as follows:

E(eitX) =

 exp
(
γ
[
itδ − |t|α + it|t|α−1β

(
tan πα

2

)])
, α 6= 1

exp
(
γ
[
itδ − |t|α + iβ 2

π t log |t|
])
, α = 1.

(6.34)

The characteristic function of the stable laws in equation 6.34 is not continuous in

the parameters determining the laws. Discontinuities exist at all the points of the

form α = 1 and β 6= 0. If we take the limits α∗ → 1 (α∗ 6= 1), β∗ → β 6= 0, γ∗ → γ,

and δ∗ → δ it does not yield a stable law with the parameters α = 1, β, γ and δ but

it does not even yield a proper distribution in the limit.

Definition 6.7 Zolotarev’s B− parameterisation (Zolotarev, 1996)

A random variable X is S(α, β, γ, δ;B)if its characteristic function can be described

as follows:

E(eitX) =

 exp
(
γ
[
itδ − |t|α exp

(
−iπ2βK(α)

)
(sign t)

])
, α 6= 1

exp (γ [itδ − |t|α + iβ log |t|] (sign t)) , α = 1,
(6.35)

where K(α) = α − 1 + sign(1 − α), and the parameters have the same domain of

variation as in the form A.
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6.3. Stable Distribution

The B-parameterisation as in A-parameterisation show that stable laws are discon-

tinuous at the point α = 1. However, the B-parameterisation has a limit distribution

that exists and is a Stable distribution, as α∗ → 1+, β
∗ → β, γ∗ → γ, and δ∗ → δ,

where 1+ denotes converging to 1 from above.

Definition 6.8 Zolotarev’s C− parameterisation (Zolotarev, 1996)

A random variable X is S(α, β, γ, δ;C) if its characteristic function can be repre-

sented in the form

E(eitX) = −δ|t|α exp
(
−i(π

2
)θαsignt

)
, (6.36)

where the parameters vary within their limits: 0 < α ≤ 2, |θ| ≤ θα = min(1, 2α − 1).

Definition 6.9 Zolotarev’s M− parameterisation (Zolotarev, 1996)

A random variable X is S(α, β, γ, δ;M)if its characteristic function can be repre-

sented in the form

E(eitX) =

 exp
(
γ
[
itδ − |t|α + it

(
|t|α−1 − 1

)
β tan πα

2

])
, α 6= 1

exp
(
γ
[
itδ − |t|α + iβ 2

π t log |t|
])
, α = 1.

(6.37)

We should note the similarities between Nolan’s S0 parameterisation and Zolotarev’s

M−parameterisation, where changes only in γ and δ are made so that they are more

compliant with the classical sense of the scale and location parameters. The same re-

lation applies to Nolan’s S1 parameterisation and Zolotarev’s A−parameterisation.

In this study, we followed the S0 parameterisation suggested by Nolan (2014) for

numeric and statistical inference and thus advocate the view that a random variable

X follows a Stable distribution if its characteristic function is given in equation 6.31.

Stable Parameter Estimation

Nolan (2015) states that many standard parameter estimation procedures fail to

work for Stable data since there is a lack of closed-form densities for Stable dis-

tribution as discussed earlier.
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6.3. Stable Distribution

There are multiple nonstandard techniques for estimating stable parameters, some

of which are ingenious. These methods include tail estimators, fractional moments,

quantile matching and empirical characteristic functions. In this study, we utilised

the numerical Maximum likelihood estimation as summarised in Nolan (2005).

Maximum likelihood estimation

We denote the parameter vector by
−→
θ = (α, β, γ, δ) and the density function by

f(x|
−→
θ ). The parameter space is Θ = (0, 2] × [−1, 1] × (0,∞) × (−∞,∞). The

log-likelihood function for an independent and identically distributed stable sam-

ple X1, . . . , Xn is given by

L(
−→
θ ) =

n∑
i=1

log f(Xi|
−→
θ ). (6.38)

Since there are no closed formulas for general stable densities, there are some dif-

ficulties in computing the log likelihood function. The program STABLE (Robust

Analysis Inc., 2013) computes stable densities that are reliable for α > 0.1 and

any β, γ and δ. The McCulloch (1996) quantile method is used initially to approxi-

mate the parameters and then a constrained (by the parameter space) quasi-Newton

method is used to maximise. DuMouchel (1973) indicated that if
−→
θ 0 lies in the inte-

rior of the parameter space Θ, the Maximum likelihood estimator is consistent and

asymptotically Normal with mean
−→
θ 0 and covariance matrix given by n−1B where

B = (bij) is an inverse Fisher information matrix I . Entries in I are given by

Iij =

∫ ∞
−∞

∂f

∂θi

∂f

∂θj
∂x. (6.39)

The behavior of the estimators is known when
−→
θ is near the boundary of the param-

eter space. The distribution of the estimator gets skewed away from the boundary.

When α = 2 or β ± 1,
−→
θ is on the boundary of the parameter space. The Normal

distribution for the estimators tends to a degenerate distribution at the boundary

point.
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6.4 Pearson type-IV Distribution

The Pearson system of the distribution is a generalisation of the differential equation

f
′
(x)

f(x)
=

x+ a

b0 + b1x+ b2x2
(6.40)

with a solution

f(x) = (b0 + b1x+ b2x
2)−

1
2 b2 exp

 2b1 − 2ab2√
4b0b2 − b21

 tan−1

 b1 + 2b2x√
4b0b2 − b21

 . (6.41)

Depending on the values of bi coefficients and
√

4b0b2 − b21 in equation 6.40, the

Pearson system provides most of the known distributions as shown in Table 6.2

(Stavroyiannis, 2013). If the discriminant of b0 + b1x+ b2x
2 in equation 6.41 is nega-

tive, the roots of the quadratic equation b0 + b1x+ b2x
2 are complex, i.e. b21 < 4b0b1,

rearranging equation 6.41 resulting in Pearson type-IV distribution given as (Naga-

hara, 1999; Nagahara, 2007). The Pearson type IV curve is suitable for those dis-

tributions which have excess kurtosis and moderate skewness (Bhattacharyya et al,

2012).
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6.4. Pearson type-IV Distribution

Table 6.2: Family of distribution for the Pearson System

Distribution Type

Normal 0

Beta I

Continuous uniform II

Gamma, Chi-squared and Exponential III

Cauchy (or Lorentz, or Breit-Wigner) IV

Inverse Gamma, Inverse chi-squared V

F VI

t-Student VII

Monotonically decreasing power VIII

Figure 6.1: The Pearson Curve family

Figure 6.1 shows the types of curves to be used for each range of skewness and

kurtosis. The x-axis is α3 for the Pearson’s moment coefficient of skewness and the

y-axis is α4 for the Pearson’s moment coefficient of kurtosis. The probability density

function (pdf) of the Pearson type-IV distribution (PIVD) is given by

fPIV D(x) = k

[
1 +

(
x− λ
a

)2
]−m

× exp

[
−υ tan−1

(
x− λ
a

)]
, (6.42)

where m > 1
2 , υ, a > 0, λ are real valued parameters, −∞ < x < ∞ and

k =

[
Γ(m+ υ

2 i)
]2

aB
(
m− 1

2 ,
1
2

) is a normalisation constant that depends on m, υ and a.

116



6.4. Pearson type-IV Distribution

The pdf of the Pearson type-IV distribution is invariant under simultaneous change

(a to −a, v to −υ). We specify a > 0 so that the curve is always bell-shaped. λ and a

are the location and scale parameters respectively and υ is the skewness parameter.

When υ > 0, the PIVD is positively skewed, while it is negatively skewed for υ <

0. Parameter m controls the tail thickness and can thus be regarded as a kurtosis

parameter. If m is decreased, the kurtosis is increased, and for smaller values of m,

the tails of Pearson type-IV distribution are much heavier than those of a Gaussian

distribution. The Pearson type-IV distribution is essentially an asymmetric version

of the Student-t distribution i.e. when υ = 0 (Nagahara, 2007).

The normalisation constant, k, can be expressed as

k =
22m−2|Γ(m− iv

2 )|2

πaΓ(2m− 1)
=

Γ(m)√
πaΓ(m− 0.5)

∣∣∣∣∣Γ(m− iv
2 )

Γ(m)

∣∣∣∣∣
2

, (6.43)

where Γ(.) is the Gamma function.

Moments of Pearson type-IV distribution

The first four moments in terms of the parameters of the distribution are given be-

low. The mean and variance of Pearson type- IV are given as:

µ = λ− av

2m− 2
, for m > 1, (6.44)

and σ2 =
a2

2m− 3

[
1 +

v2

4(m− 1)2

]
, for m >

3

2
. (6.45)

The third and fourth moments are given in equations 6.46 and 6.47 respectively as

α3 =
4a3v(r2 + v2)

r2(r − 1)(r − 2)
, for m > 2, (6.46)

and α4 =
3a3v(r2 − v2)

[
(r + 6)(r2 − v2)− 8r2

]
r4(r − 1)(r − 2)(r − 3)

, for m >
5

2
(6.47)

where r = 2(m− 1).
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6.4. Pearson type-IV Distribution

The Cumulative density function (cdf) of Pearson type-IV distribution.

The cumulative distribution is defined as

F (x) =

∫ x

−∞
f(t)dt (6.48)

Thus, the cdf of Pearson type-IV distribution is given as

F (x) =

∫ x

−∞
k

(
1 + (

t− λ
a

)2
)−m

exp

[
−v tan−1

(
t− λ
a

)]
dt. (6.49)

According to Heinrich (2004), the cdf of Pearson type-IV distribution that is F(x) in

equation 6.49 can be expressed in terms of the hyper-geometric function as

F (x) = f(x)
a

2m− 1

(
i− x− λ

a

)
F1

1, m+
iv

2
; 2m;

2

1− i
(
x− λ
a

)
 , (6.50)

where F1 is the Gauss hypergeometric function. The cumulative distribution above

is needed for the calculation of the constants at the confidence intervals.

Maximum likelihood parameter estimation of the Pearson type-IV distribution

We obtain the parameter estimates of the Pearson type-IV distribution by minimis-

ing the negative log likelihood given by

− lnL = m
N∑
i=1

ln

[
1 + (

x− λ
a

)2
]

+ υ
N∑
i=1

tan−1
(
xi − λ
a

)
−N ln k, (6.51)

where N is the number of observed data points xi. The minimising procedure is

done numerically.

For more details on the Maximum likelihood estimation (MLE) of the Pearson’s fam-

ily distributions see Johnson et al. (1994) and Nagahara (1999). In this study, the

Maximum likelihood estimates for the Pearson type-IV distribution were estimated

using the R package (PearsonDS).
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6.5 The Skewed Student-t Distribution

The SSTD was first introduced by Hansen (1994) as a skewed extension to the Student-

t distribution which was used to model financial returns. Since then, there were

several proposed extensions of the Student-t distribution for financial and other ap-

plications namely, Branco and Dey (2001); Jones and Faddy (2003); Azzalini and

Capitanio (2003); Aas and Haff (2006) and Zhu and Galbraith (2010). The SSTD is

known as an alternative distribution for modelling skewed and heavy-tailed data

as it provides more flexibility and best accommodates long-tailed data than skewed

Normal (SN) distributions.

Following the Azzalini and Capitanio (2003) proposition for the multivariate SSTD,

we use the transformation

X = ξ + V −
1
2Z, (6.52)

where Z ∼ SNd(ξ,Ω, α), ξ = 0, and V ∼ x2v, where V is independent of Z. An

equivalent interpretation of X is to regard it as a scale mixture of SN variates, with

mixing scale factor V −
1
2 .

Application of lemma (ii) in Azzalini and Capitanio (2003) to a Gamma
(v

2
,
v

2

)
vari-

ate and algebra results in the density of X , which is given as

f(x; ξ,Ω, α, v) =
1

Ω
tv

(
x− ξ

Ω

)
2Tv+1

α
(
x− ξ

Ω

)√√√√√ v + 1(
x− ξ

Ω

)2

+ v

 , (6.53)

or,

f(x; ξ,Ω, α, v) = 2 tv(x)Tv+1

(
αTω−1(x− ξ)

(
v + 1

Qx + v

) 1
2

)
, (6.54)

where for a d× d covariance matrix Ω = (ωrs), we define

ω = diag(ω1, ω2, . . . , ωd) = diag(ω11, ω22, . . . , ωdd)
1
2 , (6.55)

Qx = (x− ξ)TΩ−1(x− ξ), (6.56)
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and

tv(x) =
gv(Qx)

|Ω|
1
2

=
Γ
(
v+1
2

)
|Ω|

1
2 (πv)

1
2 Γ
(
v
2

) (1 +Qx
v

)−(v+1)
2

, (6.57)

where
v represents the degrees of freedom and controls the tails of the distribution,

tv represents the pdf of the standard Student-t distribution with v degrees of freedom, and

Tv+1 represents the cdf of the standard Student-t distribution with v + 1 degrees of freedom.

See Branco and Dey (2001) for more details on the properties of the Skewed Student-t

distribution.

Parameter Estimation of the Skewed Student-t Distribution

The Maximum likelihood estimation method

There are several methods that have previously been used to estimate the parame-

ters of the SSTD. However, Azzalini and Capitanio (2003) suggested that the MLE

method has a higher chance of being close to the parameters being estimated. For

this reason, we have chosen to use the MLE method for the SSTD.

According to Peter (2001), the log-likelihood function of a standardised (zero mean

and unit variance) SSTD(x; ξ,Ω, α, v) is given by:

LSST = ln

[
Γ(
v + 1

2
)

]
− ln

[
Γ(
v

2
)
]
− 0.5 ln[π(v − 2)] + ln

(
2

α+ 1
α

)
+ ln(s)

− 0.5
T∑
t=1

[
ln(σ2t ) + (1 + v) ln

(
1 +

szt +m

v − 2
ξ−It

)]
, (6.58)

where ξ is the asymmetry parameter, v is the degrees of freedom of the distribution,

It =


+1 if zt ≥ −

m

s

−1 if zt < −
m

s

, (6.59)

m =

Γ

(
v + 1

2

)√
v − 2

√
π Γ
(
v
2

) (
α− 1

α

)
, (6.60)

and
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s =

√(
α2 +

1

α2
− 1

)
−m2. (6.61)

refer to Lambert and Laurent (2001) for more details.

A number of skewed Student-t distributions have been proposed in the literature.

In this study we follow the parametrization used in Azzalini and Capitanio (2003).

A random variable X from the SSTD has a density of the form:

fSSTD(x, δ, v, µ, β) =
1

δ
tv

(
x− µ
δ

)
2Tv+1

β
(
x− µ
δ

)√√√√√ v + 1(
x− µ
δ

)2

+ v

 , (6.62)

where,

• µ, δ and β represent the location, scale and shape parameters, respectively.

• tv represents the density of the standard Student-t distribution with v degrees

of freedom.

• Tv+1 represents the distribution function of the Tv+1 Student-t distribution

with v + 1 degrees of freedom.
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6.6 Empirical Results

Evaluating risk in precious metals with GHDs, SD, PIVD, STD and SSTD

This section focuses on the parameter estimation and comparison of fits for the sub-

classes of the GHDs, Stable and Pearson type-IV distributions on precious metal

returns. In addition, the Anderson Darling test and Kupiec likelihood test are per-

formed to select an optimal model for the precious metals returns.

We estimate the parameters of the GHDs using the MLE method. Table 6.3 on the

next page illustrates the MLE parameter estimates from the gold, platinum and sil-

ver returns for different subclasses of the GHDs.

The combined Q-Q plots (Figure 6.2) suggest that all four GHD subclasses fit the

gold, platinum and silver returns well on the upper tail. The GH Skew t-distribution

provides the best fit for the lower tails for gold, platinum and silver returns.

Figure 6.2: Comparison of fit between the different members of the GHD for gold returns

(left), platinum returns (center) and silver returns (right).

Table 6.6 presents the results from the Anderson Darling test. We observe that all

five models produce high p-values when fitted to precious metal returns. There is

strong evidence that we cannot reject the null hypothesis that gold, platinum and

silver returns follow the GHD and its subclasses. Based on comparing the results

from the AD test, the full GHD, NIGD, GHStD seem most adequate for modelling

gold, platinum and silver returns.
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We utilise the Maximum likelihood estimation for parameter estimates of the Stable

and Pearson type-IV distributions. The goodness-of-fit for these models are com-

pared via the Anderson Darling test (due to its greater emphasis on the tail fits).

Tables 6.4 and 6.5 summarise the ML parameter estimates of the Stable and Pear-

son type-IV respectively. From Table 6.6, the AD test statistics significant for these

models (PIVD, SD) for gold, platinum and silver returns. Thus, SD and PIVD are

adequate in modelling gold platinum and silver returns.

Figures 6.3, 6.4, 6.5 and 6.6 show the fitted density curves, Q-Q plots and variance

stabilised P-P plots of gold, platinum and silver returns for Stable distributions. The

plots show a very close stable fit, even far out into the tails. This is also confirmed by

the Anderson-Darling goodness-of-fit test in Table 6.6. Nolan (2005) suggested that

the Q-Q plot is not satisfactory in evaluating goodness of fit since heavy tailed data

is dominated by extreme values. The variance stabilized P-P plot is recommended

by Nolan (2005) for Stable distributions.

Table 6.3: ML parameter estimates of the GHDs

Returns Distribution alpha beta delta mu lambda

Gold

GHDfull 22.32272 5.606462 0.02564967 -0.0001667632 -1.108093

NIGD 34.13534 6.011279 0.02037565 -0.0003577191 -0.5

HD 62.50774 7.249417 0.006912042 -0.0009062716 1

GHStD 4.953998 4.953998 0.03102517 0.0001285342 -1.716938

VGD 65.82172 7.604023 0 -0.001122763 1.239731

Platinum

GHDfull 14.63196 -0.2300937 0.03951476 0.002119232 -1.313779

NIGD 25.48649 -0.1195819 0.02982325 0.002030183 -0.5

HD 45.61431 0.1888852 0.01238619 0.001677815 1

GHStD 0.1926186 -0.1926186 0.04501745 0.002129134 -1.802714

VGD 48.94515 0.4684469 0 0.001374926 1.347854

Silver

GHDfull 48.00958 6.043766 4.531688e-08 -0.003609232 0.9597865

NIGD 26.65151 2.980588 0.02313699 -0.001212947 -0.5

HD 49.22572 5.954825 1.07703e-06 -0.003609959 1

GHStd 1.596119 1.596119 0.03624158 -9.50005e-05 -1.652204

VGD 47.38249 6.000306 0 -0.003709994 0.9379813

123



6.6. Empirical Results

Table 6.4: ML parameter estimates of the Stable Distribution

Returns alpha Beta gamma delta

gold 1.642918017 0.298205383 0.013396152 0.001312549

platinum 1.667548615 -0.077521349 0.018785671 0.002299482

silver 1.642400000 0.139000000 0.0002949782 -0.0001157542

Table 6.5: ML parameter estimates of the Pearson type-IV distribution

Returns m̂ v̂ λ̂ â

Gold 2.184944 -0.4850296 -0.002801191 0.03046648

Platinum 2.300538 0.01108813 0.002130587 0.04497783

Silver 2.09237 -0.2864025 -0.002715397 0.03502179

Table 6.6: Goodness of-fit tests and model selection criteria for precious metal returns.

Distribution

Gold returns Platinum returns Silver returns

Anderson Darling Test Anderson Darling Test Anderson Darling Test

Statistic p-value Statistic p-value Statistic p-value

GHDfull 0.1719 0.9962 0.2123 0.9867 0.59498 0.6526

NIGD 0.1915 0.9926 0.2716 0.9578 0.61323 0.6355

HD 0.2974 0.9401 0.3818 0.8665 0.62918 0.6207

GHStD 0.1764 0.9956 0.1867 0.9936 0.76151 0.5095

VGD 0.3587 0.8885 0.4587 0.7891 0.6724 0.5822

STABLE 0.1783 0.9952 0.1626 0.9974 1.3686 0.2112

STD 0.5107 0.7358 0.1862 0.9937 0.8831 0.4247

SSTD 0.1339 0.9994 0.1859 0.9938 0.5506 0.6957

PIVD 0.1398 0.9992 0.1864 0.9937 0.6368 0.6138
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Table 6.7 presents VaR estimates for different models at various VaR levels. We ob-

serve that the VaR estimates from GHDs and the SD, PIVD, SSTD and STD are closer

to that of the empirical distribution as compared to that of the Normal distribution,

at most VaR levels. The Normal distribution provides underestimates for VaR. This

phenomenon is well-known in the literature (see Chapter 1). To evaluate objectively

whether the VaR model is adequate, the Kupiec LR test is used. The p-values of the

Kupiec test for different distributions are summarised in Table 6.8. The VaR esti-

mates from the Normal distribution produced the lowest or joint lowest p-value for

the Kupiec test at almost all VaR levels.

The best model for VaR estimation for gold returns differ at different VaR levels. For

example, the full GHD, NIGD, SD, GHStD, SSTD, PIVD model produced the highest

or joint highest p-value for the Kupiec test at a 1% VaR level. All models are outper-

formed by the Stable distribution at a 5% VaR level. The full GHD seems to be the

best model out of all GHD models. At first glance, this does not seem surprising

since it has the highest number of parameters.

However, comparisons with the subclasses are still necessary since some of them

arise only as limiting distributions, e.g. GHStD. On the other hand, the Stable distri-

bution is in the top three of the four VaR levels under consideration.

The Normal distribution for the VaR estimates were rejected by the Kupiec test at

5% and 99% VaR levels for gold returns, a 99% VaR level for platinum returns and

at 1% and 5% for silver returns. The best GHDs models for VaR estimation differ at

different levels for gold, platinum and silver returns. The Stable distribution is the

best model at 95% and 99% VaR levels for platinum returns. SSTD is the overall best

model for silver returns.

In general, it seems that both GHDs and SD, PIVD and SSTD favourably capture the

extreme risk in gold, platinum and silver returns. Their differences in performance,

in terms of VaR estimation, is only marginal.
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Table 6.7: VaR Estimates for precious metal returns

Returns Distribution 1% 5% 95% 99%

Gold

Empirical -0.0567073 -0.03052 0.04333106 0.08835737

Normal -0.05501448 -0.03793572 0.04450679 0.061585554

GHDfull -0.05903795 -0303309844 0.04383046 0.08103414

NIGD -0.05911129 -0.03339242 0.04465826 0.07987971

HD -0.05705802 -0.03381565 0.04500804 0.07427349

GHStD -0.05886976 -0.03287492 0.04271782 0.08209614

VGD -0.05706296 -0.0339911 0.04540735 0.0744847

STABLE -0.0620693 -0.03122799 0.04224126 0.09158642

STD -0.06799548 -0.03568347 0.03993771 0.07224972

SSTD -0.05953214 -0.03214536 0.04344617 0.08014395

PIVD -0.05854787 -0.03220016 0.04352644 0.08167587

Platinum

Empirical -0.09764475 -0.0869032 0.1121076 0.1264497

Normal -0.08757139 -0.0789065 0.08268916 0.09135405

GHDfull -0.113436 -0.09254853 0.09510851 0.1155426

NIGD -0.1119001 -0.09287949 0.0961477 0.1150289

HD -0.1030705 -0.08786841 0.09212533 0.107501

GHStD -0.1168157 -0.09311668 0.09577887 0.1187157

VGD -0.1024524 -0.08761425 0.09260786 0.1077287

STABLE -0.1052786 -0.0496257 0.05143204 0.1009174

STD -0.09252882 -0.05020652 0.05415584 0.09647814

SSTD -0.09225646 -0.05008483 0.0542789 0.09676875

PIVD -0.09279068 -0.05030653 0.05405553 0.09621017

Silver

Empirical -0.08123376 -0.0457851 0.5178906 0.0935678

Normal -0.6753866 -0.03456233 0.0456908 0.81556098

GHDfull -0.07243449 -0.04294733 0.05280524 0.09078005

NIGD -0.07667083 -0.04308733 0.04941093 0.09041849

HD -0.07216776 -0.04300408 0.05223667 0.08941096

GHStD -0.07909455 -0.04320854 0.0473261 0.08981113

VGD -0.07279265 -0.04309419 0.05280309 0.09111553

STABLE -0.1263287 -0.04667956 0.05158978 0.1467801

STD -0.08303883 -0.04441655 0.04608608 0.08470836

SSTD -0.07566646 -0.04047918 0.05015079 0.09601545

PIVD -0.07724361 -0.04173992 0.04895535 0.09392512
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Table 6.8: VaR Backtesting for precious metal returns.

