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Abstract/Opsomming

Abstract

Control charts are statistical process control (SPC) tools that are widely used in
the monitoring of processes, specifically taking into account stability and disper-
sion. Control charts signal when a significant change in the process being studied
is observed. This signal can then be investigated to identify issues and to find so-
lutions. It is generally accepted that SPC are implemented in two phases, Phase
I and Phase II. In Phase I the primary interest is assessing process stability, often
trying to bring the process in control by locating and eliminating any assignable
causes, estimating any unknown parameters and setting up the control charts. Af-
ter that the process move on to Phase II where the control limits obtained in Phase
I are used for online process monitoring based on new samples of data. This thesis
concentrate mainly on implementing a Bayesian approach to monitoring processes
using SPC. This is done by providing an overview of some non-informative priors
and then to specifically derive the reference and probability-matching priors for the
common coefficient of variation, standardized mean and tolerance limits for a normal
population. Using the Bayesian approach described in this thesis SPC is performed,
including derivations of control limits in Phase I and monitoring by the use of run-
lengths and average run-lengths in Phase II for the common coefficient of variation,
standardized mean, variance and generalized variance, tolerance limits for normal
populations, two-parameter exponential distribution, piecewise exponential model
and capability indices. Results obtained using the Bayesian approach are compared

to frequentist results.

Keys: Statistical Process Control, Run-length, Control Charts, Non-informative

Priors, Reference Priors, Probability-matching Priors, Bayes.
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Opsomming

Beheer kaarte is statistiese beheer prosesse wat gebruik word om prosesse te monitor,
deur veral na stabiliteit en verspreiding te kyk. Beheer kaarte gee 'n waarskuwing-
sein as daar 'n bedeidende verandering in die proses wat bestudeer word opgemerk
word. Hierdie sein kan dan ondersoek word om probleme te identifiseer en op te
los. Dit word oor die algemeen aanvaar dat statististiese beheer prosesse in twee
fases geimplementeer word. In Fase I word die stabiliteit van die proses geasseseer
en die proses word in beheer gebring deur redes vir probleme te identifseer en op te
los, onbekende parameters word bepaal en die beheer kaarte word opgestel. In Fase
IT word die beheer limiete wat in Fase I bereken is gebruik deur 'n voortdurende
proses te monitor met nuwe data. Hierdie proefskrif handel grotendeels oor die im-
plementeering van 'n Bayesiaanse metode om statistiese beheer toe te pas. Dit word
gedoen deur nie-objektiewe priors te bereken, meer spesifiek die verwysingsprior en
die waarskynlikheidsooreenstemmende prior te bereken vir die algemene koeffisient
van variasie, die gestandardiseerde gemiddelde en toleransie limiete vir 'n normale
populasie. Deur die gebruik van die Bayes metode uiteen gesit in hierdie proef-
skrif, insluitend die berekeninge van beheer limiete in Fase I en die monitering deur
gebruik te maak van proses-lengte en gemidelde proses-lengte in Fase II vir die al-
gemene koeffisient van variasie, gestandardiseerde gemiddelde, variansie en algemene
variansie, toleransie limiete vir die normale populasie, twee-parameter eksponensiele
verdeling, stuksgewysde eksponensiele model en vermoé indekse. Resultate deur die

Bayes proses is dan vergelyk met resultate uit die klassieke statistiek.

12



1. General Introduction

1.1. Introduction

Control charts are statistical process control (SPC) tools that are widely used in the
monitoring of processes, specifically taking into account stability and dispersion.
Control charts signal when a significant change in the process being studied is ob-
served. This signal can then be investigated to identify issues that can then be used
to find a solution in order to reduce variation in the process and improve process
stabilization. In general, a control chart is a two dimensional graph consisting of
the values of a plotting (charting) statistic including the associated control limits
namely the upper control limit (UCL) and the lower control limit (LCL) When a
charting statistic plots above the UCL or below the LCL it is said that the control

chart has signaled and the process is considered to be out of control.

It is a generally accepted notion that statistical process control are implemented
in two Phases: Phase I (also called the retrospective phase) and Phase II (also
called the prospective or monitoring phase). In Phase I the primary interest is
assessing process stability, often trying to bring a process in control by locating and
eliminating any assignable causes, estimating any unknown parameters and setting
up the control charts. Once Phase I has been completed, the process moves on to
Phase II where the control limits obtained in Phase I are used for online process

monitoring based on new samples of data.

In this thesis we will mainly concentrate on implementing a Bayesian approach to

monitor processes using statistical process control charts.

Bayarri and Garcia-Donato (2005) give the following reasons for recommending a

Bayesian analysis:

e Control charts are based on future observations and Bayesian methods are

very natural for prediction.
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e Uncertainty in the estimation of the unknown parameters is adequately han-
dled.

e Implementation with complicated models and in a sequential scenario poses
no methodological difficulty, the numerical difficulties are easily handled via
Monte Carlo methods;

e Objective Bayesian analysis is possible without introduction of external in-
formation other than the model, but any kind of prior information can be

incorporated into the analysis, if desired.
In order to implement a Bayesian approach, two priors will mainly be used:
1. The reference prior; and

2. The probability-matching prior.

1.1.1. The Reference Prior

In general, the derivation of the reference prior depends on the ordering of the pa-
rameters and how the parameter vector is divided into sub-vectors. As mentioned
by Pearn and Wu (2005) the reference prior maximizes the difference in information
(entropy) about the parameter provided by the prior and posterior. In other words,
the reference prior is derived in such a way that it provides as little information
possible about the parameter of interest. The reference prior algorithm is relatively
complicated and, as mentioned, the solution depends on the ordering of the pa-
rameters and how the parameter vector is partitioned into sub-vectors. In spite of
these difficulties, there is growing evidence, mainly through examples that reference
priors provide “sensible” answers from a Bayesian point of view and that frequentist
properties of inference from reference posteriors are asymptotically “good”. As in
the case of the Jeffreys’ prior, the reference prior is obtained from the Fisher infor-
mation matrix. In the case of a scalar parameter, the reference prior is the Jeffreys’

prior.

1.1.2. The Probability-matching Prior

The reference prior algorithm is but one way to obtain a useful non-informative

prior. Another type of non-informative prior is the probability-matching prior. This
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prior has good frequentist properties. Two reasons for using probability-matching
priors are that they provide a method for constructing accurate frequentist intervals,
and that they could be potentially useful for comparative purposes in a Bayesian

analysis.

There are two methods for generating probability-matching priors due to Tibshirani

(1989) and Datta and Ghosh (1995).

Tibshirani (1989) generated probability-matching priors by transforming the model
parameters so that the parameter of interest is orthogonal to the other parameters.
The prior distribution is then taken to be proportional to the square root of the

upper left element of the information matrix in the new parametrization.

Datta and Ghosh (1995) provided a different solution to the problem of finding
probability-matching priors. They derived the differential equation that a prior must
satisfy if the posterior probability of a one-sided credibility interval for a parametric
function and its frequentist probability agree up to O (n~1) where n is the sample

size.

According to Datta and Ghosh (1995) p (6) is a probability-matching prior for 6 ,the

vector of unknown parameters, if the following differential equation is satisfied:

m+1 a

> 5 (Ta@p (@)} =0

a=1 o

where
F-1(6) V. (0) :

T() = — — = T.(0) Yo(0) -+ YTpga (0
. Vi) F1(8) V. (6) 6@ %0 @]

and

’

Vi) =] 5t(0) St - H-tO)] .

a9’m+1

t(0) is a function of § and F~! () is the inverse of the Fisher information matrix.
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The method of Datta and Ghosh (1995) to obtain a probability matching prior will

be used in this thesis.

1.2. Objectives and Contributions

The main objectives and contributions of this thesis can be summarized as follows:
e To provide an overview of some non-informative priors;

e To derive the probability-matching priors and reference priors for the following

cases:

— Common coefficient of variation;
— Standardized mean;
— One-sided upper tolerance limit for a Normal population;

— Piece-wise exponential model.

e To propose a Bayesian approach to statistical process control, including the
derivations of control limits in Phase I and monitoring by use of run-lengths

and average run-lengths in Phase II for the following cases:

— Common coefficient of variation;

Standardized mean;

— Variance and generalized variance;

— Tolerance limits in the case of Normal populations;
— Two parameter exponential distribution;

— Piecewise exponential model;

— Capability indices.

e To compare results obtained from the Bayesian approach to statistical process

control to the frequentist results;

e To show that the joint posterior distribution for the common coefficient of

variation and the standardized mean is a proper distribution;

e To provide guidelines to the practitioners in implementing the Bayesian control

chart for the variance and generalized variance;
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e To compare two models of the piecewise exponential model using Bayes factors;

e To perform Bayesian hypothesis testing for capability indices.

1.3. Thesis Outline

In Chapter 2 the medical data analyzed by Kang, Lee, Seong, and Hawkins (2007)
is used to apply a Bayesian procedure to obtain control limits for the coefficient
of variation. Reference and probability-matching priors are derived for a common
coefficient of variation across the range of sample values. By simulating the poste-
rior predictive density function of a future coefficient of variation it is shown that
the control limits are effectively identical to those obtained by Kang, Lee, Seong,
and Hawkins (2007) for the specific dataset they used. This chapter illustrates the
flexibility and unique features of the Bayesian simulation method for obtaining pos-
terior distributions, predictive intervals and run-lengths in the case of the coefficient
of variation. A simulation study shows that the 95% Bayesian confidence intervals

for the coefficient of variation has the correct frequentist coverage.

In Chapter 3 the same medical data analyzed by Kang, Lee, Seong, and Hawkins
(2007) are used to apply a Bayesian procedure for obtaining control limits for the
standardized mean. Reference and probability-matching priors are derived for a
common standardized mean across the range of sample values. By simulating the
posterior predictive density function of a future standardized mean it is shown that
the inverse of the control limits for the standardized mean are effectively identical to
those calculated by Kang et al. (2007) for the coefficient of variation. This chapter
also illustrates the flexibility and unique features of the Bayesian simulation method
for obtaining the posterior predictive distribution of § = £ (the population standard-
ized mean), predictive intervals and run-lengths for the future sample standardized
means. A simulation study shows that the 95% Bayesian confidence intervals for §

has the correct frequentist coverage.

In Chapter 4 the results of Human, Chakraborti, and Smit (2010) are extended
and Phase I control charts are derived for the generalized variance when the mean
vector and covariance matrix of multivariate normally distributed data are unknown
and estimated from m independent samples, each of size n. In Phase II predictive
distributions based on a Bayesian approach are used to construct Shewart-type

control limits for the variance and generalized variance. The posterior distribution
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is obtained by combining the likelihood (the observed data in Phase I) and the
uncertainty of the unknown parameters via the prior distribution. By using the

posterior distribution the unconditional predictive density functions are derived.

In Chapter 5 air-lead data analyzed by Krishnamoorthy and Mathew (2009) are
used to apply a Bayesian procedure to obtain control limits for the upper one-sided
tolerance limit. Reference and probability matching priors are derived for the pth
quantile of a normal distribution. By simulating the predictive density of a future
upper one-sided tolerance limit, run-lengths and average run-lengths are derived.
In the second part of this chapter control limits are derived for one-sided tolerance

limits for the distribution of the difference between two normal random variables.

In Chapter 6 and Chapter 7 data that are the mileages for some military personnel
carriers that failed in service given by Grubbs (1971) and Krishnamoorthy and
Mathew (2009) are used to apply a Bayesian procedure to obtain control limits for
the location and scale parameters, as well as for a one-sided upper tolerance limit in
the case of the two-parameter exponential distribution. An advantage of the upper
tolerance limit is that it monitors the location and scale parameter at the same
time. By using Jeffreys’ non-informative prior, the predictive distributions of future
maximum likelihood estimators of the location and scale parameters are derived
analytically. The predictive distributions are used to determine the distribution of
the run-length and expected run-length. These chapters illustrates the flexibility
and unique features of the Bayesian simulation method. In Chapter 6 it is assumed
that the location parameter 0 < p < oo while in Chapter 7 it is assumed that

—00 < p < oo for the two-parameter exponential distribution.

In Chapter 8 data that are failure data on load-haul-dump (LHD) machines given
by Kumar and Klefsjo (1992) and reported in Hamada, Wilson, Reese, and Martz
(2008, page 201) are used to apply a Bayesian procedure to obtain control limits and
control charts for a future observation X for the piecewise exponential model. Two
models are considered, one where all yi’s (scale parameters) across multiple systems
are considered to be the same and the other one where all systems have different
w's. The two models are compared using Bayes factors to determine the best suited

model.

In Chapter 9 process capability indices C);, Cp, and Cp; are defined. Bayesian
methods are applied to piston ring data for automobile engines studied by Chou
(1994) for four suppliers. The method proposed by Ganesh (2009) for multiple test-
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ing are then applied using a Bayesian procedure to Cy;, Cpy, and Cy, to determine

whether significant differences between the four suppliers exist. A Bayesian control

chart for Cp, is also implemented
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2. A Bayesian Control Chart For a
Common Coefficient of Variation

for the Normal Distribution

2.1. Introduction

The monitoring of variability is a vital part of modern statistical process control
(SPC). Shewart control charts are widely used statistical process control tools for
detecting changes in the quality of a process. In most settings where the process is
under control the process have readings that have a constant mean (x) and constant
variance (0?). In such settings the X chart is usually used to monitor the mean,

and the R and S control charts the variance of the process.

In practice there are some situations though where the mean is not a constant and
the usual statistical process control reduces to the monitoring of the variability alone.
As a further complication it sometimes happens that the variance of the process is
a function of the mean. In these situations the usual R and S charts can also not

be used.

The proposed remedy depends on the nature of the relationship between the mean
and the variance of the process. One common relationship that we will look at is
where the mean and standard deviation of the process is directly proportional so

that the coefficient of variation

v = (2.1)

o
i
is a constant. According to Kang, Lee, Seong, and Hawkins (2007) this is often the

case in medical research. Scientists at the Clinical Research Organization, Quin-
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tiles, also confirmed that the coefficient of variation of drug concentrations is often
constant or approximately constant over a reasonable interval of drug concentra-
tion measurements. By using frequentist methods Kang, Lee, Seong, and Hawkins
(2007) developed a Shewart control chart, equivalent to the S chart, for monitoring
the coefficient of variation using rational groups of observations. The chart is a
time-ordered plot of the coefficient of variation for successive samples. It contains

three lines:
e A center line;
e The upper control limit (UCL);
e The lower control limit (LCL).

By using the posterior predictive distribution, a Bayesian procedure will be devel-
oped to obtain control limits for a future sample coefficient of variation. These limits
will be compared to the classical limits obtained by Kang, Lee, Seong, and Hawkins
(2007).

2.2. Frequentist Methods

Assume that X, (j = 1,2,...,n) are independently, identically normally distributed

with mean p and variance 0. X = % 71X Is the sample mean and S? =
N2
ﬁ f) (X ;=X ) is the sample variance. The sample coefficient of variation is
defined as
S
w=2
X

Kang, Lee, Seong, and Hawkins (2007) suggested a control chart for the sample
coefficient of variation, similar to that of the X, R and S charts. They proposed two

methods in developing these charts:
1. The use of the non-central t distribution:

It can be noted that

T = \/ZX — \/ﬁw—l
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2.2 Frequentist Methods

follows a non-central t distribution with (n — 1) degrees of freedom and non-centrality
parameter, @ The cumulative distribution function of the coefficient of variation

can therefore be computed from the non-central t distribution.
2. By deriving a canonical form of the distribution of the coefficient of variation.

Any one of these two methods can be used for obtaining control charts. Kang, Lee,

Seong, and Hawkins (2007) used the second method to obtain control limits for the

coefficient of variation chart for a selection of values of n and 7. According to them
1

the probability of exceeding these limits is =5 on each side when the process is in

control.

In what follows, a more general distribution (than the canonical form of Kang, Lee,
Seong, and Hawkins (2007)) will be given for W = £.

Theorem 2.1. The density function of the coefficient of variation W = % s given

by

Aw) - n >0
(ntfu2) <V(”+fw2)°‘5> =
f(wly) = (2.2)
(—l)leAgw) I- n <0
(n+fw2)% ! (7(’““1%2)0'5) v

and

n < g n
If 05 | — / ¢/ expy—=|l¢g— —— dq
¥ (n + fw2) 0

is the Airy function (Iglewicz (1967)).
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Proof. The proof is given in the Mathematical Appendices to this chapter. O]

Using a Bayesian procedure this distribution will be used for prediction purposes.

2.2.1. The Data

The example used by Kang, Lee, Seong, and Hawkins (2007) was that of patients
undergoing organ transplantation, for which Cyclosporine is administered. For pa-
tients undergoing immunosuppressive treatment, it is vital to control the amount of
drug circulating in the body. For this reason frequent blood assays were taken to
find the best drug stabilizing level for each patient. The dataset consist of m = 105
patients and the number of assays obtained for each patient is n = 5. By doing
a regression test they confirmed that there is no evidence that the coefficient of
variation depends on the mean which implies that the assumption of a constant
coefficient of variation is appropriate. They used the root mean square estima-
tor 4 = \/i mow? = \/%&?15 = 0.0752 to pool the samples for estimating ~.
w; = ;— is the sample coefficient of variation for the ith patient. z; = % ;‘:1 x;; and
s?2 = >y (g — 9_51-)2 where x;; is the jth blood assay for the ith patient. By

? n—1

substituting 4 for v in the distribution of W and by calculating the lower and upper
% percentage points, they obtained a LCL = 0.01218 and UCL = 0.15957. The
chart was then applied to a fresh data set of 35 samples from a different laboratory.
The data used by Kang, Lee, Seong, and Hawkins (2007) is given in Table 2.1.

