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ABSTRACT

In the past years, various researchers have devoted their attention to modelling
groundwater flow in dual-porosity of aquifers. A system of partial differential equations
has been suggested and applied in many scenarios with some limitations. In the past,
researchers used fractional and classical derivatives as differential operators to model
the problems. However, these models cannot depict the crossover effect and the
randomness of the geological formations with great precision. In recent years,
researchers suggested piecewise differential and integral operators which these
operators are defined in a given interval. The passage of a process from one to another
is called crossover. The concept of stochastic differential equations was then
presented to include the effect of randomness into mathematical formulation. Partial
equations depicting groundwater flow within a dual-porosity aquifer were modified. To
achieve this, we considered fractional differential and integral operators with different
kernels including power law, exponential decay and the generalized Mittag-Leffler
functions. Furthermore, randomness was incorporated in the modified model to obtain
a piecewise fractional stochastic system of partial differential equations. The numerical
method based on the Newton polynomial interpolation was applied to solve the
obtained systems of partial differential equations numerically. Matlab was then used
towards the generation of simulations. For a fractional order starting from 0.95 to 0.7,
the results displayed high flow velocity within fracture, this behaviour is known as long
range dependency, also within the matrix soil, we also observed high flow meaning in
this case the fractional derivative is expressing the flow within a matrix rock with high
transmissivity. For fractional order ranging from 0.7 to 0.5, the results normal flow
behaviours; water flows with average velocity within the matrix rock and moderate-
high velocity within the fractures. And, from 0.5 to 0.2, we observed slow flow
behaviour, the mathematical equations are exhibiting flow with low velocities,

expressing the flow within a shale with limited or no transmissivity.
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CHAPTER 1 INTRODUCTION

Groundwater exists beneath the earth's surface in faults, fractures, and pores of
soils (Freeze & Cherry, 1979). Areas where groundwater exists are referred to as
aquifers (saturated fractured rock or sand, which usable volumes of groundwater
can be pumped) (Freeze & Cherry, 1979). Aquifers are categorised into two types,
namely the porous media and fractured rock aquifer (Babcock, 2004). The porous
media aquifer is composed of discrete soil; some examples are gravel, silt or sand.
Porous media aquifers can be further divided into unconsolidated porous media,
whereby their grains are not intact to each other. For example, alluvial aquifer or
consolidated porous media and consolidated porous media where the grains are
cemented to each other e.g. sandstone. However, fractured aquifers are defined
as geologic formations in which joints, cracks, and/or fractures act as conducive
conduits in transporting groundwater. An example of a fractured rock aquifer is the

Table Mountain Group.

Moreover, for both aquifers in the categories, aquifers can be further grouped into
three types namely unconfined, confined, and leaky aquifers (Babcock, 2004). The
unconfined aquifer may be defined as a geological layer with no confining layer
above the aquifer. Whereas with the confined aquifer, the geologic layer is
bounded by confining beds above and beneath it, resultant in the groundwater
being subjected to pressure greater than that of the atmosphere. Lastly, the leaky

aquifer in which the geologic layer is bounded between aquitards
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1.1. Background
Over the years, mathematical models have been continuously developed to assist in
the sustainable management and safeguarding of the world groundwater resources
(Cordero et al., 2019). These include the dual-porosity models which assist in

understanding aquifers with double porosity.
Dual media system

The dual-porosity media system theory is applied towards studying the response of
fractured and double porosity aquifers. The assumption that the dual-porosity model

makes is that the porous medium consists of two continua:

e one related to the matrix block and fracture network and,
e the other to a less permeable pore system of the matrix block (Knaust et al.,
2020).

The fracture network in this system is characterised by high hydraulic conductivity (K)
and low storage (Ss). These fractures are the main conduits of the system however
their volume for storage capacity remains limited. Whereas the matrix block section of
the system is characterised by low hydraulic conductivity (K) high storage (Ss)
capability. These matrixes contribute a limited role in the transportation of fluids though
they play a significant role in fluid storage. Often, the fluid in the matrix is drained

through the fractures before it drains out of the aquifer (Elsowrth, 2015).

Existing mathematical models on dual media system

The dual-porosity model (Figure 1.3.) is governed by the assumption that the medium
can be separated into two distinct pore systems, the system that is microscopically
composed of soil particles (grey shaded area in Figure 1.1.) and the other system that
is surrounded by fractures (grey horizontal and vertical lines in Figure 1.2.). The two
distinct pore systems Both of which are treated as homogeneous media with separate
hydraulic and solute transport properties. The dual-porosity medium is known to be to
be a superposition of these two systems through the same volume (Warren & Root,

1963). This model has been further explained in Table 1.
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Figure 1.1: Solid rock matrix exclusive of fractures.

0%h, 0°%hy 0%hy 1.1)
i\3zt57)=5%
0x? = 0y? at

Figure 1.2: Fractured block.

0%h, 0%h, 0%h, (1.2)
2\ 5z T 392 | T2 5
dx dy Jt
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T represents the transmissivity of the geologic layer, h represents the head, S is the

Storativity of the aquifer, t represents time and a is the distance between fractures.

Equation (1.1.) and (1.2.) are further integrated to represent the dual-porosity model

as indicated in equation (1.3.).

Figure 1.3.: Dual porosity model.

9%h, 02h oh 1.3
T( Ly 1):5 L+ (hy — hy)ma? (1.3)

d0x? = 0y? ot

Fracture (h2)

Matrix (h1)

:

o il
S
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Table 1: Formulation of the dual porosity model.

1. Matrix (no fracture)

2. Fracture (impermeable matrix)

Low Permeability
High Storativity
Water is stored here

High Permeability

Low Storativity

Fractures behave as effective conduits

dx2 dy? at

d0x2 dy?

9%hy | 0%h1\ _ ohy 0%h, % _ ¢ Ony
T (35 +a—y2) =52 (1.4) |1, (52 + ayz) =5, (1.5)
Dual Porosity (2 and 1 combined)
%h d%h oh 9%h 9%h oh
T, ( Ly 1) =5, 24 4 (hy — hy)ma® (1.6) | T, ( 2 4 2) = 5,22~ (hy - hp)ma®  (1.7)

:

1
1
1
I
1
1
1
1
1
e
1
I
1
1
1
U
1
1
[}

Fracture (h2)

Matrix (h1)
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Limitations
One of the most used concepts in modelling real world problems is perhaps the
concept of differentiation that has been initiated by Leibniz in 1695 and applied in
classical mechanic by Newton (Frappier, 2008). The concept of differentiation was
introduced to explain the rate of change of a moving object between two points. One
of the primary uses of mathematical equations is to replicate the observed facts, or
collected data in order to predict future behaviours of the observed facts. In the last
decades it was demonstrated in many published papers that, the concept of
differentiation based on the rate of change is unable to capture some complex real
world problems, for example Brownian motion, random walk, fractal shape, long range
processes, processes with memories and many others that will not be listed here. To
solve these issues, many notions were introduced including, stochastic differentiation,
fractal differentiation and mapping, fractal derivative, fractional derivatives etc. These
concepts have been used successfully in the last decades in many fields of science,
technology and engineering. They have been applied to solving groundwater flow and
pollution problems. For example, the flow of groundwater or groundwater pollution
movement within fractures. The flow of sub-surface water within geological formations

with elastic properties.

The mathematical model of groundwater flowing in a confined aquifer with double
porosities presented in the literature uses classical differential operators, therefore
cannot account for processes listed above. Nevertheless, even if the listed concepts
have been used intensively to capture heterogeneity associated to the geological
formation, it can still be argued that, the passage of water from different media follows
a crossover process. While in literature, it is claimed that, exponential decay function
and the generalized Mittag-Leffler function can exhibit crossover effects (Gomez-
Aguilar, 2017), it is not clear when such crossover will take place. In addition, it worth
noting that, the crossover associate to the generalized Mittag-Leffler function exhibits
a passage from normal diffusion to sub-diffusion while the exponential decay function
is able to capture the passage from usual to confined diffusion. However, when the
crossover observed is different from the stated conditions, then both functions cannot
be used and thus a different operator is needed. In real world problem, the collected
data can give one a clear idea on where the crossover occurred and when it was

observed. In the case of confined aquifers with double porosities, one would be able

6|Page



to identify the point in the aquifer where there is change in geological formation. Thus,
within the two intervals of time and space the model can be efficiently constructed

using the adequate differential operators.

A piecewise derivative, a new concept suggested very recently by Atangana and
Seda (2020), a differential operator defined in two or more intervals, seems to be the
more ideal differential operator able to capture crossover. Thus, in this thesis, the
concept of piecewise derivative is used to modify the model of groundwater flowing in

a confined aquifer with double porosities.