Returns Distribution
p-value of Kupiec Test

1% 5% 95% 99%

Gold

Normal 0.7103 0.0354 0.5783 0.0095

GHDfull 0.9503 0.5783 0.8869 0.4345

NIGD 0.9503 0.4431 0.5783 0.4345

HD 0.7103 0.4431 0.4431 0.1219

GHStD 0.9503 0.5783 0.6461 0.4345

VGD 0.7103 0.2308 0.4431 0.1219

STABLE 0.9502 0.9517 0.6461 0.5990

STD 0.5990 0.1559 0.3960 0.1219

SSTD 0.9503 0.7280 0.9517 0.4345

PIVD 0.9503 0.7280 0.9517 0.4345

Platinum

Normal 0.1789 0.4345 0.1219 0.0018

GHDfull 0.1707 <0.001 0.1219 0.4085

NIGD 0.7106 0.5990 0.1219 0.4085

HD 0.7107 0.9503 0.1219 0.0677

GHStD 0.7107 0.5990 0.1219 0.4085

VGD 0.9502 0.1219 0.1219 0.0677

STABLE 0.1121 0.5124 0.7280 0.4345

STD 0.5990 0.5125 0.1559 0.1219

SSTD 0.5990 0.5125 0.1559 0.1219

PIVD 0.5990 0.5125 0.2308 0.1219

Silver

Normal 0.0157 0.0031 0.8773 0.3691

GHDfull 0.4767 0.4087 0.7984 0.3797

NIGD 0.5183 0.4087 0.9073 0.3797

HD 0.1082 0.4087 0.1050 0.3797

GHStD 0.4767 0.5182 0.1050 0.3797

VGD 0.1082 0.4087 0.1050 0.3797

STABLE 0.0325 0.1011 0.8773 0.4678

STD 0.8267 0.9807 0.1034 0.3599

SSTD 0.2412 0.4638 0.6169 0.1050

PIVD 0.2412 0.6169 0.4638 0.1050
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Based on the Kupiec likelihood test, Stable distributions can be used for VaR esti-

mation of gold, platinum and silver price returns. Thus, confirming the results by

Krȩżłek (2012), Stable distributions can be used to asses risk on precious metal mar-

kets.

Figure 6.3: Data density and fitted density for gold (left), platinum (center) and silver (right)

Figure 6.4: P-P and Q-Q plot for gold returns.

Figure 6.5: P-P and Q-Q plot for platinum return.
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Figure 6.6: P-P and Q-Q plot for silver return.

6.7 Summary

In this chapter, we evaluated the performance of Generalised Hyperbolic distribu-

tions, Pearson type-IV distribution, asymmetric and symmetric Student-t distribu-

tions and Stable distributions in characterising the gold, platinum and silver re-

turns. In particular, we utilised the full GHD and its subclasses namely the hyper-

bolic, the Normal-inverse Gaussian, the Variance-Gamma and GH skew Student’s t-

distributions. These models’ ability to capture certain stylised facts such as skewness

and both symmetric and asymmetric heavy tails provides a high degree of accuracy

when fitted to financial returns data. We conclude that the GHDs outperform the

classical normality assumption of financial returns. In addition, the AD goodness-

of-fit test failed to reject the null hypotheses at all levels of significance, suggesting

minimal error bias. The models’ performances in VaR estimation and results from

the Kupiec Likelihood test show that the best GHD models for VaR estimation differ

at different levels for gold, platinum and silver returns. This is a strong motivation

for the possible implementation of stepwise functions and mixture models on these

distributions. In addition, the SD, PIVD and SSTD seem to outperform the GHDs

in VaR estimation at various VaR levels. In general, performances of GHDs and the

SD, PIVD and SSTD, in terms of VaR estimation are comparable for gold, platinum

and silver price returns.
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6.8 Statistical software packages

We fitted STD and SSTD to returns using the MLE method in the fGarch package

(Wuertz et al., 2016). We fitted PIVD to returns using MLE in the PearsonDS package

(Becker and KlöBner, 2017). We fitted the full GHD and its subclasses, HD, NIGD,

VGD, GHStD using gyhp package (Luethi and Breymann, 2016) and Generalized-

Hyperbolic package (Scott, 2015). We fitted SD using the stable package (Robust

Analysis Inc, 2013).

6.9 Appendix

GHD

Bessel Function

We present the Bessel function of the third kind, which forms an integral part of the

generalised hyperbolic function.

Let λ ∈ R, the modified Bessel function of the third kind with index λ is defined by the

equation

Kλ(x) =
1

2

∫ ∞
0

uλ−1e−
1
2
x(u+u−1)du, x > 0. (6.63)

Using the function above, the following results follow:

K−λ(x) = Kλ(x), (6.64)

Kλ+1(x) =
2λ

x
Kλ(x) +Kλ−1(x), (6.65)

and K ′λ(x) = −λ
x
Kλ(x)−Kλ−1(x). (6.66)

Proofs:
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K−λ(x) =
1

2

∫ ∞
0

u−λ−1e−
1
2
x(u+u−1)du

= −1

2

∫ ∞
0

vλ+1e−
1
2
x(v−1+v)v−2dv, (v =

1

u
, dv = − 1

u2
du)

=
1

2

∫ ∞
0

vλ−1e−
1
2
x(v+v−1)dv

= Kλ(x).

Thus, equation 6.64 holds.

Kλ+1(x)−Kλ−1(x) =
1

2

∫ ∞
0

(
uλ − uλ−2

)
e−

1
2
x(u+u−1)du

=
1

2

∞∫
0

uλ
(
1− u−2

)
e−

1
2
x(u+u−1)du.

Using integration by parts, we obtain

Kλ+1(x)−Kλ−1(x) =
1

2

([
−2uλ

x
e−

1
2
x(u+u−1)

]∞
0

+
2λ

x

∫ ∞
0

uλ−1e−
1
2
x(u+u−1)du

)

=
2λ

x

(
1

2

∫ ∞
0

uλ−1e−
1
2
x(u+u−1)du

)
=

2λ

x
Kλ(x).

Thus, equation 6.65 holds.

K ′λ(x) = −1

2

∫ ∞
0

uλ−1
1

2

(
u+ u−1

)
e−

1
2
x(u+u−1)du

= −1

4

∫ ∞
0

uλ
(
1 + u−2

)
e−

1
2
x(u+u−1)du

= −1

4

∫ ∞
0

uλe−
1
2
x(u+u−1)du− 1

4

∫ ∞
0

uλ−2e−
1
2
x(u+u−1)du

= −1

2
Kλ+1(x)− 1

2
Kλ−1(x)

= −1

2

(
2
λ

x
Kλ(x) +Kλ−1(x)

)
− 1

2
Kλ−1(x) from above

= −λ
x
Kλ(x)−Kλ−1(x).
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Thus, equation 6.66 holds.

It should also be noted that when λ = n+ 1
2 , n = 0, 1, 2, . . . we have

Kn+ 1
2
(x) =

√
π

2x
e−x

{
1 +

n∑
i=1

(n+ i)!

(n− i)! i!
(2x)−i

}
.

It should also be noted that if λ > 0, then for very small values of its argument

(x ↓ 0), this function can be approximated by

Kλ ≈ Γ(λ)2λ−1x−λ,

and for large values of the argument, we have

Kλ =

√
π

2x
e−x

(
1 +

4λ2 − 1

8x
+

(4λ2 − 1)(4λ2 − 9)

2!(8x)2
+

(4λ2 − 1)(4λ2 − 9)(4λ2 − 25)

3!(8x)3
+ . . .

)
.

The GHD may be represented as a Normal variance-mean mixture with the Gener-

alised Inverse Gaussian (GIG) as mixing distribution, where the GIGD has a density

f(z;λ, δ, γ) =
(γ
δ

)λ zλ−1

2Kλ(γδ)
exp

{
−1

2
(δ2z−1 + γ2z)

}
.

This means that a generalised hyperbolic variable X can be represented as

X = µ+ βZ +
√
ZY, (6.67)

where Y ∼ N(0, 1), Z ∼ GIG(λ, δ, γ) with Z and Y independent.

It follows from equation 6.67 that

X|Z = z ∼ N(µ+ βz, z).
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Proof:

X = µ+ βZ +
√
ZY

(X|Z = z) = µ+ βz +
√
zY

where µ, β, z are now constants.

Now since Y ∼ N(0, 1), then (X|Z = z) follows a Normal distribution with

E(X|Z = z) = µ+ βz +
√
zE(Y )

= µ+ βz

and

V ar(X|Z = z) = V ar(µ+ βz +
√
zY )

= zV ar(Y )

= z
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Chapter 7

Value-at-Risk estimation of

precious metals with GARCH-type

models

7.1 Introduction

While academic literature is abundant in models that account for heavy tails, this

stylised fact should not be considered in isolation. A realistic model for financial re-

turns should take into account all statistically relevant stylised facts. In this chapter

we, therefore, discuss the methods and linear models useful in modelling and fore-

casting financial time series. The models include stationary and non-stationary time

series models. This chapter also gives an overview of the volatility models used in

the literature and in this study. Thereafter, the chapter concludes with an applica-

tion of both linear and volatility models coupled with heavy-tailed distributions to

precious metals log-returns.
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7.2. The models

7.2 The models

The following steps of building a volatility model were taken from Tsay (2013).

These are:

• Specify a mean equation by testing for serial dependence and if necessary,

building an ARMA model for the return series to remove any linear depen-

dence.

• Use the residuals of the mean equation to test for ARCH effects.

• Specify volatility model if ARCH effects are statistically significant and per-

form a joint estimation of the mean and volatility equations.

• Check the fitted model carefully and refine if necessary.

The Mean Model

ARMA models have been identified as mean models. The removal of possible linear

dependence in the data is achieved by specifying the mean model; this is the same

as removing sample mean from the data.

The Volatility Models

Volatility clustering phenomenon is evident in metal prices. In this study we will use

the ARMA-GARCH model to capture time varying volatility which relies on mod-

elling the conditional variance as a linear function of the squared past innovations.

The GARCH(p, q) model

GARCH models are used to explain volatility clustering and heteroscedasticity. Boller-

slev (1996) introduced the symmetric GARCH(p, q). For a log return rt, let at = rt−µt

be the innovation at time t. Then at follows a GARCH (p, q) model if

at = σtεt, σ2t = ω +

p∑
i=1

αia
2
t−i +

q∑
j=1

βjσ
2
t−j , (7.1)
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where {εt} is a sequence of iid random variables with mean 0 and variance 1 with

ω > 0, αi ≥ 0, βj ≥ 0 and
∑max(p,q)

i=1 (αi+βi) < 1.

equation 7.1 can be written as

σ2t = ω + α(L)a2t + β(L)σ2t , (7.2)

where L denotes the lag or backshift operator α(L) ≡ α1L+ α2L
2 + . . .+ αqL

q, and

β(L) ≡ β1L+ β2L
2 + . . .+ βpL

p.

For stability and covariance stationarity of the {at} process, all the roots of [1−α(L)−

β(L)] and [1− β(L)] are constrained to lie outside the unit circle.

The GARCH(p, q) process may be represented as the infinite-order ARCH process,

σ2t = ω[1− β(1)]−1 + α(L)[1− β(1)]−1a2t

≡ ω[1− β(1)]−1 + λ(L)a2t . (7.3)

The stationarity conditions mentioned above imply that the effect of the past squared

innovations on the current conditional variance decays exponentially with the lag

length.

The GARCH (1,1) model specifically generates volatility forecasts as a weighted av-

erage of the constant or average variance, the previous forecasting variance and the

previous variance reflecting squared news about the returns.

The GARCH (1,1) model is a parsimonious model in volatility forecasting (Eberlein,

2003). The model provides a simple representation of main statistical characteristics

of a return process such as autocorrelation and volatility clustering. The GARCH

(1,1) model is the most popular structure for volatility forecasting and therefore it is

used to model real financial time series.
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We assume that the daily precious log returns is an ARMA (1,1)-GARCH (1,1) pro-

cess (i.e. the conditional mean follows an ARMA(1,1) model and the conditional

variance follows a GARCH(1,1) distribution), which is given by


rt = µt + σtεt,

µt = φrt−1 − θat−1,

σ2t = ω + α1a
2
t−1 + β1σ

2
t−1,

where 0 ≤ α1, β1 ≤ 1, 0 < (α1 + β1) < 1. σt is the volatility of the return on day t,

µt is the expected return and εt are the innovations that are assumed to follow the

standard Normal distribution. However, in practice they follow distributions heav-

ier than the Normal distribution.

Extensions of the GARCH model

The GARCH model was unable to detect the leverage effect and capture asymmetry

extensions that we introduced.

Asymmetric GARCH Models

In various research studies, it has been shown that the sign of the shock is conse-

quential (Bekaert and Guojun, 2000; Bucevska, 2013). The conclusion of the compre-

hensive studies show that negative returns have a greater volatility when compared

to positive returns of equivalent size. This indicates that bad news increases volatil-

ity compared to good news (Angabini and Wasiuzzaman, 2011).

For asymmetry to be captured in return volatility, a new class of models was de-

veloped and called asymmetric ARCH models. These are the Exponential GARCH

(EGARCH), Threshold GARCH (TGARCH) models, and Asymmetric Power ARCH

(APARCH).

The Exponential GARCH Model (EGARCH)

To overcome some weaknesses of the GARCH model, Nelson (1991) proposed the
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first extension to GARCH called Exponential GARCH (EGARCH) to model the asym-

metric effects of both positive and negative asset returns. The volatility process of

the EGARCH(p, q) can be written as

ln(σ2t ) = ω +

p∑
i=1

αig(εt−i) +

q∑
j=1

βj lnσ2t−i, (7.4)

where g(εt) = γ1εt + γ2[|εt| − E(|εt|)] is the weighted innovation, γ1εt is the sign

effect and γ2[|εt| − E(|εt|)] is the magnitude effect, γ1 and γ2 are real constants. The

conditional variance of the EGARCH model is in logarithmic form that guarantees

its non-negativity without the need to force extra non-negativity limitations.

The mean of [g(εt)] is zero since the mean of εt and [|εt|−E(|εt|)] are zero. As a result

g(εt) permit the conditional variance to respond to asymmetric effects which can be

easily seen by rewriting g(εt) as

g(εt) =


(γ1 + γ2)εt − γ2E(|εt|), εt ≥ 0

(γ1 − γ2)εt − γ2E(|εt|), εt < 0.

(7.5)

If εt ≥ 0, the positive shocks have an impact of (γ1 + γ2) on the conditional variance

and if εt < 0, the negative shocks have an impact of (γ1−γ2), on the conditional vari-

ance. To ascertain a non-negative conditional variance, no restrictions are required

on the parameters which are contrary to GARCH models. As a result, an EGARCH

model is able to model asymmetrical effect, volatility persistence and mean rever-

sion. An important feature of using EGARCH over GARCH is that it allows positive

and negative shocks to have different impacts on the volatility (Karlsson, 2002).

The parameter estimates from equation 7.4 can be defined as follows:

• αi represents a magnitude effect or symmetric effect of the model.

• βj measures the persistence in the conditional volatility irrespective of occur-

rences in the market.

• γi measures asymmetry or leverage effects.
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The Threshold GARCH Model (TGARCH)

Glosten et al. (1993a) propose another way of modelling the asymmetric effects of

positive and negative asset returns called TGARCH or GJR-GARCH. The volatility

equation is shown below:

σ2t = ω +
m∑
i=1

(αi + ωiGt−i)a
2
t−i +

n∑
j=1

βjσ
2
t−j , (7.6)

where Gt−i is an indicator variable for negative at−i, given as

Gt−i =

 1, at−i < 0

0, at−i ≥ 0.

Under the condition that ω > 0, αi ≥ 0, ωi ≥ 0, and βj ≥ 0, we ensure nonnegative

conditional variance. From this model, the impact of a2t−i on σ2t is dependent on

the sign of at−i which permits the model to accommodate asymmetric effect. As a

result, the positive shock has an impact of αia2t−i on the conditional variance while

the negative shock has an impact of (αi + ωi)a
2
t−i on the conditional variance.

The GJR-GARCH model is fundamentally the same as the EGARCH model, both

have the capacity to capture the impact of both positive and negative shocks. As a

result, the TGARCH and the EGARCH might both be considered for the same data

hence it is important to find a criterion for choosing between the two models (Karls-

son, 2002). The TGARCH belongs to the class of asymmetric power autoregressive

conditional heteroscedastic (APARCH) models introduced by Ding et al. (1993).

Asymmetric Power GARCH models (APARCH)

The APARCH model is an extension of the GARCH model. The APARCH gener-

alised both the ARCH and GARCH models. The structure of the volatility equation

APARCH(m,s) is given as (Tsay, 2013)

σδt = ω +
m∑
i=1

αi(|at−i|+ γiat−i)
δ +

s∑
j=1

βjσ
δ
t−j . (7.7)
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Under the condition that ω > 0, αi ≥ 0, βj ≥ 0, and 0 ≤
∑m

i=1 αi +
∑s

j=1 βj ≤ 1,

where αi and βj are respectively the ARCH and GARCH coefficients, γi is the lever-

age coefficient such that when γi is positive, it implies that the negative shocks have

a stronger impact on price volatility than the positive shocks, and δ is the positive

real number which functions as the symmetric power transformation of δt.

The APARCH model is an asymmetric GARCH model. The structure of APARCH

(1,1) model is given as

rt = µt + at = µt + σtεt, εt ∼ N(0, 1), (7.8)

and σδt = ω + α1(|at−1|+ γ1at−1)
δ + β1σ

2
t−1, (7.9)

where µt and σt are the conditional mean and variance respectively, α1 and β1 are the

ARCH and GARCH coefficients. γ1 is the leverage coefficient, and δ is the Taylor ef-

fect regarding the difference in the sample autocorrelations of absolute and squared

returns. The APARCH model is a nested model and special cases are:

• When δ = 2, βj = 0 and γi = 0, the APARCH model reduces to ARCH.

• When δ = 2 and γi = 0, the APARCH model reduces to standard linear

GARCH models.

• When δ = 1 and γi = 0, the APARCH model becomes Taylor-Schwert GARCH

(TS-GARCH).

• When δ = 2 and 0 ≤ γi ≤ 1, the APARCH model reduces to GJR-GARCH

model of Glosten et al. (1993).

• When δ = 1 and 0 ≤ γi ≤ 1, the APARCH model becomes the TARCH model

of Zakoian (1994).

• When βj = 0 and γi = 1, the APARCH model becomes the NARCH.

• When δ → 0 and γi = 0, the APARCH model becomes the log-APARCH

model.
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In this study we utilise the APARCH model since most extensions of the GARCH

are nested in the APARCH model.

For µt = φrt−1 − θat−1, and σδt = ω + α1(|at−1| + γ1at−1)
δ + β1σ

2
t−1, we have

ARMA(1,1)-APARCH(1,1).

The standardised residuals follow the heavy tailed and flexible distributions, i.e.

GEVD, GPD, GLD, SD, PIVD, GHDs, STD and SSTD, as defined in chapters 6 and 7.

7.3 Combining Volatility models with Heavy-tailed Distri-

butions

• Step 1 - ARMA-GARCH-type model is fitted to precious metal returns using

the Gaussian quasi-Maximum likelihood estimation. That is, the log-likelihood

is maximised assuming a Normal distribution innovation.

• Step 2 - Extract the standardised residuals.

• Step 3 - Heavy-tailed distributions are fitted on standardised residuals, i.e.

combining ARMA-GARCH models with heavy-tailed distributions to produce

improved models for precious metal returns.

• Step 4 - VaR is calculated and then backtesting.

• Repeat the four steps using the ARMA-APARCH model instead of the ARMA-

GARCH model.

7.4 Empirical Results

The ARMA-GARCH model

This section focuses on parameter estimation and model comparison for the Stable

distribution and GHDs on precious metals returns.
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Table 7.1 records the Maximum likelihood (ML) parameter estimates for the ARMA(1,1)-

GARCH(1,1) model with Gaussian Innovations. All parameters are statistically sig-

nificant. The Ljung-Box test statistics for the standardised residuals are given in

Table 7.2. The p−values are all greater than 0.05. In addition, the Ljung-Box test

statistics of the squared residuals also have p−values greater than 0.05. The ARCH

Lagrange Multiplier (ARCH LM) test was used to check for ARCH effects in the

standardised residuals. The ARCH test statistics and p−values, presented in Table

7.2 show that there are no ARCH effects in the residuals. Table 7.3 illustrates the ML

parameter estimates of the full GHD, GHStD NIGD, VGD, SD fitted to the standard-

ised residuals extracted from the ARMA(1,1)-GARCH(1,1) models. ARMA(1,1)-

GARCH(1,1)-STD and ARMA(1,1)-GARCH(1,1)-SSTD were also fitted to the gold,

platinum and silver returns.

Table 7.4 presents the results for the AD goodness-of fit test. There is strong evidence

that we cannot reject the null hypothesis that gold returns follow these distribu-

tions, except for the Normal distribution. The AD test indicated that the ARMA(1,1)-

GARCH(1,1)-VGD as the most suitable overall model (highest p-value) for gold re-

turns, ARMA(1,1)-GARCH(1,1)-GHDfull for platinum returns and ARMA(1,1)-GARCH(1,1)-

GHStD for silver returns.

Table 7.1: ML parameter estimates for the ARMA(1,1)-GARCH(1,1) model with Gaussian

Innovations

Gold returns Platinum returns Silver returns

Mean equation

Estimate p-value Estimate p-value Estimate p-value

φ -6.96e-01 0.0059 -8.458e-01 <0.0001 -9.295e-02 2.27e-10

θ 6.93e-01 0.0070 8.669e-01 <0.0001 0.0000 -

Variance equation

Estimate p-value Estimate p-value Estimate p-value

α0 4.15e-07 0.0002 1.683e-06 0.0265 1.435e-06 0.00052

α1 7.74e-02 <0.0001 9.415e-02 <0.0001 5.670e-02 <0.0001

β1 9.26e-01 <0.0001 9.023e-01 <0.0001 9.424e-01 <0.0001
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Table 7.2: Standardised residuals test for ARMA(1,1)-GARCH(1,1) model with Gaussian

Innovations

Returns Statistic p-value

Gold

Q(10) 9.7941 0.4587
Q(15) 15.1283 0.4422
Q(20) 31.1144 0.0536
Q2(10) 12.0140 0.2841
Q2(15) 16.9864 0.3197
Q2(20) 21.2297 0.3837
ARCH LM test 13.9884 0.3014

Platinum

Q(10) 5.9447 0.8199
Q(15) 9.8965 0.8262
Q(20) 21.0813 0.3924
Q2(10) 12.9619 0.2258
Q2(15) 15.3883 0.4238
Q2(20) 19.8940 0.4646
ARCH LM test 14.3855 0.2768

Silver

Q(10) 13.9810 0.1739
Q(15) 20.2569 0.1623
Q(20) 27.0635 0.1335
Q2(10) 7.5575 0.6720
Q2(15) 9.8690 0.8279
Q2(20) 12.5046 0.8976
ARCH LM test 8.1195 0.7757
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Table 7.3: ML parameter estimates of precious metal returns

Returns Model alpha beta Delta mu lambda gamma sigma

Gold

ARMA(1,1)-GARCH(1,1)-Normal 0.0258 0.9990

ARMA(1,1)-GARCH(1,1)-Stable 1.7751 4.45e-09 0.0262 0.6017

ARMA(1,1)-GARCH(1,1)-GHDfull 1.0455 -0.0061 1.0499 0.0343 -0.5104

ARMA(1,1)-GARCH(1,1)-NIGD 1.0444 -0.0054 1.0258 0.0311 -0.5000

ARMA(1,1)-GARCH(1,1)-GHStD 0.0038 -0.0038 1.6245 0.0295 -2.3122

ARMA(1,1)-GARCH(1,1)-VGD 1.7439 -0.0052 0.0000 0.0307 1.4758

Platinum

ARMA(1,1)-GARCH(1,1)-Normal 0.0247 0.9992

ARMA(1,1)-GARCH(1,1)-Stable 1.6960 -0.0800 0.0295 0.5955

ARMA(1,1)-GARCH(1,1)-GHDfull 0.7395 -0.0341 1.6637 0.0562 -1.9291

ARMA(1,1)-GARCH(1,1)-NIGD 1.2495 -0.0277 1.2402 0.0525 -0.5000

ARMA(1,1)-GARCH(1,1)-GHStD 0.0240 -0.0240 1.9027 0.0488 -2.7962

ARMA(1,1)-GARCH(1,1)-VGD 2.0588 -0.0228 0.0000 0.0472 2.0852

Silver

ARMA(1,1)-GARCH(1,1)-Normal 0.0177 0.9996

ARMA(1,1)-GARCH(1,1)-Stable 1.7210 -0.0580 0.0216 0.5918

ARMA(1,1)-GARCH(1,1)-GHDfull 0.3489 -0.0363 1.6819 0.0525 -2.3030

ARMA(1,1)-GARCH(1,1)-NIGD 1.1571 -0.0313 1.1335 0.0483 -0.5000

ARMA(1,1)-GARCH(1,1)-GHStD 0.0292 -0.0292 1.7410 0.0468 -2.5189

ARMA(1,1)-GARCH(1,1)-VGD 1.9428 -0.0200 0.0000 0.0370 1.8272

Table 7.4: Anderson Darling Goodness of-fit tests for precious metal returns.