2.3. Bayesian Procedure

By assigning a prior distribution to the unknown parameters the uncertainty in the
estimation of the unknown parameters can adequately be handled. The information
contained in the prior is combined with the likelihood function to obtain the posterior
distribution of v. By using the posterior distribution the predictive distribution of
a future coefficient of variation can be obtained. The predictive distribution on the
other hand can be used to obtain control limits and to determine the distribution
of the run-length. Determination of reasonable non-informative priors is however
not an easy task. Therefore, in the next section, reference and probability matching
priors will be derived for a common coefficient of variation across the range of sample

values.
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2.3 Bayesian Procedure

Table 2.1.: Data used by Kang, Lee, Seong, and Hawkins (2007)

m X w;x100[[m X w;x100[ m X w; x100 |
1 317 124 [36 1203 58 71 3614 83
2 377 153 ||37 1437 56 72 3615 134
3 406 9.1 38 1486 55 73 3618 6.1
4 505 46 |39 1491 3.1 74 3746 58
5 52 105 || 40 149.9 2 75 3763 238
6 576 6.2 41 151 4.4 76 3823 538
7 583 66 || 42 1536 6.6 77 4017 73
8 589 84 |43 1722 7.2 78 4152 151
9 61.2 8.1 44 1798 79 79 4288 45
10 64.3 7 45 1853 76 80 4421 99
11 645 8.8 [[46 1921 5.3 81 450.1 74
12 65.6 4.1 A7 1938 5.9 82 4965 48
13 68 37 148 1951 11 83 499.7 10
14 718 6.2 49 1952 5.1 84 5046 84
15 721 8.4 50 1954 94 85 523.1 5
16 784 68 51 1964 5.6 86 5317 85
17 784 4.6 52 1996 6.8 87 5564  11.8
18 795 57 |53 2044 37 88 5714 59
19 832 105 |54 207.8 124 89 5841 83
20 85.1 48 55 219 7.6 90 5976 4.2
21 856 5.4 56 2229 48 91 6062 8.2
22 86 101 |57 2251 5.7 92 609 9.7
23 873 7.9 58 2276 6.5 93 6354 5.6
24 891 103 || 59 2405 3.8 94 6722 72
25 954 6.2 60 241.1 84 95 6959 2.7
26 101.9 48 [[61 2522 83 96 696.4  10.6
27 1054 56 62 2622 5.8 97 7213 98
28 1072 22 63 2779 87 98 752 4.2
29 1082 33 64 2783 6.2 99 7695 9.7
30 112 87 |65 3034 88 100 7727 9.6
31 1123 57 |66 309.7 3.9 101 791.6 2
32 1135 94 |67 3239 41 102 799.9 114
33 1143 35 68 3287 41 103 9486 5.2
34 116.8 6 69 3412 65 104 9718 111
35 1178 57 |70 3473 49 105 9912 88
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2.4. Reference and Probability-Matching Priors for a

Common Coefficient of Variation

As mentioned the Bayesian paradigm emerges as attractive in many types of statis-

tical problems, also in the case of the coefficient of variation.

Prior distributions are needed to complete the Bayesian specification of the model.
Determination of reasonable non-informative priors in multi-parameter problems
is not easy; common non-informative priors, such as the Jeffreys’ prior can have

features that have an unexpectedly dramatic effect on the posterior.

Reference and probability-matching priors often lead to procedures with good fre-
quentist properties while returning to the Bayesian flavor. The fact that the resulting
Bayesian posterior intervals of the level 1 — « are also good frequentist intervals at

the same level is a very desirable situation.

See also Bayarri and Berger (2004) and Severine, Mukerjee, and Ghosh (2002) for a

general discussion.

2.4.1. The Reference Prior

In this section the reference prior of Berger and Bernardo (1992) will be derived for

a common coefficient of variation, ~, across the range of sample values.

Berger, Liseo, and Wolpert (1999) derived the reference prior for the coefficient
of variation in the case of a single sample. From the medical example given in
Kang, Lee, Seong, and Hawkins (2007) it is clear that the standard deviation of
measurements is approximately proportional to the mean; that is, the coefficient of
variation is constant across the range of means, which is an indication that the a

reference prior for a constant coefficient of variation should be derived.

Theorem 2.2. Let X;; ~ N (p;,0?) where i = 1,2,...,m, j = 1,2,...,n, and the

i
coefficient of variation is a=lt=. =00

The reference prior for the ordering {v; (c},0%,...,02)} is given by

2 2 2

1 LI
PR (7,01,02,...,0m> x ngi 2
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Note: The ordering {v;(c%,03,...,02)} means that the coefficient of variation is

» O
the most important parameter while the m variance components are of equal im-
portance, but not as important as v. Also, if m = 1, the above equation simplifies

to the reference prior obtained by Berger, Liseo, and Wolpert (1999).

Proof. The proof is given in the Mathematical Appendices to this chapter. O]

2.4.2. Probability-matching Priors

The reference prior algorithm is but one way to obtain a useful non-informative prior.
Another type of non-informative prior is the probability-matching prior. This prior

has good frequentist properties.

As mentioned in the introduction p (@) is a probability-matching prior for § =

[v,0%, 02, ... 02], the vector of unknown parameters, if the following differential

»Ym

equation is satisfied:

> S (T @) =0
where
FOV0) Y
T<0)_W2(9)F1 <9>vt<9>_“1 @ T20) - Tan® ]
and
Vi) = [ 210 5t@) - H2t®) ]

t(0) is a function of § and F~! () is the inverse of the Fisher information matrix.

Theorem 2.3. The probability-matching prior for the coefficient of variation v and

the variance components is given by
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pM(70202 02>o<1m0_20<1ﬁ0_2
» Y1 Y2y Y 1 7 %
V] (1+29%)2 iz Yy/72 + 5 i
Proof. The proof is given in the Mathematical Appendices to this chapter. ]

From Theorems 2.2 and 2.3 it can be seen that the reference and probability-
matching priors are equal and that Bayesian analysis using either of these priors

will yield exactly the same results.

Note that the reference (probability matching) prior in terms of v and the standard

deviations, 01,09, ...,0 is
.
1 ~1

1 U,
p(7701a027"'70m)0<—7nai 0(7]__[0-;
7] (1 +292)% i /72 + L i

2.4.3. The Joint Posterior Distribution

By combining the prior with the likelihood function the joint posterior distribution

of v,01,09,...,04 can be obtained.

m N2
p(v,01,02,...,00m|data) H (ai)f("ﬂ) exp {— 1 [n <a_:, — UZ) +(n—-1) 3221 } X

)
i=1 20;

In Theorem 2.4 it will be proved that Equation (2.3) is proper and can be used for

inferences.

Theorem 2.4. The posterior distribution p (v, 01,09, ...,04|data) is a proper dis-
tribution.

Proof. The proof is given in the Mathematical Appendices to this chapter. m
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From Equation (2.3) the conditional posterior distributions follow easily as

p(o1,09,...,04|7, data) o< [] (o) "+ oxp {—2 [n <xz - U) +(n—1) 5?2
; Y

} with o7 > 0

i=1 i
(2.4)
1 na 1 [ o; 2 .
p(Y|o1, 00, ..., 05, data) x —————expl —= > — (Ti— — with —oo < v < 00
] (1427%)2 2 iz 0 i
(2.5)

For the medical example, n = 5 and m = 105.

By using the conditional posterior distributions (Equations (2.4) and (2.5)) and
Gibbs sampling the unconditional posterior distribution of the coefficient of varia-

tion, p (7y|data) can be obtained as illustrated in Figure 2.1.

Figure 2.1.: Histogram of the Posterior-Distribution of v = <

I
160 ——
: M1 \L .
Moo e T N— e -
i ; ;
L | R -
o
1
7
0.065 0.0r 0075

T

mean (v) = 0.0742, mode () = 0.0739, median () = 0.0741, var (7) = 6.0467¢~°
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From a frequentist point of view Kang, Lee, Seong, and Hawkins (2007) mentioned
that the best way to pool the sample coefficients of variation is to calculate the root

mean square § = /2 ¥, w? = |/15-(0.593515) = 0.0752.

It is interesting to note that the root mean square value is for all practical purposes

equal to the mean of the posterior distribution of ~.

By substituting each of the simulated ~ values of the posterior distribution into the
conditional predictive density f (w|y) and using the Rao-Blackwell procedure the
unconditional posterior predictive density f (w|data) of a future sample coefficient

of variation can be obtained. This is illustrated in Figure 2.2 for n = 5.

Figure 2.2.: Predictive Density f (w|data) for n =5

' ' ' ' ' ' ' '
' ' ' ' ' ' ' ' '
' ' ' ' ' ] ' ' '
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' ' ' ' ' ' ' ' '
' ' ' ' ' ' ' ' '

L {1 S S S e R -

L] 02 o0 006 008 b1 012 014 016 018 02
w

mean (w) = 0.0698, mode (w) = 0.0640, median (w) = 0.0674, var (w) = 6.5408¢~*
99.73% equal-tail interval = (0.0115;0.1582)
99.73% HPD interval = (0.0081;0.1511)

Kang, Lee, Seong, and Hawkins (2007) calculated lower (LCL=0.01218) and upper
(UCL=0.15957) control limits which are very much the same as the 99.73% equal-tail

prediction interval.

Kang, Lee, Seong, and Hawkins (2007) then applied their control chart to a new
dataset of 35 patients from a different laboratory. Eight of the patients’ coefficient

of variation (based on five observations) lie outside the control limits. Since the
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99.73% equal-tail prediction interval is effectively identical to the control limits of

Kang, Lee, Seong, and Hawkins (2007) our conclusions are the same.

In what follows the Bayesian posterior predictive distribution will be used to derive
the distribution of the run-length and the average run-length (ARL).

As mentioned the rejection region of size 5 (8 = 0.0027) for the predictive distribu-

tion is

= wl|data) dw.
8 /R(B)f(\ ta)

In the case of the equal-tail interval, R () represents those values of w that are
smaller than 0.0115 or larger than 0.1582.

It is therefore clear that statistical process control is actually implemented in two
phases. In Phase I the primary interest is to assess process stability. The practitioner
must therefore be sure that the process is in statistical control before control limits

can be determined for online monitoring in Phase II.

Assuming that the process remains stable, the predictive distribution can be used to
derive the distribution of the run-length and average run-length. The run-length is
defined as the number of future coefficients of variation, r until the control chart sig-
nals for the first time. (Note that r does not include the coefficient of variation when
the control chart signals.) Given « and a stable Phase I process, the distribution of

the run-length r is geometric with parameter

W (y) = /R (el

where f (wl|y) is the distribution of a future sample coefficient of variation given ~
as defined in Equation (2.2).

The value of 7 is of course unknown and the uncertainty is described by the posterior

distribution.

The predictive distribution of the run-length or the average run-length can therefore

easily be simulated. The mean and variance of r given v are given by
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1—W(y)
B () = 5
and
1—V(y)
Var () = ~gr e

The unconditional moments F (r|data), E (r?|data) and Var (r|data) can therefore

easily be obtained by simulation or numerical integration. For further details see
Menzefricke (2002, 2007, 2010b,a).

In Figure 2.3 the predictive distribution of the run-length is displayed and in Figure
2.4, the distribution of the average run-length is given for the 99.73% equal-tail

interval.

Figure 2.3.: Predictive Distribution of the Run-Length f (r|data) for n =5

. : ;
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r

E (r|data) = 373.1327, Median (r|data) = 252.420

As mentioned for given «y, the run length r is geometric with parameter W (). The
unconditional run length displayed in Figure 2.3 is therefore obtained using the Rao-

Blackwell method, i.e., it is the average of the conditional “run-lengths”. Figure 2.4
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on the other hand is the distribution of E (r|y) for each simulated value of 7, i.e.,

the distribution of the expected run-length.

Figure 2.4.: Distribution of the Expected Run-Length

N |-l .

L 1
1] L 100 150 250 E |1} k) 4 450

2
Elr|v]
Mean = 373.1347, Median = 398.3835

From Figure 2.3 it can be seen that the expected run-length, E (r|data) = 373.1327,
is the same as the ARL of 370 given by Kang, Lee, Seong, and Hawkins (2007). The
median run-length, Median (r|data) = 252.420 is smaller than the mean run-length.
This is clear from the skewness of the distribution. The means of Figure 2.3 and

Figure 2.4 are the same as it should be.

In the case of the highest posterior density (HPD) limits, R () represents those
values of w that are smaller than 0.0081 and larger than 0.1551. The expected
run-length is now E (r|data) = 383.3208 and Median (r|data) = 239.850. For the
distribution of the expected run-length (E (r|v)), the Mean = 383.5127 and the
Median = 360.9072.

A comparison of the above given results show that the run-lengths do not differ

much for equal-tail and HPD limits.

Further results are given in Table 2.2.

33



A Bayesian Control Chart For a Common Coefficient of Variation for the Normal

Chapter 2 Distribution
Table 2.2.: Descriptive Statistics
Figure
Descriptive 2.1 2.2 2.3 24 f (r|data) Exp Run
Statistics p (v|data) f (w|data) [ (r|data) Exp Run HPD Limits Length
Equal-tail Length HPD Limits
Equal-tail
Mean 0.0742 0.0698 373.1327 373.1347 383.3208 383.5127
Median 0.0741 0.0674 252.420 389.3835 239.850 360.9077
Mode 0.0739 0.0640 - - - -
Variance 6.0467¢=6 6.5408¢ 4 1.4500€° 3.448¢3 1.911¢° 2.3182¢4
95% (0.0697; (0.0252; (3; 1404) (210.1463; (7.08; (139.5615;
Equal-tail 0.0794) 0.1242) 430.6457) 1584.60) 735.6124)
95% HPD (0.0695; - (0; 1284) (258.4241; | (0;1233.3) | (124.3392;
0.0792) 430.8225) 706.9055)
99.73% - (0.0115; ; : ; -
Equal-tail 0.1582)
99.73% - (0.0081; - - - -
HPD 0.1511)

2.5. Simulation Study

In this section a simulation study will be conducted to observe if the 95% Bayesian

confidence interval for v have the correct frequentist coverage.

For the simulation study the following combinations of parameter values will be

used:
wi | 10 20 30 40 50 60 1000 1010 1020 1050
o; 1075 1.5 225 3.0 3.75 75 78.15

which means that v = ﬁ = 0.075, ¢+ = 1,2,...,m and m = 105. These parame-
ter combinations are representative of the parameter values of the medical dataset
on patients undergoing organ transplantation analyzed by Kang, Lee, Seong, and
Hawkins (2007). As mentioned, the dataset consist of /i = 105 patients and the
number of assays obtained for each patient is n = 5. As a common estimator of ~,

the root mean square 4 = 0.075 was used.

For the above given parameter combinations a dataset can be simulated consisting

of m samples and n = 5 observations per sample. However, since we are only
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interest in the sufficient statistics X; and S; these can be simulated directly, namely

022
X;~N <,uz-, Jj) and S? ~ ZiXno1

n—1
The simulated X; and S? (i = 1,2,...,7) values are then substituted in the condi-
tional posterior distributions p (01, 09, . .., 0|7, data) and p (|01, 09, . . ., 04) (Equa-

tions (2.4) and (2.5)). By using the conditional posterior distributions and Gibbs
sampling the unconditional posterior distribution p (7y|data) can be obtained. A

confidence interval for v will be calculated as follows:

Simulate [ = 10, 000 values of v and sort the values in ascending order ;) < Y2) <
< -

Let Ky = {%l} and Ky = [(1 — %) l} where [a] denotes the largest integer not greater
than a. {’y( K KQ)} is then a 100 (1 — a)) % Bayesian confidence interval for ~.
By repeating the procedure for R = 3,000 datasets it is found that the 3,000

95% Bayesian confidence intervals (o = 0.05) cover the parameter v = 0.075 in

2,841 cases. An estimate of the frequentist probability of coverage is therefore
P A0 <7 < A | = 0.9470. Also P {y < Jxepy } = 0.00217 and P {7 > Fxe,) } =
0.0313.

2.6. Additional Details on Priors and Methods Used

Upon suggestion from external assessor further details on priors and methods used

in this Chapter and throughout the thesis is provided in this section.

2.6.1. Reference Priors

Suppose the data Y depends on a k x 1 vector of unknown parameters §. The refer-
ence prior method is motivated by the notion of maximizing the expected amount of
information about @ provided by the data Y. The expectationis E [D (p (8]Y),p(0))]

where

D (p(0Y).p(6) = / p(0]Y ) log

[W’W)

p(9) ] v

is the Kullback-Lieber divergence.
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The actual reference prior method stems from a modification of the notion of maxi-
mizing the expected information provided by the data. Berger and Bernardo (1992)
define Z, = [Y,,Y,,...,Y,] to be a vector containing data from ¢ replications of an
experiment. The first step in the reference prior method is to choose a prior dis-
tribution to maximize E [D (p (8]Y),p(8))] for each t. The reference prior is then
given as the limit of these priors. The algorithm for generating reference priors is
described by Berger and Bernardo (1992) and Robert (2001). Only some of the

features of the algorithm are described below:

1. Assume that the Fisher information matrix for €, F' (@), exists and is of full
rank. Denote S = F~! (0).

2. Separate the parameters into r groups of sizes ny, no, . . ., n, that correspond to
their decreasing level of importance, i.e., 0 = [0(1):0):. .. 59(74)} where 0;) =
(01, O0n ), B2y = [Ony o1, 0] and By = [Ox, 51, .-, 0] with N; =
Zj-:l n; for j =1,...,r. Note that 0y is the most important and 0, is the

least.
3. Define, for j =1,...,7, 8 = [0y, ..., 0| and 09 = [0;,1),..., 0] so that
6 = |06
4. Decompose the matrix S according to the r groups of sizes ni,ns, ..., n,, i.e.,
An Ay Ay
S = A‘Ql A.QQ o where A;; is an n; X n; matrix.
A A o Ay

5. Define S; as the N; x N; matrix consisting of elements from the upper left
corner of S with S, = S.

6. Let H; = Sj_l. Then define h; to be the n; X n; matrix contained in the upper
lower right corner of H; for j =1,...,7.
7. Define the n; x N;_; matrix B; = [Aﬂ Ajs ... Ajj_l}, for j=2,...,r, of
sizes (TL] X Nj—l)'
-1
8. It is straightforward to very that for j = 2,...,r h; = [Ajj — BjHj_lB]’}
ijl + ijlB;‘thjijl —ijlB;‘hj
—h;B;H;_4 h;
9. Iteratively calculate Hs,..., H, and hence hsy,...,h, to obtain the ordered

and H; =

reference priors under asymptotic normality.
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According to Bernardo (1998), the derivation of the ordered reference prior is greatly

simplified if the h; () terms depend only on Qm, and not on Qm, then

Often some of the integrals appearing in the integral are not defined. Berger and
Bernardo (1992) then propose to derive the reference prior for compact sets of ik
of 6 and to consider the limit of the corresponding reference priors as [ tends to
infinity and @' tends to 0.In general, the resulting limits do not depend on the choice

of sequence of compact sets.