1.2. Problem statement
Partial differential equations have been developed and applied in many scenarios.
However, these cannot be applied in the mathematical formulation that considers, with

great precision, random walk and crossover effects in geological formations.

1.3. Aim and objectives
This study seeks to modify a system of partial differential equations depicting the flow
of subsurface water within a dual porosity system. This will be executed through the:
e Application of piecewise concept and modified model of piecewise,
e Analysis of modified model with stochastic (random walk incorporated)
e Application of Caputo-Fabrizio and Caputo fractional derivatives to the
piecewise Model and
e Use of Numerical scheme based on Newtons Polynomial to solve the
system of partial differentiation equation.
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1.4. Research structure

This thesis consists of 6 chapters outlined below:

Chapter 1

Provides the background on different type of aquifers, dual-media
systems, existing mathematical models of dual-media systems,

limitations, problem statement, aim and objectives.

Chapter 2

Introduces the piecewise concept and modified model of piecewise.

Chapter 3

Provides the analysis of the modified model with stochastic.

Chapter 4

Provides the application of Caputo-Fabrizio and Caputo fractional

derivatives on the piecewise model.

Chapter 5

Provides the numerical simulations with results and discussion.

Chapter 6

Provides the conclusion of the thesis.
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CHAPTER 2 PIECEWISE CONCEPT AND MODIFIED MODEL OF
PIECEWISE

2.1. Piecewise differential and integral operators
In the last decades, differential operators with integer and non-integer orders have
been used intensively to replicate real-world problems. Let us note that, real-world
problems following Markovian processes could be well replicated using classical
differential operators, as their processes only depend on initial conditions and the
generators. However, this operator cannot be used when some complexities are
introduced, for example, the memory, crossover effects, fading memory, and many
others. A clear example of the failure of this operator is the passage of subsurface
water from the homogenous aquifer to heterogeneous one, or fractured rock aquifer.
The flow process followed by subsurface water within these two media are not the
same. It was then suggested that the classical differential operator should be extended
to the concept of fractional differentiation, where the order of alpha can capture
different scenarios. Fractional differentiation has contributed a very important role in
modelling processes like fading memory, power-law and even crossover from fading
memory to the power law. This is because, these differential operators are
convolutions of classical differential operator and fractional kernels including the
power-law kernel, exponential decay kernel and the generalized Mittag-Leffler kernel.
These three kernels have properties that are observed in real-world situations, for
example, the power process is comparable to the flow of subsurface water within
fractures. While these differential operators have been praised in many fields of
science, technology and engineering as they were able to depict very efficiently some
complex problems. In 2017, a detailed study presented by Tateishi, Ribeiro, & Lenzi
demonstrated the diffusion effects caused by different fractional derivatives. It was
proven that power-law kernel had no crossover over in terms of means squared
displacement, while exponential kernel has crossover from normal to confined
diffusion and the generalized Mittag-Leffler kernel has a crossover from normal to sub-
diffusion (Tateishi et al., 2017). These new properties gave both exponential kernel
and power-law kernel ability to capture more anomalous diffusion. However, the
concept of crossover is not limited to these two mentioned here as a more complex
crossover can be observed in nature. Atangana (2020) argued that the world is so

complex that it cannot be depicted using power law, exponential decay and the
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generalised Mittag-Leffler based derivatives, as they cannot account for some
complex crossover behaviours and suggested a new concept called piecewise
derivative. This approach seems to be more efficient in modelling complex real-world
problems with crossover effects. In this section, to accommodate readers that are not
familiar with this new concept, some definitions of piecewise derivatives are thus

presented.

2.2. Modified model using piecewise concept
In this section, the model is modified to include the mathematical formula of the effect
of geological formation, especially the passage of water from the matrix soil to
fractures. As discussed earlier, this passage cannot be depicted using existing
differential operators especially the mathematical model describing the flow within
fractures. However, to situate readers that are not aware of this concept, some

definitions of piecewise differential operators are thus introduced.

VUGS MATRIX FRACTURE

Figure 2.1. : Real-life dual porosity aquifer (Qingdong & Jun, 2015)
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Figure 2.2. : Model representing the dual-porosity aquifer (Qingdong & Jun, 2015)

A piecewise derivative with close call and the global derivative is given as follows:

Unfractured ookl N

»

N\,
S < S N
. — ST N
matrix e 0

54
x

to 1

Figure 2.3.: 2D model of the dual porosity model.

du(t)

_) Tae
Dot ® =9 4y, (1)

dt

if o<t<t

g if t;<t<T

(2.1)

Here g' (t) is the non-negative and non-zero function. A piecewise power-law with

global derivative is given as:
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d 2.2
PEDEF(E) = Ty 0s st 7

DEFM)ifty <t<T

or
CDEF() If 0SS t<t, (2.3)
PCnha —
oDEF () = dl;it) if ty,<t<T

Differential operators can be used to modify the existing equations. If we consider that
the confined aquifer has two different parallel media (Figure 2.3.) then, the
mathematical model of groundwater flow in this system can be represented as:
( <62h1 62h1> Loy (2.4)
1

T2 tap) TS Ttk if0st<n

{T 62h2+62h2 —Sah2 (¢ 2(h, —h,)ift; <t <T

2—a
Here the function g' (t) would be tZTa if 0 <a<1. Itis worth noting that, fractal

derivatives are sub-classed of the global derivative. Below is presented the latest

fractal derivative suggested by Atangana and Goufo (2020).

First, it is recalled that the classical differential operator defined as first principle is

given as:

Y f@+n—f@®) . f@&)—f(t) (2.5)
im = lim ————
h—0 h t—ty t—t;

If the function f is differentiable, the fractal derivative of the function f with fractal

dimension a¢ > 0 is defined as follow:

i 2O —f8) _ df(®) e (2.6)
im =
t-t;  t* —tf dt «

As discussed earlier, Atangana and Goufo (2020) suggested that a fractal differential

operator of a function f with fractal dimension 0 < a < 1 is given as:
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f@®) - f(t1) (2.7)

FDEf(t) = lim 2-a)

t—t; t27¢ — t27%

2.3. Analysis of the modified model
In this section, some analysis of equation 2.4 are presented. The first analysis will be
to present the existence and uniqueness of the solution, to achieve this, the following

steps should be followed:

Ohi(x,y,t) 0%h, 0%h _ (2.8)
Slsz 1<ax21+721 —T[az(hl—hz)lftlStST,xlSXSL
Also,
dh,(x,y,t 0%h, 0°h 2.9
g’(t)Sz% =T, ( 6x22 + 6y22> +ma?(h, — hy)ift; <t <T,x; <x <L (29)
Now, the first equation is transformed into Volterra equation as:
1t 0%h, 0°%h (2.10)
hi(x,yt) — hy(x,y,0) = S_lfo {Tl <6x21 + 6y21> — na?(hy — hz)} dt
For simplicity the following is placed:
T, (0%h; 0%h, a? (2.11)
f(xr tl hl(xt t), hz(x, t)) - S_1< axz + a_yz - T[S_1 (hl - hZ)
Then, we verify the Lipschitz condition and the growth condition
1 Coy,t by, B)IP < k(L4 [Ry|?)
(ii) V(hy, hy)e C{[0, x1] X [0,y1] X [0, ¢4 ]} (2.12)

If (6, v, t,hy, hy) — F (6 y, 6 Ry, )| < kelhy — hyl?

Proof:
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2 (2.13)

(1 = h)

If (x,y,t, hy, hy)|? = a azh1+azh1 _ra
S S\ 9x2  9y? S1

2

T
AZh1 __a (hl hy)
1

~ s
TZ 2 (214)
<2 {52 IA2h1|2+§a4|h1 I}
T2 2 2.15
<2 { — 62 |h1|2+—a4(2|h1|2+2|hz| )} 24
St
T2 T2 2.16
{—12 2—(1 }|h1|2 4‘_614”12'2 ( )
S1 SZ
2 2
2 a1 I
T 4 2 Sl Sl
< 27 @S y)eforioxiox |z (4., D )
1 Sz a4|h2|2
:‘LS'Z + 252
if o < 1then
il
27.[2 (219)

< ?04”}12”%0{1 + |h1|2}
1

< k{1 + |hy|?} (2.20)
The condition under which the linear growth is satisfied, has now been presented.
Further, it is presented here, the conditions under which the Lipschitz condition also

holds. To do this, the following is considered.

