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ABSTRACT

Groundwater is a vital source of fresh water to many people across the globe, but it is prone to
contamination by human activities. In the last few decades, great strides have been made in legislation
protecting and controlling the quality of groundwater, creating awareness of potential groundwater
contamination and the importance of prevention and mitigation. The accurate representation of
contaminant movement within a groundwater system is important, because misrepresentation could
increase the environmental impact due to inadequate mitigation or remediation measures. However,
groundwater transport is particularly complex due to the inherent heterogeneity of aquifers. Where,
predicting the movement of contaminants within groundwater systems, especially in fractured
systems, is prone to discrepancies between modelled and observed. There are two general
approaches to improve the simulation of groundwater transport: develop the physical
characterisation of the heterogeneous system, or redefine the formulation of the governing
equations. The focus of this research is to advance the simulation of groundwater transport by
examining the formulation of the governing advection-dispersion equation. To achieve this aim,
improved numerical approximation schemes for the classical advection-dispersion equation are
developed, fractal and fractional derivatives are incorporated into the formulation, and fractional and

fractal derivatives are combined.

Augmented upwind finite difference numerical approximation schemes, which are better suited for
advection-dominated systems, are applied to the solution of the classical advection-dispersion
equation for fractured groundwater systems. The simulation of anomalous transport in fractured
aquifer systems is improved by providing a fractal advection-dispersion equation with numerical
integration and approximation methods for solution. The fractal advection-dispersion equation is
proven to simulate superdiffusion and subdiffusion by varying the fractal dimension, without explicit
characterisation of fractures or preferential pathways. To improve the governing equation for
groundwater transport modelling, the Caputo and Atangana-Baleanu in Caputo sense (ABC) fractional
derivatives are applied to the advection-dispersion equation with a focus on the advection term to
account for anomalous advection. Appropriate numerical approximation methods for the fractional
advection-dispersion equations are provided and analysed for stability requirements. A fractional-
fractal advection-dispersion equation is developed to provide an efficient non-local, in both space and
time, modelling tool. The fractional-fractal model provides a flexible tool to model anomalous
diffusion, where the fractional order controls the breakthrough curve peak, and the fractal dimension
controls the position of the peak and tailing effect. These two controls potentially provide the tools to
improve the representation of anomalous breakthrough curves that cannot be described by the

classical model.

A modest step is taken forward to advance the use of fractional calculus, achieve the collective mission
of resolving the difference between modelled and observed, and to increase the comprehension and

management of natural systems.
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1 INTRODUCTION

Real world systems are complex, by definition a complexity by which any one method is not able to
capture all the nuances of that system. It is this that compels science to improve and continuously
strive for new methods and approaches, ever endeavouring to reconcile the difference between

modelled and observed.

Simulating transport with the advection-dispersion equation is a real world problem, where the
general discrepancy between modelled and observed is particularly large. This discrepancy lead to the
development of the term anomalous diffusion (non-Fickian diffusion), especially when using
traditional methods. In groundwater systems, this discrepancy can be attributed to the highly
heterogeneous nature of aquifer systems, especially in fractured systems; and the understanding on
which the governing equation was formulated upon. Therefore, the solution of this problem from a
groundwater perspective logically involves either improving the characterisation of heterogeneity in

the system, and/or improving the formulation of the governing equation.

Improving the characterisation of heterogeneity has been historically topical; from some of the first
comprehensive groundwater books (Freeze and Cherry, 1979) up to the present. In 2015, the MADE
challenge for groundwater transport in highly heterogeneous aquifers: insights from 30 years of
modelling and characterisation at the field scale and promising future directions was held to assess
the progress made from the original tracer series at the Macrodispersion Experiment, in the late 1980s
to 1990s, which sparked the consideration of new approaches for solute transport in highly

heterogeneous media (Gémez-Herndndez et al., 2017). While extensive research has been done to



improve the characterisation of heterogeneity, ranging from new measurement devices, new
parameter estimate methods, to discrete fracture network models, the challenge of how best to
characterise a heterogeneous system, to incorporate that heterogeneity into a model, and to simulate

transport within that system, remains.

On the other hand, from the perspective of improving the formulation of the governing equation,
numerous non-local approaches have been applied, ranging from multiple-rate mass transfer method
and rate-limited mass transfer, stochastic averaging, continuous-time random walk, to fractal and
fractional differential equations (Koch and Brady, 1988; Schumer et al., 2003a; Schumer et al., 2003b
and b; Berkowitz et al., 2006; Singha et al., 2007; Zhang et al., 2009; Neuman and Tartakovsky, 2009;
Zhang et al., 2013; Sun et al., 2014).

For this research, the latter approach will be perused, where the formulation of the advection-
dispersion equation can be improved to better simulate groundwater transport without a detailed

characterisation of the heterogeneity of a system, especially a fractured aquifer system.

1.1 Anomalous diffusion and transport in heterogeneous systems

The traditional advection-dispersion equation is used to describe the transport of non-reactive
contaminants or tracers, which is founded on an analogy to Fick’s Law of diffusion. Non-Fickian
transport or diffusion, also termed anomalous diffusion, is any transport that is not adequately
described by the traditional advection-dispersion equation. Anomalous transport can be defined by
non-Gaussian leading or trailing tails of a plume or break-through curve from a point source, or
nonlinear growth of the centered second moment. Subdivisions of anomalous diffusion include
superdiffusion and subdiffusion, superdiffusion is characterised by a growth rate faster than linear
growth (i.e. faster movement found in preferential flow pathways), and subdiffusion is characterised
by a growth rate slower than linear growth (i.e. slower movement in low-permeability zones) (Zhang

et al., 2009; Neuman and Tartakovsky, 2009; Zhang et al., 2013; Sun et al., 2014).

Anomalous diffusion is not anomalous in the traditional sense of the word, but rather a term coined
to describe natural phenomena that cannot be modelled accurately using traditional modelling
approaches and equations (Klafter and Sokolov, 2005). Examples of anomalous diffusion range from
signalling of biological cells to foraging behaviour of animals, from the operation of photocopier
machines to transport of contaminants in groundwater. Anomalous diffusion in fractured
groundwater systems have been well documented (Liu et al., 2004; Klafter and Sokolov, 2005;
Meerschaert et al., 2008; Pablo et al., 2009; Cello et al., 2009). Yang et al. (2012) considered two-phase
flow in fractured media with an adaptive circle fitting interface, where the fractured system modelled

producing highly irregular contaminant plume (Figure 1-1).



Fracture aperture fields

.A 4

- ._r-“)"
e pd '_5%;" %’i\ s

.

! N e Lo o -1
R A e M

- A S far L. e
Figure 1-1 Aperture fields measured by fractal fractures and Gaussian fractures (top), and the associated
simulation results (bottom). Modified from Yang et al. (2012).
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Figure 1-2 Simulated hydraulic head contours and plume migration for a homogeneous aquifer (top) and for

a heterogeneous aquifer (bottom). Modified from Qin et al. (2013).



The resulting contaminant movement shows the potentially complex transport patterns in fractured
media. The influence of heterogeneity on transport in groundwater was considered by Qin et al.
(2013), where the transport of a solute within a dipping heterogeneous, confined aquifer is used to
determine plume shapes under the various conditions (Figure 1-2). Figure 1-2 illustrates the potential
influence heterogeneity has on the transport of contaminants within the subsurface, and highlights
the importance of correctly including this aspect to ensure the correct prediction of contaminant

movement for remediation and mitigation.

The main limitation in accurately predicting the movement of contaminants in groundwater is that
spatial heterogeneity will never completely be characterised, regardless of the amount of data
collected (Gémez-Hernandez et al., 2016). Thus, investigating the reformulation of the governing
equation to simulate variable transport without a complete characterisation of the system is a valid

pursuit.

1.2 Non-local approaches
Numerous non-local approaches exist and have been applied to the problem of anomalous diffusion,
as discussed. For this research, specific non-local approaches will be considered, including fractal and

fractional derivatives.

1.2.1 Fractal geometry and derivative

Geometry is traditionally considered rigid, because classical geometry is unable to define the shape of
a cloud, mountain or coastline. These natural phenomena and objects do not conform to the Euclid or
standard geometry of smooth spheres, cones, circles and straight lines. Mandelbrot (1982) found that
nature exhibits a higher-degree of irregularity and fragmentation when compared to standard
geometry, where it can actually be considered a different level of complexity altogether. Mandelbrot
(1982) describes these irregular and fragmented patterns by identifying a family of shapes termed
fractals, forming the foundation for fractal geometry, and the fractal derivative (Figure 1-3). The term
fractal was selected by Mandelbrot (1982) for the original Latin meaning, “to break, to create irregular
fragments, describing a general fragmented and irregular nature (Mandelbrot, 1982; Le Méhauté,

1991; West, et al., 2012).

Fractal geometry is based on the principle that irregular objects in nature tend to exhibit inherent
patterns that repeat themselves at different scales, termed self-similarity. Field observations have
demonstrated that multiple length-scales exist in a variety of naturally fractured media (Acuna and
Yortsos, 1995; Shokri et al., 2016). Shokri et al. (2016) document natural fracture networks that
demonstrate fractal geometries (Figure 1-4). Fractal heterogeneity is not spatially periodic, but rather

exhibit a pattern that is independent of the scale of observation (Wheatcraft and Tyler, 1988).
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Figure 1-4 Natural fracture networks demonstrating fractal geometries. Taken from Shokri et al. (2016).



Developments in the theory of fractal geometry have resulted in numerous applications, to many
branches of science, especially to problems stemming from unstable phenomena (Acuna and Yortsos,
1995; Rocco and West, 1999; Schumer et al., 2003b; Chen, 2006; Santizo, 2012; Liang et al., 2016).
Fractal geometry incorporates the complexity of the natural system by describing an object by the
repetition of a given algorithmic rule or pattern over a multitude of separate length scales. Fractured-
rock aquifers have proven to be an appropriate candidate for a fractal description (Acuna and Yortsos,
1995), and the ability of a fractal geometry to describe complexity on different scales provides the
ability to potentially describe scale-dependent dispersivity. Currently available transport models for

fractured systems are not able to capture the property of self-similarity found in fractured systems.

In response to the current limitations of groundwater transport modelling in fractured systems, a
fractal groundwater advection-dispersion transport equation is deemed an appropriate and
worthwhile investigation. A fractal advection-dispersion equation has the potential to simulate the
full range of observed non-Fickian behaviour, from subdiffusion to superdiffusion, which is related to
the well-established fractal model for fractured systems, without the detailed characterisation of the
heterogeneity of the system. A fractal in space advection-dispersion equation has not been developed

before, and therefore will be considered in this research.

1.2.2 Fractional derivative

Complexity from the perspective of fractional calculus is explored by West (2016), where fractional
differential equations are one approach to improve the simulation of real world problems. Fractional
calculus is not a new topic, having its original inception in the late 1600s, but the application of

fractional derivations to practical problems has steadily increased since the 1970s.

The inception of fractional calculus has its roots in the relationship between Leibniz and L’Hopital,
where Leibniz ignited an idea within L’Hopital that has gone on to diversify knowledge. L’'Hopital posed
the seemingly inapt question, what would happen if the derivative order were a fraction? Leibniz’s
famous response was “it will lead to a paradox from which one day useful consequences will be
drawn”. Perhaps, Leibniz should have paid greater attention to the seemingly inapt question at the
time because; the non-integer fractional derivative has proven to be exceptionally useful (Oldham and

Spanier, 1974).

From this original conversation, the practical application was only realised much later and resisted
direct application for many years. Oldham and Spanier (1974) found the earliest systematic studies on
the fractional derivative were performed by Liouville (1832), Riemann (1953), and Holmgren (1864),
although Euler (1730) and Lagrange (1772) made even earlier contributions, as cited by Oldham and
Spanier (1974) (Debnath, 2004; Loverro, 2004; Petras, 2010; Herrmann, 2011; Tarasov, 2013).
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Fractional calculus can be described as an extension of the concept of a derivative operator from an

integer order (n) to an arbitrary order (a) (Herrmann, 2011):

an d*
dxn - dx®

where,
a denotes a non-integer order that is a real, complex value or even a complex-valued
function @ = a(x, t).

The fractional advection-dispersion equation was first developed by Benson (1998), and an application
demonstrated by Benson et al. (2000) (Figure 1-5). In an experiment, Benson et al. (2000)
demonstrated an anomalous diffusion system and the inadequacy of the Fickian or traditional
equation to model the measured concentrations. Furthermore, by incorporating the fractional
derivative and adjusting the fractional order (a), a model can be developed to improve the

representation of the system.

With the endeavour to continually improve simulation methods, a progression of fractional derivative
definitions have been developed over the years, with definitions including Riemann-Liouville, Caputo,
Caputo-Fabrizio, and the latest Atangana-Baleanu (Oldham and Spanier, 1974; Herrmann, 2011; Li et
al.,, 2011; Atangana and Baleanu, 2016). Following on from the work performed by Tateishi et al.
(2017), which found that the new fractional derivatives could be effective in modelling anomalous
diffusion, the new fractional derivatives are applied to the advection-dispersion equation to model
not only anomalous diffusion, but potentially anomalous advection in the form of preferential

pathways in fractures within the groundwater system.
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Figure 1-5 Measured concentration outputs from an experiment performed by Benson et al. (2000) and the
predicted concentration by the traditional Fickian approach (top). The fractional models generated by
varying the fractional order () to better represent the experimental system (bottom). Taken from Benson
et al. (2000).
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1.3 Aims and objectives

The aim of this research is to improve the simulation of groundwater transport in fractured system
using the advection-dispersion equation, following the approach of reformulation of the governing
equation. The objectives are sub-divided between improvements for the local advection-dispersion

equation, fractal advection-dispersion equation, and fractional advection-dispersion equation.

1.3.1 Local advection-dispersion equation
The objectives for this research to improve the simulation using the local advection-dispersion
equation includes:

o Identify numerical approximation methods for the specific advection-dominated fracture
systems

o Consider possible improvements to the numerical approximation scheme

o Evaluate the developed schemes in terms of stability and computational times

1.3.2 Fractal advection-dispersion equation
The objectives for this research for using a fractal advection-dispersion equation includes:

o Investigate the use of the fractal derivative for fractured groundwater systems and previous
applications

o Develop an improved fractal advection-dispersion equation

o Investigate numerical solution methods for the new equation

Evaluate the developed schemes in terms of stability
Perform simulations to test the validity of the equation to fractured systems

1.3.3 Fractional advection-dispersion equation
The objectives for application of a new fractional advection-dispersion equation includes:
o Develop afractional advection-dispersion equation specifically for fractured systems using the
new derivatives

o Investigate numerical solution methods for the new equation

Evaluate the developed schemes in terms of stability
Perform simulations to test the validity of the equation to fractured systems

1.3.4 Fractional-fractal advection-dispersion equation
The objectives for the development of a fractional-fractal advection-dispersion equation includes:
o Consider the need and implications of developing a fractional-fractal advection-dispersion
equation

o Develop a fractional-fractal advection-dispersion equation

o Perform simulations to test the validity of the equation to fractured systems



1.4 Structure of thesis

The structure of the thesis is designed as follows:
Chapter 1 Introduction
The rationale for the current research is explained, each aspect is briefly introduced, and the aims and

objectives are defined.

Chapter 2 Classical advection-dispersion equation
Augmented upwind numerical schemes are developed to better simulate groundwater transport in
advection-dominated fractured systems. The numerical schemes are evaluated for stability and

computational times for a simple one-dimensional problem.

Chapter 3 Fractal advection-dispersion equation
A fractal advection-dispersion equation for fractured groundwater systems is developed, along with
numerical approximation methods. A generic transport problem is simulated to test the validity of the

fractal advection-dispersion equation to fractured groundwater transport.

Chapter 4 Fractional derivatives: singular and non-singular
An overview of fractional calculus in the form of the functions required for the definition of fractional
integrals and derivatives, fundamental fractional derivative definitions, and an analysis of the kernels

associated with each fractional definition.

Chapter 5 and 6 Fractional advection-dispersion equations
New fractional advection-dispersion equations are developed with the Caputo and Atangana-Baleanu
fractional derivative definitions. The advection-dominated numerical schemes are applied and tested

for stability. Some simulations of fractional systems are investigated.

Chapter 7 Fractional-Fractal advection-dispersion equation
Considering the developed fractal in space advection-dispersion equation, and the fractional
advection-dispersion equation, a fractional-fractal advection-dispersion equation is conceptualised.
The developed equation is simulated in a simple transport problem to determine the meaning of

fractional-fractal and evaluate the fractal dimension and fractional order.

Chapter 8 Discussion

A critical discussion of the research performed and outcomes are provided.

Chapter 9 Conclusions

The main findings and outcomes from the performed research are presented.

References

Appendices



2 CLASSICAL ADVECTION-DISPERSION
EQUATION

The advection-dispersion equation is infamously challenging to solve, due to the simultaneous
presence of two processes, namely advection and hydrodynamic dispersion. Additionally, in complex
groundwater systems, applying an analytical solution of the advection-dispersion equation is often
unsuccessful and thus numerical techniques are usually applied. There are numerous numerical
techniques available, yet often the stability criteria are stringent; and oscillations and numerical
dispersion are frequently found. Advection-dominated solute transport is often the cause for the
numerical instabilities, where the advection-dispersion equation approximates to a hyperbolic-type
partial differential equation, and numerical approximation methods become prone to these problems
in this environment. To address these common numerical instabilities, an upwind numerical scheme
can serve to correct these problems by damping responses to produce a more realistic solution in both
heat transfer and fluid flow simulations (Hirt et al., 1975; Gray and Pinder, 1976; Patankar, 1980;
Busnaina et al., 1991; Baptista et al., 1995; Ewing and Wang, 2001; Witek et al., 2008; Company et al.,
2009; Aswin et al., 2015; Appadu et al., 2016; Kajishima and Taira, 2016).

Upwind numerical schemes have been applied to finite difference and finite element methods. For
the finite difference method, it is common to make use of the upwind scheme to approximate the
advective terms of the advection-dispersion equation by applying first-order one-sided (flow

direction-biased) differences (Diersch, 2014). However, for finite element methods, the first order
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upwinding creates strong smearing effects and is rarely used (Kuzmin, 2010). For this investigation,

the traditional and augmented upwind schemes are applied for the finite difference method.

Several authors have investigated the upwind scheme for the numerical solution of the advection-
dispersion equation, or the more general form the convection-dispersion equation (Busnaina et al.,
1991; Vested et al., 1992; Lazarov et al., 1996; Appadu et al., 2016). For instance, upstream weighting
is often applied to finite element methods, where an element upstream of a node is weighted more
heavily than the element located downstream, namely the Petrov-Galerkin finite element method
(Sun and Yeh, 1983; Diersch, 2014). In Computational Fluid Dynamics (CFD), the flux-vector splitting
upwind scheme splits the advective term into two fluxes to both represent both a positive and
negative wave direction (Van Leer, 1982; Lomax at al., 2013). Applying aspects from the finite element
upstream weighting and the CFD flux-splitting methods, a weighted upwind-downwind finite

difference scheme is developed and investigated for groundwater transport simulations.

To improve the solution of the classical advection-dispersion equation for fractured groundwater
systems, the traditional finite difference upwind scheme is reviewed and then applied, along with
augmented upwind schemes, to the advection-dispersion equation. The traditional explicit and
implicit schemes, as well as the Crank-Nicolson scheme, are developed and analysed for numerical
stability to form a base of comparison. Two new numerical approximation schemes are considered,
namely a Crank-Nicolson scheme that is only applied for the advection term, and a weighted upwind-
downwind scheme. These newly developed schemes are analysed for numerical stability and

compared to the traditional schemes.

2.1 Upwind finite difference scheme for local operator
Upwind schemes discretise hyperbolic partial differential equations with a finite differencing biased
in the direction determined by the sign of the groundwater velocity, thus applying a solution-sensitive

approach to simulate the direction of movement in a flow field (Courant et al., 1952; Ewing and Wang,

2001).

The movement of the particle or contaminant is towards the negative direction (left), when the vector
term (a) is negative; and when the vector term (a) is positive, the movement of the particle or
contaminant is towards the positive direction (right). Considering a one-dimensional derivative of a
function f(u) with a directional vector (a):

af (w) (2-1)
Ix

a

The first-order upwind scheme (explicit) numerical approximation is:
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U — Uy
—_ >0 2-2
a A fora (2-2)
Uiy — U7 (2-3)
_— <0
a A fora

Thus, for a positive direction (upwind side) vector term backward differences are applied, and for the

negative direction (downwind side) vector term forward differences are applied.

The first-order upwind finite difference scheme (implicit) numerical approximation is:

uln+1 _ uln_+11
qa— ora>0 (2-4)
Ax f
ufh —uftt (2-5)
_ ora<0
Ax f

Upwind methods eliminate undesirable oscillations, yet may have other related shortcomings,
especially in terms of accuracy (Diersch, 2014). Thus, an upwind scheme is a compromise between
accuracy and stability. Ewing and Wang (2001) found the upwind finite difference scheme to eliminate
artificial oscillations in the classical finite difference method solutions, and to provide more stable
solutions for complex multiphase and multicomponent flow systems. The upwind finite difference
scheme can be expressed as a second-order approximation for the one-dimensional advection-
dispersion equation with a modified diffusion D(1 + (Pe/2)(1 — Cr)), where Pe is the Peclet
number and Cr is the Courant number (Ewing and Wang, 2001). Ewing and Wang (2001) further
confirm the warning by Diersch (2014) where the upwind finite difference scheme introduces

excessive numerical diffusion and the numerical solutions are dependent upon grid orientation.

Summary of the key benefits and limitations for the upwind scheme (Diersch, 2014):
Benefits:

e Finite difference and finite element numerical approximation methods are prone to create
artificial oscillations in advection-dominated problems, but upwinding can stabilise the
solution to obtain more realistic solutions (albeit less accurate) (Diersch, 2014)

e Upwind methods improve the efficiency of numerical solutions and reduce the need for

extremely fine meshes (Diersch, 2014)

Limitations:
e The artificial damping measures by upwinding may suppress other issues in the model such as

limitations in the spatial and temporal discretization (Diersch, 2014)
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e Diffusion is artificially increased in dependence on the chosen mesh, and considered
dependent on the mesh geometry, yet can still be considered accurate where the numerical

diffusion is significantly less than the physical diffusion (Diersch, 2014)

In summary, the upwind scheme is a powerful tool that has benefits for numerical stability. Yet, this
tool should be applied with an understanding of the limitations, and the compromise on accuracy

appropriately compensated for with numerical stability.

2.2 Upwind finite difference schemes for the classical advection-dispersion equation

The first-order upwind scheme is applied to the classical advection-dispersion equation for numerical

approximation. Considering the one-dimensional advection-dispersion equation:

ac ac d%c
%-I_vxa_DLW:O (2-6)

The first-order upwind scheme for the classical advection-dispersion equation finite difference
approximation influences the advection term, where backward or forward differences are considered

depending on the direction of the transporting velocity.

The traditional explicit and implicit schemes, as well as the Crank-Nicolson scheme, are developed and
analysed for numerical stability to form a comparison base. Two new numerical approximation
schemes are proposed, namely a Crank-Nicolson scheme where only for the advection term is applied,
and a weighted upwind-downwind scheme. The numerical stability for the newly developed schemes

are evaluated to validate their use in solving the advection-dispersion equation.

2.2.1 Explicit upwind

An explicit first-order upwind finite difference scheme for the one-dimensional advection-dispersion
equation uses a one-sided finite difference in the upstream direction to approximate the advection
term in the advection-dispersion equation and can be expressed as follows (assuming v > 0) (Ewing

and Wang, 2001):

¢ —¢itq _ Cly1— 260 oy _ (2-7)
Ax L (Ax)?

Rearranging,
1 1 v 2D v D D
n+1 X L n X L n L n
— )= (=== Pt — )+ (5] ]
(At) € (At Ax (Ax)z) € (Ax (Ax)z) Ci-1 ((Ax)z) Cir1

Simplifying by using constants a4, b, ¢;, and d;

a,ct = by + ooty +diclh (2-8)
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where,

a, = E
b, = 1 v 2D
17 At ax  (Ax)2
Ux Dy,
C —
1 Ax + (Ax)?
Dy,
d —
L7 (a2

Equation (2-8) is the explicit upwind finite difference approximation of the one-dimensional

advection-dispersion equation.

2.2.2  Implicit upwind
The implicit formulation of the first-order upwind finite difference scheme for the one-dimensional

advection-dispersion equation is:

Cin+1 _ Cin iy Cin+1 C1n+11 ) Cin++11 —2c n+1 + Cn+1 _o (2_9)
At X Ax L (Ax)2

Simplifying by using constants a4, e;, ¢;, and d;

2-10
erct = aycl + oM+ dy (2-10)

where,

1 v, 2D

At Ax  (Ax)?

e =

Equation (2-10) is the implicit upwind finite difference approximation of the one-dimensional

advection-dispersion equation.

2.2.3 Upwind Crank-Nicolson scheme

Upwind and Crank-Nicolson schemes were compared in terms of accuracy and numerical dispersion
by Karahan (2006). The Crank-Nicolson scheme was found to be more accurate and reduced numerical
dispersion, and for this reason, a combination of these two schemes is investigated here. The Crank-
Nicolson scheme applied for the first-order upwind finite difference scheme approximation for the

advection-dispersion equation

[ ' — ¢ q Civ1 — 26 + ¢ty 1
0.5 —D
cttt— N I T Ax L (Ax)? I
At [+0 <, Cin+1 _ Cin—+11 . Ciﬂ-.l_+11 —2c Tl+1 + CTl+1 J (2-11)
K Ax L (Ax)2
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Expanding and rearranging,

1 Uy Dy 1 Uy D;
= H05 5+ ) n+l (——0.5———) n
(At (ax)?) At Ax  (Ax)2)

2-12)
D, D, D, D, (
+05( i )2) 11+05( (Ax)z) g”11+05((A )2) l+1+05((A )Z)C{Tf
Simplifying by using constants f;, g4, h1, and j;
fiel™ = gocl + hyclty + hyclh + jicliq + il (2-13)
where,
— 40524 —=
fo= gt 057y (Ax)2
1 Uy D,
917 A Ax  (Ax)?

v D;
hy =05 (—" —)
1 Ax + (Ax)?

Equation (2-13) is the upwind Crank-Nicolson finite difference approximation of the one-dimensional

advection-dispersion equation.

2.2.4 Upwind advection Crank-Nicolson scheme

The Crank-Nicolson scheme applied only for advection term of the advection-dispersion equation for

the first-order upwind finite difference scheme approximation

= ¢l ity et ety Civa — 2¢ T ¢ty
A—t + (0.5 UXT + 0.5 A—x - D; (Ax)z =0 (2-14)

Expanding and rearranging,

Cin+1 n n n n+1 n+1 n 2cn n

L 050k — 057, 0.5v, =L —p, L 4 p, G _p =L _g
At At X Ax A T Ax Laan? " 7Hax)? TE(ax)?
Simplifying,
1 1 v 2D; v D; D;
055) " = (T 055+ o) T+ (055 )+ () o
(At Ax At @02/ T\ o T anz) o (@)
(05 ) L
Simplifying by using constants k4, [, hy, d; and 04
kit =L+ mycy + dyclhy + oM (2-15)
where,
Ky = —+05%
1T At Ax
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1 v, 2D,

I, =——05-2+—
L7 At +(Ax)2
—05 D,

(AX)2
—05%
1 Ax

Equation (2-15) is the upwind advection Crank-Nicolson finite difference approximation of the one-

dimensional advection-dispersion equation.

2.2.5 Explicit upwind-downwind weighted scheme
Considering both the upwind and downwind direction for the advection term for the first-order
upwind finite difference scheme approximation (explicit), where the ratio of upwind to downwind is

controlled by 8, where 0 < 6 < 1:

C?H - ' — ¢ty Ciy1— ¢ i1 —2¢] t ¢ty
AL + (6| v, A +(1-0)| v, A - D; x)? =0 (2-16)

Expanding and rearranging,

C?H ci' r citq Cit1 ci' Cit1 2c! citq
—Lig 0 0 — (1=t —D +D B
At At UY*A *"Ax e~ (L= 0w = ez + DLy )2 L (Ax)?
Simplifying,
1 1 2D v, D, D, v,
n+1 _ L n X n
)= hogr oo o) ot 002
(At) € (At ( ) Ax  (Ax)Z) (Ax)2 ooz - 0) 3y Ct1

Simplifying by using constants a4, p1, g1, and ry

ay "t =picl +qclty ety (2-17)
where,
1 v, 2D;

- _ 9 - _g) =X 7L

Pr= A A= o
Vy DL

—gX 4 L

N Ax * (Ax)?
—a-0)=

= ey Ax

Equation (2-17) is the explicit upwind-downwind weighted finite difference approximation of the one-

dimensional advection-dispersion equation.

2.2.6  Implicit upwind-downwind weighted scheme
Now for the implicit formulation, the upwind and downwind direction, where the ratio of upwind to

downwind is controlled by 8, where 0 < 6 < 1:
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n+1 n n+1 n+1 n+1 n+1 n+1 n+1 n+1
7 c! c! L cittt —cf ¢l —2¢ T+ ¢
L o L +[9<vx L — L 1>+(1—9)<vx—‘+1 Ax‘ >]—DL L+l (Alx)z -0 (218)
Expanding and rearranging,
A AN o o iy
AL E+9vx A Ov, A + (1 —-0)v, (1-6)v, o
o CEEL L agtt ot
P T P a7 T Py
Simplifying,
1 ZDL
FOE (1) ) n+l
(At ax ¢ ) a2/
1 v D, Dy,
= (g)er + (055 + O )2) it <(A e~ - 0)5) i
Simplifying by using constants v;, a4, g1, and ry
vie!tt = agct + gt (2-19)
where,
1 9 a ) ZDL
V15t T 02

Equation (2-19) is the implicit upwind-down

wind weighted finite difference approximation of the one-

dimensional advection-dispersion equation.

2.3 Numerical stability analysis

A finite difference scheme is considered stable if the errors incurred at a discrete time step are not

propagated throughout the simulation. Assuming a Fourier expansion in space,

c(x,t) = Z ¢ (t)exp(ikpyx)

(2-20)
n
where,
Cln+1 C Lkmx
Czn — f tkmx
Cin—+11 — én 1elkm(x—Ax)
n+l _ a ik (x+Ax
T = CpyqetimHan)

The recursive numerical stability analysis is performed in two parts, firstly it is proved forasetVn > 1,

1€l <161 (2-21)
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Secondly, making the assumption that |¢,,| < |¢,] is true for all time steps, the second part of the

numerical stability analysis is to demonstrate foraset Vn > 1, that
[€n+1l <Gl (2-22)

By examining these two conditions, where the error becomes less over each successive step, the
stability criteria for the numerical scheme can be determined (Gnitchogna and Atangana, 2017;
Atangana, 2015). This method is applied to investigate the stability of the numerical schemes for the

advection-dispersion equation discussed in the previous section.

2.3.1 Explicit upwind

The first-order explicit upwind finite difference approximation of the one-dimensional advection-
dispersion equation was determined to be (Equation (2-8)), and substituting induction method terms
gives,

a, én+1eikmx — bl f‘neik"‘x + ¢ 6neikm(x—Ax) + dléne ik (x+Ax)

Multiple out,

a, 6n+1elkmx — bl énelkmx + o 6n€lkmx€ —iAxkm + dléne lkmxelkmAx

Divide by etkm¥,

A _poa A o —ikmyAx A L ikmAX
A1Cny1 = b1y + 1 Cpe™ M + dy Cpettm (2-23)

The induction numerical stability analysis is performed in two parts; firstly it is proved forasetVn > 1,
1énl <16l
Ifn =0, then

alél = bléo + Clé\oe_lkmAx + dlé\oelkmAx

Simplifying, and remembering that a = Alt

1 ; .
Eél = 60(b1 + Cle_lkmAx + dlelkmAX)

Rearranging,

= At(bl + Cle_ikmAx + dleikmAX)

ﬁ>|>
o’k

A norm is applied,
|¢4]
|Col

< At(|by| + |cle_ikmAx| + |dleikmAx|)

The first condition required, for Equation (2-23), becomes,

|4

|Zo

<1
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Remembering |e™| = 1, the condition becomes

At(|by] + [er| +1dq]) < 1

It can be concluded that |¢;]| < |¢,], when

At(|by| + leg| +1d1]) <1

The term is expanded using the simplification terms associated with Equation (2-8)

At( S P P e Dy )<1 (2-24)
At Ax  (Ax)? Ax  (Ax)? (Ax)?
If the assumption is made, where
1 4 2D, Uy
At (Ax)? ™ Ax
Then,
1 v 2D; vy D; Dy
At(———+ +—+ +—)<1
At Ax  (Ax)?2  Ax  (Ax)?2  (Ax)?2
Simplifying,

1 4D,
At (E + (Ax)Z) <1 (2-25)

For this numerical scheme, the solution is unstable under this assumption. Considering the nature of
the explicit scheme to the use information from the current time step, or initial time step to calculate

the next time step thus imposes these restrictions on the solution.

However, considering the situation where the opposite assumption is made,

1 2D, Vy

t—— <=
At (Ax)?  Ax

Then,
At<_l+&_ﬂ+v_x i+i><1 (2-26)
At Ax  (Ax)?  Ax  (Ax)?  (Ax)?
Simplifying,
At

This condition corresponds to the Courant-Friedrichs-Lewy (CFL) condition (C;) which is a well-known
convergence criterion for the classical advection-dispersion equation when solved using an explicit

finite difference numerical approximation method (Courant et al., 1967; Ewing and Wang, 2001).

Therefore, the first-order explicit upwind finite difference approximation of the one-dimensional

advection-dispersion equation is stable when:
1 2D v
—+ L 2
At (Ax)?  Ax
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Thus, the use of information from the current time step, or initial time step to calculate the next time
step requires that the ratio of groundwater velocity to the cell size be greater than the inverse of the

time step and the ratio of dispersivity to the cell size.

Furthermore for the stability analysis, the assumption that |&,| < |é,] is true for all time steps is made,

and the second part of the numerical stability analysis is to demonstrate for a set V n = 1, that
|Cns1l <16l

Rearranging Equation (2-23),

(b1 + cpetkmbx 4 dleikmAx) ,
n

Cht1 =

a,
Applying a norm on both sides,
(lbll 4+ |Cle—ikmAx| 4+ |dleikmAx|)

laq |

[SHETRS (=

. 1 .
Remembering |e™| = 1anda = v the condition becomes

1€nsa| < AL(|bs| + lea] + [dy]) [énl

Remembering that it has been proven that forasetvVn > 1,
|€nl < 16l

Thus,
|€ne1l <AE(Iby| + leg| + |di]) 1] < AL(|B| + |eq| + [dy]) 16l

and, it can be inferred that
|€neal < AE(by| + leg| + [diDIE]

Thus, the solution will be stable when,

At([by| + leq| +1d1]) <1
The term is expanded using the simplification terms associated with Equation (2-8)

v D
Ax  (Ax)?

+—
At Ax  (Ax)?

1 v 2D
At( X L

+ |(ADXL)2 ) <1 (2-28)

If the assumption is made, where
1 2D, Vy

At (Ax)? ™ Ax

Then,
1 v 2D, vy D; D;
At(———+—+—+—+—) <1
At Ax  (Ax)?  Ax  (Ax)?  (Ax)?
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Simplifying, the condition for |¢,41] < |&,| is similar to the condition determined for |&,,| < [C,],
where the explicit scheme is unstable under this assumption. Conversely, consider the complementary

assumption,
1 4 2D, Uy
At (Ax)?  Ax

Then,

1 v 2D, Uy D, D,

At(——+—"——+—+—+—) > 1

At Ax  (Ax)?  Ax  (Ax)?  (Ax)?

Simplifying,
At <1
’U —
" Ax (2-29)

Thus, the first-order implicit upwind scheme is conditionally stable under this assumption, and similar
to the condition for |¢,| < |é,|, where the solution is stable under this assumption. The use
information from the current time step or initial time step to calculate the next time step requires that
the ratio of groundwater velocity to the cell size be greater than the inverse of the time step and the

ratio of dispersivity to the cell size.

In summary, the first-order explicit upwind finite difference approximation of the one-dimensional
advection-dispersion equation has the following stability criterion (Courant condition) (Equation (2-
29)). Under this assumption and condition, the error of the approximation is not propagated
throughout the solution, but rather decreases with each time step, as according to the induction

method, where for all values of n, |¢,,41| < |&,].

2.3.2  Implicit upwind

The implicit formulation of the first-order upwind finite difference scheme for the one-dimensional
advection-dispersion equation was determined to be (Equation (2-10)), and substituting induction
method terms gives,

A

elén+1elkmx = alcnelkmx + Clén_l_lelkm(x—Ax) + d1@n+1elkm(x+Ax)

Multiple out,
elén+1elkmx — aléne‘kmx + C1€n+1elkmxe_lkmAx + d16n+1€lkmxelkmAx

ixkm

Divide by e ,

A — A A —ikyAx A ik Ax
e1lny1 = a16p + 1617 M + dy Cpy et (2-30)

The induction numerical stability analysis is performed in two parts, firstly it is proved forasetVn > 1,

160l <166l

Ifn =0, then
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6161 = alé\o + Cléle_lkmAx + dlé\lelkmAx

Rearrange,
—ikpAx dlélelkmAx — a1€0

e161 —cqCqe

Simplifying, and remembering that a; = v
51(31 _ Cle—ikmAx _ dleikmAx) — Eéo

Rearranging,
C 1
- At(e; — Cle—ikmAx _ dleikmAx)

A norm is applied on both sides,
1

< i '
At(ley| + |—c e~ *kmbX| + |—d, etkmbx))

=1

|2l

The condition required |é,| < |&,|, thus becomes,

|61
L <1
[Col

™| = 1, the condition becomes
1 <1
At(leg| + leg] + 1d4])

Remembering |e

It can be concluded that |¢;| < |é,[, when
At(ler]| + lei| + 1dq]) > 1

The term is expanded using the simplification terms associated with Equation (2-10)

At(|1+vx 2D e, D +| Dy >>1 (2-31)
At Ax  (Ax)? Ax  (Ax)? (Ax)?
Simplifying,
2v 4D,
Ax  (Ax)? (2-32)

The condition confirms that the first-order upwind implicit scheme is unconditionally stable.

Secondly, making the assumption that |¢,,| < |¢,] is true for all time steps, the second part of the
numerical stability analysis is to demonstrate foraset Vn > 1, that

|1ensal <166l

Rearranging Equation (2-30),
A A —iknAx A ikmAx A
e1Cni1 — C1lppre” "M —dyCpyqe T = ay 6y
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Simplifying,
A aq A
Cn+1 = “ikmbx Tkembay 1
(61 — cre™Hm?* — d, etm?¥)

Applying the norm,
la, | 12,
(leg] + |—cre~thmbx| + |—d; etkmbx|) T

[Cnsal <

. 1 .
Remembering |e™| = 1and a; = v the condition becomes

1
At(leq| + leg| + 1dq )

|€n+1| < |€n|

Remembering that it has been proven that forasetVn > 1,

|10l <166l

Thus,

|Cnsal < |En] < |Col
nH At(leg| + eyl +1d D)™ 7 At(leg] + leg| + |dq]) °

and, it can be inferred that

|Cnsal < |6l

At(leg] + lcq| + 1dql)

Thus, the solution will be stable when,
1

<1
At(leg| + lcg] + 1d4])

It can be concluded that |é,,1| < |&,], when

At(ler] +leq]| +1dq]) > 1

The term is expanded using the simplification terms associated with Equation (2-10)

1 v 2D; Uy D; Dy
At(|—+—"+ =4 + )> 1 (2-33)
At Ax  (Ax)? Ax  (Ax)? (Ax)?
Simplifying,
2o 4D,
Ax  (Ax)? (2-34)

The condition for |é,,1| < |,] is similar to the condition determined for |¢,,| < |é,], where for the

first-order implicit upwind scheme is unconditionally stable.

In summary, the first-order implicit upwind finite difference approximation of the one-dimensional
advection-dispersion equation is unconditionally stable since under these conditions, the error of the

approximation is not propagated throughout the solution, but rather decreases with each time step.
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2.3.3 Upwind Crank-Nicolson scheme
Crank-Nicolson scheme applied for the first-order upwind finite difference scheme approximation for
the advection-dispersion equation was determined to be (Equation (2-13)), and now induction

method terms are substituted to facilitate the stability analysis,

A ikmx — A Likmx A Hlkm(x—Ax A ik (x—Ax Foa ik, (x+Ax
flcn+1e mt = githpem +h1Cne m )+hlcn+1e m )+]1Cne m( )
i A i(x+Ax)k
+j1Cnp g CHAm
Multiple out,
f16n+1elkmx — g1€nelkmx + hlénelkmxe—LkmAx + h16n+1elkmer—lkmAx +j1€netkmxelkmAx
ikmx ,lkmAx

tj1lnsre7 e

Divide by etkmX,

A oo A L —ikmAx A kX | A LikmAX 4 i A ikpdx
filni1 = g16n + hyCpe™ "M + hyCpyqe” "M + i Cret M 4 i Gy ypgetm (2-35)

The induction numerical stability analysis is performed in two parts, firstly it is proved forasetVn > 1,

1Enl < 1Col

Ifn =0, then

f1é1 = 9169 + hyEoe~HmAX 4 hy ¢ e~ tmAY 4 g ethmAX 4 j, ¢ etkmAX

Rearrange,

ikmAx _ ikmdx

fié1 — hyére”kmAx —j ge 9180 + hyéoe™Hmbx + ji Goe
Simplifying,
él(fl _ hle—ikmAx _jleikmAx) — 60(91 + hle—ikmAx +jleikmAx)

Rearranging,
él _ (91 + hle—ikmAX +]1elkmAx)
Co B (fi — hye~thkmbx — j, gtkmhx)

A norm is applied,
|€41 lg1] + |h1e_LkmAx| + |j1elkmAx|
6ol 1fil + [—hye~Hmbx| 4 |—j ethmAx|

The condition required|é,,| < |&,], thus becomes:

|4

— <1
[Col

Remembering |e™| = 1, the condition becomes

lg1| + |hel + 1j1]
If1l + Ayl + 111

<1
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The term is expanded using the simplification terms associated with Equation (2-13)

D, D,
3¢ - 0555 - G+ 05 (B )2)+05<A 7l
‘i+05ﬁ+ D, +05< D, )+05
At T 008 T a2 Bx)? x )2
Simplifying,
Uy 2D;
a7 0

(2-36)

The first-order upwind Crank-Nicolson scheme for the advection-dispersion equation is

unconditionally stable.

Secondly, making the assumption that |¢,| < |&,| is true for all time steps, the second part of the

numerical stability analysis is to demonstrate foraset Vn = 1, that
|€nsal <&l

Rearranging Equation (2-35),

A A —ikpAX _ ;A ikmAX — , A A p—ikmAx 4 ;A LikpAx
filns1 — hiCppre7 " — i Cpyq et = g, 8y + hy e + i Cpettm
Simplifying,
g1 +h16’ ikmAx +] elkmAx
Cn+1 = fi—he —ikmAx — elkmAx Cn

Applying a norm on both sides,
| | |g1| + |hle—ikmAx| + |jleikmAx|
¢ . .
AL+ [—hyemmbX | 4 | —j; efkmAx|

[

Remembering |e™| = 1, the condition becomes

lg1l + hel + 1j1l
[fil + [he| + 11l

|20l

|€n1l

Remembering that it has been proven that forasetvVn > 1,

1Enl <161
Thus,
] Igll+|h1|+|j1|Ié |<|gll+|h1|+|j1||6|
S T A A A N 2 R T S T A e
and, it can be inferred that
lg1l + |hq| + 1jil

|é,41] < — |G|
m Ifil + [hal + 1l °

Thus, the solution will be stable when,
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lg1l + [hel + 1)1l
|1l + 1hy | + )4

<1

The term is expanded using the simplification terms associated with Equation (2-13),

_ D, D,
3 - 0555 - G+ 05 (B )2)+05<A 7l
‘i+05ﬁ+ D, +05< D, )+05
At T OO Rx T ax)Z (Ax)? ax )2
Simplifying,
vxy Dy
ax T a2 (2-37)

Equation (2-37) is similar to Equation (2-36), and thus by following a similar procedure the condition

for |Chs1] < |6, is, unconditionally stable for both perspectives.

2.3.4 Upwind advection Crank-Nicolson scheme

Remembering that the advection-dominated system is the main culprit for the numerical instabilities,
the Crank-Nicolson scheme is applied to the advection term only for the first-order. The upwind
advection Crank-Nicolson scheme is determined to be (Equation (2-15)), and now substituting

induction method terms,
kilppiem* =1 ¢ et*m* 4 m ¢, ehm—80) 4 g ¢ ethkm(+0X) 4 g ¢ l(Xx—AXkm
Multiple out,

klén+1e tkmx — ll énelkmx +my énelkmxe —ikpnAx + dlfnelkmxelkmAx + 04 én+1elkmxelkmAx

Divide by etkm¥,

A — ] A A ,—lkmAx A plkymAx A ik Ax
kiCpi1 = LGy + myCpe™ ™ +dy Cre™m™ + 0166 m (2-38)

The induction numerical stability analysis is performed in two parts, firstly it is proved forasetVn > 1,

160l <160l
If n = 0, then
klél = llé\O + mléoe_lkmAx + dlé\oelkmAx + OlélelkmAx
Rearrange,
klél - OlélelkmAx = lléo + mléoe_lkmAx + dléoelkmAx
Simplifying,

c“l(k1 - OleikmAx) — @0(11 + myetkmbx | dle”‘mAx)

Rearranging,
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A1 B ll + mle—tkmAx + dlelkmAx

kl —04e ikmAx

(@}
o

The norm is taken on both sides,

|61| |l1| + |mle—ikmAx| + |dleikmAx|
|0l k1| + |—01etkmbx|

The stability condition required |&,| < |&,], develops to,

|44

— <1
[Col

Remembering |e™| = 1, the condition becomes

[l |+ [mq| + |d4]
lki| + [oq]

The termis expanded using the simplification terms associated with Equation (2-15)

v 2D v, D D
A A2 2 2
t x| ™ @2 eyl _ (2-39)
= Yx Yx
|At +05 Ax| +]os |
If the assumption is made, where
1 2DL So. 5 Uy
(A )?
Then,
1 vy , 2D D; D,
At~ 05axt (A 2 to 5%+ (Ax)2 )2 -1
+ 0.5 5% + 0.5 5%
Simplifying,
4D, < Vy
(Ax)? " Ax (2-40)

Under this assumption, the upwind advection Crank-Nicolson scheme for the advection-dispersion

equation is conditionally stable.