As in the case of the Jeffrey’s prior, the reference prior method is derived from the
Fisher information matrix. Berger and Bernardo (1992) recommended the reference
prior be based on having each parameter in its own group, i.e., having each condi-
tional reference prior only be one-dimensional. The notation {6, 6,03} means that

the parameter 0 is the most important and 3 the least important.

2.6.2. Probability Matching Priors

The study of priors ensuring, up to the desired order of asymptotics, the approximate
frequentist validity of posterior credible sets has received significant attention in
recent years and a considerable interest is still continuing in this field. Bayesian
credible sets based on these priors have approximately correct frequentist coverage as
well. Such priors are generically known as probability matching priors, or matching
priors in short. As noted by Tibshirani (1989) among others, study in this direction
has several important practical implications with appeal to both Bayesians and

Frequentists:

1. First, the ensuing matching priors are, in a sense, non-informative. The ap-
proximate agreement between the Bayesian and frequentist coverage probabil-
ities of the associated credible sets provided an external validation for these
priors. They can form the basis of an objective Bayesian analysis and are
potentially useful for comparative purposes in subjective Bayesian analyses as

well.

2. Second, Bayesian credible sets given by matching priors can also be interpreted

as accurate frequentist confidence sets because of their approximately correct
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frequentist coverage. Thus the exploration of matching priors provides a route
for obtaining accurate frequentist confidence sets which are meaningful also to

a Bayesian.

3. In addition, the research in this area has led to the development of a powerful
and transparent Bayesian route, via a shrinkage argument, for higher order

asymptotic frequentist computations.

Further, Berger states (in Wolpert (2004)) that frequentist reasoning will play an
important role in finally obtaining good general objective priors for model selection.
Indeed, some statisticians argue that frequency calculations are an important part

of applied Bayesian statistics (see Rubin (1984) for example).

There are two methods for generating probability-matching priors due to Tibshi-
rani (1989) and Datta and Ghosh (1995). Tibshirani (1989) generated probability-
matching priors by transforming the model parameters so that the (single) parameter
of interest is orthogonal to the other parameters. The prior distribution is then taken
to be proportional to the square root of the upper left element of the information

matrix in the new parametrization.

Datta and Ghosh (1995) provided a different solution to the problem of finding
probability-matching priors. They derived the differential equation that a prior must
satisfy if the posterior probability of a one-sided credibility interval for a parametric
function and its frequentist probability agree up to O (n~1) where n is the sample

size.

The exact definition of Datta and Ghosh (1995) is as follows: Suppose Y7,Ys,...,Y,
are independently and identically distributed with density f (v, #) where 8 = [0,6,, ..
is a k-dimensional vector of parameters and the parameter of interest is ¢ (§), which
is a real-valued twice continuously differentiable parametric function. Consider a
prior density for €, p(€), which matches frequentist and posterior probability for

t (0) as follows: For —oo < 2z < o0

Ao (t©) ~1(8)) = <#l¥] + 0, (n7")

N
/N
~
—~~
D
~—
I
~~
/N
>
N—
N—
| —
AN
N
—_—
|
5V
=
| —
S
[SIE

where 6 is the posterior mode or maximum likelihood estimator of 8, 72 is the

asymptotic posterior variance of n2 {t 0) —t (Q)} up to O, (n_%>, P (+) is the joint
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posterior measure of Y = [Y},Ys,...,Y,] under 6, and P (-|Y) is the posterior
probability measure of # under the prior P (f). According to Datta and Ghosh
(1995), such a prior may be sought in an attempt to reconcile a frequentist and
Bayesian approach or to find (in some cases validate) a non-informative prior, or to

construct frequentist confidence sets.

Let
Vo) = 3(3175(9)7~ 78(;75(9)
and
n(8) = Fav 9 =[m(0),....m @)

where F () is the Fisher information matrix and F~! () is its inverse. It is evident
that n' (8) F (8)n(0) = 1 for all §. Datta and Ghosh (1995) proved that the agree-
ment between the posterior probability and the frequentist probability holds if and
only if

LG
> g (2 @p (@)} =0.

a=1

Henceforth p (@) is the probability-matching prior for €, the vector of unknown

parameters.

The method of Datta and Ghosh (1995) provides a necessary and sufficient condition
that a prior distribution must satisfy in order to have the probability-matching prior
property. They pointed out that their method is more general than Tibshirani’s,
but will yield equivalent results when the parameter of interest is defined to be the

first parameter in an orthogonal parametrization.

2.6.3. Rao-Blackwell Method

Throughout this thesis, the Rao-Blackwell method is used to compute predictive

distributions. In summary the Rao-Blackwell Theorem provides a process by which

39



A Bayesian Control Chart For a Common Coefficient of Variation for the Normal
Chapter 2 Distribution

a possible improvement in efficiency of an estimator can be obtained by taking its
conditional expectation with respect to a sufficient statistic. In this thesis this is
applied by taking the average over a large set of simulated conditional distribu-
tions. For a full explanation on the Rao-Blackwell theorem, refer to Rao (1945) and
Blackwell (1947).

2.7. Conclusion

This chapter develops a Bayesian control chart for monitoring a common coeffi-
cient of variation across a range of sample values. In the Bayesian approach prior
knowledge about the unknown parameters is formally incorporated into the process
of inference by assigning a prior distribution to the parameters. The information
contained in the prior is combined with the likelihood function to obtain the poste-
rior distribution. By using the posterior distribution the predictive distribution of

a future coeflicient of variation can be obtained.

Determination of reasonable non-informative priors in multi-parameter problems is
not an easy task. The Jeffreys’ prior for example can have a bad effect on the pos-
terior distribution. Reference and probability-matching priors are therefore derived
for a common coefficient of variation across a range of sample values. The theory
and results are applied to a real problem of patients undergoing organ transplan-
tation for which Cyclosporine is administered. This problem is discussed in detail
by Kang, Lee, Seong, and Hawkins (2007). The 99.73% equal-tail prediction inter-
val of a future coefficient of variation is effectively identical to the lower and upper
control chart limits calculated by Kang, Lee, Seong, and Hawkins (2007). A simu-
lation study shows that the 95% Bayesian confidence intervals for v has the correct

frequentist coverage.

The example illustrates the flexibility and unique features of the Bayesian simulation

method for obtaining posterior distributions, prediction intervals and run-lengths.

Mathematical Appendix to Chapter 2

Proof to Theorem 2.1

_ Sfe _V

W:

S
X X/o Y
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-1)82

Since U5 2 | = X%, it follows that V' = g

1 .
~ —=x7 and for given p and
7 \/?X 7 g M
o,Y = % ~ N (’y‘l, %) where v = % is the population coefficient of variation.The
joint distribution
T of

_ _ ()T e {-f} v n 1)
o= 1010 =" S e (-1t

[

From this it follows that the joint distribution of W and Y is given by

17 _
o (f)gf(wy)f71exp{—%w2y2f}‘y| Vn n 1)2
[ (w,y) = 2%(,;72)11(%") Var SXP T2 (y - ;)

17 .
N w2 F
(F)2 wf 1\/ﬁexp{_%’y27(l7}:jrufw)}yfexp -1

1 2
+f 2\2 _ n :|
y(n v ) 'y(n+fw2)% }

2%(%2)1“(%)\/?

Let
(f) RS exp {_;728{—1:;11)) }
A(w) = — -
2:(I-2)r (1) Vor
then
2
Fw)y=atw) [ expl =2 |y (nr fu?)? LB
w=Aw) [ ew iyt o St fuy | [
Let y (n + wa)% = ¢, then
2
T AT I n
f(w) = A(w) (n+ fuw? / —lg— N
w w <n w) /ooq exp 5 q ’y(n+fw2)§ q
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Therefore

(o) 107 <V(n+fwz)%> w20

f(wly) =
(07 aw) I~< n ) ifw < 0
(n+fw2)%(f+1) f 7<n+f~w2)%
where
2
n 2 1 n
I | ————= :/ q’ exp D) 49— - dgq
fy<n—|—fw2)2 o0 v (n+fw2)2
and f=n—1.

Proof of Theorem 2.2

The likelihood function is given by

L (% o? o2, ...,afhldata) x ﬁ (01‘2)_
i=1

©f3
o
>
ko]
—
|
\H
SN
1
3
/N
§|
|
219
~_
[\
+
£
|
=
w
|
———

where z; = 1 Y ayand (n—1) st = = >0 (ij — :fi)z.

By differentiating the log likelihood function, LogL, twice with respect to the un-

known parameters and taking expected values the Fisher information matrix can be

obtained.
U o\’
LogL  log L (7,0%,03, ...,Jg.,b|data) =—— Zlogo —= Z o [n (ml - Z) +(n—1) sf]
i—1 i v
and
0?LogL _n(1 > ona? 3nz (n—1)s?
(907)" 2 \o? 2(03)° Aol (o})
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Therefore

0?LogL n(1\
_El@a%)?] _2<03> {”

Also

B l(?ZLogL

do?0a?

Further

=2

(07)2 i=1

O?LogL X (2nZ;  3n
oyt !

and

74

_r [E)QLogL] _mn
(07)°

] =0 wherei=1,2,...,m, [

1
}Where 1=1,2,...,m.
~

1,2,...,m and i # [.

If LogL is differentiated with respect to o? and v we get

02 LogL NI
D020y 2420}

and

29302

0?LogL -n
—£ [ D20y ]

The Fisher information matrix then follows as
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Fy F
F (77 0%70';7"'70-72?1) . .
For Fy
where
mn / -n —-n —Nn
Fu=—5 Po=Fn=| 50 5t o w |
and
[0 (1)? 1 ]
3 (%) {1+ . 0
n (1 1
. 0 n (g) 1+ 55 ) 0
n ()2 1
_ 0 0 I ICORIES=10
To calculate the reference prior for the ordering {v; (02,03, ...,0%)}, Fi1.0 must first

be calculated and then |Fy|. Now

mno mn 1 2mn
11-2 11 124792 £721 74 A4 <1+2,72> 72 (1_‘_272) !
and
() ox b ox ——
py) X i & T e——r-
2+ d
Also

44



Mathematical Appendix

which means that

1o/
p(a%,ag,...,afhh) o hd oc [] (02>.

i=1 %

Therefore the reference prior for the ordering {v; (0%,03,...,02)} is

2 2 2

PR (’y,af,ag, . 70m) :p(v)p(af,%,...,amh) X W;T;f[laﬁ_ (2.6)

Proof of Theorem 2.3

Using the previously derived Fisher information matrix we can calculate

PO p2 g3 pla
PR PR pB L pra
Fl (Q) — 1 (fy)o’%,(f%,...,af.h) =
Fm+1,1 Fm+1,2 Fm+173 . Ferl’erl
Let
t(0) :t(y,a%,a%,...,g%) = 7.
Since
V() =] 2t st (0) - gl ®]=[10 - 0
we have that
V/ (Q) — {Fll F12 Fl’m+1}
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and

V(L4299 2
2nm ’

VY (0) F~1 () Y, (0) = {

where
1, () - 2020
- (2nm)?
T, (Q) _ (2>§ ‘7% _
{nin (14 292)}2
T, (0) = (2)? ‘7% :
{rin (1 +272)}2
and
(2)% 02,
T (0) = :
O s 2]
The prior

1 mo

— 1119 (2.7)
[y (1 +292)2 i1

pu (0) = pu (7,0%,03,...,0%) x
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is therefore a probability-matching prior since

gi{rlaanrenw+a§%{TQ«»pM«en~+-~%-aii{rm+1@»pM<a»::o

Proof of Theorem 2.4

The joint posterior distribution given in Equation (2.3) can be written as

1 " n z2 1\t
p(’}/70'1,0'2,...70'm|d(lta) X mnizl{exp |:_272 (]_— D?):| (;1) X
B 2
o [0 (2 ) )

= 1 1 = \2
where 7; = + 30 x5, DF = L0 xp; and (n— 1) s7 = 37 (25 — T4)”

Therefore

p(yldata) = [T [0 (v 01,00, ... on|data) dordos . . . doy,
1 n_ i 7
< e {—g i (- F)
T oo 1\ n2 (1 2\
i=1 fo ((,j) exp | —50; (m- - D%) do;

which is proper. As mentioned by Berger et al. (1999) it is usually the case that the

reference and Jeffreys’ priors will yield proper posterior distributions.
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3. Bayesian Control Charts for the

Standardized Normal Mean

3.1. Introduction

As mentioned in Chapter 2 there are some situations in practice where the mean is
not a constant and the usual SPC reduces to the monitoring of the variability alone.
As a further complication it sometimes happens that the variance of the process is

a function of the mean.

The proposed remedy depends on the nature of the relationship between the mean
and the variance of the process. In Chapter 2 we looked at the coefficient of variation
as one remedy. Another common relationship that we will look at is when the
mean and standard deviation is directly proportional so that the standardized mean
(0 = £) is a constant. According to Kang, Lee, Seong, and Hawkins (2007) this is

often the case in medical research.

Scientists at the Clinical Research Organization, Quintiles, also confirmed that the
standardized mean or coefficient of variation of drug concentrations is constant or
approximately constant. By using frequentist methods, Kang, Lee, Seong, and
Hawkins (2007), developed a Shewart control chart, equivalent to the S chart, for
monitoring the coefficient of variation using rational groups of observations. The
control chart developed by them is a time-ordered plot of the coefficient of variation

for successive samples. It contains three lines:
e A center line;
e The upper control limit (UCL);
e The lower control limit (LCL).

By using the posterior predictive distribution in this chapter, a Bayesian procedure

will be developed to obtain control limits for a future sample standardized mean.
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These limits will be compared to the classical limits obtained by Kang, Lee, Seong,
and Hawkins (2007).

3.2. Frequentist Methods

Assume that X, (j = 1,2,...,n) are independently, identically normally distributed

with mean p and variance o?. X = % 7-1Xj Is the sample mean and S? =
_\2

ﬁ f) (X ;=X ) is the sample variance. The sample coefficient of variation is

defined as

S

and the sample standardized mean as

0).\ <l

W=

Kang, Lee, Seong, and Hawkins (2007) suggested a control chart for the sample
coefficient of variation, similar to that of the X, R and S charts. By deriving

a canonical form for the distribution of the coefficient of variation they obtained

control limits for a selection of values of n and v = % The probability of exceeding
these limits is % on each side when the process is in control.

In this chapter the emphasis will rather be on the inverse of the coefficient of vari-
ation, i.e., the standardized mean. From a statistical point of view it is easier to

handle the standardized mean than the coefficient of variation.

It is well known that

T = \/ZX = /W

follows a non-central t distribution with (n — 1) degrees of freedom and non-centrality
parameter \/nd. Inferences about a future standardized mean can therefore be made

if 4 is known.

50



3.2 Frequentist Methods

3.2.1. The Data

The example used by Kang, Lee, Seong, and Hawkins (2007) and also described in
Chapter 2 of this thesis, will be used for this chapter.

As mentioned, in this chapter the emphasis will be on the standardized mean § = £.
By using the predictive distribution, a Bayesian procedure will be developed to
obtain control limits for a future sample standardized mean. Assuming that the
process remains stable, the predictive distribution can be used to derive the distri-
bution of the run-length and average run-length. In the last section of this chapter a
simulation study will be conducted to evaluate the accuracy of our Bayesian proce-
dure. A plot of the sample standardized means against the sample means are given

in Figure 3.1.

Figure 3.1.: Scatter Plot of Sample Standardized Mean Versus Sample Mean
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From Figure 3.1 and the least squares regression line it is clear that a common
standardized mean assumption is appropriate for the Phase I Cyclosporine data.
The analysis of variance test in Table 3.1 confirms that there is no evidence that the
standardized mean depends on the mean. A common standardized mean control

chart is therefore justified for ongoing control.
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Table 3.1.: Regression Test of Dependence of Standardized Mean on Mean

Source SS df MSS F P-value
Regression 8.7093 1 8.7093 0.1272  0.722

Error 7052.7 103 68.4731

Total 7061.4 104 67.8984

Note that the p-value of 0.722 is larger than the p-value of 0.245 calculated by Kang,
Lee, Seong, and Hawkins (2007) for the coefficient of variation which might be an
indication that a common standardized mean is more appropriate to use than a

common coefficient of variation.

3.3. Bayesian Procedure

The non-central t distribution can be used to make inferences about a future stan-

dardized mean if § is known. In practice ¢ is usually unknown.

By assigning a prior distribution to the unknown parameters the uncertainty in the
estimation of the unknown parameters can adequately be handled. The information
contained in the prior is combined with the likelihood to obtain the posterior dis-
tribution of §. By using the posterior distribution the predictive distribution of a
future standardized mean can be obtained. The predictive distribution on the other
hand can be used to obtain control limits and to determine the distribution of the
run length. Determination of reasonable non-informative priors is however not an
easy task. Therefore, in the next section, reference and probability matching priors

will be derived for a common standardized mean across the range of sample values.

3.4. Reference and Probability-Matching Priors for a
Common Standardized Mean

As mentioned the Bayesian paradigm emerges as attractive in many types of statis-

tical problems, also in the case of the standardized mean.

Prior distributions are needed to complete the Bayesian specification of the model.

Determination of reasonable non-informative priors in multi-parameter problems
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is not easy; common non-informative priors, such as the Jeffreys’ prior can have

features that have an unexpectedly dramatic effect on the posterior.

Reference and probability-matching priors often lead to procedures with good fre-
quency properties while returning to the Bayesian flavor. The fact that the resulting
Bayesian posterior intervals of the level 1 — « are also good frequentist intervals at

the same level is a very desirable situation.

See also Bayarri and Berger (2004) and Severine, Mukerjee, and Ghosh (2002) for a

general discussion.

3.4.1. The Reference Prior

In this section the reference prior of Berger and Bernardo (1992) will be derived for

a common standardized mean, ¢, across the range of sample values.

Bernardo (1998) derived the reference prior for the standardized mean in the case of
a single sample. From the medical example given in Kang, Lee, Seong, and Hawkins
(2007) it is clear that the standard deviation of measurements is approximately
proportional to the mean; that is, the standardized mean is constant across the
range of means, which is an indication that the a reference prior for a common

standardized mean should be derived.