Vhy, hi
|f (x,y,t,h(x,y,t), hy(x, y,t) — f(x,y,t,h (x,v,t), hy(x, v, 1) | (2.21)
T. a’m 2
—A(hy — h}) — ——(hy — h}) (2.22)
S S
Ti\? a*m? (2.23)
24(st) Ol = R + Sy = AP
S s?
T2 a*m? (2.24)
< <2§912 + 25—12 |hy — h1|2
T2 e 2.25
S2<—12912+—72T)|h1—h}|2 (2.29)
Sl Sl
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< klh, — 2|2 (2.26)

Therefore, under the conclusion that

T20% 2m%a* 2m? 2.27
1 . + - < 4|h2|2 ( )
Sl Sl Sl

Now is presented, the uniqueness and the existence solution within the following
interval (x1, L) % (t1,T). In this region, it is assumed that the confined aquifer is fractured.

The function g'(t) will be selected to account for self-similarities in fractures.

oh,(x,y,t) , .~ T, [0%h(x,y, t) K hz(x y,t) (2.28)
— g () = 5[ = ] f (63,0 = ha(x,, 2)]
This is known from definition g' (t)#0
0y, (x,y,t) 1 T,[0%hy(x,y,t) 0%hy(x,y,t) ma? (2.29)
— —_ h » Y - h »
Then is applied the integral operator on both sides to obtain
h,(x,y,t) — hy(x,y, t) (2.30)
Tz 02 hz(x y, 1) } ma?
+0%h,(x,y,D) ¢ + — (hy(x,y,1
— hy(x,y, l)l dl
Firstly, is presented the condition of linear growth:
|f2 [x’ yl tr hl(xl y; t), hZ(xt y: t)]lz 5 (231)
|2 Ay ey, ) + “2[h< 0 = hy(x,3, 0]
= XY, — Xy, XY,
g (t) S, 2\, Y 1Yy 2\X, Y
- 2
1 2T, a2 (2.32)
= |—=| || Ah(x, ¥, 8) + —[h(x, ¥, t) — ha(x,y,0)
g(t) _Sz 2%,y S, [h(x,y 2(x,y,8)]
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T, 2 m2q* 5
_Ahz(x'%t) +_2|h1(x'y't)_h2(x'yrt)|
S, s

{

< 25upy, <e<r

=’

2 2 2,4

T mea

{—5229|h2|2+ <7 2|h1|2+2|h2|2}
2 2

g(®

It is known that

112 1
Supy, <e<t E = ”E”
1% ((T26 n?a*
sz”—, ——+1]|h,|? +2 hy|?
( \
112 | /T?6 m2aq* w2a*|hy|?
<2 J<—2+ 1>|h2|2+4 2+ 4]
oo | 53 S3 S2 l |
\ #llgll., )
( p
ot |2 ()
4m?at|h || > g S3
<—<1+ = 2
N m2a*||hy %
S7 = F
L 2 1 o J
T20 +1
. S3
T wafnggg <1
2
252 l
then
am?a*||hy 1%
<—g 12” (1 + |hy|?
S2||=
< k(14 |hy|?)

Now is then presented the Lipschitz condition
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(2.34)

(2.35)

(2.36)

(2.37)

(2.37)

(2.38)

(2.39)
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2
|f(x,y, t,hl(x,y,z),hz(x,y,t)) _f(x'y' t'hl(xﬂy' t),h}(x,y, t))l
2 2

T2 Ah, — W) + % (h, — h)
g'(®) s, 2 g S29'(t) 2 2

2 2 2 4 2
Tz) s 1
—=) 6%|hy — h3|? +2 ——| |hy — h|?
(52 v sz gl "7

2 2 2 44
T, mea
= 0%+ h, — h2|?
<Sz 522>|2 2|

< L

<2| 1
o lg'(®)

1
g'(t)

2 2 2 4

T, T‘a

< SUP¢ <t<T <S_2 6% + 52 ) |hy — k3|2
2

2 202 2 4
Ts0 Tea
( 2 +—)|hz—h%|2

<2”1
~ g’ s; 53

(0]

< k|h, — hi|?

2.4. Numerical solution using Newton polynomial scheme
Mathematical models are largely used to depict real world problems. However, to
depict this problem, one needs to obtain solution. It is ideal to have exact solutions by
using analytical methods, however the use of these analytical methods is limited as
some equations are more complex such that they cannot be solved analytically. In
these cases, researchers relied on numerical methods. The literature contained
several numerical schemes, one of the most used being multi-steps methods for
example, the Adams-Bashforth numerical scheme, predictor-corrector method and
Adams-Moulton method. These methods have been developed to solving mostly
differential equations with classical derivative. An extension has been made to solving
fractional differential equations. For example, there is a version of Adams-Bashforth
that has been developed in the case of Caputo fractional derivative and its associate
predictor-corrector. More versions have further been also developed. In the case of
non-singular kernel many few numerical schemes have been developed, for example,
Batogna and Atangana (2019) using Laplace transform to develop a new numerical

scheme for fractional differential operators with non-singular kernels. Toufik and
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Atangana (2017) suggested an alternative scheme for solving nonlinear fractional
differential equations with Atangana-Baleanu fractional derivative. Using the Newton
polynomial interpolation, Atangana and Seda (2020) developed a numerical scheme
able to handle fractional and fractal-fractional differential equations. This section will

therefore present the numerical solution using Newton polynomial scheme.

Firstly, is defined the general Euler's method of discretisation in the different

derivatives

The general fist derivative with change in time is defined as follows:

df(t) lim f(t) —f(@®)
dt N t,—t t; —t

_ 1 f(t+At) —f(¢)
= 1l1im
At—0 At
Therefore:
af @) flts) = @)

dt li, At

The first derivative (central) with change in space is generally given as follows:

af (x)
dx

~ f(xj+1) - f(xj—l)
x=x; - 2Ax

The general second derivative with change in time is given as follows:

*f(t) _ f(t+1) —2f(8) + F(t-1)

otz (At)?

The proof can be found in the literature

d’f(t) Y df (t +h) —df(t)
= 11m
dt? h—0 h
dzf_ d (df
W_E(E>

df(t) _ hmf(t+h)—f(t)
dt  h>0 h
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f(h+O)—f@® (@O —-fE-h) (2.55)
= lim h h

h—-0 h

[+ -fO-f@O+fE—-h) (2.56)

e h?
C f+h)=2f)+ f(t—h) (2.57)

= n?

Now, let At=h and t=t;
. fG+h)—2f(5)+ft—h) (2.58)
= lim

h—-0 hZ

_ limf(tj+1) =21 () + f(tj-1) (2.59)
h—0 (At)?

Now is applied discretisation to the dual porosity equation using the Euler's method of

discretisation.

Iftost <t

dhi(x,y,t) _ 0%h,(x,y,t) 0hy(x,y,t) 5 (2.60)
S1 T =T 0x2 + ayz - (hl(x' Y Z) - hZ(xr Y Z))T[Cl
ha (%0 Vi tien) = ha (%0, Vi t)) (2.61)
51 At
_T hl(xi+11 Vi tj) - Zh(xi' Yo tj) + hl(xi—lr Vi tj)
ot Ax?
h (x-,yk ,t-) - Zh(x-,yk,t-) +h (x-,yk_ ,tv)
+ ( 1\ Xir Ye+1 4 aly2 J 1\ 1 4 (v )
— hy (i, Yk, 7)) wa?
fti<t<T:
0%h, 0%h, (2.62)

dh
SZ a_xz g,(t) = T2 <W + ayz > + (hl - hz)n'az
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dhy(x,y,t) 1 0%h,(x,y,t) dhi(x,y,t) (2.63)
S5 s = T ) (1103, = hary, D)
S hz(xi;)’k' tj+1) - hz(xi»yk'tj) g(tj+1) - 9g(t) (2.64)
z At ' At
_ h, (xi+1;yk' tj) - Zh(xi’yk' tj) + h; (xi—l'Yk’ tj)
T Ax?
hz(x-,yk 1,t-) — Zh(x-,yk,t-) + hz(x-,yk_l,t-)
+( S a7 el | EACHETSTESD

- hZ (xi; Vi Zj))TEaZ

In this section, the Newton polynomial-based method is used to provide an alternative
numerical solution to the model. To achieve this, firstly is presented the derivation of
the method by considering, a general non-Linear Cauchy problem as indicated in the
following equation. Thus later, the conversion in made to partial differential equation

and apply it to the study system of equations.

d .
PO peyo) (2.65)
‘d ‘ (2.66)
j; };(TT) dt = j; f(r,y(r))dr
‘ 2.67
y© -y = [ f(ry@)dr (267)
0
t =ty =+ DAt
s 2.68
Vo) =y = [ f(my@)dr (2.68)
0
n 2.69
Y& =y = [ F(ry@)de (2.69)
0
Following the above, equation 3.6 is thus subtracted from equation 3.5.
fn+1 (2.70)