However, if the complementary assumption is made, where

L (i §2<05&
Then,
+05Ax %+O'5K_§+(AI)TL)Z+(AZ)TL)Z<1
%*’0'5%*’0'5%
Simplifying,
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a0 (2-41)

Under this assumption, the upwind advection Crank-Nicolson scheme for the advection-dispersion

equation is unconditionally stable.

Secondly, making the assumption that |¢,| < |é,| is true for all time steps, the second part of the

numerical stability analysis is to demonstrate foraset Vn = 1, that

|18nsal < 1Col

Rearranging Equation (2-38),

k1€n+1 - 016n+1elkmAx = llén + mléne_lkmAx + dlé\nelk‘mAx
Simplifying,
X ll + mle—LkmAx + dlelkmAx .
C = - C
n+1 kl _ ole‘kmAx n

A norm is applied to,
|l1| + |mle—ikmAx| 4+ |dleikmAx|

¢ < : ¢
Remembering |e™| = 1, the condition becomes
n ||+ Imy| + 1dq]
¢ < ¢
| n+1| |k1| + |01| | nl
Remembering that it has been proven that forasetvVn > 1,
1€nl <16l
Thus,
I |<|l1|+|m1|+|d1||6 |<|ll|+|m1|+|d1||6 |
1
n k1] + |o4] " lk1] + [oq] ?
and, it can be inferred that
I |<|ll|+|m1|+|d1||6 |
+1
" lk1] + [oq] ?
Thus, the solution will be stable when,
L]+ |my| +|d
L] + Imq| + |d4] <1

lk1| + o]

The term is expanded using the simplification terms associated with Equation (2-15)

1 v, 2D, Uy D; | D,

‘At 058 T o)zl T %0 ax T @zl T a2 -1 (2-42)
1 Vy Vy
|3z + 05 2% + 0.5 5%
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Equation (2-42) is similar to Equation (2-39), and thus by following a similar procedure the condition

for |Cpe1] < |€,| becomes,

4D, Uy
(Ax)? ~Ax
under the assumption
! + 2Dy > 0.5 x
At - (Ax)? T Ax
And, if the opposite assumption applies
! + 2Dy < 0.5 x
At (Ax)? T Ax

then, the first-order upwind advection Crank-Nicolson scheme for the advection-dispersion equation

is unconditionally stable.

In summary, the first-order upwind advection Crank-Nicolson finite difference approximation of the

one-dimensional advection-dispersion equation has the following stability criterion,
4D v
—Lz < =
(Ax)?  Ax

Under these conditions, the error of the approximation is not proliferated throughout the solution.

2.3.5 Explicit upwind-downwind weighted scheme
The explicit first-order upwind-downwind weighted finite difference approximation of the one-
dimensional advection-dispersion equation was determined to be (Equation (2-17)). Substituting

induction stability analysis method terms,
a16n+1eikmx — plé\neikmx + qlé\neikm(x—Ax) + rlé\neikm(x+Ax)
Multiple out,

a, 6n+1elkmx =p; 6nelkmx + qlénelkmxe_LkmAx + Tlfnelkmxe ikmAx

Divide by etkmX,
a1Cpyq = P16y + qi e KmbY 4 & etkmbX
1tn+1 = P1tn T q16n 1Cn (2-43)

The induction numerical stability analysis is performed in two parts, firstly it is proved forasetVn > 1,

160l <160l

Ifn =0, then
a1 61 = P16y + g1 6pe~KmAX 4 ) Gy ethkmbx

Rearrange,
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a;6; = p; &y + q16pe~HmAY 4 1y ¢ etkmAX

Simplifying,
a;6; = &o(py + qre~Hmh* 4 1y ethmbx)
Rearranging,
"1 pl + qle—ikmAX +T1€lkmAx

(93

0 a;

Applying the norm on both sides,
61 Ipsl + |CI1€_ikmAx| + |T19ikmAx

1%l las |

The condition required can be expressed as,

|44

<1
[Col

. 1 .
Remembering |[e™| = 1and a; = v the condition becomes

At(lps] + lq1] + ) <1

The term is expanded using the simplification terms associated with Equation (2-17)

v v
| = 1-6)-=

axt |(A )2 Ax

At(l 9 +(1 9) 2Dy
At Ax (Ax)2

C Ax)z ) <1 (2-44)

If the assumption is made, where

1+(1 9) > 2D,
At (A )%’

and

D;
ox )2 > (1-— 9)—
Then,

1 Vy Vy 2D, Vy D, D, Vy
At <<A_t AT RAC v (Ax)Z) (o5t (Ax)Z) * ((Ax)z - H)A_x)) <1

Simplifying,
At (1 Uy Uy Uy v 2D, D; D; ) 1

——0=+0—=+(1-0)—=-(1-6)—

— 2-45
At Ax Ax Ax Ax  (Ax)? + (Ax)? + (Ax)? ( )

Under these assumptions, the first-order explicit upwind-downwind weighted scheme for the one-
dimensional advection-dispersion equation is highly unstable. Conversely, if the assumptions are

made, where

i+(1—9)—<9— 2D,
(ax)?
and
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D;
@ <005

Then,

At((_%wz_;_(1_9>Z_;+%)+(QZ_§+£TL)Z)+( e %))q

Simplifying,
At( L g +9 1 9) —+a 9) P Dy ><1
At Ax (Ax)2 (Ax)2 (Ax)?

(2-46)

(9— + (iiﬁz) <1

Under these assumptions, the first-order explicit upwind-downwind weighted scheme for the one-
dimensional advection-dispersion equation is conditionally stable, when 8 < 1. Thus, under these
assumptions, the weighted explicit upwind-downwind scheme (0 < 8 < 1) and the full downwind

scheme (6 = 0) are stable. Yet, the full upwind scheme (6 = 1) is invalid under these assumptions.

Secondly, making the assumption that |&,,| < |C,] is true for all time steps, the second part of the

numerical stability analysis is to demonstrate foraset Vn = 1, that

[€n1l < G0l
Remembering Equation (2-43), and simplifying,

A — A —iknAx ikmAx
a1Cniq = Cp(p1 + qre” "M + 1 ettmfr)

X P+ qle—lkmAx + TlelkmAx X

Cnt1 = ¢
n al n

Applying a norm,

lp1| + |Q1e_ikmAx| + |7’1e.

la|

[SFETIRS [

. 1 .
Remembering |e™| = 1and a; = v the condition becomes

|€nsa| < At(Ipal + lgal + |71 D1énl

Remembering that it has been proven that forasetvVn > 1,

160l <160l

Thus,
|6ns1l < At(|p,| + |a,| + IraD)12.] < at(|p,| + |q,| + I711)18,]

and, it can be inferred that
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|Cnsal < At(|py| + gy | + 1m11)16

Thus, the solution will be stable when,

At(Ipr] + lga] + ) <1

The term is expanded using the simplification terms associated with Equation (2-17)

Uy 2D, | Ux Uy
At | |—— 9 — —_——— —-0)—
<| Ax Gy )Ax (Ax)? )

* v RECY

(Ax)2 |(A 2

Equation (2-47) is similar to Equation (2-44), and thus by following a similar procedure the explicit

weighted upwind-downwind numerical scheme is unstable under the assumptions,

1 2D; vx
—+(1—9)— (ox )2>9
and
D 9

Yet, is conditionally stable, when 8 < 1, under the assumptions

1 2D; vx
—+(1—9)— (ox )2<9
and
D 9

In summary, the weighted explicit upwind-downwind numerical scheme for the advection-dispersion
equation for 0 < 8 < 1is conditionally stable. Yet, under certain assumptions the extreme cases of

the full upwind scheme (8 = 0) are invalid.

2.3.6 Implicit upwind-downwind weighted scheme
The first-order upwind-downwind (implicit) weighted finite difference approximation of the one-
dimensional advection-dispersion equation was determined to be (Equation (2-19)). Now, substituting

induction method terms to assess the stability of the scheme,
V1 lpprem® = a;épetfm¥ 4 g8y, emOTA) e ethm(HAN)

Multiple out,

vy €n+1€lkmx =a énelkmx + Q1én+1e lkmxe—LkmAx + 17y €n+1elkmxelkmAx

ikmx
’

Divide by e

A — A A —ikmAx A ik Ax
V1lnt1 = Q1Cp + q1Cpyr€ "M F 1™ (2-48)

The induction numerical stability analysis is performed in two parts, firstly it is proved forasetVn > 1,
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1énl <18

Ifn =0, then
vlél = alé\o + qléle—lkmAX + TlclelkmAx
Rearrange,
77161 - qléle_lkmAx - T'lélelkmAx = aléo
Simplifying,
A —ikmAx ikmAx — A
01(171 —q.e T —retm ) = ¢o(ay)
Rearranging,
G_ e
60 q e~ tkmAx _ rleikmAx
Applying a norm,
€41 laq|

1o

The stability condition necessary |&,| < |&,|

Remembering |e™| = 1and a; =

, becomes:

|44

— <1
[Col

1

1 .
—, the condition becomes

At(lvg] + [q1] + |71 ])

It can be concluded that |&;| < |&,], when

At(Jvg| + lgel + I ) > 1

The term is expanded using the simplification terms associated with Equation (2-19)

V2] + [~ queTond¥] & [y eond®

1 v 2D, Vy D, D, Vy
At<|— 0—-—(1-60)—+— |9— | - 1—9—)>1 2-49
At+ Ax ( )Ax+(Ax)2 * Ax+(Ax)2 + (Ax)? ( )A ( )
If the assumption is made, where
! v’“ > (1 9)
At (A )2
and
vx
1 A
o> =05
Then,
1 v v D, D; Uy
At ( 6-—=—(1 —= ) (9—’“ ) ( - 1—9—) >1
<At+ a7 ) o) T T amor) T\ 9%,
Simplifying,
2
— (26 -1 >1 2-50
(20— 1)+ 7> (2-50)
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Under these assumptions, the first-order implicit upwind-downwind weighted scheme for the one-

dimensional advection-dispersion equation is conditionally stable, where 8 > 0. When 8 > 0, the

solution becomes the weighted upwind-downwind solution, while when 8 = 1, the solution becomes

the upwind formation. When 8 = 0, the solution becomes the downward formulation of the

advection, and this is shown to be numerically unstable under these assumptions.

On the other hand, if the assumptions are made, where

LA <@ 9) + 2D
At ' Ax T a7

and

D;
ox )2<(1—9)—

At((‘%_gz_i“ —H)Z—i—(ii§2)+<02—’;+(f;)2>+< (AD)2+( _3)_>> > 1

Simplifying,
(1-

(2-51)

Under these assumptions, the first-order implicit upwind-downwind weighted scheme for the one-

dimensional advection-dispersion equation is conditionally stable, where 8 < 1. When 8 = 0, the

solution becomes the downward formulation of the advection, while when 0 < 8 < 1, the solution

becomes the weighted upwind-downwind solution. When 8 = 1, the solution becomes the upwind

formation and is numerically unstable under these assumptions.

Secondly, making the assumption that |¢,| < |¢,| is true for all time steps, the second part of the

numerical stability analysis is to demonstrate foraset Vn = 1, that
[€nal < G0l

Remembering Equation (2-48),
A oA A —ikmAx A ikmAx
ViClny1 = A1Cp + q1Cpyi€ M7 + 1l

Simplifying,

A —ikyAx ikmAx) — , A
Cn+1(171—CI1e met—rem )_alcn

a

Cn+1 = —gqe —ikpmAx _ r elkmAx Cn

Taking the norm on both sides,
la|

C
[orT + e T 4 et 0

|pe1l <

. 1 .
Remembering |e™| = 1and a; = v the condition becomes
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1
At(lvg| + lgel + 11D

|6n+1| < |6n|

Remembering that it has been proven that forasetvVn > 1,
1€nl <16l

Thus,
1

At(lvg| + lgel| + [ D)

|én+1| < |€n| |6o|

<
At(lvg| + lqq | + |m1])

and, it can be inferred that
1

At(lvg] + [q1] + |r])

A

[

[Cnsal <

Thus, the solution will be stable when,
1

<1
At(lvg| + lge| + 14D

It can be concluded that |&,,1| < |&,], when
At(lvg| + 1qq| + ) > 1

The term is expanded using the simplification terms associated with Equation (2-19)

D,
(Ax)?

Uy DL
+ 60—+
Ax  (Ax)?

1 v v 2D,
At(|— 0-=—(1-6)—
At + Ax ( )Ax * (Ax)?

+| (1—9)Z—’;)>1 (2-52)

Equation (2-52) is similar to Equation (2-49), and thus by following a similar procedure the condition

for |Cpe1l < |E,| becomes,

20 -1) + 2Dy
Ax (Ax)?

when the first assumptions are made.

And, similarly, the condition for |&,,.1| < |¢,| becomes,

1-0) 285 1
Ax

when the second set of assumptions are made.

In summary, the weighted implicit upwind-downwind numerical scheme for the advection-dispersion
equation for 0 < 8 < 1 is conditionally stable. Yet, under certain assumptions, the extreme cases of

the full upwind scheme (6 = 0) and full downwind (6 = 1) are unstable under certain assumptions.
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2.4  Comparison of numerical schemes stability conditions

Traditional upwind numerical schemes for the one-dimensional advection-dispersion equation, as well
as new upwind numerical schemes, are developed and subjected to numerical stability analysis using
the recursive method. The stability conditions and related assumptions are tabulated for the

traditional approaches in Table 2-1, and for the new schemes in Table 2-2.

The first-order explicit upwind finite difference scheme is found to be unstable for the first assumption
made, and conditionally stable for the second assumption, where the condition found is the Courant
condition traditionally applied for explicit finite difference schemes (Table 2-1). The correspondence

to the Courant condition for this scheme validates the stability analysis method used.

The first-order upwind implicit finite difference scheme is unconditionally stable for all conditions. The
first-order upwind implicit scheme is more stable than the explicit formulation, which is typically the
case when comparing explicit and implicit formulations. However, implicit schemes tend to

compromise on accuracy to achieve the improved stability.

The first-order upwind Crank-Nicolson finite difference scheme is found to be unconditionally stable,
and thus the combination of the first-order upwind numerical scheme with the Crank-Nicolson
numerical scheme applied to the entire advection-dispersion equation is appropriate. This leads on to
the next numerical scheme to be analysed, where now the Crank-Nicolson scheme is only considered

for the advection term of the advection-dispersion equation (Table 2-1).

The newly proposed upwind advection Crank-Nicolson finite difference scheme is conditionally stable
for the first assumption made, and unconditionally stable for the second assumption (Table 2-2). Thus,
it can be concluded that an upwind and advection Crank-Nicolson scheme only applied to the

advection term of the advection-dispersion equation is appropriate under certain conditions.

Furthermore, a weighted upwind-downwind finite difference numerical scheme is proposed for the
one-dimensional advection-dispersion equation. The explicit weighted upwind-downwind scheme is
found to be unstable for the first assumption made, yet unconditionally stable for the second

assumption (Table 2-2).

The weighted explicit upwind-downwind numerical scheme for the advection-dispersion equation for
0 < 6 < 1isconditionally stable. Yet, under certain assumptions the extreme cases of the full upwind
scheme (8 = 0) are unstable. The weighted implicit upwind-downwind numerical scheme for the
advection-dispersion equation for 0 < 8 < 1 is conditionally stable. Yet, under certain assumptions,
the extreme cases of the full upwind scheme (8 = 0) and full downwind (8 = 1) are unstable under

certain assumptions (Table 2-2).
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When comparing the explicit first-order upwind scheme with the explicit weighted first-order upwind-
downwind scheme, both solutions have an instability under one assumption, However, the explicit
weighted first-order upwind-downwind scheme is unconditionally stable for the second assumption
for certain weighting, while the explicit first-order upwind scheme is conditionally stable. From a
comparison on stability, the new explicit weighted first-order upwind-downwind scheme is an
improvement on the explicit first-order upwind scheme for the finite difference method of numerical
approximation. Considering that generally explicit formulations are less stable, the weighted approach
could improve the stability of the scheme while retaining the accuracy advantages of the explicit
formulation.

Table 2-1 Traditional upwind numerical schemes for the one dimensional advection-dispersion equation
with associated assumptions in the numerical stability analysis and the resulting stability conditions

Scheme Numerical approximation Assumptions Stab.ll!ty
condition
1 2D; Uy
. (i) cMHl = (l U 2D, )c-" At + W > Ax Unstable
Explicit | \At/ At Ax  (Ax)?) P

Upwind Vy D, D, At
* (E * (Ax)2> et <(Ax)2) G | 1 2D e v o<1

(Ax)2 X

Conditionally stable

(1 Vy ZDL) 1

At Ax ' (Ax)2) e 4D o
Implicit 1\ . (W Dy \ 41 No assumptions | Ax = (Ax)2
. =\ Ci —+ 2 C; . d
Upwind At x - (Ax) require Unconditionally
+ i cntl stable
(Ax)z i+1
( ! + 0. 5 — + >Cn+1
At (Ax)? -
1 Ux DL n UX L
i =(——-05————=]¢ —+ >0
Ug::::fj <At “Ax (Ax)2> < No assumptions Ax  (Ax)?
D, D, required o
Nicolson +0.5 ( ) + 0.5 ( ) C"+1 Unconditionally
(Ax)? fi-1 (Ax)? stable

+05((A )2) l+1+05((AD)2> i

Interestingly, the implicit weighted first-order upwind-downwind scheme is not more stable than the
implicit first-order upwind scheme. This is contrasting to the usual trend where implicit formulations
are more stable than explicit formulations. It would thus appear that the explicit weighted first-order
upwind-downwind scheme is dependent on dispersivity, cell size and time step; while the implicit
weighted first-order upwind-downwind scheme is dependent on chosen weighting factor (6).

However, if an appropriate weighting factor is selected the scheme is stable under all assumptions.
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In summary, based on the stability analysis solely, an upwind and Crank-Nicolson scheme is
appropriate when the Crank-Nicolson scheme is applied to the advection term of the advection-
dispersion equation. Furthermore, the proposed explicit weighted first-order upwind-downwind finite
difference numerical scheme is an improvement on the traditional explicit first-order upwind scheme,
while the implicit weighted first-order upwind-downwind finite difference numerical scheme is stable

under all assumption when the appropriate weighting factor (8) is assigned.

Table 2-2 New upwind schemes for the one dimensional advection-dispersion equation with associated
assumptions in the numerical stability analysis and the resulting stability conditions

Scheme Numerical approximation Assumptions Stability condition
4D,
1 2DL Ux _L < v
1 e\ ni1 1 Uy 2D, N + 5> 05— Ax x
Upwind (E +05 E) G = <E —-05 Ax + (Ax)z) Ci (Ax) Ax Conditionally stable
advection ( Vy D, ) n ( D, ) n
+105—=+ ity t c;
Crank- Ax  (Ax)%) 7 \(Ax)z) Tt
Nicolson DY nta
> <0. 5— At
(A ) Unconditionally stable
Uy Vy 2D,
1 —+(1-0)-—=>0—-+—3
(At) chtl At . Ax Axv (Ax)? Unstable
Explicit =(i_9_+(1 gy % _ 2D, )c-" oz > =03,
upwind- At Ax  (Ax)?/
i v, D
downwind +( R )c-"
weighted (Ax)?
scheme D, &) n 1 v, v, 2D,
+<—(Ax)2 ¢! H)Ax Civ1 E+(1_9)E<GE+_(AX)2 At(gz_z+(ii;~2)<1
L Vy .
= —9)= Conditionally stable
ax)? <(1-6) Ax y
1 vx 2Dy
—+ 9 >(1- 9)—
At Ty 220 1)+ (ii)g >1
Implicit (i +ox 1- 9) et — )c"+1 (A )2 > - 6)_ Conditionally stable
: At ' Ax (Ax)?
upwind-
. 1 vx D 1
downwind (—)c + (9 ) n
. At (A )?
weighted 1 2D
_ _ X\ n+1 - Zx _ L
scheme <(A E 1-0) ) i v + 9 < (1 9) (A @07 vat
s (1-0)=
)2 <(1- 9)_ Cond|t|ona||y stable
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2.5 Numerical simulation

The developed numerical schemes have been assessed based on the stability analysis performed. To
supplement the analysis a simulation using these schemes is performed to additionally assess the
computational times and practicality. A generic one-dimensional transport problem is made use of for
the simulation (Figure 2-1). The velocity within the aquifer is constant at 0.5 m/d, the hydrodynamic
dispersivity in the x-direction is 0.3 m?/d, and the initial contaminant concentration is 10 mg/I. The

initial condition and boundary conditions for the defined problem are:

c(x,0) = 0mg/l x=0
c(0,t) = 10 mg/l - t=0
c(L,t) = 0mg/l t=0

conc (mg/l) '

x (m) 30

Figure 2-1 Generic one-dimensional transport problem, where an initial contaminant concentration in an
aquifer is simulated along a single line in the x-direction.

The numerical schemes described in Section 2.2 are applied to this problem, and coding the numerical
approximations in the software program Scilab, the resulting breakthrough curves are displayed for in
Figure 2-2 to Figure 2-8. The codes for each numerical scheme are provided in Appendix A. The
traditional first-order upwind (implicit and explicit) schemes are included as a base with which to

compare the newly developed schemes. The traditional upwind explicit formulation is unstable at
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early times (Figure 2-2), and corresponds to the stability analysis where no unconditionally stable
condition was found (Section 2.3.1). The traditional upwind implicit formulation is stable (Figure 2-3),
and confirms the stability analysis where the scheme is found to be unconditionally stable under

certain assumptions (2.3.2).

A combination of the traditional upwind and Crank-Nicolson schemes are considered as a foundation
with which to compare the newly developed upwind advection Crank-Nicolson schemes (explicit and
implicit). The combination of the traditional upwind and Crank-Nicolson scheme is found to produce
the expected breakthrough curve, but with instabilities at early times (Figure 2-4). However, the
stability analysis did not indicate instabilities for this formulation (Section 2.3.3 and 2.4). The explicit
formulation of the advection-specific upwind Crank-Nicolson combination is also found to be unstable
(Figure 2-5), yet the implicit formulation improves the instabilities where the instabilities smooth out

quicker (Figure 2-6).

The developed weighted upwind-downwind formulation is simulated for this generic transport
problem in Figure 2-7 (explicit) and Figure 2-8 (implicit). The weighting factor (8) provides a means to
adapt the scheme, and the simulated breakthrough curve for variable weightings is displayed.
Incorporating the weighted component of the downward scheme for the explicit formulation creates
instabilities in the solution where increasing the weighting artificially reduces the plume extent (Figure
2-7). Thus, for this specific transport problem, the weighted explicit formulation is not an
improvement on the traditional explicit upwind formulation. However, the stability analysis found that
for some cases/assumptions the weighted upwind-downwind formulation could improve the stability
of the scheme while retaining the accuracy advantages of the explicit formulation. The weighted
upwind-downwind implicit formulation is stable for all theta values (Figure 2-8), yet the solution has
some variability with the theta value. Thus, this formulation could provide a more flexible solution to

calibrate and match the simulated break-through curve with the measured concentrations.

The computational times for each of these schemes is considered for this simple 1D transport
problem. The computational times recorded in Scilab for each scheme are reported in Table 2-3. For
all the schemes, the implicit formulations had a slightly higher computational time, which can be
expected due to the additional inverse simulation required for implicit formulations. The advection
Crank-Nicolson schemes had the highest computational times, and the weighted implicit is slightly
quicker than the traditional upwind implicit scheme. The difference in computational times on this

scale are small, but for a larger complex 3D system, these differences could become substantial.
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Figure 2-2 Simulated breakthrough curve of concentration (concentration against distance) for the First-
order upwind explicit numerical scheme
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Figure 2-3 Simulated breakthrough curve of concentration (concentration against distance) for the First-
order upwind implicit numerical scheme
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Figure 2-4 Simulated breakthrough curve of concentration (concentration against distance) for the First-

order upwind Crank-Nicolson numerical scheme
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Figure 2-5 Simulated breakthrough curve of concentration (concentration against distance) for the First-

order upwind advection Crank-Nicolson (explicit) numerical scheme
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Figure 2-6 Simulated breakthrough curve of concentration (concentration against distance) for the First-
order upwind advection Crank-Nicolson (implicit) numerical scheme
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Figure 2-7 Simulated breakthrough curve of concentration (concentration against distance) for the First-
order upwind-downwind weighted (explicit) numerical scheme with variable theta (@) values from 1 (black),
0.9 (blue), 0.6 (dark blue), and 0.1 (green)

43



Concentration (mg/l)

T T ~ 1 "~ 1 "~ 1~ 1 1 1 "1
o] 2 4 5] a 10 12 14 18 12 20 22 24 26 28 30

Distance (x-axis) (m)

Figure 2-8 Simulated breakthrough curve of concentration (concentration against distance) for the First-
order upwind-downwind weighted (implicit) numerical scheme with variable theta (@) values from 1
(green), 0.5 (dark blue), and 0.1 (black)

Table 2-3 Computational times (in nanoseconds) for each numerical scheme investigated

. . . Computational time (ns — Nano seconds)
Numerical approximation scheme
1 2 3 Average
Upwind (explicit) 1.093 1.015 1.328 1.15
Upwind (implicit) 1.531 1.578 1.421 1.51
Upwind-Crank-Nicolson (full) 1.531 1.390 1.406 1.44
Upwind-Crank-Nicolson (advection-explicit) 2.250 1.656 1.328 1.74
Upwind-Crank-Nicolson (advection-implicit) 2.265 1.859 1.703 1.94
Weighted upwind-downwind (explicit) 1.375 1.453 1.390 1.41
Weighted upwind-downwind (implicit) 1.421 1.437 1.593 1.48

In general, the implicit formulations are more numerically stable, yet have slightly higher
computational times. The first-order upwind advection Crank-Nicolson (implicit) scheme is an
improvement on the combination of the traditional upwind and Crank-Nicolson schemes, yet runs
slightly longer. The weighted implicit upwind-downwind scheme is an improvement on the traditional
upwind scheme for the considered system as theta provides a more flexible solution and the

computational times are slightly faster.
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2.6 Chapter summary

In this chapter, the limitations identified with the advection-dispersion equation, especially with
respect to fractured systems, are improved within the local or traditional space by applying
augmented upwind numerical approximation schemes that are better suited for advection-dominated
fractured systems. A numerical scheme combining the traditional upwind and Crank-Nicolson
schemes is developed, along with new schemes including the advection-specific upwind Crank-
Nicolson combination, and weighted upwind-downwind schemes. The developed numerical schemes,
along with the traditional approaches for comparison, are analysed for stability using the recursive
stability analysis method, applied to a simple one-dimensional transport problem, and computational
time assessment. From these analyses, the implicit formulations are found to be more stable and
practically viable, and the new advection Crank-Nicolson and weighted upwind-downwind schemes
are found to be improvements from the traditional methods. Thus, the augmented upwind schemes
have the potential to improve the simulation of the local advection-dispersion equation for fractured
systems. However, these improves do not address the problem of anomalous diffusion and therefore

in the following chapters the reformulation of the advection-dispersion equation will be investigated.
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3 FRACTAL ADVECTION-DISPERSION
EQUATION

The typical application of a Fickian advection-dispersion transport equation to model groundwater
transport depends on the availability of information to characterise the physical system in its entirety.
Yet, where preferential flow pathways (fractures, faults or dykes) are present there is often
inadequate data to accurately characterise the heterogeneity of these systems. Thus, when there is
an incomplete characterisation of heterogeneity, the classical Fickian advection-dispersion transport
equation is unable to simulate the observed plume movement accurately. The dissimilarity between
the modelled and measured plume is commonly referred to as anomalous diffusion, because the
plume diverges from the Fickian model of groundwater transport (Zheng and Bennett, 2002; Pickens

and Grisak, 1981).

Describing the heterogeneity of a system is complicated by dispersivity increasing with the scale of
measurement (Freeze and Cherry, 1979; Pickens and Grisak, 1981; Molz et al., 1983; Neuman, 1990;
Zheng and Bennett, 2002). Solutions to the dispersivity scale-dependency problem include
establishing scaling relationships (Pickens and Grisak, 1981), or models incorporating fractures (or
preferential flow pathways). Modelling methods to physically include preferential pathways include
the dual porosity model; random array of fractures; multiple continuum; and others (Acuna and
Yortsos, 1995; Cello et al., 2009). Yet, these models cannot account for the fractal nature of fractured

systems. Fractal geometry and fractured systems were originally associated in 1985 for a nuclear
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waste disposal site investigation (Barton and Hsieh, 1989), and since several authors have validated

the relationship (Cello et al., 2009; Rodrigues and Pandolfelli, 1998; Roy et al., 2007; Borodich, 1999).

An alternative approach to overcome the difficulty of defining dispersion is to reformulate the
traditional advection-dispersion equation into fractional advection-dispersion equations, where
fractional-order derivatives are used rather than integer-order derivatives (Benson, 1998).
Formulating the transport equation in terms of fractional derivatives can account for non-Fickian long-
tailed breakthrough curves and improves the simulation of anomalous diffusion (Chen et al., 2010),
yet has also proven to be susceptible to scale-dependency problems in three-dimensional natural

porous media applications (Lu et al., 2002).

Considering the current limitations of transport modelling, especially in fractured groundwater
systems, a fractal groundwater advection-dispersion transport equation is developed to provide a tool

to simulate anomalous diffusion in these systems.

Fractal differentiation is discussed in terms of the fractal derivative and the fractal integral. The fractal
derivative is commonly used and known, yet the fractal integral is developed in this paper along with
the appropriate theorem and proof. The numerical approximation of the fractal derivative and integral
are given, where Simpson’s 3/8 Rule and Boole’s Rule for numerical integration are applied for the
fractal integral. Upon the given foundation, the fractal advection-dispersion transport equation is
formulated to develop a new groundwater transport model. The qualitative properties of the new
groundwater transport model are investigated to determine boundedness, existence and uniqueness
of the solution. To validate the developed fractal advection-dispersion equation, a numerical
simulation is performed with different fractal dimensions to demonstrate the applicability of the

model to fractal groundwater systems.

3.1 Fractal differentiation

3.1.1 Fractal derivative

A fractal derivative and conventional integer-order derivative are different in that the integer-order
derivative represents the change of a function (dependent variable) with the change of another
quantity (independent variable) in ordinary space, while the fractal derivative represents the ratio of
change of two quantities in a fractal space. The fractal derivative can be defined by transforming
standard integer dimensional space-time (u, t) into fractal time (u, t%) (Chen et al., 2010a; Chen et
al., 2010b; Cheng, 2016):

u lim u(t) —u(ty) 20 (3-1)

t®  tot;  t* —t&
where,
a denotes fractal dimension of time.
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Furthermore, the fractal derivative can be defined by transforming the standard dimensional space-

time (u, t) into fractal space-time (u?, t%) (Chen et al., 2010a):

ouf  uP) —uf(ty) (3-2)
T “>0p>0

where,
B denotes fractal dimension of space.

3.1.2 Fractal integral
The fractal integral or antiderivative can be determined by considering the fractal time derivative of a

function, and assuming that the derivative is known and denoted by a function u(t):

dt“f(t) = u(t) (3-3)

Expanding and approximating the fractal derivative contributes,

f@ - f(t)
Sy O (3-4)

Multiply the fractal derivative by a unity,

fO—-ft) (-t _ (3-5)
te —t,@ (t — t1> =u®)
Rearrange,
f() = f(t1) t—t
t—t, % (t“ — t1“) =u®) (3-6)

Recognising the left component is the integer-order derivative (f'(t)), and taking the inverse of the

inverse,
10 x| e | = u® 37)
t*— 6% |
t - tl
Simplifying,
1

— 3-8
f(t)><( = 1) () (3-8)

Rearranging,
() = at* 1 u(t) (3-9)

To further solve Equation (3-9) the Laplace transform (£) is applied,

L{f' ()} = L{at*  u(t)} (3-10)
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Remembering the Laplace transform of an integer-order derivative:

SL{f(O)} = f(0) = L{at*  u(t)} (3-11)
Rearranging, simplifying and dividing by the Laplace space (8):
LIFD)} = %L{t“‘l u(®)} + @ (3-12)

The inverse Laplace transform is applied to convert back from the Laplace domain:

a £(0)
LML ON = L7 | LEe* T u(®)} +—— (3-13)
The convolution theorem provides the inverse transform of the product of two transforms.
Considering two functions f and g, which are piecewise continuous on t = 0, the Laplace transform
is (Logan, 2006):

L(f = g)(8) = F(8)G(8) (3-14)

The convolution of f and g is:

(f * g)() = f F@) gt —1) dr (3-15)
0

and, the inverse Laplace transform is thus:

LTYFG)(8) = (f * g) (1) (3-16)

The Laplace transform is additive, but not multiplicative. This means that the Laplace transform of a
product is not the product of the Laplace transforms. The convolution theorem gives the transform
required to get a product of Laplace transforms, i.e. the convolution (Logan, 2006). Applying the

convolution theorem to Equation (3-13):
t

O =a [ f@ dr + £O) 317)
0
Thus, the fractal integral can be defined as:
t
GIE O = a [ =7 £ de (3.18)
0

Theorem: Let the function (f) be differentiable in an open interval I. Then the fractal integral of the

function (f) is given as:

FIZ f(t) = aj 71 (1) dt (3-19)

0

proof: 1 (1 /(D)) = F(®) = £(0)
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Consider the definition of the fractal integral (Equation (3-19) for a fractal-order derivative function:

Fra d — ' o1 d
pif gge /@ ) = o [ v @ ar (320)

Remembering that the fractal derivative can be expressed as —f(t) = f'(¢t) ( ) (Equations

ta-1

((3-4) to (3-8)):

fie (%f(t)>=a jo w1 (@) () d (3-21)

Simplifying,

Fra d _ L )
olt (Wf(t)>—f0 f(@dr (3-22)

Applying the integral from t to O:

rya ( e f(t)> f@© - £(0) (3-23)

Secondly, the following is considered for the proof— (512F () = f(t)

Let the new function F be defined as F(t) = §I& f(t):

d d
Applying the definition of a fractal derivative (Equation (3-1)):

iF(t) lim F(t) — F(ty) (3-25)
dt@ Ctot tY—td
Remembering that the fractal derivative can be expressed as —f(t) = f'(t) ( pre= 1) (Equations

(3-4) to (3-8)):

d
o F@® —F(t)( =1 (3-26)

Substituting back the new function F, where F(t) = §I&f(t),andand F' = —

CLF () = (A 0 (o) (3-27)

Consider the definition of the fractal integral (Equation (3-19)):
Loy =L ft“‘l()d ( ! )
= T T)dt -2
qea EfO=glaf S —a (3-28)
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Simplifying using the fact that — (fo JiO) d‘r) f(:

d ,
£ = @t (0 () (329
= f(®)

This completes the proof.

3.2 New groundwater transport model in a fractured aquifer with self-similarities

Groundwater transport within a fractured aquifer with a fractal nature exhibiting self-similarity cannot
be accurately simulated by the classical Fickian advection-dispersion transport equation due to: 1) lack
of a detailed characterisation of the fracture network and heterogeneity of the system, and 2) the
occurrence of subdiffusion and superdiffusion (limitation of the mathematical formulation). Because
the information to characterise such a system to an appropriate level of detail is often not available,
and the advection-dispersion equation cannot account for anomalous diffusion, most applications fail

to accurately simulate the observed contaminant transport.

The limitations of the classical advection-dispersion equation have motivated alternative non-local
conceptualisations of flow and transport, and various methods for addressing scale and space-time
dependencies. Unconventional methods include stochastic averaging of the classical advection-
dispersion equation, multiple-rate mass transfer method, continuous time random walk method, time
fractional advection-dispersion equation method, space fractional advection-dispersion equation
method, and others (Zhang et al., 2009). In these alternative methods, the dispersive state is allowed
to vary between superdiffusion, subdiffusion and normal diffusion, termed transient dispersion (Sun
etal., 2014). Yet, each method is formulated for a specific transition and thus might not be appropriate
for all types of transient dispersion. The fractional advection-dispersion equation formulations have
proven successful in describing non-Fickian transport, but three-dimensional applications have been

found to also show scale-dependent dispersivity problems (Lu et al., 2002; Huang et al., 2006).

Anomalous behaviour has been recorded in unsaturated flow systems, defined by Richard’s equation,
in heterogeneous systems of preferential pathways in soil, where the development of a horizontal
wetting front deviates from the Boltzmann scaling (anomalous Boltzmann scaling) in a similar manner
to how groundwater transport deviates from the Fickian model for diffusion (anomalous diffusion)
(Gerolymatou et al., 2006; Hall, 2007). Sun et al. (2013) developed a fractal Richard’s equation to
model unsaturated flow in heterogeneous soils that exhibit anomalous Boltzmann scaling. The fractal
Richard’s equation was able to model the full range of observed non-Boltzmann behaviour, from
subdiffusion to superdiffusion, which is related to the well-established fractal model for soils (Rieu

and Sposito, 1991; Tyler and Wheatcraft, 1990).
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In response to the current limitations of groundwater transport modelling in fractured systems and
the success of the fractal Richard’s equation, a fractal groundwater advection-dispersion transport
equation is deemed a suitable and meaningful investigation. A fractal advection-dispersion equation
has the potential to provide the same advantages as the proven fractal Richard’s equation, where a
fractal model could simulate the full range of observed non-Fickian behaviour, from subdiffusion to
superdiffusion, which is related to the well-established fractal model for fractured systems without
the detailed characterisation of the heterogeneity of the system. This formulation of a fractal
advection-dispersion equation has not been developed previously because there was no definition of
a fractal integral. Now however, with the developed definition of the fractal integral (proven with a

theorem and proofs in Section 3.1.2, it is possible and described in detail in the following section.

3.2.1 Fractal formulation of the advection-dispersion transport equation
The effects of self-similarity inherent in groundwater transport with preferential pathways formed by
fractures are included by incorporating a fractal space component into the mathematical formulation

of the one dimensional advection-dispersion equation:

9 9 (3-30)
ac(x,t) —vxa —c(x,t) +D [y “[6 —c(x, t)] -

To express the fractal ADE in terms of integer-order dimensions, the defined property of the fractal

derivative %f(t) = f'(t) (ati_

1) (Equations (3-4) to (3-8)) is considered:

c(x t) = ic(x t)- (%) (3-31)

Rearranging,

C(x t) = ic(x t) - <x:“) (3-32)

Without the loss of generality, the advection transport term of the fractal advection-dispersion

(Equation (3-30)) is considered:

0 0 x1-@
Vg e c(nt) = vxaC(x.t)'< - ) (3-33)

Now, the dispersion transport term of the fractal advection-dispersion (Equation (3-30)) is considered,

and the defined property of the fractal derivative —f(t) = f'(t) ( ) (Equations (3-4) to (3-8) is

ta-1

applied:
D Jdra olp d 1d . 1
L 3xa [(’)x“ c(x, )] =D,o—= [axC(x, )<0(x“_1)] (3-34)

Let [—c(x t) ( )] be equal to a function F (x):
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adfgqoao
Dy oo e )] = Dy o 1FGO] (3:35)

Applying the defined property of the fractal derivative —f(t) =f'(t) (

) (Equations (3-4) to (3-

ta—1

8)) again to remove the second fractal derivative,

Do 2 [a —c(x, t)] D, F (x)< i 1) (3-36)

Applying the product rule (h(x) = f(x)g(x);then h'(x) = f'(x)g(x) + f(x)g'(x)) to determine

d
aF(X)I

= 2t () + et (2 )

(3-37)
2 xi-@ 0 1-—«a
= —c(x, t)< " )+ac(x,t)< p x‘“)
Substituting back into the function F(x) (Equation (3-36)):
a[a a° X7\ 9 1—a _\|(x'™
Dy 0] = Do et (- )+ et () ) (5
(3-38)

02 x*72 (1-a) , ., 0
=D; azc(xt) o + p x -ac(x,t)

Substituting the advection (Equation (3-32)) and dispersion (Equation (3-38)) terms back into the one-

dimensional fractal (space) advection-dispersion equation (Equation (3-30)):

9 et = —v. 2 cet) N p, L (x, ) AT 2 (x,t) (3-39)
o (WOt T T ¢ a Lgx2 ¢ a? L=y * ax -

Factorising,

g (x,t) = e +D A=) 120 (x,t)+(D i W (x,t)
P W a LTy ax < L'z Jax2 O (3-40)

1-a
Let a function V¥ (x) = —v, - (xa ) +D; (1aa) 1-2¢ and function DZ(x) = Dj, - =

d d 02
—c(x t) =VF& (x)—c(x t) + D¢ (x) c(x, t) (3-41)

where,

V¥ (x) is the velocity with fractal dimension with respect to x, and
DF (x) is the dispersion coefficient with fractal dimension with respect to x.

53



Equation (3-41) is the developed new transport model called the fractal (space) advection dispersion
equation (FADE). The FADE equation resembles the traditional advection-dispersion equation, yet the
newly defined velocity and dispersion coefficients (V& (x) and DZ(x)) have fractal dimensions with

respect to x.

Remark: The fractal advection-dispersion equation should return to the classical formulation of the

advection-dispersion equation when a = 1, to be valid.

Considering the fractal dimension velocity term (a = 1):

_ 1-a
veeo =0, Y “)xz‘“—vx‘(x )

a? a (3-42)
= —‘l]x
Considering the fractal dimension dispersion term (a = 1):
DEG) = Dy - F
F = UL
a? (3-43)

=DL

When a = 1, the fractal advection-dispersion equation reverts to the classical formulation of the
advection-dispersion equation, and thus can be considered valid. To further validate the developed
fractal advection-dispersion equation, the qualitative properties of the formulation are investigated

in the following section.4

3.2.2 Qualitative properties
The qualitative properties of boundedness, existence and uniqueness for the developed fractal

advection-dispersion equation are presented, using the Picard-Lindel6f theorem.

Lipschitz condition boundedness for partial differential
The Lipschitz condition is used for a bound on the modulus of continuity for a function. A function f

satisfies a Lipschitz condition on a set B, if there is a constant M > 0, such that:
If(t,w) = fE& I < Mlu— vl (3-44)
forall (t,u), (t,v) € B.

A function that has a bounded first derivative is considered Lipschitz, and this has been assumed true
for partial differential operators. A theorem and proof are proposed here for the partial differential

equations.

Theorem: Let B be a set of non-zero differentiable functions, such that f, g € B and ”aa—xg ” <M<
oo, For f,g € B:
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ax’ " ax

g ‘ < k”f_g” (3-45)

Proof: Let f, g € B, such that that f # g, then

g|-

Since f, g € B, andssimilarly f — g € B, then by assumption a positive constant M can be found, such

d d
ax! " ax

0
i Q)H (3-46)

that
— 3-47
P (3-47)
S IlF=gll
And, multiplying by =gl ; ” ”
f-g
—(f — <M1
axV g)H If = gll
(3-48)
(f g)” ||f gll
Let g = ;
|55 = 0| <r - (3-49)
This completes the proof.
Fixed-point theorem for existence and uniqueness
An integral is applied to both sides of the fractal transport equation (Equation (3-41)), to obtain:
t 0 2
c(x,t) —c(x,0) = f {VF (x)—c(x )+ Df (x) c(x, T)} dt (3-50)
0
Let a new function FC(x, t) be expressed as:
t 0 62
FC(x,t) = -fo {Vlé"(x) Ep c(x,t) + DF(x) E) c(x, T)} dt (3-51)
and, state the Lipschitz condition (Equation (3-44)):
IFC1(x, t) = FCo(x, )|l < klley (x, 8) — ¢z (x, )| (3-52)

Without the loss of generality, consider the term left of the inequality sign, and substitute the

function FC(x, t):
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t d 62
J;) {Vﬁ(x)acl(x, T) + Dg(x)ﬁcl(x,r)}dr

IFC,(x,t) — FC(x, )]l = : 3 52 (3-53)
_ fo {vg(x)acz(x,r) + Dg(x)ﬁcz(x,r)}dr
Simplifying and factorising,
N (5 ,q 0 I
- (@@ - o)
IFC(x,t) — FCo(x, )|l = % e (3-54)
+J;) {D,?(x) EP) (c1(x, ) — c(x, T)} dt
Applying the triangular inequality,
t d
1760 = P ol < || e @@ - g}
0 (3-55)
t 62
fo {D? (77t -l T)} dt
. t t
And, remembering ||f0 f(x)” < [, IIf()lldx,
t a
1FG G0 = G0l < [ WG| (6 n) - e
0
(3-56)
t 62
+f IDE COl ‘ F(cl(xz 7) — 6 (x, 7)|| dT
0 x
Applying the presented theorem for Lipschitz condition boundedness for partial differential,
t
IFC,(x,t) — FC(x, Ol < [IVE GOl 011l (e1(x, T) — c2(x, T)Ilf dr
0
t
+IDEO)| 02]|(c1(x,T) — c3(x, T fdr
IDF GOl 6311 (c1(x, T) — c2(x, DI . (3:57)
< {IVE Nl 61 Trax + IIDF O 67 Trnax} I1(c1(x,7) — c2(x, D)l
Let [VE GOl 61 Trnax + IDF GOl 63 Trnax = K,
”Fcl(x' t) - FCZ(X' t)” < K”(Cl(x' T) - CZ(xl T)” (3'58)
Thus, the fractal transport equation does uphold the Lipschitz condition.
To facilitate the evaluation of the fractal transport equation, a new function is introduced
9 0° (3-59)
F(x, t,c(x,t)) = VEx) ™ c(x,t) + DF(x) Wz c(x,t)
such that,
d
5: ) =Flutclxt) (3-60)
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Integrating on both sides of Equation (3-60),
t

c(x,t) =c(x,0) +f F(x,1,c(x,7))dt (3-61)
0

A set is created in which to evaluate the fractal transport equation,
Agp = Ta(to) X Yp(co) (3-62)

where,
Ta(to) == (to - a, tO + a), and

Yb(CO) = (CO - b, Co + b)

The Banach fixed-point theorem is applied by introducing the norm of the supremum (statistical limit
of a set) for c(Y}, (cp), T, (tp)) denoted as ¢,
su, b
gl = PO (3-63)

a,b

Let A, p be aset where, F: A, ), — Agp, such that

t
Fo =c, +f F(x,1,c(x,7))dt (3-64)
0

Remembering the physical meaning of the fractal advection dispersion equation and the nature of
groundwater transport, the spatial component (b) of an aquifer domain is such that the simulated
plume when the initial concentration source is removed cannot be greater than the aquifer total

extent:

|IFo — coll < b (3-65)

Now that the domain of the equation is defined, let us consider the following sequence:

Cn+1 (X, t) = Fep(x,t)

(3-66)
llcnsr — cnlloo = [IFen(x,t) = Fepo1 (x, )l oo
Equation (3-50) to Equation (3-58) proves that
IFcn(x,t) — Fepo1(x, D)l < K[ (cn(x, 1) — cp1 (6, D)l oo (3-67)
and it follows that
IFcn_1(,t) = Fenoa (%, oo < K?[[(cpq(x,t) = cnoa (2, lle
< K3||(Cn—3(xv t) — cp_a(x, )lloo (3-68)
S K™'[(e1(x, 8) — co(x, )l oo
with K < 1, then
lim ||c —Chllee < lim K™||(c1(x, t) — co(x, £) || o
Iim [lep e = ealloo < lim K™I(e1(x,6) = o6, O 5.69)

Thus, (cn+1)nen is Cauchy in complex space. Then Fc, has a fixed point using the Banach fixed point
theorem and the fractal transport advection dispersion equation has a unique solution.
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3.3 Numerical approximation methods (fractal derivative)

The formulation of the fractal advection-dispersion equation has been proven to be bounded, exist
and unique. Accordingly, numerical approximation methods for the developed fractal (space)
advection-dispersion equation are provided for the solution of the new model. The fractal derivative
is a local operator that allows for the application of traditional finite difference approximation
methods for time and space. The numerical approximation makes use of the traditional explicit
forward finite difference method, as well as the Crank-Nicolson finite difference method for the fractal
derivative formulation. The numerical stability of these numerical solutions are investigated. In the
following section, the numerical approximation for the fractal integral formulation makes use of the

Simpson’s 3/8 and Boole’s numerical integration rules.