Model
Gold returns Platinum returns Silver returns

AD Test AD Test AD Test

Statistic p-value Statistic p-value Statistic p-value
ARMA(1,1)-GARCH(1,1)-Normal 1936.1020 0.0244 16.433 0.0011 22.533 0.0011

ARMA(1,1)-GARCH(1,1)-Stable 3.0989 0.1232 1.1684 0.2799 0.7518 0.5171

ARMA(1,1)-GARCH(1,1)-GHDfull 0.4476 0.8006 0.1666 0.9970 0.1962 0.9914

ARMA(1,1)-GARCH(1,1)-NIGD 0.3315 0.9127 0.2014 0.9900 0.3707 0.8772

ARMA(1,1)-GARCH(1,1)-GHStD 0.8127 0.4720 0.1816 0.9946 0.1855 0.9939

ARMA(1,1)-GARCH(1,1)-VGD 0.2137 0.9862 0.4457 0.8025 0.7999 0.4811

ARMA(1,1)-GARCH(1,1)-STD 0.8172 0.4688 0.2551 0.9676 0.2291 0.9804

ARMA(1,1)-GARCH(1,1)-SSTD 0.4705 0.7771 0.1753 0.9957 0.1989 0.9907
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Table 7.5: ML parameter estimates of the FMKL GLD for the ARMA (1,1)-GARCH(1,1)-
GLD model.

Returns λ̂1 λ̂2 λ̂3 λ̂4
AD test

Statistic p-value

Gold 0.02701677 2.18902607 -0.0980823 -0.097152 0.4705 0.7771

Platinum 0.03070983 1.99871965 -0.0571853 -0.049388 0.2011 0.9901

Silver 0.02679557 2.09899790 -0.0845292 -0.067889 0.2881 0.9468

Table 7.6: ML parameter estimates of the Pearson type-IV distribution for the ARMA(1,1)-
GARCH(1,1)-PIVD model.

Returns m̂ v̂ λ̂ â
AD test

Statistic p-value

Gold 2.811296 0.03049733 0.03854743 1.623921 0.80698 0.4760

Platinum 3.296612 0.1356774 0.07963036 1.902716 0.16598 0.9970

Silver 3.017391 0.1110931 0.06612122 1.740363 0.18843 0.9932

FMKL GLD was fitted to the standardised residuals extracted from the ARMA(1,1)-

GARCH(1,1) models. The ML parameter estimates and AD test results are shown in

Table 7.6. The AD test results suggest that the extracted residuals follow FMKL GLD.

PIVD was also fitted to the standardised residuals extracted from the ARMA(1,1)-

GARCH(1,1) models using the Maximum likelihood procedure. Table 7.7 show the

ML parameter estimates of the PIVD fitted to the standardised residuals extracted

from the ARMA(1,1)-GARCH(1,1) models with Normal innovations. The PIVD pro-

vides a good fit to the standardised residuals extracted from the ARMA(1,1)-GARCH(1,1)

model since the AD statistics are significant.

The GEVD is fitted to the positive and negative standardised residuals using MLE.

We used the block size of 5 to perform a block maxima method since less accuracy is

attached to estimates with larger block sizes in accordance with asymptotic property

as noted by Coles (2001). Table 7.7 shows the ML parameter estimates of the GEVD

with the corresponding standard errors in brackets. The shape parameter is positive

for gold and silver suggesting that the standardised residuals follow a Frétchet dis-

tribution.
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Table 7.7: ML parameter estimates of GEVD for the ARMA(1,1)-GARCH(1,1)-GEVD
model.

Returns
Standardised

ξ̂ (Se) µ̂ (Se) σ̂ (Se)
AD test

Residuals Statistic p-value

Gold
Positive 0.0357 (0.0185) 0.7537 (0.0208) 0.6048 (0.0151) 0.4023 0.8464

Negative 0.02281 (0.0174) 0.7251 (0.0207) 0.6042 (0.0148) 0.4048 0.8443

Platinum
Positive -0.0799 (0.0098) 0.8109 (0.0028) 0.6897 (0.0148) 5.7195 0.0013

Negative 0.0047 (0.0202) 0.7699 (0.0207) 0.5998 (0.0149) 0.2399 0.9755

Silver
Positive 0.0226 (0.0192) 0.7850 (0.0201) 0.5848 (0.0144) 1.0382 0.3378

Negative 0.0458 (0.0186) 0.7541 (0.0202) 0.5885 (0.0147) 0.3978 0.8509

*Se means standard error

For platinum, the shape parameter is negative suggesting that the standardised

residuals follow a Weibull distribution. However, for negative standardised resid-

uals, the 95% confidence interval of the shape parameter include zero suggesting a

Gumbel distribution. All the AD statistics (except positive standardised residuals

for platinum) are significant, confirming that GEVD is a good fit in the upper tail.

The GPD is fitted to the positive and negative standardised residuals extracted from

the ARMA-GARCH model with Normal innovations. The suitable threshold must

lie where there is a positive gradient change in the mean excess plot. To confirm the

threshold the Pareto quantile plot is used. The mean residual life (mean excess) plot

and the Pareto quantile plot select the highest possible threshold on the upper tail of

the distribution.

Figures 7.1 to 7.6 in the Appendix at the end of this chapter shows the mean resid-

ual life plot of the standardised residual of both positive and negative standardised

residuals for platinum and silver returns. The suitable threshold must lie where

there is a positive gradient in the mean excess. The threshold selected should lie

around 2 for both positive and negative standardised residuals. Figure 7.2 shows

the Pareto quantile plots for both positive and negative standardised residuals. From

Figure 7.2 (a), the threshold is u = exp(0.5455) = 1.7255 for positive standardised

residuals (gold). From Figure 7.2 (b) the threshold is u = exp(0.7406) = 2.0971 for

negative standardised residuals.
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The same method was used to get threshold positive and negative standardised

residuals for both platinum and silver. We use the same procedure in subsequent

sections in this chapter and chapter 8. Table 7.8 summarises the ML parameter es-

timates of the GPD for the ARMA(1,1)-GARCH(1,1)-GPD model. Figures 7.13, 7.14,

7.15, 7.16, 7.17 and 7.18 show GPD diagnostics for both positive and negative stan-

dardised residuals. It is observed from these figures that both positive and negative

standardised residuals seem to follow the GPD. The Q-Q plots and P-P plots do not

show any serious deviation from straight lines (except for platinum suggesting a

poor fit). The empirical and the return level estimates suggest that the positive and

negative standardised residuals follow a GPD in the upper tail.

Table 7.8: ML parameter estimates of GPD for the ARMA(1,1)-GARCH(1,1)-GPD model.

Returns
Standardised

Threshold
No. of

ξ̂ (Se) β̂ (Se)
Residuals Exceedances

Gold
Positive 1.7255 1327 0.1732 (0.0697) 0.5507 (0.0533)

Negative 2.0971 915 0.1781 (0.0953) 0.5571 (0.0750)

Platinum
Positive 1.6780 1453 0.1270 (0.0807) 0.5780 (0.0605)

Negative 2.0106 1042 -0.0345 (0.0767) 0.6615 (0.0769)

Silver
Positive 1.9937 1126 -0.0087 (0.1100) 0.7589 (0.1081)

Negative 1.9945 1064 0.1952 (0.0967) 0.5905 (0.0749)

*Se means standard error

Table 7.9 presents VaR estimates for the different models at various levels. The p-

values of the Kupiec and Christoffersen tests for different distributions are sum-

marised in Table 7.10.
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Table 7.9: VaR Estimates for precious metal returns.

Returns Model 1% 5% 95% 99%

Gold

ARMA(1,1)-GARCH(1,1)-Normal -2.2982 -1.6174 1.6689 2.3497

ARMA(1,1)-GARCH(1,1)-Stable -2.6634 -1.4987 1.5511 2.7158

ARMA(1,1)-GARCH(1,1)-GHDfull -2.6585 -1.5556 1.6190 2.6979

ARMA(1,1)-GARCH(1,1)-NIGD -2.6447 -1.5575 1.6038 2.6812

ARMA(1,1)-GARCH(1,1)-GHStD -2.6111 -1.5257 1.5742 2.6501

ARMA(1,1)-GARCH(1,1)-VGD -2.6041 -1.5865 1.6330 2.6446

ARMA(1,1)-GARCH(1,1)-STD -2.6040 -1.5233 1.5765 2.6573

ARMA(1,1)-GARCH(1,1)-SSTD -2.6170 -1.5293 1.5705 2.6444

ARMA(1,1)-GARCH(1,1)-GEVD -2.5951 -1.5602 1.5970 2.6625

ARMA(1,1)-GARCH(1,1)-GPD -2.5354 -1.6549 1.6259 2.6089

ARMA(1,1)-GARCH(1,1)-GLD -2.6277 -1.5403 1.5920 2.6756

ARMA(1,1)-GARCH(1,1)-PIVD -2.6176 -1.5286 1.5712 2.6438

Platinum

ARMA(1,1)-GARCH(1,1)-Normal -2.2999 -1.6190 1.6684 2.3494

ARMA(1,1)-GARCH(1,1)-Stable -3.1925 -1.5855 1.5633 2.9890

ARMA(1,1)-GARCH(1,1)-GHDfull -2.5995 -1.5757 1.5971 2.5681

ARMA(1,1)-GARCH(1,1)-NIGD -2.6078 -1.5904 1.6193 2.5996

ARMA(1,1)-GARCH(1,1)-GHStD -2.5975 -1.5677 1.6011 2.5869

ARMA(1,1)-GARCH(1,1)-VGD -2.5602 -1.6064 1.6398 2.5736

ARMA(1,1)-GARCH(1,1)-STD -2.5631 -1.5559 1.6131 2.6203

ARMA(1,1)-GARCH(1,1)-SSTD -2.6001 -1.5734 1.5955 2.5826

ARMA(1,1)-GARCH(1,1)-GEVD -2.5765 -1.5887 1.7001 2.6454

ARMA(1,1)-GARCH(1,1)-GPD -2.6195 -1.5595 1.5915 2.6041

ARMA(1,1)-GARCH(1,1)-GLD -2.6002 -1.5785 1.6204 2.6128

ARMA(1,1)-GARCH(1,1)-PIVD -2.6069 -1.5732 1.5958 2.5774

Silver

ARMA(1,1)-GARCH(1,1)-Normal -2.3078 -1.6266 1.6619 2.3432

ARMA(1,1)-GARCH(1,1)-Stable -2.9910 -1.5472 1.5379 2.8638

ARMA(1,1)-GARCH(1,1)-GHDfull -2.6371 -1.5615 1.5681 2.5708

ARMA(1,1)-GARCH(1,1)-NIGD -2.6385 -1.5838 1.5929 2.6002

ARMA(1,1)-GARCH(1,1)-GHStD -2.6274 -1.5536 1.5681 2.5791

ARMA(1,1)-GARCH(1,1)-VGD -2.5733 -1.5997 1.6192 2.5735

ARMA(1,1)-GARCH(1,1)-STD -2.5802 -1.5375 1.5844 2.6271

ARMA(1,1)-GARCH(1,1)-SSTD -2.6083 -1.5508 1.5711 2.5978

ARMA(1,1)-GARCH(1,1)-GEVD -2.6407 -1.5805 1.5932 2.5947

ARMA(1,1)-GARCH(1,1)-GPD -2.6090 -1.6144 1.4221 2.6427

ARMA(1,1)-GARCH(1,1)-GLD -2.6507 -1.5729 1.5850 2.5977

ARMA(1,1)-GARCH(1,1)-PIVD -2.6221 -1.5543 1.5677 2.5843
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Table 7.10: VaR Backtesting for precious metal returns.

Returns Model p-value of Kupiec Test p-value of Christoffersen Test

1% 5% 95% 99% 1% 5% 95% 99%

Gold

ARMA(1,1)-GARCH(1,1)-Normal 0.0059 0.2430 0.3000 0.0018 0.006 0.1685 0.2180 2.74e-05

ARMA(1,1)-GARCH(1,1)-Stable 0.4574 0.0041 0.4835 0.0241 0.5596 0.0095 0.3074 3.56e-05

ARMA(1,1)-GARCH(1,1)-GHDfull 0.4574 0.6097 0.9488 0.0359 0.5596 0.2952 0.3334 6.23e-05

ARMA(1,1)-GARCH(1,1)-NIGD 0.4574 0.5239 0.8477 0.0520 0.5596 0.3005 0.3917 0.0001

ARMA(1,1)-GARCH(1,1)-GHStD 0.8656 0.0774 0.7015 0.1019 0.7988 0.1140 0.4190 0.0003

ARMA(1,1)-GARCH(1,1)-VGD 0.8656 0.9489 0.6521 0.1018 0.7988 0.3570 0.3392 0.0003

ARMA(1,1)-GARCH(1,1)-STD 0.8656 0.0676 0.7492 0.0737 0.7988 0.1055 0.4118 0.0002

ARMA(1,1)-GARCH(1,1)-SSTD 0.8656 0.1293 0.6549 0.1019 0.7988 0.1959 0.4242 0.0003

ARMA(1,1)-GARCH(1,1)-GEVD 0.3739 0.5660 0.8477 0.0520 0.0018 0.3054 0.3917 0.0001

ARMA(1,1)-GARCH(1,1)-GPD 0.9776 0.5188 0.6993 0.2362 0.0067 0.2661 0.3640 0.0009

ARMA(1,1)-GARCH(1,1)-GLD 0.7556 0.3733 0.8477 0.0520 0.7555 0.2932 0.3917 0.0001

ARMA(1,1)-GARCH(1,1)-PIVD 0.8656 0.1143 0.7015 0.1019 0.7987 0.1833 0.4190 0.0003

Platinum

ARMA(1,1)-GARCH(1,1)-Normal 3.2e-06 0.3998 0.0307 0.0020 4.4e-06 0.0401 0.0892 0.0061

ARMA(1,1)-GARCH(1,1)-Stable 2.1e-08 0.8505 0.9008 0.0020 2.1e-08 0.0309 0.9558 0.0035

ARMA(1,1)-GARCH(1,1)-GHDfull 0.3654 0.7521 0.3998 0.7187 0.2644 0.0355 0.6958 0.3039

ARMA(1,1)-GARCH(1,1)-NIGD 0.4412 0.9515 0.2173 0.8245 0.2820 0.0264 0.4458 0.2992

ARMA(1,1)-GARCH(1,1)-GHStD 0.2986 0.4864 0.3998 0.8245 0.0622 0.0474 0.6958 0.2992

ARMA(1,1)-GARCH(1,1)-VGD 0.2986 0.6047 0.0582 0.8245 0.0622 0.0396 0.1596 0.2991

ARMA(1,1)-GARCH(1,1)-STD 0.2985 0.2830 0.2427 0.8426 0.0622 0.0304 0.4865 0.2514

ARMA(1,1)-GARCH(1,1)-SSTD 0.3654 0.6579 0.4765 0.8245 0.2644 0.0399 0.7742 0.2992

ARMA(1,1)-GARCH(1,1)-GEVD 0.8245 0.6504 0.0030 0.6288 0.2991 0.9014 0.0110 0.2003

ARMA(1,1)-GARCH(1,1)-GPD 0.8426 0.8505 0.5175 0.8245 0.2513 0.9536 0.8104 0.2992

ARMA(1,1)-GARCH(1,1)-GLD 0.3654 0.7521 0.1938 0.9342 0.2644 0.0355 0.4064 0.2884

ARMA(1,1)-GARCH(1,1)-PIVD 0.4412 0.6579 0.4765 ]0.8245 0.2820 0.0399 0.7742 0.2992

Silver

ARMA(1,1)-GARCH(1,1)-Normal 0.0006 0.0640 0.0035 0.0051 1.5e-05 0.0123 0.0011 0.0136

ARMA(1,1)-GARCH(1,1)-Stable 0.0030 0.9238 0.8734 0.0444 0.0010 0.1011 0.0171 0.0001

ARMA(1,1)-GARCH(1,1)-GHDfull 0.9219 0.7734 0.4598 0.7495 0.0064 0.1113 0.0539 0.3456

ARMA(1,1)-GARCH(1,1)-NIGD 0.9219 0.3505 0.0982 0.8563 0.0064 0.0365 0.0217 0.4142

ARMA(1,1)-GARCH(1,1)-GHStD 0.9219 0.8731 0.4598 0.7495 0.0064 0.1306 0.0539 0.3465

ARMA(1,1)-GARCH(1,1)-VGD 0.5531 0.1643 0.0472 0.7495 0.0106 0.0234 0.0153 0.3465

ARMA(1,1)-GARCH(1,1)-STD 0.6480 0.6795 0.1453 0.9665 0.0101 0.0430 0.0365 <0.0001

ARMA(1,1)-GARCH(1,1)-SSTD 0.9665 0.9745 0.3505 0.8564 0.0074 0.0883 0.3504 <0.0001

ARMA(1,1)-GARCH(1,1)-GEVD 0.9219 0.1643 0.0855 0.0745 <0.0001 0.0234 0.0181 <0.0001

ARMA(1,1)-GARCH(1,1)-GPD 0.8564 0.0472 <0.0001 0.8112 <0.0001 0.0153 <0.0001 <0.0001

ARMA(1,1)-GARCH(1,1)-GLD 0.9219 0.5001 0.1453 0.8563 0.0064 0.0608 0.0365 <0.0001

ARMA(1,1)-GARCH(1,1)-PIVD 0.9219 0.8731 0.5001 0.7496 0.0064 0.1306 0.0608 <0.0001
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Gold Returns

The VaR estimates from the ARMA(1,1)-GARCH(1,1)-Normal model produced the

lowest p-values for both Kupiec and Christoffersen tests at 1% and 99% VaR levels.

However, the model is adequate at 5% and 95% VaR levels. It is interesting to note

that all models were rejected at 99% using the Christoffersen test. An ARMA(1,1)-

GARCH(1,1)-Stable model is suitable at 1% and 95% VaR levels. ARMA(1,1)-GARCH(1,1)-

GHDfull model, ARMA(1,1)-GARCH(1,1)-NIGD model, ARMA(1,1)-GARCH(1,1)-

GHStD model, ARMA(1,1)-GARCH(1,1)-STD, ARM (1,1)-GARCH(1,1)-SSTD, ARMA(1,1)-

GARCH(1,1)-GEVD, ARMA (1,1)-GARCH(1,1)-GPD, ARMA(1,1)-GARCH(1,1)-GLD

and ARMA(1,1)-GARCH(1,1)-VGD are good models for gold returns. An ARMA(1,1)-

GARCH(1,1)-VGD is the best model for VaR estimation of gold returns at different

levels.

Platinum Returns

The VaR estimates from an ARMA(1,1)-GARCH(1,1)-N model produced the lowest

p-values for both Kupiec and Christoffersen tests at 1%, 95% and 99% VaR levels.

The ARMA(1,1)-GARCH(1,1)-GPD model is suitable at 1%, 5% and 99% VaR levels

and is the best model for VaR estimation of platinum returns using Kupiec test. It is

also suitable at 1%, 5% and 99% based on the Christoffersen test. The ARMA(1,1)-

GARCH(1,1)-Stable is the most suitable at 95% VaR levels using both Kupiec test and

Christoffersen test. ARMA(1,1)-GARCH(1,1)-STD, ARMA(1,1)-GARCH(1,1)-SSTD,

ARMA(1,1)-GARCH(1,1)-GEVD, ARMA(1,1)-GARCH(1,1)-GPD and ARMA(1,1)-GARCH(1,1)-

GLD are suitable models for platinum returns based on the Kupiec and Christof-

fersen tests.

Silver Returns

The ARMA(1,1)-APARCH(1,1)-N model is not suitable using both tests. Using the

Kupiec test, ARMA(1,1)-GARCH(1,1)-GHDfull, ARMA(1,1)-GARCH(1,1)-NIGD ARMA(1,1)-

GARCH(1,1)-GHStD, ARMA(1,1)-GARCH(1,1)-VGD models are suitable at all VaR

levels. However, they are rejected at 1% using the Christoffersen test.
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The ARMA(1,1)-GARCH(1,1)-SD model is suitable at 5% and 95% based on the Ku-

piec test. The ARMA(1,1)-GARCH(1,1)-VGD, ARMA(1,1)-GARCH(1,1)-STD, ARMA(1,1)-

GARCH(1,1)-SSTD, ARMA(1,1)-GARCH(1,1)-GEVD, ARMA(1,1)-GARCH(1,1)-GPD

and ARMA(1,1)-GARCH(1,1)-GLD model are not suitable at 1% 99% using the Christof-

fersen test. Based on the Kupiec test, for silver returns the overall best model is

ARMA(1,1)-GARCH(1,1)-SSTD.

We evaluated the performance of ARMA-GARCH-Normal, ARMA-GARCH-Stable

and ARMA-GARCH-GHDs in characterising precious metal log-returns. The ad-

vantage of the proposed models lies in their ability to capture conditional heteroscedas-

ticity in the returns through the GARCH framework and at the same time model

their heavy tail behaviour through the Stable Distribution, GLD, GEVD, GPD, STD,

PIVD, SSTD and Generalised Hyperbolic Distributions. We also compared the VaR

in-sample backtesting of the twelve models using the Kupiec likelihood ratio test

and the Christoffersen test.

An ARMA (1,1)-GARCH-Normal model does not fit gold log returns adequately.

VaR estimates were obtained from all fitted models, both the Kupiec test and the

Christoffersen test showed that an ARMA (1,1)-GARCH(1,1)-VGD model is the best

model for VaR estimation at different levels, for gold returns. Interestingly all mod-

els were rejected at 99% using the Christoffersen test. An ARMA (1,1)-GARCH(1,1)-

SD is a good model for gold returns at 1% and 95% VaR levels. All ARMA-GARCH

models with full GHD and its subclasses are all good models for precious metal

returns at all different levels using Kupiec test. Thus ARMA (1,1)-GARCH(1,1)-

GHDfull, ARMA (1,1)-GARCH(1,1)-NIGD, ARMA (1,1)-GARCH(1,1)-GHStD and ARMA

(1,1)-GARCH(1,1)-VGD are good models for precious metal returns. Using Kupiec

tests, the ARMA(1,1)-GARCH(1,1)-STD, ARMA(1,1)-GARCH(1,1)-SSTD, ARMA(1,1)-

GARCH(1,1)-GEVD, ARMA(1,1)-GARCH(1,1)-GPD and ARMA(1,1)-GARCH(1,1)-

GLD model are suitable for precious metal returns. An ARMA (1,1)-GARCH(1,1)-

NIGD is the best model for platinum returns. The overall best model for silver re-

turns is ARMA(1,1)-GARCH(1,1)-SSTD based on the Kupiec test.
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In general, the performance of the models in terms of VaR estimation is comparable

at different levels.