W (tnsn) = y(0)) — (¥(t) — y(0)) = f Fay@)dr— [ fay@)de
0 0
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th+1 th (271)
Vo) =y = [ fEy@dx - |y
0 0
0 tnt1 (2.72)
V() —y(&) = | f(ry(@)dr + f(r,y(@)dr
tn 0
tn+1 (2.73)
= f(,y(®)dx
tn
Within the interval [t,, t,+1] We want to approximate the function f(z, y(7))
f(@,y(@) = B(7) (2.74)
f tn—l,y(tn—l) - f tn—Z,Y(tn—Z) (T - tn—z)
= f(tn—z,y(tn—z)) + ( ) (At )
f(tn,y(tn)) - Zf (tn—l,y(tn—l)) + f(tn—z,)’(tn—z))(T - tn—z)(T - tn—l)
+ 2(A0)?
tnta (2.75)
Vo) =) = [ B
tn
After integrating the following is obtained:
5 4 23 (2.76)
y(tn+1) - :V(tn) = Ef(tn—z,y(tn—Z)At - §f (tn—l,y(tn—l)) At + Ef(tn,y(tn))At
In our case
y(tn+1) = h(xi' yj' tn+1)
f(tny(t) = f(xi, v, h(xi, vj, t0))
h(xi' yj' h(xi' yj' tn+1)) —h (xil yjl h(xi' yj' tn)) (277)
5 4
= Ef (xi:Yj: h(x:, vj, tn)) At — §f (xi'yj' h(x:, vj, tn—l))
23
+ Ef(xi'Yj' h(x;, ¥j, tn-2))
From our equation, if to<t < tu:
fi (xi;yj, h(x:, y;, tn)) (2.78)
_ Tl azhl(xi,yj, tn) " azhl(xi,yj, tn)
S d0x? dy?

— a? (h1 (xi,yj, tn) — hy (xl-,yj, tn))
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fl (xi')’j' h(xi;yj; tn)) (279)
_ E <h1(xi+1»3’j» tn) - Zhl(xi,y,-, tn) + hy (xi_l,y]-, tn)

S: (Ax)?
hl(xii yj+1) t‘n) - Zhl(xil yj' tn) + hl(xil yj—li tn))
+
(Ay)?

+ ma? (h1 (xi, v, tn) — ha(xi, v, tn))

hy (%0 Y5, h(X0, Vs tnsr)) — By (x yi h(xs ;) tn)) (2.80)

_ i E h1(xi+1,yj; tn) - Zhl(xi' yj' tn) + hl(xi—ll yjl tn)
VA (Ax)?
hl(xil Yi+1 tn) - Zhl(xil Vi tn) + hl(xi' YVi-1 tn))
+
(Ay)?

— ma® (h1(xi»3’j' tn) = ha (%0, tn))} At

_f E hy (xi+1:yj' tn—l) - Zhl(xi'yj' tn—l) + hl(xi—l'Yj' tn—l)
315, (Ax)?
hq (xiryj+1» tn—l) - Zhl(xiryjr tn—l) + hl(xi'yj—lr tn—l))
+
(Ay)?

— ma? (hl(xi»J’j» tn-1) — hao (x4, ¥, tn—l))}

23T, hy (xi+1'yj' th-z) — 2R (xi'Yj: tnoz) + 1y (xi—l'Yj' tn—z)
12 S, (Ax)?
hy (xi'Yj+1: tn—Z) —2hy (xi'Yj' tn—z) + hl(xi:Yj—lf tn—2)>
+ 2
(Ay)
- T[az (hl(xi' yj' tn—Z) - hZ(xi' yj' tn—Z))}
Andifti<t<sT

f2 (xi,yj,h(xi,yj, tn)) (2.81)
_ E (')th(xi,yj, tn) n azhz(xl-,yj, tn)
B Sz axz ayz

+ ma? (hl(xl-,yj, tn) — ha(xi,vj, tn))

22|Page



f2 (xi;yj; h(x:, vj, tn))

_ E <h2 (xi+1; yj; tn) - 2h2 (xi' yj' tn) + hZ (xi—ll yjl tn)

S2 (Ax)?
h, (Xi»)’j+1, tn) — 2h, (inYj' tn) + h; (xiryj—l' tn))
_.l_
(Ay)?

+ ma? (h1 (xi,¥j,tn) — ha(x1,v), tn))

h, (xi'Yj' h(x;, v, tn+1)) — h, (xi»y]" h(xiryj' tn))
_ i E hZ(xi+1'yjl tn) - ZhZ(xil yjl tn) + hZ(xi—ll yjl tn)
128, (Ax)?
h, (xi'yj+1; tn) —2h, (xi,y]', tn) + h; (xiryj—l' tn))
+
(Ay)?

+ ma? (hl(xiryj' tn) = ha (%0, ), t”))}At

315, (Ax)?
h, (xiryj+1» tn—l) — 2h, (xiryjr tn—l) + hz(xi'yj—lr tn—l))
_I_
(Ay)?

+ ma? (hl(xi:yj: tn-1) — ha (x4, ¥, tn—l))}

B f{& <h2 (xi+1:yj' th-1) — 2h; (xi'yj' th-1) + h; (xi—l:Yj' th-1)

125, (Ax)?
h, (xi:yj+1» tn—Z) — 2h, (xilyj' tn—Z) + hz(xi'yj—lr tn—2)>
+
(Ay)?

+ T[az (hl(xil yjl tn—Z) - h2 (xi' yj' tn—Z))}

E{E <h2 (xi+1'yj' tn-z) — 2Ry (x;, YVjrtnz) + hy (i1, Y tn-z)

(2.82)

(2.83)
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CHAPTER 3 : STOCHASTIC MODEL

3.1 Introduction
Models are applied to provide qualitative description of natural phenomenon's using
mathematical formulas. These models also greatly assist in solving complex real-world
problems. Models can be classified into two different forms namely: stochastic models
and deterministic models. A deterministic model does not consist of random outputs
and the complete input and output characteristics of the model are conclusively
determined. An example of a deterministic model would be a car being driven on a
cruise control system. The pre-determined input values of the system such as speed
and distance travelled over time provide one with a definite arrival time. This arrival
time represents the output from the pre-determined set of circumstances (inputs)
(Atangana, 2020). Whereas with stochastic models, the model consists of random
outputs and the complete output characteristics of the model are randomly
determined. One example of a stochastic model is a pumping test where head change
is observed over time. In this case the head change is dependent on the aquifer

characteristics at the given time which is also influenced by the geological conditions.

The following chapter will discuss the stochastic model. This will be done by first
introducing the stochastic processes; secondly, a comparison between stochastic and
deterministic processes will be conducted; thirdly, the modified model with stochastic

approach will be presented and lastly; analysing the modified model with stochastic.

3.2. Stochastic versus deterministic
"Stochastic" is a phrase that originates from the Greek word ordxo¢ (stokhos) which
is synonymous with the word random and chance. Of which its antonym is
"deterministic.” Stochastic processes possess some inherent randomness. The same
parameter values and initial condition will lead to an assemble of different outputs. In
deterministic models, the parameter values determine the output results of the model.
Taylor (1998) applied an example of a coin tossed into the air which eventually returns
to the ground at a particular point. Regardless of the coin landing heads or tails, the
process is considered random and has no determined outcome. In the study by Taylor,
a "fair" coin was considered to mean that the two alternatives, heads and tails are
equally likely and, were thus each assigned the probability of outcome. It should be

noted that the phenomena are not inherently stochastic or deterministic in and of
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themselves. Taylor & Karlin, 1998, further stated that in order to model a phenomenon
as stochastic or deterministic was the observer’s choice. The purpose of what the
observer seeks to accomplish is what make the choice. Taylor & Karlin, (1998),
explains the controversial situation under which a proper choice in not clear. Using the
coin scenario, Taylor and Karlin, show that the controversy can arise were after the
coin having being tossed in the air fallen is quickly concealed so that the outcome is
not determined giving a chance for randomising the situation, though the outcome can
be considered by some people as now fixed or deterministic. Also, Taylor and Karlin
(1998), state that regardless of the general agreement among many observers that for
example in a large population that there are many events that contribute to the

population fluctuating, these are often modelled deterministic.

3.3. Modified model with stochastic approach
In the following section, the function of random walk will be added to the study’s

equation. The general equation for random walk is given as follows:

d
% = £(t,y(0)) + 66 (¢, y(t))

Where 6 represents the density of randomness

(3.1)

and G represents the random walk.