3.3.1 Forward finite difference scheme
Explicit forward difference in time and space, and the second-order approximation are applied to

Equation (3-41):

n+1 n n n n n n
ct, —c ety —2ct+ )
a b i pg i i i (3-70)

(Ax)?

where,
i denotes one-dimensional grid-centered framework with conventional unit vector (i),

V# is the fractal dimension velocity term, and

DF is the fractal dimension dispersion term.

Rearranging,

At Ax  (Ax)?

crtt 1 V%  2D% Ve « D¢
= ( >Ci" + (E + W> Ciyr t <W) Citq (3-71)

Simplifying by using constants a,, b,, c,, and d,

a2C?+1 = sz{l + CzC?_,r_l + dzc‘?_l (3_72)
where,
1
az = E
b 1 V& 2DF
2T At Ax (Ax)?
27 Ax | (Ax)?
Dy
d —
27 (Ax)?

Equation (3-72) is the traditional explicit finite difference approximation of the fractal (space)

advection-dispersion equation.
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A finite difference scheme is considered stable if the errors incurred at a discrete time step are not
propagated throughout the simulation. A Von Neumann stability analysis is performed to evaluate the
stability of the finite difference schemes applied to the fractal advection-dispersion equation. The

error incurred in the numerical approximation can be defined as:

k _ ak k (3-73)
where,
Aé‘ is the approximation or round-off error,
N[ is the numerical solution, and
ck is the exact solution.
Considering Equation (3-72) in terms of the recurrence relation for the error:
k+1 k k k
a2/1i = bzli + Czli"r‘l + dzli—l (3—74)
The error for each discrete point in time and space has been determined as:
/11;(+1 — ea(t+At)ejkx (3-75)
A = gateikx (3-76)
/1{;+1 — eatejk(x+Ax) (3-77)
k _ ,at,jk(x—Ax)
Aoy =eTe (3-78)
Substituting back into Equation (3-74):
azea(t+At)ejkx — bzeatejkx + Czeatejk(x+Ax) + dzeatejk(x—Ax) (3-79)
Expanding,
azeateaAtejkx — bzeatejkx + CzeatejkxejkAx + dzeatejkxe—jkAx (3-80)
Simplifying and rearranging,
b c, . d .
eaAt :_2+_Ze]kAx _l__ze—jkAx (3—81)
a; a a
The amplification factor (G) can be defined as:
Ak+L pat+At) o jkx
G=—"—= = et (3-82)

Al;c T eatgjkx

where, for the solution to remain bounded the condition |G| < 1.

Thus, Equation (3-81) expresses the stability criteria for the forward finite difference scheme applied

. . . . . 1
to the fractal advection-dispersion equation, where |ea“| < 1, and remembering that a, = e

eaAt = Atbz + AtCZejkAx + Atdze_jkAx (3_83)
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Applying known identities and the absolute value of a complex number:

|eaM| = \/[Atbl + Atci{cos(kAx) + j sin(kAx) }]? + [Atd,{cos(kAx) — j sin(kAx) }]?> < 1

(3-84)
Equation (3-84) is an expression of the stability criteria for Equation (3-70).
3.3.2 Crank-Nicolson finite difference scheme
The Crank-Nicolson finite difference scheme is applied to Equation (3-30):
Cz?Hl - a Ciy1 — €' Ciyr — 2¢( +city
x x (3-85)
k+1 k+1 k+1 k+1 k+1
+05(ve ciir — ot + pa ciin — 2ci + o
Ax F (Ax)?

Rearranging,
1 |44 2D% 1 V3 2D%
n+1 _F F F F n
=05 (- - ) | =05 (p e - )l
€ (At Ax  (Bx)? > A Ax a0zt

05 (g2 + ) o + 05 (e o + 05 (5 + ) 2

+0.5 <(Al)a)2> ntt

Simplifying by using constants e,, b,, c,, and d,
e2ClT = byl + oyt + docl |+ ot + dyct] (3-87)

where,
1 Ve 2Dg
= —05(—-L—
©2 = A ( Ax (Ax)Z)

Equation (3-87) is the Crank-Nicolson finite difference approximation of the fractal (space) advection-

dispersion equation.

A Von Neumann stability analysis is performed to evaluate the stability of the Crank-Nicolson finite

difference approximation applied to Equation (3-87), remembering Equations (3-75) to (3-78), and

additionally:
A{c_l-_l-ll — pa(t+At) o jk(x+4%) (3-88)
Ak+1 = @a(t+At) o jk(x—Ax) (3-89)
To obtain:

ezea(t+At)e]kx — bzeatejkx + Czeate]k(x+Ax) + dzeate]k(x—Ax) + Czea(t+At)e]k(x+Ax)

) (3-90)
+dzea(t+At) e]k(x—Ax)
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Expanding,
ezeateaAtejkx — bzeatejkx + CzeatejkxejkAx + dzeatejkxe—jkAx + CzeateaAtejkxejkAx

+d, @@t oaAL o jkx p—jkAX (3-91)

Simplifying and rearranging,
bz + Cze]kAx + dze_]kAx
(e, — c,efkAx — g, e—jkAx)

alAt _

e (3-92)

Applying known identities, simplifying and applying the absolute value of a complex number,
where z = a + ib and |z| = Va? + b?:

ouat] = JIb2 + (¢, + dy)cos(kAx)]2 +[(c; — dp) sin(kAx)]? <1 (3-93)
Jles — (c; + dy)cos(kAx)]% +[(c; — dy) sin(kAx)]?

where,

\/[bz + (¢ + dy)cos(kAx)]? +[(c, — dy) sin(kAx)]?

(3-94)
< /le; — (cp + dy)cos(kAx)]? +[(c; — dy) sin(kAx)]?
Simplifying,
cos(kAx) < 2(6’;;-:122) (3-95)

Equation (3-95) is an expression of the stability criteria for Equation (3-85).

3.4 Numerical integration methods (fractal integral)
The fractal derivative is a local operator, and thus the numerical solution of fractal derivative
equations can be approximated using standard numerical techniques for the integer-order derivative

equations (Chen et al., 2010a).

The fractal advection-dispersion equation (Equation (3-41)) is converted to an integral formulation by

applying the integral to both sides:

t 0 t 0 62
-fo ac(x, T) = f VE— % c(x,7) + Df a—c(x 7) (3-96)
Applying the integral to the time derivative,
t 0 02
c(x,t) —c(x,0) = f (VF e c(x,7) + D¥— 752 c(x, T)) (3-97)
Rearranging,
t 0 02
c(x, t) = c(x,0) +f V¢ — Ep c(x,t)+ Df— 922 c(x, 1) (3-98)
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To facilitate the numerical integration of the fractal advection and dispersion terms, let

F(x, 7,C(x, ‘L')) be equal to the integral of the advection and dispersion terms,
where F(x T,c(x ‘L')) = V“ic(x T) + D“a—zc(x 7):
b ] F ax ) F ox2 4 *

¢
c(x,t) =c(x,0)+ f F(x,t,c(x,1)) (3-99)
0

Considering Equation (3-99) for a specific time (t™):
tTL
clx, ty,) =c(x,0) + f F(x,t,c(x,1)) (3-100)
0
The integral can be approximated applying numerical integration techniques, including the traditional

Trapezoid Rule, or the alternative methods of Simpson’s 3/8 Rule and Boole’s Rule, which are more

rigorous. For this reason, the Simpson’s 3/8 Rule and Boole’s Rule are applied.

3.4.1 Simpson’s 3/8 Rule of numerical integration
Consider the defined fractal integral over a specific time interval (t,,), where, 0 = ¢, <t; <t; <

ty..<tp=t

tn

t
ajo %71 f(r)dr = aft L f(D)dr (3-101)

0

Applying Simpson’s 3/8 Rule for the defined fractal integral (Abramowitz and Stegun, 1966):

te th—1

at® ! f(r) dr + -+ f at® ! f(r) dr (3-102)

th—g

J;tnara_l f(r)dr = ftgar‘)‘_l f(@)dr +f

0 to ts
According to Simpson’s 3/8 Rule (Abramowitz and Stegun, 1966):

b—a

fa ’foydx = “2r@ + 37

2a3+ b) +37 (5 +62b> +/0) (3-103)

Without losing generality, the integral is considered:

t ta —t
f @t (1) dr === at§™ f(t) + 3ati T f(6) + 3at§ () + i ()] (3.108)
to

Simplifying,

ftsara‘l fdr=a <t3 5

to

) (667" £ (t0) + 357 f(¢1) + 3857 f(82) + t§7' £ (85)] (3-105)

. . te . .
Similarly, the integral ft ® is considered:
3

—t3
8

jtéaT“_l fDdr=a (t6

t3

) [657 £(t3) + 3t () + 387 f(ts) + 27 (t6)] (3-106)
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. thot . .
and, the generalized integral ft" ' is considered:
n—4

J.tn_lar"_l f(@)dr =

n—4 (3-107)
tho1 — thsg a—1 a—1 a—-1 a—1
¢4 T [tn—4 f(tn—4) + 3tn—1f(tn—3) + 3tn—2f(tn—2) + tn—lf(tn—l)]
Incorporating the integrals back into Equation (3-102), and simplifying:
tn
f at®* ! f(r)dr =

to

saran [ ETC) +BETF(R) + 3657 (6) + 657 () + (3-108)
(S50 67 F ) + 367 () + 357 £ (1) + 667 ) + -+

tg:}} f(tn—4) + St%:%f(tn—3) + Bt%:%f(tn—Z) + t%:%f(tn—l)

Equation (3-108) is the numerical approximation of the fractal integral using Simpson’s 3/8 Rule for

numerical integration.

Applying the Simpson’s 3/8 Rule to the integral formulation of the fractal advection-dispersion

equation,

tn
f F(x, ty,c(x,t,))dr =
0

t3 te th—1 (3-109)
f F(x, t,, c(x, tn))d‘c + f F(x, t,, c(x, tn))dr + -+ f F(x, t,, c(x, tn))dr
to t3 th—4
Without losing generality, the integral, ftt: F(x, tn, c(x, tn))dr, is considered:
s t3 — to
F(x, t,, c(x, tn))dr = .
to 8 (3-110)

[F(x to, c(x, tg)) 4+ 3F(x, ty, v(x, t1)) + 3F(x, 3, c(x, t5) ) + F(x, t3, c(x, t3))]

Similarly, the integral, ftt: F(x,ty, c(x, t,))dz, is considered:

te te —t
j F(x, t,, c(x, t,))dt = o 3 3.
s (3-111)

[F(x, ts, c(x, t3)) + 3F(x, ts, c(x, t4)) + 3F(x, te, c(x, ts)) + F(x, te, c(x, t6))]

th—
and, the generalized integral, ftn"_: F(x, to c(x, tn))dr, is considered:

tng F(x, ty_a,c(x, tn_4)) + 3F(x, t,—3, c(x, tn_g)) +

th—1 tn—l J—
Fl(x,t,, c(x, dt =————
ftH (x tn c(x tn)) T 8 3F(x, ty—o, c(x, tn_z)) + F(x, tn_1,c(x, tn—l)) (3-112)

Incorporating the integrals back into Equation (3-100), and simplifying:

63



F(x, to, c(x, to)) + 3F(x, t1, c(x, tl))
+3F(x, ty, c(x, tz)) + F(x, ts, c(x, t3)) +
F(x, ts, c(x, t3)) + 3F(x, ty, c(x, t4)) >
+3F(x, ts, c(x, ts)) + F(x, te, c(x, t6)) + -+ (3-113)
F(x, tn—a c(x, tn_4)) + 3F(x, tn—3, c(x, tn_3))
+3F(x, tn—a, c(x, tn—Z)) + F(x, tn—1,c(x, tn—l))

c(x, ty) =c(x,0)+ (%%

Substituting back the function F(x, 7, ¢(x, 7)), and expanding c(x, t,,):

c(x, t,) =c(x,0) +

0 92 02
(VF Ep —c(x,ty) + DF Ep —c(x, t0)>+ 3| V& Ep c(x t;) + Df I ——c(x, t1)>

d 0
+3 (VF P —c(x,t,) + DF e 2C(x t2) |+ (Vp o —c(x,t3) + Df ax FawidCs t3)> (3-114)
+

(55);

+
2 . Rk
Vi ax ——c(x, tyy) + DFa zc(x th-a) |+ 3| V7 e C(x th-3) + DFa > ¢(x, th_3)

d 02
+3 (Vﬁac(x, th_2) + DfF— 0x2 c(x th- 2)) (VF 7% —c(x, ty_q) + Dgﬁc(x, tn_1)>

Equation (3-114) is the numerical approximation of the integral formulation of the fractal advection-
dispersion equation, where the numerical integration of the fractal integral is performed using the

Simpson’s 3/8 Rule.

3.4.2 Boole’s Rule of numerical integration
Alternatively, the Boole’s Rule for numerical integration can be applied to the approximation of the

fractal integral. Applying Boole’s Rule for the defined fractal integral (Abramowitz and Stegun, 1966):

tn ty tg tn—1
f at® ! f(r)dr = f at® ! f(r)dr +f at® ! f(r) dr + - +f at® ! f(r) dr (3-115)
to to ty th—s
According to Boole’s Rule (Abramowitz and Stegun, 1966):
b—
f fx)dx = —— [7f0 + 32f; + 127f, + 32f5 + 7f,] (3-116)

. . . . ty . .
Without losing generality, the integral ft * is considered:
0

ta ty — to [7at@t f(to) 4+ 32at3~1f (t;) + 12at$~1f(¢,)
a-1 _"4 "0 0 0 1 1 2 2
fto e f(D) dr =55 [ +32at87 1 f (t5) + Tat f(ty) ] (3-117)
Simplifying,
e ty — Lo [7¢§7 f(to) + 326871 f(ty) + 12t 71 f(t,) + 32651 f(t3)
a-1 _ (A "0 0 0 1 1 2 2 3 3
jt ar® f(r) de _“< 90 )[ +7EELE(L,) ] (3-118)

0
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- . tg . .
Similarly, the integral ft ® is considered:
4

“) [ 7E f(t)
32687 f (t5) + 12687 f (t6) + 32687 1f (t,) + 7t f (1) (3-119)

[art ey ar = (2
at* " f(z dr=a(
" 90

4
. . tn1 . .
and, the generalized integral ft" ' is considered:
n-5

tn-1 thes — th_1
at* f(t)dr=a (ns—n)
.I; 90

n->5
_ 3-120
7tiZs f(tn-s) ( )

X
[+32tff:if(tn_4) + 126375 f (tn-3) + 32t5 2 f (tn-2) + 76771 f (tn-1)
Incorporating the integrals back into Equation (3-115), and simplifying:

tn
j at® 1t f(r)dr =
t

7e57 f(to) + 32tF T f(t) + 12e57 1 f(82) + 3257 (65) + Tt (t4) + (3-121)
)4 7657 () + 32687 £(t5) + 12667 F(66) + 32687 () + Tt (k) + -+

(4 At a
Ttn=s f(tnos) + 32t574 f(tn_s) + 126573 f(tn—3) + 32t 75 f (tn_2) + 7t{Z1 f (tn_1)

90

Equation (3-121) is the numerical approximation of the fractal integral using Boole’s Rule for numerical

integration.

Boole’s Rule of numerical integration is now considered for the solution of integral of the advection
and dispersion terms (represented as F(x, t,c(x, t))) in Equation (3-100), where (Abramowitz and

Stegun, 1966):

tn
f F(x, ty c(x,t))dr =
0

f 4F(x, 7,c(x, 7)) dt + f F(x,t,c(x, 7)) dt + - + f n_lF(x, 7,c(x, 7)) dt

to ty th—5

(3-122)

tg

Without losing generality, the integral, ftt: F(x,1,c(x,7)) dt, is considered:

t4 - tO [ 7F(x, t(), C(x, to)) + 32F(x, tll C(x, tl))

(21
F(x,7,c(x,7))dt = .
,[ (x T elx T)) ‘ 90 +12F(x, ty, c(x, tz)) + 32F(x, ts, c(x, t3)) + 7F(x, t, c(x, Q))l (3-123)

to

Similarly, the integral, ft:8 F(x,7,c(x,7)) dr, is considered:
tg — t4 l7F(x, ty, c(x, t4)) + 32F(x, te, c(x, t5)) + 12F(x, te, c(x, t6))l
(

tg
dt = ——
f F(x, 7,c(x, T)) T +32F(x, t7,c(x, t7)) + 7F(X, tg, c(x, ts))

: 90 3-124)
4

tne . .
and, the generalized integral, ft 51 F(x,7,c(x,7)) dr, is considered:
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(

te
J- 1F(x, T, c(x, T))dT =
t

n—>5

4 At
90

thq1 — ty_s [7F(x, t_s, c(x, tn—S)) + 32F(x, tn_a,c(x, tn_4)) + 12F(x, t,_s, c(x, tn_3))
90 +32F(x, t—y, c(x, tn—Z)) + 7F(x, th_1,c(x, tn—l))

Incorporating the integrals back into Equation (3-100), and simplifying:
(x,t,) = c(x,0) +
( 7F(x, to, c(x, to)) + 32F(x, t1, c(x, tl)) + 12F(x, ty, c(x, tz))
+32F(x, tg, c(x, t3)) + 7F(x, ty, c(x, t4)) +
7F(x, ty, c(x, t4)) + 32F(x, ts, c(x, t5)) + 12F(x, te, c(x, t6))
+32F(x, ty, c(x, t7)) + 7F(x, tg, c(x, tg)) + o+
7F(x, ty_s, c(x, tn_s5)) + 32F(x, tn_s, ¢, ty_g)) + 12F(x, t,_3, c(x, ty_3))
\ +32F(x, th_2, c(x, tn—Z)) + 7F(x, t,—1,c(x, tn_l))

(4 At) <
90

2
Substituting back the function F(x, T, c(x, T)) =V# aa—xc(x, )+ Df %c(x, T):

\

)

c(x, ty) =c(x,0)+

ad
7 <V,?‘ac(x, ty) + Df

+ 4

0 92
7 <V£’ac(x, th_s) + Dﬁ‘mc(x, tn_5)) + 32(

)3

] 0?
+12 (V,f?‘ ac(x, tn_3) + DF 92 c(x, tn_g)) + 32

0 92 0 02
+12 (Vﬁ ac(x, t,) + Dﬁwc(x, t2)> + 32 <V£‘ac(x, t3) + Dﬁ‘ﬁc(x, t3)> +

62
WC(X, t4))
a a a 62
Vg ac(x, tn-a) + Dg ﬁc(x, tn-a)

a a a 62
Ve ac(x» tn—2) + Df ﬁc(x, tn—2)

0 0?
k +7 <VP‘3‘ ac(x, tn_1) + DF Z c(x, tn_1)>

a a a 62 a a a az \
7| V¢ ac(x, to) + Df ﬁc(x, to) |+ 32F | V& ac(x, t;) + Df ﬁc(x, t1)

)

J

(3-125)

(3-126)

(3-127)

Equation (3-127) is the numerical approximation of the fractal advection-dispersion equation, where

the numerical integration of the fractal integral is performed using Boole’s Rule.

The Simpson’s 3/8 Rule and Boole’s Rule of numerical integration are both methods from the Newton-

Cotes Quadrature Rules which are founded on assessing the integral at equally spaced points. The

traditionally used Trapezoid Rule uses two points of calculation within each larger step of the

numerical integration, Simpson’s 3/8 Rule uses four calculation points, and Boole’s Rule uses five

calculation points. The accuracy of numerical integration is related to the size of the steps used, where

the smaller the step the more accurate the solution. Thus, Simpson’s 3/8 Rule and Boole’s Rule will

have a higher degree of accuracy because smaller sub-steps are considering within each step.
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3.5 Numerical simulation for different fractal dimensions

The fractal advection-dispersion equation was developed with the fractal derivative in space to
account for anomalous diffusion associated with groundwater transport in fractured systems. To
corroborate this theory, the equation is applied to a simple one-dimensional transport problem and
simulated in the software programme Maple (Figure 2-1) (Appendix B). The velocity within the aquifer
is constant at 0.05 m/d, the hydrodynamic dispersivity in the x-direction is 0.3 m?/d, and the initial
contaminant concentration (Co) is 10 mg/l. The initial condition and boundary conditions for the

defined problem are:

c(0,t) = Cy - exp (At) - t=0
e _
E(Le)=0 t=0

The fractal advection-dispersion equation is applied to the defined problem, and the fractal dimension
varied to investigate the influence this parameter has on the simulated transport (Figure 3-1, Figure
3-2, and Figure 3-3). When the fractal dimension is 1 (&« = 1), the equation reduces to the traditional
advection-dispersion equation and thus forms the basis for comparison. The traditional advection-
dispersion simulates an expected movement along the x-directional line, with the contaminant
reaching 50 m after 200 days. The concentration spreads out evenly from the source over time as
anticipated. From this basecase, the fractal dimension is varied from 0.9 to 0.1, in increments of 0.1.
When the fractal dimension is 0.9 (@ = 0.9), the extent of the transport is increased, where the
contaminant now reaches further than 50 m after 200 days. This trend is continued with each
increment reduction in the fractal dimension, where the contaminant reaches 140 m after 200 days
for the fractal dimension 0.7 (¢ = 0.7), and exceeds the 200 m line in 110 days with a fractal dimension
of 0.6 (Figure 3-1). From the fractal dimension of 0.7 to 0.1, there is an exponential increase in the
simulated transport along the x-directional line (Figure 3-2). For the fractal dimension 0.1 (a = 0.1),
the contaminant reaches the 200 m line reach after just 10 days. The fractal dimensions above 0.6
(x = 0.6) change the general orientation from perpendicular to the x-direction to parallel,
representing the preferential pathway which fractures can provide. A constant groundwater velocity
was applied to all models, and thus the simulation validates the use of this equation to develop new
models to better simulate groundwater transport in fractured systems, where the specific

characterisation of the fractured system is not available.

To further investigate the influence of the fractal dimension, values greater than 1 are considered
(Figure 3-3). The fractal dimension has the opposite influence when the fractal order is greater than

1, where now the transport is impeded, slower than the traditional model, representing subdiffusion.
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Figure 3-1 Simulation results for the simple transport problem for variable fractal dimensions (0.6 < a <
1), x is distance in meters, and t is time in days. When a = 1, the equation simplifies to the traditional
advection-dispersion equation and forms the basis of comparison. Changing the fractal dimension increases
the extent of the transport plume along the one-dimensional line in the x-direction, representing
superdiffusion.
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Figure 3-2 Simulation results for the simple transport problem for variable fractal dimensions (0.1 < a <
0. 5). Fractal dimensions below 0.5 result in significant contaminant transport along the line.
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Figure 3-3 Simulation results for the simple transport problem for variable fractal dimensions (1 < a < 2).
When a = 1, the equation simplifies to the traditional advection-dispersion equation and forms the basis of
comparison. Fractal dimensions greater than 1, impede transport along the x-directional line, representing
subdiffusion.
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3.6 Investigation of fractal velocity (V§) and fractal dispersivity (DF)

The simulation of variable fractal dimensions has validated the use of the model for fractured
groundwater systems lacking detailed characterisation of heterogeneity. But, questions arise with
respect to the fractal velocity and fractal dispersivity, in terms of the relationship between velocity,
dispersivity and the fractal dimension. To understand this relationship, plots of the fractal velocity and
fractal dispersivity with respect to the fractal dimension are evaluated on the same scale (Figure 3-5
and Figure 3-4) and on a local scale (Figure 3-6 and Figure 3-7). For a fractal dimension of 1 (a = 1),
the fractal velocity equals the defined constant velocity of 0.05 m/d. The introduction of the fractal
order at a = 0.9, slightly changes the set constant velocity to a variable velocity from 0.05 m/d to 0.81
m/d at 50 m. A similar trend of exponential distributions are seen from @ = 0.8 to a = 0.6, until a
linear relationship over distance is found at « = 0.5. From a fractal order of 0.5, an exponential trend

is seen againup toa = 0.1.
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Figure 3-4 Fractal velocity and dispersivity over space for varying fractal dimensions (0.7 < a < 1) on the
same scale.
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Figure 3-5 Fractal velocity and dispersivity over space for varying fractal dimensions (0.1 < a < 0. 6) on the
same scale.
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Figure 3-7 Fractal velocity and dispersivity over space for varying fractal dimensions (0.1 < a < 0.4) on an

individual scale for each plot.

From the plots of fractal velocity and fractal dispersivity, which show the same distributions over the

fractal dimensions, it can be seen that there is an exponential increase in the fractal velocity and

dispersivity as the fractal dimension decreases. However, from a fractal dimension of 0.5 to 0.1, the

increase becomes extreme from a groundwater perspective, where typically groundwater moves

slowly. From a practical interpretation, the use of a fractal dimensions below a = 0.5 should be used

with caution because of this exponential increase in velocity and hydrodynamic dispersivity.
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3.7 Chapter summary

It is discussed that the use of the classical advection-dispersion equation tends to inaccurately
simulate observed contaminant transport because the information required to characterise a
fractured system, to an appropriate level of detail, is often not available. This is due to the fact that
heterogeneity is not explicitly incorporated into the classical advection-dispersion equation, but
rather a constant velocity and dispersivity is considered at each point and heterogeneity is
incorporated externally. In response to the current limitations of transport modelling using the
advection-dispersion equation, especially in fractured media, a fractal advection-dispersion
groundwater transport equation was developed and four methods to solve the fractal advection-
dispersion equation are described, namely forward finite differences and Crank-Nicolson finite
differences for the fractal derivative formulation, and the Simpson 3/8 and Boole’s numerical

integration for the fractal integral formulation.

The developed fractal advection-dispersion equation is numerically simulated for a generic
groundwater transport model to investigate the effects of varying the fractal dimension in a one-
dimensional groundwater flow system. The simulations provided evidence that the fractal formulation
of the advection-dispersion equation could possibly model superdiffusion for fractal dimension less
than 1, as well as subdiffusion for fractal dimensions greater than 1, without explicitly defining
fractures or preferential pathways. Being able to model the effect of fractures or faults without
explicitly including the location and specific details in the model has the potential to account for
anomalous transport, especially where limited information is available on the preferential pathway

causing the discrepancy.

The relationship between the fractal velocity and dispersivity with the fractal dimension is evaluated,
and the use of fractal dimensions above 0.5 are recommended for practical use, due to the supersonic

increase in velocity and dispersivity for fractal dimensions 0.1 < a < 0.5.
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4 FRACTIONAL DERIVATIVES:
SINGULAR AND NON-SINGULAR

A brief introduction to fractional calculus and the various fractional derivative definitions have been
discussed in Section 1.2.2. To continue this discussion, the functions required for the definition of
fractional integrals and derivatives are presented, followed by the fundamental fractional definitions,
including Riemann-Liouville (RL), Caputo (C), Atangana-Baleanu in Caputo sense (ABC), and Atangana-
Baleanu in Riemann-Liouville (ABR). The kernel associated with each fractional definition is

investigated from the perspective of a convolution of two functions.

Derivatives and integrals are traditionally introduced as the mathematical representation of slopes
and areas, yet fractional derivatives are mysterious, as they have no obvious geometric interpretation.
Oldham and Spanier (1974) encourage that if one is able to move beyond with this pictorial
representation of a classical derivative, fractional-order derivatives and integrals can become equally

tangible as a new dimension in mathematics is revealed (Oldham and Spanier, 1974; Loverro, 2004).

4.1 Special functions in fractional definitions

The Gamma and Mittag-Leffler functions are well-established extensions of the factorial and
exponential function, which service to explain the definitions and use of the fractional integral and

derivative (Loverro, 2004; Herrmann, 2011).
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4.1.1 Gamma function
Euler’'s Gamma function can be generalised as the factorial for all real numbers, and is intrinsically tied

to fractional calculus. The definition of the gamma function is (Loverro, 2004; Petras, 2010; Herrmann,

2011):
I'(z) =f u?le tdr (4-1)
0
Applying integration by parts,
F1+2)=zT(2) (4-2)
Applying direct integrationI'(1) = 1,
r'A+n)=n! (4-3)
or
I(n) = (n-1)! (4-4)

4.1.2 Power Law function

The power law can simply be stated as

flx) =x (4-5)
where, a is a constant known as the exponent of the power law.

From a statistical perspective, the power law is a relationship between two quantities, where a change

in one variable results in a proportional change in the other controlled by the exponential power.

Power-law distributions are commonly found in nature and patterns, ranging from city population
trends, magnitude of earthquakes, foraging patterns of various species, to describing the size of
craters on the moon (Gutenberg and Richter, 1944; Neukum and Ivanov, 1994; Newman, 2005; Frank,

2009; Humphries et al., 2010).

4.1.3 Exponential function

The exponential function can simply be stated as
f(x) =e* (4-6)
where, e is a constant, and in this case Euler’s constant of 2.71828.

The exponential function describes the relationship where a quantity grows or decays at a rate
proportional to its current value. The exponential pattern is a more common than the power law and
is widely recognised in nature, from survival times for decaying atomic nuclei, the Boltzmann
distribution of energies in statistical mechanics, to the frequency of Korean family names (Kim and

Park, 2005; Newman, 2005; Frank, 2009).
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The stretched exponential function has been proposed as a complement to the power law
distributions, where Laherrere and Sornette (1998) showed stretched exponential functions to
describe natural phenomena such as radio and light emissions from galaxies, oilfield reserve sizes, and
Vostok temperature variations. Lee et al. (2001) demonstrated that the stretched exponential function
could represent the observed autofluorescence decay profiles in biological tissue, producing high-

quality contrast and spatial maps.

4.1.4 Mittag-Leffler function

The Mittag-Leffler function plays an important role in the solution of non-integer order differential
equations, and can be analogously compared to the exponential function, used in the solution of
integer-order differential equations. The exponential function (e#) can be defined as (Loverro, 2004;

Petras, 2010; Herrmann, 2011):
yA— N z
e” = Z F (4-7)
n=0

Considering the defined gamma function (I') (Equation (4-3), the factorial n! can be replaced

by I'(1 + n):
=) o

The Mittag-Leffler function E, (z) can be defined as:

E,(2) = ;m (4-9)

where, @ denotes an arbitrary real number a > 0.

The generalised Mittag-Leffler function is a most natural generalisation of the exponential function,

and can be expressed as (Shukla and Prajapati, 2007; Mathai and Haubold, 2008),

Eyp(2) = T; Tan+8) (4-10)

The Mittag-Leffler function reduces to the exponential function when a = 1, because the function is

a direct generalisation of the exponential function. However, the Mittag-Leffler function interpolates
. . . 1
between the pure exponential and a hypergeometric function (E) for values of 0 < a < 1 (Shukla

and Prajapati, 2007).
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The versatility of the Mittag-Leffler function has been fully realised in the last two decades with
applications over a wide range, from stress-strength analysis, growth-decay mechanisms, to

production of melatonin in the body (Shukla and Prajapati, 2007; Sebastian and Gorenflo, 2016).

4.2 Riemann-Liouville fractional definition
The functions required for fractional derivatives have been discussed, and the various definitions of
the fractional derivative and integral can be explored, starting with the Riemann-Liouville fractional

definition.

An integral can be interpreted as a generalisation of area in integer-order mathematical terms, and is
referred to as the antiderivative or primitive. The integer-order integral is analysed and extended to

the fractional operator. Let the integral operator be notionally represented by (Herrmann, 2011):
X
) = | f@de (a-11)
a

and, the multiple integral can be defined as:

Xn (Xn-1 X1

JdM(f(x) = f f f f(xo)dxg ...dxy,_4 (4-12)
a a a

The multiple integral can be generalised for the nt" integration of the function f(x) using Cauchy’s

formula of repeated integration, on condition that f(a) = 0:

1

A" f(x) = CEEY

X
f (x—)" ! f(r)dr (4-13)
a
The Cauchy defined integral can be extended to the fractional case by replacing n with a:
1 X
Ia — _ a-—1 d (4'14)
I = s | =D @ dr
1 b
1 =— —x)* 1 d 4-1
) = s | -0 @ e (4-15)

where, a and b denote the lower and upper boundary of the integral domain and may be arbitrarily
chosen. Equation (4-14) is valid where x > a, and Equation (4-15) is valid where x < b. The choice of
these two constants (a, b) determines the value of the integral, and leads to a number of definitions
for the fractional integral. The two most commonly applied definitions of the fractional integral
include the Liouville and Riemann fractional integral definitions (Debnath, 2004; Loverro, 2004;

Herrmann, 2011).

The Liouville fractional integral is defined for a = —o0 and b = +o0 (Herrmann, 2011):
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The Riemann fractional integral is defined for a = 0 and b = 0 (Herrmann, 2011):

rISf(x) = _ x(x — ) f(r) dr (4-18)
I'(a) Jo

1 0
RGO = s [ a-nrf@ar (4-19)

Herrmann (2011) considered the special function f(x) = e** to compare the Liouville and Riemann
fractional integral definitions. When applying the Liouville fractional integral, the function disappears
for values of k > 0 at the lower boundary of the integral domain, with no further contribution.
Conversely, when applying the Riemann fractional integral, the function does not disappear

because a = 0, and a further contribution is maintained.

The Liouville and Riemann fractional integral definitions are combined to form the general Riemann-

Liouville definition of fractional integral (Debnath, 2004; Atangana, 2016):

1 x -
DES () = ol () = s | (=D @y dr (4-20)

where,
oD ™% = 41% is the Riemann-Liouville integral operator,
a = 0, the Riemann definition of the fractional integral is valid,

a = —oo, the Liouville definition of the fractional integral is valid

The fractional integral and fractional derivative are inverse operations, and similar to how integer-
order derivatives are related to the integer-order integral, so do fractional derivatives share a
relationship to fractional integrals. The derivative can be interpreted as the slope of a curve
(geometric) or as a rate of change (physical) in integer-order mathematical terms. The integer-order
derivative is analysed along with the fractional integral to extend the definition to the fractional

derivative (Gootman, 1997; Loverro, 2004; Herrmann, 2011).

Let the derivative to an arbitrary order () order be denotes as follows:
dTl

T = D¢ (0-21)
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The fractional derivative can be divided into appropriate integer-order derivative and the remaining

fractional order derivative (Herrmann, 2011):

D% = pmpa—m meN
(4-22)
— d™ jm-a
dxm ¢
where,
Do =@ =&
dx®

Equation (4-22) states the fractional derivative can be represented or defined as a fractional integral
followed by an integer-order derivative, where once a fractional integral is defined the fractional
derivative is defined as well. This explains why the fractional derivative is referred to as the
differintegral. The inverted sequence of operators leads to an alternative decomposition of the
fractional derivative into an integer-order derivative followed by a fractional integral (Herrmann,

2011):

D% = pa—mpm meN
e d” (4-23)
a dxm

Equation (4-22) and Equation (4-23) serve to highlight the non-locality of fractional calculus, where
the integer-order derivative is a local operator, but the fractional integral is a non-local operator. The
fractional derivative is thus a non-local operator, because it is the inverse of the fractional integral,

which is a non-local operator (Herrmann, 2011).

The Liouville definition of the fractional derivative is obtained by applying the Liouville definition of
the fractional integral (Equation (4-16) and Equation (4-17)) and the operator sequence in Equation

(4-22) for the simple case (0 < a < 1) (Herrmann, 2011):

d
LDEf(x) = Ix LI (x)

(4-24)
IS S PN
- ST | ICELRIOLE
and,
a _ d 1-a
WDEF() = 2 4 ()
a1 e e (4-25)
e S f (r— %) f(0) dr

The Riemann definition of the fractional derivative is obtained by applying the Riemann definition of
the fractional integral (Equation (4-18) and Equation (4-19)) and the operator sequence in Equation

(4-22) (Herrmann, 2011):
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d
rDEf(x) = RI+ “f(x)

(4-26)
_al"(l——a)fo x—D)*f(n)dr
and,
rDEf(x) = = RIZf(x)
(4-27)

d « p
dxm = f (T — %)™ f(0) dr

The Liouville and Riemann fractional derivative definitions are combined to form the general Riemann-
Liouville definition of fractional derivative or differintegral for (n — 1 < @ < n) (Oldham and Spanier,

1974; Kisela, 2008; Petras, 2010; Atangana, 2016):

a'Dif(x) = f (x — )" £(7) dt (4-28)

T(n—a) dx®
where,
RLpa s the Riemann-Liouville differintegral operator,
a = 0, the Riemann definition of the fractional integral is valid,

a = —oo, the Liouville definition of the fractional integral is valid.

4.3 Caputo fractional definition

The Caputo definition of the fractional derivative was developed in response to limitations of the
Riemann-Liouville fractional derivative, in terms of an unusual initial condition, f#(0). The Caputo
fractional derivative is based on the inverted sequence of operators in Equation (4-23), where an
alternative decomposition of the fractional derivative into a fractional integral is followed by an

integer-order derivative, (n — 1 < a < n) (Kisela, 2008; Petras, 2010; Atangana, 2016):

dn
EDEFGO) = ™|
@ | 7o) 2o

1 *ar —-a-n+
-t f @0 =D dr

where,
¢D? is the Caputo differintegral operator.

The Caputo definition of the fractional derivative is different from the classical Riemann-Liouville
definition, because it becomes unnecessary to define the fractional order initial condition with the
Caputo definition. The Caputo definition of the fractional derivative can be applied either with the
Liouville or Riemann definition of the fractional integral, where when a = 0 the Riemann definition

of the fractional integral is valid (Riemann-Caputo definition), and when a = —co the Liouville
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definition of the fractional integral is valid (Liouville-Caputo definition) (Petras, 2010; Herrmann, 2011;

Atangana, 2016).

The standard Caputo definition fractional derivative for a system (0 < @ < 1) containing a singular

power-kernel can be expressed as (Sun et al., 2017a):
DE10) = | 32 @G- d 430
X)) = — —_ X — -
avx rd—a) ), ac /770 (4-30)

The Caputo type fractional derivative is considered a successful tool to characterise anomalous
dynamics, and mathematically this is produced from the standard power-law memory kernel.
However, the singularity of the power-law kernel is a source of difficulties with numerical computation
and applications of fractional partial differential equations. To overcome these difficulties, a number
of authors have proposed new definitions of the fractional derivative, which replaces the singular
power-law kernel. Caputo and Fabrizio (2015) define a fractional derivative where the singular power-
law kernel x % is replaced with a non-singular exponential function (Caputo and Fabrizio, 2015; Sun
et al., 2017a):

M(a) (*d
(1-a) ), dr

SFIDEf(x) = (4-31)

a

f(@ xp[ —a(x_r)]dr

where,
CF1p denotes the Caputo and Fabrizio type derivative, and
M (a) is a normalisation function where M(0) = M(1) = 1.

Furthermore, Caputo and Fabrizio (2016) define a fractional derivative where the singular power-law
kernel x~% is replaced with a Gaussian-function and Laplace operators (n = 1) (Caputo and Fabrizio,

2016; Sun et al., 2017a):

x Y
GPDEf(x) = f f (@) exp [ u] dt (4-32)

1+a?
Jr2(l —a) o
An investigation on the application of the new Caputo-Fabrizio type derivatives was conducted by Sun
et al. (2017), and found that these definitions of the fractional derivative have limitations for

characterising complex anomalous relaxation and diffusion processes. Sun et al. (2017a) then propose

an alternative notion with a stretched exponential-function kernel (0 < a < 1);n = 1:

S DEf(x) = (a))l/a f f(1) exp [ @] drt (4-33)

where,
SED denotes the stretched exponential type Caputo definition fractional derivative operator.
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4.4 Atangana-Baleanu fractional definitions

An alternative approach to overcome the problems associated with the singular power-law kernel was
performed by Atangana and Baleanu (2016). The Atangana and Baleanu definition of the fractional
derivative replaces the singular power-law kernel in a similar manner to Caputo and Fabrizio (2015),
but rather considers the Mittag-Leffler function (Equation (4-9)) instead of the exponential function.
Atangana and Baleanu (2016) define two versions of the Atangana and Baleanu definition of the
fractional derivative, namely the Atangana-Baleanu in Caputo sense (ABC) and the Atangana-Baleanu

fractional derivative in Riemann-Liouville sense (ABR).

Atangana and Baleanu (2016) state the Atangana-Baleanu fractional derivative definition will be
helpful to discuss real world problems, and will have a great advantage when using the Laplace
transform to solve physical problems with initial conditions. A number of applications of the Atangana-
Baleanu fractional derivative definition have proven its usefulness and its ability to characterise
complex anomalous processes, ranging from applications in fundamental physics to geohydrology
(Atangana, 2016; Atangana and Baleanu, 2016; Aldhaifallah et al., 2016; Abdeljawad and Baleanu,
2016; Atangana and Koca, 2016; Zafar and Fetecau, 2016; Goufo et al., 2016; Omez-Aguilar and
Atangana, 2017).

The Atangana-Baleanu fractional derivative in Riemann-Liouville sense (ABR) is the derivative of a
convolution of a given function not necessarily differentiable with the generalized Mittag-Leffler

function (Atangana and Baleanu, 2016; Abdeljawad and Baleanu, 2016) (n = 1):

AB d (t
aPEDEf(t) = % Ef f(T) Eq [—

(4-34)

- (t—T)“]dT

where,

4BR D denotes the Atangana-Baleanu in Riemann sense fractional derivative operator,

E, denotes the Mittag-Leffler function (Ea(z“) = Z?f:oﬁ); and

AB(a) is a normalization function, where

AB(a) =1—a + % (4-35)
AB(0) = AB(1) = 1

The Atangana-Baleanu in Caputo sense (ABC) is the convolution of a local derivative of a given function
with the generalized Mittag-Leffler function, and is defined as (Atangana and Baleanu, 2016;

Aldhaifallah et al., 2016; Abdeljawad and Baleanu, 2016; Sun et al., 2017a):

AB td 4-36
ZDEf() = d-a) _(Z)) Ef (1) Eq [— (4:38)

1= (t—r)“]dr

where,
4BC D denotes the Atangana-Baleanu in Caputo sense fractional derivative operator,
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4.4.1 Properties
Similarly to the local derivative, the properties of the non-local derivative are investigated by analysing
the analytical (or exact) solution. Specifically, two fundamental integral transforms are considered,

namely the Laplace transform and the Fourier transform.

Laplace transform
The Laplace transform of the arbitrary order a for the Riemann-Liouville and Caputo fractional

derivatives, under the zero initial conditions is (Petras, 2010):
LLDEf ()} (8) = 8%F(8) (4-37)

The Laplace transform of the fractional derivative is similar to the Laplace transform of an integer-
order derivative, except that the Laplace space variable (8) is to the fractional order (a). Considering

the Atangana-Baleanu in Caputo sense (ABC) fractional derivative definition (Equation (4-36), let

v(t) = % Ji3) (4-38)

and

u(t) = E, [— - f - t“] (4-39)

Applying the convolution theorem (con) for the functions v(t) and u(t), the following is obtained

aZCDEf(t) = ‘iB_((fx) [% f(6) * E, [— T i“ - t“]] (4-40)
Considering,
Lw=*u)=L(u) LW) (4-41)
Then,
AB d
£(DEFO)) = o £ [ o) e £ [~ -2 t]) (4-42)

Applying the standard Laplace transforms (Atangana and Koca, 2016),

AB(@) s“L{f()}(s) — 6" f(0) (4-43)

1—«a 3% +

L{ZPDEf(O}(8) =

1—«a
where

L{ABCDXf(t) } represents the Laplace transform of function f with respect to time ¢,

& represents the transform domain or complex number frequency parameter (s = o + iv).

Equation (4-43) is the Laplace transform of the ABC fractional derivative. From this analysis, it can
been seen that the ABC fractional derivative produces a normal initial condition (f(0)), similar to the

Caputo fractional derivative.
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The Laplace transform of the Atangana-Baleanu fractional derivative in the Riemann-Liouville sense

((4-34) can be defined as (Atangana and Koca, 2016):

d t _ a
et o)) = £ 5 [ 10 B - e

(4-44)
_ AB(@) s“L{F(D)}(3)
1-a) ga4 1 E

a
where,

L{ABRD2 £(t) } represents the Laplace transform of function f with respect to time ¢,

& represents the transform domain or complex number frequency parameter (8 = g + iv).

Fourier transform
The Fourier transform of the arbitrary order a for the Riemann-Liouville and Caputo fractional

derivatives, under the zero initial conditions is (Kisela, 2008):
F{oDEf(O)}(W) = ()*F(v) (4-45)

The Fourier transform of the fractional derivative is similar to the Fourier transform of an integer-
order derivative, except that the Fourier transform space variable (iv) is now to the fractional order
(ax). The Fourier transform of the Atangana-Baleanu fractional derivative in Caputo sense (Equation

(4-36)) has been defined as (Atangana and Koca, 2016):

a _ ( ) (t_T)a'
FLDEF (1)) = {(1 2 _f() 5, [ w0 dT} o
(4-46)
2ia a—1
=a ())(1 YFLf(6)} x (31}1” )1+ a)aly] <1+sgn[u]>

2V2(e 2 a — |[v|* + alv|* (a — eZ [u|* + e2 |v|“))

where,

F{ABCDEf(t) } represents the Fourier transform of function f with respect to time t,

v represents the transform domain or complex number frequency parameter.

The Fourier transform of the Atangana-Baleanu fractional derivative in Riemann sense (Equation (4-

34)) has been defined as (Atangana and Koca, 2016):

d a0\
P01 =7 {2 o [ 1@ B |- | auf
B(a) (=1 +€?%(=1+ alp|*" (1 + sgnfv]) (4-47)
=m7{f(t)}x - e g
2V2(e 2 a —|v|® +a|v|“)(cx—eZ |v|“+eZ [v]%)

where,
F{ABRDEF(t) } represents the Fourier transform of function f with respect to time t
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In summary, the Laplace and Fourier transforms for the fractional derivatives are similar to those of
the integer-order derivative, with the exception that the transform space is considered to the
fractional order of the fractional derivative. The Laplace and Fourier transforms of the Atangana-
Baleanu fractional derivative in the Caputo and Riemann-Liouville senses are presented from literature
toillustrate the fractional derivatives can be analytically solved by means of these integral transforms,

although they become mathematically complex.