With forecasted volatility, absolute magnitude of returns and quantiles may be pre-

dicted for risk management and portfolio management purposes. The volatility of a

stock generally exhibits either a positive or negative shock which has different impli-

cations for the portfolio manager and risk management. For instance, the declining

stock prices tend to increase the firm’s leverage (debt-to-equity) ratio making the

stock a riskier asset. This results in increased volatility of returns to stockholders

and reduced demand for the stock due to investors’ risk aversion. Thus, the results

of this study provide an impetus for investors and the risk management community

to consider a holistic, yet more accurate, measure of stock volatility on gold prices.

The ARMA-APARCH model

In this section, the ARMA APARCH model is used to describe the precious metal

return series. While Pearson type-IV (PIVD) and the Generaised Hyperbolic Distri-

butions and its subclasses are proposed as potential candidates for the innovations.

The first step is to fit the ARMA-APARCH model to the returns. Table 7.11 records

the parameter estimates for the ARMA-APARCH(1,1) model with Gaussian innova-

tions. All parameters are statistically significant. The Ljung-Box test statistics for

standardised residuals all have p-values greater than 0.05. In addition, the Ljung-

Box test statistics of the squared residuals also have p-values greater than 0.05. This

indicates that ARMA(1,1)-APARCH(1,1) is adequate for gold and platinum returns

and AR(1)-APARCH(1,1) for silver returns. AIC and SBI were used to select the best

model for each of the returns.

Combining APARCH model with the Pearson type-IV distribution

The standardised residuals were extracted from the ARMA-APARCH models. The

descriptive analyses of the standardised residuals in Table 7.12 indicate that they

are realised from a heavy-tailed distribution. These findings promote the use of full
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GHD, NIGD, VGD, GHStD, GLD, GEVD, SD, GPD and PIVD in modelling the stan-

dardised residuals as suggested by McNeil and Frey (2000).

The Pearson type-IV Distribution is fitted to the standardised residuals extracted

from the GARCH model with Normal innovations.The parameters are estimated

using the method of Maximum likelihood. The Maximum likelihood procedure is

carried out using the R package Pearson DS. Table 7.13 shows the ML estimates of

the Pearson type-IV distribution fitted to the standardised residuals of the ARMA-

APARCH (1,1) model with Normal innovations. Based on the AD test, there is strong

evidence that we cannot reject the null hypothesis that the standardised residuals

follow the Pearson type-IV distribution.

Table 7.11: Parameter estimates for the ARMA (1,1)-APARCH (1,1) model with Gaussian

Innovations

Gold returns Platinum Returns Silver Returns

Mean equation

Estimate p-value Estimate p-value Estimate p-value
φ -6.898e-01 0.011497 -8.289e-01 3.33e-15 -9.238e-02 3.46e-10

θ 6.858e-01 0.013593 8.490e-01 <0.001 0.000000 -

Variance equation

Estimate p-value Estimate p-value Estimate p-value
α0 2.204e-06 0.000204 2.912e-05 1.03e-05 9.692e-06 0.000505

α1 8.207e-02 <0.001 1.004e-01 <0.001 6.323e-02 <0.001

γ1 -1.234e-01 0.000100 -8.631e-02 0.0094 -1.222e-01 0.000480

β1 9.265e-01 <0.001 9.106e-01 <0.001 9.443e-01 <0.001

δ 1.693 <0.001 1.364e+00 <0.001 1.545e+00 <0.001
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Table 7.12: Descriptive Statistics of Standardised residuals of the ARMA(1,1)-APARCH

(1,1) model with Gaussian Innovations

Descriptive statistics Gold Platinum Silver

Minimum -11.374510 -5.451543 -11.147371

Maximum 8.985934 6.269666 6.060636

Mean 0.024892 0.023259 0.015779

Standard deviation 1.001264 1.004506 1.005391

Skewness -0.058249 0.001335 -0.312938

Excess Kurtosis 6.826097 2.221601 5.369963

Jarque-Bera test (p-value) <0.001 <0.001 <0.001

Table 7.13: ML parameter estimates of the Pearson type-IV distribution for the ARMA(1,1)-

APARCH (1,1)-Pearson type-IV model

Returns m̂ υ̂ λ̂ â
AD test

Statistic p-value

Gold 2.845817 0.05477293 0.0484141 1.64519 0.7712 0.5022

Platinum 3.290102 0.168224 0.09219255 1.908614 0.1875 0.9934

Silver 3.010683 0.1591492 0.08540718 1.742093 0.2042 0.9892

Combining APARCH model with the Generalised Hyperbolic distribution and

its subclasses

We fit full GHD, NIGD, VGD and GHStD to the standardised residuals extracted

from the ARMA-APARCH model. The ML parameter estimates and the AD goodness-

of-fit tests results are shown in Table 7.14 and Table 7.15 respectively. The results for

the AD test show that the standardised residuals follow full GHD and subclasses

NIGD, VGD and GHStD.
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Table 7.14: ML parameter estimates of the full GHD for the ARMA(1,1)-APARCH (1,1)-
GHDs model

Returns Model alpha beta delta mu lambda

Gold

GHDfull 1.088611 -0.02509541 1.040878 0.0457103 -0.4677474

NIGD 1.056933 -0.01144674 1.039805 0.03604058 -0.5000

VGD 1.754253 -0.0095166 0.0000 0.03397757 1.497852

GHStD 0.2118817 0.2118817 2.271571 -0.2112665 -3.638579

Platinum

GHDfull 1.570932 -0.0320112 0.9093495 0.06162931 0.5507648

NIGD 1.242034 -0.03686325 1.245575 0.06025677 -0.5000

VGD 2.047528 -0.0323519 0.0000 0.05511616 2.081978

GHStD 0.03246213 -0.03246213 1.91036 0.05615237 -2.792913

Silver

GHDfull 0.1331804 -0.04191774 1.741526 0.05835805 -2.496682

NIGD 1.149471 -0.04374491 1.13436 0.05885885 -0.5000

VGD 1.940429 -0.03312781 0.0000 0.0481042 1.835648

GHStD 0.04117774 -0.04117774 1.74296 0.0572794 -2.512545

Table 7.15: Anderson Darling Goodness of-fit tests for precious metal returns

Model
Gold returns Platinum returns Silver returns

Statistic p-value Statistic p-value Statistic p-value

ARMA(1,1)-APARCH (1,1)-GHDfull 1.0073 0.3534 0.4249 0.8238 0.1985 0.9908

ARMA(1,1)-APARCH (1,1)-NIGD 0.34103 0.9045 0.2296 0.9801 0.44237 0.8059

ARMA(1,1)-APARCH (1,1)-VGD 0.24667 0.9721 0.48434 0.7628 0.91699 0.4039

ARMA(1,1)-APARCH(1,1)-GHStD 0.27268 0.9572 0.2019 0.9899 0.19871 0.9908

ARMA(1,1)-APARCH(1,1)-STD 0.79681 0.4833 0.31006 0.9304 0.28556 0.9486

ARMA(1,1)-APARCH(1,1)-SSTD 0.77381 0.5003 0.20161 0.99 0.2205 0.9838
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Table 7.16: ML parameter estimates of the FMKL GLD for the ARMA(1,1)-APARCH(1,1)-
GLD model.

Returns λ̂1 λ̂2 λ̂3 λ̂4
AD test

Statistic p-value

Gold 0.0281 2.1738 -0.0968 -0.0925 0.46154 0.7862

Platinum 0.0318 1.9904 -0.0601 -0.0475 0.22458 0.9822

Silver 0.0287 2.0960 -0.0891 -0.0658 0.34264 0.9030
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Table 7.17: ML parameter estimates of the Stable distribution for the ARMA (1, 1)-
APARCH(1,1)-SD model.

Returns α̂ β̂ γ̂ δ̂
AD test

Statistic p-value

Gold 1.7781 0.0005 0.6038 0.0264 2.9468 0.02912

Platinum 1.8054 -0.1090 0.6268 0.0377 0.94502 0.3875

Silver 1.7847 -0.0982 0.6070 0.0335 0.63321 0.6172

ARMA-APARCH models

FMKL GLD, SD, GEVD and GPD are fitted to the standardised residuals extracted

from the ARMA(1,1)-APARCH(1,1) models. The ML parameter estimates and AD

test results of the FMKL GLD are shown in Table 7.17. The AD test results sug-

gest that the extracted residuals follow FMKL GLD. Table 7.18, Table 7.19 and Table

7.20 show the ML estimates of the SD, GEVD and GPD respectively fitted to the

standardised residuals extracted from the ARMA(1,1)-APARCH(1,1) models with

Normal innovations. The AD test statistics are significant for SD (except for gold

returns) and GEVD (except for positive standardised platinum residuals). The GPD

diagnostic plots are presented in Figures 7.19, 7.20, 7.21, 7.22 and 7.23. The P-P plot

indicate that the standardised residuals follow the GPD. However, for positive gold

and negative platinum standardised residuals the Q-Q plots show some deviations

from the straight line suggesting a poor GPD fit.

Table 7.18: ML parameter estimates of GEVD for the ARMA(1,1)-APARCH(1,1)-GEVD
model

Returns
Standardised

ξ̂ (Se) µ̂ (Se) σ̂ (Se)
AD test

Residuals Statistic p-value

Gold
Positive 0.0296(0.0182) 0.7628(0.0209) 0.5507(0.0533) 0.5073 0.7393

Negative 0.0268(0.0173) 0.7252(0.0206) 0.6029(0.0149) 0.4035 0.8453

Platinum
Positive -0.0865(0.0095) 0.8200(0.0230) 0.6957(0.0148) 6.3915 0.0006

Negative 0.0096(0.0202) 0.7703(0.02070 0.6001(0.0149) 0.2517 0.9695

Silver
Positive 0.0140(0.0182) 0.7944(0.0201) 0.5884(0.0143) 1.2616 0.2452

Negative 0.0541(0.0189) 0.7539(0.0202) 0.5891(0.0147) 0.4943 0.7526

*Se means standard error
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Table 7.19: ML parameter estimates of GPD for the ARMA(1,1)-APARCH(1,1)-GPD model.

Returns
Standardised

Threshold
No. of

ξ̂ (Se) β̂ (Se)
Residuals Exceedances

Gold
Positive 1.7135 1348 0.1631(0.0700) 0.5661(0.0553)

Negative 1.9059 1069 0.1699(0.0817) 0.5416(0.0622)

Platinum
Positive 1.7759 1357 0.1189(0.0903) 0.5979(0.0694)

Negative 1.7951 1213 -0.0531(0.0646) 0.7193(0.0710)

Silver
Positive 1.6648 1467 0.1154(0.0833) 0.6010(0.0647)

Negative 1.8427 1177 0.1626(0.0833) 0.6445(0.0731)

*Se means standard error

VaR estimates and Backtesting

VaR is calculated for each model and tests performed at 1%, 5% for long positions

and at 95% and 99% for short positions of trade. These results are vital in the de-

termination of VaR forecasting adequacy of the different models on the metal re-

turns. Table 7.20 presents VaR estimates for the ARMA(1,1)-APARCH(1,1)-Normal,

ARMA(1,1)-APARCH(1,1)-STD, ARMA(1,1)-APARCH(1,1)-SSTD, ARMA(1,1)-APARCH(1,1)-

PIVD, ARMA1,1)-APARCH(1,1)-GHDfull, ARMA(1,1)-APARCH(1,1)-NIGD, ARMA1,1)-

APARCH(1,1)-VGD, ARMA(1,1)-APARCH(1,1)-GHStD, ARMA(1,1)-APARCH(1,1)-

GLD, ARMA(1,1)-APARCH(1,1)-GEVD, ARMA(1,1)-APARCH(1,1)-SD and ARMA(1,1)-

APARCH(1,1)-GPD models at different levels of significance. The p-values of the

Kupiec and Christoffersen tests, for different distributions are summarised in Table

7.21.

Gold returns

Using Kupiec LR test, the p-values for all fitted models (except ARMA(1,1)-APARCH(1,1)-

N at 1% and 99% VaR levels) are greater than 0.05. Thus the null hypothesis of model

adequacy is not rejected at all VaR levels under investigation. The best model is

selected at different VaR levels using p-vales of Kupiec LR and Christoffersen test

statistics. The model with the highest p -value is selected as a robust model. We ob-
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serve that at 1%, 5%, 95% and 99% VaR levels, the Kupiec LR test indicate the fitted

ARMA(1,1)-APARCH(1,1) models with STD, SSTD, GHDfull, NIGD, VGD, GHStD,

GEVD, GPD and GLD innovations are suitable models. However, all these models

were rejected at 99% using the Christoffersen test. The ARMA-APARCH-GLD is the

best model based on Christoffersen test statistics.

Platinum returns

ARMA(1,1)-APARCH (1,1) models with STD, SSTD, GHDfull, NIGD, VGD, GHStD,

GEVD, GPD and GLD innovations are suitable models using the Kupiec LR test.

ARMA(1,1)-APARCH (1,1)-GLD model has highest p-values at 5% and 99% VaR

levels. Using the Christoffersen test, the best model is ARMA(1,1)-APARCH(1,1)-

GPD. It is interesting to note that the ARMA-APARCH (1,1)-GPD is suitable at all

VaR levels using both the Kupiec LR and Christoffersen tests.

Silver returns

For the Kupiec test, AR(1)-APARCH (1,1)-GLD provides the largest p-value at 1%

VaR and AR(1)-APARCH (1,1)-SD at 95% VaR level. AR(1)-APARCH (1,1)-GHDfull

performed favourably well using the Christoffersen test. AR(1)-APARCH (1,1)-GEVD

and AR(1)-APARCH (1,1)-NIGD are only suitable at 5% and 1% respectively and

AR(1)-APARCH(1,1)-VGD are not suitable at all VaR levels based on the Christof-

fersen test.

For all the three metals based on Kupiec and Christoffersen tests ARMA1,1)-APARCH

(1,1)-STD and ARMA1,1)-APARCH (1,1)-SSTD are suitable at 1%, 5% and 95%. The

proposed models performed favourably well compared with APARCH models with

Student-t distribution and APARCH models with skewed Student-distribution usu-

ally used in the literature (Laurent, 2003a, 2003b; Degiannakis, 2004).
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Table 7.20: VaR estimates for the ARMA(1,1)-APARCH (1,1) model combined with differ-

ent distributions

Returns Model
VaR estimates

1% 5% 95% 99%

Gold

ARMA(1,1)-APARCH(1,1)- Normal -2.30417 -1.621881 1.671664 2.353953
ARMA(1,1)-APARCH(1,1)-STD -2.600636 -1.526073 1.580221 2.654784
ARMA(1,1)-APARCH(1,1)-SSTD -2.62081 -1.535501 1.570769 2.634412
ARMA(1,1)-APARCH(1,1)-PIVD -2.624472 -1.53544 1.570867 2.631156
ARMA(1,1)-APARCH(1,1)-GHDfull -2.65662 -1.570405 1.589533 2.63322
ARMA(1,1)-APARCH(1,1)-NIGD -2.650796 -1.563979 1.602656 2.66931
ARMA(1,1)-APARCH(1,1)-VGD -2.609919 -1.592015 1.632592 2.639719
ARMA(1,1)-APARCH(1,1)-GHStD -2.35549 -1.552049 1.648013 2.704532
ARMA(1,1)-APARCH(1,1)-GEVD -2.6027 -1.5607 1.6057 2.6611
ARMA(1,1)-APARCH(1,1)-GPD -2.5403 -1.6259 1.6032 2.6120
ARMA(1,1)-APARCH(1,1)-GLD -2.636654 -1.546968 1.592352 2.664543
ARMA(1,1)-APARCH(1,1)-SD -2.658062 -1.501585 1.554464 2.71094

Platinum

ARMA(1,1)-APARCH(1,1)-Normal -2.313344 -1.628846 1.675364 2.359863
ARMA(1,1)-APARCH(1,1)-STD -2.577053 -1.563667 1.62086 2.634247
ARMA(1,1)-APARCH(1,1)-SSTD -2.621893 -1.584987 1.599425 2.58813
ARMA(1,1)-APARCH(1,1)-PIVD -2.631561 -1.58532 1.599248 2.580328
ARMA(1,1)-APARCH(1,1)-GHDfull -2.622574 -1.612667 1.646417 2.619109
ARMA(1,1)-APARCH(1,1)-NIGD -2.633994 -1.604376 1.622608 2.602358
ARMA(1,1)-APARCH(1,1)-VGD -2.582821 -1.619776 1.642329 2.576642
ARMA(1,1)-APARCH(1,1)-GHStD -2.623602 -1.579847 1.604639 2.58819
ARMA(1,1)-APARCH(1,1)-GEVD -2.5910 -1.5922 1.7131 2.6533
ARMA(1,1)-APARCH(1,1)-GPD -2.6634 -1.5323 1.5862 2.6066
ARMA(1,1)-APARCH(1,1)-GLD -2.629018 -1.591606 1.623518 2.613186
ARMA(1,1)-APARCH(1,1)-SD -2.72514 -1.562463 1.570441 2.587058

Silver

ARMA(1,1)-APARCH(1,1)-Normal -2.322882 -1.637781 1.669339 2.35444
ARMA(1,1)-APARCH(1,1)-STD -2.58993 -1.54196 1.590047 2.638017
ARMA(1,1)-APARCH(1,1)-SSTD -2.63165 -1.561787 1.570115 2.593936
ARMA(1,1)-APARCH(1,1)-PIVD -2.650105 -1.566141 1.565909 2.575951
ARMA(1,1)-APARCH(1,1)-GHDfull -2.653053 -1.564816 1.567598 2.56699
ARMA(1,1)-APARCH(1,1)-NIGD -2.66814 -1.597724 1.591743 2.594975
ARMA(1,1)-APARCH(1,1)-VGD -2.595314 -1.612823 1.618278 2.568815
ARMA(1,1)-APARCH(1,1)-GHStD -2.657109 -1.564782 1.567069 2.570009
ARMA(1,1)-APARCH(1,1)-GEVD -2.6661 -1.5857 1.6029 2.5920
ARMA(1,1)-APARCH(1,1)-GPD -2.6659 -1.5636 1.5497 2.5891
ARMA(1,1)-APARCH(1,1)-GLD -2.682946 -1.584972 1.584034 2.590284
ARMA(1,1)-APARCH(1,1)-SD -2.740308 -1.531321 1.531941 2.594307
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Table 7.21: VaR Backtesting for precious metal returns

Returns Model
p-value of Kupiec test p-value of Christoffersen test

1% 5% 95% 99% 1% 5% 95% 99%

Gold

ARMA(1,1)-APARCH(1,1)-Normal 0.0005 0.1181 0.0782 0.0007 0.0003 0.1131 0.1070 0.0581
ARMA(1,1)-APARCH(1,1)-STD 0.6497 0.0588 0.7015 0.1019 0.2044 0.0971 0.5657 0.0002
ARMA(1,1)-APARCH(1,1)-SSTD 0.6497 0.0884 0.4449 0.1019 0.2044 0.1226 0.5371 0.0003
ARMA(1,1)-APARCH(1,1)-PIVD 0.6496 0.0884 0.4449 0.1019 0.2044 0.1226 0.5371 0.0003
ARMA(1,1)-APARCH(1,1)-GHDfull 0.5497 0.7015 0.7492 0.1019 0.1771 0.5570 0.5608 0.0003
ARMA(1,1)-APARCH(1,1)-NIGD 0.5497 0.5660 0.9489 0.0737 0.1771 0.4206 0.5148 0.0002
ARMA(1,1)-APARCH(1,1)-VGD 0.6496 0.7971 0.4776 0.1019 0.2044 0.4040 0.3565 0.0003
ARMA(1,1)-APARCH(1,1)-GHStD 0.0176 0.2051 0.3000 0.0359 0.0132 0.2440 0.3120 <0,0001
ARMA(1,1)-APARCH(1,1)-GEVD 0.3001 0.4082 0.9489 0.1019 0.0013 0.5233 0.5148 0.0003
ARMA(1,1)-APARCH(1,1)-GPD 0.9776 0.5188 0.9489 0.1378 0.0006 0.3871 0.5148 0.0004
ARMA(1,1)-APARCH(1,1)-GLD 0.5497 0.1458 0.8477 0.1019 0.1771 0.1565 0.5428 0.0003
ARMA(1,1)-APARCH(1,1)-SD 0.5497 0.0086 0.3734 0.0359 0.1771 0.0162 0.5074 <0.0001

Platinum

ARMA(1,1)-APARCH(1,1)-Normal 0.0140 0.2173 0.0182 0.0008 0.0048 0.0016 0.0544 0.0028
ARMA(1,1)-APARCH(1,1)-STD 0.2986 0.3760 0.3644 0.9342 0.0014 0.0078 0.6551 0.2884
ARMA(1,1)-APARCH(1,1)-SSTD 0.4412 0.8009 0.6976 0.6187 0.0013 0.0171 0.9049 0.3024
ARMA(1,1)-APARCH(1,1)-PIVD 0.7188 0.8505 0.6976 0.6188 0.0644 0.0158 0.9049 0.3024
ARMA(1,1)-APARCH(1,1)-GHDfull 0.4412 0.4764 0.0676 0.9342 0.0013 0.0065 0.1821 0.2884
ARMA(1,1)-APARCH(1,1)-NIGD 0.7188 0.6505 0.3644 0.8245 0.0645 0.0113 0.6551 0.2992
ARMA(1,1)-APARCH(1,1)-VGD 0.2986 0.2995 0.0901 0.5259 0.0014 0.0029 0.2331 0.2949
ARMA(1,1)-APARCH(1,1)-GHStD 0.4412 0.6578 0.6505 0.6188 0.0014 0.0106 0.8745 0.3023
ARMA(1,1)-APARCH(1,1)-GEVD 0.6188 0.8955 0.0012 0.8426 0.3024 0.9177 0.0045 0.2514
ARMA(1,1)-APARCH(1,1)-GPD 0.8426 0.0897 0.9974 0.8245 0.2514 0.0944 0.9460 0.2992
ARMA(1,1)-APARCH(1,1)-GLD 0.4412 0.9515 0.3644 0.9342 0.0013 0.0132 0.6551 0.2884
ARMA(1,1)-APARCH(1,1)-SD 0.2251 0.3431 0.7044 0.6188 0.0100 0.0081 0.7225 0.3024

Silver

ARMA(1,1)-APARCH(1,1)-Normal 0.0010 0.0342 0.0028 0.0074 0.0133 0.0012 0.0008 0.0186
ARMA(1,1)-APARCH(1,1)-STD 0.2579 0.9238 0.1851 0.9666 0.0109 0.1011 0.0500 NaN
ARMA(1,1)-APARCH(1,1)-SSTD 0.4661 0.6771 0.3850 0.4661 0.0682 0.0519 0.1275 NaN
ARMA(1,1)-APARCH(1,1)-PIVD 0.5531 0.6306 0.3850 0.4661 0.0684 0.0465 0.1275 NaN
ARMA(1,1)-APARCH(1,1)-GHDfull 0.6480 0.6306 0.3850 0.3877 0.0671 0.0466 0.1275 NAN
ARMA(1,1)-APARCH(1,1)-NIGD 0.7496 0.2874 0.1643 0.4661 0.0644 0.0273 0.0428 NaN
ARMA(1,1)-APARCH(1,1)-VGD 0.3183 0.0982 0.0290 0.3877 0.0112 0.0057 0.0043 NaN
ARMA(1,1)-APARCH(1,1)-GHStD 0.6480 0.6306 0.3850 0.3877 0.0671 0.0466 0.1275 NaN
ARMA(1,1)-APARCH(1,1)-GEVD 0.8112 0.2078 0.0741 0.4661 <0.0001 0.0581 0.0150 <0.0001
ARMA(1,1)-APARCH(1,1)-GPD 0.8117 0.5001 0.7734 0.4661 <0.0001 0.1065 0.1847 <0.0001
ARMA(1,1)-APARCH(1,1)-GLD 0.9666 0.3850 0.2078 0.4661 0.0558 0.0219 0.0581 <0.0001
ARMA(1,1)-APARCH(1,1)-SD 0.6006 0.6795 0.7746 0.4661 0.0320 0.1296 0.1191 <0.0001

NAN-means statistics not available
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7.4. Empirical Results

We examined the volatility dynamics of gold, platinum and silver and explored the

corresponding risk management implications. The conditional volatility in price

returns of gold are modelled using daily data from 2 April 1994 to 18 September

2014. We used the ARMA-APARCH model to take into account major stylised facts

such as volatility clustering and asymmetry in gold price returns and PIVD and

GHDs to model heavy tail behavior of standardised residuals. We computed VaR es-

timates for gold, silver and platinum returns using ARMA-APARCH-PIVD, ARMA-

APARCH-GHDfull, ARMA-APARCH-NIGD, ARMA-APARCH-VGD, ARMA-APARCH-

GHStD, ARMA-APARCH-STD, ARMA-APARCH-SSTD, ARMA-GARCH-GLD, ARMA-

GARCH-GPD, ARMA-GARCH-GEVD and ARMA-APARCH-N models.