Random walk is then added to the dual porosity model for the matrix section (to<t <

t1) and represented as follows:

Ohy (x0,yj, tn) _ Tu (0%ha (30,35 tn) N 0%hy (x4, ¥j, tn) (3.2)
at S dx2 dy?

— ma? (hl(xii Vi tn) - hz (xi: Vi, tn)) + 61h1B1(xl-,yj, tn)
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hy (i, ¥, tn) — ha (x5, ), t)

_ ft£<62h1(Xi’yj’ tn) 4 azhl(xl-,yj, tn)>
0

S: 0x? dy?

— 7'I,'a2 (h1(xi’ y]; tn) - hz(xl-,yj, tn)) + 61h1dBl(xi,yj, tn)

At the point (x;, yj, tn41) and (x;, yj, t)

hl(xi'Yj' tn+1) - h1(xi,Yj' tn)

_.ftn+1£ azhl(xi,yj,tn)+62h1(xi;Yj;tn)
s dx? dy?

th+1

— ma® (h1(xi;y]'; tn) — h, (xiJ’j' tn)) + J 6, h1dB; (x;,¥;,T)

tn

The discretisation of the first integral is shown

tnt1
f 6111 (xi v 7). By ()
t.

n

It is assumed that B, (7) is differentiable:
dB(t) = B'(1)dt
Then equation (3.5) becomes:

tn+1
j 6, hy (0 y;, DB (1) de
t.

n

Again, we approximate

hy (x4, y5, T)B"1 (1) = p’;(7)

Where p’j(r)is the Newton two steps polynomial.

thta 5
64 ] P’j (t)dtr = E61At hl(xi:yj: tn—z)B'1(tn—2)
t

n

4 , 23 )
—3 6,Ath, (xi: Vi tn—l)B 1(th—1) — 12 6,Athy (xi' Vi tn)B 1(tn)

Where:

Bl (tn—l) - Bl (tn—z)
At

Bll(tn—z) =
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(3.6)
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B;(tn) — B1(tp-1)
At

Bll(tn—l) =

By (tn+1) — B1(ty)
At

Bll (tn) =

tni1 5 B;(ty-1) — B1(ty-2)
61.f hl(xl-,y]-,r)B’l(r)dr = E61Ath1(xi,yj, tn_z) = At =
tn
B;(t,;) — B1(ty-1)
At
B (ty+1) — B1(ty)
tn) At

4
— § 61Ath1 (xi, y], tn—l)

23
- E 61Ath1 (xi, y],
Therefore:

(3.10)

(3.11)

(3.12)
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hy (X1, ¥js tnea) = ha (20,9, t0) (3.13)

5 {T1 <h1(xi+1:3’j: tn) — 2hy (x40, ¥, tn) + ha (Xi1, . tn)

“12 (Ax)?

hl (xi' yj+1) tn) - Zhl (xi; yjl tn) + hl(xil yj—lﬂ tn))
+
(Ay)?

St

—ma? (hl(xi,yj, tn) — ha(x1,y;, tn)) + 6,y By (x;, v, tn)} At

f E hy (xi+1’3’j’ tn—l) —2hy (inYj: tn—l) + hy (xi—erjr tn—l)
315, (Ax)?

hy (xi’yj+1l tn—l) - Zhl(xi'yj' tn—l) + hl(xi'yj—ll tn—l))
+ 2
(Ay)

— ma? (h1 (xi'yj' tn—l) — h, (xi,Yj' tn—l)) + 61h131(xi:Yj' tn—l)}

23Ty hy (X410 Vjo tnz) — 2R (%0, Yy tnoz) + ha(Xi-1, ), taz)
125, (Ax)?

4 hy (xi'yj+1i tn—Z) - 2h (xi'yj' tn—z) + hl(xi'yj—l: tn—Z))

(Ay)?
— ma? (h1 (xi'yj' tn—Z) — h, (xi,Yj' tn—Z)) + 61h131(xi:Yj' tn—Z)}

Bl (tn—l) - Bl(tn—z)
At

B;(ty) — B1(tn-1)

At

Bi(tns1) — B1(ty)
)

5
+ (E 06,At hy (xi: Vi tn_z)

4
-3 61Ath, (x;,Yj, tn-1)

23
- E 61Ath1 (Xi, y]’ t'l’l)

In the following section, random walk is then introduced to the dual porosity model for

the fractured section (t1<t < T) and represented as follows:

ahz(xi,yj, tn) _ Q azhz(xi,yj, tn) n azhz(xi,yj, tn) (314)
ot S, dx? dy?

— Tl'az (hl(xi’ y]; tn) - hz(xi, y], tn)) + 62h2,Bz(xi, y], tn)
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h2 (xl" yj' tn) - hZ (xi' yj' tn)
_ ftﬂ azhz(xi,yj, tn) N azhz(xl-,yj, tn)
) S, d0x? dy?
— ma? (hy (3,95, tn) = ha (X0, V) tn) ) + 62h2dB, (X1, ¥y, tn)
At the point (x;, v, tn41) and (x;, yj, t)

h, (xi; Vi tn+1) —h, (xi» Yj» tn)

_ J'tn"’lg azhz(xi;yj;tn) +azh2(xi’yj’tn)
), dx? dy?

n

tn+1
— ma? (hl(xi'yj’ tn) = ha (i, Vi tn)) + f 62 hodBs (xi, ¥, T)

tn

The discretization of the first integral has been presented.

tnt1
f 62h2(xi,yj,r)de(T)
t

n

It is assumed that B, (7) is:
dB(t) = B'(1)dt
Then equation (3.17.) becomes:

tnt1
f 6, hy (xs,y;, DB 5 (2)d
t.

n

Again, an approximation is carried out.

ha (x4, ¥, T)B'2(7) = p';(7)

Where p'j () represents the Newton two steps polynomial.

tht1 5
6, ] P’j(T)dT = §62At h, (xi» Vi tn—z)Blz(tn—z)
t

n

4 , 23 '
~3 6,Ath, (xi: Vi tn—l)B 2(tn-1) — IR 6,Ath, (xi. Vi tn)B 2(tn)

Where:

By (ty-1) — By(ty-2)
At

B’y (th-2) =

BZ (tn) - BZ (tn—l)
At

Blz(tn—l) =

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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By (tn+1) — Ba(ty)
At

BIZ (tn) =
Further represented as follows:

tn—z) B, (ty—1) — Ba(tn—3)

tnt1 5
62 J; hZ (xl', y], T)B Z(T)dT = ﬁ62At hz (Xi, y], At

B, (ty) — By(tn-1)
At
B (tn+ )_B (tn)
tn) 2 1At 2

4
- § 62Ath2 (xi, y], tn—l)

23
— E 62Ath2 (Xi, yj'

Therefore:

(3.23)

(3.24)
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h, (xi; Vi tn+1) — h, (xi' Vi tn) (3.25)

5 {Tz <h2 (Xir1, V) tn) = 2ha (x4, vj, tn) + Ra(xi-1, V), tn)

12 (Ax)?

hZ (xi; yj+1' tn) - 2hZ (xi' yjl tn) + hZ (xi' yj—ll tn))
+
(Ay)?

S2

—ma? (hl(xi,yj, tn) — hy(xi, ¥, tn)) + 62, hy, Bo(x;, v, tn)} At

f E h, (xi+1:3’j: tn—l) - ZhZ(xilyjl tn—l) + h, (xi—1’)’j’ tn—l)
3|5, (Ax)?

h, (xilyj+1’ tn—l) - ZhZ(xilyjl tn—l) + h, (xi: Yi-1s tn—l))
+ 2
(Ay)

- T[az (hl(xil yj; tn—l) - hZ(xi' yj' tn—l)) + 62' hZ'BZ(xi' yj' tn—l)}

23 (T hy (X141, Vi tnz) — 2ha (X0, V) tnz) + hy (Xim1, V) tn—z)
1215, (Ax)?

N h, (xi:.Vj+1' tn—Z) - th(xi:Yj' tn—Z) + h, (xi: Yi-1s tn—2)>

(Ay)?
—ma® (hl(xil Vi tn—Z) - h2 (xi' Vi tn—Z)) + 62' hZ' BZ (xi' Vi tn—Z)}

B, (tn—1) — By(th-2)
At

B,(tn) — By(tn-1)

At

B, (ty+1) — Ba(ty)
)

5
+ (E 6,Ath; (x;, ¥, th-z)

4
- § 62Ath2 (Xi, y]’ t‘l’l—l)

23
- E 62Ath2 (Xi, y], tn)
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CHAPTER 4 : APPLICATION OF CAPUTO-FABRIZIO AND CAPUTO

FRACTIONAL DERIVATIVES TO THE PIECEWISE MODEL

4.1. Introduction

To consider the effect of crossover, where the first section of the aquifer is considered

to having fading memory flow while the second followed the power law process. In

order to include this into a mathematical formulation, in the first equation the classical

time differentiation is replaced by the Caputo-Fabrizio fractional derivative, while the

second equation the time differential operator will be replaced by the Caputo fractional

derivative. This section present some of the definitions stated.