Theorem 3.1. Let X;; ~ N (u;,07) where i = 1,2,...,7; j = 1,2,...,n and the

standardized mean is 0 = £ = £2 = ... B2 The reference prior for the ordering
o1 02 Ori
2 2 2\ je o
{6, (07, 03,...,0%)} is given by

[N

DR ((5, 01,05, ... ,a,i) x (1 + ;62> [Io:2 (3.1)
i=1

Proof. The proof is given in the Mathematical Appendices to this chapter. O

Note: The ordering {0, (¢3,03,...,02)} means that the standardized mean is the
most important parameter while the m variance components are of equal impor-
tance, but not as important as . Also if 7 = 1, Equation (3.1) simplifies to the

reference prior obtained by Bernardo (1998).
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3.4.2. Probability-Matching Priors

As mentioned in the introduction p () is a probability-matching prior for § =

[6,0%,0%,... 024}/ the vector of unknown parameters, if the following differential

»Ym

equation is satisfied:

m+1 @

> 55 {(Ta@p @} =0

a=1

where

and

Vi (0) = [ 8%175(@ 6%zt @ - 892+1t(® } :

t (0) is a function of § and F'~! () is the inverse of the Fisher information matrix.

Theorem 3.2. The probability-matching prior for the standardized mean, 0, and

the variance components is given by

"

1 \-4
DM ((5,0%,03,...,072%) o (1 + 252) ’ l—Iai_2
i=1
Proof. The proof is given in the Mathematical Appendices to this chapter. O]

From Theorem 3.1 and Theorem 3.2 it can be seen that the reference and probability-
matching priors are equal and the Bayesian analysis using either of these priors will

yield exactly the same results.

Note that the reference (probability-matching) prior in terms of 4 and the standard
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3.4 Reference and Probability-Matching Priors for a Common Standardized Mean

deviations, 01,09 ..., 05 is
1.\ "z
p(é,al,ag,...,om):(1—1—252) Hai_l.

3.4.3. The Joint Posterior Distribution

By combining the prior distribution with the likelihood function the joint posterior

distribution of 9, o1, 09, ..., can be obtained:

1
202

L\"2 8
p(0,01,09,...,04|data) o (1+252> ’ o; (n+1) exp{—
i=1

{n (Z; — 0:0)° + (n— 1) sﬂ}
(3.2)

where Z; = 15" ;5 and (n— 1) s? = Y (25 — 2;)°

In Theorem 3.3 it will be proved that the joint posterior distribution is proper and

can be used for inferences.

Theorem 3.3. The posterior distribution is p (0,01, 09,...,0n|data) is a proper

posterior distribution.
Proof. The proof is given in the Mathematical Appendices to this chapter. O

The conditional posterior distributions follow easily from the joint posterior distri-

bution:

1.,\"2 i
p(8l01,05. ... o, data) o (1 + 25?) exp {_Z S (@ - ai5)2} (3.3)

and

p(o1,00,...,04|0,data) o< ] (ai_("H) exp {—1 [n (Z; — 0:0)° + (n — 1) Sﬂ }) :
ok

=1
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Chapter 3 Bayesian Control Charts for the Standardized Normal Mean

By using the conditional posterior distributions (Equations (3.3) and (3.4)) and

Gibbs sampling the unconditional posterior distributions can be obtained.

In Figure 3.2 the unconditional posterior distribution of § (the standardized mean),
p (d|data) for the medical data is illustrated (7 = 105 and n = 5).

Figure 3.2.: Histogram of the Posterior Distribution of § = £

g

L)
1 115 12 125 13 135
&

mean (§) = 13.2984, mode (§) = 13.230, median (0) = 13.2733, var (§) = 0.2296

{mean (§)} " = (13.2984)"" = 0.075197 can therefore be used as an estimate for
the common coefficient of variation, 7. As mentioned in Chapter 2, Kang, Lee,
Seong, and Hawkins (2007) used the weighted root mean square estimator 4 =
\/% ST w? = \/W = 0.0752 to pool the samples for estimating v. w; = ;— is

105
the sample coefficient of variation. It is interesting to note that {mean (§)} " is for

all practical purposes the same as 4.

Since T' = /nW ™! = \/nV follows a non-central t distribution with (n — 1) degrees
of freedom and a non-centrality parameter \/nd, f (V|d) can be obtained. By sub-
stituting each of the simulated ¢ values of the posterior distribution of § in f (V9)
and using the Rao-Blackwell procedure (averaging the conditional distributions),
the unconditional posterior predictive density of f (V|data) (a future standardized

mean) can be obtained. This is illustrated by the smooth curve in Figure 3.3.
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3.4 Reference and Probability-Matching Priors for a Common Standardized Mean

The histogram in Figure 3.3 is obtained in the following way. Define a future sample

mean as X; and a future sample standard deviation as Sy. Since V = )S(,—Jf = Z;
Xn—1
n—1

where Z ~ N ((5, ), the histogram of the distribution of V' is obtained by simulating

1

n
§ from the its posterior distribution and then Z ~ N (5, %) Simulate now a x2_,
random variable and calculate V' and repeat the process a large number of times. It

is clear that the two distributions are the same.

Figure 3.3.: Predictive Density f (V|data) for n =5
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mean (V) = 16.6671, mode (V') = 11.910, median (V') = 14.276,
Var (V) = 75.0494
99.73% Equal-tail Interval = (6.212;83.365)
99.73% HPD Interval = (5.176;67.777)

According to this the 99.73% equal-tail interval for a future sample coefficient of
variation is {(83.365)_1 ; (6.212)_1} = [0.011995;0.1609787]. For a 99.73% equal-tail
control chart for the coefficient of variation, Kang, Lee, Seong, and Hawkins (2007)
calculated the lower control limit as 0.1218, the upper control limit as 0.15957 and
as central line they used the root-mean square value 4 = 0.075. The frequentist

limits calculated by them are for all practical purposes the same as our Bayesian
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Chapter 3 Bayesian Control Charts for the Standardized Normal Mean

control limits.

As mentioned Kang, Lee, Seong, and Hawkins (2007) then applied their control chart
to a new dataset of 35 patients from a different laboratory. Eight of the patients’
coefficient of variation (based on five observations) lie outside the control limits.
Since the 99.73% equal-tail prediction interval is effectively identical to the control

limits of Kang, Lee, Seong, and Hawkins (2007) our conclusions are the same.

Also the rejection region of size 8 (f = 0.0027) for the predictive distribution is

g = f (Vldata) dV.
R(B)

In the case of the equal-tail interval, R (f) represents those values of V' that are
smaller than 6.212 or larger than 83.365.

It is therefore clear that statistical process control is actually implemented in two
phases. In Phase I the primary interest is to assess process stability. The practitioner
must therefore be sure that the process is in statistical control before control limits

can be determined for online monitoring in Phase II.

Assuming that the process remains stable, the predictive distribution can be used to
derive the distribution of the run-length and average run-length. The run-length is
defined as the number of future standardized means, r until the control chart signals
for the first time (Note that r does not include that standardized mean when the
control chart signals). Given ¢ and a stable Phase I process, the distribution of the

run-length r is geometric with parameter

W (6) = /R Vv

where f (V|0) is the distribution of a future standardized mean (y/nV is a non-
central t distribution with (n — 1) degrees of freedom and a non-centrality parameter
v/nd). The value of 4 is of course unknown and its uncertainty is described by its
posterior distribution. The predictive distribution of the run-length and the average

run-length can therefore easily be obtained.
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3.4 Reference and Probability-Matching Priors for a Common Standardized Mean

The mean and variance of r given ¢ are given by

B0 =
and
Var (rld) = W

The unconditional moments F (r|data), E (r?|data) and Var (r|data) can therefore
easily be obtained by simulation or numerical integration. For further details see

Menzefricke (2002, 2007, 2010b,a).

In Figure 3.4 the predictive distributions of the run-length is displayed for the 99.73%
equal-tail interval as well as for the 99.73% HPD interval. As mentioned for given 9,
the run-length, r, is geometric with parameter v (). The unconditional run-length
given in Figure 3.4 are therefore obtained by the Rao-Blackwell method, i.e., the

average of a large number of conditional run-lengths.
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Chapter 3 Bayesian Control Charts for the Standardized Normal Mean

Figure 3.4.: Predictive Density of Run Length f (r|data)with n =5

3 : : : : :

. . Using 99.73% HPD Intervals
25 | Using 99.73% Equal-tail Intervals |

99.73% Equal-tail Interval:
E (r|data) = 385.943, Median (r|data) = 261.27
99.73% HPD Interval:
E (r|data) = 347.625, Median (r|data) = 238.50

From the figure it can be seen that the expected run-length E (r|data) = 385.943 for
the 99.73% equal-tail interval is somewhat larger than the ARL of 370 given by Kang,
Lee, Seong, and Hawkins (2007). The median run-length, Median (r|data) = 261.27
on the other hand is smaller than the mean run-length. This is clear from the
skewness of the distribution. From Figure 3.4 it is clear that there is some difference

between the mean and median obtained from an equal-tail interval and HPD interval.

Figure 3.5 illustrates the distribution of F (r|data) for each simulated value of §,
i.e., the distribution of the expected run-length in the case of the 99.73% equal-tail
interval while Figure 3.6 displays the distribution of the expected run-length for the
99.73% HPD interval.
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3.4 Reference and Probability-Matching Priors for a Common Standardized Mean

Figure 3.5.: Distribution of the Expected Run-Length, Equal-tail Interval, n =5

11| P S R SRRt SRR R SRRt SRR ] i

5 100 150 200 250 300 350 A 450 500
E[r|5]

Mean = 389.63 and Median = 398.21

Figure 3.6.: Distribution of the Expected Run-Length, HPD Interval, n =5

200 250 300 350 400 450 500
E[r| 8]

Mean = 349.505 and Median = 350.711

As it should be the corresponding mean run-lengths in Figure 3.4 are for all practical
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Chapter 3 Bayesian Control Charts for the Standardized Normal Mean

purposes the same as the mean run-lengths in Figures 3.5 and 3.6.

Further descriptive statistics for Figure 3.2 to Figure 3.6 are given in Table 3.2.
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Table 3.2.: Descriptive Statistics for Medical Data

V'€

Cooudrogo

ar

g
Descriptive 3.2 3.3 3.4 3.5 3.4 3.6 a
Statistics p (8|data)  (V|data) f (r|data) Exp Run Length f (r|data) Exp Run Length ;
Equal Tail Equal Tail HPD Limits HPD Limits o
Mean 13.2984 16.6671 385.943 389.630 347.625 349.505 d
Median 13.2733 14.276 261.27 398.210 238.500 350.711 ]
Mode 13.230 11.910 - - - - >
Variance 0.2296 75.0494 1.5538¢" 5.6568¢3 1.2292¢5 1.7614e3 .
95% Equal Tail (12.4056; 14.2805) (7.661; 37.540) (8.41;1469.42) (226.052; 494.735) (7.70; 1298.75) (267.230; 428.919) &
95% HPD (12.3796; 14.2500) (6.830; 32.703) (0;1183.63) (252.514;495.817) (0;1050.56) (268.621;430.002) | 4
99.73% Equal - (6.212; 83.365) - - - - g
Tail E
99.73% HPD - (5.179; 67.777) - - - - O:

IS
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Chapter 3 Bayesian Control Charts for the Standardized Normal Mean

3.5. Simulation Study

In this section a simulation study will be conducted to observe if the 95% Bayesian

confidence intervals for ¢ have the correct frequentist coverage.

For the simulation study the following combinations of parameters will be used:

wi| 10 20 30 40 50 60 --- 1000 1010 1020 --- 1050
o; | 0.75 1.5 225 3.0 3.75 75 78.15

which means that § = % =13.3333, v =0.075, 7 =1,2,...,m and m = 105. These
parameter combinations are representative of the parameter values of the medical
dataset on patients undergoing organ transplantation analyzed by Kang, Lee, Seong,
and Hawkins (2007). As mentioned, the dataset consist of 7 = 105 patients and
the number assays obtained for each patient is n = 5. As a common estimate for ~,

the weighted mean square 4 = 0.075 was used.

For the above given parameter combination a dataset can be simulated consisting of
m samples and n = 5 observations per sample. However since we are only interested
in the sufficient statistics X; and S; these can be simulated directly, namely X; ~
N (Mm Cj) and S? ~ TXna

n—1

The simulated X; and S? (i = 1,2,...,7) values are then substituted in the con-
ditional posterior distributions given in Equation (3.3) and Equation (3.4). By
using the conditional posterior distributions and Gibbs sampling the unconditional
posterior distribution p (d|data) can be obtained. A confidence interval for § will
be calculated as follows: Simulate [ = 10,000 values of § and sort the values in

ascending order 5(1) < 5(2) <. < 5(1).

Let K = {%l} and Ky = {(1 — %) l} where [a] denotes the largest integer not greater
than a. {S(Kl), S(KQ)} is then a 100 (1 — «) % Bayesian confidence interval for §. By
repeating the procedure for R = 3,000 datasets it is found that the 3,000, 95%
Bayesian confidence intervals (a = 0.05) cover the true parameter value 6 = 13.333

in 2,841 cases.

An estimate of the frequentist probability of coverage is therefore P {5( k) <0< 5( KQ)} =
0.9470. Also, P {5 < 5x,)} = 0.0313 and P {5 > dx,) } = 0.0217.

For each dataset the posterior mean, §* of the [ = 10,000 simulated § values is

calculated as well as d = 13.3333 — 0%, the difference between the posterior mean
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3.5 Simulation Study

and the true parameter value. The histograms of the R = 3,000 ¢* and d values
are displayed in Figure 3.7 and Figure 3.8. The histogram of the posterior means ¢*
(Figure 3.7) is for all practical purposes symmetrical. For the d values (Figure 3.8),

the histogram is slightly skew to the left.

Figure 3.7.: Histogram of Posterior Means §*
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Mean (6*) = 13.356; Median (6*) = 13.3439; Var (6*) = 0.2177; 95% Interval =
(12.492;14.298)
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Figure 3.8.: Histogram of d = — ¢*
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Mean (d) = —0.0227; Median (d) = —0.0106; Var (d) = 0.2177; 95% Interval =
(—0.968: 0.838)

3.6. Conclusion

This chapter develops a Bayesian control chart for monitoring a common standard-
ized mean across a range of sample values. In the Bayesian approach prior knowledge
about the unknown parameters is formally incorporated into the process of inference
by assigning a prior distribution to the parameters. The information contained in
the prior is combined with the likelihood function to obtain the posterior distri-
bution. By using the posterior distribution the predictive distribution of a future

standardized mean can be obtained.

Determination of reasonable non-informative priors in multi-parameter problems is
not an easy task. The Jeffreys’ prior for example can have a bad effect on the
posterior distribution. Reference and probability-matching priors are therefore de-

rived for a constant standardized mean across a range of sample values. The theory
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and results are applied to a real problem of patients undergoing organ transplanta-
tion for which Cyclosporine is administered. This problem is discussed in detail by
Kang, Lee, Seong, and Hawkins (2007). The 99.73% equal-tail prediction interval
of a future coefficient of variation (inverse of the standardized mean) is effectively
identical to the lower and upper control chart limits calculated by Kang, Lee, Seong,
and Hawkins (2007). A simulation study shows that the 95% Bayesian confidence

intervals for 0 has the correct frequentist coverage.

The example illustrates the flexibility and unique features of the Bayesian simulation

method for obtaining posterior distributions, prediction intervals and run-lengths.

Mathematical Appendix to Chapter 3

Proof of Theorem 3.1

The likelihood function is given by

m n 1
L (5, ol 03,... ,072.h|data) < I (O‘?) ? exp {—2 {n (Z; — 603)° + (n — 1) Sﬂ}
1=1 )
where Z; = L Y% @5 and (n — 1) S? = Y (2 — 2)°.

By differentiating the log likelihood function [ twice with respect to the unknown
parameters and taking expected values, the Fisher Information matrix can be ob-

tained.

il {n (T — d03)* + (n — 1) Sﬂ

l~o<logL((5,0%,03,...70%]61611561) :—gZIOgU?— .
i=1

DN | —

<00

and
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Therefore

1\ 1
<2> {1—1—52} where ¢ = 1,2,...m.
o} 2

Also
02l
E7<6a%aa%)
Further
2l 1301

. —F <6zl~2> = nm.
(99)

If we differentiate [ with respect to d and o2 we get

82l . —n:?:z
2000?20

1

and

0?l nd
—E = i=12,.. 0.
(aa&ﬁ) 202 ' T S

The Fisher Information matrix now follows as

F, F
F6) = F (0008, 0%) = |0 F2
Fy Fo
where
Fuo=min, Fo = By = [ 5% -+ 5]
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and
HC R s 4
| 0 HER
_ 0 0 g(;m)2{1+;52}
To calculate the reference prior for the ordering {4, (62,03, ...,0%)}, Fi1.o must first

be calculated and then |Fy|. Now

1 1.\ ! 7
Fi15 = Fi1 — F12F2_21F21 = N1 — —nind? (]_ + 52) = % =M
2 2 (1+302)
and
1 1, ~3
p(0) < hi x <1+2(5> .
Also
il = {2 (14 22)V T () =
22 2 i=1 o o
This means that
p (ot otls) hd =TT ().
" i1 \o?
Therefore the reference prior for the ordering {6, (0%,03,...,02)} is

1 .
3 m 5
[Io7

i=1

1\
PR (5, 01,05, .. ,afh) =p(d)p (Uf,ag, o ,af.h|data> x (1 + 252>

Proof of Theorem 3.2

The inverse of the Fisher Information matrix is given by
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Fll F12 F13
F21 F22 F23

Fritll o prndl,2 1,3

Let

we have that

V() F (8) = [Fll Jal Fl,m+1} _ [22;6; —ﬁiz? —ﬁizg
and
- — _ 2+52 %
T @vio - ()
Further
o VOF®)
T (0) = O DvE Ti(0) T20) - Ta(0)]
where
2402\ 2
Tl(e)z(thn) '
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—/2002

Ty (@ = 1 1
(mn)? (2 + §2)2
—\/2502
to(0) = — Y%
(rn)? (2 4 62)2
and
—/2852
Tint1 (Q) = ;\/_ 7 I
(rn)? (2 + 62)2
The prior
2 9 2 1 T2
pM(Q):pM(é,Ul,az,...,am>o<7 o;

(2+ (52)% =

is therefore a probability matching prior since

55 (01 @ pr @) + 505 (T2 @)par O} 4+ 503 (T O)par (9)) = 0.