We also compared the VaR in-sample of backtesting of the three models using the

Kupiec test and the Christoffersen test. The backtesting results show that ARMA-

APARCH with GHDs, PIVD, SD, GLD, GEVD and GPD perform well in charac-

terising metal returns. For gold returns, VaR is best modelled by an ARMA(1,1)-

APARCH(1,1)-GLD. VaR is best modelled by an ARMA(1,1)-APARCH(1,1)-GPD for

platinum returns. For silver returns, AR(1)-APARCH(1,1)-GHDs and AR(1)-APARCH(1,1)-

PIVD are appropriate at all levels using the Kupiec test. However, there is no best

model for the silver return series.

Our findings confirm that taking into account volatility clustering, leverage effect

and asymmetry as well as heavy tails in the behavior of time series, combined with

filtering process such as PIVD, SD, GEVD, GPD, GLD and GHDs are important in

improving risk management assessments and hedging strategies in a highly volatile

metal market. GLD, GEVD, GPD, SD, PIVD and GHDs are more appropriate to

describe the heavy-tails evident in metal returns. Regulators can determine capital

requirements by implementing the dynamic VaR model. We thus propose the GHDs,

GLD, SD, GEVD, GPD and PIVD in conjunction with ARMA-APARCH model based

on superior in-sample VaR prediction. The proposed models are valid and accurate

models performing better than ARMA-APARCH with Student-t Distribution and
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7.5. Summary

ARMA-APARCH skewed Student-t Distribution, providing financial analysts with

an alternative distributional scheme to be used in econometric modelling.

7.5 Summary

In this Chapter we improved our models used in Chapter 5 in order to capture addi-

tional features of volatility and the leverage effect. We coupled linear GARCH mod-

els with some heavy-tailed distribution as innovation. The empirical results show

that the ARMA-APARCH model with full GHD, NIGD, NGD, GHStD, GLD, GPD,

GEVD, SD and PIVD innovations are suitable for depicting precious metal returns

and can be used for VaR estimation.

7.6 Statistical software packages

The main R package used is rugarch (Ghalanos,2015). rugarch provides a large set

of methods to fit, forecast and diagnose a wide variety of AFRIMAX-GARCH mod-

els (Ghalanos, 2015). We also used the fGarch package to fit GARCH-type models

(Wuertz et al., 2016). Other R packages used in data analysis are ADGofTest (Bel-

losta, 2011), evir (Pfaff et al., 2012), evd (Stephenson, 2002, Stephenson and Ferro,

2015), ismev (Heffernan et al., 2012), ghyp (Luethi and Breymann, 2016), PearsonDS

(Becker and Klner, 2017), fGarch (Wuertz et al., 2016), stable (Robust Analysis Inc,

2013) , laeken (Alfons and Templ, 2013) and GLDEX (Su, 2007, 2016).
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7.7. Appendix

7.7 Appendix

ARMA(1,1)-GARCH(1,1)-GPD model

Figure 7.1: Mean excess plot of gold (a) positive (b) negative standardised residuals

Figure 7.2: Pareto quantile plot of gold (a) positive (b) negative standardised residuals

Figure 7.3: Mean excess plot of platinum (a) positive (b) negative standardised residuals
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7.7. Appendix

Figure 7.4: Pareto quantile plot of platinum (a) positive (b) negative standardised residuals

Figure 7.5: Mean excess plot of silver (a) positive (b) negative standardised residuals

Figure 7.6: Pareto quantile plot of silver (a) positive (b) negative standardised residuals

165



7.7. Appendix

ARMA(1,1)-APARCH(1,1)-GPD model

Figure 7.7: Mean excess plot of gold (a) positive (b) negative standardised residuals

Figure 7.8: Pareto quantile plot of gold (a) positive (b) negative standardised residuals

Figure 7.9: Mean excess plot of platinum (a) positive (b) negative standardised residuals

Figure 7.10: Pareto quantile plot of platinum (a) positive (b) negative standardised residuals
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7.7. Appendix

Figure 7.11: Mean excess plot of platinum (a) positive (b) negative standardised residuals

Figure 7.12: Pareto quantile plot of silver (a) positive (b) negative standardised residuals

ARMA(1,1)-GARCH(1,1)-GPD Model

Figure 7.13: GPD Diagnostic plot of positive standardised residuals (gold)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)
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Figure 7.14: GPD Diagnostic plot of negative standardised residuals (gold)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)

Figure 7.15: GPD Diagnostic plot of positive standardised residuals (platinum)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)
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Figure 7.16: GPD Diagnostic plot of negative standardised residuals (platinum)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)

Figure 7.17: GPD Diagnostic plot of positive standardised residuals (silver)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)
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Figure 7.18: GPD Diagnostic plot of negative standardised residuals (silver)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)

ARMA(1,1)-APARCH(1,1)-GPD Model

Figure 7.19: GPD Diagnostic plot of positive standardised residuals (gold)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel) 170



7.7. Appendix

Figure 7.20: GPD Diagnostic plot of negative standardised residuals (gold)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)

Figure 7.21: GPD Diagnostic plot of positive standardised residuals (platinum)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)
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7.7. Appendix

Figure 7.22: GPD Diagnostic plot of negative standardised residuals (platinum)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on

the lower left panel), Density plot(on the lower right panel)

Figure 7.23: GPD Diagnostic plot of positive standardised residuals (silver)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)
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7.7. Appendix

Figure 7.24: GPD Diagnostic plot of negative standardised residuals (silver)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)
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Chapter 8

Value-at-Risk estimation of

precious metal returns: A long

memory GARCH-heavy-tailed

approach

8.1 Introduction

The Long memory test results in chapter 3 indicate long-range dependence in the

daily conditional and volatility process for precious metals returns. In this section,

we provide the theory of the long-memory GARCH models used in the study. We

fit the long-memory GARCH models to the precious metal returns and provide the

empirical results.

8.2 The GARCH-Type Models

This section discusses GARCH type models and their shortcomings. We shall model

the metal price returns using ARFIMA-FIGARCH, ARFIMA- HYGARCH and ARFIMA-

FIAPARCH processes, starting with the ARFIMA model for the mean (see section

2.9). Without loss of generality we denote the long memory parameters for the mean
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8.2. The GARCH-Type Models

and volatility models as dm and dv, respectively. The ARFIMA model is discussed

in section 2.9.

The GARCH(p, q) model

The GARCH(p, q) framework presents some advantages over the ARCH(q) model

as follows:

• It avoids overfitting.

• It is less prone to breach of non-negativity constraints than the standard ARCH(q).

The apparent persistence implied by the estimates of the conditional variance is an

empirical finding common to most applied work. This is manifested by the presence

of an approximate unit root in the autoregressive polynomial, that is, 1−α(L)−β(L),

contains a unit root, meaning the shocks are infinitely persistent (Bollerslev et al,

1992). The GARCH(p, q) formulation considers that shocks decay at a fast exponen-

tial rate, this specification is not appropriate to describe the long memory and is only

suitable for short-memory phenomena. In order to overcome this shortcoming, En-

gle and Bollerslev(1996) introduced the IGARCH(p, q) integrated GARCH model.

The IGARCH(p, q) Model

The IGARCH is a special type of GARCH model when
∑q

i=1 αi +
∑p

j=1 βj = 1,

and is thus suitable for capturing infinite persistence in the conditional variance.

GARCH(p, q) model describes I(0) type processes and IGARCH(p, q) model cap-

tures I(1) type processes for the conditional variance as infinite persistence remains

important for forecasts of all horizons.

Assuming that vt ≡ a2t − σ2t (p, q) IGARCH(p, q) model can be written in the form of

an ARMA(p, q) process as

[φ(L)(1− L)]a2t = ω + [1− β(L)]vt, (8.1)

where, φ(L) = [1 − α(L) − β(L)](1 − L)−1 and all roots of φ(L) and [1 − β(L)] lie

outside the unit root circle.
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8.2. The GARCH-Type Models

Although, the IGARCH(p, q) model is an improvement of the GARCH(p, q) model,

it is not fully satisfactory when describing long memory in the volatility process be-

cause the shocks never die out in the IGARCH(p, q) process, and this is an unrealistic

assumption. In an attempt to describe the long memory of time series in a realistic

way, Baillie et al (1996) introduced a new class of models called the fractional inte-

grated GARCH(p, d, q) model (FIGARCH).

The FIGARCH(p, d, q) Model

The FIGARCH(p, d, q) model allows us to model a slow decay of volatility (long

memory behavior), as well as to distinguish between long memory and short mem-

ory in conditional variance.

In contrast to an I(0) time series in which shocks die out at a fast exponential rate

or an I(1) time series where there is no mean reversion, shocks to an I(d) time se-

ries with 0 < dv < 1 decay at a very slow hyperbolic rate (see Baillie et al, 1996 for

proof).

Formally, the FIGARCH(p, d, q) model can be obtained by replacing the difference

operator in equation 8.1 with a fractional differencing operator

[φ(L)(1− L)dv ]a2t = ω + [1− β(L)]vt, (8.2)

and the conditional variance given by

σ2t = ω + β(L)σ2t + [1− β(L)a2t ]− φ(L)(1− L)da2t

= ω + [1− β(L)]−1 + 1− [1− β(L)]−1φ(L)(1− L)d

= ω[1− β(L)]−1 + λ(L)a2t , (8.3)

where (L) is the lag-operator, λ(L) =
∑∞

i=1 λiL
i and 0 ≤ dv ≤ 1. λ(L) is an infinite

summation which, in practice, has to be truncated. Baillie et al. (1996) showed that
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8.2. The GARCH-Type Models

λ(L) should be truncated at 1000 lags, (1−L)d is the fractional differencing operator.

It can be defined as follows:

(1− L)d =
∞∑
k=0

Γ(d+ 1)Lk

Γ(k + 1)Γ(d− k + 1)

= 1− dL− 1

2
d(1− d)L2 − 1

6
d(1− d)(2− d)L3 . . . . . . . . .

= 1−
∞∑
k=1

ck(d)Lk, (8.4)

where c1(d) = d, c2(d) = (12)d(1− d)d etc.

The main advantage of the FIGARCH(p, d, q) approach compared to the aforemen-

tioned methods is that it provides greater flexibility for modelling the conditional

variance. It accommodates the covariance stationary GARCH(p, q) model when

dv = 0 and the IGARCH(p, q) model when dv = 1, as special cases, i.e. if dv = 0, the

model has a short memory and reduces to GARCH(p, q) model. If dv = 1, the model

becomes an IGARCH(p, q) whose variance process is no longer mean-reverting.

For the FIGARCH(p, d, q) process the persistence of shocks to the conditional vari-

ance or the degree of long memory is measured by the fractional differencing param-

eter dv. The advantage of this model is that for 0 < dv < 1, it is sufficiently flexible

to allow for an intermediate range of long memory because the shocks in variance

decrease at a hyperbolic rate (Brunnetti and Gilbert, 2000).

Inequality constraints for FIGARCH(p, d, q) model (Conrad and Haag, 2006)

Inequality constraints are necessary and sufficient conditions that ensure the non-

negativity of the conditional variance of the FIGARCH model. The FIGARCH-

(1, d, 1) model is definitely the most used specification in empirical applications.

Therefore, we discuss the inequality constraints for the FIGARCH (1, d, 1) model.

Various conditions are available in the literature but the most used conditions are

the Conrad and Haag (2006) inequality constraints which use an ARCH(∞) repre-
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8.2. The GARCH-Type Models

sentation of the FIGARCH(1, d, 1) using ψi coefficients defined by

ψ1 = d+ φ1 − β1, (8.5)

and ψi = β1ψi−1 + (fi − φ1)(−gi−1) , ∀i ≥ 2 (8.6)

and alternatively,

ψi = β21ψi−2 + [β1(fi−1φ1) + (fi − φ1)fi−1](−gi−2) , ∀i ≥ 3. (8.7)

Corollary 1

The conditional variance of the FIGARCH(1, d, 1) is nonnegative if:

Case 1: 0 < β1 < 1

Either ψ1 ≥ 0 and φ1 ≤ f2 or for k > 2 with fk−1 < φ1 ≤ fk, it holds that ψk−1 ≥ 0.

Case 2: −1 < β1 < 0

Either ψ1 ≥ 0, ψ2 ≥ 0 and φ1 ≤ f2(β1 + f3)/(β1 + f2) or for k > 3 with

fk−2(β1 + fk−1)/(β1 + fk−2) < φ1 ≤ fk−1(β1 + fk)/(β1 + fk−1),

it holds that ψk−1 ≥ 0 and ψk−2 ≥ 0,

where Fi = fi − φi and gj = fjgj−1 =
∏j
i=1 fj and the initial conditions are

g0 = 1, f1 = −d < 0, f2 = (1− d)/2 > 0 and fi > 0, ∀i ≥ 2.

The sufficient constraints of Baillie et al. (1996) are defined by

0 ≤ β1 ≤ φ1 + d and 0 ≤ d ≤ 1− 2φ1 which is equivalent to ψ1 ≥ 0 and F2 ≥ 0.

Bollerslev and Mikkelsen (1996) inequality constraints are defined by

β1−d ≤ φ1 ≤ 2−d
3 and d[φ1− 1−d

2 ] ≤ β1(φ1−β1+d) which is equivalent to ψ1, ψ2 ≥ 0

and F3 ≥ 0.

Chung (1999) suggests sufficient constrains given by

0 ≤ φ1 ≤ β1d < 1.
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The FIGARCH model is one of the most understood and easiest models to use when

modelling fractional integration of conditional heteroscedastic models. This model

has some drawbacks that are not ideal for modelling financial returns. One common

drawback found in almost all applications of this model is that we must have d ≥ 0

and the polynomial coefficients must satisfy the above mentioned constraints for the

conditional variance to be positive. In the following sections, we discuss additional

models which could be used to avoid this shortcoming.

The FIAPARCH Model

Tse (1998) extended the FIGARCH(p, d, q) model in order to take into account asym-

metry and the long-memory feature in the process of the conditional variance. He

proposed the fractional integrated asymmetric power ARCH (FIAPARCH) model

which explicitly accommodates both long-memory and asymmetry effects in the

conditional volatility. He introduced the function (|at| − γat)δ of the APARCH pro-

cess.

The FIAPARCH(p, d, q) model can be written as follows:

σδt = ω[1− β(L)]−1 +
{

1− [1− β(L)]−1φ(L)(1− L)dv
}

(|at| − γat)δ, (8.8)

where ω > 0, δ > 0, β < 1, λ < 1.

The parameter γ refers to the asymmetric parameter satisfying the condition −1 <

γ < 1.

The FIAPARCH process can consider some stylised facts on volatility of financial

and commodity prices as follows

• If γ > 0, negative shocks will have more impact on the commodity return

volatility than positive shocks of equal magnitude.

• If 0 < dv < 1, the FIAPARCH model captures the patterns of long memory

property in the conditional variance process. I.e., volatility exhibits long mem-

ory property if 0 < dv < 1.

179



8.2. The GARCH-Type Models

• The FIAPARCH process nests the FIGARCH process when γ = 0 and δ = 2.

As a result, the FIAPARCH process is superior to the FIGARCH as it takes into

account asymmetry and long memory in the conditional variance behavior.

• λ is a power term in the volatility structure and should be specified by the data.

• Conrad et al. (2011) noted that a sufficient condition for the conditional vari-

ance of the FIAPARCH model to be positive if γ > −1 for all t.

The HYGARCH model

The HYGARCH model by Davidson (2004) is obtained by extending the conditional

variance of the FIGARCH model by introducing weights in the difference operator.

The conditional variance of the HYGARCH is expressed as follows:

σ2t = ω[1− β(L)]−1 + {1− [1− β(L)]−1φ(L)[1 + {τ(1− L)dv}]}a2t , (8.9)

where L is the lag operator, ω > 0, δ > 0, β < 1, λ < 1, and 0 < dv < 1.

Davidson (2004) shows that the HYGARCH model permits the existence of the sec-

ond moment at more extreme magnitudes than the simple IGARCH and FIGARCH

models do.

According to Conrad (2010), equation 8.2 can be simplified to

φ(L)
[
(1− τ) + τ(1− L)dv

]
a2t = ω + β(L)vt (8.10)

by including an additional parameter τ ≥ 0. This results in a HYGARCH process

nests the Stable GARCH and FIGARCH when τ = 0 andτ = 1, respectively (Conrad,

2010). According to Davidson (2004), when d = 1 the parameter τ becomes autore-

gressive root and the HYGARCH reduces to either a stationary GARCH (τ < 1), an

IGARCH(τ = 1) or an explosive GARCH τ ≥ 1.

According to Conrad (2010), equation 8.10 can be written as:

σ2t =
ω

B(1)
+ ψHY (L)a2t =

ω

B(1)
+
∞∑
i=1

ψHYi a2t−i (8.11)
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with

ψHY (L) = τψFI(L) + (1− τ)ψGA(L) (8.12)

and

B(1) = 1−
p∑
i=1

βi. (8.13)

From

ψHYi = τψFIi (L) + (1− τ)ψGAi (L) , for i = 1, 2, 3 . . . . (8.14)

According to Conrad (2010), in order to gain a better understanding of the HY-

GARCH specification, equation 8.11 is re-written as

σ2t = τσ
2(FI)
t + (1− τ)σ

2(GA)
t , (8.15)

where

B(L)σ
2(FI)
t = [B(L)− (1− L)dφ(L)]a2t , (8.16)

and

B(L)σ
2(GA)
t =

ω

(1− τ)
+ [B(L)− φ(L)]a2t . (8.17)

According to Conrad (2010), equations 8.15, 8.16, and 8.17 can be interpreted as fol-

lows

• The HYGARCH conditional variance is a two-component GARCH model. One

component is the GARCH-type and the other is of FIGARCH-type. Thus, the

HYGARCH has a short-run component and a long-run component.

• The HYGARCH allows for more flexibility in the long-run component using

the memory parameter d Conrad (2010).

We should note that the main advantage of this model is to simultaneously account

for volatility clustering, long-range memory and leptokurtosis in the time series be-

havior. However, this model is unable to consider asymmetry in the return distribu-

tion.
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Inequality constraints for HYGARCH(p, d, q) Model (Conrad, 2010)

According to Conrad (2010), the GARCH and FIGARCH model’s restrictions on the

parameters of the HYGARCH have to be imposed to ensure the non-negativity of

the conditional variance. From equation 8.14, Conrad (2010) showed that for 0 <

τ < 1, a restrictive sufficient condition for the non-negativity of the coefficients is

the non-negativity of all the ψFIi and ψGAi coefficients (Conrad, 2010). A recursive

representation for the ARCH(∞) is key in understanding the constraints.

Lemma 8.1 (Taken from Conrad (2010))

In the HYGARCH(p, d, q) the sequence ψHYi , i = 1, 2, . . . .. can be written as

ψHYi = ψ
HY (p)
i , (8.18)

where

ψ
HY (r)
i = λ(r)ψ

HY (r)
i−1 + ψ

HY (r−1)
i , 1 ≤ r ≤ p , i ≥ 1. (8.19)

The starting value ψHY (r)
0 = −1, r = 2, . . . .p and ψHY (1)

i is given by

ψ
HY (1)
i = (−ci +

i∑
j=1

φjci−j) + (1− τ)(−λi(1) +

i∑
j=1

λi−j(1) φj) , for i = 1, . . . ..q (8.20)

= λ(1)ψ
HY (1)
i−1 + τFi(−gi−q) , for i ≥ q + 1 (8.21)

where ci =
∑i

j=0 λ
i−j
(1) gj .

For HYGARCH(1, d, 1) model , the recursive representation of the ARCH(∞) coeffi-

cients in Lemma 8.1 simplifies to:

ψHYi = τd+ φ1 − β1,

ψHYi = β1ψ
HY
i−1 + τ(fi − φ1)(−gi−1) for i ≥ 2,

and ψHYi = β21ψ
HY
i−2 + τ(β1(fi−1 − φ1) + (fi − φ1)fi−1(−gi−2) for i ≥ 3. (8.22)
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Theorem 2. (Taken from Conrad (2010)) The conditional variance of the HYGARCH(1, d, 1)

is non-negative almost surely if and only if

Case 1: 0 < β1 < 1

Either ψHY1 ≥ 0 and φ1 ≤ f2 or for k > 2 with fk−1 < φ1 ≤ fk it holds that ψHYi ≥ 0.

Case 2: −1 < β1 < 0

Either ψHY1 , ψHY2 ≥ 0 and |β1| ≤ f2 or for k > 3 with fk−2 < |β1| ≤ fk−1 it holds that

ψHY1 , . . . . . . ψHYk−1 ≥ 0.

These are sufficient conditions for HYGARCH(1, d, 1). Conditions of higher order

HYGARCH are found in Conrad (2010).

Parameter Estimation

In this methodology, the parameters can be estimated by an approximate quasi-

Maximum likelihood estimation technique as advocated by Bollerslev and Woodridge

(1992).

The ARFIMA-FIGARCH model is estimated by using the quasi-maximum likeli-

hood (QML) estimation method allowing for asymptotic Normal distribution based

on the following log-likelihood function:

LLT (at, θ) = −1

2
T log(2π)− 1

2

T∑
t=1

[
log(σ2t ) +

a2t
σ2t

]
, (8.23)

where θ′ ≡ (ω, d, β1, . . . , βp, φ1, . . . , φq). In practice some initial condition are re-

quired to start up the recursions for the conditional variance function. The approach

here is to maximise the likelihood function conditional on the start-up values. It fol-

lows by the central limit theorem that the QMLE obtained by maximising the above

equation is both consistent and asymptotically Normally distributed (Baille et al,

1996).
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8.3 Combining long-memory-GARCH models with heavy-

tailed distributions

In this study, the following steps are used to develop new models, which are then

used for calculating VaR and are backtested using the Kupiec LR test. The steps

are similar to that of McNeil and Frey (2000), Bhattacharyya et al. (2008) and Bhat-

tacharyya and Madhav (2012). Thus, we extend the McNeil and Frey (2000) ap-

proach based on the conditional-GPD. We extend GARCH model to fractional in-

tegrated GARCH models to take into account volatility clustering and long mem-

ory on precious metal returns. We extend conditional-GPD to conditional-SSTD,

NIGD, PIVD, VGD, GLD, GEVD, SD, full GHD and conditional-GHStD to account

for asymmetry and heavy-tailedness inherent in the innovations.