4.2. Application of Caputo-Fabrizio and Caputo derivative

The Caputo derivative is given as follows:

SDf‘f(t)—F(l a)j —f(r)(t—r) adr
Where0<a <1

The Caputo-Fabrizio fraction of derivative is given as

M(a)
(1-a)

The associate integrals are given below as follows:

EDEF(E) = f f@exp |- (t =) dr

Riemann-Liouville integral

W0 = s [ FOE -0

Caputo-Fabrizio integral

IO = 1 O + s [ (O

(4.2)

(4.2)

(4.3)

(4.4)

To include into the study mathematical equation, the effect of fading memory and the

power law, we modify the study system as follows:

With the application of Caputo-Fabrizio
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M(a) (t0h,(x,y,t) a (4.5)
T—a), 9 exp[——l_a(t—r)]dr
Tl azhl(x,Y;t) azhl(x,ylt) 2
= — - » Vo t - h- » t
Sl axz + ayz na (h'l (x y ) Z(x y )
With the application of Caputo
ahz(x Y, T) a1 (4.6)
T = a)f (t—1)% dr
92 92
_ hZ(xiy't) hZ(x y,t) 2
= 5_2 922 + + ma®(hy(x,y,t) — hy(x,y, 1))
M(a 4.7)
DG 0) = [ S ey [ (= ]
Consider t=tn+1=At(n+1)
Xi» Vi
CgDéxh(xi! Yi> tn+1) (48)
M(a) (™*10h a
=1—4 = (xi'yi'T)exp [—1— (tn+1 — T)dT]
~ M(a) Z J-L‘J+1 h(xuy]r J+1) h(xl,yj, t: ) [_ (t
l-alil, At exp a M
— T)dl']
CI(;Dt('xh(xi' Yis tn+1) (49)
M(a) ("*1oh
=To)  FGuveDex [——(tn+1 7)dr|
n
_ M(a) h(xi:yj': tiv1) — h(x0,v5,6) ox [_ (t
- 1—a . At . p n+1
Jj=0 j
— T)dl']
(4.10)

tj+1
f exp [— — (tn+1 T)d’l.']
tj

Lety = —% JY =tpyr —dt,dy =d(tyy — 1) = dtyy, —dt = —drt
When t = t],y =th+1 — t]

ANd T =tj,4,Y = tys1 — g
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tnt1—tjt1
f —exp[—yyldy
t

n+1—tj

It is known that:

B 1
f exp(—ay) dy = —exp[—ay]
y a

Therefore:

tn+1=tjr1 oy
- f —exp[—yyldy
t Y

n+1—tj

1 rin+1= L+
- f —y exp[—yyldy
t

|4 n+1—tj
(exp(—vy))' = —v exp(—vy)
1 tiv1—tjt1 1
—sexplyyl N = ]—/[eXp (=¥ (tner = 7)) — exp(=¥ (tns — 742
1
= )—/[GXP(—V(M(“ + 1) — Atj))] — exp[—y(At(n + 1) — At(j + 1))]

1
= ;[eXp(—VAt(n +1-=))] = exp[-yAt(n + )]

l1—«a

" lexp [—%At(n —j)] + exp [—%At(n +1 —j)]l

With Caputo derivative, it is arrived at the following:

1 £
cna — — —-a
DM, = s || gehaCey 0 -1 edr

at the point (x;, y;, tn+1 ), the above yields:

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)
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oD hy (X1, ¥j, tnv1) (4.21)
th+1 9

1
-_—— —_ 3 . — -
=Tao a)fo p h, (xl,y],r)(tnﬂ )%t

n
_ 1 z]‘tk+1 hZ(xiPyj' tk+1) - hz(Xi,yj, tk) (t _T)_adT
T T(1-a) i), At il

k

n

= 1 hy (xi» Yj» tk+1) —h, (xi, Vi tk) U+ .

Tl-a) z At (tp41 —T)7%dT
k=0

tk

tk+1 o _ _
Here ftk (the1 —T),Weputy = y=t,,, —7,dy = —drordr = —dy
Whent -t ,y = theq — ty
When T = tgp1,Y = tayr = tesr

Thus, the above integral is therefore presented as:

ftn+1_tk+1 —a (tn+1 - tk+1)1_a - (tn+1 - tk+1)1_a (422)
y %.dr =
. l1-a

n+1—tk

Replacing this back to the original equation, the following is arrived at:

SDER, (%1, V) tsr) (4.23)

1 - (hz (x4, ¥js teer) = ha (i ;0 tk)) (tpe1 — ) ™% = (tpyr — t)
T(1l-a) kz;) At 1-a

[(At(n + 1) — kAt)1—¢

_ 1 . (hZ(xil Vi tk+1) - hZ(xi' Vi tk))
T T(1-a) ;) At

— (At(n + 1) — At(k + 1))179]

(A)~% < - 1_a
= mk=o (hz (%0 ¥js teer) = ha (%0, ), tk)) [(m+1-k)1%—(n—-k)1 9

With the above discretization in hand, the numerical of the study system as can now

be represented:
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M(a) \ (4.24)

AL Z (hl(xi'Yj» tir1) — ha (%0, yj0 tk)) {exp [—%At(n + k)]

k=0

— exp [—%At(n +1- k)]}

_ E h1(xi+1»3’j» tn+1) - 2h1(xi:3’j: tn+1) + hl(xi—lryj: tn+1)
S (Ax)?

hl(xi»yj+1' tn+1) - Zhl(xi'yj' tn+1) + hl(xi'yj+lr tn+1)
" (Ay)?

—ma® (hl (xi; Vi tn+1) - hZ (xi' Vi tn+1))

B0 < B o 42m)
mho (hz(xi'yf' tier) — ha (%0 ), tk)) [(n+1—k)'%—(n-k) %

_ E h, (xi+1:.Vj: tn+1) — 2h, (xi,Yj, tn+1) + hz(xi—l'Yj: tn+1)
S, (Ax)?

h, (xi'yj+1i tn+1) — 2h, (xi,Yj' tn+1) + hz(xi'Yj+1, tn+1)
¥ By)?

+ T[az (hl(xil yj: tn+1) - h2 (xi' yj' tn+1))

T1 9%h, 92h,

(4.26)
PDZh (x,y,t) = — Fp + 3y7

l —ma?(hy — hy)

The above to integral equation is now converted to have:

T, (82h, 9%h 4.27)
CIE(CeDER (x,y,8)) = CEJE I5_1<6x21 + 6y21> —mat(h - hZ)l

hi(x,y,t) — hi(x,y,0) (4.28)

_1-a[n (0% 0% 2 (s — o)
- M(a)|S;\ 9x2 " ay? TR z

T, (3%h, 8%h, SN
M(a)f[ <6x2 2>—na(1— Z)l !

For simplification we let:

92h, 02h,

(4.29)
F(t,hy,hy) = 1<ax2 + 3y2 ) na?(hy — hy)

36|Page



1 (4.30)
h(6,9,0) = hy(%,7,0) = 3 )F(t o) + g )f F(t, hy, hy)dr

Then at (x;, yj, t,+1) and (x;, y;, t,) can now have the following:

tn+1 (4.31)
h(xuyp n+1) h(xuy1» 0) M( )F(xuyP tn) +M( )f F(xl,y],r)dr
t (4.32)
hl(xllyjl n) hl(xl,y],O) = M( )F(xuy]' n— 1) +M( ) F(xi'Yj'T)dT
Equation (4.31.) — (4.32.) gives:
hl(xi:yj: tn+1) —hy (xi’yj’ tn) (4.33)

_1—a
- M(a)

Now is applied the Newton interpolation on F(x;,y;, ) with the interval [t,,t,.,] and

a tn+
[F(xl-,yj, tn) — F(xi,yj, tn—l)] + Wftn F(x;,yj,1)dt

get the following expression.

hy (xi' Vi tn+1) —hy (xi; Vi, tn) (4.34)
1-—
M( ) [F(xl,y], n) F(xl,y], n-— 1)]
a 5 4 23
+ e [E AtF (x;, yj, tn-2) — §AtF(xi, Vi tno1) + EAtF(xi, Vi, tn)]
Where:
_ Tl hl(xi+11 Vi tn) - Zhl(xi' Vi tn) + hl(xi—lr Vi tn) (435)
F(xi'yj' tn) - S_1< (Ax)?
hl (xi' yj+1' tn) - Zhl(xi' yj' tn) + hl(xi' yj—lﬂ tn))
+ 2
(Ay)

— ma? (hl(xi,yj, tn) —h, (xi,yj, tn))
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T, hl(xi+1’yj’ tn—l) - Zhl(xi'yj' tn—l) + hy (xi—1’)’j’ tn—l) (4.36)
F(xiryjr tn—l) =<

S: (Ax)?
hl(xi'yj+1» tn—l) - Zhl(xifyj' tn—l) + h1(xi:3’j—1, tn—l)
" (Ay)?