4.4.2 Boundary analysis of fractional order a
The fractional order is typically defined as 0 < a < 1, yet the extreme casesof a = 0and o = 1 are
investigated for the Atangana-Baleanu fractional derivative. The Atangana-Baleanu fractional

derivative in the Riemann-Liouville sense when @ = 0 becomes,

0ERDf(t) = (%)) jt f f() a[ — (t=0°|dr (4-48)
Simplifying,
d t
0 ©) = g | Fyr s

= f®

Thus, whena = 0, the Atangana-Baleanu fractional derivative in the Riemann-Liouville sense

simplifies to the function f(t).

Before the scenario is considered where @ = 1, it is stated that as per the definition of the delta Dirac

function (8) (Caputo and Fabrizio, 2015):

}Cl_r}g o exp [— — t] =46(t) (4-50)

The Atangana-Baleanu fractional derivative in the Riemann-Liouville sense when a — 1,

lim 4°FDEF(t) = lim a) - f f(0) E fa (t -0 dr (4-51)

It is known that the Mittag-Leffler function reduces to the exponential function when a = 1 (Shukla

and Prajapati, 2007), thus

(lzlin 0PRDEf(t) = d f(‘[) llm m 1 3 exp [— T i - (t— T)] drt (4-52)

Let
e=1—-a«a

Substituting in the newly defined variable (&),
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lim §BRDEf(t) d th( ) i ! [ ! (t )] d 4-53
im =— 7) lim—exp|——({t—1 T -
a-1 0 t dt 0 -0 €& p & ( )
Applying the known property of the Delta Dirac function (&), given in Equation (4-50)

d t
lim $BRDEF() = = fo @) 6(t 1) dr (a-54)

Now considering the property of the Delta Dirac function (Arfken and Weber, 1999), where

f F(£)6(t — x)dt = F(x) (4-55)
Therefore,
d
lim §PEDEf () = ——f (1) (4-56)

Equation (4-56) confirms that the ABR fractional derivative is valid for the boundary condition a = 1.
Following a similar procedure the ABC fractional derivative is also found to be valid for the boundary

conditions.

4.5 Analysis of kernels associated with fractional derivatives

A kernel describes the fundamental component of a system. In computer science, the kernel computer
program forms the core of a computers operating system and controls the entire system. Drawing an
analogue with computers kernel, the kernel expressed for each fractional derivative in a similar way
controls how a fractional derivative operates. The significant fractional derivative definitions have
been given, and to facilitate a discussion on the implication of the different definitions, the kernel

associated with each definition is analysed.

To define the kernel for each fractional derivative definition, the convolution theorem is considered,
which gives the inverse transform of the product of two transforms. Considering two functions v

and u, which are piecewise continuous on t = 0, the Laplace transform is (Logan, 2006):
L(w*u)(s) =V(s)U(s) (4-57)

The convolution of v(t) and u(t) is:
t

(w*u)(t) = f v u(t—1)dr (4-58)
0
and, the inverse Laplace transform is thus:
LTHV(8)U(8)} = (v *uw)(t) (4-59)

The Laplace transform is additive, but not multiplicative. This means that the Laplace transform of a

product is not the product of the Laplace transforms.

88



The convolution theorem gives the transform required to get a product of Laplace transformes, i.e. the

convolution (Logan, 2006).

The Riemann-Liouville fractional derivative can be expressed for a first order derivative as

SEDEF(E) = m I f f@) (t—-1)"%dr (4-60)
Let
v(t) = f(©) (4-61)
and
— 1 —-a
WD =rapt (4-62)

Applying the convolution theorem for the functions v(t) and u(t), the following is obtained

W w)(t) = f fa )(_—Tl)a dr (4-63)

Taking the derivative,

%(v»«u)(t) - f () (¢ — )~ dr (4-64)

@) dt

Equation (4-64) is the Riemann-Liouville fractional derivative, and it can thus be concluded that the
convolution of functions v(t) and u(t) is representative of the Riemann-Liouville fractional derivative

and function u(t) is an expression of the Riemann-Liouville kernel.

From this perspective, it becomes clear why the Riemann-Liouville kernel is considered a singularity,

1
— @ -
Td—a) (4-65)
where, for values where t = 0, the kernel becomes undefined.

The Caputo fractional derivative can be expressed for a first order derivative as

§DEN©) = e [ 2/ €~ (4-66)

Following a similar procedure as for the Riemann-Liouville fractional derivative, the Caputo kernel is

also a found to contain a singularity (Equation (4-65)).

The Caputo-Fabrizio fractional derivative can be expressed for a first order derivative as

M td _
SFDt”‘f(x)=(1 fai) /@ exp[ alt af)] T (4-67)
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Following a similar procedure, the following is found:

t _
M@ "9 ey exp [— %] dr (4-68)

GO =G0 @

Equation (4-68) is the Caputo-Fabrizio fractional derivative, and it can thus be concluded that the
convolution of functions v(t) and u(t) is representative of the Caputo-Fabrizio fractional derivative,
and function u(t) is an expression of the Caputo-Fabrizio kernel. From this perspective, the Caputo-

Fabrizio kernel is non-singular:

M(a)
. _aa) exp [—1 i‘! . t]

where, alpha (a) is constrained 0 < a < 1.

The Atangana-Baleanu in Riemann sense (ABR) fractional derivative can be expressed for a first order

derivative as

(t -7 dr (4-69)

ppf© = 22D L[y, [

(1-a) E a

From a similar convolution perspective, the Atangana-Baleanu in Riemann sense (ABR) kernel is found

to be non-singular:

AB (@) a a
(1-a) Ea [_ t ]

where, alpha («) is constrained 0 < a < 1.

The Atangana-Baleanu in Caputo sense (ABC) fractional derivative can be expressed for a first order

derivative as

B(a)

A td
DLFO) = gy | ol Ba[ g -0 (a-70)

From a similar convolution perspective, the Atangana-Baleanu in Caputo sense (ABC) kernel is the
same as the ABR kernel and non-singular. The respective kernels for each fractional derivative are
summarised in Table 4-1. The Riemann-Liouville and Caputo definitions of the fractional derivative
contain a potential singularity within the power-law defined kernel, while the Caputo-Fabrizio and
Atangana-Baleanu definitions of the fractional derivative do not contain any potential singularities
within their respective exponential and Mittag-Leffler function defined kernels. The Riemann-Liouville
and Caputo definitions do house a potential singularity, yet the formulation is non-local. Conversely,
the Caputo-Fabrizio definition removes the potential singularity, but is considered a local operator

because the variable (t) has no associated fractional order («). From this perspective, the significance
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of the Atangana-Baleanu definitions of the fractional derivative becomes clear, where the potential

singularity is removed and the formulation retains a non-local operator.

The fractional order exponent can be interpreted as an indication of the memory capacity in empirical
systems (Du et al., 2013; Tateishi et al., 2017). Additionally, the fractional order exponent introduces
a non-linear time dependence in the mean square displacement of the system (Metzler and Klafter,
2000; Tateishi et al., 2017). Tateishi et al. (2017) explored this property by considering the relationship
between the random walk concept and the diffusion equation. The usual random walk is characterised
by Gaussian, Markovian and ergodic properties, which is related to a linear time dependence of the
mean squared displacement (Ax)? ~ t. On the other hand, the continuous time random walk concept
is characterised by non-Gaussian, non-Markovian and non-ergodic properties, which is related to non-
linear dependence of the mean squared displacement (Ax)? ~ t%. Here, sub-diffusion is expressed
where @ < 1, and superdiffusion where a > 1 (Tateishi et al., 2017). From this perspective, it
becomes clear why the Caputo-Fabrizio fractional derivative is local and has no memory component,
because the exponential kernel has no fractional order exponent, which is an indication of the memory
and non-linear time dependence. On the other hand, the Riemann-Liouville, Caputo and Atangana-
Baleanu fractional derivatives are non-local and have a memory because the fractional order exponent

is present in the kernel and associated with time (t).

Table 4-1 Summary of kernels associated with each fractional derivative definition

Fra?tlo?al Kernel Distribution Slngfjlarlty/. non- Locality Memory
derivative Singularity
Riemann-
jouvi 1 . . Non-
Liouville -« Power Law Singularity Yes
Caputo 'l-a Local
Caputo-Fabrizio M(@) ex [— ¢ t] Exponential | Non-Singularit Local No
P ) p 1—a p g y
Atangana-
Baleanu in
Riemann sense
(ABR)
AB(a) a Mittag- Non-
E, |- t* Non-Singularit Yes
At 1-a) ¢ [ 1-a ] Leffler g i Local
angana-
Baleanu in
Caputo sense
(ABC)
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The question is why the Riemann-Liouville and Caputo fractional derivatives contain a potential
singularity within the power-law defined kernel, while Caputo-Fabrizio and Atangana-Baleanu
derivatives do not. One possible explanation for this could be the order in which the fractional
derivative and integral were formulated (Equation (4-23) and Equation (4-29)). The Riemann-Liouville
fractional integral was first formulated, and from the integral, the derivative was derived. On the other
hand, the Atangana-Baleanu fractional derivative was first formulated and then the integral was
derived. Considering the natural properties of a derivative (discrete) and an integral (continuous),
perhaps “squeezing” an integral into a derivative formulation could have triggered the singularity in

the Riemann-Liouville and Caputo fractional definition.

For further analysis of the various fractional derivative kernels, the associated statistical probability
distributions are investigated. The statistical probability distribution of finding a particle in any one
place is commonly correlated to simulating the transport of a contaminant or particle. The Riemann-
Liouville and Caputo fractional derivatives are associated with a power law distribution, the Caputo-
Fabrizio fractional derivative is associated with an exponential function distribution, and the
Atangana-Baleanu fractional derivative is associated with a Mittag-Leffler function distribution (Table
4-1). Investigating the statistical properties of each of these distributions, can provide an insight into

how the kernels control the behaviour of each fractional derivative definition.

The power law probability distribution, also called the Pareto distribution, uses the power law to
describe certain phenomena (See Section 4.1.2). The various statistical properties of the Pareto
distribution are discussed herein. The Pareto (type I) distribution can be defined by the survival
function, where the probability of a random variable (X) being greater than some number x is

expressed as (Arnold, 2008; Arnold, 2015a; Arnold, 2015b):

X\ & S
F(x) =Pr(X >x) = (7) X = Xm, (4-71)
1 x < Xm,

where,
Xy, is the minimum possible value of X (scale parameter), and

a is the shape parameter (positive parameter).

Based on this definition, the cumulative distribution function has been defined as (Arnold, 2015a):

X\ &
F()=11" () x=zxm (4-72)
0 x < X,

Considering the differentiation of the cumulative distribution function, the probability density

function has been defined as (Arnold, 2015a):
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axy
f(x) = { arl X = Xm (4-73)

0 x < Xm,

Therefore, the expected value of a random variable has been defined as (Arnold, 2015a):

0o a<l
— ax -
E(X)_{ mosq (4-74)
a—1

The variance of a random variable has been defined as (Arnold, 2015a):

00 a € (1,2)
Var(X) =4 ( Xm \* @ (4-75)
(a - 1) a—1 @>2

From the properties of the power law distribution, it becomes clear that the expected value is
undefined for values of @ < 1, and the variance is undefined for values of @ € (1,2). If the distribution
is related back to the Riemann-Liouville and Caputo fractional derivative definitions, where the
traditional values of the fractional order () are 0 < a < 1, there is a fundamental disagreement. This
disparity could be the answer to the question posed, why the Riemann-Liouville and Caputo fractional

derivatives contain a potential singularity within the power-law defined kernel.

The exponential probability distribution uses the exponential function to describe certain phenomena
(See Section 4.1.3). The various statistical properties of the exponential distribution are discussed

herein. The general probability density function can be defined as (NIST/SEMATECH, 2003):

fx) = %e‘("‘“)/ﬁ x>u; B>0 (4-76)

where,
W is the location parameter, and

[ is the scale parameter, often expressed as 4, which equals %

The standard exponential distribution has been expressed for the case wherey = 0and § = 1:
f)=e™ x>0 (4-77)
Based on this definition, the cumulative distribution function has been defined as (NIST/SEMATECH,

2003):
Fx)=1—e*F x>0;>0 (4-78)

The expected value of a random variable following an exponential distribution has been defined as:

EX) = % =p (4-79)
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The variance of a random variable has been defined as:

Var(X) = % _ 2 (4-80)

From the properties of the exponential distribution, the parameter restrictions are only that x >

0; B > 0, which do not represent any fundamental disagreements when related back to the Caputo-

Fabrizio fractional derivative definition.

The Mittag-Leffler probability distribution uses the Mittag-Leffler function to describe certain
phenomena (See Section 4.1.4). The various statistical properties of the Mittag-Leffler distribution are
discussed herein. A Mittag-Leffler statistical distribution was first explored by Pillai (1990), where the
distribution function or cumulative density function was defined as (Mathai, 2010; Haubold et al.,

2011, Atangana and Gémez-Aguilar, 2018):

Gx(x) =1 — Eo(—x%) 0<a<1x>0 (4-81)

Differentiating with respect to x, the density function f(x) is obtained:

B dG(x) B d (_1)n+1xa’n

(4-82)
f&) dx {1+ an)
n=1
Rearranging and replacing n withn + 1:
(x) = 46 _ ' (et = x%1E @ 0<a<1,x>0 (4-83)
f = dx ~ Zs T(1+an) - aa (7X%) =5
Considering the following probability density function (Atangana and Gémez-Aguilar, 2018),
N 1(® sin[amn] P
“ ?-];) el T [( at )a + ( at )—a + 2cos(na) g (4-84)
(1-a)y 1-a)y

The tail probability distribution associated with the waiting time T can be defined from the Equation

(4-84) (Atangana and GOmez-Aguilar, 2018):

P(T >t) = foona(x)dx =E, [— T f at"‘] (4-85)
t

From Equation (4-85) the inter-arrival time density can be defined as (Atangana and Gémez-Aguilar,
2018):
a,ta'—l

xq(t) =——E [— l t"‘] t>0 (4-86)
@ 1—a %1l 1-q« -

It follows that when considering the n-arrival time, the corresponding probability density function can

be defined as (Atangana and Gomez-Aguilar, 2018):
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n+1 an—1

a n a a
WO = G Ty B [_1_at |

(4-87)

The moment generating function can be defined from Equation (4-87) (Atangana and Gémez-Aguilar,

2018):

J
[=p] - D)) )
(4-88)
I(aj + 1)

Qe (p,t) = i <(1
j=0

Applying the classical formula, Equation (4-88) can be used to calculate the corresponding moment

(Atangana and Gémez-Aguilar, 2018):

( a N\
! nal w((l_a [—p]—l)))!
E[N(t l 1 Z -
[N(®]' = lim L( "2, RCE | (4-89)
Therefore, the mean of the corresponding process can be defined as (Atangana and Gémez-Aguilar,
2018):
i pa(t) = at? 4-90
—a)l(a+1) (4-90)
n=

The second moment, or variance, is thus given as (Atangana and Gémez-Aguilar, 2018):

[ F(a)l“(%) 1)
oo a ( 2)
L, o e at? at?® Ma+s B )
m&_;" P”(t)_(l—a)l"(a+1)<1+(1—a)F(a+1) 22a-1 1 @9

From the properties of the Mittag-Leffler distribution, restrictions associated with the statistical
properties do not form any fundamental disagreements with the values for a in the Atangana-Baleanu

fractional derivative definitions.

The statistical properties associated with the respective kernel of each fractional derivative definition
provides a potential explanation on the presence of a singularity in the Riemann-Liouville and Caputo
fractional derivatives, while the Caputo-Fabrizio and Atangana-Baleanu contain non-singularities. The
explanation being the distribution associated with the controlling kernel should not only satisfy the

fractional derivative boundaries of the fractional order, but also the associated statistical boundaries.
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The Riemann-Liouville and Caputo fractional derivatives have a disagreement between the fractional

order boundaries and the statistical property boundaries.

In a final analysis of the fractional derivative definitions, the results of the work performed by Tateishi
et al. (2017) are considered. The usual diffusion equation was generalised by means of the Riemann-
Liouville, Caputo-Fabrizio and Atangana-Baleanu fractional derivatives, and the effect each kernel had
on the simulated results analysed by a comparison with a continuous random walk framework. The
results obtained by Tateishi et al. (2017) are in Table 4-2, where the Caputo-Fabrizio and Atangana-
Baleanu fractional derivatives modify the behaviour of the waiting time distribution, as well as
introduce non-Gaussian distributions and different diffusive regimes depending on the time scale. The
Caputo-Fabrizio fractional derivative has a waiting time distribution described by an exponential
distribution, and the probability distribution displays a stationary state as well as saturated diffusion
for long times. Tateishi et al. (2017) comments that this finding is remarkable because the fractional
diffusion equation is solved without external force and subject to free diffusion boundary conditions.
The Atangana-Baleanu fractional derivative produces a waiting time distribution described by stretch
exponential for small times, and by a power law (similar to Riemann-Liouville) for long times.
Additionally, the Atangana-Baleanu fractional derivative has a probability distribution indicating a
cross-over from usual diffusion for small times, and sub-diffusive for long times. It was concluded that
the new fractional derivatives definitions have the potential to incorporate different memory effects,

which could change the way anomalous diffusion is modelled.

Table 4-2 Summary of results obtained by Tateishi et al. (2017) on influence on different fractional
derivative definitions on the Diffusion Equation

Waiting time distribution / Mean square

kernel distribution displacement Probability distribution

Fractional derivative

. . . Power Law and .
Riemann-Liouville Power Law . . Non-Gaussian
Scale invariant

Cross-over from Cross-over from Gaussian to
Caputo-Fabrizio Exponential usual to confined non-Gaussian with steady
diffusion state
Mittag-Leffler (cross-over Cross-over from

Cross-over from Gaussian to

Atangana-Baleanu between a stretch usual to sub- .
non-Gaussian

Exponential to Power Law) diffusion
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4.6 Fractional derivatives application to the Advection-Dispersion Equation

Following on from the work performed by Tateishi et al. (2017), which found that the new fractional
derivatives could be effective in modelling anomalous diffusion, the new fractional derivatives are
applied to the advection-dispersion equation to model not only anomalous diffusion, but potentially
anomalous advection in the form of preferential pathways in fractures within the groundwater

system.

It has been conceptualised that within an aquifer, water is moving within the porous media at a
predictable rate, but the flow can also be faster than expected within unknown fractures or faults,
and/or slower than expected in other areas. This discrepancy in the manner groundwater flows is
correlated to the discrepancy in diffusion (anomalous diffusion), referred to as super-diffusion (faster

than traditional methods predict) and sub-diffusion (slower than traditional methods predict).

An analogy is drawn with the conceptual groundwater flow within a fractured aquifer, where super-
advection is defined as flow faster than traditional methods predict, and sub-advection as flow slower
than traditional methods predict. For this reason, the fractional derivative will be applied to space for

the advection term of the advection-dispersion equation.

The fractional derivative will also be applied to time because of the properties of the fractional
derivatives discussed, where the waiting time distribution is defined. Incorporating the fractional
derivative for time, allows these features to be activated in the advection-dispersion equation
solution, i.e. for the Caputo derivative a power law distribution and for the Atangana-Baleanu
derivative a Mittag-Leffler distribution, including a cross-over between a stretch exponential to power

Law.

The traditional advection-dispersion equation,

g (x,t) = g t)+D o t (4-92)
atc x,t) = —v, % c(x,t) L322 c(x,t)

Incorporating the fractional derivative for time and advection components,

2
Df {c(x,t)} = —v, D{c(x, )} + Dy, % c(x,t) (4-93)

where, Df indicates the use of a fractional derivative with a fractional order a.

This approach differs from the usual that incorporates the fractional derivative either in time (Liu et
al., 2003; Povstenko, 2014; Rubbab et al., 2016), in space (but only for the diffusion/dispersion term)
(Benson, 1998; Benson et al., 2000; Su et al., 2010; Wang and Wang, 2011), or in time and space
(diffusion-dispersion term) (Huang and Liu, 2005; Povstenko, 2015; Javadi et al., 2016).

97



4.7 Chapter summary

Fractional calculus is outlined by presenting the functions required for the definition of fractional
integrals and derivatives, fundamental fractional derivative definitions, and an analysis of the kernels
associated with each fractional definition. The kernel analysis found that the Riemann-Liouville and
Caputo definitions of the fractional derivative contain a potential singularity within the power-law
defined kernel, while the Caputo-Fabrizio and Atangana-Baleanu definitions of the fractional
derivative do not contain any potential singularities within their respective exponential and Mittag-
Leffler function defined kernels. Yet, the Caputo-Fabrizio definition removes the potential singularity,
but is considered a local operator, and thus the significance of the Atangana-Baleanu definitions of
the fractional derivative is highlighted. Research performed by Tateishi et al. (2017) is evaluated, and
it is found that the Atangana-Baleanu fractional derivative has a probability distribution indicating a
cross-over from usual diffusion for small times and sub-diffusive for long times; and correlated to the
potential to incorporate different memory effects, which could change the way anomalous diffusion
is modelled. Lastly, a case for anomalous advection in fractured systems is made, with an application
of the fractional derivative in space for the advective term and in time to activate the waiting time

distribution properties.
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5 FRACTIONAL ADVECTION-

DISPERSION EQUATION WITH
CAPUTO DERIVATIVE

The applicability of fractional derivative in modelling anomalous diffusion has been established by
several authors (Wyss, 1986; Schneider and Wyss, 1989; Metzler et al., 1994; Metzler and Klafter,
2000; Meerschaert, 2012). Following this research, a case was made for the application of fractional
derivatives to the advection-dispersion equation for modelling transport specifically in a fractured
groundwater network (Benson, 1998; Benson et al., 2000). In Section 4.6, incorporating a fractional

derivative for the advective term has been conceptualised.

The developed fractional advection-dispersion equation requires a solution to be of use. A myriad of
methods are available to solve fractional differentials, including Laplace transform methods, Fourier
transform methods, Adomian’s decomposition method, Homotopy analysis method, finite difference
methods, finite element methods and many more (Meerschaert and Tadjeran, 2004; Huang et al.,
2008; Jafari and Tajadodi, 2015; Pang et al., 2015; Li et a., 2017). The complex nature of the formulated
fractional advection-dispersion equation results in an analytical solution being challenging, and thus
numerical solutions will be employed (Sousa, 2009; Meerschaert and Tadjeran, 2004; Jafari and

Tajadodi, 2015). Diethelm et al. (2005) reported a need for readily usable tools to numerically solve
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fractional derivative problems. However, at that time only a limited collection of algorithms had been

developed.

Finite difference methods for numerically solving fractional partial differential equations will be
considered for the developed fractional advection-dispersion equation. A review of available finite
difference numerical schemes for fractional partial differential equations is performed. A finite
difference numerical method for the space fractional advection-dispersion equation, with the
fractional derivative applied to the dispersion term, was presented by Meerschaert and Tadjeran
(2004). Making use of the standard Griinwald estimates, Meerschaert and Tadjeran (2004) describe
unconditionally stable explicit and implicit Euler methods, and a Crank-Nicolson method. Lynch et al.
(2003) proposed a simple explicit method and a semi-implicit method for the space fractional diffusion
equation, which are analysed for efficiency and accuracy. The semi-implicit method was found to be
more effective than the explicit method. Liu et al. (2007) considered the space-time fractional
advection-dispersion equation, describing an explicit and implicit difference numerical solution
method. The implicit difference method was found to be unconditionally stable and convergent, while
the explicit difference method was conditionally stable and convergent. Sousa (2009) generalised
explicit finite difference approximations for a fractional advection-diffusion problem, where the
fractional derivative was used to replace the second order derivative in the problem, were described.
One of these generalisations makes use of the finite difference upwind scheme for the advection term
but with a classical derivative. An original numerical approximation of the space fractional advection-
dispersion equation was presented by Shen et al. (2014), where a fractional centred difference scheme
was applied to the Riesz fractional derivatives. The scheme was found to have second-order accuracy,
unconditionally stable, consistent and convergent. Since, the development and analysis of numerical
solutions for the fractional advection-dispersion equation has remained relevant (Su et al., 2010;
Wang and Wang, 2011; Sousa and Li, 2015; Liu and Hou, 2017; Owolabi and Atangana, 2017; Atangana
and Owolabi, 2018; Fazio and Jannelli, 2018; Li and Rui, 2018; Liu and Li, 2018).

Upwind finite difference numerical methods have been applied to fractional partial differential
equations (Yuan, 2003; Yirang et al., 2014; Yuan et al., 2017), and following on this research, the
augmented upwind schemes presented in Chapter 2 for the local advection-dispersion equation will
be applied to the Fractional advection-dispersion equation with Caputo fractional derivative. These
numerical schemes were found to be an improvement on the traditional upwind approach, and thus
selected for application on the fractional advection-dispersion equation to investigate their suitability

for anomalous advection in fractured systems.

The numerical approximation schemes for the fractional advection-dispersion equation with Caputo

fractional derivatives are developed using the new upwind advection Crank-Nicolson and weighted
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upwind-downwind schemes, as well as the traditional upwind schemes. The traditional upwind
schemes serve to form a base of comparison in terms of numerical stability for the developed

schemes.

5.1 Upwind numerical approximation schemes

The augmented upwind schemes are applied to the fractional advection-dispersion equation for
numerical approximation (Equation (4-93)). Applying the Caputo definition to the fractional advection-
dispersion equation,

6D (¢, 1)) = vy §DE (e 8)) + Dy s — (c(x 0) (5-1)

where,

60/ ) = s [ 2 SO — 0 dr

A forward difference scheme in time is applied to the Caputo fractional derivative to demonstrate the
numerical approximation approach for the Caputo fractional derivative. The Caputo fractional

derivative is considered for a specific time (t,,),
GDEf(ty) = _1 Jtnif(r) (t, — 1) %dt (5-2)
I T 1 —a) J, dr n

The time integer-order derivative T is replaced with the forward differences approximation at specific

points in time (t), and a summation is used to express the integral performed for each time step,

CDEf(ty) = ——— [Z Jttkﬂ fk+1

The approximation of the continuous T function, results in two specific points of the function with

k

(b, —1)” “dr] (5-3)

respect to time (t), which allows the approximated derivative to be taken out of the integral:

n-l g+
1 f f (2251
CDEF(t,) = z t" — 1) %dr 5-4
k=0 k
The fractional integral still requires approximation, let function y represent (t™ — 1), dy = —drt; and
the integral is reversed to consider a single time step:
n-1l k+1 k -
1 f — f tn—tk+1
Cna l i -a -
DEf(t,) = Z —J d (5-5)
k=0 ntk

Integrating,
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1 k+1 k —a |tn—t
N B 1 fi _fi y1 a |'nTtk+1
aDEf (tn) = r— L=O v {— e }] (5-6)
DS F(e.) = f"“ (= 67— (b = )
tf(tn) = a) z - (5-7)

Considering the specific time can be represented as the number of time steps required to reach that
time (t" = At -n) and similarly, th = At - k. Thus, the same can be applied to achieve t™ — th =

At(n — k) and t"* — t**1 = At(n — k — 1):

k+1 _ 1-a __ 1 _ 1-a
oo = a) [zf ﬁ{ (At — k) )"~ — (At(n—k — 1)) H 53

1—«a

Simplifying by moving the constant At, At1~% and 1 — a out from the summation, and considering the
properties of the gamma function, where I'(2 — a) = (1 — «)I'(1 — «) when using integration by

parts and L’Hépitals rule:

SDEf(t,) = r((z ) [Z (' =) {m- - -k - 1)“"}] (5-9)

Equation (5-9) is the numerically approximated Caputo fractional derivative, where the function is
considered at two discrete points in time, yet additionally the fractional components are included to

account for changes in between those two discrete points in time.

5.1.1 Explicit upwind
The numerical approximation of the Caputo fractional derivative with respect to time has been
presented in Equations (5-2) to (5-9), with the resulting scheme applied specifically to the fractional

advection dispersion equation:

A~ ¢
6D (cCtm, tn)) = F((Zt) [Z( m ) {(n— k) = (n—k - 1)1‘“}] (5-10)

where, a function 8y, is applied to simplify,

6,‘{,,{ =n-k"*-(n-k-1)¢
Thus,

n—1

A -a

6D (c(xm, tn)) = % [Z (ckHt — c,’i,)c?,‘{k] (5-11)
k=0

Similarly, the Caputo fractional derivative with respect to space (explicit) and the upwind scheme is,
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A a
§DE(clxm, ty)) = F((Zx) [Z(c” e ) {m - %= (m—i— 1)1_“}] (5-12)

where, a function 57?1,1' is applied to simplify,

Spi=m—-D""*—(m—-i-1*
Thus,

CDa(C(xm, n)) _ (AX) a [Z(Cﬂ 1 _ n_ 1 ] (5-13)

And, the local second order derivative is approximated using the traditional finite difference approach:

02 nl—2ent 4 ol
Dy 55 (cCtm t) = DL< Vi > (5-14)

Substituting back into Equation (5-1),
n—1 m
(At) “ k+1 k a ( ) “ n-1 a
e Z(c — k)% |+ vy o) Z(c — )65 (5-15)
_DL<cm+1—ZC s e ):0

(Bx)?

Reformulating the following can be obtained,

n—2
@AD" - an~* M k\sa
m(cm O T +m (RZO(QI% ! C#z)@z,k)

(Ax)™ )* . (5-16)
+vxﬁ(c$}l1 D6, +v xl“(zx [Z(c L™ )Sml]

-D Cm+1_2Cm1+Cm -0
" (ax)?

Rearranging,
(1 a2 ) = (1 s+ o7y~ )
+( 1"((2 = 0()(S (AD)2> = +<(ADTL)2> et (5-17)
= (Z(m—m)a) s [Z(cn - )a,f:,i]

Equation (5-17) is the explicit upwind finite difference scheme for the one-dimensional, non-reactive

fractional advection-dispersion equation with Caputo fractional derivatives. The numerical scheme

can be simplified by substituting functions as followings,
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m—1
bycp ! + dzep i + faemh — hs (Z (chtt = Cr’%)fsn‘fk) — 13 (Z (et =y )6ml> (5-18)
i=1
= asCm
where,
(At)™
as = m nn 1/
(At)~@ (Ax) @ 2D,
3 T _ N nn 1t Uy nm )
T2 -a) r2 - ™ (Ax)2
_ (Ax)™* p D,
TR R T
D,
f3 - (Ax)zl
_ @
hs = r2-a)
L, o
3T T2 )
5.1.2 Implicit upwind
Following the same approach, the following is obtained for the implicit upwind scheme,
A AP (Ax)=°
_ 5% Z 50! .
F(Z—CZ) Z( Cm) nk +v xF(Z (C 1—1) m,i (5_19)
_D Cmi1 — 2Cm + Cm_1q _
L (Ax)?
Reformulating the following can be obtained,
(At)™ (At)~*
m(cm — o )8, nn-1 T F(Z z( . _Crlgl)6n0fk
(Ax)™ (Ax)™@ (5-20)
+v xm(cm C#L—l)(snofm +v xF(Z Z(c 1—1) Srgl
-D Cm+1 — 2Cm + Cm—1 -0
L (Ax)?
Rearranging,
(At)™ (Ax)™® 2Dy \ (At)™* ne1
<m5nn 1tV T2 —a) m — xz)m m%n 1)¢m
(Ax)~@ D, e D;
(et —ay O+ ) e * (o) o (5-21)

(Ar)~

o (G- cm)

(Ax)™®
T2 —-a)

[Z (] = ) S,z,i]
1
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Equation (5-21) is the implicit upwind finite difference scheme for the fractional advection-dispersion
equation with Caputo fractional derivatives. The numerical scheme is simplified by substituting the

following functions (Equation (5-18)),

m—1

azci ' = bycph — dsch_q — f3Cpa + hs <Z (Ck+1 - Crlgz)fsnc,{k) +13 (Z (CHENRY 57101(,1') (5-22)

i=1

5.1.3 Upwind advection Crank-Nicolson scheme
The first-order upwind advection Crank-Nicolson finite difference scheme is applied, where the time
component remains the same as with the first-order implicit and explicit schemes (Equation (5-10)),

but the space components change to,

CD“(c(xm, n)) ((Azx—z::) ;[O'S(Cin_l - Cin—_ll) + O-S(Cin - Cin—l)] (5_23)
{m - —(m—-i-1)"%
Simplifying using the function 5,‘;‘1 i
M)~ [
6 D% (cCrm. tn)) = (Zx—za) [Z (()-S(Czn_1 —cf3) +0.5(c] — Cin—l)) 510;(1,1'] (5-24)

Substituting back into Equation (5-1),

(At) a |:TL 1

+ a (ax)~*
1"(2 _ CZ) Z(Ck T Cflﬁl)é‘n,k

+v xm [; (0 5((;71 b ) +0.5(c" - i—1)) 61%,1’] (5-25)

b Cort — 2€0m '+ Cph | _ 0
" (ax)?

Reformulating the following can be obtained,

= s + (Z< -es)ac
vx%(osm — cBTh) + 0.5(ch = cha)) S 5.26)
”xr((Azx) - [Z 0.5(cP ™" = ) + 05(cF — 1)) .8 ]
-0 (EETE ) <
Rearranging,
(%6 ”1+05’Cr((zz:)5 )cm— (5-27)
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(At)™ (Ax)™* 2D, \
<F(2 —a) nn-1 - 0.5v x_r(z ) nm — (AX)2> o 1
(Ax)™ D,
" (os R
D . AO™ (T, 1 3
* ((AxL)2> S Sl v (Z(C" t— o) n,k>

m-—1
(Ax)~“ n— n— n n a

Equation (5-27) is the upwind advection Crank-Nicolson finite difference scheme for the one-

dimensional, non-reactive fractional advection-dispersion equation (Caputo). The numerical scheme

can be simplified by substituting functions as follows,

n-1 n-1 n n—1
P3Cm + q3Cm-1 + 3Cm-1 + f3cm+1

n-2 m-—1
<Z(ck+1 cr’fl)6n‘fk)—l3 (Z
i=1
where,
(e ORI
03 = mé‘nn 1 + 0. vamé‘mm,
(At)~« o (Ax)~@ 2D,
Ps = r2 —a)‘sn'" 1= 050 "r(z —a) Srim = (Ax)?
Ax)™* D,
qz = O.SVXF(Z — ) 1) m +W’
(Ax)™*
= 0.5v, T2 —a) Ot

5.1.4 Explicit upwind-downwind weighted scheme

(5-28)

(0.5(61-"_1 — ) +0.5(c] — cl-”_l)) 6r,‘f_i> = 05ch,

The first-order explicit upwind-downwind weighted scheme, as described in Section 2.2.5, is applied

and results in the following changes in the space fractional derivative approximation, where the ratio

of upwind to downwind is controlled by 8, where 0 < 8 < 1,

807 (¢ Coms ) _r((zx) a [Z[H(C" T+ (-0 (el - )] 5&,11 (5-29)
Substituting into Equation (5-1),
n-1
GO + «
D) LZO(C%% - 07’%)5n,k]
(Ax)™ - PN <a (5-30)
xF(Zx [Z[B(c LoD+ @ -0 (et — )] Sm”i]

n-1 n-1 n
Cm+1 — 2Cim_ + Cm
-D;

-1
_1> _o
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Reformulating the following can be obtained,

A - A a
L(C#l — g o+ F((Zt) (Z (Ck+1 _ C#z)%‘?k)

r2—a
A -
o (B(GH — ) + (1= (el — ) B o
A a
o, B [Z 0(d - d5) (- (e - )
b el —2e 4 et “o
_ L< i >_
Rearranging,
@O .\, _ (@)= @)= .2\
<m n,n—l) Cm = <F(2 — )5 n—1 + x(29 )F(Z —0() 6n,m W) Cm !
(Ax)™* Dy, (Ax)™® D, \ ,_
+<v 91"(2 )5 +(A )z)cm1+<vx(1 )F(Z )6 +(A))Cm+11
(5-32)

ORI AT ;
“Te—o <Z(Cr'% - f%)‘sn,k)

o [Z (e =) + A - 0)(cliy' - C?‘l))‘s”%i]

x —
T2 -a) L

Equation (5-32) is the explicit upwind-downwind weighted finite difference scheme for the fractional

advection-dispersion equation (Caputo). The numerical scheme can be simplified by substituting

functions as shown,

S3c b use T + vgchh - (Z (et — c,’fl)cSn"fk)
m-1
—l3 [Z (9 (Cin_l —ci” ) +(1- 9)(CL+1 Cin_l)) Smi| = asch

i=1

(5-33)

where,
_ (At)~« (Ax)™@ a 2D,
S3 _F(Z— )6nn 1t x(Z@—l) F(Z—a)an’m_(Ax)z
= 1,0 (Ax)™* Dy
Us = V0 p gy Onm + (ay2
) w0 D,
vy = Ux(l - 9)m5n‘m + W

5.1.5 Implicit upwind-downwind weighted scheme
Similarly, the implicit upwind-downwind weighted scheme, presented in Section 2.2.6, is applied,

where the ratio of upwind to downwind is controlled by 8, where 0 < 6 <1,
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an~* . «
SIS - e

A a
+ vx% [Z[Q(C —cit )+ A =0)(ch,—cM] 51?1,,1']

(5-34)
Cma1 — 2Cin + Cmo1 _
o, (a2
Reformulating the following can be obtained,
n-2
G I, COR k4 _ kg
F(Z — CZ) ( Cm ) nn— 1+ F(Z — a) (;(Cm+ Cm)6n,k
+v Vx F((Z ) (Q(Cm - Cm 1) + (1 9)(Crrrlz+1 - 611}1))6na,{m +
m—1
(Ax)™@ [ Cpe1 = 260 + Cpiy
Ve | ) (0(c] — L) + (1= 0)(cfsy — ) 8| = D ( ) =
r2-a) ; (Ax)? (5-35)
Rearranging,
(at)~¢ (Ax)™* 2D, \ , _ (@)™ n
<m5nn 1tv x(29 )F(Z_a)gn,m (Ax)? ) (mann 1>Cm !
+ 9()a6 +D o1+ (1—9)()a6 +D
T =T ) T\ re—w i ¥ a2 ) e (5-36)

At)~ % a
F((th = (Z (ck+1 — c,’qg)énvfk) v, F((Z x)” [Z (9(0 )+ A =0)(cl, - cf)) 6,;'{_1-]

Equation (5-36) is the implicit upwind-downwind weighted finite difference scheme for the fractional
advection-dispersion equation with Caputo fractional derivative. The numerical scheme is simplified

with the following functions (Equations (5-33) and (5-18)),

n—2 m-1
azclht — <z (clrt — Crlﬁl)fsn(fk) — 13 [z O —cr)+A=0)(cl—cM) 5r$f,i] (5-37)
i=1
= S3Cm — U3Cm_1 — V3Cmyiq
This concludes the formulation of the numerical approximations schemes to be investigated for the

fractional advection-dispersion equation with Caputo fractional derivative. In the following section,

the numerical stability of each scheme will be analysed.

5.2 Numerical stability analysis

The numerical stability method used in Section 2.3 for the local operator numerical approximation
schemes, will also be applied to the developed numerical approximation schemes for the fractional
advection-dispersion equation with Caputo fractional derivative. The numerical stability for the
upwind schemes are evaluated to validate their use in solving the fractional advection-dispersion

equation with a Caputo fractional definition.
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5.2.1 Explicit upwind
The developed finite difference explicit upwind numerical scheme presented in Section 5.1.1 is

applied. Substituting induction method terms results in
n—2

b3 1€t + dye,_ e A0 fig  elkixr(xHAx) ( (Cpre/Fm* — elfm¥)5,
k=0
(5-38)

m—1
— l3 <Z (én_lejkix _ én elki (x— Ax)) 6 — a3c eJkix

Multiple out,
b3Cp_187%% + dyé,_jelkiF¥eIRibx  fo¢,  elki¥elkibx

—hg <Z(ck+1ef"m" — & elkm¥) 8%, )—I3<Z(cn 1elkix — ¢, elkixeJkibx) 5 ) (5-39)

= ay¢,elk*

. o k
Divide by e/*i¥,

A = bal dl —jkiAx
azCp = b3Cp—q + A3Cpy_q€ + f3ln-

n—2 m—1 (5 40)
—hs (Z (Cr+1 — 6k)6n6,(k> — 13 (Z (CAn—1 - én—1e_jkiAx) 573,1’)
k=0 i=1

LeJkibx

The induction numerical stability analysis is performed in two parts; firstly it is proved forasetVn > 1

1€l <&l
Ifn =1, then
m-1
azéy = byly + dzloe TN + figgel it — I (Z (&y — pe~Tkitx) 6n‘f’i> (5-41)
i=1
A subset for m is now considered, wherem =1,
(5-42)

a3f‘1 = bgéo + dgéoe_JkiAx + fgéoejkiAx

Simplifying,
a3ty = (bs + dge ™/ + freltitn)d, (5-43)

Rearranging,

. by + dqe TKiBX 4 f pJkibx

AT . (5-44)

Co as

Apply a norm on both sides,
[61]  |bs| + |—d3e_jkiAx| + |—f3efkiAx|

lel (5-45)

1ol las|

The condition thus becomes,
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51

— <1
ol
Remembering |e™| = 1, the condition becomes
bs| + |ds| +
|bs| + |ds] |f3|<1
las|
It can be concluded that |¢;]| < |¢,], when
bs| + |d3| +
|bs| + |d3] |f3|<1
las|

The term is expanded using the simplification terms associated with Equation (5-18),

(AD)™% 4 (Ax)™% oo 2Dy | (Ax)™% g Dy, | Dy |
T2 —a) ot T T = O ~ o2 T Te —a) O T Pl T @2
= <1 (5-46)
ORI
(2= a)onn-t
The assumption is made where,
@O @0~ 2D,
an - ) sa o “PL (5-47)
T2 —a) rn 1 T r g o) Onm = (ax)2
Then,
(A% 4 (Ax)™* oo 2D, (Ax)™% o4 Dy Dy
FZ-a) 1 P T - O ~ 2 T T — o v T a2 T a2
(AD)—@ <1 (5-48)
—6 a
r2—-a) nn-t

Simplifying, under this assumption (Equation (5-47)), the explicit upwind numerical scheme for the

fractional advection-dispersion equation with Caputo fractional derivative is unstable.

When the complementary assumption is made where,

(At)~@ )™ 2D

—— a —— -
FC—a ot P rG = i < a2 (549
Then,
_ )™ . (M) o, 2D, (Ax)™% g Dy Dy
fe-a ot~ i —a " a2 T T - Ot T @ T @ _
GO~ . < (5-50)
F(2—a) nn-t
Simplifying,
2D, (A7
(Ax)? < r2-—a) Onn-1 (5-51)

Under this assumption, the finite difference first-order upwind (explicit) numerical scheme for the

fractional advection-dispersion equation with Caputo fractional derivative is conditionally stable.
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A subset for m is now considered forallm > 1,

m—1
asé; = b3éy + d3é‘oe—jkiAx + f3éoejkiAx — 1, (Z (60 _ éoe_jkiAx) 5121'1,) (5-52)
i=1
Simplifying,
m-—1
azé; = <b3 + d3e—fkiAx + f3ejkiAx _ l3(1 —_ e—jkiAx) Z 5,%1-) ¢o (5-53)
i=1

Remembering §,5; = (m — i)'~ — (m — i — 1)*~%, and substitute back into Equation (5-53),

m-—1
asé; = (b3 + d3e—fkiAx + f3ejkiAx _ l3(1 — e—jkiAx) Z (m— l-)l—a —(m—i- 1)1—0{) & (5-54)

i=1

where, expanding the summation the following is obtained
m-1
D (Gn =17 = (m =i = D7) = (n'7 = (n = DI+ {om — D= (m—2)7)
i=1
+H(m —2)17% - (m - 3)17%}
+H{(m=3)17% = (m = T+ 4 {~(-DY
— ml—a _ (_1)1—0(
Simplifying and substituting,
azé, = (b3 + dze TR 4 frelkibx — (1 — e TRAY) (m1m® — (_1)1—04)) ¢o (5-55)

Let a new function simplify to,
¢ = kiAx
where,
e JP = p—Jkibx
Remembering Euler’s formula for complex numbers,

1—cosp+ising=1—e "¢

Substituting back into Equation (5-55):

azé; = (b3 + dyeJKibX 4 frelkibx — 1. (1 — cos¢ + i sin ¢p)(m' % — (—1)1‘“)) & (5-56)

A norm is applied on both sides,

las||é;] = (Ibs| + |dze™Kid¥| 4 |fye/kitx|

. _ _ n 5-57
+1=ls] (1 = cos | + i [sin gD m*~ — (=1)%]) G| (5-57)

Remembering |e™| = 1,
lasllés] = (1bs] + [ds] + 1fs] + 5] (11 = cos ] + i [sin gD m*= — (=11 || (5.58)

and,
|1 —cos| +i|sing| = (1—cosp)?+ sin? ¢

=1-—2cos¢ + cos? ¢ + sin? ¢

=2-—2cos¢
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Thus,
las|[é1] = (Ibs| + |ds| + |f3] + |I3] (2 = 2 cos d) [ Bm |0l (5-59)

where,
B =m! = (=)'
Rearranging,

€11 _ 1bsl + 1ds| + If5] + 1512 — 2 cos §)|Bm|

A 5-60
By as] (5-60)
The condition required can be expressed as,
¢
lfl <1
[Col
The condition becomes,
bs| + |ds| + + |l3|(2 — 2 cos
|bs| + dsl + Ifs] + IL51C Dl _ 5.61)
las|
The term is expanded using the simplification terms associated with Equation (5-18),
@A™ cq Ax)™ o _ 2DL| Ax)™ g | | |
T2 —a) onn-1 T U Fz =g Onm ~ 2|+ [Ve T — oy Onm T (A 52 T (a2
(Ax)™* 5_9
a2 @~ 2cos$)(Bnl) (5-62)
<1
BO 4
r2-a) nnt
The assumption is made where,
- a
@O o, GO 2D, (563
r2—-a) ™" xF(Z a) (Ax )2
Then,
(At)~“ (Ax)™* o4 2Dy, (Ax)™* o4 Dy Dy
T2 —a) onn-1+ Vg — gy Onim ~ )z Y VT2 =) Onm + (3292 + (Bx 2
(Ax)~*
+v, T2 = )(2 2cos d)Bm (5-64)
<1
@ a
2 —q) nn-t

Simplifying, under this assumption (Equation (5-63)), the finite difference first-order upwind (explicit)
numerical scheme for the fractional advection-dispersion equation with Caputo fractional derivative

is unstable.