Proof of Theorem 3.3

The joint posterior distribution given in Equation (3.2) can be written as

-1
p(0,01,09,...,0pldata) o< p(d,01,09,...,04|data) x (1—}—%52) T, exp [—”32 (1 —

1\t np2 (1 &0
X (Uz) X exp [ QDZ« 5~ D7
1 n

T — 2 __ 1 n 2
where z; = =370 x;; and Dy = 370 @y

Therefore

p((5|data) _/ / p((5,01,02,...,am\data)daldag...dam
0 0
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1.,\"2 no? & 72 i 1\t n 1 75\
1 52) B o P () Mpr(s
OC( T3 eXp{ 2 ;( Df)}g{ o) P27 \6 T D2

which is proper. As mentioned by Berger, Liseo, and Wolpert (1999) it is usually the

}

case that the reference and Jeffreys’ priors will yield proper posterior distributions.
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4. Bayesian Control Charts for the
Variance and Generalized Variance

for the Normal Distribution

4.1. Introduction

Quality control is a process which is used to maintain the standards of products pro-
duced or services delivered. As mentioned by Human, Chakraborti, and Smit (2010)
monitoring spread is important in practice since it is an indicator of process quality
and also the spread must be first monitored before the mean control chart should
be constructed and examined. If any of the sample variances plot on or outside the
control limits, they should be examined and if they are discarded, revised values
should be calculated for the estimators as well as for the control limits. Although
the aim of this chapter is to monitor sample variances and generalized variances
that are too large, i.e., upper one-sided control limits, it is also important to look
at samples with very small variances, i.e., two-sided control-charts. Observations
with very small variances or no variance at all seem suspicious and could have been

tampered with (i.e., artificially changed) to suit the quality control procedure.

It is nowadays commonly accepted by most statisticians that statistical process

control should be implemented in two phases:
1. Phase I where the primary interest is to assess process stability; and
2. Phase II where online monitoring of the process is done.

As in Human, Chakraborti, and Smit (2010) the Phase I control charts will be
constructed using the false alarm probability (FAP) which is the overall probability
of at least one false alarm. The nominal false alarm probability value that will be

used is FFAFP, = 0.05. The main difference between our method and that of Human,
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Chakraborti, and Smit (2010) is in Phase II where we are using a Bayesian procedure

to study the in-control run-length.

In this chapter, control chart limits will be determined for the sample variance, S2,
and the generalized variance |S|. Average run-lengths and false alarm rates will also

be calculated in the Phase II setting, using a Bayesian predictive distribution.

4.2. An Example

The data presented in Table 4.1 represents measurements of inside diameters and
represent the number of 0.0001 inches above 0.7500 inches (Duncan (1965)). The
measurements are taken in samples of 7 = 1,2,...,n each (n = 5) over time. Also
shown in Table 4.1 are the sample variances, S? for i = 1,2, ...m samples (m = 10).
These data will be used to construct a Shewart type Phase I upper control chart for
the variance, and also to calculate the run-length for future samples of size n = 5

taken repeatedly from the process.

From the data in Table 4.1 the sample variances are calculated by

1

92 —
opn—1

i (yij — i)’

J=1

The pooled sample variance is then determined as

1 m
Sr=—> 5 =1072.

m;3
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4.3 Statistical Calculation of the Control Limits in Phase |

Table 4.1.: Data for Constructing a Shewart-Type Phase I Upper Control Chart
for the Variance

Sample Number/

Time (i) Yin Y2 Yiz Y Yis S
1 5 11 8 15 6 16.5
2 14 16 11 14 7 123
3 3 6 9 5 10 103
4 15 15 9 15 7 152
bt 1 14 11 12 5 113
6 3 12 9 6 10 7.5
7 10 15 12 4 6 198
8 9 12 9 8 8 27
9 8 12 14 9 10 58

—_
=)

10 10 9 14 14 538

4.3. Statistical Calculation of the Control Limits in
Phase |

The upper control limit, using the data by Duncan (1965) will be obtained as de-
scribed by Human, Chakraborti, and Smit (2010).

It is well known that

(n_l)SiQ 2

0_2 ~ Xn-1

Also, if the underlying distribution is Normal,

m(n—1)S? ) LN
—210 ~ Xm(nfl) = ‘Zanl'

Define

(n—1)S/0> X,

Y;: =
m(n —1) S2/o? X
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where X; ~x2_, (1 =1,2,...,m).

The distribution of Y., = max (Y1 Y2, ...,Y,,) obtained from 100,000 simulations
is illustrated in Figure 4.1. The value b is then calculated such that the false alarm

probability is at a level of 0.05 (also shown in the figure).

The upper control limit is then determined as:

UCL =mbS2 =10 (0.3314) (10.72) = 35.526.

Figure 4.1.: Distribution of Y., = maz (Y1,Ys,...,Y,,) (100,000 simulations)
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The data from Duncan (1965) are presented visually in Figure 4.2. The figure

includes the upper control limit as determined above.
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4.4 Upper Control Limit for the Variance in Phase II

Figure 4.2.: Shewart-type Phase I Upper Control Chart for the Variance - FAP, =
0.05

40

35F —UCL=35526

5 6
Sample Number/Time(i)

In the case of a two-sided control chart the joint distribution of Y,,,;, = min (Y1, Y5, ...

<

and Y. = max (Y1,Ys, ..., Y,,) must first be simulated. The equal-tail values given
in Table 2, Page 868 of Human, Chakraborti, and Smit (2010) are calculated in such
a way that the false alarm probability does not exceed 0.05. For m = 10 and n = 5 it
follows that the lower control limit, LOL = may S} = (10) (0.0039) (10.72) = 0.4181
and the upper control limit, UCL = mb,S; = (10)(0.3599) (10.72) = 38.581.
Since the correlation coefficient between Y, and Y., for m = 10 and n = 5
is —0.2731, the shortest two-sided control limits such that the false alarm proba-
bility does not exceed 0.05 is given by LC'L = (10) (0.0002) (10.72) = 0.0214 and
UCL = (10) (0.3314) (10.72) = 35.5261. This interval is 7% shorter than the equal-

tail interval.

4.4. Upper Control Limit for the Variance in Phase Il

In the first part of this section, the upper control limit in a Phase II setting will be

derived using the Bayesian predictive distribution.

Theorem 4.1. Assume Y;; ~% N (u;,0?) where Y;; denotes the 5t observation

from the i'" sample where i = 1,2,...,m and j = 1,2,...,n. The mean u; and

2

variance o° are unknown.

77



Bayesian Control Charts for the Variance and Generalized Variance for the Normal
Chapter 4 Distribution

2 2

Using the Jeffreys’ prior p(p iz, - ., pm,0%) o 07 2,0% > 0,—00 < p; < 00,i =

1,2,...,m it can be proved that the posterior distribution of o2 is given by

P (UQ\data) = <2> - (E) <02> exp <_W> 02 >0 (4.1)
2

an Inverse Gamma distribution with k =m (n —1) and S =m (n — 1) S
Proof. The proof is given in the Mathematical Appendices to this chapter. [

The posterior distribution given in Equation 4.1 is presented in Figure 4.3.

Figure 4.3.: Distribution of p (0?|data)-Simulated Values
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A predictive distribution derived using a Bayesian approach will be used to obtain
the control limits in a Phase II setting. Let S? be the sample variance of a future
sample of n observations from the Normal distribution. Then for a given o? it follows
that
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(n—1)S} S} )
2 - 2 NXU

o o

which means that

v o\ 2Y o\ 3v—1 vS
F(530%) = () F(l)(sf) exp<_20g> (12)

Theorem 4.2. If SJ% is the sample variance of a future sample of n observations

rom e INormal aistrioution en € unconaittonat prearctive aenst 0 1S qiLven
the N. [ distribution then th ditional predictive density of S7 is gi

by
f (S3data) = S2F,_y (1) (4.3)

where Si is the pooled sample variance and Fy,_1 pmm—1) the F-distribution with n —1

and m (n — 1)degrees of freedom.
Proof. The proof is given in the Mathematical Appendices to this chapter. ]

The upper control limit in the Phase II setting is then derived as
Sanfl,m(nfl) (1 - 5) .
At 5 = 0.0027 we therefore obtain the upper control limit as

S2E 1 mn-1) (0.9973) = (10.72) (4.8707) = 52.214.
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The distribution of the predictive density of S? including the derived upper control

limit is presented in Figure 4.4.

Figure 4.4.: Distribution of f (S]%]data)
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Assuming that the process remains stable, the predictive distribution for SJ% can also
be used to derive the distribution of the run-length, that is the number of samples

until the control chart signals for the first time.

The resulting rejection region of size 8 using the predictive distribution for the

determination of the run-length is defined as

8= f (Sldata) dS;
R(B)

where

R(B) = (52.214, 00),
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is the upper one-sided control limit.

Given o2 and a stable process, the distribution of the run-length r is Geometric with

parameter

o) [ I (S50 as; (1.4)

where f (SJ%|02) given in Equation (4.2) is the predictive distribution of a future

sample variance given o2

The value of the parameter o2 is however unknown and its uncertainty is described

by the posterior distribution p (o2|data) defined in Equation (4.1).

Theorem 4.3. For a given o? the parameter of the Geometric distribution is

0 (0%) = & (XCor)) for given ooy

which means that it is only dependent on an(n_l) and not on o?.

Proof. The proof is given in the Mathematical Appendices to this chapter. n

In Figure 4.5 the distributions of f (S?\data) and f (SJ%\UQ) for 02 = 9 and ¢? = 20

are presented to show the different shapes of the applicable distributions.
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Figure 4.5.: Distributions of f (SJ%|02> and f (S?|data) showing v (03)

1
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As mentioned, by simulating o from p (0?|data) the probability density function
f (S]%IUQ) as well as the parameter 1) (02) can be obtained. This must be done for
each future sample. Therefore by simulating a large number of o2 values from the
posterior distribution a large number of v (6?) values can be obtained. A large
number of geometric and run-length distributions with different parameter values
(¢ (02), ¥ (02),...,40 (67)) will therefore be available. The unconditional run-length
distribution is obtained by using the Rao-Blackwell method, i.e., the average of the

conditional run-length distributions.

In Table 4.2(a) results for the run-length at 5 = 0.0027 for n = 5 and different
values for m are presented for the upper control limit for the variance. The table
present the mean, median, 95% equal-tail interval and calculated 3 value to obtain
a run-length of 370 (the expected run-length at g = 0.0027 is m ~ 370 if o2 is
known).

In the case of the diameter example the mean run-length is 29754 and the median
run-length 1354. The reason for these large values is the uncertainty in the parameter

estimate because of the small sample size and number of samples (n = 5 and m =
10). To get a mean run-length of 370, 5 must be 0.0173 instead of 0.0027.

For a two-sided control chart, the upper control limit is UCL = San_l,m(n_l) (1 — g)
and the lower control limit is LO'L = San_Lm(n_l) (g) R(B) are all those val-
ues larger than UCL and smaller than LCL. For the diameter example UCL =
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(10.72) (5.4445) = 58.365 and LCL = (10.72) (0.02583) = 0.2769. In this case the

mean run-length is 500.

In Table 4.2(b) results for the run-length at § = 0.0027 for n = 5 and different

values of m are presented for a two-sided control chart.

Table 4.2.: Mean and Median Run-length at g = 0.0027 for n = 5 and Different
Values of m

(a) Upper Control Limit
95% Equal-tail Calculated § for Mean

m n Mean  Median
Interval Run-length of 370

10 5 29754 1354 (54;117 180) 0.0173
50 5 654 470 (121;2 314) 0.0044
100 5 482 411 (156;1 204) 0.0035
200 5 422 391 (197;829) 0.0031
500 5 389 379 (244;596) 0.0028
1000 5 379 374 (274;517) 0.0028
5000 5 371 370 (322;428) 0.0027
10 000 5 370 370 (335;410) 0.0027

(b) Upper and Lower Control Limit
m n  Mean Median 95% Equal-tail

Interval

10 5 500 552 (92;661)
50 5 399 427 (184;492)
100 5 385 398 (227:474)
200 5 377 383 (263;459)
500 5 373 375 (300;432)
1000 b5 371 372 (320;416)
5000 5 370 370 (347;391)
10 000 5 370 370 (354;385)

From Table 4.2 it can be noted that as the number of samples increase (larger m)

the mean and median run-lengths converges to the expected run-length of 370.

Further, define 1 (02) = 33"} ¢ (06?). From Menzefricke (2002) it is known that
if | — oo, then ¢ (0?) — B = 0.0027 and the harmonic mean of the unconditional

run-length will be (%) = 0_0%)27 = 370. Therefore it does not matter how small m

and n is, the harmonic mean of the run-length will be % if | — oo.
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4.5. Phase | Control Charts for the Generalized

Variance

Assume Y; ~'% N (y;, %) where Y,; (p % 1) denotes the jth observation vector from
the ith sample, i = 1,2,...,;m and j = 1,2,...,n. The mean vector y; (p X 1) and

covariance matrix, 3 (p X p) are unknown.
_ /

Define Y, = 257, Vij and A; = 30, (Y - Y,) (Y - Y5) (i=1,2,...,m).

n j=1

From this it follows that

A=Y A ~W,(m(n—-1),%)
i=1
and
1
Sp = 7m(n—1)A‘

The generalized variance of the ith sample is defined as the determinant of the

sample covariance matrix, i.e., |.S;|.

Define
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S T
S Al T IS A

where Af ~ W, (n—1,1,).
Also

T =max (Th,Ts,...,Tyn) =max (T;),i=1,2,...,m

Now

A .
S I
122 Al mp|5p|

Therefore a (1 — 3) 100% upper control limit for |.S;| (i = 1,2,...,m) is m?|S,| T1_p.

Figure 4.6 presents a histogram of 100,000 simulated values of max (T;) for the two-

dimensional case (p=2,m=10 and n=6). The upper control limit as presented in

Table 4.3 is given on the figure. Table 4.3 also presents the upper control limit for

the one-dimensional (p=1) and the three-dimensional (p=3) situations as well as

the lower control limit for all three dimensions.
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Figure 4.6.: Histogram of max (7;)-100,000 Simulations
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Table 4.3.: Upper 95% Control Limit, Ty g5 for T = max (T;) for the Generalized
Variance in Phase I for m =10, n =6 and p = 1,2 and 3

p m n To.95 T0.025 To.975

1 10 6 0.30259 0.00665 0.32655
2 10 6 0.04429 0.00014 0.05122
3 10 6 0.00445 1.822967¢% 0.00544

By using a Bayesian procedure a predictive distribution will be derived to obtain

control chart limits in Phase II.

Using the Jeffreys’ prior

p(p,X) o |Z|_%(p+1) —o0o<u<o0,X>0

the posterior distribution of X is derived as

5| [data ~ |4 ]] ()(2(1) (4.5)

i=1 m(n—1)+1—1
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and the predictive distribution of a future sample generalized variance |Sy| given ¥

as

1. (46)

i=1

1
S|~ | ——=X
SIS ~ | —

By combining Equation (4.5) and Equation (4.6) the unconditional predictive dis-

tribution is given by

52| |data ~ <1>,, Al —— F (4.7)
f n—1 mn+1)+1—i

=1

where

p
F* = H ani,m(nfl)Jrifr

=1

Equation (4.7) can be used to obtain the control chart limits.

Similarly for the variance, the rejection region of size 3 is defined as

p=[ [(S5ll|data)d|Sy|.
R(8)

Given ¥ and a stable process, the distribution of the run-length r is Geometric with

parameter

b (=) = / s

where f (‘Sf‘ |E) is given in Equation 4.6.
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Theorem 4.4. For a given value of |X|, and simulated from the posterior distribu-

tion described in Equation (4.5) the parameter of the Geometric distribution is

ot = {1t (It ) (g2 ) )

=1

Proof. The proof is given in the Mathematical Appendices to this chapter. m

For further details see Menzefricke (2002, 2007, 2010b,a).

Mean and median run-length results at g = 0.0027 for n = 50, m = 50 and 100 for

the one-, two- and three-dimensional cases are presented in Table 4.4.

Table 4.4.: Mean and Median Run-length at g = 0.0027 for n = 50, m = 50 and
100 and p=1,2 and 3

95% Equal
Tail Interval
50 50 482 414 (185;1 198)
100 50 431 402 (197;841)
50 50 466 404 (162;1 128)
100 50 423 396 (205;819)
50 50 461 407 (165;1 063)
100 50 424 399 (209;786)

m n Mean Median

LW W NS

4.6. Guidelines for Practitioners for the

Implementation of the Proposed Control Chart

It was mentioned in the introductory section and as by Chakraborti, Human, and
Graham (2008) that it is now generally accepted that statistical process control
should be implemented in two phases. Phase I is the so-called retrospective phase

and Phase II the prospective or monitoring phase.

The construction of Phase I control charts should be considered as a multiple test-

ing problem. The distribution of a set of dependent variables (ratios of chi-square
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random variables) can therefore be used to calculate the control limits so that the
false alarm probability is not larger than FAF,. Tables are provided by Human,
Chakraborti, and Smit (2010) for the charting constants for S? for each Phase I
chart, for a FAP, of 0.01 and 0.05 respectively. These tables can easily be imple-
mented by practitioners. Further the charting constants can also be adjusted so
that the difference between the upper and lower control limit is a minimum. Ta-
bles of the “adjusted” charting constants for a F"AF, and 0.05 can therefore also be
made available to practitioners. Similar tables can be drawn up for the generalized

variance.

Since the Phase I control charting problem is considered to be a multiple hypothesis
testing problem, Bartlett’s test can be used instead of two-sided control charts.
Bartlett’s test is a likelihood ratio test and it is uniformly the most powerful test
for testing the homogeneity of variances. Under the null hypothesis it is the ratio
of the geometric and arithmetic mean of a set of independent chi-square random
variables. Tables of critical values can therefore be easily calculated. A similar test

is available for the generalized variance.