The combined approach may be presented in the following five steps:

• Step 1 - Fit a long-memory-GARCH model to the precious metal return by

quasi-Maximum likelihood. Estimate µt+1 and σt+1 from the fitted model.

• Step 2 - Extract standardised residuals from the fitted model.

• Step 3 - Estimate the tail of the innovations using PIVD, NIGD, VGD, full GHD,

GEVD, GLD, and SD, and check model adequacy using Anderson-Darling test.

Compute the quantiles of the innovations.

• Step 4 - Construct VaR from parameters estimated in steps 1 and 3.

• Step 5 - Backtesting the new models using Kupiec likelihood ratio test.

8.4 Empirical Results

Estimating GARCH-type models

Tables 8.1 to 8.9 provide the parameter estimation results of ARFIMA-FIGARCH,

ARFIMA-HYGARCH and ARFIMA-FIAPARCH models assuming Normal (N), STD
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and SSTD innovation distributions for all three precious metal returns. For all mod-

els, the long range dependence parameter of the ARFIMA model (−0.5 < dm < 0) is

negative for silver and platinum returns, indicating anti-persistence and long mem-

ory process (Box et al., 2008). This shows that the log returns of both platinum and

silver are mean reverting. However, in the case of gold returns, (dm) was statisti-

cally insignificant for all models. For volatility, the long range parameter is positive

(0 < dv < 1) and indicates strong long memory. This is similar to the result of Arouri

et al. (2012) which shows high persistence in precious metals.

As shown in Tables 8.1 to 8.3, all ARFIMA-FIGARCH models under different inno-

vation distributions are able to capture long memory phenomenon for both gold,

platinum and silver returns volatilities. We used several diagnostic tests to evaluate

the accuracy of model specifications. The Ljung-Box test on both standardised and

squared standardised residuals show that the mean and volatility equations are ad-

equate.

The insignificance of ARCH LM(10) and Q2(10) statistics show that no ARCH effect

are observed in the residuals. All ARFIMA-HYGARCH and all ARFIMA-FIAPARCH

models under different error distributions are adequate for all three precious metals

as shown by diagnostics tests in Tables 8.4 to 8.9.

Finally, we employ Akaike information criterion (AIC) and Schwarz information

criterion (SBI) to select the best model to describe the conditional dependence in

the volatility process. The most appropriate model to describe the data is the one

that minimises SBI and AIC criteria. Based on the AIC and SBI, the best model to

capture the dependence in the conditional variance for gold returns is the FIGARCH

model under the STD. For platinum returns, both AIC and SBI selected the ARFIMA-

HYGARCH under the STD as the best model. In the case of silver, both AIC and SBI

selected the ARFIMA-HYGARCH under the STD. Since ARFIMA-FIGARCH and

ARFIMA-FIAPARCH were adequate for all precious metals, our results are similar

to the results of Arouri et al. (2012) and Diaz (2016).
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ARFIMA-FIGARCH models

Table 8.1: ARFIMA-FIGARCH parameter estimation with different error distributions and
Diagnostic tests (Gold returns)

Parameters Normal Student-t Skewed Student-t
Statistic p-value Statistic p-value Statistic p-value

Cst(M) - - -
d-ARFIMA (dm) - - -
AR(1) 0.9414 <0.0001 - -
MA(1) -0.9482 <0.0001 - -
Cst(V) - - 0.3070 0.0031 0.3071 0.0030
d-FIGARCH (dv) 0.4551 <0.0001 0.4359 <0.0001 0.4342 <0.0001
ARCH(α1) 0.3757 <0.0001 0.2950 <0.0001 0.2948 0.0419
GARCH(β1) 0.7144 <0.0001 0.6662 <0.0001 0.6647 0.0542
Q (10) 13.2902 0.1022 9.1882 0.5150 9.1733 0.5157
Q(15) 17.4321 0.1803 14.8394 0.4630 14.8337 0.4635
Q(20) 37.0810 0.0051 30.0215 0.0695 30.0125 0.0697
Q2(10) 5.7269 0.6778 13.9073 0.0842 13.9726 0.0825
Q2(15) 9.4998 0.7342 18.0398 0.1560 18.0824 0.1544
Q2(20) 13.3652 0.7694 21.4726 0.2562 21.5023 0.2548
ARCH LM(5) 0.5151 0.7651 2.1576 0.0559 2.1737 0.0542
ARCH LM (10) 0.5591 0.8482 1.3437 0.2006 1.3503 0.1972
AIC 2.6402 2.5330 2.5330
SBI 2.6466 2.5395 2.5407
-Statistically insignificant parameters were dropped.
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Table 8.2: ARFIMA-FIGARCH parameter estimation with different error distributions and
Diagnostic tests (Platinum returns)

Parameters Normal Student-t Skewed Student-t
Statistic p-value Statistic p-value Statistic p-value

Cst(M) - 0.0201 0.0814 0.0272 0.0122
d-ARFIMA (dm) - -0.03268 0.0244 -0.0333 0.0221
AR(1) - -0.5561 0.0084 -0.5667 0.0087
MA(1) - 0.5947 0.0030 0.6061 0.0031
Cst(V) 1.2430 0.0009 1.0931 0.0020 1.1089 <0.0001
d-FIGARCH (dv) 0.4050 <0.0001 0.3823 <0.0001 0.3801 <0.0001
ARCH(α1) 0.3378 <0.0001 0.2600 <0.0001 0.2626 0.0003
GARCH(β1) 0.5885 <0.0001 0.5391 <0.0001 0.5365 <0.0001
Q (10) 13.6255 0.1908 11.9830 0.1520 12.1821 0.1433
Q(15) 17.3142 0.3004 16.3808 0.2292 16.5966 0.2184
Q(20) 28.6010 0.0959 29.0951 0.0472 29.4207 0.0435
Q2(10) 7.3393 0.5005 9.6251 0.2923 9.3193 0.3161
Q2(15) 13.8802 0.3823 18.0289 0.1564 17.7681 0.1665
Q2(20) 16.0976 0.5857 20.3276 0.3147 20.0317 0.3310
ARCH LM(5) 0.7775 0.5658 1.1099 0.3527 1.0445 0.3895
ARCH LM (10) 0.7441 0.6833 0.9788 0.4594 0.9476 0.4878
AIC 3.2147 3.1598 3.1601
SBI 3.2198 3.1726 3.1717
-Statistically insignificant parameters were dropped.

Table 8.3: ARFIMA-FIGARCH parameter estimation with different error distributions and
Diagnostic tests (Silver returns)

Parameters Normal Student-t Skewed Student-t
Statistic p-value Statistic p-value Statistic p-value

Cst(M) - - -
d-ARFIMA (dm) -0.062379 <0.0001 0.0642 <0.0001 -0.0639 <0.0001
AR(1) - - -
MA(1) - - -
Cst(V) 3.539744 0.0113 - 2.869921 0.0023
d-FIGARCH (dv) 0.452067 <0.0001 0.491001 <0.0001 0.450248 <0.0001
ARCH(α1) 0.349151 <0.0001 0.399324 <0.0001 0.425372 <0.0001
GARCH(β1) 0.696679 <0.0001 0.774474 <0.0001 0.752825 <0.0001
Q (10) 31.5091 0.0004 32.1970 0.0004 31.8889 0.0004
Q(15) 36.2849 0.0017 37.5668 0.0010 36.8180 0.0013
Q(20) 42.9962 0.0021 44.5951 0.0013 43.6307 0.0017
Q2(10) 4.4048 0.8189 8.03816 0.4298 6.5431 0.5866
Q2(15) 5.9916 0.9465 10.0508 0.6898 8.2025 0.8302
Q2(20) 10.1211 0.9279 14.0482 0.7259 12.5310 0.8186
ARCH LM(5) 0.6016 0.6988 1.3592 0.2365 1.0521 0.3851
ARCH LM (10) 0.4411 0.9268 0.8126 0.6166 0.6506 0.7710
AIC 3.9204 3.8390 3.8347
SBI 3.9268 3.8466 3.8423
-Statistically insignificant parameters were dropped.
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ARFIMA-HYGARCH models

Table 8.4: ARFIMA-HYGARCH parameter estimation with different error distributions
and Diagnostic tests (Gold returns)

Parameters Normal Student-t Skewed Student-t
Statistic p-value Statistic p-value Statistic p-value

Cst(M) - - -
d-ARFIMA (dm) - - -
AR(1) -0.700426 <0.0001 - -
MA(1) 0.694912 <0.0001 - -
Cst(V) - - -
d-FIGARCH (dv) 0.4245 <0.0001 0.5762 <0.0001 0.5724 <0.0001
ARCH(α1) 0.3223 0.0186 0.2444 <0.0001 0.2448 <0.0001
GARCH(β1) 0.6337 <0.0001 0.7631 <0.0001 0.7607 <0.0001
Q (10) 10.5705 0.2272 10.2080 0.4224 10.1961 0.4235
Q(15) 16.8240 0.2075 15.4740 0.4178 15.4682 0.4182
Q(20) 32.9035 0.0171 30.1939 0.0668 30.1897 0.0668
Q2(10) 3.9160 0.8646 14.8211 0.0627 14.8370 0.0624
Q2(15) 7.1238 0.8957 20.4539 0.0845 20.4292 0.0850
Q2(20) 10.9321 0.8972 24.5492 0.1378 24.4969 0.1394
ARCH LM(5) 0.3228 0.8995 2.1800 0.0536 2.1875 0.0522
ARCH LM (10) 0.3908 0.9513 1.4199 0.1645 1.4221 0.1635
AIC 2.6332 2.5348 2.5346
SBI 2.6409 2.5412 2.5424
-Statistically insignificant parameters were dropped.

Table 8.5: ARFIMA-HYGARCH parameter estimation with different error distributions
and Diagnostic tests (Platinum returns)

Parameters Normal Student-t Skewed Student-t
Statistic p-value Statistic p-value Statistic p-value

Cst(M) - -
d-ARFIMA (dm) -0.0367 0.0553 -0.0274 0.0403 -0.02403 0.0678
AR(1) 0.0650 0.0080 -0.5845 0.0048 -0.6049 0.0054
MA(1) - 0.6196 0.0017 0.6382 0.0021
Cst(V) - -
d-FIGARCH (dv) 0.4002 <0.0001 0.3737 <0.0001 0.3770 <0.0001
ARCH(α1) 0.3059 0.0008 0.2651 <0.0001 0.2691 <0.0001
GARCH(β1) 0.57777 <0.0001 0.5487 <0.0001 0.5520 <0.0001
Q (10) 7.3660 0.5991 11.0008 0.2017 10.4932 0.2321
Q(15) 11.0353 0.6833 15.0318 0.3054 14.5651 0.3353
Q(20) 23.3377 0.2228 26.8208 0.0824 26.0900 0.0977
Q2(10) 6.8445 0.5535 8.7407 0.3646 8.7124 0.3671
Q2(15) 13.2234 0.4307 16.8605 0.2058 16.9849 0.1999
Q2(20) 15.3730 0.6362 18.8428 0.4016 19.0697 0.3875
ARCH LM(5) 0.7914 0.5557 1.0293 0.3984 0.9993 0.4165
ARCH LM (10) 0.6878 0.7369 0.8763 0.5548 0.8746 0.5564
AIC 3.2023 3.1605 3.1494
SBI 3.2099 3.1720 3.1596
-Statistically insignificant parameters were dropped.
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Table 8.6: ARFIMA-HYGARCH parameter estimation with different error distributions
and Diagnostic tests (Silver returns)

Parameters Normal Student-t Skewed Student-t
Statistic p-value Statistic p-value Statistic p-value

Cst(M) - - -
d-ARFIMA (dm) - - -
AR(1) -0.1038 <0.0001 - -0.1161 <0.0001
MA(1) - -0.1166 <0.0001 -
Cst(V) - - -
d-FIGARCH (dv) 0.4105 <0.0001 0.4382 <0.0001 0.4386 <0.0001
ARCH(α1) 0.3889 <0.0001 0.4611 <0.0001 0.4609 <0.0001
GARCH(β1) 0.6997 <0.0001 0.7767 <0.0001 0.7762 <0.0001
Q (10) 14.6218 0.1019 19.3259 0.0226 16.2763 0.0613
Q(15) 20.8588 0.1053 25.6994 0.0283 22.7416 0.0646
Q(20) 26.9518 0.1058 31.6694 0.0340 28.8287 0.0687
Q2(10) 4.4855 0.8109 6.4937 0.5921 6.5187 0.5893
Q2(15) 6.1174 0.9418 8.2545 0.8266 8.2755 0.8252
Q2(20) 9.9368 0.9339 11.7819 0.8583 11.7768 0.8585
ARCH LM(5) 0.5832 0.7129 1.0161 0.4063 1.0159 0.4064
ARCH LM (10) 0.4483 0.9229 0.6433 0.7776 0.6436 0.7773
AIC 3.9166 3.8294 3.8291
SBI 3.9229 3.8383 3.8367
-Statistically insignificant parameters were dropped.

ARFIMA-FIAPARCH models

Table 8.7: ARFIMA-FIAPARCH parameter estimation with different error distributions
and Diagnostic tests (Gold returns)

Parameters Normal Student-t Skewed Student-t
Statistic p-value Statistic p-value Statistic p-value

Cst(V) - - -
d-ARFIMA (dm) - - -
AR(1) - - -
MA(1) - - -
Cst(V) - - -
d-FIGARCH (dv) 0.4609 <0.0001 0.5758 <0.0001 0.5721 <0.0001
ARCH(α1) 0.3041 0.0090 0.2330 <0.0001 0.2336 <0.0001
GARCH(β1) 0.6461 <0.0001 0.7456 <0.0001 0.7427 <0.0001
APARCH(γ1) -0.0741 0.0305 -0.1087 0.0215 -0.1118 0.0185
APARCH (δ) 2.1436 <0.0001 2.0663 <0.0001 2.0667 <0.0001
Q (10) 9.2958 0.5043 9.9909 0.4413 9.9682 0.4433
Q(15) 15.4851 0.4171 15.3839 0.4241 15.3733 0.4249
Q(20) 30.9463 0.0559 29.7761 0.0736 29.7603 0.0738
Q2(10) 4.0528 0.8523 13.5152 0.0953 13.4541 0.09715
Q2(15) 7.4254 0.8789 18.8831 0.1268 18.7631 0.1306
Q2(20) 10.9112 0.8981 22.2555 0.2008 22.0963 0.2277
ARCH LM(5) 0.3009 0.9126 1.9109 0.0891 1.9039 0.0903
ARCH LM (10) 0.4049 0.9451 1.3116 0.2176 1.3066 0.2204
AIC 2.6331 2.5350 2.5349
SBI 2.6395 2.5427 2.5440
-Statistically insignificant parameters were dropped.
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Table 8.8: ARFIMA-FIAPARCH parameter estimation with different error distributions
and Diagnostic tests (Platinum returns)

Parameters Normal Student-t Skewed Student-t
Statistic p-value Statistic p-value Statistic p-value

Cst(M) 0.02740 0.0125 0.0294 0.0056 -
d-ARFIMA (dm) -0.04845 0.0255 -0.0387 0.0255 -0.0272 0.0444
AR(1) 0.0766 0.0038 0.0411 0.0604 -0.5738 0.0059
MA(1) - 0.6084 0.0022
Cst(V) - -
d-FIGARCH (dv) 0.3971 <0.0001 0.3818 <0.0001 0.4396 <0.0001
ARCH(α1) 0.2900 0.0013 0.2528 0.0002 0.2509 <0.0001
GARCH(β1) 0.5615 <0.0001 0.5397 <0.0001 0.5946 <0.0001
APARCH(γ1) -0.1023 0.0159 -0.1133 <0.0001 -0.1059 0.0096
APARCH (δ) 2.0876 <0.0001 2.0771 <0.0001 <0.0001
Q (10) 9.2291 0.4164 15.6247 0.0751 11.3782 0.1812
Q(15) 13.0386 0.5235 19.5533 0.1448 15.4569 0.2797
Q(20) 26.3605 0.1205 32.4107 0.0281 27.1830 0.0756
Q2(10) 6.1708 0.6281 8.0896 0.4248 9.5857 0.2953
Q2(15) 12.1931 0.5119 14.8650 0.3159 15.6586 0.2681
Q2(20) 14.1883 0.7167 16.8046 0.5366 17.5727 0.4841
ARCH LM(5) 0.6485 0.6627 0.9423 0.4522 1.2714 0.2732
ARCH LM (10) 0.6191 0.7988 0.8055 0.6235 0.9633 0.4734
AIC 3.2131 3.1608 3.1601
SBI 3.2233 3.1723 3.1742
-Statistically insignificant parameters were dropped.

Table 8.9: ARFIMA-FIAPARCH parameter estimation with different error distributions
and Diagnostic tests (Silver returns)

Parameters Normal Student-t Skewed Student-t
Statistic p-value Statistic p-value Statistic p-value

Cst(M) - - -
d-ARFIMA (dm) - - -
AR(1) -0.1037 <0.0001 -0.1181 <0.0001 -0.1195 <0.0001
MA(1) - - -
Cst(V) - - -
d-FIGARCH (dv) 0.4047 <0.0001 0.4334 <0.0001 0.4336 <0.0001
ARCH(α1) 0.3715 <0.0001 0.4241 <0.0001 0.4233 <0.0001
GARCH(β1) 0.6731 <0.0001 0.7467 <0.0001 0.7468 <0.0001
APARCH(γ1) -0.1117 0.0569 -0.2169 <0.0001 -0.2219 <0.0001
APARCH (δ) 2.1424 <0.0001 2.0610 <0.0001 2.0596 <0.0001
Q (10) 14.2518 0.1136 17.2202 0.0454 17.6880 0.0390
Q(15) 20.4800 0.1157 23.6739 0.0501 24.1527 0.0439
Q(20) 26.2276 0.1240 29.3005 0.0614 29.7740 0.0547
Q2(10) 4.3861 0.8207 4.7997 0.7788 4.8727 0.7711
Q2(15) 6.1014 0.9423 6.8469 0.9099 6.9328 0.9056
Q2(20) 10.1379 0.9273 10.5919 0.9109 10.6802 0.9074
ARCH LM(5) 0.5613 0.7298 0.6491 0.6622 0.6616 0.6527
ARCH LM (10) 0.4387 0.9281 0.4743 0.9076 0.4815 0.9030
AIC 3.9227 3.8330 3.8328
SBI 3.9303 3.8420 3.8431
-Statistically insignificant parameters were dropped.
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Long memory-GARCH models with heavy-tailed distribution

We extracted the standardised residuals from ARFIMA-FIGARCH, ARFIMA-HYGA-

RCH, and ARFIMA-FIAPARCH models fitted to precious metals using the pseudo

MLE procedure with the Normal distribution governing the innovations. The de-

scriptive statistics of the standardised residuals are shown in Table 8.10. The moment

coefficient excess kurtosis values indicate the leptokurtic behaviour of all standard-

ised residuals. This implies that the empirical distribution of the standardised resid-

uals are much heavier than the Normal distribution. Figures 8.1, 8.2 and 8.3 show the

Q-Q plots of standardised residuals extracted from the ARFIMA-FIGARCH model

fitted to precious metals using the pseudo MLE procedure with the Normal distribu-

tion governing the innovations. The Q-Q plots suggest a departure from Normality

and this is confirmed by the Jarque-Bera test for Normality reported in Table 8.10.

The standardised residuals are all skewed to the left. Therefore, we need nonlin-

ear GARCH-type models with innovations having a PIVD, NIGD, VGD, full GHD,

GLD, GEVD, GPD and SD. These models can account for asymmetry and kurtosis

in the conditional distribution.

Table 8.10: Descriptive Statistics of standardised residuals of the ARFIMA-FIGARCH,
ARFIMA-HYGARCH and ARFIMA-FIAPARCH models.

Model Descriptive Statistics Gold Platinum Silver

ARFIMA-FIGARCH

Moment Coefficient of
Skewness

-0.1778 -0.5547 -0.5435

Moment Coefficient of
Excess Kurtosis

6.6992 9.9548 9.6066

Jarque-Bera test (p-value) <0.0001 <0.0001 <0.0001

ARFIMA-HYGARCH

Moment Coefficient of
Skewness

-0.1778 -0.5618 -0.5997

Moment Coefficient of
Excess Kurtosis

6.6992 10.0717 9.8223

Jarque-Bera test (p-value) <0.0001 <0.0001 <0.0001

ARFIMA-FIAPARCH

Moment Coefficient of
Skewness

-0.1862 -0.5659 -0.5995

Moment Coefficient of
Excess Kurtosis

6.7141 9.9697 9.7660

Jarque-Bera test (p-value) <0.0001 <0.0001 <0.0001
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Figure 8.1: Q-Q plot of standardised residuals ARFIMA-FIGARCH model (gold returns)

Figure 8.2: Q-Q plot of standardised residuals ARFIMA-FIGARCH model (platinum re-
turns)

Figure 8.3: Q-Q plot of standardised residuals from ARFIMA-FIGARCH model (silver re-
turns)
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We then incorporated LM GARCH models where the innovation process follows

GLD, full GHD, GEVD, GPD, SD, GHStD, VGD, NIGD and PIVD. We introduced

GLD, full GHD, GEVD, GPD, SD, GHStD, VGD, NIGD and PIVD to depict the

tail distribution of the standardised residual series. The PIVD distribution was fit-

ted to the standardised residuals extracted from the ARFIMA-FIGARCH, ARFIMA-

HYGARCH, ARFIMA-FIAPARCH with Normal innovations. The parameters were

estimated using the method of Maximum likelihood. The MLE procedure was car-

ried out using R package Pearson DS. Tables 8.11, 8.13 and 8.19 show the Maxi-

mum likelihood estimates of PIVD distribution fitted to the ARFIMA-FIGARCH,

ARFIMA-HYGARCH, ARFIMA-FIAPARCH models with Normal innovations re-

spectively.

From Tables 8.11, 8.13 and 8.19, the values of m̂ > 0.5 for all PIVD models, thus

satisfying the condition for PIVD. The AD statistics are significant, thus the PIVD

distribution is a good fit of the extracted standardised residuals from the ARFIMA-

FIGARCH, ARFIMA-HYGARCH, ARFIMA-FIAPARCH models.

We fit NIGD, full GHD, GHStD and VGD to the standardised residuals extracted

from the ARFIMA-FIGARCH, ARFIMA-HYGARCH, ARFIMA-FIAPARCH models.

The Maximum likelihood (ML) parameter estimates are shown in Tables 8.12, 8.18

and 8.24. The AD test results suggest that the extracted standardised residuals fol-

low the fitted distributions. The high p-values indicate that we cannot reject the null

hypothesis that the standardised residuals follow NIGD, VGD, full GHD and GH-

StD. Table 8.12 shows that for silver returns, VGD is a good fit of the standardised

residuals at 1% level of significance.

FMKL GLD, SD, GEVD and GPD are fitted to the standardised residuals extracted

from the ARFIMA-FIGARCH, ARFIMA-HYGARCH, ARFIMA-FIAPARCH models.