When the opposite assumption is made,

(At)=« (Ax)~“ 2D, (5-65)
T2 o1 T VT oy Oem < (apz
Then,
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o B0~ ., . 2D w0 ., D D
T o)1 VT c i Y a2 VTR = it a2 T a2
+v F((Azx) a) (2 —2cosd)Bm (5-66)

an ., <t
T2 — a) nn-t

Simplifying,
2D, - (AD)~ ¢
(Ax)? T2 - a) (5-67)

Under this assumption, the finite difference first-order upwind (explicit) numerical scheme for the

fractional advection-dispersion equation with Caputo fractional derivative is conditionally stable.

Furthermore, making the assumption that |¢,,_1| < |¢,| is true for all time steps, the second part of
the numerical stability analysis is to demonstrate for aset V n > 1, that

1Enl < 1Col

Rearranging Equation (5-40) for ¢,,,

m-1
az6, = | by + dzeJKitx + frelkibx 13(1 — e‘jkiAx) (Z 6,,‘{1)
=1 (5-68)

n-2
—h; <Z (Crs1 — €1 Oni
k=0
Following a similar process as previously (Equation (5-56)),
asén = (b + dze M0 4 fre/48% — 13(1 ~ cos ¢ + isin ) (m' = — (= 1)'7) ) &y
n-2 (5-69)
—h; Z(€k+1 — Ck)Onk
k=0

Taking the norm on both sides,
(b3 + dye kT 4 £ el 11 (1 — cos ¢ + i sin ) (m!Y — (—1)1-“)) ey

lage,| = = (5-70)
—h;3 Z(ck+1 - Ck)(sn‘fk
k=0
Thus,
las||é,| < |bs + dze™7¥idx 4 £ efkibx — 1,(1 — cos ¢ + i sin ) ('™«
3l1Cn 3+ d3 3 3
(5-71)

+|hs]

n-2
PCHETHLEA
k=0

Remembering that it has been proved that forasetVn > 1,
[€n-1l < G0l
Thus,
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laz||é,] < |bs + dze ¥t 4 f el — 15(1 — cos ¢ + i sin ) (M~ — (=1)*)||é,-4|

n-2
+1hs] [ Conr = 68
k=0
—jkiA ki A ;i 1- (5-72)
< |b3 + dzeM 4 foelM — 13(1 — cos ¢ +ising)(m ¢
n-2
+ |hs| Z(ék+1 — &) Onk
k=0
and, it can be inferred that,
lazl|é,| < |bs + dze ¥l 4 f el — 13(1 — cos ¢ + i sin ) (M~ — (=1)1~)||&,]
n—2 (5-73)
+1hs| Z(6k+1 L
k=0
The remaining summation is considered at the upper limit,
n-2 n-2 N
Ck a
Z(Ck+1 1) O | < Z |kl (|1 — nk (5-74)
k=0 k=0 Cieta

Subset k will follow the same assumption made for aset V n > 1, where

) < 16| Z 5% (5-75)

n-2

S,

k=0

Substituting back into Equation (5-73),

lazl|é,| < |bs + dze ¥t + f elifx — 15(1 — cos ¢ + i sin ) (m*~

(5-76)
+|h3||co|26nk
Expanding the summation,
n-2 n-2
5 = Z((n — 1 = (= k= D)
k=0 k=0
= - =D+ { - DT - =27+ {2 - (- 3)) (577
+{n=-3)"1"*—(n-4"* +...+ {217 - 112}
— nl—a + 21—0: _ 11—0{
Substituting back into Equation (5-76) and simplifying,
Iagllé\nl < |b3 + d3e_jkiAx + f3ejkiAx (5'78)

where,
.Bn — nl—a + 2l-a _ q1-«a
=i = (=1)

Simplifying and rearranging,
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&, - |bs + dzeTkitx  foelkidx — 15(1 — cos ¢ + i sin §)B, | + |hslB,

|l |as]

Remembering |e™| = 1 and simplifying,

&, - bs| + |ds| + |f5| + 1131(I11 — cos @] + i Isin ¢DB, + |h3lB,

|l |as]

|Cx | < |bs| + |ds| + |f5| + 1312 — 2 cos p)B,, + |hslB,

|2l |as|

Thus, the solution will be stable when,

bl + |d3| + |f,] + 11312 = 2 cos $)B, . +|h3|ﬁ

las|

The term is expanded using the simplification terms associated with Equation (5-18),

(A)™* (Ax)™% cq 2D (Ax)™" D
r2-a) Onn—1+ Vx re2 - )‘5"m B (Ax)LZ o r2 - )5"'"1 + (AxL)2
D (Ax)—@ (at)~«
+|(AxL)2 + (v "F(Z ) (2—-2cosp)p, + rZ-a) B, ,
o™ =
F(Z (I) nn 1|
The assumption is made where,
@an~* ., (Ax)™* 2D
Tz —a ot T TG =gy Onm > a2
Then,
(A (Ax)™™ _, 2D (Ax)™ ™ _, D
F(Z ) nn 1+ Uy F(Z )6n,m - (Ax)LZ + vy F(Z _) 6n,m + (AxL)Z
+ (ADxL)z + v, (IA,J(?() (2—2cos)B,, + F((ét) a) ,
IORS =
F(Z (I) nn 1

(5-79)

(5-80)

(5-81)

(5-82)

(5-83)

(5-84)

Simplifying, under this assumption (Equation (5-83)), the explicit upwind numerical scheme for the

fractional advection-dispersion equation with Caputo fractional derivative is unstable.

When the complementary assumption is made where,

(A~ (Ax)™ 2Dy,
r@ -2t TG — o i < a2
Then,
(AD)™* o (Ax)™% 2D (Ax)™" D
- F(Z _ a) nn-1 — Vx F(Z )6n,m + (A 52 + vy F(Z )6n,m (A L)Z
(e kL e T

(a)—
F(Z _ a) nn—1

<1

(5-85)

(5-86)
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Simplifying,

(AD~% 4D, (Ax)~@

2+ ) < +v

TZ—a) 0 T T =) &~ 2c0sm (5-87)

where,
G =(n—-m-1)" " —(n-m-1) -1l
_ 11—a

Under this assumption (Equation (5-85)), the finite difference first-order upwind (explicit) numerical
scheme for the fractional advection-dispersion equation with Caputo fractional derivative is

conditionally stable.

It has been proved by means of the induction method that the explicit upwind finite difference scheme
for the one-dimensional, non-reactive fractional advection-dispersion equation (Caputo) has the

following stability criterion,

(At)~* 2D,
rZ-a  @x)?
(At)~* (Ax)~@ .
mﬁ” < ”xm(z%m + (2 —2cos $)fm)
and,
@2+, (At) - 4D, . (a0 2~ 2c05 )5

rQ-a) (Ax)2  *TR2-a)

According to the stability analysis method applied, under these conditions, the error of the

approximation is not propagated throughout the solution, but rather decreases with each time step.

5.2.2  Implicit upwind
The developed implicit upwind numerical scheme discussed in Section 5.1.2 (Equation (5-22)) is

applied, and substituting induction method terms provides:

bgéne]kix — asén_le]kix + d3@ne]ki(x—Ax) + fsé\ne]kix(x+Ax)
n—2 m-—1
Ch[ S (s — geein)sa ) 1 [ S (epeiter — geite-r0)ga | (88)
3 k+1 k nk 3 n n m,i
k=0 i=1

Multiple out,

byénelki¥ = azé,_ elMi* + dye,elkiXeIRibx 4 foo elkiX gikifx
n—-2 m—1 R (5'89)
A jKmx A jKmXx a A jkix A jkix ,—jkiAx a
—hg Z(ck+1e1 mX — & elkmx) 5% | — Iy Z(cne] X — ¢ elfiXeIk )6m’i
k=0 i=1

Divide by e/kiX,
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b36n = a3én_1 + d36ne_jkiAx + f36nejkiAx
n-—2 m—1
~h (Z (s — m%) -l (Z (6 — Ene %) a,z,i> (5:0)

k=0

i=1

The induction numerical stability analysis is performed in two parts; firstly it is proved forasetVn > 1,

1€nl < 1ol
Ifn =1, then
m-1
b3¢; = azéy + dyCie KX 4 fi6,elkibx — |, (Z (&, — ¢,eTkibx) 51,‘1‘,1-) (5-91)
i=1
A subset for m is now considered, wherem =1,
b3él = a360 + d3éle_jkiAx + f3@1ejkiAX (5‘92)
Simplifying,
(b3 — dge Jkibx _ f3ejkiAx)@1 = a3, (5-93)
Rearranging,
1 as
~ = - - 5-94
Co (b3 —dze Jkibx — freikilx) ( )
Applying a norm,
el Jas|
G0l (Ibs] + |—dzeTkidx| + |~ frelkibx|) (5-95)
The condition thus becomes:
o
lfl <1
[Col
Remembering |e™| = 1, it can be concluded that |¢;]| < |é,], when
las|
<1
(Ibs] + 1ds| + 1f3])
The term is expanded using the simplification terms associated with Equation (5-22),
@A™ ca
r2—a) nn1 <1
—a —a —a (5-96)
( (At) 5 a 1 + vy (Ax) 6nam _ ZDLZ + Vy (AX) 6nam + DL 5 + DL 5 )
r2—a) mn r2-a (Ax) rQ—a)y ™™ (Ax) (Ax)
The assumption is made where,
2D
L (5-97)

(A"

(At)_a 8% + 1) >
T2 —a) rnt T — o) %vm 7 (ax)?

Then,
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(A~

F(Z a) nn 1 <1
(At)~@ (Ax)~® ., 2D (Ax)~@ D, D, (5-98)
T2 —a) o1t Tz =g %m ~anz Tz = O t a2 T )2
Simplifying,
2v G 5%, >0
T2 =) o (5-99)

Under this assumption (Equation (5-97)), the finite difference first-order upwind (implicit) numerical
scheme for the fractional advection-dispersion equation with Caputo fractional derivative is

unconditionally stable.

When the corresponding assumption is made where,

Qo= _, (Ax)™* 2Dy,
- T - Ot S o (5:100)
Then,
A~
r2—a) nn1 <1
A ., (Ax)~@ ., 2D (Ax)~@ _, D D (5-101)
T2-a Spn—1 — Vx T(2 — )5n,m (Ax §2 + Uy T(2 — )5n,m + (AXL)Z + (AXL)Z
Simplifying,
(AD)™* 2D,
2 - @x)? (5-102)

Under this assumption (Equation (5-100)), the implicit upwind numerical scheme for the fractional

advection-dispersion equation with Caputo fractional derivative is conditionally stable.

A subset for m is now considered forallm > 1,

m
b3éy = azCy + d3é e THibx 4 fr¢ elkibx — | <Z (6, — é1e7Ikibx) 57&) (5-103)
i
Simplifying,
m-1
<b3 — d3e_jkiAx _ f3ejkiAx + 15 (1 — e—jkiAX) Z 57'6{1,) ¢ = az6 (5-104)
i=1

Following the same procedure as in Section 5.2.1,
(Ibs| + ld3| + | fs] + |l3] (2 = 2 cos @) |Bm DIé1| = las]|éol (5-105)

Rearranging,
|41 _ las]

léol ~ (sl + 13l + Ifs] + 1131 (2 = 2 cos ) Bm )

(5-106)

The condition thus becomes,
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21

— <1
[0l
And, substituting the following is found,
25| (5-107)
(Ibsl + lds| + Ifs] + |1] (2—2005¢)(Iﬁm|))
The term is expanded using the simplification terms associated with Equation (5-22),
(A" g |
r2—q) nnt <1
(ap)~* (Ax)™* oo _ 2DL| (Ax)~* D, | | D, |
T(2 — a)‘snn 1t T2 - a)(gnm (Ax)? + xF(Z )5 +(Ax)2 + (Ax)? (5-108)
(Ax)~* |
+|repz | @~ 2cos$)(1BmD)
The assumption is made where,
(Ae)™* (Ax)™ 2Dy,
— s« > (5-109)
T2 - mnt TR =) Onm ~ (ax)2
Then,
(B~ g
r2—a) nn1 <1
(At)—* 59 4 (Ax)~* 5. 2D, g (Ax)~“ 59 4 Dy + Dy
T2 —a) "1 7" XT2 —a) ™ (Ax)? F(Z a) ™M (Ax)? T (Ax)? (5-110)
Ax)~
+ "F((Z i )(2 —2cosP)fm
Simplifying,
(Ax)™ 5
Uy o~ Tz - (2 o + (2 —2cos¢)fpm) >0 (5-111)

Under this assumption (Equation (5-109)), the implicit upwind numerical scheme for the fractional

advection-dispersion equation with Caputo fractional derivative is unconditionally stable.

When the complementary assumption is made where,

@ . (a0~ 2,
N ER R (PR MUY o112
Then,
A~
rE—a .
(AD)™* L, (Ax)=® ., 2D (Ax)~@ D, D,
1_,(2 - 5nn 1~ Uy T(2 _) 5nm (Ax §2 +v xF(Z )6 (Ax)z + ——%= (Ax)z (5-113)
s (2= 2605 6) ()
Simplifying,
(at)~« 2D, (Ax)~® 11
fZ-o @02 T T —a T s hm (5-114)
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Under this assumption (Equation (5-112)), the finite difference first-order upwind (implicit) numerical
scheme for the fractional advection-dispersion equation with Caputo fractional derivative is

conditionally stable.

Itis assumed that |¢,,_1| < |, is true for all time steps is made, and the second part of the numerical
stability analysis is to demonstrate for a set V n > 1, that

1énl <18

Rearranging Equation (5-90) for ¢,,,

m—1
by — dgeNibx — felkibx 4 (1 — g=Jkibr) (z 515'{,1-) n

i= (5-115)
n—2
=azlpq —h3 (2 (Crs1 — 5k)5n0fk>
k=0
Following a similar process as previously (Equation (5-105)),
(b3 — dzeJkbY — f e/kibx 4 15 (1 — cos ¢ + i sin ¢p)(m? ™% — (—1)1‘“)) Cn
n—2 (5-116)
= azCp_1 — h3 <Z(3k+1 - Ek)fsrffk)
k=0
Taking the norm on both sides,
|(b3 — dgeJkibx — f3ejkiAx + 13(1 — cos ¢ + i sin p)(m? % — (—1)1‘“)) én
n—2 (5-117)
= |azCp_1 — h3 (Z(ek+1 - Ek)&(fk)
k=0
Thus,
by — dzeTKibx — £ elkibx 4 15(1 — cos ¢ + i sin ¢) (M~ — (=1)19)||&,|
A <. .| s
<lasllen sl + Ihsl | Y s = 6085
k=0
Remembering that it has been proved that forasetvVn > 1,
|€n-11 <1l
Thus,
by — dzeTKidx — foelkibx 4 15(1 — cos ¢ + i sin ¢)(m*~* — (=1)*9)||&,]
A n-2 A A . A n-—2 A A i (5_119)
<laslln sl + 11| ) @nr = 6085 < lasliéo] + sl | D (Enr = 8%
k=0 k=0
and, it can be inferred that,
by — dzeTKidx — foelkibx 4 15(1 — cos ¢ + i sin ¢)(m*~* — (=1)'9)||&,]
-2
S (5-120)

<lazlléo| + |hs]

PYCHETHIE
k=0
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The remaining summation is considered at the upper limit and simplifying as in Section 5.2.1,

b3 - d3e_jkiAx - ||60|:8n (5'121)
Simplifying and rearranging,
|¢x | las| + |h3lB,,
A : : 5-122
|Col ||b3 — dzeJkibx — fe/kibx + 13(1 — cos ¢ + i sin ¢),8m|| ( )
Remembering |[e™| = 1 and simplifying,
[Cnl las| + |hs]B
< 2 (5-123)
18l |bs] + |d3| + |f3| + [131(2 — 2 cos p)B,,
Thus, the solution will be stable when,
laz| + [h3|B,
<1 (5-124)
|bs| + lds| + |f5] + 1512 = 2 cos 9)B,,
The term is expanded using the simplification terms associated with Equation (5-22),
()~ MR,
rQ—a) ™1 " [F2-a) <1
_(an=* (Ax)~* oo 2Dy M) * oo | Dy
F(2 — (X) 6nn 1 +v Uy F( ) 5nm (Ax)2 + xl—.(z )5n,m (A )2 (5-125)
D, (Ax)—@ |
(A @ + v"F(Z (2—2cosp)B,,
The assumption is made where,
At)™¢ Ax)™¢ 2D
B R CON L (5-126)
r-—a) ™ re-a) " (&x)?
Then,
(DA™ cq A~
r2-a) Onn-1F r2-a By <1
(At)~« (Ax)~® oo _ 2D, Q)™ ¢« , Dy
F(Z _ )6nn 1 tv Uy F(Z )6nm (Ax)z + Uy F(Z — (I) 5n,m (A )2 (5-127)
D; (Ax)—«
+(Ax)2+v"l"(2 )(2 2cosP)p,,
Simplifying,
(At)™ (Ax)™®
mﬁ < Uy F(Z ) (26nam + (2 — 2 cos d))ﬁm) (5-128)

Under this assumption (Equation (5-126)), the implicit upwind numerical scheme for the fractional

advection-dispersion equation with Caputo fractional derivative is conditionally stable.

When the opposite assumption is made where,

@an) (Ax) 2D, (5-129)
Tz =@ vt T T = g O < )
Then,
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MG 2% g »
TGS S T BTGy G P Ty e e (5130
i Vs (2 - 205 B,
Simplifying,

Under this assumption (Equation (5-129)), the implicit upwind numerical scheme for the fractional

advection-dispersion equation with Caputo fractional derivative is conditionally stable.

It has been proven by means of the induction method that the first-order implicit upwind finite

difference scheme for the fractional advection-dispersion equation (Caputo) has the following stability

criterion,
(At)~@ 2D;
- " @02
(Y (Ax)™* a
mﬁn UVxorq N F(Z ) (26nm + (2 —2cos ¢)Bm)
and
2+ B, (a8) < 4D, +v (ax)” (2 —=2cosd)fm

r2-—a) (Ax)2 ' *T(2-a)

Under these conditions, the error of the approximation decreases with each time step, as according

to the induction method, where for all values of n, |, 41| < |, |-

5.2.3 Upwind advection Crank-Nicolson scheme
The developed upwind advection Crank-Nicolson numerical scheme offered in Section 5.1.3 (Equation

(5-28) is applied, and the substituting induction method terms results in,

A Ljkix — A jkix A jki(x—Ax A ,jki(x—Ax
036 e K% = psn_1 @M% 4 g3 @M — pyp eJRi(m00)

n-2
+f3€n_1e]ki(x+Ax) — hy (z (ék+1e]kmx _ ékejkmx)6n0’zk>
k=0

(5-132)

m-—1
_l3 (Z (O.S(En_lejkix _ é‘n_lejki(x—AX)) + 0-5(6n€jkix _ 6nejki(x_Ax))) 5;{,1-)

i=1

Multiple out,

122



O3éne]kix — p3€n_1e]kix + Q3én_1e]kix€_]kiAx _ T3(fne]kixe_]kiAx

n—2
A jkix , jkiAx A jKmX A Ljkmx a
+f36n-107" e/ — hy <Z(ck+1ef m¥ — ¢ eltm )5n,k>
k=0

(5-133)
m—1
L, (Z (0.5(2nore/ix — q_yelkixeIHitx) 4 0.5(epe/kx — o,elkirerhitr)) 5,,0{,1.>
i=1
Divide by e/¥i¥,
n-2
036y = P3bnq + qa3Cp_qe T — 3¢ e TR 4 frp) eTkiBX — py (2 (Cr+1 — CA’kﬁn%c)
fe=0 (5-134)

m—1
_l3 <Z (0.5(671_1 - fn_le—jkiAx) + Os(é‘n _ éne—jkiAx)) STg’i)

i=1
The induction numerical stability analysis is performed in two parts; firstly it is proved forasetVn > 1,
|1n] < 1Col

Ifn =1, then

0361 = D3l + qsloe TKiMY — ¢ e TKIMY ¢ £ eTHibx
m—1

— 1, <Z (0.5(60 — Goe ki) 4 0.5(¢; — @1e_jkiAx)) 6"0{’i> (5-135)

i=1

A subset for m is now considered, wherem =1,

038 = P38y + qaloeIKIAY — 3¢y e TR 4 frp e lkilx (5-136)
Simplifying,
(03 + fe_jkiAx)él = (p3 + qge_jkiAx _|_ fgejkiAx)é‘O (5'137)
Rearranging,
&, ps+ qze TR 4 frelkibx
& T (5-138)
Co 03 + rzeJNix
Applying the norm,
[¢1] _ Ips| + |Q3e_jkiAx| + |f3ejkiAx|
) log| + |r3e~Tkibx| (5-139)

The condition required can be expressed as,

|4

— <1
[Col

Remembering |e™| = 1, it can be established that |¢;| < |, ], when

Ips| + las| + |3l

<1
los| + |r3]

The term is expanded using the simplification terms associated with Equation (5-28),

123



22 qy D ~ 0% 72 gy Sim ~ Gaape] 050 1r gy i + caie| * e <1
%5 @y +0.50, F((Azxz_;) 8% + 0.5ux% X (5:140)
The assumption is made where,
%6 &y > 0.5v F((Z )_a) 8% + % (5-141)
Then,
Ty it ~ O G oy in ~ a7 0SB 2y O + o G <1
%5 &1+ 050, F((Azxz_;) 8,%n + 0.5vxr((A2x—z;5nffm (5-142)
Simplifying,
—a
vx%%‘f‘m >0 (5-143)

Under this assumption (Equation (5-141)), the upwind advection Crank-Nicolson scheme for the

fractional advection-dispersion equation with Caputo fractional derivative is unconditionally stable.

The complementary assumption is made,

(a)™« Ax)~* 2D,
it 2 (5-144)
T2 —a onn-t < 03V p g gy O+ 12
Then,
(A (Ax) ™ 2D, (Ax)™* D, D,
=) a)ann L+ osvxr(2 ) 8% + ks Az +0.5v %G =) 8% + ks (AR -,
B B0~ B~ (5-145)
N )5nn , +0.5v, TZ—a) Opm 1 0.5v, TZ—a) Onm
Simplifying,
2D, - (At)~@
(Ax)?2 T2 —a) (5-146)

Under the assumption made in Equation (5-144), the upwind advection Crank-Nicolson numerical
scheme for the fractional advection-dispersion equation with Caputo fractional derivative is

conditionally stable.

A subset for m is now considered for allm > 1,
0361 = p3Cy + Q3éoe_jkiAx - rséle_jkiAx + fgéoejkiAx
m-1
- . (5-147)
- l3 <Z (05(60 — 608_]kiAx) + 05(61 — é‘le—]kiAx)) 51?1’1-)
i=1
Simplifying,
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m-1
<o3 + 1z TKibY 4 0.505(1 — e/Kidx) z 6,,‘;“1-) é

i=1

m-1
= <p3 + ggeJkibx 4 f3ejkiAx — 0.5l3(1 - e‘jkiA") Z S,ﬁ‘i> éo

i=1

(5-148)

Following the same procedure as in Section 5.2.1,

(03 + rze /*ib% 4 0.513(1 — cos ¢ + i sin ¢p)(m*~* — (—1)1‘“)) é,
(5-149)
= (p3 + qzeTKibx 4 foelkibX — 051,(1 — cos¢ + i sin p)(m* % — (—1)1‘“)) ¢o

Applying a norm on both sides,

(los] + [rse /%% | + 05115111 = cos p| + i Isin pI)(Im'~* = (1)~ ) |¢,]

ik s S _ - A 5-150
= (Ipal + lgge 7K | + | fye/%| 4 0.5|151(11 = cos ¢l + i Isin p)(Im*= — (=1)1]) ) |&| 5750)

Remembering |e™| = 1 and the procedure followed in Section 5.2.1,

(loz| + |r3| + 0.5]13](2 — 2 cos ) )¢ |
= (Ipsl + lgs| + If3] + 0.5|13](2 — 2 cos §) By | Eol

(5-151)

Rearranging,

1] _ Ipsl + lgs] + If3] + 0.5115] (2 = 2 cos §)Bm
16l ~ (los] + Irs] + 0.5]15](2 = 2 cos ) Byn) (5-152)

The condition required can be expressed as:
1¢4]
[0l

<1

Thus, the condition becomes,

Ips| + lg3| + 1f3] + 0.5|13](2 = 2 cos ¢) Bm <1
(log| + Ir3| + 0.5]13](2 = 2 cos ) Bm) (5-153)

The term is expanded using the simplification terms associated with Equation (5-28),

(a)~*

(Ax)™
— O.SUx m

D
(AL)Z +0.5|v

I

(Ax)~“ Dy

ZDL + |05U 6n[fm + W

RN T M e

B 3 2 cos$)Bm

T2 - a)
0, B0 . <1 (5154
Oiim Te— o

r2-—a
Ve T3 2| (2~ 205 $)fm

(At)~*
T2—a) ™"

+ |O.5vx

+0.5 |v, LA™

The assumption is made where,
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At)~@ a 2D
(4 85,%,_1 > 0.5v, (@0 5%, + (5-155)

re-ao " T2 — o) o+ )2
Then,
(ADL)2+05 "(AFJ(C))Q (2 = 2cosp)fm .,
F((Azt)__“) St + 050, F((Azx) a) 81fm + 057, F((Azxz—;) 5e (5-156)
+0.5v, F((AZX)‘ (2= 205 P
Simplifying,
Ux F((Az x)~ “) 8%, >0 5157

Under the assumption made in Equation (5-155), the upwind advection Crank-Nicolson scheme for
the fractional advection-dispersion equation with Caputo fractional derivative is unconditionally

stable.

When the complementary assumption is made where,

@an— (Ax)™* 2D,
Fz— o o1 < 050 gy dim + a2 (5-158)
Then,
AN~ cq (Ax)™* ., , 2D (A0, D
~ Tz =gy Otn1 + 05U p 3 — g3 O + Tasz + 05U 5 — o Oim + (52
(AD)2+05,CF((A2x) )(2—2cos¢)ﬁm -
@AD" oo 0500 ., 054077 (5-159)
r@-a st PTG — g Ot T - gy O
+0.5vxr((A2x) Py @~ 205 $)Bm
Simplifying,
2D, (AD)@
T (5-160)

Under this assumption (Equation (5-158)), the upwind advection Crank-Nicolson scheme for the

fractional advection-dispersion equation with Caputo fractional derivative is conditionally stable.

Secondly, it is assumed that |¢,_1| < |&,]| is true for all time steps, and the second component of the
numerical stability analysis is to demonstrate foraset Vn > 1, that

160l <166l

Rearranging Equation (5-134) for ¢,,
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m-1
03 + rze Tkidx 4 l<0.5(1 — eJkibx) z 6,,‘;‘,1-) én

i=1
m-—1
=|p;+ q3e—jkiAx + f3ejkiAx — 1l (0.5(1 _ e—jkiAx) Z 5125'1,) Cny (5-161)
i=1
n—2
~hs (Z (Crs - ékwnvfk)
k=0

Following a similar process as previously,

(03 + rge kb 4 | (0-5(1 —cos +isin ) (m!~* — (_1)1_a))) n
- (Pg + e IKiBY 4 frelkitx — 15 (0.5(1 — cos ¢ + i sin ¢)(m! ™ — (_1)1_a))> -1 (5.162)

n—2
~hs (Z CE 6k>6n0fk>
k=0

Taking the norm on both sides,

|(o3 + r3e 7K + 15(0.5(1 — cos ¢ + i sin p)(mP~* — (—1)1‘“))) én

(p3 + qe kit 4 f ekt — 13(0.5(1 — cos ¢ + i sin ¢p)(m'™* — (—1)1‘“))) -1 (5.163)

n-2
~ s (Z(% - @)6&)
k=0

Thus,

|o3 + rzeJkibxX 4 [, (0.5(1 —cos ¢ + i sin ¢p)(m!~% — (—1)1_'1))

1€l

< |ps + gze 0% + fresitx — 15 (0.5(1 = cos ¢ + i sin ) (m! = — (=1)17%))| 2,1

(5-164)
n-2
Hlhs| [ @ern = 685
k=0
Remembering that it has been proved that forasetvVn > 1,
[€n-1] < G0l
Thus,
|os + r5e 745 4 13 (0.5(1 — cos ¢ + i sin ¢)(m'~¢ = (=1)179) )| |2,
< |ps + gzekibx + frestitx — 15 (0.5(1 — cos § + i sin ) (m! = — (1)) )| 2,1 (5-165)

+|hs|

n-2
PRCHETH LA
k=0
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< |ps + gze7kibx + freltibx — 15 (0.5(1 — cos b + i sin ) (M1 — (1)) )| [

n-2
PRCHETHEA
k=0

+|hs|

and, it can be inferred that,

|o3 +r3e K% 4 1 (0.5(1 — cos ¢ + i sin p)(m! = — (—1)1—a))| 12|

< |ps + qse7kit¥ + fredtibx — (0.5(1 — cos ¢ + i sin ¢)(m!~ — (—1)1-a))| N

n-—2
PRCETAEE
k=0

(5-166)

+|hs]

A simplification is performed as in Section 5.2.1,
log + r3e™Kid% 4+ 15(0.5(1 — cos ¢ + i sin §)Bp)|I2xl

ik - .. R o (5-167)
< |p3 + qze KB 4 frelkibX — 1,(0.5(1 — cos ¢ + i sin ¢),3m)||co| + |h3|[Colfn

Simplifying and rearranging,

16,1 |ps| + |as] + |f5| + 0511312 = 2cos p)B, + |h3lB,,
o] loz| + [r3| + |13](2 — 2 cos 0)B,,

(5-168)

Thus, the solution will be stable when,

|ps| + |as| + |£5] + 0515312 = 2 cos B, + |hslB,
los| + [r3] + [i51(2 — 2 cos 9)B,,

(5-169)

The term is expanded using the simplification terms associated with Equation (5-28),

(A)~ (A0 ca 2D, (Ax)™* D,
I2-a) T2 —a) "™ (Ax)? VT2 - a) (Ax)?
(Ax)~ an~
Vx r(zx— Q) ((2 ~ 2cos "”ﬁm) N
(Ax)—@ (Ax)—@
r2—a) r2-—a)

XF((AZx)_ |(2 2cos¢)[3

r(:n—l —0.5v

Spm +

fose

+ 05 |v B,

a
Sn,m

(A )2
(At)~«
T2 —

<1 (5-170)

a
6nm

)611 1+05vx

+ |0.5vx

+

The assumption is made where,

an™™ . (Ax)~" 2D,

TG-—o 7 i - it o A7)

Then,
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F(étz Z) GRS x‘}ﬁgm )a Bim — ke + xorigm‘) )a im + bz
* 7t 0% iy (2 - 2cos)8 ) r(ét) b <1
O “) (2-2cos)f,
Simplifying,
%Bn <Vx%(5 i +0.56,(2 — 2 cos ) (5-173)

The assumption made in Equation (5-171), leads to a conditionally stable result for the upwind

advection Crank-Nicolson scheme.

When the complementary assumption is made where,

an™™ . (Ax)~* 2D,

fe-w o U TE - v @n? (o:274)

Then,

A~
T2 -a)

(Ax)~* Dy

+ 0.5v (A V2

-
581+ 0.5v, BX) 25 S +

2D
“T(2 = (A2 “T(2 - a)
D (Ax) (a0
(A L)2+ 0.5v xF(Z )((2 Zcosd))[)’m) TZ—a) )
(A)™*  a (Ax)—* (Ax)—*
[(Z —a) onn-1 T 05U F 7 = “T(2 - a)

Vg @ = 2059B,,

a
Sn,m

<1 (5-175)
Spm + 0.5V

a
6n,m

+

Simplifying,
4D, (at)y—@ 2(At)™* (Ax)~@

et TP <o T "5t g @~ 2c0s$)hn (5-176)

Under this assumption (Equation (5-174)), the upwind advection Crank-Nicolson scheme for the

fractional advection-dispersion equation with Caputo fractional derivative is conditionally stable.

The stability criterion for the upwind advection Crank-Nicolson finite difference scheme for the
fractional advection-dispersion equation (Caputo) has been determined by the induction method. The

stability criteria are thus as follows,

2D, (A)~¢
(Ax)? < r2-a)
(at)=—@ B
fa =P <Vt —o (B +Bn(1 = cos )

and,
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4D,  (AD)@ 2000°%  (Ax)~@
2 T “Te-o " Tw

(1 —=cosd)fm

Under these conditions, the error of the approximation is not propagated throughout the solution,

but rather decreases with each time step, where for all values of n, |&,41| < |&,].

5.2.4 Explicit upwind-downwind weighted scheme
To perform the stability analysis, induction method terms are substituted into the explicit upwind-

downwind weighted numerical scheme presented in Section 5.1.4,

azé,elk* = 5.8, elKi* g, elki=0x) L yop | elki(etAn)

n—2
—h3 <Z (ék+1€jkmx — €kejkmx)6n‘fk)
(5-177)

k=0

m—1
=13 (Z (Q(én—lejkix — @i 4 (1 — 9) (8, /M AN — C*n_lejkix)) 573’1.)

i=1

Multiple out,

azCpelKi* = 556, 1eT* +uge,_elki¥e IRibX 4y p,  elkixeikibx

n-2
A ik A ik
—hs <z (Ck+16’] m¥ — (e’ mx)5n0fk> (5-178)
k=0
m-1
<Z O(Cnore/* — Ep_yelfi¥e IH0Y) 4 (1 — 0) (8, s e/ ¥ et — én—lejkix)) 6#'{,1‘)
i=1

Divide by e/ki¥,

A oA A —ikiAx A ikiAx A A a
azln = S3Cn_1 + Uzlp_1™ /" + 136, 1IN0 — hy (Z (Cres1 — Ck)5n,k>

m—1 (5-179)
— 1L <Z (81 — Gumre K%Y + (1 = 0)(Gpog ™ — &,_y)) 6;‘:,1-)

i=1

The induction numerical stability analysis is performed in two parts; firstly it is proved forasetVn > 1,
1€l < &0l
Ifn =1, then

m-1

a3y = 536 + uzoe IKiAX 4y 6 elkibx — | (Z (9(60 — GpeIKitY) 4 (1 — 0)(¢pe kit — 60)) 8-,3_1') (5-180)

i=1

A subset for m is now considered, wherem =1,

a3y = S3Co + UzCoe TRAX + vy ¢ elkibx (5-181)

Simplifying,
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a361 = (53 + u3e_jkiAx + v3ejkiAx)60 (5-182)

Rearranging,
61 S3+uge TKib¥ 4 yeskibx

— (5-183)
Co as
Applying the norm on both sides,
|61| _ |S3| + |u3€_jkiAx| + |l73e_jkiAx
o] |as (5-184)
The condition can thus be represented as,
¢
lfl <1
ol
And, remembering |e™| = 1, the condition is,
S3| + luz| + |v
s3] + |uz| + [vs] <1
las|
The term is expanded using the simplification terms associated with Equation (5-33),
(A~ (Ax)™* oo _ 2D, | (Ax)™ D,
2 —a) Onm-1 T (20 = Doy 8nm = tapy2| + |90 Tz =y Snm + )2
gy (Bx)7Y o )
+ [vx(1—6) T2 —a) Snom + (AX)Z (5-185)
B 4.
I2—a) nn-t
The assumption is made where,
(Ae)™* (Ax)™® ZDL
—5 + v, (26 — 6 m > 5-186
Then,
(A% (Ax)™% o4 2D, (Ax)™* D;
F(z 0() 6nn 1 + Ux(29 ) F(Z ) é\n,m (Ax)z + ng 1"(2 ) 5 + (Ax)z
gy (AT o, D,
+v,(1—-6) T2 —a) Snm + (Ax)Z -1 (5-187)
@O 4o
T2 — ) ‘nn-1
Under this assumption (Equation (5-186)), the explicit upwind-downwind weighted scheme for the
fractional advection-dispersion equation with Caputo fractional derivative is unstable.
When the opposite assumption is made where,
(Ae)™* (Ax)™ 2D,
— 6% 1 + 1, (20 — Oim < —— (5-188)
iz —a e+ 220 = D5 o5 8 < (o

Then,
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QO™ g (Ax)™% g4 2D (Ax)™% g D
T - et ~ @ Vg gy S ¥ g O Ty Yt a2
+u(1—-0) %&gm + (ADTL)Z (5-189)
ORI <!
(2 —a) Onn-1
Simplifying,
@0 2, (a7
vx(l - Zg)man.m + (Ax)z < F(Z _ a) (5'190)

Under this assumption (Equation (5-188)), the explicit upwind-downwind weighted scheme for the

fractional advection-dispersion equation with Caputo fractional derivative is conditionally stable.

A subset for m is now considered forallm > 1,

a36; = 536y + uzéoe KX + p, ¢ elkibx

m—1 . . (5-191)
— 1 (Z (8(co — coe ™7 i8%) + (1 — B) (Goe "% — &) 5,;';,1.)

i=1

Simplifying,

asé; = | = o (5-192)

\ — 1,(1 - 0)(e/kibx — 1) (il 5,,‘;1.>

=1

m-—1
/53 + uze T TRbY 4 pyekibx — ,9(1 — e~ TkilY) (Z 8,;’&-)\

Considering,
”ejkiAx - 1” = (cos ¢ — 1)? + sin? ¢

=cos?¢p +sin?¢p—2cospp+1

=2-—2cos¢
Thus,

laslléi] = (Iss] + |us] + [vs] + [316(2 = 2 cos ) B + |13](1 = 6)(2 = 2 cos §)Bm)[Co|  (5-193)

Rearranging,
160l Is3l + lusgl + |vs| +11316(2 — 2 cos §)Bm + 13]1(1 — 6)(Z — 2 cos ¢) B

EY ] (5-194)
The stability condition required transforms to,
¢
:c;: <t
The condition becomes,
s3] + lug| + |vs| + [1316(2 = 2 cos @) B + |131(1 = 6)(2 — 2 cos §) B, . (5-195)

las|
The term is expanded using the simplification terms associated with Equation (5-33),
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(At)~« (Ax)™* _, 2D (Ax)~@ D
( Tz = T @0~ Drg =gy %im ~anz| T[0Tz = o Om * Gaxy2 \
+ vx(l—B)%cY“ +(ADXL)2 + (v, F((Azx) ) 0(2 —2cosp)fm
a (5-196)
k + vy F((Azx) o =02~ 2c0s 9B )
IR <1
r2-a
The assumption is made where,
(A~ (Ax)™¢ 2D,
m+vx(29— )F(Z— )6 >(A )2 (5-197)
Then,
(At)~« (Ax)™* ., 2D (Ax)™* o, D
(r(z “oy @0~ Vg =y im — gz T O r g =gy Oim * (AxL)Z\)
+v,(1 - )F((Azx) ) o (AD 72 + v, 0 F((Azx) ) (2 —2cos¢)Bm
\ +y F((Azx) a) (1 - 6)(2 - 2 cos ) ) (5:498)
DK <1
r2-—a)

Simplifying, it becomes clear that the upwind-downwind weighted (explicit) numerical scheme for the

fractional advection-dispersion equation with Caputo fractional derivative is unstable.

Making the complementary assumption,

(At)™ (Ax)™ 2Dy
m + ZUX(ZH - ) F(Z ) m<—— (A )2 (5-199)
Then,
(At)~@ (Ax)™* ., 2D (Ax)™* _, D
/— T2 = ey ~ 2020 = Dy gy Ot + (aaz + 2050 g =gy O + —(AXL)Z\
+2v,(1— 9)%5{% + (ADTL)z + 2v,0 F((Azx) a) (2—-2cosd)fm
(Ax) a (5-200)
+20 = T2 —a) (1-6)2—2cosp)Bm
O <1
r2-—oa
Simplifying,
2D (A~ Y
(Ax§2 <te—w P Ta—o (8n(8 + 1) + (1= (cos ) (5-201)

Under this assumption (Equation (5-199)), the explicit upwind-downwind weighted scheme for the

fractional advection-dispersion equation with Caputo fractional derivative is conditionally stable.
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Next, making the assumption that |¢,_1| < |&,] is true for all time steps, the second part of the
numerical stability analysis is to demonstrate foraset Vn > 1, that

1€nl <16l
Rearranging Equation (5-179) for ¢,,,

S3 + uze JKAX 4y, eikibx

A m—1 A
azCn = _ l3 <z (0(1 _ e—jkiAx) + (1 _ 9)(ejkiAX _ 1)) 677({1-) Cn—-1

i=1 (5-202)
n—2
~h (Z(ém - ék)6n°fk>
k=0
Applying a norm on both sides,
S3 + uze JKiBX 4y, olkibx
m—-1 R
) . Cn—
— 1 < (8(1— ekib%) + (1 - B) (> — 1)) 5,;;3) nt
lazén| = = (5-203)
n-2
~h (Z(ékﬂ - @)6&)
k=0
Thus,
S3 + u3€_jkiAx + UgejkiAx
jaslléal < < [
aszflicn —ik: ik: Cn-1
-1z 0(1 — e kb)) + (1 — ) (e/*it* — 1)) 6,2,
(2 (ot=ee+ a-opemec- ) o
n-2
~1h3) | D err — 685
k=0
Remembering that it has been proved that forasetVn > 1,
|€n—1l <1l
Thus,
m—1
asl1éal < |{ 53+ use % 4 wyeititx — 1y (Z (61— et + (1 - O)(e/kitr — 1)) S,ﬁ,i> Jen-il
i=1
n-2
sl D G = 685
k=0
(5-205)

m—1
< || 55 + ugeKibx 4 pyeikitx |, ( (61— e7k2) + (1 - ) (e/%* — 1)) 5,3,1.) 120l
1

i=

+ |hs|

n-2
D G = 808
k=0

and, it can be inferred that,
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m-—1
<s3 + uge KbX 4 ekl — [, (Z (9(1 — e /Rty + (1 — g)(e/kit¥ — 1)) 515,1'))

laz||é,] < ol
- (5-206)
sl G = 8085
k=0
Simplifying and rearranging,
1Cal  Issl + lusl + |vs| + [1316(2 = 2cos p)B,, + |13](1 = 6)(2 — 2cos p)B,, + |hs]B,
By as] (5-207)
Thus, the solution will be stable when,
Is3| + lus| + [vs| + |1316(2 — 2 cos p)B,, + |I3]1(1 —6)(2 —2cosp)B,, + |h3|ﬁ
|as] (5-208)
The term is expanded using the simplification terms associated with Equation (5-33),
(e~ oy 07 2D,
F(Z 0() nn—l + UX(ZG 1) F(Z _ 0() 5n,m (Ax)z
(Ax)™ ™ _, D; (M) o | D,
+ v"g—F(Z 0 Opm t )2 + (v, (1 —0) TZ-—a) Opm + @)
(Ax)™@ (Ax)™@ (At) a (5-209)
+ v"—F(Z ) 6(2—2cosd)p, + v"—F(Z ) (1-6)(2—2cosg)p,, + TZ-a B, _,
(A" ca |
r2—a) "t
The assumption is made for the norm where,
(Ae)™* (Ax)™* 2D,
—8% _ +v,.(260 — Onim > —— -
T2 — ) onm-1 + (20 = Va5 0nim > 7152 (5-210)
Then,
(Ao~ Ax)™" oo« _ 2D,
F(Z ) nn 1+ v,(260 - )F(Z )6n,m (Ax)?
(Ax)™* o | D o A | Dy
+'Ux9 F(Z _ (Z) 6n,m + (A )2 + 'Ux(l )1’*(2 )5n,m (A )2
5-211)
@0~ . (a0~ _ @~ (
+v xl"(2 )9(2 2cosp)p, + v *T(Z = )(1 6)(2 —2cosd)B,, +F(2 )ﬂ i
(Ap)~*
r2-a) "1t
Multiplying out and simplifying, it is found that the explicit upwind-downwind weighted scheme for
the fractional advection-dispersion equation with Caputo fractional derivative is unstable under the
assumption made in Equation (5-210).
When the complementary assumption is made,
(Ae)™* (Ax)™* 2DL
—5 20 — 5 <—= 5-212
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Then,

(a)~« (Mx)™® 2D
F(Z—a) nn 1~ x(29 )F(Z 0() 6n,m (A §2

(Ax)™ o | D, B (Ax)™ o | D,

+vx9—r(2 p Spm + )2 +v,(1-6 TZ-a) Spm + @x)? (5:213)
+v, F((Azx) ) 6(2 —2cosd)p, + vy F((Azx) ) (1-6)(2—2cosp)p,, + F(ét) )ﬁ
<1
(A~ <o
Simplifying,

(Ax)™ 4Dy, (Ax)™* (A)~

2v xm(ﬁ +W+ ZUXF(Z )ﬁm(l—COSd))‘l'F(z )(ﬁn—2)<0 (5-214)

Conversely, the explicit upwind-downwind weighted scheme for the fractional advection-dispersion
equation with Caputo fractional derivative is also unstable under the complementary assumption
made in Equation (5-212). Thus, the second assumption, |&,,| < |¢,|, has failed to produce a stable

solution.

5.2.5 Implicit upwind-downwind weighted scheme
The developed implicit upwind-downwind weighted scheme discussed in Section 5.1.5 (Equation (5-

37)) is applied and induction method terms substituted,

azlpe®i* = 556, 1 eIM% + uyc, e/ K0 4 yog, elki(x+AX)

n—2
—h Z Epppefm* — ¢ elkm) @
3 <k=0( k+1 k ) nk (5_215)

m—1
1 (Z ((ene™ — epeitx-0) 1 (1 - 0)(, e+ — &, efkix)) 5,;;)

i=1
Multiple out and dividing by e/i¥,

438, = $38,_1 + Ugl,e KT 4 1 p ok _ p (Z(E"“ _ ek)5,;’fk>

m-—1
— 1 (Z (8(en — Ene7ki8%) + (1 = 0) (e’ = ¢,)) 5#‘&)

i=1

(5-216)

The induction numerical stability analysis is performed in two parts; firstly it is proved forasetVn > 1,

1€nl <16l
Ifn =1, then
a38; = S3Cq + UzC e MY + pog, ekl
m—1
-l <Z (9(6'1 - é1€‘jkiAx) + (- 0)(élejkiAx _ 61)) 613,1’) (5-217)
i=1
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A subset for m is now considered, wherem = 1
a32'1 = 532'0 + u3ele_jkiAX + U3ElejkiAx (5_218)
Simplifying,
(a3 — ugeJkibx UBejkiAx)él = 536, (5-219)
Rearranging,
1 S3
G a3 — uze JKibx — . gikibx (5-220)
Taking a norm on both sides,
&l 55|
ICol  lag| + lugeJkibx| 4 |pgeTkibx| (5-221)
The stability condition is:
¢
lfl <1
ol
Remembering |e™| = 1, the condition becomes
s
|s3] <1
las| + luz| + [vs]
The term is expanded using the simplification functions accompanying Equation (5-37)
(at)~
r2—a) nnt <1
@0 IC R PR @O . D
_ (AX)‘“ a D,
+ v, (1 —6) T2 —a) Opm + (Ax)2
The assumption is made where,
At)™¢ Ax)~« 2D .
BCNS 8,51 + (20 — 1B s o 2D (5-223)
r2-—a rQ-—a) " (Ax)?
Then,
A" g
r2—a) nn1 <1
(Ax)~* _, 2D; (Ax)~« D; 5.224
8t — (Ax )2+ 9F(2 )5 +(Ax)2 ( )

s B + w20 - D

r2—a) mnn-
Ax)~@ Dy
+u,(1 - )F((Z z )5nam + 57 (Ax)2
Simplifying,
(Ax)™* .,
2v,0 rz-— )6nm >0 (5-225)

Under the assumption Equation (5-223), the implicit upwind-downwind weighted numerical scheme

for the fractional advection-dispersion equation with Caputo fractional derivative is unconditionally

stable, where 6 > 0.
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Making the complementary assumption,

(A~

(Ax)~® 2D,

7 s« - a o “7L (5-226)
F(Z _ (Z) 571,71—1 + vx(zg 1) F(Z _ a) 6n,m < (Ax)z
Then,
@A™ ca
r2—a) nnt <1
(At)~« (Ax)—@ 2D (Ax)~«@ D
TT@ =) dnn1 T 020~ D =gy S+ @y T O T oy O+ e (5-227)
_ (Ax)_a a DL
221~ 0) 5 2y B + 3.2
Simplifying,
(Bx)™® 4D, _ 2(A)7@
= =yt a2 T T — 0 (5-228)

Under this assumption (Equation (5-226)), the implicit upwind-downwind weighted scheme for the

fractional advection-dispersion equation with Caputo fractional derivative is conditionally stable.