Once the Phase I control chart has been calculated, statistical process control should
be moved to Phase II. According to Chakraborti, Human, and Graham (2008) Phase
IT control chart performance should be measured in terms of some attribute of the
run-length. This is exactly what the aim of this chapter is. Predictive distributions
based on a Bayesian approach are used to construct Shewart-type control limits for
the variance and generalized variance. By using Monte Carlo simulation methods
the distributions of the run-length and average run-length can easily be obtained.
It has also been shown that an increase in the number of samples m and sample
size n leads to a convergence of the run-length towards the expected value of 370 at
£ = 0.0027. In the case of small sample sizes and number of samples the average
run-length can be very large because of the uncertainty in the estimation of the
parameter o2. This is especially the case for the upper control limit. If practitioners
are interested in a certain average run-length, they are advised to adjust the nominal
value of 3 to obtain that specific run-length. For m = 10 and n = 5, = 0.0173 will
give an average run-length of 370. For the “diameter” example, the upper control
limit will then be UCL = (3.406) (10.72) = 36.512. In Figure 4.7 the predictive
distribution of the run-length is displayed for the (1 —0.0173) 100% = 98.27% two-
sided control limit. As mentioned for given o2 the run-length r is geometric with

parameter ¢ (0%). The unconditional run-length as given in Figure 4.7 is therefore
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obtained using the Rao-Blackwell method, i.e., the average of a large number of

unconditional run-lengths.

Figure 4.7.: Predictive Distribution of the “Run-length” f (r|data)for m = 10 and
n =5 - Two-sided Control Chart

3

| | f 4 L
I a00 1000 1a00 2000 2300 5000 3300

E (r|data) = 498.6473; Median (r|data) = 319; Var (r|data) = 274473.1449

95% Equal — tail = [9;1961]

In Figure 4.8 the distribution of the average run-length is given.
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Figure 4.8.: Distribution of the Average “Run-length” - Two-sided Control Chart
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Mean = 500; Median = 552; Variance = 25572.95
95% Equal — tail = [92;661]

Also the harmonic mean of the run-length is % Therefore if 5 = 0.0027, the har-

monic mean is W%m = 370.37 and if § = 0.0173, the harmonic mean is ﬁ =57.8

and the arithmetic mean is 370.

4.7. Conclusion

Phase I and Phase II control chart limits have been constructed using Bayesian
methodology. In this chapter we have seen that due to Monte Carlo simulation the
construction of control chart limits using the Bayesian paradigm are handled with
ease. Bayesian methods allow the use of any prior to construct control limits without
any difficulty. It has been shown that the uncertainty in unknown parameters are
handled with ease in using the predictive distribution in the determination of control
chart limits. It has also been shown that an increase in number of samples m and
the sample size n leads to a convergence in the run-length towards the expected
value of 370 at 5 = 0.0027.
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Mathematical Appendix to Chapter 4

Proof of Theorem 4.1

The likelihood function, i.e., the distribution of the data is

>5mn [T 1] ex {_; (4o — i)° /"2} '

i=1j=1

L (M1>M27 ooy M, U2|data) = <27T(72

Deriving the posterior distribution as Poster o< Likelihood x Prior, and using the

Jeffreys’ prior it follows that

ui|02,data~N<gji,iL) i=1,2....m

and

3k 1(k+2)
p <02|data) = <*§> - (1];) ((712> k+2 exp (-252> 702 >0

an Inverse Gamma distribution with k =m (n — 1) and S = m (n — 1) S

Proof of Theorem 4.2

For a given o2 it follows that

(n—l)S]%_vSJ% )
2 =2 Y Xe

o o

which means that
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30 Lo— S
1) = G) g o (52)

Wherev:n—land5?>0.

The unconditional predictive density of SJ% is given by

f (Sj%ldata) = [*f (S;|02)p(02ldata) do?

where v=n—1,k=m(n—1) and S = kS2 =m(n— 1) S2.

oo f (Sﬂdam) = SiFn—l,m(n—l)
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Proof of Theorem 4.3

For a given o2

Y (o?) = P (S? > S Pt mn-1) (1= 6))

0.2 2
= P (f”{l > S2Fy 1 mn-1) (1 — ﬁ)) for given o2

m(n—1)S; i
_ p ((Ql)fln 11 - 52 Frtm(n1) (1 _5)) for given X?n(n—l)

Xm(n 1)

= P (Xi—l > %X?n(n—l)Fn—l,m(n—l) (1- B)) for given X?Qn(n—l)

— 0 (an(%l» for given xfn(n,l)
Proof of Theorem 4.4
For a given |X|
V(%) = P{ISsl > (k7)1 (T s i s)

= P{lEEI G > () 1A (T ) o)
= AL (e ) T A1 (T o) o)

= P{ 1 Xni 2 ( =1 Xi%(n—l)—&—l—i) ( =1 W) Fl*—,B}

fOI' a glven Hz 1 Xm(n 1)+1—i-
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5. Bayesian Control Charts for
Tolerance Limits in the Case of

Normal Populations

5.1. Introduction

Krishnamoorthy and Mathew (2009) and Hahn and Meeker (1991) defined a toler-
ance interval as an interval that is constructed in such a way that it will contain a
specified proportion or more of the population with a certain degree of confidence.
The proportion is also called the content of the tolerance interval. As opposed to
confidence intervals that give information on unknown population parameters, a
one-sided upper tolerance limit for example provides information about a quantile
of the population. According to Hahn and Meeker (1991) tolerance intervals would
be of importance in obtaining limits on the process capability of a product manufac-
tured in large quantities. Further application examples of tolerance intervals include
statistical process control, wood manufacturing, clinical and industrial applications,
environmental monitoring and assessment and for exposure data analysis. For more
applications see Krishnamoorthy and Mathew (2009) and Hugo (2012).

In the first part of this chapter we will look at a one-sided upper tolerance limit
for a single normal population and in the second part of the chapter at one-sided

tolerance limits for the difference between two normal populations.
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5.2. One-sided Tolerance Limits for a Normal

Population

Suppose X1, Xo, ..., X, is a random sample from a N (u, 0?) population. The max-
imum likelihood estimators of the unknown mean, ; and unknown variance, o2 are
the sample mean X = % " | X; and sample variance S* = ﬁ > (Xi — )_()2.
Using the same notation as given in Krishnamoorthy and Mathew (2009), the pth
quantile of a N (u, 0?) population is

Qp = U+ 2p0 (5.1)

where z, denotes the pth quantile of a standard normal distribution.

A 1—o upper confidence limit for ¢, is a (p, 1 — «) one-sided upper tolerance limit for
the normal distribution. By using the posterior predictive distribution a Bayesian
procedure will be developed to obtain control limits for a one-sided upper tolerance

limit in the case of future samples.

There do not appear to be many papers on control charts for tolerance intervals
from a Bayesian point of view. Hamada (2002) derived Bayesian tolerance interval
control limits for np, p, ¢ and u charts which control the probability content at
a specified level with a given confidence while we are deriving posterior predictive
intervals. It is therefore clear that our Bayesian method differs substantially from
his.

5.3. Bayesian Procedure

By assigning a prior distribution to the unknown parameters the uncertainty in the
estimation of the unknown parameters can adequately be handled. The information
contained in the prior is combined with the likelihood function to obtain the poste-
rior distribution of g,. By using the posterior distribution the predictive distribution
of a future sample one-sided upper tolerance limit can be obtained. The predictive
distribution on the other hand can be used to obtain control limits and to determine
the distribution of the run-length and expected run-length. Determination of rea-

sonable non-informative priors is however not an easy task. Therefore, in the next
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section, reference and probability matching priors will be derived for ¢, = p + 2,0

the pth quantile of a N (i, 0?) distribution.

5.4. Reference and Probability-Matching Priors for
dp = W+ 2p0

As mentioned the Bayesian paradigm emerges as attractive in many types of statis-

tical problems, also in the case of g,, the pth quantile of a N (u1, %) population.

Prior distributions are needed to complete the Bayesian specification of the model.
Determination of reasonable non-informative priors in multi-parameter problems
is not easy; common non-informative priors, such as the Jeffreys’ prior can have

features that have an unexpectedly dramatic effect on the posterior.

Reference and probability-matching priors often lead to procedures with good fre-
quency properties while returning the Bayesian flavor. The fact that the resulting
Bayesian posterior intervals of the level 1 — « are also good frequentist intervals at

the same level is a very desirable situation.

See also Bayarri and Berger (2004) and Severine, Mukerjee, and Ghosh (2002) for a

general discussion.

5.4.1. The Reference Prior

In this section the reference prior of Berger and Bernardo (1992) will be derived for
dp = b+ 2p0.
The following theorem can be proved:

Theorem 5.1. The reference prior for the ordering {q,,c*} is given by pr (q,, 0%)

o 2.

In the (u,0) parametrization this corresponds to pr (p, o) o< o 2.

Proof. The proof is given in the Mathematical Appendices to this chapter. O

Note: The ordering {q,,0°} means that the parameter g, = u + 2,0 is a more

important parameter than o2.

97



Chapter 5 Tolerance Limits for Normal Populations

5.4.2. Probability-Matching Priors

Using the method of Datta and Ghosh (1995) the following theorem will be proved:

Theorem 5.2. The probability-matching prior for q, and o® is pa (qp, 02) x 02,

Proof. The proof is given in the Mathematical Appendices to this chapter. [

5.4.3. The Posterior Distribution

As mentioned, by combining the information contained in the prior with the likeli-
hood function the posterior distribution can be obtained. Since our non-informative
prior for g, in the (u,c?) parametrization is p (u,0?) x ¢~2, it follows that the
posterior distribution of ¢? has an Inverse Gamma distribution which means that
M ~ x2_, and plo?, data ~ N ()_(,%2).

The posterior distribution of g, is therefore equal to

o Z+zyn S -1
X =g Jm =X gt (V) s

where Z ~ N (0,1) and independently distributed of U? ~ . Thus a (p,1 — «)

upper tolerance limit is given by

XS = Xt tuoraca (5) =

where t,_1,1—a (2p/n) denotes the 1 — a quantile of a non-central t distribution
with n — 1 degrees of freedom and non-centrality parameter z,v/n. X + k1S is
an exact tolerance limit (i.e., has the correct coverage probability) and as men-
tioned by Krishnamoorthy and Mathew (2009) is the same solution that is obtained
by the frequentist approach. The tolerance factor ki, which is derived from the
non-central t-distribution, can be obtained from Table B1 in Krishnamoorthy and
Mathew (2009).

In this chapter we are firstly interested in the predictive distribution of a future sam-
ple one-sided upper tolerance limit. By using the predictive distribution a Bayesian
procedure will be developed to obtain control limits for a future sample one-sided

upper tolerance limit. Assuming that the process remains stable, the predictive
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distribution can be used to derived the distribution of the run-length and average

run-length.

5.5. A Future Sample One-sided Upper Tolerance
Limit

Consider a future sample of m observations from the N (u, 0?) population: Xz, Xo, ...

The future sample mean is defined as X; = % >it1 X and a future sample variance
by S = Lixm (X, Xf) .

A (p,1— a) upper tolerance limit for the future sample is defined as

G= X+ kS (5.2)

Although the posterior predictive distribution of ¢ can easily be obtained by sim-
ulation, the exact mean and variance can be derived analytically. The following

theorem can now be proved.
Theorem 5.3. The exact mean and variance of § = )_(f + lzrle is given by

r(5) () i
" () Vi

E (q|data) = X + I S

and

Varmdam):(ern) (n—l)_l_l%%{n—l 2 (3)r2(=52) n—11>}5

nm n—3 n—3 Fz( )F2<n 1)(

Proof. The proof is given in the Mathematical Appendices to this chapter. O
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Corollary 5.4. If m = n, then

E (§|data) = X + l%lws

and

Var (q|data) = i <Z_1> + k2 (n -1l r (%) - (’?)) S2,

5.6. The predictive distribution of § = X + k.5,

As mentioned the posterior predictive distribution of ¢ can easily be simulated. This

can be done in the following way:

S 7 1 1
(7|02,5]2c,data ~ N (X + /ﬁSf,UQ ( n >) '
m n

Therefore

f (@|02,S§,data) = (W) 2 exp {—202(7:;:”) [C]— ()_( + /;51Sf)}2}.
(5.3)

The unconditional predictive distribution can be obtained by first simulating o?
(n—1)S?
2

n—1

and then S;. From the posterior distribution it follows that o2 ~ and given

2,2
9" Xm—1
m—1

and draw the Normal density function. Repeat the procedure [ times and average

o2, Sy ~ { }2. Substitute the simulated o and S; values in equation (5.3)

the [ simulated normal density functions (Rao-Blackwell method) to obtain the

unconditional predictive density function f(g|data). In the example that follows

[ =100, 000.
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5.7. Example

According to Krishnamoorthy and Mathew (2009) one-sided upper tolerance limits
can commonly be used to assess the pollution level in a work place or in a region.
The data in Table 5.1 represent air lead levels collected by the National Institute of
Occupational Safety and Health at a laboratory, for health hazard evaluation. The

air lead levels were collected from n = 15 different areas within the facility.

Table 5.1.: Air Lead Levels (ug/m?)

200 120 15 7 8 6 48 61
380 80 29 1,000 350 1,400 110

A Normal distribution fitted the log-transformed lead levels quite well. The sample
mean and standard deviation of the log-transformed data are calculated as X =
4.3329 and S = 1.7394. For n = 15, 1 — a = 0.90, p = 0.95 and using the non-
central t distribution in MATLAB, ki = J=tn-1,1-a (2pv/7) = 2.3290. A (0.95,0.90)
upper tolerance limit for the air lead level is X + k1.5 = 8.3840.

In the first part of this chapter we are however interested in the predictive distri-
bution of § = X; + k1S ¢ the tolerance limit for a future sample of m = n = 15
observations. Using the simulated procedure described in Section 5.6, the predictive

distribution is illustrated in Figure 5.1.
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Figure 5.1.: Predictive Density Function of a Future Tolerance Limit § = X f—l—/~§15 ¥

LAl —

Mean = 8.5214, Mode = 8.2741

The mean of the predictive distribution of ¢ is somewhat larger and the mode some-

what smaller than 8.384 the sample upper tolerance limit of the air lead level.

In Table 5.2 it is shown that the calculated means and variances from the simulation

and formulae are for all practical purposes the same.

Table 5.2.: Mean and Variance of ¢

E (q|data) Var(g|data)
From simulated ¢ 8.5214 1.8981
Using Formulae 8.5427 1.8950

In Table 5.3 confidence limits for ¢ are given

Table 5.3.: Confidence Limits for ¢

95% Left One-sided 95% Right One-sided 95% Two-sided
Left Limit 6.5683 - 6.2421
Right Limit - 11.0320 11.6827

102
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5.8. Control Chart for a Future One-sided Upper

Tolerance Limit

By using the predictive distribution a Bayesian procedure will be developed to obtain
a control chart for a future one-sided upper tolerance limit. Assuming the process
remains stable, the predictive distribution can be used to derive the distribution of
the run-length and average run-length. From Figure 5.1 it follows a 99.73% upper
control limit for § = X 7+ k.S ¢ is 13.7. Therefore the the rejection region of size j3
(8 = 0.0027) for the predictive distribution is

5= /R 1 Gdata) dg

where R (/) represents those values of ¢ that are larger than 13.7.

The run-length is defined as the number of future ¢ values (r) until the control chart
signals for the first time (Note that r does not include that ¢ value when the control
chart signals). Given p and o2 and a stable Phase I process, the distribution of the

run-length r is Geometric with parameter

v (1, 0%) =/ f (aln. 0%) dq

R(B)

2 are known.

where f (G|p,0?) is the distribution of a future ¢ given that p and o
The values of i and 02 are however unknown and the uncertainty of these parameter
values are described by their joint posterior distribution p (i, 0?|data). By simulat-
ing 41 and o from p (i, 0%|data), the probability density function f (G|u, 0?) (for the

charting statistic ¢) can be obtained in the following way:

/2
L qlu, o x3, 1 ~ N (/H ko \/%122>

2. The next step is to simulate [ = 100,000 x?2,_; values to obtain ! normal

density functions for given y and o?.

3. By averaging the [ density functions (Rao-Blackwell method), f (q|u,o?) can
be obtained.

This must be done for each future sample. In other words for each future sample u
and o2 must first be simulated from p (u, 0?|data) and then the steps described in
(item 1), (item 2) and (item 3).
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The unconditional moments E (r|data), E (r?|data) and Var (r|data) can therefore
easily be obtained by simulation or numerical integration. For further details refer

to Menzefricke (2002, 2007, 2010b,a).

In Figure 5.2 the predictive distribution of the run-length is displayed for the 99.73%
upper control limit. As mentioned for given p and ¢? the run-length r is Geomet-
ric with parameter v (i, 0%). The unconditional run-length as given in Figure 5.2
is therefore obtained using the Rao-Blackwell method, i.e., the average of a large

number of conditional run-lengths

Figure 5.2.: Predictive Distribution of the “Run-length” f (r|data) for n = m =15

w0
3 T

[t} 500 1000 1800 2000 2600 3000
r

E (r|data) = 396.27438, M edian (r|data) = 251, Var (r|data) = 2.0945¢°
95% Equal-tail Interval = (8;1644) Length = 1636
95% HPD Interval = (3;1266) Length = 1263

In Figure 5.3 the distribution of the average run-length is given.
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5.9 One-sided Tolerance Limits for the Difference Between Two Normal
Populations

Figure 5.3.: Distribution of the Average “Run-length”

2000 T T

1800 — —
1800 [ u
1400 4
1200 — —
1000 [ u
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800 u
40 -

200 — —

L | . |

o 500 1000 1500 2000 2500 3000
2
E(r] po®)

Mean = 400.1084, Median = 353.5753, Var = 3.5605¢*
95% Equal-tail Interval = (202.1834;874.6607) Length = 672.4773
95% HPD Interval = (163.4804; 566.0842) Length = 402.6038

1
0.0027

and estimated from the posterior distribution the expected run-length will usually

For known p and o the expected run-length is = 370. If 1 and 02 are unknown

be larger than 370 - especially if the sample size is small.

5.9. One-sided Tolerance Limits for the Difference

Between Two Normal Populations

In the second part of this chapter, tolerance limits for the difference between normal

distributions will be considered.