The ML estimates and AD test results of the FMKL GLD are shown in Tables 8.14,

8.20 and 8.25 . The AD test results suggest that the extracted residuals follow FMKL

GLD. Tables 8.15, 8.21 and 8.26 summarise the ML parameter estimates of the SD fit-
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ted to the standardised residuals extracted ARFIMA-FIGARCH, ARFIMA-HYGARCH,

ARFIMA-FIAPARCH models. The AD test statistics are significant for SD (except

for gold returns). We fit GEVD to positive and negative standardised residuals

extracted ARFIMA-FIGARCH, ARFIMA-HYGARCH, ARFIMA-FIAPARCH models

and the results are summarised in Tables 8.16, 8.22 and 8.27. Based on the AD test,

positive and negative standardised residuals follow GEVD in the upper tail. The

shape parameter is positive for gold, platinum and silver suggesting all positive and

negative standardised residuals follow a Frétchet distribution. We selected reason-

able threshold for positive and negative standardised residuals using mean excess

plots and Pareto quantile plot shown in Figure 8.14 to 8.21 (Appendix section at the

end of this chapter). Using the selected threshold, we then fit GPD to the positive

and negative standardised residual. Tables 8.17, 8.23, 8.28 summarise the ML pa-

rameter estimates of GPD for the ARFIMA-FIGARCH-GPD, ARFIMA-HYGARCH-

GPD, ARFIMA-FIAPARCH-GPD models. For all positive and negative standard-

ised residuals, the shape parameter, ξ > 0 implying fat tails. The diagnostic plots

for GPD fit to negative and positive standardised residuals are presented in Fig-

ures 8.22 to 8.39. The P-P plots indicate that the standardised residuals follow the

GPD. However, using Q-Q plots, for positive gold and negative platinum standard-

ised residuals show some deviations from the straight line maybe suggesting a poor

GPD fit.

ARFIMA-FIGARCH models

Table 8.11: ML parameter estimates of the Pearson type-IV distribution for the ARFIMA-

FIGARCH-PIVD model

Returns m̂ υ̂ λ̂ â
AD Test

Statistic p-value

Gold 1.8768 0.0118 0.0354 1.0610 2.1259 0.0784

Platinum 2.1325 0.1195 0.1156 1.6507 0.4068 0.842

Silver 2.0702 0.0131 0.0700 2.2458 0.9380 0.3915
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Table 8.12: ML parameter estimates of the GHDs for the ARFIMA-FIGARCH -GHDs model

Returns Distr alpha beta delta mu lambda AD Test
Statistic p-value

Gold

NIG 0.6146 -0.0052 0.6938 0.03161 -0.5 0.87056 0.4328
VG 1.2749 0.0068 0 0.0185 0.8610 0.7535 0.5158

GHDfull 0.9613 0.0005 0.3619 0.0253 0.2558 0.47181 0.7757
GHStD 0.0069 -0.0069 1.0614 0.0347 -1.3773 2.1309 0.0779

Platinum

NIG 0.5605 -0.0313 1.0731 0.0857 -0.5 0.4164 0.8324
VG 1.0736 0.0133 0 0.0011 1.0655 3.3649 0.0179

GHDfull 0.7778 -0.0184 0.9871 0.0889 -0.1435 1.3914 0.2047
GHStD 0.0263 -0.0263 1.6538 0.0801 -1.6365 0.4002 0.8485

Silver

NIG 0.3783 -0.0071 1.4601 0.0682 -0.5 1.071 0.3221
VG 0.7452 0.0120 0 -0.0028 1.0218 2.6452 0.0416

GHDfull 0.1393 -0.0119 2.0850 0.0881 -1.3552 0.9756 0.3703
GHStD 0.0103 -0.0103 2.2498 0.0837 -1.5744 1.0422 0.3359

Table 8.13: ML parameter estimates of the Pearson type-IV distribution for the ARFIMA-

HYGARCH-PIVD model

Returns m̂ υ̂ λ̂ â
AD Test

Statistic p-value
Gold 1.8752 0.0224 0.0403 1.0593 2.12 0.0790
Platinum 2.1372 0.1042 0.1097 1.6480 0.2676 0.9603
Silver 2.0699 0.0639 0.1073 2.2416 0.7554 0.5143

Table 8.14: ML parameter estimates of the FMKL GLD for the ARFIMA-FIGARCH-GLD

model.

Returns λ̂1 λ̂2 λ̂3 λ̂4
AD test

Statistic p-value

Gold 0.0304 2.7708 -0.2499 -0.2413 1.5018 0.1761

Platinum 0.0534 1.8815 -0.2052 -0.1702 0.2841 0.9496

Silver 0.0605 1.3650 -0.2107 -0.1900 0.9586 0.3798

Table 8.15: ML parameter estimates of the Stable distribution for the ARFIMA-FIGARCH-

SD model

Returns α̂ β̂ γ̂ δ̂
AD test

Statistic p-value

Gold 1.5439 0.0001 0.5268 0.0319 4.1410 0.0074

Platinum 1.6430 -0.0880 0.7417 0.0624 1.6292 0.1484

Silver 1.6284 0.0009 1.0325 0.0676 2.2101 0.0706
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Table 8.16: ML parameter estimates of GEVD for the ARFIMA-FIGARCH-GEVD model.

Returns
Standardised

ξ̂ (Se) µ̂ (Se) σ̂ (Se)
AD test

Residuals Statistic p-value

Gold
Positive 0.1387 (0.0225) 0.6542 (0.0208) 0.5965 (0.0160) 0.02940 0.9426

Negative 0.1220 (0.0200) 0.6196 (0.0210) 0.6083 (0.0158) 1.4563 0.1872

Platinum
Positive 0.0783 (0.0185) 0.9405 (0.0268) 0.7797 (0.0196) 1.9937 0.0926

Negative 0.1207 (0.0179) 0.8965 (0.0267) 0.7832 (0.0200) 1.0507 0.3317

Silver
Positive 0.0367 (0.1412) 1.3486 (0.0398) 1.1892 (0.0281) 2.5070 0.0491

Negative 0.1373 (0.0180) 1.2266 (0.0372) 1.0944 (0.0280) 1.9814 0.0940

*Se means standard error

Table 8.17: ML parameter estimates of GPD for the ARFIMA-FIGARCH-GPD model.

Returns
Standardised

Threshold
No. of

ξ̂ (Se) β̂ (Se)
Residuals Exceedances

Gold
Positive 1.4235 1601 0.1670 (0.0642) 0.6626 (0.0549)

Negative 1.4483 1422 0.1735 (0.0696) 0.7201 (0.0640)

Platinum
Positive 1.7796 1488 0.2034 (0.0676) 0.7927 (0.0670)

Negative 1.6827 1451 0.2536 (0.0665) 0.8550 (0.0702)

Silver
Positive 2.0210 1657 0.1429 (0.0460) 1.1364 (0.0701)

Negative 1.7592 1653 0.1198 (0.0397) 1.1592 (0.0631)

*Se means standard error

Table 8.18: ML parameter estimates of the GHDs for the ARFIMA-HYGARCH -GHDs
model

Returns Distr alpha beta delta mu lambda
AD Test

Statistic p-value

Gold
NIG 0.6144 -0.0080 0.6933 0.0335 -0.5 0.8846 0.4239

VG 1.2791 0.00142 0 0.0233 0.8650 0.7603 0.5105

GHDfull 0.9516 -0.0020 0.3720 0.0267 0.2336 0.5174 0.7292

GHStD 0.0099 -0.0099 1.0582 0.0367 -1.3740 2.1115 0.0793

Platinum
NIG 0.5648 -0.0283 1.0723 0.0843 -0.5 0.2933 0.9431

VG 1.1191 -0.0197 0 0.0661 1.1329 1.5968 0.1550

GHDfull 0.1924 -0.0257 1.5223 0.0802 -1.4114 0.1950 0.9917

GHStD 0.0245 -0.0245 1.6509 0.0806 -1.6411 0.2588 0.9656

Silver
NIG 0.3788 -0.0151 1.4567 0.0851 -0.5 0.8215 0.4658

VG 0.7517 -0.0013 0 0.0319 1.0346 2.3783 0.0574

GHDfull 0.1697 -0.0224 2.0685 0.1124 -1.3260 0.8108 0.4733

GHStD 0.0161 -0.0161 2.2437 0.0940 -1.5722 0.7820 0.4942
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Table 8.19: ML parameter estimates of the Pearson type-IV distribution for the ARFIMA-
FIAPARCH-PIVD model

Returns m̂ υ̂ λ̂ â
AD Test

Statistic p-value
Gold 1.8804 0.0224 0.0402 1.0634 2.0747 0.0836
Platinum 2.1452 0.1134 0.0840 1.6628 0.252 0.9693
Silver 2.0702 0.0653 0.1091 2.2506 0.8003 0.4808

ARFIMA-HYGARCH models

Table 8.20: ML parameter estimates of the FMKL GLD for the ARFIMA-HYGARCH-GLD
model.

Returns λ̂1 λ̂2 λ̂3 λ̂4
AD test

Statistic p-value

Gold 0.0304 2.7741 -0.2519 -0.2403 1.4984 0.1769

Platinum 0.0558 1.8864 -0.2029 -0.1707 0.1491 0.9987

Silver 0.0604 1.3674 -0.2164 -0.1842 0.6759 0.5793

Table 8.21: ML parameter estimates of the Stable distribution for the ARFIMA-HYGARCH-
SD model.

Returns α̂ β̂ γ̂ δ̂
AD test

Statistic p-value

Gold 1.5360 <0.0001 0.5252 0.0327 4.0156 0.0086

Platinum 1.6451 <0.0001 0.7389 0.0515 1.5982 0.1547

Silver 1.6243 -0.0672 1.0307 0.07854 2.1038 0.0806

Table 8.22: ML parameter estimates of GEVD for the ARFIMA-HYGARCH-GEVD model.

Returns
Standardised

ξ̂ (Se) µ̂ (Se) σ̂ (Se)
AD test

Residuals Statistic p-value

Gold
Positive 0.1335(0.0221) 0.6583(0.0208) 0.5974(0.0159) 0.2709 0.9583

Negative 0.1281(0.0201) 0.6215(0.0208) 0.6043(0.0157) 1.4825 0.1807

Platinum
Positive 0.07984(0.0186) 0.9411(0.0265) 0.7762(0.0194) 1.8050 0.1179

Negative 0.1323 (0.0189) 0.8851 (0.0262) 0.7667(0.0197) 0.8452 0.4495

Silver
Positive 0.0504 (0.0154) 1.1543(0.0278) 1.1528(0.0278) 1.7489 0.1268

Negative 0.1478 (0.0371) 1.2269 (0.0371) 1.0891(0.0281) 1.6979 0.1356

*Se means standard error
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Table 8.23: ML parameter estimates of GPD for the ARFIMA-HYGARCH-GPD model.

Returns
Standardised

Threshold
No. of

ξ̂ (Se) β̂ (Se)
Residuals Exceedances

Gold
Positive 1.3925 1651 0.1528(0.0618) 0.6794(0.0548)

Negative 1.2406 1783 0.1368(0.0543) 0.6817(0.0489)

Platinum
Positive 1.5150 1821 0.1701 (0.0523) 0.7824 (0.0531)

Negative 1.6082 1538 0.2729(0.06550 0.8096 (0.0647)

Silver
Positive 1.9787 1686 0.1237(0.0441) 1.1644(0.0702)

Negative 1.7714 1665 0.2373 (0.0493) 1.1840(0.0742)

*Se means standard error

Table 8.24: ML parameter estimates of the GHDs for the ARFIMA-FIAPARCH -GHDs

model

Returns Distr alpha beta delta mu lambda AD Test
Statistic p-value

Gold NIG 0.6170 -0.0078 0.6959 0.0334 -0.5 0.8581 0.441
VG 1.2556 0.0232 0 0.0000 0.8396 1.4082 0.2000

GHDfull 0.8930 -0.0039 0.4412 0.0288 0.0984 0.5218 0.7246
GHStD 0.0093 -0.0093 1.0633 0.0364 -1.3805 2.0709 0.0840

Platinum NIG 0.5650 -0.0302 1.0809 0.0559 -0.5 0.2864 0.948
VG 1.1183 -0.0279 0 0.0488 1.1406 1.503 0.1758

GHDfull 0.2399 -0.0287 1.5099 0.0545 -1.3534 0.1696 0.9966
GHStD 0.0264 -0.0264 1.6668 0.0515 -1.6507 0.2445 0.9732

Silver NIG 0.3774 -0.0154 1.4618 0.0867 -0.5 0.8421 0.4516
VG 0.7474 -0.0003 0 0.0280 1.0309 2.3916 0.0564

GHDfull 0.1504 -0.0159 2.1120 0.0789 -1.3879 1.0817 0.3171
GHStD 0.0163 -0.0163 2.2548 0.0951 -1.5745 0.8273 0.4618

ARFIMA-FIAPARCH models

Table 8.25: ML parameter estimates of the FMKL GLD for the ARFIMA-FIAPARCH-GLD

model.

Returns λ̂1 λ̂2 λ̂3 λ̂4
AD test

Statistic p-value

Gold 0.0307 2.7665 -0.2504 -0.2390 1.461 0.1861

Platinum 0.0251 1.8726 -0.2024 -0.1682 0.1378 0.9993

Silver 0.0610 1.3622 -0.2165 -0.1840 0.7102 0.5503
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Table 8.26: ML parameter estimates of the Stable distribution for the ARFIMA-FIAPARCH-

SD model.

Returns α̂ β̂ γ̂ δ̂
AD test

Statistic p-value

Gold 1.5450 <0.0001 0.5245 0.0321 4.0700 0.0081

Platinum 1.6448 <0.0001 0.7430 0.0200 1.5546 0.1639

Silver 1.6217 <0.0001 1.0333 0.0628 2.0713 0.0840

Table 8.27: ML parameter estimates of GEVD for the ARFIMA-FIAPARCH-GEVD model.

Returns
Standardised

ξ̂ (Se) µ̂ (Se) σ̂ (Se)
AD test

Residuals Statistic p-value

Gold
Positive 0.1344 (0.0221) 0.6594(0.0208) 0.5966 (0.0159)

Negative 0.1293(0.0202) 0.6222 (0.0207) 0.6028(0.0157) 1.4147 0.1982

Platinum
Positive 0.0758 (0.0184) 0.9141 (0.0207) 0.7819 (0.0196) 1.8966 0.1048

Negative 0.1345 (0.0193) 0.91772(0.0264) 0.7698(0.0200) 0.7895 0.4887

Silver
Positive 0.0494 (0.0154) 1.3391 (0.0391) 1.1579(0.0280) 1.7246 0.1309

Negative 0.1481 (0.0187) 1.2309 (0.0307) 1.0948 (0.0285) 1.6102 0.1522

*Se means standard error

Table 8.28: ML parameter estimates of GPD for the ARFIMA-FIAPARCH-GPD model.

Returns
Standardised

Threshold
No. of

ξ̂ (Se) β̂ (Se)
Residuals Exceedances

Gold
Positive 1.6389 1336 0.1623 (0.0772) 0.7107 (0.0704)

Negative 1.4811 1369 0.1755 (0.0709) 0.7203 (0.0652)

Platinum
Positive 1.6774 1551 0.1844 (0.0614) 0.7962 (0.0624)

Negative 1.5371 1651 0.2310 (0.0573) 0.8496 (0.0615)

Silver
Positive 2.2514 1515 0.1571 (0.0523) 1.1218 (0.0778)

Negative 2.4025 1272 0.1968 (0.0596) 1.4450 (0.1133)

*Se means standard error

VAR estimation and Backtesting of models

VaR is calculated at 1%, 5%, 95% and 99% for each model. The estimates are then

backtested using the Kupiec LR test. The p-values of the Kupiec test for in-sample

are summarised in Tables 8.29, 8.30 and 8.31.
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ARFIMA-FIGARCH models

For gold returns, ARFIMA-FIGARCH-NIGD gives the largest p -value at 1%, 5% and

95% VaR levels. ARFIMA-FIGARCH-STD is not a suitable model at 5% and 95% VaR

levels. The VaR estimates from the ARFIMA-FIGARCH-N produced the lowest p-

values at most VaR levels. However, the model is adequate at 5% and 95% VaR

levels. It is interesting to note that ARFIMA-FIGARCH-PIVD, ARFIMA-FIGARCH-

GLD, ARFIMA-FIGARCH-GHDfull, ARFIMA-FIGARCH-GPD, ARFIMA-FIGARCH-

GHStD, ARFIMA-FIGARCH-NIGD and ARFIMA-FIGARCH-VGD models are all

suitable at all VaR levels. For silver and platinum, ARFIMA-FIGARCH with GLD,

full GHD, GPD, GHStD, PIVD, NIGD, STD, SSTD innovations are adequate VaR

models at 1%, 5%, 95% and 99% levels. ARFIMA-FIGARCH-GEVD is the best model

for platinum returns and for silver returns, the best model is ARFIMA-FIGARCH-

GLD. ARFIMA-FIGARCH-SD is not suitable at 1% and 99% VaR levels. ARFIMA-

FIGARCH-GEVD is not a good VaR model at 5% and 95% levels.

ARFIMA-HYGARCH models

For gold and platinum returns, ARFIMA-HYGARCH-STD, ARFIMA-HYGARCH-

SSTD, ARFIMA-HYGARCH-PIVD, ARFIMA-HYGARCH-NIGD, ARFIMA-HYGARCH-

GHStD, ARFIMA-HYGARCH-GHDfull, ARFIMA-HYGARCH-GLD, ARFIMA-HYGARCH-

GPD, ARFIMA-HYGARCH-VGD are all suitable at all VaR levels. ARFIMA-HYGARCH-

SD and ARFIMA-HYGARCH-GEVD are not good VaR models for gold returns.

ARFIMA-HYGARCH-NIGD is the overall best model for gold returns as it has the

highest p-values at all VaR levels, except at 99% VaR level. ARFIMA-HYGARCH-

GHStD, ARFIMA-HYGARCH-STD compete favourably for the overall best model

for platinum returns. For silver, ARFIMA-HYGARCH-STD, ARFIMA-HYGARCH-

SSTD, ARFIMA-HYGARCH-PIVD, ARFIMA-HYGARCH-NIGD, ARFIMA-HYGARCH-

GLD, ARFIMA-HYGARCH-GHDfull, ARFIMA-HYGARCH-GHStD are suitable at

all VaR levels. It is interesting to note that ARFIMA-HYGARCH-VGD is not suitable

at 1%, 5% and 95% VaR levels. I.e., ARFIMA-HYGARCH-VGD did not perform well

for silver returns. ARFIMA-HYGARCH-SD is not suitable at 1% and 99% VaR levels.
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Table 8.29: In-Sample VaR Backtesting: ARFIMA-FIGARCH models

Returns Model
p-values of Kupiec LR test

Long positions Short positions

1% 5% 95% 99%

Gold

ARFMA-FIGARCH-N 4.363e-9 0.1631 0.1828 8.575e-9

ARFIMA-FIGARCH-STD 0.5783 0.0437 0.0101 0.8877

ARFIMA-FIGARCH-SSTD 0.7797 0.0878 0.0040 0.4072

ARFIMA-FIGARCH-PIVD 0.7769 0.2526 0.1285 0.1451

ARFIMA-FIGARCH-NIGD 0.9998 0.7473 0.9998 0.1914

ARFIMA-FIGARCH-VGD 0.1722 0.2166 0.1931 0.6758

ARFIMA-FIGARCH-GEVD 0.4072 0.0018 0.0236 0.4885

ARFIMA-FIGARCH-GPD 0.7769 0.5231 0.8976 0.7797

ARFIMA-FIGARCH-GLD 0.8877 0.6090 0.3396 0.1914

ARFIMA-FIGARCH-GHDfull 0.8884 0.2166 0.2991 0.3131

ARFIMA-FIGARCH-GHStD 0.5683 0.3086 0.1000 0.1451

ARFIMA-FIGARCH-SD 0.0002 0.0878 0.0878 0.0001

Platinum

ARFMA-FIGARCH-N 0.0001 0.6988 0.5180 0.0001

ARFIMA-FIGARCH-STD 0.2179 0.1136 0.9998 0.4885

ARFIMA-FIGARCH-SSTD 0.8884 0.4073 0.4827 0.2179

ARFIMA-FIGARCH-PIVD 0.5783 0.7488 0.9998 0.5684

ARFIMA-FIGARCH-NIGD 0.6758 0.2421 0.2421 0.5684

ARFIMA-FIGARCH-VGD 0.0434 0.2421 0.0029 0.5684

ARFIMA-FIGARCH-GEVD 0.6758 0.9999 0.9999 0.1722

ARFIMA-FIGARCH-GPD 0.6234 0.6055 0.6988 0.6758

ARFIMA-FIGARCH-GLD 0.6758 0.9487 0.5609 0.8884

ARFIMA-FIGARCH-GHDfull 0.0162 0.6090 0.3306 0.3350

ARFIMA-FIGARCH-GHStD 0.6758 0.7488 0.9993 0.8884

ARFIMA-FIGARCH-SD 0.1451 0.5652 0.5231 0.0258

Silver

ARFMA-FIGARCH-N 0.0006 0.0064 0.0546 0.0006

ARFIMA-FIGARCH-STD 0.3046 0.7242 0.7260 0.4489

ARFIMA-FIGARCH-SSTD 0.0692 0.4277 0.0096 0.0276

ARFIMA-FIGARCH-PIVD 0.6278 0.6331 0.9745 0.3522

ARFIMA-FIGARCH-NIGD 0.7283 0.2069 0.2579 0.4328

ARFIMA-FIGARCH-VGD 0.0276 0.1272 0.0014 0.7241

ARFIMA-FIGARCH-GEVD 0.7283 0.3570 0.7242 0.4489

ARFIMA-FIGARCH-GPD 0.9443 0.7242 0.7730 0.8344

ARFIMA-FIGARCH-GLD 0.9441 0.6300 0.9745 0.6200

ARFIMA-FIGARCH-GHDfull 0.8328 0.7730 0.9745 0.5224

ARFIMA-FIGARCH-GHStD 0.9440 0.7260 0.7260 0.5224

ARFIMA-FIGARCH-SD 0.0674 0.1558 0.3262 0.0033
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Table 8.30: In-Sample VaR Backtesting: ARFIMA-HYGARCH models

Returns Model
p-values of Kupiec LR test

Long positions Short positions

1% 5% 95% 99%

Gold

ARFMA-HYGARCH-N 0.0004 0.1931 0.1931 0.0024

ARFIMA-HYGARCH-STD 0.3889 0.3725 0.3396 0.0554

ARFIMA-HYGARCH-SSTD 0.2472 0.7977 0.1450 0.1914

ARFIMA-HYGARCH-PIVD 0.6698 0.2042 0.1630 0.1451

ARFIMA-HYGARCH-NIGD 0.9998 0.8469 0.9487 0.1451

ARFIMA-HYGARCH-VGD 0.2179 0.3642 0.1715 0.6758

ARFIMA-HYGARCH-GEVD <0.0001 0.0033 0.0276 0.4885

ARFIMA-HYGARCH-GPD 0.9998 0.9487 0.0103 0.9998

ARFIMA-HYGARCH-GLD 0.7769 0.5652 0.3725 0.3131

ARFIMA-HYGARCH-GHDfull 0.8884 0.3642 0.2991 0.3889

ARFIMA-HYGARCH-GHStD 0.5684 0.2526 0.1000 0.1451

ARFIMA-HYGARCH-SD <0.0001 <0.0001 0.2526 <0.0001

Platinum

ARFMA-HYGARCH-N 0.0009 0.3170 0.2069 0.0004

ARFIMA-HYGARCH-STD 0.9441 0.7260 0.9264 0.4489

ARFIMA-HYGARCH-SSTD 0.1914 0.5179 0.3725 0.2720

ARFIMA-HYGARCH-PIVD 0.6278 0.9745 0.8225 0.8328

ARFIMA-HYGARCH-NIGD 0.7283 0.0849 0.2069 0.9441

ARFIMA-HYGARCH-VGD 0.0916 0.0546 0.0635 0.6278

ARFIMA-HYGARCH-GEVD 0.7283 0.5047 0.8732 0.3046

ARFIMA-HYGARCH-GPD 0.2814 0.9235 0.5412 0.9443

ARFIMA-HYGARCH-GLD 0.7283 0.5848 0.5412 0.9443

ARFIMA-HYGARCH-GHDfull 0.7283 0.6300 0.5848 0.8328

ARFIMA-HYGARCH-GHStD 0.7283 0.9745 0.8728 0.9443

ARFIMA-HYGARCH-SD 0.6200 0.1954 0.9235 0.0141

Silver

ARFMA-HYGARCH-N 0.0002 0.0202 0.0052 0.0098

ARFIMA-HYGARCH-STD 0.5343 0.7242 0.5848 0.9441

ARFIMA-HYGARCH-SSTD 0.9440 0.2580 0.7742 0.5343

ARFIMA-HYGARCH-PIVD 0.7283 0.7260 0.6331 0.3522

ARFIMA-HYGARCH-NIGD 0.8344 0.1635 0.7242 0.4328

ARFIMA-HYGARCH-VGD 0.0380 0.0468 0.0116 0.8328

ARFIMA-HYGARCH-GEVD 0.8328 0.2421 0.7260 <0.0001

ARFIMA-HYGARCH-GPD 0.0674 0.7260 0.9237 0.0049

ARFIMA-HYGARCH-GLD 0.9441 0.6765 0.6789 0.7241

ARFIMA-HYGARCH-GHDfull 0.9441 0.9745 0.4277 0.8328

ARFIMA-HYGARCH-GHStD 0.9441 0.8233 0.4653 0.6200

ARFIMA-HYGARCH-SD 0.0142 0.2682 0.1558 0.0090
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Table 8.31: In-Sample VaR Backtesting : ARFIMA-FIAPARCH models