A subset for m is now considered forallm > 1,

a3/C\1 = 5360 + u3,C\1€_jkiAx + U3ElejkiAx

m—1
, . 5-229
— 1 <Z (8(e1 — ere™i0%) + (1 — B) (¢ye7¥i8% - &) a,g,i> (5-229)

i=1
Simplifying,
m-1
/ag + uze TRbX 4 poekibx — ,9(1 — e TkilY) < 5%
m-1 =1 &1 = 536, (5-230)
k —l3(1 - 0)(e/ib* —1) ( > 6,:%,i> )
i=1
Thus,
(las| + lus| + [vs| + [1316(2 — 2 cos §)Bm + [13](1 — 0)(2 — 2 cos p)Bp)¢1] = Is5]léol (5-231)

Rearranging,

|¢41 |53
= 5-232
(ol 1aa] + [zl + [v3] + 112102 — 205 ) + 11(L = 0)(2 — 2 05 ) (5-232)
The condition required |¢,| < |¢,|, becomes,
é
|A1| <1
[Col
The condition becomes,
s3] <1
las| + [uz| + [vs] + [1316(2 — 2 cos §) By, + 1131(1 — 6)(2 — 2 cos §) By (5-233)

The simplification terms associated with Equation (5-37) are incorporated,
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Ay~ *

r@—an -
(At)~« (Ax)~* ., 2D (Ax)~@ D
(r(z o) Onn-1 0220 = Doy Bilm — (ay2| [0 T Z gy i (AxL)ZN 5250
+ vx(1—9)%5“ +(AD—L)2 + vx% 2 —2cos})fm
+ (v, F((Azx)_ )| 1-6)2—2cosp)Bm
An assumption for the norm is made where,
(At)™* (Ax)™® 2Dy, )
m+vx(29— )F(Z )6 m> T (Bx )2 (5-235)
Then,
@A™ ca
r@—a -
D)~ cq Bx)™% cq 2D Ax)™% ¢4 D
([ 20 - DG b~ G |
+v,(1 — 9)%6 a (ADL)Z + v, 0 F((Azx)_ )(2 2cos ¢)Pm
40, 7S (1= 0)(2 = 2605 )
Simplifying,
(Ax)™ (Ax)™
2v9#5 i+ 20y (1 30(cos 9) > 0 (5-237)

Under this assumption (Equation (5-235)), the finite difference first-order upwind-downwind
weighted (implicit) numerical scheme for the fractional advection-dispersion equation with Caputo

fractional derivative is unconditionally stable.

Making the complementary assumption,

(At)™* (Ax)™® 2Dy,
m‘FUx(ZQ— )F(Z )6 <(A )2 (5-238)
Then,
@an~
F@—a o .
(At)y~* ., (Ax)~* _, 2D (Ax)~« D

/— —F(Z 0() 5nn 1 Ux(29 - 1) F(Z )5nm + (A 32 + ng—l-.(z a) 5 m T (AXL)Z\ (5-239)

| +0e(1 - 9)%5@1 + (ADL)Z + 1,8 F((Azx) 2y (2 — 2cos ) |

\ +v, F((Azx)‘ 3 (1-6)2—-2cosp)Bm /
Simplifying,

(Ax)~% 2D,  (At)"“®
(- (@02 TZ-a) (5-240)

2 (1= 0) (6,8 + Bn(3(cos $)))
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Under the assumption made in Equation (5-238), the implicit upwind-downwind weighted numerical

scheme for the fractional advection-dispersion equation with Caputo fractional derivative is

conditionally stable.

Secondly, making the assumption that |¢,_1| < |&,| is true for all time steps, the second part of the

numerical stability analysis is to demonstrate foraset Vn = 1, that

1€nl <&l
Rearranging Equation (5-216) for ¢,,,
m—1
as — uze JKibx — poeikibx — |, Z 0(1 — e kb)) + (1 — 9) (e/kibx — 1)) Smi | |én
i=1
n-—2
=53Cp-1 — h3 (2 (Crs1 — CA'k.)‘gnofk>
k=0
Taking the norm on both sides,
m—1
az — uze IRib¥ _ paeikitx _ Z (6(1— e7hid%) + (1 - ) (&2 — 1)) 6, | | én
- (5-241)
n-—2
= |53n-1 — h3 (Z (Cry1 — 6k)5n0,lk>
k=0
Thus,
m—1
as — uze JKibx — paeikibx — |, (9(1 — e kibx) 4 (1 — ) (efkit> — 1)) Smi | |[1¢nl
i=1 (5-242)
n-2
<Issllenal + 1h3] | D s = 6002
k=0
Remembering that it has been proved that forasetvVn = 1,
|€n-1] <Gl
Hence,
m—1
as — uge JKibx — poeikibx Z 6(1 — e kb)) + (1 — ) (e/kibx — 1)) mi | || 1€l
i=1
n-2
(5-243)
<Is3llen sl + sl | Cerr = 6085
k=0
n-2
<IssllEol + 1hsl| ) (Genr = 6B
k=0

and, it can be inferred that,
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m—1
az — uze TKibx — pogikibx _ <Z 0(1 — eJkibx) 4 (1 — @) (e/kibx — 1)) ml) &,

i=1 (5-244)
n-2

D Cern — 685
k=0

< Is3llCol + |h3]

Simplifying and rearranging,

m-1
az — uge KX — y elkibx | (Z (9(1 — e~ JkibX) 4 (1 — ) (e/kibx — 1)) 6,;'1“1-) 1€l

i=1
< (Is3| + |h3|Bn)léol  (5-245)

|20l < |s3| + |hs31B,
16l lasl + lus| + lvsl + |13]6(2 — 2cos p)B, + [13](1 - 6)(2 —2cos P)B,,

Thus, the solution will be stable when,

s3] + |h3|3 <1
las| + [us| + [vs] + 113162 = 2 cos 9)B, + |ls|(1 — ) (2 — 2 cos p)B,, (5-246)

The term is expanded using the simplification terms associated with Equation (5-37),

(A~ (A~

re-o | Ffe—al <
T2 et 0= D75 a) Sin = Gaape| + [0 Ty + iy
(B0 o . D, (Ax)— (5-247)
(L= O pi 2oy S + Ty + [Pz = | 02 — 205 DB,
+ sl - 0@ - 200598,
The assumption is made where,
%5 ey + 02260 — )F((Azzs)a > (igz (5-248)
Then,
r((gt) ;) Srn1 + r(ét) ;) <1
PO 5+ 0,20~ D15 8t — e + 00 S o+
+v,.(1—6) %5% 1 AD L)z + .0 F((Azx) a) (2—2cosp)B,, (5:249)
+0, 851 - 0) 2 - 2059,
Multiplying out and simplifying,
ve(0 +1) %%"fm + 2v,(1 — cos ¢) F((Azxf; Pm F((Aztf; Pn (5-250)
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Thus, the implicit upwind-downwind weighted scheme for the fractional advection-dispersion
equation with Caputo fractional derivative is conditionally stable under the assumption made in

Equation (5-248).

When the corresponding assumption is made,

CP 20— 18" sa 2D 5-251
TZ—a)" -1 T Vx( )F(Z—a) n,m<w (5-251)

Then,

(at)~« (at)~«

r2 - )5’”1 1 +r(z a)ﬁ
a0 TORG 2D 1553 D
T = a S~ (20 - Doy ) T2 —a) )2

a (5-252)
+v,(1-0) ) Spm + (ADL)2 F((Azx) ) (2—2cos¢)B,,
(Ax)~«

+v, (2= )(1 6)(2 —2cosd)p,,

<1

Spm + 5+ V0 55— Opm +

(Ax)~«

+v,0

Simplifying,

(Ax)~“@ 5 (1 — (Ax)~@ 4D, - (at)=«
TZ—a)" nm T 20x(1 — cos ¢) (2= )ﬁ +—-—3>( '8”)1“(2—0() (5-253)

2v,(1—06) x)?

Under this assumption (Equation (5-251)), the implicit upwind-downwind weighted scheme for the

fractional advection-dispersion equation with Caputo fractional derivative is conditionally stable.

The implicit upwind-downwind weighted finite difference scheme for the fractional advection-

dispersion equation (Caputo) has the following stability criterion, as proven by the induction method,

(Ax)™* 4D, _ 2(At)”

=05 = %t oz T T - @y
(Ax)™ . (Ax)™¢ 2D, (A~
vx(l — 9) m(‘)‘n'm + Ux(l — 39((:05 ¢)) F(Z — (I) ﬁm (Ax)z > F(Z — a):
(0™ (ax)™* an~
v, (0 + ”m% + 2v,(1 — cos @) ) Bm rZ—a) B
and,
oo (1) B o o () D s @
v, (1 — )m nm T 20, ( —cosd))r(z_a)ﬂ (Ax)Z > ( +,3n)r(2 @)

Because under these conditions, the error of the approximation is not propagated throughout the
solution, but rather decreases with each time step, as according to the induction method, where for

all values of n, |6, 41| < 16,].
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5.2.6 Evaluation of numerical stability results

Upwind numerical schemes are developed for the one-dimensional, non-reactive space-time
fractional advection-dispersion equation (Caputo), including the traditional upwind as well as the
newly proposed upwind Crank-Nicolson and a weighted upwind-downwind scheme. The numerical
schemes were subjected to numerical stability analysis using the recursive method, with a summary

of these results tabulated in Table 5-1.

The traditional upwind (explicit) numerical scheme for the space-time fractional advection-dispersion
equation (Caputo) is found to be unstable under certain assumptions, while the traditional upwind
(implicit) numerical scheme is conditionally stable under all assumptions. The upwind Crank-Nicolson
scheme, which has a half weighted approach to implicit and explicit for the advection term, is found
to be conditionally stable under all assumptions. The weighted upwind-downwind (explicit) scheme is
found to be unstable under certain assumptions, similarly to the traditional upwind (explicit)
numerical scheme. The weighted upwind-downwind (implicit) scheme is conditionally stable under all
assumptions, again similar to the traditional upwind (implicit) scheme. This trend of implicit numerical
scheme formulations being more stable than the corresponding explicit formulation has been found

by other researchers (Lynch et al., 2003; Meerschaert and Tadjeran, 2004; Liu et al., 2007).

The new weighted upwind-downwind (explicit) scheme is not more applicable than the traditional
upwind (explicit) scheme, because the new weighted (explicit) scheme tends to be unstable under
more assumptions. On the other hand, the weighted (implicit) scheme does provide an improvement
on the traditional upwind (implicit) scheme in terms of stability, where the inclusion of the weighting
factor (6) provides a means to improve the likelihood of upholding the stability condition. Thus, the
upwind Crank-Nicolson and weighted upwind-downwind (implicit) schemes are applicable for solution
of the space-time fractional advection-dispersion equation (Caputo), if the stability criterion are

upheld.

5.3 Chapter summary

The space-time fractional advection-dispersion equation with Caputo fractional derivatives is defined,
and the upwind numerical schemes developed in Chapter 2 are applied to numerically approximate
the solution. Each scheme is analysed for stability, where it is found that the implicit weighted scheme
is an improvement on the traditional implicit upwind scheme in terms of stability, where the inclusion
of the weighting factor (6) provides a means to improve the likelihood of upholding the stability
condition. It was concluded that the upwind advection Crank-Nicolson and implicit weighted upwind-
downwind schemes are applicable for solution of the space-time fractional advection-dispersion

equation (Caputo), when the stability criterion are upheld.
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Table 5-1 Summary of the assumptions made and corresponding stability condition for each numerical
approximation scheme for the fractional advection-dispersion equation with Caputo fractional derivative

Scheme Assumptions Stability condition
(At)™ a (Ax)~@ 2D
mé\nn 1 + Vy m no,(m @ Unstable
Explicit
Upwind _ _ _
_ _ 4D (Ax)~@ at)—™ 2(At)™
Ay~ (Ax)~* 2D Lt 2 —2cosp)f, + <
- it P g - g O S (Ax§2 @y @ Pt ra-a te-o
Conditionally stable
At - a
86 @<, _ 2, O BT ose b (2= 2c0s$)B)
rZ—a) nn—1 TV Tz —a) "™ () r2-oa T2 -a)
Implicit Unconditionally stable / Conditionally stable
Upwind _ _
—a —a At)™¢ Ax)™® 4D
(At) a (Ax) . 2D, BCO 2+ B, <v, B (2—2cosp)B,, + —Lz
Tro N nn-—1 X T ro N nm AN2 - -
TC—a) 1) +v - ax)? r2-—a) I'2-—a (Ax)
Conditionally stable
(A)™ (Ax)™ -a —a
8% 1 > 105 8%, (A1) (Ax) a
I - a) Lr(z —a) ra—ah < vxm(sn,m +0.56,,(2 — 2.cos §))
+ ax)? Unconditionally stable / Conditionally stable
Ucpwi:d 2D, (AD)~
rank- 2 T2 — )
Nicolson B0 sa < 0. 5807 5a (= ((AAxJS)‘“ e
Fz—a St ZDF(Z — Sim r(z ek < vxm((snﬂfm +0.56,(2 - 2cos$))
+(A ;2 i + (@™ <2(At)‘“+05 (Ax )a(Z 2 )
x (Ax)z - <ta-o "% ra-0 c0S P)fm
Conditionally stable
Ay (Ax)™
— 6% 1+ v, (20 — 1) ———— 6,4
F(Z— ) nn—-1 X F(Z—C{) nm
Explict N LZ Unstable
weighted (Ax)
upwind- (At)~@ (Ax)~@
downwind m&nn 1t vx(20 - 1) m(snofm
Conditionally stable / Unstable
L
(Ax)?
_ _ (at)—« (Ax)~®
(At)™ (Ax)~* B < Ve 6%,(0 +1
mé‘nn 1+ x(29 )mé}fm [‘(z_a,)ﬁn XF(Z— )( n;n(a )
S 2D, + 2v, T ),[)’m(l cos ¢)
2
Implicit (8x) Unconditionally stable / conditionally stable
weighted
upwind-
. t a -a
downwind (At)—a (Ax)—a . (A ) (2 +B8,) < 2v, A ) 52 .(1—6)
2D, +2v 1—cos ) + —
< L r(z )B"‘( ¢) (Ax)?
Conditionally stable
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6 FRACTIONAL ADVECTION-
DISPERSION EQUATION WITH
ATANGANA-BALEANU IN CAPUTO
SENSE (ABC) DERIVATIVE

It has been discussed that modelling groundwater transport in fractured aquifer systems is
complicated due to the uncertainty associated with defining preferential pathways along which water
and potential contaminants can be transported along. Misrepresenting an expected movement of a
potential contaminant in a groundwater system can lead to environmental implications due to
inadequate mitigation or remediation measures (Schmelling and Ross, 1990; Zimmerman et al., 1998;
Fomin et al., 2005; Goode et al., 2007; Cello et al., 2009; Shapiro, 2011; Masciopinto and Palmiotta,
2013). To minimise misrepresentations in fractured systems, the newest fractional derivative
definition, Atangana-Baleanu, is used to develop an advection-focused fractional advection-dispersion
equation. The Atangana-Baleanu fractional derivative definition is presented in Chapter 4, along with
the potential advantages of using this definition, where it was concluded that the new fractional
derivatives definitions have the potential to incorporate different memory effects, which could change
the way anomalous diffusion is modelled. The applicability of this particular formulation and fractional

derivative definition is investigated for groundwater transport within fractured aquifers.
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The Caputo fractional derivative definition was applied in Chapter 5, and a similar process is followed
for the application of the Atangana-Baleanu in Caputo sense (ABC) fractional derivative definition.
Firstly, the numerical approximation schemes are developed using the augmented upwind schemes,
as well as the traditional upwind schemes, presented in Chapter 2. A numerical stability analysis is
performed for each scheme, where the traditional upwind schemes serve to form a base of

comparison in terms of numerical stability for the developed schemes.

6.1 Advection-focused transport model with Atangana-Baleanu in Caputo sense

(ABC) derivative

The advection-focused fractional advection-dispersion equation with the Atangana-Baleanu in Caputo

sense (ABC) fractional derivative definition is,
62
ABEDE (c(x, 1)) = —vy ABEDE (c(x, 1)) + Dy, 5Z (c(x, D) (6-1)

To investigate the qualitative properties of the formulated equation, the boundedness, existence and
uniqueness of the fractional advection-dispersion equation with ABC fractional derivative is
determined using the Picard-Lindelof theorem. Additionally, the stability of the defined fractional

advection-dispersion equation is evaluated in time.

6.1.1 Picard-Lindel6f theorem for existence and unigueness
Applying the AB integral to both sides of the fractional advection-dispersion equation with Atangana-

Baleanu in Caputo sense (ABC) derivative, to obtain:

2
c(x,t) —c(x,0) = 4B¢ {—vx ABEDZ (c(x,7)) + Dy % (c(x, ‘L'))} dr

l-a ABCpa 9*
= 15@) {—vx oD (C(x, T)) + D, E®) (C(x, T))} (6-2)
@ ’ ABCpa 9* a-1
+ W-fo {—vx oDy (C(x, T)) + D, EP®) (c(x, T))} (t—1)**dt
Consider a new function F(x, t, ¢) to simplify:
2
F(x,t,¢) = —v, “B§DZ(c(x, 1)) + Dy, % (c(x, 1)) (6-3)
Thus,
_ t
c(x,6) — c(x,0) = ———F(x,t,¢) + ———=—— | F(x,t,0)(t — )% 1dt 6.4
AB(a) AB(@)T(a) J, (6-4)
Let

Cyp = Ia(to) X Bg(xo)
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where,
I(to) = [to — Aty + 4]

Bg(x¢) = [xo — B, xo + B]

The Banach fixed-point theorem is applied by introducing the norm of the supremum (statistical limit
of a set) for [,
suplo(8)]
M = = i,
ol = [ &) (6-5)
Considering the practical meaning of c(x, t), it can be assumed that the initial concentration (c,) will
always be greater than subsequent concentrations (c,) due to advection, dispersion and diffusion

processes which reduce the concentration over time and space,
llelleo < co (6-6)

Considering the max norm for the function F(x, t, c),

AB(a)

62
Flleo = ||— E, —17)* D, — f -
IF| ‘ gy ) @ 4 %) |- 1 — (=] dt + D, 5 (c(x 1) ] (6-7)
Thus,
(a) a 92
I1Flleo < v f T (O NEy |~ =@~ 0| dr Dy P Ce) o le9)
Applying the proven theorem in Section 3.2.2, the second order derivative is bounded (M;), thus
AB(a) a a
IFlle < ve o C(T x) ||Ea |~ -0 ]||OodT+DLM1 (6-9)

The Mittag-Leffler function is bounded because 1 > a > 0, and the first order derivative is bounded
to the physical meaning of the derivative of the spread of a particle in terms of its concentration (M,).
Thus, the derivative is considered at the maximum physical time that is applicable to the existence of

the concentration (Ty,qx),

B(a)
(1-a)

Therefore, the solution is bounded because we obtain a positive constant, such that

IFlleo < vy MyTay + DMy < (6-10)

sup|F(x,t,c)|

A=|Fllo= "¢ Cip (6-11)
Let C; g be a set where, F: C; g — ( g, such that
t
CO (60 = 006,0) + 4 P06, ) + e [ PG 1,0)(¢ = D de (6-12)
AB(a) AB(a)T'(a) Jo

Thus,
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t
AB() F(x,7,¢)(t — )% ldr

IToCx, 1) = c(x, Olleo = H CFot¢) +

a
AB(a)l'(a) fo

e

(6-13)

t
t— D) HIF(x, T, d)llodr

1-
ITH(x, t) — c(x,0)]leo < 1B(a )llF(x t, Pl + mfo(

The function F (x, t, ¢) has been shown to be bounded (Equation (6-7) - (6-11)),

1T e, ) — c(x, 0)llon sjB_(j‘) f (¢ — DLdz

AB (a)F (o)

The integral is considered at the maximum physical time that is applicable to the existence of the

concentration (Ty,qy),

10 Ge, ) — e, Ol < e p 4 e Tt
¢, 8) = c(x Olle < Tp75 A TBr @ o
l-a AT

<
~— AB (a) AB ()T(a)

Therefore, I' is well-posed because we obtain a positive constant.

To prove that I'is Lipschitz,

ITp1 —Thzlleo = HAB( )(F(x t, 1) — F(x,t,¢2))
+ W-’; (FCx, 7, 1) — F(x, 7, ¢2)) (¢ — 1)% Ldr 3
(6-14)
ITps — Tzl < AB( )”(F(x t, 1) — F(x,t, ¢2))||
s = DR 8 — P )l
To achieve this, first evaluate
62
IF(x, t, 1) — F(x,t, p2) o = ‘ —v, ABGDE (1 — ) + DL@ (1 — ¢2)
° (6-15)

62
IF(x,t, 1) — F(x, t, )l < v ||ABCDa(¢1 ¢2)||oo + Dy W(‘lﬁ - ¢2)

[ee)

Applying the Atangana-Baleanu fractional derivative, and applying the proven theorem in Section

3.2.2 for the second order derivative is bounded (£2),
||F(x, t, ¢)1) - F(x' t, ¢2)”oo <

AB(a) (6-16)

)

(¢ — ¢2)

e [-5=

The Mittag-Leffler function is bounded because 1 > a > 0, and the first order derivative is bounded

—C= ||| dr+ D)~ el

to the physical meaning of the derivative of the spread of a particle in terms of its concentration (&;).
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Thus, the derivative is considered at the maximum physical space that is applicable to the existence

of the concentration (X,,,4x),

AB(a) 5
||F(x, t, ¢1) - F(x! t, ¢2)”00 < Uy mxmaxflll(d)l - ¢2)”00 + DL{Z ”(¢1 - ¢2)”oo
Simplifying,
AB(a)

”F(x! ¢, ¢1) - F(x! t, ¢2)||00 < <vx (1

fa)xmaxfl + Duf%) 1(p1 = P2l < Kell(P1 = @2l

Applying to Equation (6-14),

ITp1 =Tzl < Kell(@1 = d2)lleo +

l1—«a

t
AB(a) Kell(¢1 = <l>z)lloof0 (t—1)%tdr

a
AB(a)l'(a)

Applying a similar process as previously,

1—«a a Tr%ax
||F¢1—F¢2||ooSmKa”((ﬁl—¢2)||00+WK(1||(¢1—¢2)”00 .
<<1_“ O >||<¢1—¢2>||
“\4B(a) * AB(@)T(a) © *©

S V(o1 = d2)lle

Therefore, I is a contraction when V' < 1, which translates to a condition

1

l1—«a T ox
AB(a) T AB() I (@)

K, <

(6-17)

(6-18)

(6-19)

(6-20)

(6-21)

Then F(x,t, c) has a fixed point using the Banach fixed-point theorem and the fractional advection-

dispersion equation with ABC fractional derivative is bounded and has a unique solution under this

condition.

6.1.2 Semi-discretisation stability

The defined fractional advection-dispersion equation with ABC fractional derivative is discretised in

time while the concentration in space is considered constant to evaluate the stability of the equation

in time. The forward difference scheme in time is applied to the Atangana-Baleanu in Caputo sense

(ABC) fractional derivative, considered for a specific time (t;,), and the numerical integration of the

Mittag-Leffler function as performed by Alkahtani et al. (2017) is applied,

AB
gBCDEZ(C(X, tn)) = a _(C;)) I{Z(Ci{*l — c,’é’)é‘ff,k

where,
a At

(= k)|~ (k= DE |-

88k = (= KB |1

1_()((n—k—l)

(6-22)
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Substituting back into the fractional advection-dispersion equation with the Atangana-Baleanu in

Caputo sense (ABC) derivative, and applying the assumption of discretisation in time only

n-1

AB(a) 02

Aoy 2 (" = e = —ve D) + Dy g () (6-23)
k=0

A function Ag'k is applied to simplify,

02
Z(c"+1 — ) A = v PGDE (ex) + Dy 5 () (6-24)

Reformulating to obtain,

9 6-25
(+ - )A“+Z( 41— ck)AT, = —v ABGDE(C) + Dy o5 () (6-23)

Rearranging,

1%
Cx+1 =t — A’; ABCDa( 1) _|_ Aa a — (Cx+1) _ Az Z(Ck+1 nk (6-26)
n

Equation (6-26) is the numerical approximation of the fractional advection-equation (ABC) with

respect to time. Now, the semi-stability can be evaluated defining the following norms,

f.9) = f (f - 9)()dx
Q
where,

llgllo = (9-9)

lglls = Jllgllo te

When n = 0, Equation (6-26) becomes

2

-9
2
dx o

2

Uy ;
ct=cl— Aa ABCDa( 0) +Aaa . ) (6-27)
Simplifying using functions A; and 4,,
02 )
G = ¢ = A PEDE(e) + 2y 5 () (6-28)
Applying the norm with respect to g,
K K
(c,%,g) = (c,?,g) -A (ABgD;chQJ AB((;D;‘cxg) + 1, (ﬁ Ci@Q) (6-29)
letVg € H1(Q),g = c}
02 02
(chc2) = (c% cb) — A, (ABEDEcY, ABEDScl) + 2, (6 5 cx,a 5 c,%) (6-30)

From the defined norms, the following statement is to be proven,
llexlls < llcllo
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Reformulating in terms of the defined norms,

2.1 52,1
0°cy 0°cy

(cx.cx) — 4, (

) = (et — 2, (#5pset, *“5sc)

97 0x? (6-31)
lexllf = llcRllollexllo — A4 [|*P6DZ 2|l 47605 ekl
where, .
x
1426D5 c2lo = H(‘iB_(Z)) . CZCTT p [— T f —(x - r)a] dr 0
Thus, . .
I#%6Dgetll < 5 =il | a (632)

The Mittag-Leffler function is bounded because 1 > a > 0, and the first order derivative is bounded
to the physical meaning of the derivative of the spread of a particle in terms of its concentration. Thus,
the derivative is considered at the maximum physical space that is applicable to the existence of the

concentration (X,,qx),

AB(a) (*||dc?
ABCpHa O < I 4
1*"6Dxz cxllo < - ), |[dr T
0
AB(a) Xmax
< ——=0lcgll j dr (6-33)
(1_a) x 110 0
AB(a)
< mé’llcgnoxmax
Substituting back into Equation (6-31),
AB(a) AB(@)
212 < Nelllolctllo — A4 {m 9||c2||0Xmax} {mHIIC%IIOXmax} (6-34)

Rearranging,

2
AB(a)6X
et < ol = 2 {2 el el
(6-35)
AB(@)0X 1ax)
<(1—Al{?a)’"‘”‘} lle2lollci o
Applying the assumption that
llczllo < llexlly
Simplifying the stability conditions becomes,
AB(@)0X,,.)
llexllf <|1-2, {Tmax} llcRllollexlls
1-a (6-36)
AB(@)0X,,4.)
llexlly < (1 - {?a)max} llc2llo
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lletlly {AB(a)exmax}z
[AB(@0X max

—<1-1
ezl 1-a

where,

;. [AB@8X e ? )
} { - } =

AB(0)0X o) 0
{ d-a }>

The first condition is thus upheld and unconditionally stable.

Secondly, Let Vg € H1(Q), g = cI'*?

02 0?2
n+1l .n+1y —_ n .n+1 ABCna,.n ABCnpa,.n+1 n+1 n+1
(2 = (et cr™) — /11( oDZFey, APoDEcy ) + 1, <— crtt,—cl

0x? "0x?
(6-37)
n-1
—2s3 Z ((C§+1’ C;z+1) _ (C;'f; C;1+1))
k=0
where,
1
A3 = E %,k
From the defined norms, the following statement is to be proven,
ezl < lleRllo
Reformulating Equation (6-37) in terms of the defined norms,
azcn+1 azcn+1
(ercl+1J CJrcH-l) - AZ xz ’ xz =
dx dx
n-1
(], cI*1) — 24 (ABDE R, ABEDEciH1) — 1, Z ((c,’g‘“l,c,’}“) _ (c,’f,c,’}“))
k=0 (6-38)
ez 21 = eglloller* o = 2| 476Dg ez | [1*6Dsez
n-—1
N (R NE DR ([ REE)
k=0
Applying Equation (6-33),
n-1
ez 1 < e llohet o = RAlleRllollez* o = 25 Y ((llek* [l ez lo) = ([lekll ez lo)) ~ (639)
k=0
where,
2
_ (AB(@8X
1-a

Using the inductive method for
llcZllo < llcllo
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Equation (6-39) becomes,

n—-1
(6-40)
et < fle2ll ez lo = 2ualle2ll ez o = 25 Y ((le2llhet o) = (el ez 1))
k=0
Reformulating in terms of the defined norms,
N2 M 1F < llcRllollc* Iy — ArAllcRllolle* il (6-41)
Rearranging and simplifying,
ez 1F < (1 = A D) lleRMlolle Iy (6-42)

ezl < (1 = 4 llexllo

where,
1-44<1

LA >0

Thus, the second condition is supported and unconditionally stable. This concludes the semi-
discretisation analysis for an evolution equation, and it can be concluded that the advection-

dominated fractional transport model with ABC fractional derivative is stable in time.

6.2 Upwind numerical approximation schemes

The modified upwind schemes are to be applied to the advection-focused transport model with
Atangana-Baleanu in Caputo sense (ABC) derivative for numerical approximation (Equation (4-93)).
Applying the Atangana-Baleanu in Caputo sense (ABC) fractional derivative definition to the developed

advection-dispersion equation,

9* )
ABCDE (c(x, 1)) = —vy ABCDE (c(x,8)) + DLﬁ(C(x, D) (6-43)
where,
AB
a"DEf(x) = 1 (C;)) I —f(0) Eq [— (t— 1) ]

A forward finite difference scheme in time is applied to the Atangana-Baleanu in Caputo sense (ABC)
fractional derivative to investigate the numerical approximation method. The Atangana-Baleanu (ABC)
fractional derivative is considered for a specific time, t,;:

AB (a)

ABCna
a th(tn) ( _ )

"L ) B [ 2 (60 = 0] ar (6-44)

The time integer-order derivative T is replaced with the forward finite difference approximation at
specific points in time (t), and a summation is used to express the integral performed for each time

step (time domain discretisation):
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AB((Z) th+1 fk+1 f a
a"“DEf () = Z f L) E, |- T (b= 4| dr (6-45)
The approximation of the continuous t function, results in two specific points of the function with
respect to time (t), which allows the approximated derivative to be taken out of the integral:

. B AB(@) & [fF = fF\ [ten a .
a D f(tn) "ol < I ) L k E [—m(tn—r) | de (6-46)

The numerical approximation by to this point has been similar to the approach followed in the Caputo
definition of the fractional derivative, but now a different approach is required to take into account
the Mittag-Leffler function (E,). The Mittag-Leffler function is numerically integrated using the known

properties of the function (Alkahtani et al., 2017):

tk+1 a « 4
j; Ea[_l_a(tn_T)]dT_(tn_ a,2 _1—(1 tn_tk)]

, (6-47)
a
~(tn = tier) Bz [~ 7 (b = s

Considering the specific time can be represented as the number of time steps required to reach that
time (t, = At -n) and similarly, t;, = At - k. Thus, the same can be applied to achieve ¢, — t; =

At(n—k)andt, —ty 1 =At(n —k — 1):

Jttkﬂ Eq [_ 1 f pal Gl r)“] dt = (At(n = k))Eq, [_ 1 i g (A= k))]

. (6-48)
—(At(n— k — 1))E,, [— ? (At —k— 1))]
@ 1—a
Simplifying,
v (= Ega [~ 7 (= )]
f E, [— (t, — T)“] dr = At (6-49)
l1—«a
t —(n—k = 1)E,y |- _a(n—k—l)]
Substituting the numerically integrated Mittag-Leffler function into Equation (6-46):
n—1
AB (= s [ (=10
ABCDaf(tn) 1 _(a) Z(fik+1 _ flk) 1 (6-50)
= (k- 1E,, [— (n—k—1)

Equation (6-50) is the numerically approximated Atangana-Baleanu in Caputo sense (ABC) fractional
derivative, where the function is considered at two discrete points in time, and additionally the
fractional components of the Mittag-Leffler function are included to account for changes in-between

those two discrete points in time.
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6.2.1 Explicit upwind
The numerical approximation of the Atangana-Baleanu in Caputo sense (ABC) fractional derivative
with respect to time has been considered in Equation (6-50), where, a function 6,‘;‘,,( is applied to

simplify,

n-—1
AB -
42 DE (cCom, ) = 5 _(‘;?) kzo(c;::l — ch )8 (51

where,

85k = (= K)Eas |-

: _Afx (n—k)] — (k= 1DEq, [— “_AZ (n—k— 1)]

Similarly, the ABC fractional derivative with respect to space (explicit) and the upwind scheme is

(Alkahtani et al., 2017),

a Ax ]
AB(a) (m —Eg, [ (m— l)]
ABCD“(C(xm, tk)) ( n-1 _ n 1 (6-52)
—(m a2 |~ —i- 1)]
where, a function &y, ; is applied to simplify,
AB(«a
ABCD“(C(Xm,tk)) ( ) ( n-1_ __11)5;1,1’1' (6-53)

Substituting this into the advection-dispersion equation, and using the traditional finite difference

approach for the local second order derivative,

n-1
AB(a) K+l ok AB (a)
— k)62, +v P =)
(1-a) kzo(cm Cm) nk x ( —1) m,i (6-54)
el — 2l et
-D m+1 m -0
L < (Ax)?
Reformulating the following can be obtained,
n—2
AB(a@) AB(a) AB(a)
N (Crrrll - Crrrll_l)(sg,n—l t o (CYI§L+1 m)grolrk + v, x— (Cm - Cm 1)6%1
AB(a) _ il —2el 4 ez
+ vx( ( Pt - '—11)57?1,i - DL< me (AZ;)Z =0
Rearranging,
AB(a) . { AB(a) AB(a) 2D,
6nn 1] = CTT;I ! — 55,71—1 — Uy _ 5;;!1,1' - 2
"\(1-a) 1-a) (1-a) (Ax)
_ AB(a) D, D, AB(a)
+Cr?l—11 <Uxm6#l’i + (Bx )2> + rrrll+11 <(Ax)2) Z( tt Cm)ggk (6-56)
AB(a)

—mei (™" = 5 )om
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This is the first-order explicit upwind finite difference scheme for the one-dimensional, non-reactive

fractional advection-dispersion equation (ABC). The numerical scheme can be simplified as follows,

_ 6-57
A4Cr = bycy, 1+ daCh_ + f4cm+1 ga Z(Ckﬂ - Cm)5nk Ux 94 Z(c" t— C )51?11 ( )

where,
B AB(a)
ay = m nn-1
AB(a) AB(a) _, 2D,
b, = (1 — ) 6n,n—1 - Vx 1-a) 6m,i - (AX)Z
__ AB(a) _, D,
4= gy omi Y Gy
fa= )2
B AB(a)
g4 - (1 _ a)

6.2.2 Implicit upwind
Applying the same methodology as the explicit upwind numerical approximation, the following is
obtained,

AB(a) = AB(a) - ch 2ct +

—_— +1 -1

i (chtt —ck)8%y + vy ) E (P —cly)8%, — DL< m (Axn)lz m ) —0 (6-58)
k=0 =

Reformulating and rearranging the following can be obtained,

AB(a) _, AB(a) _, 2D,
<(1 a) Onn1 ey Ome Y gy )2>
o AB(a) D,
_C’”‘l( “A—a) ™ o )2>+ ’”“<(Ax)2> (6-59)
n—-2
AB(a) N a AB (a) n_ nq [ AB(@)
—mkzo(cr'%l )by — Z( )6+ 1<(1 2 e 1)

Equation (6-59) is the implicit upwind finite difference scheme for the one-dimensional fractional

advection-dispersion equation (ABC). The numerical scheme can be further simplified by substituting

functions,
n—-2 m
hact — jaCom—1 — faCrpy1 + Ga z(ckH - C117(1)67?,k t Vx4 Z(Cr — ¢ 1)0m; = asch” ! (6-60)
k=0 =
where,
AB(a) _, AB(a) a ZDL
M = Ao ay Onmmt H o gy O a2
AB(a) D,

S = Ve ey e ey
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6.2.3 Upwind advection Crank-Nicolson scheme

For the upwind advection Crank-Nicolson finite difference scheme, the time component remains the
same as with the first-order implicit and explicit schemes, and the space components change to

ABC DS (e ) = AB_(“) Z[o 5(clt — 1) + 05(ch — e )] 6%, (6-61)

Substituting this back into the advection-dispersion equation

AB(a) &

AB(a)
m (C,";{I—l - CTI%)5;f,k + Uy-7—
k=0

d-a [05(0"1—c 1)+ 0.5(c] — L] 8%

) Cmi1 — 2Cm + Cm_q ~0
* (Ax)?
Reformulating and rearranging, the following can be obtained

AB(a) AB(a) _, 2D\ ., (AB(a) _, AB(a) _,
<<1 ay Onn=1 ¥ 050 oy O )2> le((l—a)‘s"'“ 050 T gy O )

n AB(a) , D, D; n— AB(a) _,
+Cm—1 (0.51.7,(@5"”- - (A )2> +c m+1 ((A )2) + Cm_ll <05U (1—6 >

)
AB AB(@) <
T _( 2 Z( k¥ ck)8%, — vx% £ [0.5(c]™" = ¢551) + 0.5(c]* = cL1)] 67,

(6-62)

Equation (6-62) is the upwind advection Crank-Nicolson finite difference scheme for the fractional
advection-dispersion equation (ABC). The numerical scheme can be simplified with functions

n-2

n _— n-1 n n n—-1 k+1 k a
l4cm = MyCy + 04Cin—1 + f4cm+1 + PaCm—1 — Ya Z(cm - Cm)Snk

k=0 (6-63)
—vg, Z[O.S(cln‘1 — ) +0.5(c] — L] 8%
i=0
where,
_ AB(a) _, AB(a) _, 2D;
l, = a—a Opn-1 + 0.5, a—a Omi t )2
B AB(a) _, AB(a) _,
m4—ﬁ5nn 1 Osvxﬁam,i
B AB(a) _, D,
04 = O.vaﬁsm‘i - (Ax)2
AB
P = 0.5v, a (a)) Omi

6.2.4 Explicit upwind-downwind weighted scheme

The upwind and downwind weighted scheme for the advection term is controlled by a ratio of upwind

to downwind (8), where 0 < 8 < 1. Thus, the space advection component is altered to
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' _ AB@ N - :
SlBCDx (c(xm, tn)) = m ;[Q(Ci 1_ ) +(1-— 9)(C1+1 c} 1)] 5m,i (6-64)

Substituting this back into the advection-dispersion equation,

n-1
AB(a) AB(a) _ _
(1 _ a) (Crlil-'-l - Crlil)ércll,k + Vx ( _ [B(Cn t- ‘—11) + (1 9)(Cl+1 Cin 1)] 6701!ll
k=0 (6-65)
(2t )
t (Ax)?
Reformulating and rearranging, the following can be obtained
AB(a) AB(a@) AB(a) AB(a) 2D,
n a — ~n—-1 a _ a _ a
Cm (1 _ 6{) 6n,n—1 Cm ((1 _ (Z) 611,71—1 ng (1 ) 5 Ux(l 6)( _ a) 6m,1 (AX)Z
AB(a) D, AB(a) D,
n—-1 _ 1—
+cm_1< 0 o 8%+ o )2> it <Ux( 9)( ) Smi t+ (Bx)? (6-66)
AB(a) N AB(a) _
o a) ( K — k)6, — x( oz) [9(c PO+ A -0) ()] 62,
Equation (6-66) is the explicit upwind-downwind weighted finite difference scheme for the one-
dimensional, non-reactive fractional advection-dispersion equation (ABC). Simplifying, the following
functions as substituted,
asCh = qaChy t +TaCh T — Sachiih
(6-67)

-0, Z:(ck+1 A vxg42[0(c” T—e D)+ @ -0 (e — )] 8%

where,
45 = %5%_1 ~ 0,0 é”g_(“)) 8%, +ve(1— ) (AB_(‘Z)) - %
= O SRt
=l )( = )) Omi (ADL)Z

6.2.5 Implicit upwind-downwind weighted scheme
Similarly, considering both the upwind and downwind direction for the advection term for the first-
order upwind finite difference scheme approximation (implicit), a ratio of upwind to downwind is

applied (), where 0 < 8 < 1. Then, the space advection component becomes,

ABCDE (o, t)) = AB(“)) [B(Ci”—ci”_ D+ =0, — M8, (6-68)

Substituting this back into the advection-dispersion equation,
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AB(@) © AB(@) ©
a a
m (Cr’;l-'-l — C#l)é'rcll,k + Uxm [Q(Cln — Cl-n_l) + (1 — 9)(Clr_l+_1 — Cln)] 51?“-
k=0 i=0 (6-69)
_D Cmi1~ 26m + Cmo1) _ 0
t (Ax)?
Reformulating and rearranging, the following can be obtained
AB(a) _, AB(a) _, AB(a) _, 2DL
Cm((l )5n,n_1+vx0—(1 )6 —v,(1 9)( )6 x)?
D; AB(a) D; AB(a)
—_ N _ a .,
_Cm+1<(AX)2 x( 6)( ) >+ m 1((A )2+U 6(1—6{) 6m,l
-2
+ Cn—l AB(a) 6“ _ AB(“) nz(ck+1 _ Ck )66! (6_70)
m (1 —(Z) nn—1 (1 _ a) & m m/%nk
m
AB(a)
[6(c — ) + (1 —0)(cfsy — D] 6

o 4
i=

Equation (6-70) is the implicit upwind-downwind weighted finite difference scheme for the fractional

advection-dispersion equation (ABC). The numerical scheme is simplified substituting terms as

followings,
UpCl = Vel F1uclt 4+ agcltt
n-2 m (6-71)
94 E(ck“ k)88 = vega ) 10(] = clly) + (L= 0)(cliy — ] 83
i=0
where,
_ AB(a) _, AB(a) _, B(a) 2D,
u4_(1_a) 6n,n—1+v9(1 )6 - ( 9)( )é‘ml (A )2
_ D AB(a) «
= Ty o

This concludes the formulation of the numerical approximations schemes to be investigated for the
fractional advection-dispersion equation with ABC fractional derivative. In the following section, the

numerical stability of each scheme will be analysed.

6.3 Numerical stability analysis

The numerical stability method used in Chapter 2 for the local operator numerical approximation
schemes, and Chapter 5 for the fractional advection-dispersion equation with Caputo fractional
derivative, will be applied to the developed numerical approximation schemes for the fractional
advection-dispersion equation with ABC fractional derivative. The numerical stability for the upwind
schemes are evaluated to validate their use in solving the fractional advection-dispersion equation

with the ABC fractional definition.
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6.3.1 Explicit upwind
Substituting the induction method terms for the developed explicit upwind numerical scheme

discussed in Section 6.2.1,

a46nejkim — b4én_1ejkim + d4én_1ejkix(m—Am) + f4@n_1ejki(m+Am)

= . . < . . (6-72)
=05 ) (ara ™ = T8, — vegy Y (EnorhT = Gy yekim-IM) 5
k=0 i=0
Multiple out and dividing by e/ki™,
n—2
Qan = babnoy + dylge T 4 6 T = g N (G = B8
=0 m (6-73)
_vxg42(én—1 - 6n—1e_jkiAm)6r‘fl,i
i=0
The first procedure for the induction numerical stability analysis entails proving forasetVn > 1,
|€nl <16l
Ifn =1, then
m
4461 = byCo + dyCoe™ KB 4 £, 00 edkibm _ ) g42(60 _ ggeilibmysa (6-74)
i=0
A subset for m is considered, where m = 0,
a461 = b460 + d4éoe_jkiAm + f4éo€jkiAm (6'75)
Simplifying and rearranging,
& byt dieKibm 4 f eJkibm
L 6-76
¢o a, ( )
Applying a norm, the condition for the first induction requirement becomes,
byl + |dy| +
bal + sl + 1l _ 677)
layl
The term is expanded using the simplification terms associated with Equation (6-57),
AB(a) a AB(a) a 2DL2 + o, AB(a) 5%+ D, |+ | D; _
d-a)™ 1-a) ™ (&%) (1-a) ™  (Ax) (Ax)
<1 (6-78)
22D
(1 — (l) nn—1
The assumption is made where,
AB(a AB(a 2D
@) @ L 6.79)

_ < .
(1 _ CZ) nn—1 Ux (1 _ Cl) m,l + (AX)Z

Then, the condition is
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AB(a) AB(a) 5%, 2DL AB(a) 5%, D, D,

Spn1t+v +v T A2
T I ] () I (Y LA G ) (AX)2 (Ax)*
AB (@) " <1 (6-80)
(1 — a) nn—1
Simplifying,
AB(a) Py 2D; AB(a)
me m,i (Ax)z < (1 _ a) nn-1 (6-81)

Thus, under the assumption in Equation (6-79), the first inductive stability condition for this subset is

upheld and conditionally stable.