Let X; ~ N (p1,0%) and independently distributed from X, ~ N (u9, 03) where 11
and po are the unknown population means and 0% and o3 the unknown population

variances. If z, is the pth quantile of a standard normal distribution then

Ly =1 — pia — zp\/of + 03 (5.4)

is the 1—p quantile of the distribution of X; —X5. As mentioned by Krishnamoorthy
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Chapter 5 Tolerance Limits for Normal Populations

and Mathew (2009) a (p, 1 — «) lower tolerance limit for the distribution of X; — X,

is a 1 — a lower confidence limit of L.

Suppose X; and S? are the sample mean and variance of a random sample of n;
observations from N (u;,0?), i = 1,2. By using exact distributional results Krish-

namoorthy and Mathew (2009) constructed a (1 — «) lower confidence limit for L,

as
K- Xyt (2 /o7) 22 (5.5)
- — lni4ne—2,1—a \Z V1) —/— .
1 2 1+n2—2,1 D 1 \/U_l
where
o2 + o2
v = (5.6)
1 _|’_ -2
ni ng
and
2 2 2 2
+05) [(nn—1)S7 (na—1)8
2 — (07 2 1 2 5.7
d niy + ng — 2 0% + U% ( )

which is an exact (p, 1 — «) lower tolerance limit for the distribution of X; — Xy if
the variance ratio is known. This is usually not the case, but the problem can be

overcome by making use of the following “semi-Bayesian” approach.

Equation (5.5) is derived from the fact that the pivotal quantity

Xl—XQ—Lp Z+Zp\/U_1
Sd \/U_l\/xil+n2—2/(n1+n2—2)

Ny (5.8)

where Z ~ N (0,1) and independent of x2 .., (See equation (2.4.4) in Krish-
namoorthy and Mathew (2009)).

106



5.10 Example - Breakdown Voltage - Power Supply

From equation (5.8) it follows that

_ _ S 52
Lp|data, XilJrnQiQ,o'%,ag ~ N { (Xl _ X2) . Zpd d }

9 2
2
\/Xn1+n272/(n1+n272) V1 Xy 4ng -2/ (n1+n2—2)

(5.9)

if the non-informative prior p (62, 02) oc o7 205 % is used then the posterior distribu-

tion of o7 (i = 1,2) is an Inverse-Gamma distribution which means that

p (Ly|data) - the unconditional posterior distribution of L, can be obtained by using

the following simulation procedure:

1. Simulate o2 (i = 1,2) and substitute the simulated variance components in 53

and v;.
2. Simulate x> ., _, and substitute the value in equation (5.9).
3. Draw the normal density function.

4. Repeat the procedure [ times and average the [ simulated normal density
functions (Rao-Blackwell method) to obtain p (L,|data).

[ = 100,000 is used in the example that follows.

5.10. Example - Breakdown Voltage - Power Supply

This example is taken from Krishnamoorthy and Mathew (2009) and it is concerned
with the proportion of times the breakdown voltage of X; of a capacitor exceeds the
voltage output X, of a transverter (power supply). A sample of n; = 50 capacitors
yielded X; = 6.75kV and S? = 0.123. The voltage output from ny = 20 transverters
produced X, = 4.00kV and S? = 0.53.

Using the simulation procedure as described the unconditional posterior distribution
p (Ly|data) is obtained and illustrated in Figure 5.4 for z, = zo95 = 1.6449.
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Figure 5.4.: p(L,|data) - Unconditional Posterior Distribution of L,

ot

08— —

06— —

04+ -

02 —

p (L, < 0.8895) = 0.05
Mean = 1.3671, Median = 1.3954, Mode = 1.4448, Var = 0.0714

A (0.95,0.95) lower tolerance limit for the distribution of X; — X5 is therefore ¢, =
0.8895.

In what follows it will be shown that a more formal Bayesian procedure gives for all

practical purposes the same estimate for the lower tolerance limit.

If the objective prior p (p1, pi2, 02, 02) o< oy 205 2 is used then it is well known that the
posterior distribution L, (equation (5.4)) given the variance components is normal

with mean
E (Lf|af, o3, data) =X, — Xy — zp\/0} + 03

and variance

B2 2 of | 0}
Var (Lp \01,02,data> = + '
Also
i —1)52
o2 o (1 _ )50 (i=19)
XTLi—l
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5.10 Example - Breakdown Voltage - Power Supply

From this the posterior distribution follows:

LB|data, Uy, Uy ~ N (X —X)—z i%+i§ Si + % (5.10)
P , V1, U2 1 2 D U12 U227n1U12 n2U22 .

where

2
UZ-Q ~ X?’Li—l .

Equation (5.10) is exactly the same as the generalized variable approached described
by Krishnamoorthy and Mathew (2009).

2
Xnifl
nyp—1

By simulating 100,000 U? ~

method the unconditional posterior distribution of Lf is obtained and given in

(¢ =1,2) values and using the Rao-Blackwell

Figure 5.5.

Figure 5.5.: p (Lf|data)

%
18 T T

a as 1 15 2 28

p(LE < 0.88861) = 0.05
Mean = 1.3682, Median = 1.3964, Mode = 1.4462, Var = 0.0713

Krishnamoorthy and Mathew (2009) obtained the (0.95,0.95) lower tolerance limit
as 0.8870.
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Chapter 5 Tolerance Limits for Normal Populations

Since the two methods give for all practical purposes the same estimate for the
lower tolerance limit, only the first method will be used to obtain the predictive

distribution of a future one-sided tolerance limit.

5.11. The Predictive Distribution of a Future

One-sided Lower Tolerance Limit for X; — X,

By using the predictive distribution a Bayesian procedure will be developed to obtain
a control chart for a future one-sided lower tolerance limit. Assuming the process
remains stable, the predictive distribution can be used to derive the distribution of

the run-length and average run-length.

Consider a future sample of m; observations from the N (1, 03) population X 1(}), Xé}), e

The future sample mean is defined as X}l) = m% i X ](Jlf) and a future sample vari-

_ N2
ance by S]% W = ﬁ P (X ](]lc) - X ](cl)) . Similar for a future sample of my obser-

vations from N (jg, 03), X’JEQ) = m% Y Xﬁ) and SJQC @_ _1 POy (Xﬁ) - )_(}2)).

mo—1

Thus using the exact distributional results a (p,1 — a) lower tolerance limit for the

difference between two future samples is defined as

St

o

45 = XJ(}) B XJ(”2) — by 4ma—2i1-a <Zp Uf) (5'11)

If the sample sizes of the two future samples are the same, i.e., m; = my = m, then

equation (5.11) simplifies to

(1 (2 st
g = X=X~ tymona-a (mpv/m) Sk

— v(D _ @ _ of

where

= \/%tﬂml);la (%ﬂ) )

T
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5.11 The Predictive Distribution of a Future One-sided Lower Tolerance Limit for
X1 — X

and

2 (1 2 (2
S?f_<a%+as>{sf” Sf”}
d - .

2 o1 o5

We are interested in the predictive distribution of g¢. This cannot be derived ana-

lytically, but can easily be obtained by simulation.

Now

1
CU‘J%,J;,S]% (1)aS]2” (2)>ﬂ17ﬂ2 ~ N{(ﬂl _/LZ) _kSc]lch (0%+0§)}'
since
= = 1
X(”—X<2)~N{ e (2 2}.
f f H1 M2>m(01+02>

Also if the prior p (u1, 2, 02, 02) o oy 2052 is used,

_ _ g2 o2
(11 — po) |data, o7, 05 ~ N {X1 —Xp, L+ 20,
ni o

Therefore
2 02, 20 62O data o N { (%) = %) —Fs], L (024 02) + T4 22
qf‘al’%’ fooeRyp aata (1— 2)— d7%(01+02>+n71+n72
(5.12)

The unconditional predictive distribution of gy can be obtained by first simulating
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o2 and then S]% ® (i = 1,2). As before it follows from the posterior distribution that

and given o

i

, U-QXQ (®)
SQ () ~ JtAm—1 = 1.9

Substitute the simulated o2 and SJ% @ values in equation (5.12) and draw the normal
density function. Repeat the procedure [ times and average the [ simulated density
functions (Rao-Blackwell method) to obtain the unconditional predictive density
function f (gf|data). The predictive density function for the Breakdown Voltage

example given in Section 5.10 for m; = mq = 20 is illustrated in Figure 5.6.

Figure 5.6.: f (¢f|data)- Predictive Density of the Lower Tolerance Limit, ¢f

o
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-5 -1

a = 0.05, k = 2.2096
Mean = 0.9060, Median = 0.9427, Mode = 1.0081, Var = 0.1834
95% Equal-tail Interval = (—0.0417;1.6406)
95% HPD Interval = (0.0081;1.6703)
99.73% Equal-tail Interval = (—0.8068;1.9614)
p(gr < —0.6258) = 0.0027
p(gr > 1.8955) = 0.0027
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5.12 Control Chart for a Future One-sided Lower Tolerance Limit

The mean of the predictive distribution of g is 0.9060 and is somewhat larger than

0.08895 the sample lower tolerance limit for the break down voltage data.

5.12. Control Chart for a Future One-sided Lower

Tolerance Limit

As before, a Bayesian procedure will be developed to obtain a control chart for a
future one-sided lower tolerance limit. Assuming the process remains stable, the
predictive distribution can be used to derive the distribution of the run-length and

average run-length.

From Figure 5.6 it follows that for a 99.73% two-sided control chart the lower control
limit is LC'L = —0.8068 and the upper control limit is UC'L = 1.9614. Therefore
the rejection region of size 5 (f = 0.0027) for the predictive distribution is

8= [ (qyldata) dqy
R(B)

where R (/3) represents those values of ¢ that are smaller than LC'L and larger than

UCL.

As mentioned, the run-length is defined as the number of future ¢, values (r) until
the control chart signals for the first time. Given u;,0? (i = 1,2), the distribution

of the run-length r is geometric with parameter
r(/} (,ulu M2, 0-%7 U%) = /( ) f (Qfllu’lu M2, 0-%7 U%) dC]f
R(B

where [ (qf|p1, 2,03, 03) is the distribution of g; given that u;o? (i =1,2) are
known. These parameter values are however unknown but can be simulated from

their joint posterior distribution p (1, po, 0%, 03|data) as follows:

(n; —1) 57

(1=1,2)
X%Fl

o?|data ~
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and
_ g2
pilo?, data ~ N (XZ-, ’) (i=1,2).
1. From this it follows that

2(1) @2 (2 7 1
Qf|/1’17/1’270-%70-§75’f( )7Sf( ) ~ N{(Ml _,u2> _kS((if)ag (U%—FU%)}

2. The next step is to simulate [ = 100,000 S]% @ Values for given ¢? (1 =1,2).

o242 @
AN S )]

3. By averaging the [ density functions (Rao-Blackwell method), f (¢f|p1, 2, 07, 03

can be obtained.

This must be done for each future sample. In other words for each future sample
wi and o2 (i =1,2) must first be simulated from their joint posterior distribution

p (1, pio, 0%, 02|data) and then the steps described in (1), (2) and (3) must follow.

The mean of the predictive distribution of the run-length for the 99.73% two-sided
control limits is £ (r|data) = 201500 much larger than the 370 that one would have
expected if § = 0.0027. The reason for this large average run-length is mainly
the small future sample sizes (m; = my = 20) The median run-length = 3770.
Definet) (i1, pia, 01, 09) = ~ DAL (/h ,MQ), o] 2() ag ) According to Menzefricke
(2002) ¥ (puq, pig, 02,03) — B if m — oo. The harmonic mean of r = 5 and if
£ = 0.0027, the harmonic mean = = 370.

0. 0027

In Table 5.4 the average “run-length” for different values of § is given.

Table 5.4.: 3 Values and Corresponding Average Run-length

)

Ié] 0.0027 0.012 0.016 0.02 0.024 0.028 0.03 0.032 0.036 0.04
E (r|data) | 201500 4044 1785 959 633 438 400 340 240 218

In Figure 5.7 the distribution of the run-length for m; = my = 20 and g = 0.03 is

illustrated and in Figure 5.8 the histogram of the expected run-length is given.
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5.12 Control Chart for a Future One-sided Lower Tolerance Limit

Figure 5.7.: Predictive Distribution of the Run-length f (r|data) for m; = my =
m = 20
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E (r|data) = 400.41,Median (r|data) = 79.51, Var (r|data) = 1.8668€°
95% HPD Interval = (0; 1688)

Figure 5.8.: Distribution of the Average Run-length

5000 T T

4500 —

4000 —

3500 —

3000 —

2500 —

2000 —

1800 —

1000 —

500 —

L L 1 L 1
a 1000 2000 3000 4000 5000 6000 7000 8000

Etly 4,703

Mean = 400.41, Median = 138.79, Var = 7.0775¢°
95% HPD Interval = (1.11;1552.1)

115



Chapter 5 Tolerance Limits for Normal Populations

5.13. Conclusion

The first part of this chapter develops a Bayesian control chart for monitoring a
upper one-sided tolerance limit across a range of sample values. In the Bayesian
approach prior knowledge about the unknown parameters is formally incorporated
into the process of inference by assigning a prior distribution to the parameters.
The information contained in the prior is combined with the likelihood function to
obtain the posterior distribution. By using the posterior distribution the predictive

distribution of a upper one-sided tolerance limit can be obtained.

Determination of reasonable non-informative priors in multi-parameter problems is
not an easy task. The Jeffreys’ prior for example can have a bad effect on the pos-
terior distribution. Reference and probability matching priors are therefore derived
for the pth quantile of a normal distribution. The theory and results have been
applied to air-lead level data analyzed by Krishnamoorthy and Mathew (2009) to
illustrate the flexibility and unique features of the Bayesian simulation method for

obtaining posterior distributions, prediction intervals and run-lengths.

In the second part of this chapter the Bayesian procedure has been extended to
control charts of one-sided tolerance limits for a distribution of the difference between

two independent normal variables.

Mathematical Appendix to Chapter 5

Proof of Theorem 5.1

Assume X; (i = 1,2,...,n) are independently and identically Normally distributed

2

with mean g and variance o°. The Fisher information matrix for the parameter

vector 6 = [u, 02]/ is given by
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Mathematical Appendix

To obtain the reference prior, the Fisher information matrix F' (¢ (€),0) must first
be derived.

Let
ou Op 1z
ot(0) do? —5Z
A = =
do2 do2
Now

= — 55 Fi Fip
F(t(0),0%) = AF (p,0%) A= 2 _
-2z g For Fy

and the inverse

_n_ (ZI% + 1) nzp Fll F12
2 203

nzp n F? 2

and

1
p(t(f)) ox hi o< constant because it does not contain ¢ (@) .
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Further
2
n [z
hy=Fyp=—|[2+1
2 22 204<2+>

and

P (02\75 (Q)) x hé x o2

Therefore the reference prior for the ordering {t (6),0?} = {gp, 0%} is Pr (q,,07)

o 2.

In the (p, 0?) parametrization this corresponds to Pr (i, 0?) = p (£ (8) , 0?)

ata(f)‘ = 1, it follows that Pg (u,0?) oc 072

Since

Proof of Theorem 5.2

Let
t©0) =t (p.0%) =gy
and
Vi (0) =[2t0) Zt©)]=[1 0.

Also

!/

Vi (0) F (t (9) ,02> = [Fll FlQ}

and

VYO F (0, %) Vi () = ()
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Mathematical Appendix

Further

and

According to Datta and Ghosh (1995) a prior Py () = Pas (gp, 0?) will be a proba-

bility matching prior if the following differential equation is satisfied

9

0
5, (11O Pu O} + 575 {T2(6) Pu (6)} =0

It is therefore clear that if Py () o o2 the differential equation is satisfied.

Proof of Theorem 5.3
It is well known that if Y ~ x2, then

2T (5 +7r
50 - T

=

Also since X|u,0% ~ N (u, "—nj) and Sy ~ {02(%1}2 for given o2, it follows that
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and

oV2r (3 2 7.2
m*zw((m)l) o <nlﬁk1>‘

2

E (@, 0%) = p? + 2k

From the posterior distribution it follows that u|o?, data ~ N ()_( , ”—:) and o ~
{("1)52} given the data. Therefore

2
Xn—1

o faoT T(m)r(z2
B (qldata) = X + oy [ _11F <512) F((n?)s (5.13)

and

By making use of Equations (5.13) and (5.14) and the fact that

Var (q|data) = E (¢*|data) — {E (g|data)}*

it follows that

N o ne1 ()T (52 (n—1
Var(d\data):(m+n> (n 1)—1—%%{” L 2 (2 ( ) }52.
n — n

nm n—3
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6. Two-Parameter Exponential
Distribution

6.1. Introduction

The two-parameter exponential distribution plays an important role in engineering,
life testing and medical sciences. In these studies where the data are positively
skewed, the exponential distribution is as important as the normal distribution is
in sampling theory and agricultural statistics. Researchers have studied various
aspects of estimation and inference for the two-parameter exponential distribution

using either the frequentist approach or the Bayesian procedure.

However, while parameter estimation and hypothesis testing related to the two-
parameter exponential distribution are well documented in the literature, the re-
search on control charts has received little attention. Ramalhoto and Morais (1999)
developed a control chart for monitoring the scale parameter while Stirticti and Sazak
(2009) presented a control chart scheme in which moments are used. Mukherjee,
McCracken, and Chakraborti (2014) on the other hand proposed several control
charts and monitoring schemes for the location and the scale parameters of the

two-parameter exponential distribution.

In this chapter control charts for the location and scale parameters as well as for
a one-sided upper tolerance limit will be developed by deriving their predictive

distributions and using a Bayesian procedure.

6.2. Preliminary and Statistical Results

In this section the same notation will be used as given in Krishnamoorthy and
Mathew (2009).
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Chapter 6 Two-Parameter Exponential Distribution

The two-parameter exponential distribution has the probability density function

1 _
f(x;u,&)zeexp{—(xgu)} x>p, p>0,6>0

where p is the location parameter and 6 the scale parameter.

Let X1, X5, ..., X, be a sample of n observations from the two-parameter exponen-

tial distribution. The maximum likelihood estimators for u and 6 are given by
fi=Xq)

and

where X (1) is the minimum or the first order statistic of the sample. It is well known
(see Johnson and Kotz (1970); Lawless (1982); Krishnamoorthy and Mathew (2009))
that f and 0 are independently distributed with

~A 2 A
(B—n) X3, 4

0 X%n—Q
7 5, and o~ : (6.1)

2n

6.3. Bayesian Procedure

If a sample of n observations are drawn from the two-parameter exponential distri-

bution, then the likelihood function is given by
1\" 1 &
L (u,0|data) = () exp {— > (- u)} ~
0 0=
As prior the Jeffreys’ prior
p(p,0) 67!

will be used.