Returns Model
p-values of Kupiec LR test

Long positions Short positions

1% 5% 95% 99%

Gold

ARFMA-FIAPARCH-N 0.0000 0.1715 0.2696 0.0007

ARFIMA- FIAPARCH -STD 0.9998 0.0878 0.1828 0.8877

ARFIMA- FIAPARCH SSTD 0.6698 0.1631 0.0437 0.6758

ARFIMA-FIAPARCH-PIVD 0.6698 0.1450 0.1136 0.1451

ARFIMA-FIAPARCH-NIGD 0.9998 0.8469 0.9998 0.1913

ARFIMA-FIAPARCH -VGD 0.1722 0.5179 0.0421 0.8877

ARFIMA-FIAPARCH-GEVD <0.0001 0.0040 0.0276 0.5783

ARFIMA-FIAPARCH-GPD 0.6698 0.7009 0.9488 <0.0001

ARFIMA-FIAPARCH-GLD 0.8877 0.6090 0.3396 0.1914

ARFIMA-FIAPARCH-GHDfull 0.8884 0.5179 0.3997 0.3131

ARFIMA-FIAPARCH-GHStD 0.5683 0.1828 0.1136 0.1451

ARFIMA-FIAPARCH-SD 0.0002 0.0323 0.1136 0.0001

Platinum

ARFMA-FIAPARCH-N 0.0000 0.3725 0.1174 0.0007

ARFIMA- FIAPARCH -STD 0.4072 0.1003 0.76667 0.6758

ARFIMA- FIAPARCH SSTD 0.7769 0.8976 0.1003 0.0784

ARFIMA-FIAPARCH-PIVD 0.6758 0.9488 0.8469 0.7769

ARFIMA-FIAPARCH-NIGD 0.6758 0.0893 0.2166 0.8877

ARFIMA-FIAPARCH -VGD 0.0434 0.0214 0.0670 0.5783

ARFIMA-FIAPARCH-GEVD 0.9998 0.7473 0.8979 0.3350

ARFIMA-FIAPARCH-GPD 0.1077 0.1931 0.7473 0.8884

ARFIMA-FIAPARCH-GLD 0.6758 0.4767 0.6055 0.8884

ARFIMA-FIAPARCH-GHDfull 0.6758 0.5609 0.7473 0.9993

ARFIMA-FIAPARCH-GHStD 0.6758 0.9488 0.8469 0.8884

ARFIMA-FIAPARCH-SD 0.5684 0.1828 0.9487 0.0170

Silver

ARFMA-FIAPARCH-N 0.0001 0.0068 0.0255 0.0114

ARFIMA- FIAPARCH -STD 0.4884 0.6054 0.6515 0.8884

ARFIMA- FIAPARCH SSTD 0.7797 0.2991 0.8979 0.4885

ARFIMA-FIAPARCH-PIVD 0.6758 0.6543 0.6090 0.3031

ARFIMA-FIAPARCH-NIGD 0.9998 0.1715 0.6515 0.3889

ARFIMA-FIAPARCH -VGD 0.04344 0.0576 0.0055 0.8877

ARFIMA-FIAPARCH-GEVD 0.7769 0.2526 0.7488 0.2179

ARFIMA-FIAPARCH-GPD 0.0383 0.7488 0.8474 0.8884

ARFIMA-FIAPARCH-GLD 0.8877 0.6988 0.7488 0.6698

ARFIMA-FIAPARCH-GHDfull 0.6758 0.7009 0.3725 0.8877

ARFIMA-FIAPARCH-GHStD 0.7769 0.7009 0.4827 0.6698

ARFIMA-FIAPARCH-SD 0.0383 0.0505 0.4827 0.0002
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8.5. Summary

ARFIMA-FIAPARCH models

For gold and platinum returns, ARFIMA-FIAPARCH-STD, ARFIMA-FIAPARCH-

SSTD, ARFIMA-FIAPARCH-PIVD, ARFIMA-FIAPARCH-NIGD, ARFIMA-FIAPARCH-

VGD, ARFIMA-FIAPARCH-GHDfull, ARFIMA-FIAPARCH-GHStD, ARFIMA-FIAPARCH-

GLD are all suitable at all VaR levels. For silver, ARFIMA-FIAPARCH-STD, ARFIMA-

FIAPARCH-SSTD, ARFIMA-FIAPARCH-PIVD, ARFIMA-FIAPARCH-GLD, ARFIMA-

FIAPARCH-GHDfull, ARFIMA-FIAPARCH-GHStD, ARFIMA-FIAPARCH-GEVD, ARFIMA-

FIAPARCH-GPD, ARFIMA-FIAPARCH-NIGD are suitable at all VaR levels. ARFIMA-

FIAPARCH-VGD did not perform well for silver returns at 1% and 95% VaR levels.

For gold, ARFIMA-FIAPARCH-NIGD produced highest p-values at 1%, 5% and 95%

and is clearly the best model for gold returns. For platinum, ARFIMA-FIAPARCH-

GEVD produced highest p-value at 1% and 95% VaR levels and ARFIMA-FIAPARCH-

GHDfull at a 99% VaR level. At a 5% VaR level, ARFIMA-FIAPARCH-PIVD and

ARFIMA-FIAPARCH-GHStD are the most robust models for estimating VaR for

platinum returns. For silver returns, at 1% ARFIMA-FIAPARCH-NIGD produces

the largest p-value. ARFIMA-FIAPARCH-GPD produced highest p-values at 5% and

95% VaR levels for silver returns.

8.5 Summary

We extended the work of Arouri et al (2012), Diaz (2016), Ranganai and Khubeka

(2016), Youssef et al. (2015), Mabrouk and Saadi (2012), Cochran et al. (2012), McNeil

and Frey (2000), Bhattacharyya et al. (2008) and Bhattacharyya and Madhav (2012).

Our findings revealed that precious metal markets are characterised by asymme-

try, heavy-tail and long-range dependence. We examined the LM GARCH mod-

els under the GHDs, the STD, SSTD, GLD, GEVD, GPD, SD and PIVD assump-

tions. The conditional variance and long memory in the mean and volatility were

modelled by ARFIMA-FIGARCH, ARFIMA-HYGARCH and ARFIMA-FIAPARCH

models with pseudo-normal assumptions. The NIGD, VGD, full GHD, GHStD,

GLD, GEVD, GPD, SD and PIVD distributions were applied to capture the heavy-tail
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8.6. Statistical software packages

behavior for the extracted standardised residuals and VaR was calculated at differ-

ent levels. Adequacy of the resulting VaR estimates were tested using the Kupiec

LR test. Backtesting results showed that ARFIMA-FIGARCH, ARFIMA-HYGARCH

and ARFIMA-FIAPARCH models with PIVD, GLD, NIGD and GHStD, full GHD

governing the innovations are suitable for depicting VaR in gold, platinum and sil-

ver returns. However, ARFIMA-FIGARCH, ARFIMA-HYGARCH and ARFIMA-

FIAPARCH with GEVD and SD are not good VaR models for gold returns. ARFIMA-

HYGARCH-VGD, ARFIMA-HYGARCH-SD and ARFIMA-FIAPARCH-SD are not

suitable VaR models for silver returns. ARFIMA-FIAPARCH-VGD is not a good

VaR model for silver returns.

8.6 Statistical software packages

We used OxMetrics 7 (Doornik and Hendry, 2013) to fit the ARFIMA-FIGARCH,

ARFIMA-HYGARCH and ARFIMA-FIAPARCH models to gold, platinum and sil-

ver returns. We used the R packages evir (Pfaff et al., 2012), evd (Stephenson, 2002,

Stephenson and Ferro, 2015), ismev (Heffernan et al., 2012), ghyp (Luethi and Brey-

mann, 2016), laeken (Alfons and Templ, 2013), PearsonDS (Becker and KlöBner,

2017), fGarch (Wuertz et al., 2016), stable (Robust Analysis Inc, 2013), GLDEX(Su,

2007, 2016), rugarch (Ghalanos,2015) to fit GEVD, GPD, PIVD, STD, SSTD, full

GHD, NIGD, VGD, GHStD, SD, GLD to the extracted standardised residual. We

used the AD test in the ADGofTest (Bellosta, 2011) R package to check for model

adequacy.

8.7 Appendix

ARFIMA-FIGARCH-GPD model
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8.7. Appendix

Figure 8.4: Mean excess plot of gold (a) positive (b) negative standardised residuals

Figure 8.5: Pareto quantile plot of gold (a) positive (b) negative standardised residuals

Figure 8.6: Mean excess plot of platinum (a) positive (b) negative standardised residuals

Figure 8.7: Pareto quantile plot of platinum (a) positive (b) negative standardised residuals
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8.7. Appendix

Figure 8.8: Mean excess plot of silver (a) positive (b) negative standardised residuals

Figure 8.9: Pareto quantile plot of silver (a) positive (b) negative standardised residuals

ARFIMA-HYGARCH-GPD model

Figure 8.10: Mean excess plot of gold (a) positive (b) negative standardised residuals

Figure 8.11: Pareto quantile plot of gold (a) positive (b) negative standardised residuals
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8.7. Appendix

Figure 8.12: Mean excess plot of platinum (a) positive (b) negative standardised residuals

Figure 8.13: Pareto quantile plot of platinum (a) positive (b) negative standardised residuals

Figure 8.14: Mean excess plot of silver (a) positive (b) negative standardised residuals

Figure 8.15: Pareto quantile plot of silver (a) positive (b) negative standardised residuals

ARFIMA-FIAPARCH-GPD model
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8.7. Appendix

Figure 8.16: Mean excess plot of gold (a) positive (b) negative standardised residuals

Figure 8.17: Pareto quantile plot of gold (a) positive (b) negative standardised residuals

Figure 8.18: Mean excess plot of platinum (a) positive (b) negative standardised residuals

Figure 8.19: Pareto quantile plot of platinum (a) positive (b) negative standardised residuals
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8.7. Appendix

Figure 8.20: Mean excess plot of silver (a) positive (b) negative standardised residuals

Figure 8.21: Pareto quantile plot of silver (a) positive (b) negative standardised residuals
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8.7. Appendix

ARFIMA-FIGARCH-GPD model

Figure 8.22: Diagnostic plots of GPD fit to positive standardised residuals (gold)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)

Figure 8.23: Diagnostic plots of GPD fit to negative standardised residuals (gold)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)
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8.7. Appendix

Figure 8.24: Diagnostic plots of GPD fit to positive standardised residuals (platinum)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)

Figure 8.25: Diagnostic plots of GPD fit to negative standardised residuals (platinum)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)
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8.7. Appendix

Figure 8.26: Diagnostic plots of GPD fit to positive standardised residuals (silver)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)

Figure 8.27: Diagnostic plots of GPD fit to negative standardised residuals (silver)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)
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8.7. Appendix

ARFIMA-HYGARCH-GPD model

Figure 8.28: Diagnostic plots of GPD fit to positive standardised residuals (gold)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)

Figure 8.29: Diagnostic plots of GPD fit to negative standardised residuals (gold)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)
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8.7. Appendix

Figure 8.30: Diagnostic plots of GPD fit to positive standardised residuals (platinum)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)

Figure 8.31: Diagnostic plots of GPD fit to negative standardised residuals (platinum)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)
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8.7. Appendix

Figure 8.32: Diagnostic plots of GPD fit to positive standardised residuals (silver)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)

Figure 8.33: Diagnostic plots of GPD fit to negative standardised residuals (silver)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)
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8.7. Appendix

ARFIMA-FIAPARCH-GPD model

Figure 8.34: Diagnostic plots of GPD fit to positive standardised residuals (gold)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)

Figure 8.35: Diagnostic plots of GPD fit to negative standardised residuals (gold)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)
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8.7. Appendix

Figure 8.36: Diagnostic plots of GPD fit to positive standardised residuals (platinum)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)

Figure 8.37: Diagnostic plots of GPD fit to negative standardised residuals (platinum)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)
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8.7. Appendix

Figure 8.38: Diagnostic plots of GPD fit to positive standardised residuals (silver)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)

Figure 8.39: Diagnostic plots of GPD fit to negative standardised residuals (silver)

*P-P plot(on the upper left panel), Q-Q Plot (on the upper right panel), Return level plot (on the

lower left panel), Density plot(on the lower right panel)
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Chapter 9

Conclusion

Risk management tools, such as Value-at-Risk (VaR) and Expected shortfall (ES), are

highly dependent on the underlying distributional assumptions. The development

of more robust approaches in estimating VaR and ES is crucial. In this study, we in-

vestigated and proposed suitable models which are able to capture extreme tails of

profit and loss distribution, and as a result improve the estimation of VaR. The mod-

els were able to capture well the features of gold, platinum and silver log-returns.

While the literature has focused on developing models that can take into account

heavy tails, these stylised facts should not be considered in isolation. A realistic

model for financial returns should include volatility clustering, heavy-tails, asym-

metry, conditional heavy tails and long memory. The daily gold, platinum and silver

log-returns that have been used in the study exhibited volatility clustering, heavy-

tails, asymmetry and long-range memory. The data sets are for the period 2 April

1994 to 18 September 2014. We started by fitting heavy-tailed distributions based on

two features, heavy-tails and asymmetry.

We analysed daily log-returns of precious metals (gold, platinum and silver) us-

ing nine distributions, namely: GEVD, GPD, GLD, SD, PIVD, STD, SSTD, GLD and

GHDs. We then considered two other features: volatility clustering and leverage

effect. We coupled the GARCH-type model with the heavy-tailed SD, PIVD, GPD,
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Conclusion

GEVD, SSTD, STD and GHDs and the flexible GLD. We then analysed daily log-

returns with the proposed models. Lastly, we considered the long memory, which

was being exhibited by the daily log-returns of precious metals used in this re-

search. We coupled long-memory GARCH models with heavy-tailed distributions.

FIGARCH, FIAPARCH and HYGARCH were used to capture volatility clustering

and long-range memory, and NIGD, full GHD, GHStD, GLD, GEVD, SD, VGD, and

PIVD for conditional heavy tails. We analysed daily log-returns with the improved

long-memory-GARCH-heavy-tailed models.

The relative adequacy and goodness-of-fit of the distributions, and models, were

assessed based on the robustness of their VAR estimates. The Anderson-Darling

test was used to check for model adequacy. Backtesting on the adequacy of VAR

estimates is performed using Kupiec likelihood ratio test and Christoffersen condi-

tional coverage test.

Heavy-tailed and asymmetry

Our analyses show that GPD and GLD generally outperform GEVD for the VaR es-

timation of negative precious metal returns. For gold, GPD stands out as the most

suitable model. For platinum, it is between GPD and GLD, especially at the 1%

level of significance. For silver, GLD is the most suitable at 1% level of significance,

whereas GPD is the best model at 0.1% level of significance. The difference in ES es-

timation between the three distributions for platinum, however, is minor, with GPD

being preferred for ES estimation at the 0.1% level of significance for both gold and

silver. This study confirms the results by Ren and Giles (2010) that EVT is a reliable

method for predicting future potential extreme losses/gains for precious metals. It

also shows that GLD competes favourably with EVT for predicting future potential

extreme losses/gains for precious metal results, especially for silver and platinum

returns.

We evaluated the performance of Generalised Hyperbolic Distributions in character-

ising gold and platinum returns. In particular, we used the hyperbolic, the Normal-
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Inverse Gaussian, the Variance-Gamma and GH skew Student-t distributions. The

ability of these models to capture certain stylised facts, such as skewness and both

symmetric and asymmetric heavy tails, provided us with a higher degree of accu-

racy when fitted to financial returns data. The models’ performances with respect to

VaR estimation and results from the Kupiec Likelihood test show that the best GHD

model for VaR estimation differs at different levels, for both gold and platinum re-

turns. We contrast these results with estimates from SD, PIVD, STD and SSTD. The

performances of GHDs, SD, PIVD and SSTD are comparable in terms of VaR estima-

tion for gold, platinum and silver price returns.

Volatility clustering (conditional heteroscedasticity), heavy-tailed and asymmetry

We evaluated the performance of ARMA-GARCH-Normal, ARMA-GARCH-Stable

and ARMA-GARCH-GHDs in characterising gold log-returns. The advantage of the

proposed models lies in their ability to capture conditional heteroscedasticity in the

returns through the GARCH framework and at the same time model their heavy

tail behaviour through the Stable Distribution, PIVD, GLD, GPD, GEVD, STD, SSTD

and Generalised Hyperbolic Distributions. We also compared the VaR in-sample

backtesting of the six models using the Kupiec likelihood ratio test and the Christof-

fersen test. An ARMA (1,1)-GARCH-Normal adequately fits gold log-returns. VaR

estimates were obtained from all fitted models, both the Kupiec test and the Christof-

fersen test showed that an ARMA (1,1)-GARCH(1,1)-VGD model is the best model

for VaR estimation at different levels for gold returns. Interestingly all models were

rejected at 99% using the Christoffersen test. An ARMA (1,1)-GARCH(1,1)-NIGD

is the best model for platinum returns. The overall best model for silver returns

is ARMA (1,1)-GARCH(1,1)-SSTD based on the Kupiec test. In general, the perfor-

mance of the models, in terms of VaR estimation is comparable at different levels.

We used the ARMA-APARCH model to take into account major stylised facts such

as volatility clustering and asymmetry in gold price returns and PIVD, GLD, GEVD,

STD, SSTD, SD and GHD and its subclasses, to model heavy tail behavior of stan-
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dardised residuals. We computed VaR estimates for gold, platinum and silver re-

turns using ARMA-APARCH-PIVD, ARMA-APARCH-GHDfull, ARMA-APARCH-

NIGD, ARMA-APARCH-VGD, ARMA-APARCH-GLD, ARMA-APARCH-GEVD, ARMA-

APARCH-SD, ARMA-APARCH-GHStD, ARMA-APARCH-STD, ARMA-APARCH-

SSTD and ARMA-APARCH-N models. We compared the VaR in-sample backtest-

ing of these models using the Kupiec test and Christoffersen test. The backtest-

ing results show that ARMA-APARCH with full GHD, PIVD, SD, GLD, GEVD and

GPD perform well in characterising precious metal returns. For gold returns, VaR

is best modelled by an ARMA(1,1)-APARCH(1,1)-GHDfull. VaR is best modelled by

an ARMA(1,1)-APARCH(1,1)-GPD for platinum returns. For silver returns, AR(1)-

APARCH(1,1)-GHDfull and AR(1)-APARCH(1,1)-GHDfull are appropriate at all lev-

els using the Kupiec test. However, there is no best model for the silver return se-

ries. Our findings confirm that GARCH-type models combined with filtering pro-

cess such as PIVD, SD, GEVD, GLD, GPD and GHDs are important in improving risk

management assessments and hedging strategies in the highly volatile metal market.

GLD, GEVD, GPD, SD, PIVD and GHDs are more appropriate to describe the heavy-

tails evident in metal returns. Regulators can determine capital requirements by im-

plementing the dynamic VaR model. We thus propose full GHD, NIGD, VGD, GH-

StD, GLD, SD, GEVD, GPD and PIVD in conjunction with ARMA-APARCH model

based on superior in-sample VaR prediction.

Volatility clustering, heavy-tails, asymmetry, conditional heavy tails and long memory

We examined the long-memory GARCH models under the Generalised Hyperbolic

Distributions (GHDs), the SSTD, STD, GPD, GEVD, SD, GLD and the PIVD as-

sumptions. The conditional variance and long range memory was modelled using

nonlinear-GARCH models, ARFIMA-FIGARCH, ARFIMA-HYGARCH and ARFIMA-

FIAPARCH models. GHDs, SSTD, STD, SD, GEVD, GPD, GLD and PIVD were ap-

plied to capture the heavy tail behavior for the extracted standardised residuals. The

Anderson-Darling test was utilised to check for model adequacy. The Kupiec likeli-

hood ratio test was used in this study to evaluate objectively whether the VaR model
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is adequate. The backtesting results confirm that the long-memory GARCH-heavy-

tailed models are adequate methods for improving risk management assessments

and hedging strategies in highly volatile metal markets. Our findings can be sup-

ported by the fact that ARFIMA-FIAPARCH-PIVD, ARFIMA-HYGARCH-GLD and

ARFIMA-HYGARCH-NIGD model can jointly account for salient features in finan-

cial time series: heavy tails, asymmetry, volatility clustering and long memory.

Therefore, the findings of this study show the most appropriate models in carrying

out risk management or assessment of precious metals. Table 9.1 summarises the

most appropriate models at different VaR levels.

Table 9.1: The most appropriate models for precious metals.

VaR level Gold Platinum Silver

Long Positions
1%

ARFIMA-FIAPARCH-NIGD,

ARFIMA-FIAPARCH-GPD ARFIMA-FIAPARCH-NIGDARFIMA-HYGARCH-NIGD,

ARFIMA-HYGARCH-GPD and

ARFIMA-FIAPARCH-NIGD

5% ARFIMA-HYGARCH-GPD ARFIMA-FIGARCH-GEVD ARFIMA-HYGARCH-GHDfull

Short Positions
95%

ARFIMA-FIGARCH-NIGD and

ARFIMA-FIGARCH-GEVD

ARFIMA-FIGARCH-PIVD,

ARFIMA-FIAPARCH-NIGD ARFIMA-FIGARCH-GLD and

ARFIMA-FIGARCH-GHDfull

99% ARFIMA-HYGARCH-GPD ARFIMA-FIAPARCH-GHDfull ARFIMA-HYGARCH-STD

The findings reveal that daily gold, platinum and silver returns are characterised

by heavy tailed distributions, volatility clustering, leverage effect behavior and long

memory. Our findings confirm the importance of taking into account volatility clus-

tering and long-range memory in the behavior of precious metals. This combined

with filtering processes such as PIVD, full GHD, GHStD, NIGD, SSTD and GLD, are

important in risk management assessments and hedging strategies. Our results have

potential implications for portfolio managers, producers and policy makers.
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Further recommendations would be:

• Comparing the results of this study with the Generalised Autoregressive Score

(GAS) models.

• Comparing the results of this study with the NRIG distribution under the

GARCH models and long memory GARCH models.

• Comparing the results of this study with the Exponentiated Generalised In-

verse Gaussian distributions.
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BYSTRÖM, H. N. E. (2005). Extreme value theory and extremely large electricity

price changes. International Review of Economics and Finance, 14(1), 41-55.

CAMPELL, J.Y. AND MANKIW, N.G. (1987). Are output fluctuations transitory?

Quarterly Journal of Economics, 102, 857-880.

CHAITHEP, K., SRIBOONCHITTA, S., CHAIBOONSRI, C. AND PASTPIPATKUL,

P. (2012). Value at risk analysis of gold returns using extreme value theory. The Em-

pirical Econometrics and Quantitative Economic Letters, 1(4), 151-168.

230



References

CHALABI, Y., SCOTT, D AND WURTZ, D. (2010).The generalised lambda distribu-

tion as an alternative to financial returns. Working paper, Eidgenössische Technische
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