—ma® (hl(xi' Vi tn—l) - hZ (xil Vi tn—l))

n hl(xi+1'yj' tn2) = Zhl(xi'yi' tnz) + hy (xi—erj’ tn-2) (4.37)
Pl 2) = B e

hl(xi'yj+1» tn—Z) - Zhl(xifyj' tn—Z) + h1(xi:3’j—1, tn—2)>
+ 2
(Ay)

— ma? (hl(xii Vi tn—Z) - h2 (xi' Vi tn—Z))

Therefore
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hl(xi;y]u tn+1) - hl(xi'yj; tn) (4.38)

_1-af[Ty hi(Xis1, Vs tn) = 2he (%0, 3j, tn) + Ry (Xi-1, 7, t)
- M(a) ||S, (Ax)?

hl(xir yj+1i tn) - Zhl(xi' yj' tn) + hl(xi' yj—ll tn))
+
(Ay)?

— a? (h1 (xl-,yj, tn) — hy (xi,y]-, tn))l

_ ﬁ hl(xi+1:yj’ tn—l) - 2h1(xi:3’j» tn—l) + hy (xi—1'3’j' tn—l)
S, (Ax)?

h1(xi»Yj+1» tn—l) - 2h1(xi:3’j» tn—l) + h1(xi:3’j—1, tn—l))
+ 2
(Ay)

— ma? (hl(xir Vi tn—l) - hz(xi,yj, tn—l))l}

a iAt ﬂ hy (xl'+1iyj) tn—z) — Zhl(xl-,yj, tn—z) + h1(xi-1,yj, tn—z)
M@ 127 |5, x)?

4 h1(xi»J’j+1: tn—Z) - Zhl(xi:.Vj: tn—Z) + h1(xi'3’j—1, tn—2)>

+

(Ay)?

— ma? (hl(xir Vi tn—Z) - h2 (xi' Vi tn—Z))l

_ fAt E hl(xi+1: Vi tn—l) - Zhl (Xi,yj, tn—l) + hl (xi—lryjr tn—l)
3 S: (Ax)2

hl(xirYj+1: tn—l) - 2h1(xi»J’j; tn—l) + hl(xi'yj—lr tn—l))
+
(Ay)?

- T[az (hl(xi' yj' tn—l) - hZ (xi, yjl tn—l))l

N EAt Ty (hy (Xia1 Yjr tn) = 2Ry (x5, ¥, £0) + hy (X2, ), ty)
127 |S; (Ax)?

hl(xi' Yi+1, tn) - Zhl(xil Vi tn) + hl(xil Yi-1, tn))
+
(Ay)?

— ma? (hy (x0, ¥, tn) = ha (X0 3y, tn) )l}

(4.39)

T, lath 92h,

nghZ(xryi t) = 5 Jx?2 + ayZl _T[az(hl _hZ)
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The study now applies here the Riemann-Liouville integral on both sides to obtain:

h,(x,y,t) — hy(x,y, 0) (4.40)

F(a) dx? = 0y?

l —ma?(h, — hz)l (t—1)* 1t

0%h, 0%h 4.41
F(x,y,t) = f l lax; 2] — a?(h, — hz)l (t —7)* ldr (4.41)
1 [t (4.42)
hZ(x'yJ t) - hz(x:% 0) = _f Fl (X,y,'l')(t - T)_adT
I'(@) J,
At (x;,¥j, tn+1) the following is arrived at:
(4.43)

tk+1
hz(xuyp n+1) hz(xuyj'o) F( )ZJ (tn+1 _T)a_lF(xi'yj'T)dT
tk

Now the function F(x;,y;,7) =~ P,(r) is approximated whereP,(t) is the Newtons

polynomial. Using the development done by Atangana and Seda, the following can be

obtained:
hZ(xi' Vi tn+1) - hZ (xi' Vi 0) (444)
(An)*
= mkzoF(tk—zfxi'Yj){(n —k+ 1% - (n-k)*}
() <
+ mkzzz[lr(tk_l,xi,yj)
— F(tkea x,y)[{in—k + D*(h—k + 3+ 2a) — (n—k)*(n—k
+ 3+ 3a)}
(A)*
+ m [F(tk, xi'yj) - ZF(tk_l,xl-,yj)
+ F(tk—a, x,y) [{(n — k + D2(2(n — k)? + Ba + 10)(n — j) + 2a?
+9a + 12)
—(n—k)?Q2n-k)?+ Ba+10)(n —k) + 6a? + 18a + 12)}
Where:
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Ty (ho(Xi41, V) tr) — 2ha (0, ¥j, tie) + ha(xio1, ¥j, i) (4.45)
F(tk'xi'yf) = 5_2 (Ax)?
hZ(xi'yj+1l tk) - ZhZ(xil yj: tk) + hZ(xil yj—lﬂ tk))
+ 2
(Ay)

— ma? (hl(xi,yj, t) — hy (xi,yj, tk))

T, (ha (xi+1’yj’ ty—1) — 2h, (xilyjl ty—1) + hy (xi—1’)’j’ ti-1) (4.46)
Flanmon) =5, o
h, (xilyj+1’ tk—l) — 2h, (xilyjl tk—l) + hZ(xilyj—l' tk—l))
+ 2
(Ay)

— ma? (hl(xii Vi tk—l) - hZ(xi' Vi tk—l))

T, (h, (xi+1'3’j' tk—Z) — 2h, (xi'Yj' tk—Z) + h, (xi‘l’yJ" tk_z) (4.47)
F(tk_z; Xi, y]) = S_ (Ax)z

ho (X1, Vis1 te-2) — 2ha (X1, ¥j, ti—z) + ho (i, ¥j-1, tk—z))
+ 2
(Ay)

— ma? (hl(xi;yj: tr-2) = ha (%1, v, tk—Z))

Therefore:
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h‘Z(xi!yj!tn+1) _hZ(xi!yj!O) (4.48)

(Ap)* C E hz(xi+1'}’j: tk—z) - th(xi,y]-, tk—Z) + hz(xi—l'Yj' tk—z)
(Ax)?

" I'(a+ 1)

hz(xuy1+1: Ly 2) - th(xuy;rtk 2) + hz(xl,y] 1t 2))
(Ay)?

—ma® (hl(xi:yp ti—2) — ha(xi, ) tk—Z))] {n—k+1*— -k}

(a)* Z T hz(x1+1,}’pfk 1) = 2hy (x5, ¥y tiet) + ho (im0, Yy tee1)
MCET)) (Bx)?

hz(xiryj+1r tk—l) - th(xi,yj, tk—l) + hz(xi'Yj—l' tk—l))
+ 2
(Ay)

- T[az (hl(xir yj: tk—l) - hZ(xir yj: tk—l))]

_ E hz(xi+1'3’j' tk—z) - th(xi'yj': tk—z) + hz(xi—pJ’jr tk—z)
S, (Ax)?

hz(xL'YJH' ti—z) = ZhZ(ny]Itk 2) + h'Z(xl.'y] 1ty z))
(ay)?

- ma? (hl(xi/yj' tr—z) — ha(x1, ) tk—z))” {n-k+1D%h-k+3+2a)—(n—-k)*(n—k

+3+3a)}
(At)® T hz(xi+1'Yj' te) — th(xi'yj' fk) + h; (xi—l'yj' tk)
2B+ a) (Ax)?
hy (%1 Viens i) — 2ha (%0 vj, te) + ha (0 Vi1, t
+ Z(XL Yivy k) 2((32332 k) Z(XL Vi1 k)) — ma? (h1(xir3’jrtk) - hz(xivij tk))]
_y T, ho (Xis1, Vi tr1) — 2ha (X4, ¥y tie—1) + R (Xi1, ¥ji tre=1)
SZ (Ax)z
hz(xir)’j+1' tk—l) - 2h2(xl-,yj, tk—l) + hz(xi:J’j—l: tk—l))
+
(Ay)?