A subset for m is now considered forallm > 1,

m
146y = byly + dyegekibm 4 f,6, ikibm _ vxg42(60 — ggeikibm)sa (6-82)
i=0
Simplifying,
m
a,6; = (b4 + dgekibm 4 g elkibm gy g, (1 — e‘jkiAm)Z 6,‘;‘u-> ¢o (6-83)
i=0

Expanding the summation, and simplifying

m m
a Ax a
> 8= D n =D |~ 1 (= )| = (= 1= DE, |- ~i- 1)
i=0 i=0 ¢
a Ax aAx
= {0 |- 1= | = On - DEG |- — on - 1)}
- -«
a Ax
H{om = DE [~ m = 1] = n = D, [~ - 2}
(6-84)
Hm-2E,, |- ] — (m—3)E,, |- } +
a Ax
E., |- — (m1E,, |- -1
e [-7 =]~ 0| I
= (e e e R |
=3m a2 a,2 1—«a a,2
Substituting the expanded summation and applying Euler’s formula,
auéy = (b4 + dye Kb 4 £ edkibm gy g,(1 — cos ¢ + i sin H)ﬂm,Ea'z)éo (6-85)
Applying a norm and simplifying,
lasllé]y = (|b4| + |dy| + |fal + vilgal(2 — 2 cos ¢)|ﬁm,Ea_2 )|60| (6-86)
Rearranging,
lé] |ba| + [dal + [fal + vx|gal(2 — 2 cos ¢)|Bm,Ea‘2 (6-87)

|Col |,
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Thus, the condition becomes,

[byl| + |dyl| + |fal + vilgal (2 — 2cos¢)|ﬁm_5a'2| -1 (6-88)
layl

The term is expanded using the simplification terms associated with Equation (6-57),

AB(a) AB(a) 2D,

a _ AB(“) a DL (6'89)
Ay s~ o1 =gy O~ o * [ (= a3 O + o
D
(AxL)Z b | <1
|AB(0!) 5
(1 — a) nn—1
The same assumption is made (Equation (6-79)), then the condition is,
AB(@) .4 AB(a) .4 2D AB(@) .q D,
BT R A s R v vy Rl Ry BT v 2
(ADx)2 + vy (?B(a)) (2 —2cos)Bme,, (6-90)
AB(a) o <1
(1 — a) nn—1
Simplifying,
AB(«a ) u 4D 2AB(a)
va( (6m1 + (1 — Cos ¢).8mEa2) (Ax§2 < (1 — a,) nn—1 (6-91)

Therefore, the first inductive stability condition for the second subset of m is conditionally stable

under this assumption.

The induction numerical stability analysis has a second process that requires proving forasetVn > 1,

160l <166l

Rearranging Equation (6-73) for ¢,,,

m
ayly = <b4 + d4e_jkiAm + f4ejkiAm - vxg4(1 - e_jkiAm) Z 6%'i> nt
i=0 n—2 (6-92)
—Y4 Z(ék+1 — C)bnk
k=0

Following a similar simplification process of applying Euler and expanding the summation as previously
performed,

a4ln = (by + dge™THib™ 4 fielkibm — 9y, g,(1 — cos ¢ + i sin ¢)ﬁm,5a_2)6n—1
n-2 (6-93)
94 Z(6k+1 — k)0
k=0

Taking the norm on both sides,
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laséy| = [(bs + dye Hib™ 4 £ eTkibm — ), g, (1 = cos @ + i sin ) Bk, , )en1
- (6-94)
— 9y Z(ék+1 - ék)&‘f,k
k=0
Therefore,
lagllén] < |by + dge Kb 4 f  eJkibm —y, g, (1 — cos p + i 5in §) Bz, ,|1én—1]
< (6-95)
+ |g4| Z(ék+1 — ) 0nk
k=0
Remembering that it has been proved that forasetVn > 1,
|€n-1] <&l
Thus,
|agllénl < by + dge™ibm 4 £ eTM — g, (1= cos ¢ + i 5in ), |16
+ |g4| Z(6k+1 — )0k
k=0
. . (6-96)
< |by + dye=kibm 4+ f,e/ ™ —v,g,(1—cos¢ + i sin ¢),Bm,5u'z||60|
n-2
+ |g4| Z(6k+1 — )0k
k=0
Therefore, it can be inferred that,
|a4| |6n| < |b4— + d4e_jkiAm + f4ejkiAm - ng4(1 — COS ¢ + isin ¢)ﬁm,Ea,2||,c\o|
n-2
R R (6-97)
+ |g4| E(Ck+1 — &0k
k=0
The remaining summation is considered at the upper limit,
n—
R Ck
- Ck)(sno,!k Z |€ks1l (| z ) n‘fk
=) Ck+1
Subset k will follow the same assumption made for aset V n = 1, where
n-2
> eern (1) 85 <o Z 6,
P Crk+1
Substituting back into Equation (6-97),
lagl|én] < |b4 + dye THbm 4 £l elkibm — o g,(1 — cos ¢ + i sin $)Bm,Eq, 160l
n—2
. (6-98)
+lgalleol ). 8,5
k=0

Expanding the summation,
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n-—2
5n0,[k == (n - k)E(X,Z -
k=0

at (n—k)]—(n—k—l)Eaz[— @At (n—k—l)]
—a : —a

= [ e[ )]~ 0 = D [~ - )}
H= DB |12 (0= D)~ (1= DB |- (- 2}
= DEa [T (0= )|~ (1= DB |- 0= D)} + -

a At a At
+{2E“’2[_21—a]_E“'2 _1—a]}
At ()]}+{2E [ ZaAt] g aAt]}
I—a " @2 1—a w2 1—q

Substituting the summation and rearranging,

= {0Eez |-

lagllé,] < (|b4 +dge KA 4 f TR — . g, (1 = cos ¢ + i 5in P)Bur,,| + 94 |Bn’anz

where,

altn 2a At a At
ﬁn;Ea,Z :nE“'Z[_l_a]+2Ea’2[_1—a]_Ea’2[_1—a]

Simplifying and rearranging,

enl 1bal + 1dal + £, = vilg,| @ = 2 cos 9| Bme,| + 194l B,

~

IS0 |a,l

Thus, the condition becomes,

Ial + 1dal + |f | = v2|9,|2 = 205 DBz, | + 19| |,z

lasl

The condition is expanded using the simplification terms associated with Equation (6-57),

AB(a) AB(a) 5¢ 2D; + AB(a) 5%, D, + D;
(I-a) nne1 - 'm0 T [T - a) (AX)2 (Ax)?
AB a
- | ( ) ||ﬁnEa2
<1
|AB(0.’) 5a
(1 — a) nn—1
The assumption in Equation (6-79) is made, and the conditions is
AB(a) .4 AB(a) .4 ZDL AB(a) .4 D, D,
B T R R ey I /17 R Sy R (v LR (¥
AB(a AB(a
—Ux (1 _(a)) (2 — 2cos ‘.b)ﬁmEa,z (1 ( )) ﬁn,Ea‘z
<1
AB(a) 5
(1 — (l) nn—1
Simplifying,
AB(a) 4D 2AB(a)
a- (217 —v,(2—2cos ¢)erEa,2 + ﬁana,z) + (Ax§2 < ) Opn-1

) 1ol (6-99)

(6-100)

(6-101)

(6-102)

(6-103)

(6-104)
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Thus, under the assumption in (6-79), the second inductive stability condition for is sustained and

conditionally stable under this condition.

This completes the stability analysis for the explicit upwind scheme for the advection-dispersion
equation with ABC fractional derivative, where the scheme is found to be unstable under the

assumption not presented, and conditionally stable under the assumption made of,

AB(a) _, AB(a) ., = 2D,

With the following conditions,

AB(a) « 4D, 24B(a) _,
e i e ST
AB( ) 4D, 24B(a) _,
2vx a ( ; +(1—cos ¢),6’m,Ea,2) + (Ax§2 < a- Z) -1

AB (a)

4D 2AB(a)
(1 - ( 2v 67?11 vx(z — 2cos (tb)'Bm'Ea,z + B”rEa,Z) + :

a
@02 S T—a) onnv

Simplified to,
max(4, i, p) < % nn—1
where,
A= 20T e )) O (AD§2
1= 20, (fllB( - (85 + (1 = cosPfnr,,) + (il;;Z
p= (/‘13#( 20,65 — 2(2 — 2.¢0S O, + Pusyy) + (ii;

6.3.2 Implicit upwind
Induction stability terms are substituted for the developed finite difference implicit upwind numerical

scheme discussed in Section 6.2.2,

n-2

h4€n€]kim — j4énejki(m_Am) + f4éne]kix(m+Am) — 94 Z(ék+le]kim _ éke]kim)&t{c,k
k=0
m (6-105)
—VUx94 Z(énejkim - é\nejki(m_mn))51?1i + a46n—1ejkim
i=0
Multiple out and simplify,
n-2 m

A ioA _—jkiAm A jkiAm A A VS fo— ¢ e Jkibm)ga
hylp = jalpe™/50M + fi e/ 0 — g, z(ck+1 — Ci) Ok —ng42(cn_cne TR ) o (6-106)
k=0 i=0
+a4Cn_1
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The first procedure for the induction numerical stability analysis requires proving for a set V. n > 1, that

1Enl <161
If n =1, then
m
haly = jaéie~IKibm 4 fo pikibm _ ‘_c;z}Z(c“1 e LU VR (6-107)
i=0
A subset for m is now considered, where m = 0
(6-108)

hyby = jabieJRibm 4 £ o efkibm 4 g, ¢,

Simplifying and rearranging,
ay
(6-109)

=  — kA T
h4—]4e Jki m—f4e] iam

>

[}
ok

Applying a norm, the condition for the first induction requirement becomes

o, (6-110)
|h4| + |j4| + |f4|
The term is expanded using the simplification terms associated with Equation (6-60)
|AB(a) 5
(1—0[) nn—1 <1
AB(@) so ., AB(@) g0 2D, | |y AB@) cu _ Dy | D | (6-111)
(T —a) o1 T T =gy Omi ¥ )2 *A—a) "™t (Ax)?| T [(Ax)?
The assumption is made where,
AB(a) D;
Uxm(ﬁﬁ’i > W (6-112)
Then, the condition is
AB(a) o4
(1—0!) nn—1 <1
AB(a) 5t AB(a) gu . 2D, . AB(@) 54 D,__ D, (6-113)
A—a) ot T T =gy omi T a2 T T =) O " an)? T )2
Simplifying,
AB(a) 2DL
(6-114)

2o gy omi T e

Therefore, under the assumption in Equation (6-112), the first inductive stability condition for this

subset is upheld and unconditionally stable.

The complementary assumption is made, and the condition becomes

AB(a) cq

(1—6!) nn—1 1

AB(@) yo o, AB(@) o, 2D, AB@ o o D D < (6-115)
nn=1 T Vx (T gy Omi (Ax)z (1= a) Omi (AX)Z (Ax)?

(1-a)
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Simplifying,
4D,

(Ax)?

>0

(6-116)

Thus, the first inductive stability condition for this subset is upheld and unconditionally stable under

this assumption as well.

A subset for m is now considered forallm > 1,

m
A oA _—jkiAm A ikiAm N A —jkiAM\ sa ~
hyéy = juCre™ /M + £ 61 el —ng4Z(C1—C1e ¥ )6m,i+a4co
i=0
Simplifying,
m
- —jkiAm jk;Am —jkiAm a A A
<h4—]4e JEAM — fi el +'7x94(1_e I )Z(Sm,i>cl_a4co
i=0

Expanding the summation as presented previously,
h4 _j4e—jkiAm _ f4ejkiAm + vxg4(1 _ e—jkiAm) .

<(m)Ea,2 _ a Ax (m)] + Ea,2 [— %] _ (_1)Ea,2 _ 10( A?; (_1)]) 61 = a4€0

l1—«a

where the function By, ;. is used to simplify as follows,
L —jkiA KA — kA A oA
(h4 — Jae T/ — fel A 4 ng4(1 —eJH m)ﬁm,Ea,z)Cl = a4Cp

Let a function simplify to,

¢ = kiAX
where,
e P = o Jkibx

Remembering Euler’s formula for complex numbers, and substituting back into Equation (6-120),

(h4 — jpeIKbm — f eIkibm 4 4 g4(1 — cos $ + i sin ¢).Bm,E,1_2)él = a4y
Applying a norm on both sides and simplifying,

(|h4| + ljal + 1fal + vxlgal (2 — 2 C05¢)|.3m,5a_2|)|61| = |ayl|éol

Rearranging,
641 _ |as|
(|h4| + lal + [ fal + vx1g4l(2 — 2 cos ¢)|Bm,5,,,2

)

Thus, the condition becomes,
|ayl

<1
(|h4| + lal + [ fal + vx1g4l(2 — 2 cos ¢)|ﬁm,£m2

)

The term is expanded using the simplification terms associated with Equation (6-60),

(6-117)

(6-118)

(6-119)

(6-120)

(6-121)

(6-122)

(6-123)

(6-124)
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AB(a) ., (6-125)
(1 0[) nn-—1 <1
AB(a) 54 +v AB(a) 5% . 2DL + AB(a) 5% . Dy + Dy
(- ot P T gy Omi P 2| T T = a) Omi ~ x| * )2
+y |
Considering the assumption made in Equation (6-112), the conditions becomes,
AB(@) .4 (6-126)
(1—6!) nn—-1 <1
AB(a) 5@ + o AB(a) 54 ZDL 4 AB(a) s5a D, + D,
- ot T T ) Omi P 7 Y T = o) Omi ~ (B T )2
AB(a
40, G (2 = 2605 )i,
Simplifying,
AB(a) (6-127)

20, (8% ; + (1 — cos ¢).8mEa2) + (Ax)2 >0

Therefore, under the assumption in Equation (6-112), the first inductive stability condition for the

second subset of m is upheld and unconditionally stable.

The opposite assumption is made, and the condition becomes,

AB(a) <q
(1 _ 0() nn—1 <1
AB(a) a AB(a) o 2D AB(@) .4 D D
=) Onnet (=) Omi * () ~ (T a) omi ¥ @7 T 2 (6-128)
TV ([113 (a)) (2 — 2cos (b).gm,Ea‘z
Simplifying,
4D, B(a)
(Bx )2 +v,(2—2cos (]5)( ) ﬁmEaz >0 (6-129)

Therefore, the first inductive stability condition for the second subset of m is upheld and

unconditionally stable under this assumption as well.

The second procedure for the induction numerical stability analysis requires proving forasetvVn > 1,

1€l <&l
Rearranging Equation (6-106) for ¢,
m
<h4 + jpeIkbm — £ elkibm 4y g, (1 — e~ Ikibm) Z 6,‘;‘1'1-) n

t=0 -2 (6-130)

_ A A A a
= a4Cn—1 — Y14 § (Crs1 — Ck)5n,k
k=0

Following a similar simplification process as previously performed,

168



(hy + jae™Tkibm — felkibm 4 9y, g, (1 — cos ¢ + i sin ¢)ﬁm,5a,2)€n

n—2
. R R (6-131)
= a4Cn—1 — Y4 (e Ck)&‘f,k
k=0
Applying a norm on both sides,
|(hy +je7Tkibm — f eJkibm 4y, g, (1 —cos ¢ + i sin ¢)ﬁm,£a,2)5n
n-2
A R . (6-132)
= |Cn—1— 9y Z(ck+1 — C)Onk
k=0
Therefore,
|hy +jetkibm — f elkibm 4y g,(1—cos¢ +isin ) By, |ICnl
n-—2
n n u (6-133)
<lagllnsl + 19, | s - 8005
k=0
Remembering that it has been proved that forasetvVn > 1,
|€n-1] <165l
Thus,
|hy +j, e TKibm — f elkibm 4 g, (1 — cos ¢ + i sin ) B, |16n]
n-—2
<1aallén sl + 941D Guers = 8085,
k=0 (6-134)
n-—2
<laglleol + gl Y Grs = 6055
k=0
Therefore, it can be inferred that,
|hy +j4e_jkiAm - f4ejkiAm + Vg, (1 = cosp + i sin §)Bm,, |ICnl
n-—2
A R n (6-135)
<lagllCo| + |g4| (Crs1 — Ck)57(f,k|
k=0
The remaining summation is considered at the upper limit as previously,
|ha + jae TR — felkibM 4 v, g, (1 — cos ¢ + i sin ¢).8m,Ea‘2||€n|
= (6-136)
<laglléol + 194llCo] ) Sni
k=0
Expanding the summation and simplifying as previously outlined,
|ha + jae Tk — f eIkl 4y g,(1 — cos ¢ + i sin ®)Bm,Ey,|16nl
R A 6-137
< laglléol + 1galléolBn,, €7
Rearranging,
|l - las| + 1941Bne,, (6-138)
1€l hal + ljal + 1fal + vl gal(I11 — cos | + i |sin ¢|)|ﬂm,£a,z|

Thus, the condition becomes,
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las| + |g4|ﬁn,Ea,2 <1
|hal + ljal + 1fal + vx|gal(I11 = cos @ + i |sin $1)| Bz, |

The condition is expanded using the simplification terms associated with Equation (6-60),

AB(a) ., AB(a)

(1 a) nn-1 (1 a) BnEaz <1
AB(a) 54 + v AB(a) sa ZDL + AB(a) sa D, + D;
A-a) 1t VA=) O Y | T VT =) O T a2l @2
AB
+v (a) |(2 —2cos¢)|BmEa2|
The assumption in Equation (6-112) is applied, and the condition develops,
AB(a AB(a
(1 ( ))6an 1+(1 ( ))ﬁnEaz
AB@ po oy AB@ g0 2D, AB@) D, D_ <1
A—a) ot T T =) Omi T a2 T T = a) mi (AX)2 (AX)2
AB(a
tv x(l ( )) (2 —2cos ¢)ﬁm,Ea,2
Simplifying,

u 2D,
va(Sm,i + (1 — COS ¢)ﬁm,Ea’2) (A )2 > Bn Eq2

Thus, under the assumption (Equation (6-112)), the second inductive stability condition for is upheld

and conditionally stable, under this condition.

The opposite assumption is made, and the condition becomes,

AB(@) 4 AB(a)

(1 ) 5 nn—-1 tm—5 (1 ) Bn,Ea,Z <1
AB(a) 5¢ AB(@) so 2D, AB(@) s D,__ D
A—a) orn-1 P T =gy Omi T @02 T —a) Omi T @n? T )2

40, T 2= 205 D,

Simplifying,
4D,
va(l — cos ¢)Bm,Ea,2 (A )2 > ﬂnEaz

Thus, under this assumption, the second inductive stability condition for is also upheld and

conditionally stable, under this condition.

The stability analysis for the implicit upwind scheme for the advection-dispersion equation with ABC
fractional derivative found the scheme to be unconditionally stable for the first section of the

induction method analysis, and conditionally stable under the following conditions,

« 2D
va(amz + (1 — COSs ¢).8mEa2) t+—— (A )2 ﬁnEazl

and

4D,
va(l — COos ¢).Bm,Ea,2 + W > .Bn,Ea‘z
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(6-142)
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This can be simplified to an overall condition,
min(y,n) > Bue,,

2D,

where,
Y = va(grcrll,i + (1 — COosS ¢)Bm,Ea,2) + (Ax)z
4D,

n = 2v,(1 — cos (I))ﬁm,Ea,Z + (Ax)z

The error of the approximation is thus reduced throughout the solution and decreases with each time

step, under these conditions, where for all values of n, |&,41] < |&5]-

6.3.3 Upwind advection Crank-Nicolson scheme
Substituting the induction method terms for the developed upwind advection Crank-Nicolson

numerical scheme discussed in Section 6.2.3,
l4@nejkim — m4én_1e]kim + 04@ne]ki(m—Am) + f4@ne]kix(m+Am) + p4@n_1e]ki(m_Am)

n—-2 m X o ) o
—9 z(ék /KM — & T8 — vy g Z[O'S(Cn—leﬂ"m — Cpqekilm=tm)) o (6145)
4k=0 +1 nk xY4 £ +0.5(6‘nejkim _ fne]ki(m_Am)) m
Multiple out and simplify,
n-2
k
(6-146)

A = A A ,—JkiAm A LjkiAm A —jkiAm A A a
lyCn = mylyq + 0,Cpe7™ /M + [y 6@/ 8 + py 6y _qe™ /N — g § (Cr+1 — C) Ok
k=0

m
—v.g, Z[o.s(én_1 — C_ge MY 4 0.5(e, — EeTMAm)] 5T,

=0
The first procedure for the induction numerical stability analysis requires proving for aset V n > 1, that

16n] < 1Col

Ifn =1, then
1461 = m460 + o4éle—jkiAm + f4élejkiAm + p4€0e‘jkiAm
(6-147)

m
g4 Z[o.s(@0 — e AmY 4 0.5(¢, — ¢yeTkibm)] 52

=0
A subset for m is now considered, where m = 0,
A — A A ,—jkiAm A o JkiAm A L,—jkiAm
1461 = myCy + 0,617 T 0™ + f4 8105 + pyloe™™ (6-148)

Simplifying and rearranging,
e—jkiAm
(6-149)

>

€ _ My + Py
0 l4 — 04e_jkiAm _ f4_€jkiAm

(93

Applying a norm, the condition for the first induction requirement becomes,
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Ima| + pal
Lal + loal + Ifal

<1 (6-150)

The term is expanded using the simplification terms associated with Equation (6-63),

AB(Q) o AB(@) <o AB(Q) o

(- Ot * O G O |05"(1 ay o <1 (6-151)
AB(@) g4 AB(Q) g 2D AB(Q) g D D 6-151
iy e + 050 T g O+ (] + [0S o gy 88 — el * [y

The assumption is made where,
AB(a) o D,

0.5v, m 5m,i > W

(6-152)

Then, the condition is

(‘113 (“)) 881 + 050, (13 (“)) 52 ; + 0.5, (13(“)) 58, .,
(/113_(“)) Opn_1t 0.5v, (?B(a)) Omit+ (inz + 0.5v, (?B(a)) Omi— (ADTL)Z + (ADTL)Z (6-153)
Simplifying,
% >0 (6-154)

Therefore, under the assumption made in Equation (6-152), the first inductive stability condition for

this subset is upheld and unconditionally stable.

The complementary assumption is made, and the condition becomes,

(‘113(“)) 8% 1 +0.5v x(‘éllB(“)) 5%, +0.5 x(“llB(“)) 5%
AB(@) yu oo, AB@) jo 2D, o AB@) o D Dy <1 (6159)
(1-a) ™1 YT —a) Omi (AX)2 T = a) Omi (Ax)z (Ax)?
Simplifying,
UxL@ i <D (6-156)
1-a) ™  (Ax)?

Thus, the first inductive stability condition for this subset is upheld and conditionally stable under this

assumption.

A subset for m is now considered forallm > 1,
l4él = m460 + 04éle_jkiAm + f4éle]kiAm + p4éoe_]kiAm
m

— VeG4 Z[O.S(éo — Gge~Ikibm) 4 0.5(¢; — c“le‘jkiAm)] 8%

i=0

(6-157)

Simplifying,
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m
<l4 — ogeIkibm _ £ gikibm _ 0,5(1 — e‘f""iA’")vme 5%,i> &

i=0

m (6-158)
= (m4 + pyeJkiim — 0.5(1 — e‘jkiAm)vxg4Z 6,‘;‘1‘1-) o

i=0
Expanding the summation, and simplifying as previously,

(Iy — oge™kilm — f, eJkibm — 059, g,(1 — cos ¢ + i sin @) Pni,, )l

= (my + pye™/Kit™ — 0.5v,9,(1 — cos ¢ + i sin ¢)ﬁm,Ea_z)60 (6-159)
Taking a norm on both sides and simplifying,
(|l4| + loal + Ifal + 0.5v,]g4l(2 — 2 cos ¢)|ﬁm,Ea,2 )|CA1| (6-160)
= (|m4| + |pal + 0.5v,|gal(2 — 2 cos ¢)|ﬂm,Ea,2 )|CAo|
Rearranging,
6] Imal + 1pal + velgal (1 — cos §)|Bm,, (6-161)
1Col  [Ly] + log] + |fal — velgal (1 — C05¢)|Bm,5a,z|
Thus, the condition becomes,
Imal + Ipal + vilgal(1 = cos §)|Bme,, -1 (6-162)
4] + log] + Ifal — vxlgal(1 — COS‘P)'ﬁm,E,,,,Zl
The term is expanded using the simplification terms associated with Equation (6-63),
AB(@) cq AB(@) cqa ‘ AB(@) ca (6-163)
= )6 1+05x(1 )6 OSX(1 )5
+0y .|
AB(a) AB(a) 2D AB(a) D D, I\t
a a L a L L
Gy Sinen + 050 = oy O + G| + 05T = 3 05— cage * e
AB a
+Vx ( ) |(1_COS¢)|BmEa2|
The same assumption is made as in Equation (6-152), then the conditions is,
AB(a) <o AB(a) <o AB(a) <o AB(a) o _ (6-164)
a- )6n1+0.5 x (1 = )5 +05x(1 )5 x(l )(1 cos<,ib)ﬁm,3wz<1
AB(a) <q AB(a) cq 2D, AB(a) <q Dy Dy
= )6 1+0517x(1 )6ml (Ax)2+0'5 x(1 = )5m1 (Ax)2+(Ax)2
AB(a)
TV — (1 ) (1 — COS d))ﬁm Eq2
Simplifying,
2Dy, (6-165)

ax)? >0

Therefore, under the assumption made in Equation (6-152), the first inductive stability condition for

the second subset of m is upheld and unconditionally stable.

The opposite assumption is made, and the condition becomes,
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AB(a) AB(a) AB(a) AB(a)

T —ay nm-1 05V =gy O + 05V 7 — 4y O + Ve (T =gy (1~ €08 $)Bme, -1
40, T (1 = 05 s,
Simplifying,
vx%afn_i < (zz : (6-167)

Therefore, the first inductive stability condition for the second subset of m is upheld and conditionally

stable under this assumption.
The second procedure for the induction numerical stability analysis requires proving forasetvVn > 1,

1Enl < 1Col

Rearranging Equation (6-146) for ¢,,,

m
I, — ogeJkibm _ £ pikibm 4 o, g, <0.5(1 — e Tkibx) Z 6,701"1-) ¢y

i=0
. s (6-168)
= | my + pe /b — v, g, (0-5(1 — e Jkibx) Z 5134’) Cn-1— 94 Z(ék+1 L
i=0 k=0
Following a similar simplification process as previously performed,
(14 — oge7Tkibm _ £ eJkibm 4 3 g,(0.5(1 — cos ¢ + i sin ¢)ﬁm,5alz)) ¢y
e o A - . (6-169)
= (m4 +pge T — vx94(0-5(1 —cos¢ +isin ¢).Bm,Ea_2)) Cn-1— 9a Z(ck+1 — Ck)Onk
k=0
Applying a norm,
|(l4 — oge~Tkibm _ £ ekibm 4y, g,(0.5(1 — cos ¢ + i sin ¢)3m,5,1_2)) én|
e o A - . (6-170)
= (m4 +pge T — vx94(0-5(1 —cos¢ +isin ¢).Bm,Ea_2)) Cn-1— 9a Z(ck+1 — Ck)Onk
k=0
Therefore,
|(l4 — oge~Jkitm — f eJkibm 4 9, g,(0.5(1 — cos ¢ + i sin ¢)ﬂm,Ea_2))| [l
< |(m4 + pyeThibm — ng4(0-5(1 —cos¢ +isin ¢)ﬂm,5a,2))| |¢n-1] (6-171)

+194l

n-2
D s - 6055
k=0

Remembering that it has been proved that forasetVn > 1,
[€n-1l < |Gl

Thus,
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|(l4 — o4 Tkibm _ £ pJkibm 4 vxg4(0.5(1 —cos¢ +isin ¢)ﬁm,5a'2))| [énl

< |(m4 + pae /KA — 1, 9,(0.5(1 — cos ¢ + i sin ¢).3m,50,,2))| |€n—1l

n—2
1041 | D @ers - 055
&~ (6-172)
< |(m4 + pyeJkibm _ vxg4(0.5(1 —cos¢ +isin ¢)Bm:Ea,Z))| |G,
n—2
1941 | D @ers - 055
k=0
Therefore, it can be inferred that,
|(l4 — o4 Tkibm _ £ pJkibm 4 vxg4,(0.5(1 —cos¢ +isin ¢)ﬁm,Ea,2))| [l
< |(m + p e Jkibm _ vxg4(0.5(1 —cos¢ +isin ¢)ﬁm,Ea,2))| [Col (6-173)
n—2
1941 D Crn = 6085
k=0
The remaining summation is considered at the upper limit as previously,
|(l4 — oge Jkibm _ £ pJkibm 4 vxg4,(0.5(1 —cos¢ +isin ¢)ﬁm,Ea,2))| [Cnl
n—2
—ik .. . . (6-174)
< | (e + pae ™ — 1,6, (051 = cOs § + i 5in $Ym, ) )| 1ol +1gl160] D 8,5
k=0
Expanding the summation,
|(l4 — oge~Tkibm _ £ eJkibm 4y, g,(0.5(1 — cos ¢ + i sin ¢)ﬁm,5a'2))| |é,]
(6-175)
< |(m4 +pge Kb — v, g,(0.5(1 — cos ¢ + i sin ¢).[))m,Ea,2))| €0l + 19411¢01Bn E,,,
Simplifying and rearranging,
[Cnl |my| + [pal + vxlgal(1 — cos ¢)|Bm,Ea2
o< : (6-176)
|0l |l4|+|04|—|f4|+vx|g4|(1—cos¢)|ﬁm_5a’2|
Thus, the condition becomes,
|ma| + |pal + vx|gal(1 — cos ¢)|:3m,5m2 <1 (6-177)
[la] + o] = |fal + vx|gal(1 — cos ¢)|.8m,Ea2
The condition is expanded using the simplification terms associated with Equation (6-63),
AB(a) .4 AB(a) .o | AB(a) .4 AB(a) _
|(1 O + 050, (85| + 050, G 65 |+ v [ | (1 = cos ) B | .,
AB(a) .4 AB(a) .4 2D, | AB(a) o« _ D,
| 850 + 050, 58, + kol 4 050, 2585 — T (6-178)
D, AB(@) |,
+ (Ax)z +vx (1 _ (l) (1 Cos ¢)|,8m,Eu_z|

The same assumption is made as in Equation (6-152), and the condition then becomes,
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(?B_(a)) 60{ L+ 0.5v v, (IiB(a)) 60{ +05 x(AiB(a)) 641 + v, (I?.B(a)) (1 — COS ¢)ﬁm,Ea’2 -1
1oy Sfns 050 (1 i+ i + 050 (1 85— ciy (e79)
D AB(a)
g = oy (L= €08 DB,
Simplifying, D
L S50 (6-180)
(Ax)?

Thus, under this assumption, the second inductive stability condition for is upheld and unconditionally

stable under this condition.

The opposite assumption is made, and the condition becomes,

és(a)) 55 L 405 x(/llB(a)) 52 405 x(fllB(a)) 55, + x(fllB(@) (1~ c0s $)Bm .
D AB((Z)
o L)Z a1 - cosqs)ﬁm,ga,z
Simplifying,
AB(a) « 4D,
Ux (1-a) 6ml <752 (Ax )2 (6-182)

Under this condition and this assumption, the second inductive stability condition for is supported and

conditionally stable.

This completes the stability analysis for the upwind advection Crank-Nicolson scheme for the
advection-dispersion equation with ABC fractional derivative, where the scheme is unconditionally
stable for assumption made in Equation (6-152), and conditionally stable under the complementary

assumption. The determined conditions stated are given in Equation (6-156), (6-167), and (6-182).

6.3.4 Explicit upwind-downwind weighted scheme
Replacing the induction method terms in the developed explicit upwind-downwind weighted
numerical scheme discussed in Section 6.2.4,

a4énefkim — q46n_1ejkim + T4fn_1e]ki(m_Am) _ S4é~n_1e]ki(m+Am)

- edkim én_lejki(m—Am)) (6-183)

a

- Creqprelfim — ¢ e/kim)se, —p Z . : 8% .
9a Z( k+1 ) nk x4 L—(l _ 9)(6 e]kix(m+Am) _ 6n—1e]kim) m,i

Multiple out and dividing by e/%i™,

A4ln = Qubpoq + 14Cp_qeKibM — g 0, elkibm (6-184)
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OEns = nge 0™y
m,i

n-—2 m
- Crns — E)0%, — v Z .
9a kzzo( k+1 1)k x94 £ [+(1 _ 9)(c“n_1efkiAm _ 611—1)

The first procedure for the induction numerical stability analysis requires proving for aset V n > 1, that

1énl <18

Ifn =1, then
AyCn = qalnq + 1aly_qe THEM — 5,8, elkibm
m N N i1
g Z [ 0(bn-1— Cnae”0M) ] (6-185)
4 R ik R i
x — [+ - 0)(Ep_qetkitm —e, )] ™
A subset for m is now considered, where m = 0
asly = qulo + maboe KA — 5,85 eTHibm (6-186)
Simplifying and rearranging,
b T 6-18
Gy Qg +rieikibm _ g ejkidm (6-187)
Applying the norm, the condition for the first induction requirement becomes
la,| 1 (6-188)
|qsl + 17| + |54l
The term is expanded using the simplification terms associated with Equation (6-67)
| AB(a) s5a
(1 — 0!) nn—-1 <1
| AB(a) sa — 20,0 AB(a) 5%, AB(@) .4 _ 2D,
(1—q) ‘nn-1 (1 Q) Ux (I—a) "mi~ (Ax)? (6-189)
AB(“) a B((I) a DL
+|oe0 G =y S+ G| + [ - O T 4 O+
The assumption is made where,
AB(a) _, AB(a) AB(a) 2D,
T E— 1+ —5“ v, 0 Om.i -
(1 _ (X) nn-1 Ux (1 ) Ux (1 ) (A )2 (6 190)
Under the assumption (Equation (6-190), the condition is
AB(@) cq
(1 _ a) nn—1 < 1
AB(a) g AB(@) .4 AB(a) oo , 2D,
) Opn-1 1 2V 9(1 a) Om,i — Vx (=T Om,i + (Ax)? (6-191)
AB (a) a' DL AB(“) a AB (a) a DL
0T gy Omi @y T @) Omi T T ) Omi T )2
Simplifying,
AB(a) 2D; ZAB(a) u
6 (6-192)

0= DE gy omit a2~ A=) Ot
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Thus, the first inductive stability condition for this subset is upheld and conditionally stable under this

assumption.

A subset for m is now considered forallm > 1,

. . 8¢ — cyeIkitm)
A4 = quC + 1 Cge TKiA™ — 5, 8 elKibm gy Z ) 5% . (6-193)
4C1 = (4Cp T T3Cp 4Co x4 £ +@ —9)(60€]kiAm—éo) m,i
Simplifying,
m
Que KB 4 =ik _ g oflibm _ g 6(1 — e—jkiAm)E 5%,
Ayl = m i=0 & (6-194)

—vg,(1— 0)(ekibm — 1) Z 5o i /
i=0

Expanding the summation, and applying a norm as previously,
lalle] <|Q4| + 74| + |s4] + v, 0|94 (2 — 2 C05¢)|Bm,Eal2|) 2| (6-195)
g€l = 0
+vx|g4|(1 - 9)(2 — 2cos ¢)|Bm,Ealz|
Rearranging,

|61]  1qal + Iral + Is4] + 201941 (2 = 2 c05 ) B i, | + Vil gul (1 = 6)(2 — 205 ) |Bm,,|  (6-196)

[Col B layl

Thus, the condition becomes,

|qal + |74 + [s4] + v,0]941(2 — 2 cos ¢)|.8m,Ea_2| + Vx]941(1 — 6)(2 — 2 cos ¢)|Bm,Eal2| <1 (6-197)

layl

The term is expanded using the simplification terms associated with Equation (6-71),

AB(@) .4 AB(a) .4 AB(@) ca AB(a) .4 2D
[Ty Oy = w08 Gy O+ Ve (T = o O = o8 = gy Ot~ i
AB(“) a DL AB(“) a AB(a) a DL
M R e R o Il e e I (e R AR (Vo 6158
B @ = 2c0s D] + e [T (1= )@ - 20050 B |
AB(@) o <1
(1_a) nn—1
The same assumption is made as in Equation (6-190), and then the conditions is
AB(a) ., AB(a) .4 AB(a) .4 AB(Q) .4 2D
/ oy One1 + 0 (7= O _x(1 oy O+ V0 (T oy O (Axﬁz\’
AB(a) <q D B(a) ca AB(a) <q D
#0105+ s~ 1 = ay O+ 0 oy O ~ ey 6150
1,0 28 (3 2 cos ), + 0 T (1~ 6)(2 — 205 )5
(1 a) @2 1-a Eq,2 <1
AB(a) sa
(1_a) nn—1
Simplifying,
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2AB(a)

(1-a) (67?.n—1 + VO + Uy COS P .Bm,Ea‘Z) >

2AB(a)
1-a)

“ 4D,
(va96m,i + vx.Bm,Ea_z) + (Ax)? (6-200)

Therefore, the first inductive stability condition for the second subset of m is upheld and conditionally

stable under this assumption.

The second procedure for the induction numerical stability analysis requires proving forasetVn > 1,

|10 <166l

Rearranging Equation (6-184),
4 + raeIRAM — g, el n—2

m
- . . Z e — Crar — GBS ;
Ay Cy —Vy g4 (9(1 _ e—]kiAm) + (1 _ 9)(ejkiAm _ 1)) 5;1,1,1- Ch—1 ga Z(Ck+1 Ck) nk (6 201)
i=0

k=0

Following a similar simplification process as previously performed,
a,c, = Cre
T\ —vegs (9(1 —cos¢ +isin¢) + (1 —0)((cos + i sin p) — 1))Bm,Ea‘2 -l (6-202)
n-2
—9, Z (Cr+1 — 6k)5r‘f,k
k=0

Taking the norm on both sides,

q4 + r4e—jkiAm _ S4ejkiAm
|a4én| = .. .. én—1
g, (9(1 —cos¢p +ising)+ (1—6)((cosp +isin¢) — 1)) B, -
n-2 e (6-203)
=9, ) (ers — 65
k=0
Therefore,
q4 _|_ r4e—jkiAm — S4ejkiAm
|a4”én| < . . .. |6n—1|
~V:9, (9(1 —cos¢p +ising)+ (1—8)((cosp +isin¢)— 1)) B, .
n—2 e (6-204)
194 D Cers - 8055
k=0
Remembering that it has been proved that forasetvVn > 1,
[€n-1l <Gl
Therefore, it can be inferred that,
q,+ rpe~kibm _ g, gikitm
lagllénl < .. .. I,
—vxg4(9(1—cosq,’>+lsmq,’>)+(1—9)((cos¢+lsm¢)—1))ﬂmE , : )
e 6-205

n-2
+|g4| Z(ék+1 — )0k
k=0

The remaining summation is considered at the upper limit and expanded as previously,
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—jkiAm jkiAm

qs + 1€ — Su€
ol <
lasllénl —VyGa (8(1 —cosp +ising)+ (11— 9)((cos¢ +isin¢g)— 1)),8,,,1,,5“2
’ (6-206)
+ |g4||ﬁn,Ea,2|) 16l
Simplifying and rearranging,
( |qal + 172l + [s4] +v,0]g4l(2 —2 C05¢)|ﬁm,5a_2| )
léal _ \+vxlgal(1 = )2 — 205 §)|Bm5,,| + 191|Bnz,| (6-207)
o] lasl
Thus, the condition becomes,
( [qal + 174] + [s4] +v,0]g41(2 =2 COSd’)lﬁm,Emzl )
+x|gal(1 = 0)(2 — 208 §) Bk, ,| + 191|Br.ke, | -1 (6-208)
layl
The condition is expanded using the simplification terms associated with Equation (6-67),
AB(a) o AB(a) « AB(a) .o _ 2D,
- a) Onn1 = 208 gy Omi ¥ Ve T — 0y Omi ~ (a2
AB(a) a. _Dy
+ |v, 9(1 ) Om, (A )2
AB(a AB(a D
HE ) ( )) Omi VO L= ( )) Omit otV Ty o (6-209)
AB(«a AB a
40, JAED] (12 0)2 - 205D B | + | ® \ B
<1
|AB(05) 5@
(1 — a) nn—1

The same assumption is made again (Equation (6-190)), and under this assumption the condition is,

AB(@) .4 AB(a) « AB(a) « 2D
T St PO TGy O~ e (= oy O+ a2
AB(@) sa | D
+1,0 ———= O-a) 5 (AxL)Z
AB(a) .o AB(a) « D, AB(a)
— Uy - Om itV (1 ) 5mL (Ax)? +v,0 1—a) (2—2cos ¢)|ﬁmEa2| (6-210)
AB(a)_ AB(a)
Tt/ 1-a) (1-0)(2—2cos ¢).BmEa2 (=) ﬁn,Ealz -1
AB(a) 5%,
Simplifying,
ZAB( )/ w . AB(a) @ 4D
- @ (5nn 1F UG + 0y cosq,')ﬁm,Ea'z) >— 1= (vaﬁmEaz + 40,06, ; + ,Bn,anz) +(AT§2 (6-211)

Thus, under this assumption, the second inductive stability condition for is upheld and conditionally

stable under this condition.

This concludes the stability analysis for the explicit upwind-downwind weighted scheme for the

advection-dispersion equation with ABC fractional derivative, where the scheme is found to be
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unstable under the assumption not presented and is conditionally stable under the assumption
(Equation (6-190)), with the following stability conditions,
AB(a) 2D, _ 24B(a) _,

2 0—-1 o& . > ,
Pl ) 1-a) ™ * Ax)?2" 1—a) ™1t
24B(a) 24B() 4D,
o) 1 ¥ a0 02050 B, ) > oy (206007 + vabims,,) + (7
2AB(a) AB(a) 4D,
(1-a) (artll.n—l + VxOpi + Uy COS P ﬁm:Ea,z) > a=a) (47&95#1,1' + 2V Pme,, + 'Bn,Ea,z) + a2

6.3.5 Implicit upwind-downwind weighted scheme
Substituting the induction method terms for the implicit upwind-downwind weighted numerical

scheme discussed in Section 6.2.5,

u4f‘ne]kim — v4éne]kix(m+Am) + T‘46nejki(m_Am) + a46n_1efkim

n-2
—Y4 (@k+1ejkim - 6kejkim)‘sr(i(,k (6-212)
k=0
m
—V s [Q(énejkim _ @nejki(m_Am)) + (1 _ 9)(énejkix(m+Am) _ é\nejkim)] 5161{1,i
i=0
Multiple out and dividing by e/ki™,
n-2
Uy = VyCpeMib™ 4 e e IR L gl 1 — g4 z(ék+1 — )0k
m k=0 (6-213)
- Z[e(en — pe IR 4 (1 — @) (eelhitm — ¢,)] 8%,

1=0
As stated previously, the first procedure for the induction numerical stability analysis requires proving

forasetvVn > 1, that

1énl <161
Ifn =1, then
m .
. . 0(¢, — &y e~ Jkitim)
Uyly = VG el R f e TRibm 4 g, 60 — v Z[ : 5%, 6-214
4C1 4C1 1C1 4Co — UxYa £ +(1—0)(Ele]kiAm—51) m,i ( )
A subset for m is now considered, where m = 0,
u4,61 = v4élejkiAm + T451€_jkiAm + a4,éo (6_215)
Simplifying and rearranging,
o a
== . (6-216)

Gy Uy — v4elkibm — g e—jkibm

Applying a norm, the condition for the first induction requirement becomes,
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layl
[ug| + lvgl| + |7

<1 (6-217)

The term is expanded using the simplification terms associated with Equation (6-63),

AB(a) <4
B(a) 5“ + 2v.0 AB(“) 5% . — AB(“) 5% . 2DL |
(1- nn-1 V(1 —q) Omi x(l a) “mi (Ax)z (6-218)
D, AB(a) « AB(a) <4 D, AB(a) <4
ez = @ —a Omi P 0T gy il F @z Y 0T - oy O
The assumption is made where,
D; AB(a) AB(a)
@7+ Ty O g O (6-219)
Under the assumption (Equation (6-219)), the condition is
AB(a) cq
(1 ) nn—-1 1
<
AB((X) a AB((Z) a _ AB(a) a ZDL 6-220
a- )5 _1 T2, 9(1 )5ml "(1 )Sml @2 ( )
D AB(«a AB(« D AB(a
I g D BT gy O+ gl O gy O
Simplifying,
AB(a) 2D;
(26 - 1)me i a0z 0 (6-221)

Remembering the weighting factor 8, the condition for this subset of m is unconditionally stable

when 0.5 < 6 < 1, but conditionally stable when 0 < 6 < 0.5.

The opposed assumption is made, and the condition becomes,

AB(a) cq
(1 _ (X) nn—1 < 1
AB(@) a 20, g AB(@) AB(@) cu _ 2D,
- (1—a) “nn1 T =gy Omi ¥ Vx (T = q) Omi K (6-222)
D, AB(a) ., AB(a) ., D, AB(a) .,
T T —a) oni T VO T a) Ome F @or O (T a) O
Simplifying,
AB(a) « \ AB( ) D
vxﬁ > (8 n-1 + v 085 ) - (AxL)z (6-223)

Hence, the first inductive stability condition for this subset is sustained and conditionally stable under

the complementary assumption.

A subset for m is now considered forallm > 1,

; ; 0(¢, — ¢, e Jkibm
ULl = V6 el KibM oy, 8 e TRibM 4 g, 80 — ng4z [ ( ) 8% (6-224)
i

— [+ - 0) (¢ elkitm — &)
Simplifying,
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m
/u4 — vyelkibm — g eikibm 4 gy g,0(1 — e~/kitm) Z 5,‘?1,1-\
| - |

m =0 ¢y = a4y (6-225)
+v,g4(1 — ) (e/kibm — 1) Z O i
i=0
Expanding the summation, and applying a norm on both sides as previously,
(lul + val + Iral + v0|g,|(2 = 2 c0s §)|Ban 5, , | + Vx| 94| (1 = 0)(2 = 2 cos )| B, | 161 (6-226)
= |aal|éo|
Rearranging,
lal _ |ayl (6-227)
1G] Tugl + [va] + Ira] + v,0]94](2 — 2 cos ¢)|ﬁm,5m2| + vxg4l(1 — 0)(2 — 2 cos d’)lﬁm,Eu_zl
Thus, the condition becomes,
layl <1 (6-228)
gl + [val + [ra] + 50194l (2 — 2 c0S §)|Bm i, ,| + vx|gal (1 = 0)(2 — 2 cos §)|Bmye,.,
The term is expanded using the simplification terms associated with Equation (6-71),
AB(a@) ca
(1 ) nn—-1 <1
AB(a) sa + 20,0 AB(a) sa _ AB(a) 6“ ZDL
(1—) mn-l T-a) 'mi” *@- ) RV
D, AB(@) <q AB(@) <q g AB(@) <o (6-229)
i e R e R B v R e
AB(a AB(«a
) @2 - 2005 | + 0 [ G2 (1 - )@ - 2005 D) B

The assumption in Equation (6-219) is made, and the resulting stability condition becomes,

AB(@) 0 (6-230)
(1 _ a,) nn—1 <1
AB(@) .4 AB(a) 4 AB(@) 4 2D,
( - )5n1+2”9<1 ) Omi T A — ) Omi t (ax)? \
D B(@) ca AB(a) cq D AB(a) <o
+(AxL)2 vx(l )6ml+ 9(1 )Sml (AxL)2+v 9(1 )Sml
+1,6 éB (“)) (2 = 2¢0S $)Bmyr,, + U (/1”3 (“)) (1-6)(2—2c0s )b,
Simplifying,
1,20 — 1) 22 88 i + v (1 — cos ) AB) 2D >0 (6-231)

) = a) Pmsee ¥ (302

Therefore, under the assumption (Equation (6-219)), the first inductive stability condition for the
second subset of m is defended and unconditionally stable when 0.5 < 8 < 1; and conditionally
stable when 0 < 6 < 0.5.

The complementary assumption is made, and the condition becomes,
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AB(a@) ca

(1 a) nn—-1 <1

AB (a) a AB(O:) a B(a) a 2DL

( (1 — a,) 6nn 1 —2v 0 (1 ) 61’711 tv Ux (1 ) 6mL (Ax)z w (6_232)
DL +v B(a) 50{ _ 0 AB((Z) 60{ D +v 9 AB(“) 5“
Tz T =) Omi d—a) omi T @axy? 1-a)
40,0 T2 2 = 2005 ), + e (- (1= )2 = 205 ),
Simplifying,
AB(a) u AB(a) u D,

Uy ( (ﬁmEaz 6m,i) > (1- (5nn 1t vx06 ; + vy coso By Eaz) +73 (Ax)? (6-233)

Therefore, under this assumption the first inductive stability condition for the second subset of m is

upheld and conditionally stable.

The second procedure for the induction numerical stability analysis requires proving forasetvVn > 1,

1Enl < Col

Rearranging Equation (6-213) for ¢,,,

m
<u4 — vyelKibm — g e=Ikibm 4 5 g,0(1 — e~ Tkibm) Z 8%
i=0

m n-2 (6-234)
+ v, g4 (1 — 9)(ejkiAm - 1) Z 531,1’) Cn = 4Cn_1 — a4 Z(ék+1 - CAk)&f,k
i=0 k=0
Following a similar simplification process as previously performed,
Uy — vgelMihm — e TAM 4y g,6(1 — cos ¢ + i sin ¢)Bmp,,\ .
< +0,ga(1 = 0)((cos ¢ +isin ) = 1)Bm,, )Cn 2 (6-235)
n—
= a4Cn_1 — ga z(ék+1 - ék)&%k
k=0
Applying a norm,
Uy — vyelkibm — e =Ikibm 4 3 940(1 — cos ¢ + i sin (,‘15)[3,,1,,;%2 .
< +v,9,(1 — 9)((cos¢ +ising) — 1)ﬁm,Ea‘2 )Cn i (6-236)
n— -
= |a4lp-1— Ga Z(6k+1 — C)Onk
k=0
Therefore,
Uy — vyelkibm — g e=ikibm 4 9 9,0(1 — cos ¢ + i sin ¢)ﬁm,5a,2
< +v,9,(1 — 9)((cos¢ +ising)— 1)3,,1,)50[‘2 ) [l i (6:237)
e -
<laallénsl + 194l | Cers - 6055
k=0

Remembering that it has been proved that forasetvVn > 1,
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€1 <16l

Thus,
<u4 — yyelkibm — y e=Jkilm 4y 9,60(1 — cosp + i sin §)Pmi,, |
.. ' C
+v,9,(1 — 9)((cos¢ +ising) — 1)ﬁm_Ea‘2 "
n—2 n-2 (6-238)
< 1aallen 1l 1941 | D @err = G085| < 1aalléol + 19al| ) Cicrs = 5%
k=0 k=0
Therefore, it can be inferred that,
<u4 — vyekibm _ y e=ikibm 4 o, 9,0(1 — cos ¢ + i sin d))ﬁm:Eaz) @
. . ' C
+v,9,(1 — 9)((cos¢ +ising)— 1)ﬁm,5a‘2 n
n—2 (6-239)
<laalléo] + 14| ) Grers — G5
k=0
The remaining summation is considered at the upper limit and expanded as previously performed,
<u4 — yyelkibm _y e=Jkibm 4 4 9,0(1 — cos¢ + i sin ¢)ﬁm,Ea2) |
+v,9,(1 — 9)((cos¢ +ising)— 1)ﬁm,Ea’2 " (6-240)
< (|a4| + |g4||ﬁn,Ea,2|)|é\o|
Simplifying and rearranging,
|, las| + |g4||[))n,Ea,2| (6.241)
1Col  Tual + [val + Ira] + 150194l (2 — 2 cOS §)|Bm k., | + Vx| g4l (1 — 6)(2 — 2 cOs P) By, |
Thus, the condition becomes,
las| + |g4||.3n,Ea2|
- <1 (6-242)
[ug| + [vgl + 12| + v50194|(2 — 2 cos ¢)|.3m,Ea,2| + Vx| g4l(1 = 6)(2 — 2 cos ¢)|.Bm,Ea,2|
The condition is expanded using the simplification terms associated with Equation (6-71),
AB(a) AB(a)
(1 — (X) nn—1 + | |ﬁnEa2 "
<
AB(a) 8%, +2v,0 A5 AB(a) 5;;(” — v, AB(a) 5%, + ZDL2
a-a a-a a-a) "mi ¥ (ax) (6243
DL AB((X) 5% . +v.0 AB(“) 5% DL + 1.0 AB(“) Fod
@z =T —a) omi T 0T 0y Omi| @z T T e Om
|+ 9)(2—2cos¢)|ﬁm5a2|
Similarly, the assumption in Equation (6-219) is made, and hence the conditions is,
AB(@) 4 AB(a)
(1 _ a) 6n,n—1 t o5 (1 a) ﬂn,Ealz <1
AB(a) 5a + 20,0 AB(a) sa AB(a) 5%, 2DL
(- onnet T O =gy i T T = o) O T B2 (624
+ DL —v AB(“) 5% AB(“) 5% DL + Uy g =77 AB(“) 5%
(Ax)?2 F(1—a) ™ (1 a) Omi t axy? (I—a) "™
AB(a) AB(a)

Tl T d-a) (2—=2cosP)Bmpe,, t Vx 7 =0y 1-a) (1-0)(2—2cos§)fme,,
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Simplifying,
4D, AB(a)

AB (a)
A—a) B2 (= a) Prka: (6-245)

1-

20, (6;;‘“(29 D+ (1 —cos$)Bmg,,) +

According to the assumption in Equation (6-219) and stability condition, the second inductive stability
condition for is upheld and unconditionally stable when 0.5 < 8 < 1, and conditionally stable

when 0 < 6 < 0.5. The complementary assumption is made, and the condition becomes,

AB(@) 4 AB(a)
(1 )6n1+(1 a)ﬁnEaz <1
AB(a) 54 _2p,0 AB@) AB(a) sa AB(a) sa 2D;
(1—6!) nn—1 (1 ) m,i x(l ) m,i (Ax)z (6-246)
(AD)Z (T oy O~ g Bt + G WO g O
40,0 G2 2 = 2605 )i, + Ve D (1= )2 = 205 O,
Simplifying,
AB(a) a 2D AB(a) «
Vy a=a) —(:z) ((1 —6)0p,; + (1 —cos ¢)ﬁm,5a,2) - (Ax§2 > a _a (268,_1 + ﬁnEaz) (6-247)

Under the complementary assumption and condition, the second inductive stability condition for is

supported and the numerical scheme is conditionally stable.

This completes the stability analysis for the implicit upwind-downwind weighted scheme for the
advection-dispersion equation with ABC fractional derivative, where the scheme is stable under the

following condition,

B s o) 2 D
Vs (AB_(Q) (B, + 65 > AB—(a) (6,‘;‘n L+ 088 + vy, cOSP P, ,) + @,
AB( ) ( 126 =1)+ (1 = cos )Bmr,,) + (i]i;z (AB(a)) BrEe»
va%(u—e))% F (= 05 hnrs) - ok > e (2601 + )
Additional conditions are activated when the weighting factoris 0 < 6 < 0.5,
(26 = Dve g — AB(a )) 5& + (AD§2
v,(26 — 1) (‘;13_(‘;)) 5%+ ve(1 — cos qb)% B, + % >0

Only under these conditions, the error of the approximation made by the implicit upwind-downwind

weighted numerical scheme is not propagated throughout the solution.
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6.3.6 Evaluation of numerical stability results

The stability conditions for the traditional upwind (implicit/explicit), upwind advection Crank-Nicolson
and weighted upwind-downwind (implicit/explicit) numerical schemes are summarised in Table 6-1.
The traditional implicit upwind scheme applied to the fractional advection-dispersion equation with
ABC fractional derivative is conditionally stable under both assumptions made with a single condition
for each assumption. There is only one practically applicable assumption for the customary explicit
upwind scheme, which has three sub-conditions. The upwind advection Crank-Nicolson numerical
scheme applied to the fractional advection-dispersion equation with ABC fractional derivative is
unconditionally stable under the first assumption, and has a single condition under the second
assumption made. The implicit upwind-downwind weighted numerical scheme is conditionally stable
under both assumptions made, but unconditionally stable for the first assumption when the weighting
factoris 0.5 < 8 < 1. Similar to the explicit upwind scheme, the explicit upwind-downwind weighted

numerical scheme has one practically applicable assumption, which has three conditions for stability.

Of the numerical schemes analysed, the upwind advection Crank-Nicolson is the most stable
numerical scheme, and would be suggested for use with the fractional advection-dispersion equation
(ABC). The implicit upwind formulations are found to be more stable than the comparable explicit
formulations. The proposed weighted implicit upwind-downwind scheme is more stable than the
traditional upwind scheme when the weighting factor is 0.5 < 8 < 1, which denotes at least half

upwind weighted or more, with the downwind influence less than half.

6.4 Chapter summary

To improve the governing equation for groundwater transport modelling, the Atangana-Baleanu in
Caputo sense (ABC) fractional derivative is applied to the advection-dispersion equation with a focus
on the advection term to account for anomalous advection. Boundedness, existence and uniqueness
for the developed advection-focused transport equation is presented. In addition, a semi-
discretisation analysis is performed to demonstrate the equation stability in time. The augmented
upwind schemes are developed to facilitate the solution of the complex equation, and stability
analysis conducted. The numerical stability analysis found the upwind Crank-Nicolson to be the most
stable, and is thus recommended for use with the fractional advection-dispersion equation with ABC

fractional derivative.
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Table 6-1 Summary of the stability conditions for the upwind-based numerical schemes for the fractional advection-dispersion equation with ABC derivative

Scheme Assumption Stability conditions
AB(a) _, D, 2D,
: 2v(6% .+ (1 —
Implicit Ao O T V(O + (1= o5 $)fmy,) + (ax)? ~ Prta
upwind AB(a) D, 4D,
v ) Omi < ) 2v(1 - cos ¢)fme,, + B2 > Brkg,
Assumption not made Unstable
Explicit
. AB(a) AB(a) 2D, AB(a)
upwind Au,p) < oo
(1 _ a) nn-1 (1 _ ) + (Ax)z max( u p) (1 _ a) nn-1
. AB D
Upwind 0.5v (@ o> L _ Unconditionally stable
advection Q- (Ax)
Crank- 050 AB(a) D, AB(a) e < 4D,
Nicolson (1 _ ) mz (AX)Z (1 _ ) mi (AX)2
AB(a) _, 2D,
(29 - 1)Um5mi +W >0
AB(a)v B(a)v 2D,
D AB(a AB(a — a . —
L1 e ( )5#“_>v ( )5“ (26 1)(1_a) s&. + (1 cosqb)(1 )ﬁmEaz x )2>0
it (a2 (l-a) ™ (1-a) AB(a) 4D, _ AB(a)
mplici 20 —1 1 -
upwind- ( ( )+ ( cos ¢)ﬁm‘5a,z) + (Ax)z (1 @) NEq,2
downwind *Uncondltlonally stable when 0.5 < 6 < 1, or conditionally stable when 0 < 8 < 0.5
weighted AB(a) « . \ AB(a) D,
scheme . AB( ) i U(l ()) i > (6n- 1+U95m1)ﬁ (AxLZB( ) )
L Q) o D o a a « a N
(Ax)z +v (1 _ ) 5m,1 <v (1 _ a) 6m,1 U(.Bm,Eu_z ml) (1 (5nn 1 + Uga m,i + v cos ¢ﬁm,Ea_2) (1 _ a) + (Ax)z
a AB(a) 2D, a AB(a)
2v ((1 —80)0m,; + (1 —cos ¢)ﬁm,5a,z)m ~ o2 > (2681 + BnEaz) e
Assumption not made Unstable
Explicit AB(a) 2D 2AB(a)
up\r:lind- 2v(6 -1) (1-a) Sm,i (Ax§2 > 1-q) ™t
. AB(a) AB(a) AB(a) 2D,
downwind 8¢, 1 +v 8%, < 2v0 8% a 2AB (a) 2AB(a) 4D,
weighted A1-a) ™ 1-a 1-a) (A )2 (Snn 1+ vyt vcosqh[)’mEaz) > (2v0 it Vfm Eaz) s + (Ax)2
scheme " u 2AB(a) . AB(a)
(5n,n—1 +véy; +vcose ,Bm,Ea,z) (1-— (ZUﬁm Eqz T 4v68y, ; + Pn Eaz) — (Ax)2
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7 FRACTIONAL-FRACTAL
ADVECTION-DISPERSION EQUATION

A fractal advection-dispersion equation and a fractional space-time advection-dispersion equation has
been developed thus far to improve the simulation of groundwater transport specifically in fractured
aquifers. However, the practicality of simulating a space-time fractional advection-dispersion
equation is limited due to the computational power required and complexity of the required
algorithms. On the other hand, the fractal advection-dispersion equation only considered fractal
derivatives in space, and not time. Considering these two observations, it is theorised that combining
these two approaches, fractional derivative in time and fractal derivative in space, could be the most

efficient way of incorporating non-locality into both time and space components.

Fractional and fractal derivatives have been considered together by many authors, but mostly
separately for comparison and not fully combined in a single model (Nyikos and Pajkossy, 1985; Berry
and Klein, 1996; Hilfer and Anton, 1995; El-Nabulsi, 2010; Chen et al., 2010a; Chen et al., 2010b; Sun
et al., 2013; Chen and Liang, 2017; Sun et al., 2017b). Chen et al. (2010a) compared a fractal and
fractional diffusion model, and found that both models can characterise the power law phenomena
of anomalous diffusion, yet represent different processes from a statistical perspective. Namely, a
stretch Gaussian process for the fractal model, and a Levy process for the fractional model. An

important difference defined in terms of practical simulation, was that the fractal model is a local
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operator and can be solved with local approximation techniques more efficiently than the fractional

model.

More recently, a few authors have combined the fractional and fractal derivative in a model or
description (Feng, 2000; Jiang et al., 2010; Chen et al.,, 2012; Wang et al., 2015; Fan et al., 2016;
Atangana, 2017; Yadav and Agarwal, 2019). Fan et al. (2016) develop a fractional-fractal diffusion
model based on work done by lJiang et al. (2010), using Riemann-Liouville and Caputo fractional
derivatives. The fractional-fractal model is applied to the diffusion process of methane gas in coal
beds, and was found to capture anomalous diffusion in porous media. Additionally, a Bayesian method
was applied to determine the fractional order and fractal dimension automatically, which did
correspond with experimental data. Atangana (2017) developed new fractal-fractional differential and
integral operators, and concludes with the new operators will provide tools for future investigations.
Furthermore, superdiffusion and subdiffusion in heterogeneous aquifers were suggested as a specific
application. A space-time fractional-fractal Boussinesg equation was developed Yadav and Agarwal
(2019) to improve the simulation of groundwater flow in unconfined systems, where a Caputo
fractional derivative was applied in time and the fractal derivative developed in this thesis applied to

space.

The application of a fractional-fractal advection-dispersion equation for transport in fractured aquifers
is thus validated considering the application of the fractional-fractal diffusion models applied to

anomalous gas diffusion and unconfined groundwater flow.

7.1 Fractional-fractal advection-dispersion equation

The fractional-fractal advection-dispersion equation is developed by applying the Caputo fractional
derivative in time, and the fractal derivative as described in Section 3.2.1 in space for both the
advection and dispersion terms. There are two non-local parameters, namely the fractional order («)

and the fractal dimension, now denoted as 8. The fractional-fractal equation can thus be defined as:

2

d
v c(x, t) (7-1)

0
EDE (c(x,0) = VFB(x)ac(x, t) + Df(x)a—

Where,
EDZ denotes the Caputo fractional derivative

VFB denotes the fractal velocity in the x-direction

D,E denotes the fractal dispersivity in the x-direction
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7.2 Numerical approximation

The typical numerical approximation is applied to the Caputo fractional derivative in time, as described
in Section 5.1. A finite difference method is applied to approximate the advective term (central

difference) and the dispersion term (standard second-order difference), resulting in:

O™ N et vsa | s (S = St L g (S = 20m L+ an
TZ—a) Z(c — X )8 | = Vi T onx + Dy )2 (7-2)
where,

bpr=Mm—k)'""*—(m—-k-1)"¢
1-

e A e A

2-2a
B _ X
ot ()

An algorithm is developed in Maple to solve the fractional-fractal equation using the numerical

approximation scheme as described. The first step where n = 1 is defined as:

c[m+ 1,0] — c[m —1,0]
r@-a / v ( 20x >

— | | + c[m,0 7-3
(At) \+ Df (c[m + 1,0] — 2¢[m, 0] + c[m — 1,0])/ ¢m. 0] (7-3)
(Ax)?

c[m,1] =

And, the recursive step where k = n — 1 is defined as:

[ glcm+1n—1]—c[m—-1,n-1]
1 re- )/ VF( 20x > \

clm,n] = |

(n— D¢ (At)™@ g(clm+1,n—1]—2c[m,0] + c[m —1,0]
| *Dr ( )2 )
n-1 —l

|
_ E(C[m,k +1] = c[m kD — k)% — (n— k — 1)@ | +e[mn—1]

k=0 J

(7-4)

7.3 Relationship between fractional and fractal dimensions

A fractional in time and fractal in space formulation of the advection-dispersion equation has two
parameters to consider, namely the fractional order () and the fractal dimension (). An investigation
of the fractal velocity/dispersivity was conducted in Section 3.6, and found an exponential increase in
the fractal velocity and dispersivity as the fractal dimension decreases. From this initial evaluation, it
was suggested to use fractal dimensions below 0.5 with caution as the increase becomes ultra-

advection. A similar trend in the fractal dimension influence on the fractional-fractal
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velocity/dispersivity is expected, but the additional influence of the fractional order requires
exploration. To achieve this, variable fractal dimensions are plot for a series of fractional orders, i.e.
a,B:{0.9,0.7,0.5,0.3,0.1}. To facilitate this analysis, a fractional-fractal velocity/dispersivity

(V&; Df%) is represented by applying the numerical approximation in Equation (7-4),
r2-a) x(1=P) 1-p x(2—=2p)
—~ | —pl—e—— (1-2p) (7-5)
(At)_a ( U( ﬁ +DL ﬁ X +DL ﬁz
where,

At is the time step size

a is the fractional order

B is the fractal dimension

v is the groundwater velocity

D; is the longitudinal hydrodynamic dispersivity

For the analysis, a constant groundwater velocity (v) is defined at 0.05 m/d, dispersivity (D;) of 0.3
m?/d, and a fractional time step (At) of 0.01 d. The first plot of @ = 1; f = 1, forms the comparison
base because this represents the traditional advection-dispersion model with no fractional order or
fractal dimension (Figure 7-1). Initially the fractional-fractal velocity over space for a fractional order
a = 1 (simplifying back to the local equation) and varying fractal dimensions (0.1 < f < 1) is plot on
a variable scale. These plots only assess the influence of the fractal derivative in space as the fractional
order simplifies to the classical advection-dispersion equation in time, and as expected the influence
of the fractal dimension follows the same trend as in Section 3.6 for the fractal advection-dispersion
equation. However, the exponential increase is subdued due to the small fractional time step and
discretisation (Figure 3-6 and Figure 7-1). In the subsequent plots (Figure 7-2 to Figure 7-6), the
variable fractal dimension is evaluated at a series of fractional orders, @« = 0.9, 0.7,0.5,0.3,0.1. Again,
varying the fractal dimension produces the same trend at each fractional order, but a growth factor
(on average 3) is found between each decrement of the fractional order. Thus, the fractional-fractal
velocity/dispersivity increases not only exponentially with a decrease in the fractal order, but also with

a decrease in the fractional order.

The established relationship between the fractional order and fractal dimension with the fractional-
fractal velocity/dispersivity highlights the importance of selecting appropriate combinations.
Considering the suggestion of using fractal dimensions of greater than 0.5 in Section 3.6, the range of
appropriate fractional orders and fractal dimensions for the combined fractional-fractal model should
be stricter due to the cumulative increase in velocity/dispersion. Thus, a recommendation of fractional

order above 0.5, and a fractal dimension above 0.7 would be suggested for practical applications.
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Figure 7-1 Fractional-fractal velocity over space for a fractional order @ = 1 (simplifying back to the local
equation in time) and varying fractal dimensions (0.1 < 8 < 1) on a variable plot scale. These plots solely
evaluate the influence of the fractal derivative in space, and thus form a base of comparison, and the plot
of a = 1; B = 1 represents the traditional-local model in both time and space.
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Figure 7-2 Fractional-fractal velocity over space for a fractional order a = 0.9 and varying fractal
dimensions (0.1 < 8 < 1) on a variable plot scale.
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Figure 7-3 Fractional-fractal velocity over space for a fractional order & = 0.7 and varying fractal
dimensions (0.1 < 8 < 1) on a variable plot scale.
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7.4  Simulation

To test the recommendations made for the fractional order and fractal dimension, a fractional-fractal
model is simulated for a simple transport problem in the software programme Maple (Appendix B).
The simple one-dimensional transport problem used in Section 3.5 is applied again, and simulated in
the software programme Maple (Figure 2-1). The parameters include a constant velocity within the
aquifer at 0.5 m/d, longitudinal hydrodynamic dispersivity is 0.3 m?/d, and the initial contaminant

concentration (Co) is 10 mg/l. The initial condition and boundary conditions for the defined problem

are
c(x,0) = G, 1 x=o0
c(0,t) = Cp - exp (At) - t=0
c(l,t)=0 t=0

The presence of two fractional-fractal parameters (a and ) increases the number of combinations
which are possible as seen in Section 7.3. The fractional-fractal velocity/dispersivity is highly sensitive
to these parameters and a simulation of the potential combinations is simulated to investigate this
relationship. The fractional-fractal model is applied to the simple transport model for fractional
orders, « = 0.9,0.8,0.7,0.6, 0.5 and for each, the fractal dimension is varied from 0.9 to where the
simulation becomes unstable or unrealistic. Graphical illustrations of the simulations are presented in
Figure 7-7 to Figure 7-11, and the suitable a, § combinations tabulated in Table 7-1. When the
fractional order and fractal dimension are 1, the solution represents the classical advection-dispersion
model, where the movement of contaminants form a symmetrical breakthrough curve along the x-
direction (Figure 7-7). When the fractional order is at @ = 1, and the derivative in time becomes an
integer-order, the fractal dimension is appropriate from 0.5 < 8 < 0.9, after which the solution
becomes unstable. Varying the fractal dimension changes the shape of the breakthrough curve,
changing from a Gaussian distribution, to a skewed distribution with a progressively heavier tail. In
Figure 7-8, the fractional order is « = 0.9, and the fractal dimension is appropriate from 0.5 < f <
0.9. The same trend is seen as the fractal dimension is decreased, yet the peak concentration in the
breakthrough curve is more pronounced. It appears that the additional influence of a fractional order
in time on a fractal dimension in space advection-dispersion model is a control on the breakthrough
curve peak, while the fractal dimension controls the degree of tailing of the curve. These two controls
could provide the tools to better represent measured anomalous breakthrough curves that cannot be
fit to the classical model. The same trend is seen in Figure 7-9 for fractional order ¢ = 0.8, and in

Figure 7-10 for fractional order @ = 0.7.
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Figure 7-7 Simulation results illustrated for distance (m) in the x-direction along a line over time (d) for the
fractional order a = 1 (simplifies to a local order), and varying fractal dimensions (0.5 < 8 < 1)
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10 mg/I

0 mg/I

Figure 7-8 Simulation results illustrated for distance (m) in the x-direction along a line over time (d) for the
fractional order ¢ = 0.9, and varying fractal dimensions (0.5 < 8 < 1)
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Figure 7-9 Simulation results illustrated for distance (m) in the x-direction along a line over time (d) for the
fractional order ¢ = 0.8, and varying fractal dimensions (0.6 < 8 < 1)
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However, the range of appropriate fractal dimensions decreases systematically. For simulations a =
0.9, =0.5a=0.8=0.6;and a = 0.7, 8 = 0.7 the influence of the exponential distribution of
the fractional-fractal velocity/dispersivity becomes evident, where near the end of the x-directional
line the velocity and dispersivity increase exponentially and the concentrations are preferentially
peaked at this location at the beginning of the simulator time. This eventually causes instabilities as
this rapid movement along the line becomes unrealistic. The result of this are clearly seen in
simulations ¢ = 0.6, = 0.8 and a = 0.5, f = 0.9 where all the contaminants accumulate at the end

of the x-direction line at the beginning of the simulation time (Figure 7-11).

10 mg/I

3 0 mg/I

2

Figure 7-10 Simulation results illustrated for distance (m) in the x-direction along a line over time (d) for the
fractional order ¢ = 0.7, and varying fractal dimensions (0.7 < 8 < 1)
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Figure 7-11 Simulation results illustrated for distance (m) in the x-direction along a line over time (d) for the
fractional order & = 0.6, 0. 5, and varying fractal dimensions (0.8 < 8 < 1)

Table 7-1 Tabulation of the fractional order (a) and fractal dimension (B) valid combination options for the
fractional-fractal advection-dispersion equation. Valid combinations (x), Non-valid combinations (grey),

recommended combinations (green).

p=1|p=09| =08 | =07 | f=0.6 =05 | =04
a=1 X X X X X X
a=0.9 X X X X X X
a=0.8 X X X X X
a=0.7 X X X X
a=0.6 X X X
a=0.5 X X
0=0.4
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Thus, the recommendations made based on the relationship of the fractional-fractal parameters to
the fractional-fractal velocity/dispersivity are validated, where fractional order above 0.5, and a fractal
dimension above 0.7 would be suggested for practical applications. Yet, this recommendation is

refined based on the simulations to a fractional order and fractal dimension of 0.7 < a, 8 < 1.

7.5 Chapter summary

A fractional-fractal advection-dispersion model is developed from the fractional and fractal advection-
dispersion equations already considered, producing an efficient tool to model anomalous diffusion
with the same non-local advantages. However, the fractional-fractal model has two parameters to
consider, the fractional order () and the fractal dimension (f), and this increases the number of
combinations available for simulation. An investigation on the influence of the fractional-fractal
parameters on the fractional-fractal velocity/dispersivity found the fractional-fractal
velocity/dispersivity increases not only exponentially with a decrease in the fractal order, but also with
a decrease in the fractional order. A recommendation to use a fractional order above 0.5, and a fractal
dimension above 0.7 was made based on the evaluation. The established relationship highlighted the
importance of selecting appropriate combinations, and validated simulating the combinations for a
simple transport problem. From the simulations, it is found that the fractional order controls the
breakthrough curve peak, and the fractal dimension controls the position of the peak and tailing
effect. These two controls potentially provide the tools to better represent measured anomalous
breakthrough curves that cannot be fit to the classical model. The range of valid combinations
decrease with decreasing fractional order and fractal dimension, and a final recommendation is made

for a fractional order and fractal dimension of 0.7 < a, 8 < 1.
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8 DISCUSSION

The endeavour to improve the representation of natural systems, to increase comprehension and
management of those systems will be continued perpetually beyond this research because the
complexity of natural phenomena is endless with many more facets to explore. Yet, each step made
in progress improves the collective understanding and furthers the cause. Research conducted in this
thesis is but a small step forward, but a step forward now the less. The numerical schemes and
reformulated advection-dispersion equations will improve how groundwater transport, and
potentially other systems, are simulated. Yet, it is important to understand the assumptions and

limitations associated with these improvements.

The numerical schemes developed to improve the classical advection-dispersion model are evaluated
for numerical stability and application to a simple transport problem of limited extent and time. While
this is appropriate from a research perspective, it should be noted that a full-scale application with
measured observations has not been tested. For further applications, the augmented upwind
numerical schemes should be extended to three-dimensions and tested on a large-scale testing facility

for contaminant transport.

The fractal advection-dispersion equation developed has the ability to model superdiffusion for fractal
dimension less than 1, as well as subdiffusion for fractal dimensions greater than 1, without explicitly

defining fractures or preferential pathways. The fractal advection-dispersion model is simulated on a
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slightly larger scale of 200 m and 200 days due to local numerical methods being used. Yet, this is still
limited and has not been applied with measured anomalous transport data. Similarly, for further
applications, the fractal advection-dispersion model should be extended to three-dimensions and

tested on a large-scale testing facility for contaminant transport.

Fractional advection-dispersion equations are developed for fractured groundwater systems using the
Caputo and Atangana-Baleanu fractional derivatives. The improvement from previous fractional
advection-dispersion equations is the incorporation of the fractional derivative in time and space with
the advection term in space as opposed to the typical application to the diffusion/dispersion term.
The upwind schemes developed for the classical advection-dispersion equation are tested for the
fractional advection-dispersion models in terms of numerical stability. Proving the numerical stability
is important, but the simulation of these equations to a practical problem is restricted due to
computational limitations, where a memory component in both space and time requires greater
computational effort. For future analysis, the numerical schemes should be simulated for a transport
problem to provide a complete evaluation. This particular limitation motivated the development of
the fractional-fractal advection-dispersion model because the fractional in time and fractal in space

provides similar advantages with less computational effort.

The fractional-fractal advection-dispersion equation facilitates simulation on a simple transport
problem to evaluate the combinations of the fractional order and fractal dimension. However, the
computational effort is larger than that of the classical approach and the extent and time of the
transport problem is limited, and only in one physical dimension (x). The fractional-fractal is the most
appropriate tool in terms of generally available computing power and in future research should be

applied in three-dimensions to a field-scale transport modelling application.

In general, a wide spread use of non-local approaches to solve practical problems remains hindered
by the lack of a physical definition and the computational power required to simulate the intrinsic
memory of fractional derivatives and integrals at large-scales. When our understand of fractional
calculus becomes sufficiently tangible and computer processors advance, the use of fractional
derivatives will change the way we model our world. Until then, small advancing steps, such as the

research done here, will strive forward until this objective is reached.
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9 CONCLUSIONS

The complexity of real world systems inspire scientists to continually advance the methods used to
represent these systems as understanding and technology advance. This fundamental principle is
applied to groundwater transport, a real world problem where the current understanding often
cannot describe what is observed. To improve the simulation of groundwater transport there are two
approaches, 1) improve the physical characterisation of the heterogeneous system, or 2) improve the
formulation of the governing equations used to simulate the system. The latter approach is followed
by investigating numerical approximation schemes for the classical advection-dispersion equation,
incorporating fractal and fractional derivatives into the formulation, and combining fractional and

fractal derivatives.

9.1 Local advection-dispersion equation

The solution of the classical advection-dispersion equation for fractured groundwater systems is
improved by developing augmented upwind finite difference numerical approximation schemes,
which are better suited for advection-dominated systems. A numerical scheme combining the
traditional upwind and Crank-Nicolson schemes is developed, along with a novel advection upwind
Crank-Nicolson combination, and weighted upwind-downwind schemes. A stability analysis on the
developed numerical schemes found the implicit formulations to be more stable and practically viable,

and the new advection upwind Crank-Nicolson and weighted upwind-downwind schemes are
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improvements from the traditional approaches. In conclusion, the augmented upwind schemes

improve the simulation of the local advection-dispersion equation for fractured systems.

9.2 Fractal advection-dispersion equation

The simulation of anomalous transport in fractured aquifer systems is improved by providing a fractal
advection-dispersion equation with numerical integration and approximation methods for solution.
The fractal advection-dispersion model is applied to a simple transport problem; illustrating that the
fractal formulation of the advection-dispersion equation can model superdiffusion for fractal
dimension less than 1, and subdiffusion for fractal dimensions greater than 1, without explicitly
defining fractures or preferential pathways. In this way, anomalous transport in fractured systems can
be modelled without explicit locations and details of the fractures, especially where limited
information is available on the preferential pathway causing the discrepancy. The relationship
between the fractal velocity and dispersivity with the fractal dimension indicated that fractal
dimensions @ = 0.5 are the most appropriate for practical use, due to the exponential increase in

velocity and dispersivity for fractal dimensions 0.1 < a < 0.5.

9.3 Fractional advection-dispersion equation

To improve the governing equation for groundwater transport modelling, the Caputo and Atangana-
Baleanu in Caputo sense (ABC) fractional derivatives are applied to the advection-dispersion equation
with a focus on the advection term to account for anomalous advection. The new advection-dispersion
equation with ABC fractional derivative is proven to be bound, exist, unique and stable in time. The
augmented upwind numerical schemes developed are applied to numerically approximate the
solutions. A recursive method stability analysis, for the advection-dispersion model with Caputo
fractional derivative, indicated the implicit weighted scheme to be an improvement on the traditional
implicit upwind scheme, where the inclusion of the weighting factor (6) provides a means to improve
the likelihood of upholding the stability condition. Thus, the upwind advection Crank-Nicolson and
implicit weighted upwind-downwind schemes are applicable for solution of the space-time fractional
advection-dispersion equation (Caputo), when the stability criterion are upheld. The upwind Crank-
Nicolson scheme is recommended for use with the fractional advection-dispersion equation (ABC), as

it was the most stable according to the recursive method stability analysis.

9.4 Fractional-fractal advection-dispersion equation

The fractional-fractal advection-dispersion equation is developed to provide an efficient non-local, in

both space and time, modelling tool. The fractional-fractal model has two parameters, fractional order
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() and fractal dimension (), where simulations are valid for specific combinations. The range of valid
combinations decrease with decreasing fractional order and fractal dimension, and a final
recommendation is a fractional order and fractal dimension of 0.7 < a, 8 < 1. The fractional-fractal
model provides a flexible tool to model anomalous diffusion, where the fractional order controls the
breakthrough curve peak, and the fractal dimension controls the position of the peak and tailing
effect. These two controls potentially provide the tools to improve the representation of anomalous

breakthrough curves that cannot be described by the classical model.

In conclusion, the main aim of the research has been achieved by providing:
v' Improved numerical approximation schemes for the classical advection-dispersion model for

fractured groundwater systems

v' Fractal advection-dispersion equation proven to simulate superdiffusion and subdiffusion by
varying the fractal dimension, without explicit characterisation of fractures or preferential

pathways

v Fractional advection-dispersion equations for advection-dominated systems with the Caputo and

Atangana-Baleanu fractional derivatives, and appropriate numerical approximation methods

v Fractional-fractal advection-dispersion equation, which forms an efficient non-local modelling
tool for practical applications, and provides a flexible, two-parameter system for representing
anomalous diffusion in fractured groundwater systems without explicit characterisation of

fractures or preferential pathways
A modest step forward made, in the bigger scheme of progress, toward the collective mission of

resolving the difference between modelled and observed to increase the comprehension and

management of natural systems.
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APPENDICES

APPENDIX A — SCILAB CODES

First-order upwind explicit scheme
timer()
dx=2*10"(-1);dt=4*10"(-2); T=10;Vx=0.5;DL=0.3;lambda=0.5;
a=1-((dt*Vx)/dx)-((2*dt*DL)/(dx"2));
b=((dt*Vx)/dx)+(dt*DL)/(dx"2);
c=(dt*DL)/(dx"2);
L=30;N=L/dx;C0=10;

B=a*diag(ones(N-1,1))+b*diag(ones(N-2,1),-1)+c*diag(ones(N-2,1),1);
Vect=zeros(N-1,1);
for i=1:N-1
U(i)=0;
end
k=T/dt;
for m=1:k
Vect(1)=b*C0;
U=B*(U+Vect);
end
V(1)=C0;
V(N+1)=0;
for j=2:N
V(j)=U(-1);
end
timer();

X=0:dx:L;

plot2d(X,V,9)
[Itt=linspace(0,1,100);
[luex=sin(%pi*tt)*exp(-1);
[Iplot2d(tt,uex)
Iwex=sin(%pi*X)*exp(-1);
/lerr=norm(wex'-V,"inf")

First-order upwind implicit scheme
timer()
dx=2*10"(-1);dt=4*10"(-2); T=10;Vx=0.5;DL=0.3;lambda=0.5;
a=1+((dt*Vx)/dx)+((2*dt*DL)/(dx"2));
b=-((dt*Vx)/dx)-((dt*DL)/(dx"2));
c=-((dt*DL)/(dx"2));
L=30;N=L/dx;C0=10;

B=a*diag(ones(N-1,1))+b*diag(ones(N-2,1),-1)+c*diag(ones(N-2,1),1);
Vect=zeros(N-1,1);
for i=1:N-1
U(i)=0;
end
k=T/dt;
for m=1:k



Vect(1)=-b*CO0;
U=inv(B)*(U+Vect);

end
V(1)=CQ0;
V(N+1)=0;
for j=2:N

V(§)=U(-1);
end
timer();

X=0:dx:L;

plot2d(X,V,3)
[Itt=linspace(0,1,100);
[luex=sin(%pi*tt)*exp(-1);
/Iplot2d(tt,uex)
Ilwex=sin(%pi*X)*exp(-1);
/lerr=norm(wex'-V,"inf")

First-order upwind Crank-Nicolson scheme
timer();
dx=2*10"(-1);dt=4*10"(-2); T=10;Vx=0.5;DL=0.3;lambda=0.5;
L=30;N=L/dx;C0=10;
a=1+(0.5*Vx*dt)/dx+(dt*DL)/(dx"2);
b=-((0.5*Vx*dt)/dx)-((0.5*dt*DL)/(dx"2));
c=-(0.5*dt*DL)/(dx"2);
d=1-(0.5*Vx*dt)/dx-((dt*DL)/(dx"2));
e=((0.5*Vx*dt)/dx)+((0.5*dt*DL)/(dx"2));
f=(0.5*dt*DL)/(dx"2);

B=a*diag(ones(N-1,1))+b*diag(ones(N-2,1),-1)+c*diag(ones(N-2,1),1);
A=d*diag(ones(N-1,1))+e*diag(ones(N-2,1),-1)+f*diag(ones(N-2,1),1);
Vect=zeros(N-1,1);
for i=1:N-1
U(i)=0;
end
k=T/dt;
for m=1:k
Vect(1)=(e-b)*CO0;
U=inv(B)*(A*(U+Vect));
end
V(1)=CO0;
V(N+1)=0;
for j=2:N
V()=U(-1);
end
timer()

X=0:dx:L;

plot2d(X,V,2)
[/Itt=linspace(0,1,100);
lluex=sin(%opi*tt)*exp(-1);
/Iplot2d(tt,uex)
IIwex=sin(%pi*X)*exp(-1);
/lerr=norm(wex'-V,"inf")



First-order upwind advection Crank-Nicolson scheme (explicit)
timer()
dx=2*10"(-1);dt=4*10"(-2); T=10;Vx=0.5;DL=0.3;lambda=0.5;
L=30;N=L/dx;C0=10;
a=1+(0.5*Vx*dt)/dx;
b=-(0.5*Vx*dt)/dx;
c=1-((0.5*Vx*dt)/dx)-((2*dt*DL)/(dx"2));
d=(dt*DL)/(dx"2);
f=(dt*DL)/(dx"2)+(0.5*Vx*dt)/dx;

B=a*diag(ones(N-1,1))+b*diag(ones(N-2,1),-1);
A=c*diag(ones(N-1,1))+f*diag(ones(N-2,1),-1)+d*diag(ones(N-2,1),1)
Vect=zeros(N-1,1);
for i=1:N-1

U(i)=0;
end
k=T/dt;
for m=1:k

Vect(1)=(f-b)*C0;

U=inv(B)*(A*(U+Vect));
end
V(1)=C0;
V(N+1)=0;
for j=2:N

V(j)=U(-1);
end
timer();

X=0:dx:L;

plot2d(X,V,1)
[Itt=linspace(0,1,100);
[luex=sin(%pi*tt)*exp(-1);
[Iplot2d(tt,uex)
Ilwex=sin(%pi*X)*exp(-1);
/lerr=norm(wex'-V,"inf")

First-order upwind advection Crank-Nicolson scheme (implicit)
timer();
dx=2*10"(-1);dt=4*10"(-2); T=10;Vx=0.5;DL=0.3;lambda=0.5;
L=30;N=L/dx;C0=10;

a=1+(0.5*Vx*dt)/dx+(2*dt*DL)/(dx"2);
b=-((0.5*Vx*dt)/dx)-((dt*DL)/(dx"2))
c=-(dt*DL)/(dx"2)

d=1-(0.5*Vx*dt)/dx

e=(0.5*Vx*dt)/dx

B=a*diag(ones(N-1,1))+b*diag(ones(N-2,1),-1)+c*diag(ones(N-2,1),1);
A=d*diag(ones(N-1,1))+e*diag(ones(N-2,1),-1)
Vect=zeros(N-1,1);
for i=1:N-1
U(i)=0;
end



k=T/dt;

for m=1:k
Vect(1)=(e-b)*CO0;
U=inv(B)*(A*(U+Vect));

end

V(1)=CO0;

V(N+1)=0;

for j=2:N
V()=U(-1);

end

timer()

X=0:dx:L;

plot2d(X,V,1)
/Itt=linspace(0,1,100);
luex=sin(%opi*tt)*exp(-1);
/Iplot2d(tt,uex)
IIwex=sin(%pi*X)*exp(-1);
/lerr=norm(wex'-V,"inf")

First-order weighted upwind-downwind scheme (explicit)
timer()
dx=2*10"(-1);dt=4*10"(-2); T=10;Vx=0.5;DL=0.3;theta=0.9;lambda=0.5;
a=1+(2*dt*DL)/(dx"2)+(theta*dt*Vx)/dx-((1-theta)*dt*\Vx)/dx;
b=-((theta*dt*Vx)/dx)-((dt*DL)/(dx"2));
c=(((1-theta)*dt*Vx)/dx)-((dt*DL)/(dx"2));
L=30;N=L/dx;C0=10;
B=a*diag(ones(N-1,1))+b*diag(ones(N-2,1),-1)+c*diag(ones(N-2,1),1);
Vect=zeros(N-1,1);
for i=1:N-1
U(i)=0;
end
k=T/dt;
for m=1:k
Vect(1)=-b*CO0;
U=inv(B)*(U+Vect);
end
V(1)=CO0;
V(N+1)=0;
for j=2:N
V(j)=U(-1);
end
timer();

X=0:dx:L;

plot2d(X,V,13)
[Itt=linspace(0,1,100);
lluex=sin(%opi*tt)*exp(-1);
/Iplot2d(tt,uex)
IIwex=sin(%pi*X)*exp(-1);
/lerr=norm(wex’-V,"inf")



First-order weighted upwind-downwind scheme (implicit)
timer();
dx=2*10"(-1);dt=4*10"(-2); T=10;Vx=0.5;DL=0.3;theta=0.5;lambda=0.5;
a=1-(theta*((dt*Vx)/dx))-(1-theta)*((dt*Vx)/dx)-((2*dt*DL)/(dx"2));
b=theta*((dt*Vx)/dx)+(dt*DL)/(dx"2);
c=-(1-theta)*((dt*Vx)/dx)+(dt*DL)/(dx"2);
L=30;N=L/dx;C0=10;

B=a*diag(ones(N-1,1))+b*diag(ones(N-2,1),-1)+c*diag(ones(N-2,1),1);
Vect=zeros(N-1,1);
for i=1:N-1
U(i)=0;
end
k=T/dt;
for m=1:k
Vect(1)=b*C0;
U=B*(U+Vect);
end
V(1)=C0;
V(N+1)=0;
for j=2:N
V(j)=U(-1);
end
timer()

X=0:dx:L;

plot2d(X,V,2)
/Itt=linspace(0,1,100);
[luex=sin(%pi*tt)*exp(-1);
[Iplot2d(tt,uex)
Ilwex=sin(%pi*X)*exp(-1);
/lerr=norm(wex'-V,"inf")



APPENDIX B — MAPLE CODES

Fractal advection-dispersion model

with ( PDEtools, solve)
with ( PDEteools, solve)

o= 1
o= 1
V= 0.05
V= 0.05
DL =03
DL = 0.3
(1—o) _
VF==—V-["‘ +DL-[ ! a]-_r“‘l'“)
o ol
VF == —0.05
1-2a
DF:=DL-| *—
o2
DF:= (3
CO =10
Cg =10

eg = [diff (c(x 1). 1) -VF diff (c(x 1). x) -DF-diff (c(x 1), x) = 0.¢(x 0)
S e(x)=0.6(x0) =
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soll == PDEtools:-Solvel eq, muomeric)

soll == module( ) ... end module

Fractional-fractal advection-dispersion model

o= 1:

C0 = 10
DL = 03:
Fe=1035:
ho=13:
h=01:
df == 0.001:

for » from 0 to 1000do

u[0, n] = CO-exp( -1-n-df) :
end do:

for m from 0 to 30 do

u[m, 0] = CO:

end do:

for m from 1 to 2% do

ulm. 1] = 7_a [[ g mh
2B)

=€0.¢(0, 1) = C0-exp(-3- 1), D[ 1](c) (200, 1) =
10,¢(0, 1) =10 &> L D, (¢) (200, 1) =

+[ ( )3‘ ]_H[m+1[}]—?u[m[}]+u[m 10]]+u[m._[}]:
ﬁ

end do:

4[30,1] =0

for » from 2 to 1000 do
for m from 1 to29% do

val = 0

for [from 0 to{ n— 2) do

val = val + ((w[m 1+ 1] — afm 1)) -((n= 1% — (n—1—1)(1-9)) .

end do:
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um. n] = 1 [ 1"[2—:1) -[[—V (m'h)(l_sj + DL'{I_M -(m-h]l_:'s]- um+1ln—1]—um—1n—1]

=)= | gl p B )
N Dl'(m'h)j(:_:'ﬁ) ulmA+1n— 1]—2-:{[»:__:‘1— 1+um—1n—1] —val |+ ufmn—1]-
in 'n

end do:

w30, 1] = 0:

end do:

u[20, 580]

9633725867 &)

with( plots) -

B = [seg([seg(|[i-hjdf u[ij]],i=0.30)].7=0.1000)]:
surfdatal B)
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