- T[az (hl(xi' Yj' tk—l) - hZ(xi' Yj' tk—l))]

+ E hz(xi+1:Yj: tk—z) - th(xi:Yj' tk—z) + hz(xi—ijr tk—z)
Sz (Ax)?
hz(xi,y]'ﬂ' tk—z) - th(xi;yj' tk—z) + hz(xi;Yj—l; fk—z))
+ 2
(Ay)

— ma? (hl(x,-,yj, te-2) — hz(x,-,yj, tk_z))] {n-k+12QMn-k?+ Ba+10)(n—j)

+2a?+9a+12) — (n—k)2Qn—k)?2+ (5a+ 10)(n — k) + 6a? + 18a + 12)}
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CHAPTER 5 : NUMERICAL SIMULATIONS

5.1. Introduction

In the previous chapter, the study devoted attention to numerical analysis of the
suggested models with different type of differential and integral operators. The aim
was to include into mathematical formula the effect of non-localities that could be found
within the geological formation. For example, the study uses the derivative with the
generalized Mittag-Leffler function to include into the mathematical formula or the
mathematical model depicting the flow within a dual media geological formation the
effect of crossover. Besides, such crossover has some limitations. For example,
Atangana and Seda argued that such crossover cannot depict the passage from power
law to fading memory. Also, one cannot really use this to identify in the field the time
at which such crossover will take place. The study uses the fractional derivative with
exponential decay law to express the fading memory effect of the flow with the
geological formation. This differential is also able to account for the passage from a
Gaussian process to non-Gaussian with a steady state. The Caputo derivative was
also used, which is known to depicting power law processes due to its power law
kernel. But this power law kernel cannot exhibit processes like fading memory or even
a crossover. Atangana and Seda suggested then a new concept called piecewise
derivative, a differential operator that is defined within a well-defined interval. To
perform simulations, the study used the numerical scheme based on the Newton
polynomial to solve numerically the suggested models for different differential
operators. The obtained numerical schemes were coded using MatLab. The study
used some theoretical parameters to see the behaviour of the model, for example the
study used T1=200 and T2=400 where T1 and T2 are the transmissivity of the matrix
rock and the fracture respectively. Further, it used S1=0.001 and S2= 0.0001, where
S1 and S2 are storativity of rock matrix and fractures respectively. The parameter a
=0.5 the numerical simulation was performed for different fractional orders, here the
study chose the initial condition to be a constant 0.1 for both initial heads. The obtained

results are depicted in the next section.
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5.2. Results and discussion

Using the Matlab code, the study obtained the following simulations, which are
depicted in figures below. The model with power law kernel was used to see the effect
of non-locality. The figures were obtained for different value of fractional orders. In
these figures, the x represents distance in kilometre, and t represents time in hour. For
a fractional order starting from 0.95 to 0.8, the obtained figures show high flow within
fracture. This behaviour is known as long range dependency. Also within the matrix
soil, the study also observed high flow meaning in this case the fractional derivative is
expressing the flow within a matrix rock with high transmissivity such as
sand/sandstones. This model is therefore depicting the flow behaviour in a
sandy/sandstone aquifer. So, from the mathematical equations, the function h,(x,t)
and h,(x,t) represent the hydraulic heads in dolomite especially, the first function
expresses the flow in rock matrix and the second function expresses the flow in
fractures. This behaviour has been recognised in the literature as fast flow or even
super flow. Also, it is shown from these figures that, more water will be found within
fracture than in matrix rock. These scenarios are depicted in Figure 5.1 to Figure 5.12
for contour plots cases and x-t 3 dimensional phases. For fractional order ranging from
0.7 to 0.5, the obtained figures show normal flow behaviours, water flows with normal
velocity within the matrix rock and moderate high velocity within the fractures. These
simulations are depicted in Figure 5.13to Figure 5.24 for contour plots and x-t 3
dimensional phases. Finally, from 0.4 to 0.2, the study observed slow flow behaviour,
the mathematical equations are exhibiting flow with low velocities, expressing the flow
within a shale with limited or no transmissivity. These simulations are depicted in
Figure 5.25 to Figure 5.36. Furthermore, Figure 5.37 represent the crossover effect
from the matrix to the fracture over distance x. The fracture is characterised by high

turbulent velocities.
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Figure 5.1: Contour plot representing hz in fractional order 0.95.
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Figure 5.2: Contour plot representing hi in fractional order 0.95.
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Figure 5.3: 3D plot representing hz in fractional order 0.95.
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Figure 5.4: 3D plot representing ha in fractional order 0.95.

46| Page



ha(x,t),a=0.9

o

Figure 5.5: Contour plot representing hz in fractional order 0.9
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Figure 5.6: Contour plot representing hz in fractional order 0.9
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Figure 5.7: 3D plot representing hz in fractional order 0.9
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Figure 5.8: 3D plot representing hi in fractional order 0.9
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Figure 5.9: Contour plot representing hz in fractional order 0.8.
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Figure 5.10

: Contour plot representing ha in fractional order 0.8.
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Figure 5.11: 3D plot representing hz in fractional order 0.8.
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Figure 5.12: 3D plot representing hz in fractional order 0.8.
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Figure 5.13: Contour plot representing hz in fractional order 0.7.
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Figure 5.14: Contour plot representing hz in fractional order 0.7.
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Figure 5.15: 3D plot representing hz in fractional order 0.7.
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Figure 5.16: 3D plot representing hz in fractional order 0.7.
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Figure 5.17: Contour plot representing hz in fractional order 0.6.
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Figure 5.18: Contour plot representing hz in fractional order 0.6.
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Figure 5.19: 3D plot representing hz in fractional order 0.6.
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Figure 5.20: 3D plot representing hz in fractional order 0.6.

54|Page



h»(x.t).a=0.5

0.2 i

0.1 1

Figure 5.21: Contour plot representing hz in fractional order 0.5.

hi(x,t),a=0.5

0.9 1

.
e e

0.6

04 .

0.2 -

0.1 ]

Figure 5.22: Contour plot representing hi in fractional order 0.5.
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Figure 5.23: 3D plot representing hz in fractional order 0.5.
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Figure 5.24: 3D plot representing hz in fractional order 0.5.
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Figure 5.25: Contour plot representing hz in fractional order 0.4.
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Figure 5.26: Contour plot representing hi in fractional order 0.4.
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Figure 5.27: 3D plot representing hz in fractional order 0.4.
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Figure 5.28: 3D plot representing hz in fractional order 0.4.
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Figure 5.29: Contour plot representing hz in fractional order 0.3.
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Figure 5.30: Contour plot representing hz in fractional order 0.3.
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Figure 5.31: 3D plot representing hz in fractional order 0.3.

hi(x,t),a=0.3

h,(x)

Figure 5.32: 3D plot representing hz in fractional order 0.3.
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Figure 5.33: Contour plot representing hz in fractional order 0.2.
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Figure 5.34: Contour plot representing hi in fractional order 0.2.
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Figure 5.35: 3D plot representing hz in fractional order 0.2.
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Figure 5.36: 3D plot representing hz in fractional order 0.2.
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Crossover effect from matrix to fracture
with regards to velocity.

Figure 5.37: Diagram representing the crossover effect.
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CHAPTER 6 : CONCLUSION

A dual porosity media has been considered in this study. In the last decades, many
researchers have devoted attention to modelling the flow of water within dual porosity
type of aquifers. Some authors suggested the use of two hydraulic head, where the
first head accounts for the flow within the matrix rock and the second head the flow
within the fracture. A system of partial differential equations has been suggested and
applied in many scenarios with some limitations. The differential operators used in the
past to model this situation are classical derivative and fractional derivatives. While
the results obtained by these models were useful, one will still argue that the models
cannot depict with great precision the crossover effect and the randomness of the
geological formations. The two properties cannot be accounted when using classical
derivative, even fractional derivatives. Very recently, piecewise differential and integral
operators were suggested, these operators are defined in a given interval. The first
part (head), account for a given process and the second one for another process. The
passage from one process to another is called crossover. In addition, the concept of
stochastic differential equations had been suggested to include into mathematical
formulation of the effect of randomness. In this study, a system of partial differential
equations depicting the flow of subsurface water within a dual porosity system was
modified. To achieve this, the study considered fractional differential and integral
operators with different kernels including power law, exponential decay and the
generalized Mittag-Leffler functions. Further, the study included into the modified
model randomness to obtain a piecewise fractional stochastic system of partial
differential equations. The study presented an analysis to determine the condition
under which the system has a unique system of solutions. Also, it made use of the
numerical method based on the Newton polynomial interpolation to solve numerically
the obtained systems of partial differential equations. The study used Matlab software

to generate the figures in the case of power law.
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