122



6.3 Bayesian Procedure

The following theorems can now be proved.

Theorem 6.1. The joint posterior distribution of p and 0 is

p (0, pldata) o< p(p,0) L (u,0\data)

= K (é)nﬂexp{—% (i‘—,u)} 0<p<zm), 0<0<o0

(6.2)
where
n 1 n—1 1 n—1) 1
- {077
F'(n—1) |\g z
Proof. The proof is given in the Mathematical Appendices to this chapter. O
Theorem 6.2. The posterior distribution of  is
1 n—1 1 n—1) 1 B
plultate) = -0 (5) = (1)} @ 0<p<ay
Proof. The proof is given in the Mathematical Appendices to this chapter. O
Theorem 6.3. The posterior distribution of 6 is
p(Oldata) = ["p (9, pldata) dpu
(6.3)
= Kl% (%)n {exp (—%ﬁ) — exp (—%)} 0<6f <o
Proof. The proof follows easily from the proof of Theorem 6.1. m
Theorem 6.4. The conditional posterior distribution of p given 0 is
p(pl0,data) = PoL
(6.4)

= Ksyexp (%)
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where

-1
e (5 1)

Proof. The proof follows easily from the proof of Theorem 6.1. m

Theorem 6.5. The conditional posterior distribution of 6 given u is

p(0lu,data) = oL
(6.5)
n+1 B
= K (%) exp{—%(aj—u)} 0<0< o0
where
{n(z—pw}"
Ka =
T
Proof. Since
-1 oo 1\t oo
K; = fo (@) exp{—g (IE—,u)}dQ
I'(n)
{n(@—w)}™>
the result follows. .

6.4. The Predictive Distributions of Future Sample
Location and Scale Maximum Likelihood

Estimators, /iy and é\f

Consider a future sample of m observations from the two-parameter exponential pop-
ulation: Xz, Xog, ..., Xpp. The future sample mean is defined as X'f = % X
The smallest value in the sample is denoted by ji; and 0 ;= X ¢ — fiy. To obtain

control charts for iy and 6 ¢ their predictive distributions must first be derived.

The following theorems can now be proved.
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6.4 The Predictive Distributions of Future Sample Location and Scale Maximum
Likelihood Estimators, jiy and 6

Theorem 6.6. The predictive distribution of a future sample location maximum

likelihood estimator, fiy, is given by

K { L(rlﬂf)r B [mﬂfm}"} 0 <pr<wzq
f (fig|data) = (6.6)

* 1 1 n ~
K Hm(w_w - [mits) '} ww <y < o0

where
. n"(n—1)m
o n—1 n—1) "
NI
Proof. The proof is given in the Mathematical Appendices to this chapter. n

Theorem 6.7. The mean of [if is given by

E (jif|data) =z — KL (1 — a)

and the variance by

n3

m2(n—1)*(n—2)

Var (fifldata) = { —I—(l—a)Q}f(M—(l—aff(sz

where
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and
n—3 n—3
v=( G -6 )
n—3 0 x
Proof. The proof is given in the Mathematical Appendices to this chapter. [

Theorem 6.8. The predictive distribution of a future sample scale maximum like-

lthood estimator, éf, is given by

~ mtn— n—1 n—1 -1 Am—
f(brldata) = mm il {(é) -(3) } 7o
(6.7)
L m+n—2 ) m-+n—2 R
{(méf+né> o (méf+nx> } 9f > O
Proof. The proof is given in the Mathematical Appendices to this chapter. m
Theorem 6.9. The mean and variance of éf is given by
N n(m-—1) -
E (0fldata) = ——— =KL
( rlda a) m(n—1)
and variance
A 2(m—1) ( KM —-1) -
Var (0f|data) . (m=1) _m=1) KL%} .
mn—-1) |n—2 m((n—-1)
Proof. The proof is given in the Mathematical Appendices to this chapter. O]

6.5. Example

The following data is given in Grubbs (1971) as well as in Krishnamoorthy and
Mathew (2009). The failure mileages given in Table 6.1 fit a two-parameter expo-

nential distribution.

Table 6.1.: Failure Mileages of 19 Military Carriers

162 200 271 302 393 508 539 629 706 777
884 1008 1101 1182 1463 1603 1984 2355 2880
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6.6 Control Chart for /iy

A

1

For this data, the maximum likelihood estimates are fi = x(;) = 162,60 = - >, (wz — $(1)>

T —xq)=283521 and n = 19.

As mentioned in the introductory section, the aim of this chapter is to obtain control
charts for location and scale maximum likelihood estimators as well as for a one-sided

upper tolerance limit.

Therefore in the next section a control chart for a future location maximum likeli-

hood estimator will be developed.

6.6. Control Chart for /i,

By using the predictive distribution (defined in Equation (6.6)) a Bayesian procedure
will be developed in Phase II to obtain a control chart for fiy. Assuming that
the process remains stable, the predictive distribution can be used to derive the

distribution of the run-length and average run-length.

For the example given in Table 6.1 (failure mileage data) the predictive distribution,

f (fif|data) for m = 19 future data is illustrated in Figure 6.1.
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Figure 6.1.: Distribution of fif, n =19, m = 19
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Mean (fiy) = 168.78, Median (fi5) = 163.91, Mode (fiy) = 162, Var (fiy) = 3888.7

95% Interval (fif) = (55.18;317.45)

99.73% Interval (fif) = (13.527;489.52)

From Figure 6.1 it follows that for a 99.73% two-sided control chart the lower control
limit is LC'L = 13.527 and the upper control limit is UC'L = 489.52.

Let R (/) represents those values of fi; that are smaller than LC'L and larger than
UCL.

The run-length is defined as the number of future iy values (r) until the control
chart signals for the first time (Note that r does not include the ji; value when the
control chart signals). Given p and 6 and a stable Phase I process, the distribution

of the run-length r is Geometric with parameter
w0 = [yl diy
R(B)

where

R m m . .
f(fglp, 0) = eexp{—e (fy — u)} fif > p
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6.6 Control Chart for /iy

i.e., the distribution of fiy given that of y and 6 are known. See also Equation
(6.1). The values of 1 and 6 are however unknown and the uncertainty of these
parameter values are described by their joint posterior distribution p (6, u|data) given
in Equation (6.2).

By simulating p and 6 from p (0, pldata) = p (0|u, data) p (p|data) the probability
density function of f (fif|u, 8) as well as the parameter ¢ (i, ) can be obtained. This
must be done for each future sample. In other words, for each future sample p and 6
must first be simulated from p (6, p|data) and then v (u, ) calculated. Therefore, by
simulating all possible combinations of 1 and € from their joint posterior distribution
a large number of ¥ (u, 0) values can be obtained. Also, a large number of geometric
distributions, i.e., a large number of run-length distributions each with a different

parameter value (¢ (u1,61), ¥ (p2,02) ..., % (fm, 0m)) can be obtained.

The unconditional moments, E (r|data), E (r?|data) and Var (r|data) can therefore
be obtained by simulation or numerical integration. For further details refer to
Menzefricke (2002, 2007, 2010b.a).

The mean of the predictive distribution of the run-length for the 99.73% two-sided
control limits is E (r|data) = 37526, much larger than the 370 that one would have
expected if f = 0.0027. The reason for this large average run-length is the small
sample size and large variation in the data. The median run-length = 1450. Define

¥ (p,0) = 237 4 (pi, 0;). From Menzefricke (2002) it follows that if m — oo,

then @E (,0) — [ and the harmonic mean of r = % For 5 = 0.0027 the harmonic

mean would therefore be 370.

In Table 6.2 the average run-length for different values of § are given.

Table 6.2.: 3 Values and Corresponding Average Run-length

B 0.0027 0.003 0.005 0.007 0.009 0.01 0.015 0.02 0.025 0.0258 0.03

E (r|data) | 37526 32610 10231 4655 2807 2313 987.6 594.2 399.7 369.67 280.1

In Figure 6.2 the distribution of the run-length for n =19, m = 19 and g = 0.0258

is illustrated and in Figure 6.3 the histogram of the expected run-length is given.
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Figure 6.2.: Run-length, n =19, m = 19, § = 0.0258
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Figure 6.3.: Expected Run-length, n =19, m =19, § = 0.0258
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6.7 Control Chart for éf

It is therefore clear that § must be adjusted to get a run-length of 370.

6.7. Control Chart for 4,

In this section a control chart for 6 #, a future scale maximum likelihood estimator,
will be developed. The predictive distribution f (éﬂdata) given in Equation (6.7)

is displayed in Figure 6.4 for the example previously given and m = 19.

Figure 6.4.: Predictive Distribution of éf, n=19, m=19

-
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06+
04r
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00 500 1000 1500 2000 2500 3000

O
Mean (0y) = 876.73, Median (0;) = 829.23, Mode (f;) = 743.34

For a 99.73% two-sided control chart the lower control limit is LCL = 297.5 and
the upper control limit is UCL = 2278. R (B) represents those values of éf that are
smaller than LCL and larger than UCL. Given # and a stable Phase I process, the

distribution of the run-length is Geometric with parameter
w®) = [ 1 (0518) dby
R(B)

where f (é f|9) is defined in Equation (6.1). As before the value of § is unknown, but

can be simulated from the posterior distribution p (f|data) given in Equation (6.3)
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or equivalently by first simulating u from p (u|data) and then 6 from p (0|p, data).
By simulating € the probability density function f (éf|9) Equation (6.3) as well as
the parameter ¢ (6) can be obtained. As mentioned previously, this must be done
for each future sample. The mean of the predictive distribution of the run-length
for the 99.73% two-sided control limits is £ (r|data) = 8188.6. As in the case of fif,
this is much larger than the 370 that one would have expected if § = 0.0027. In

Table 6.3 the average run-length versus probabilities [ are given.

Table 6.3.: $ Values and Corresponding Average Run-length

B 0.0027  0.003 0.005 0.007 0.009 0.01 0.015 0.018 0.02 0.025

E (r|data) | 10939.2 9029.8 3517.7 1913 1238.2 1010.7 512.1 3724 311.2 211.8

In Figure 6.5 the distribution of the run-length for n = 19, m = 19 and 5 = 0.018

is illustrated and in Figure 6.6 the histogram of the expected run-length is given.

Figure 6.5.: Run-length, n =19, m =19, 8 = 0.018
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6.8 A Bayesian Control Chart for a One-sided Upper Tolerance Limit

Figure 6.6.: Expected Run-length, n =19, m =19, § = 0.018
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From Table 6.3 it is clear how [ should be adjusted to get a specific run-length. For
example if one is interested in a run-length of a 1,000 then § should be 0.01.

6.8. A Bayesian Control Chart for a One-sided Upper

Tolerance Limit

As mentioned in the introduction, a confidence interval for a quantile is called a
tolerance interval. A omne-sided upper tolerance limit is therefore a quantile of a
quantile. It can easily be shown that the p quantile of a two-parameter exponential
distribution is given by ¢, = 4 — 61In (1 — p). By replacing the parameters by their
generalized pivotal quantities (GPQs), Krishnamoorthy and Mathew (2009) showed
that a GPQ for g, can be obtained as

X3+ 2nIn(1—p) §
5 .
X2n—2

Gy =i~
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Let E,., denotes the o quantile of £, = w, then

2n—2

fi — Epol = i — kof (6.8)

is a 1 — a upper confidence limit for g,, which means that (p,1 — «) is an upper

tolerance limit for the exponential (11, 6) distribution.

An advantage of the upper tolerance limit is that it monitors the location and scale

parameters of the two-parameter exponential distribution at the same time.

It is shown in Roy and Mathew (2005) and Krishnamoorthy and Mathew (2009)
that the upper and lower tolerance limits are actually exact, which means that they

have the correct frequentist coverage probabilities.

6.9. The Predictive Distribution of a Future Sample

Upper Tolerance Limit

From Equation (6.8) it follows that a future sample upper tolerance limit is defined

as

Uf = ﬂf — /~€2(§f where ﬂf > u and éf > 0.

From Equation (6.1) it follows that

m

sl ) = (%5 ) exo {2 2y = 0} i >

which means that

f (Uf|ﬂ,9,éf> = (T;) exXp {—ZL [Uf - (ILL - /;/’Qéf)}} Uf > = %zéf (69)

From Equation (6.9) it can be seen that the derivation of the unconditional predic-

tive density function f (Uy|data) will be quite complicated. An approximation of
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6.9 The Predictive Distribution of a Future Sample Upper Tolerance Limit

the density function can however be obtained by using the following Monte Carlo

simulation procedure:

1. Simulate p and 0 from p (0, p|data). This can be achieved by first simulating p
from p (u|data) defined in Equation (6.2) and then 6 from p (0|u, data) defined
in Equation (6.5).
Xm

2. For given 6, simulate éf from =5*=20.

3. Substitute the simulated p, 6, and éf values in Equation (6.9) and draw the

exponential distribution.

Repeat this procedure [ times and obtain the average of the [ simulated exponential
density functions (Rao-Blackwell method) to obtain the unconditional predictive

density f (Uy|data).

Although (as mentioned) the derivation of the exact unconditional predictive den-
sity will be quite complicated the exact moments can be derived analytically. The

following theorem can be proved:

Theorem 6.10. The exact mean and variance of Us = fiy — /;:29}, a future sample

tolerance limit, is given by

E (Usldata) = & + KL (aH — 1) (6.10)
and
Var (Us|data) = s J+ 1 KM+(1—aH)*{KM - K*1?}

S e -2 |7 n— 1 ‘
(6.11)

where

H={1-k(m-1)}
and
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Chapter 6 Two-Parameter Exponential Distribution

J=1+ki(m—1).

K, L, M and a are defined in Theorem 6.7.
Proof. The proof is given in the Mathematical Appendices to this chapter. [

For the failure mileage data given in Table 6.1, ky = —3.6784 if m = 19 and by using
10,000, 000 Monte Carlo simulations as described in (item 1), (item 2) and (item 3),
the unconditional predictive density function can be obtained and is illustrated in
Figure 6.7. Figure 6.7 is therefore the distribution of an upper future tolerance limit

for the mileages of the next 19 military personnel carriers that will fail in service.

Figure 6.7.: Predictive Density of f (Uy|data)
-4
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Mean (Uy) = 3394.7, Mode (Uy) = 2900, Median (Uy) = 3211.5,
Var (Uy) = 1.2317 x 10°
95% interval (Uy) = (1736.5;6027)

99.73% interval (Uy) = (1249.05,7973)

As in the previous sections the predictive distribution can be used to derive the

run-length and average run-length. From Figure 6.7 it follows that for a 99.73%
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6.9 The Predictive Distribution of a Future Sample Upper Tolerance Limit

two-sided control chart the lower control limit is LCL = 1249.05 and the upper
control limit is UCL = 7973. R* () therefore represents those values of Uy that
are smaller than LCL and larger than UCL. As before, the run-length is defined as
the number of future Uy values (r) until the control chart signals for the first time.

Given p and 6 the distribution of the run-length r is Geometric with parameter

00 = [ S0

where f (Uy|p,0) is the distribution of a future Uy given that p and 6 are known.
As mentioned before the values of u and 6 are however unknown and the uncer-
tainty of these parameter values are described by their joint posterior distribution
p (u, 0)data) .

By simulating ;1 and 6 from p (4, 8|data), the probability density function f (Uf|u, 0)
can be obtained from Equations (6.1) and (6.9) in the following way.

L f (Uf|N>97X§m72) = (%) eXp{—’g‘ [Uf - (u - %z% )]}

1. The next step is to simulate [* = 100000 x3,,_, values to obtain [* exponential

density functions for given p and 6.

III. By averaging the [* density functions (Rao-Blackwell method) f (Uf|u, ) can
be obtained and also ) (s, 0).

This must be done for each future sample. In other words, for each future sample
and 0 must be simulated from p (u, #|data) and then the steps described in (item 1.),
(item II.) and (item III.). The mean of the predictive distribution of the run-length
for the 99.73% two-sided control limits is F (r|data) = 1.1709 x 10", much larger
than the 370 that would have been expected for § = 0.0027. In Table 6.4 the average

run-lengths versus probabilities [ are given.

Table 6.4.: 3 Values and Corresponding Average Run-length

I6] 0.007 0.009 0.01 0.015 0.018 0.02 0.025
E (r|data) | 10000 1240.2 1020.7 530.1 374.2 300.2 208.8

In Figure 6.8 the distribution of the run-length for n = 19, m = 19 and g = 0.018
is illustrated and Figure 6.9 the histogram of the expected run-length is given. The

reason for § = 0.018 is because it gives and average run-length of approximately
370.
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Figure 6.8.: Distribution of Run-length when g = 0.018
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Figure 6.9.: Expected Run-length when g = 0.018
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6.10. Conclusion

This chapter develops a Bayesian control chart for monitoring the scale parameter,

location parameter and upper tolerance limit of a two-parameter exponential distri-

bution. In the Bayesian approach prior knowledge about the unknown parameters

is formally incorporated into the process of inference by assigning a prior distribu-

tion to the parameters. The information contained in the prior is combined with

the likelihood function to obtain the posterior distribution. By using the posterior

distribution the predictive distributions of fis, 0 ¢ and Uy can be obtained.

The theory and results described in this chapter have been applied to the failure

mileages for military carriers analyzed by Grubbs (1971) and Krishnamoorthy and

Mathew (2009). The example illustrates the flexibility and unique features of the

Bayesian simulation method for obtaining posterior distributions and run-lengths

for ﬂf, éf and Uf.

Mathematical Appendix to Chapter 6

Proof of Theorem 6.1

Kt o= e (é)nJrl exp {—% (z — ,u)} dudf

Since

(1)
[ (ip)on-2fon(52) -
0 6 n 0

it follows that

Kit= TG ew =g} — 1T () ew {5
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Since K; = (Kfl)il the theorem follows.
Proof of Theorem 6.2
p(pldata) = [T p(p,0|data) do
0 n+1 n /=
= K, (%) exp{—g(a:—u)}dﬁ
= Ki{gs) o).

By substituting K the result follows.

Proof of Theorem 6.6

From Equation (6.1) it follows that
X3

fLplp, 0 ~ ==0 Ly > [

fislu O~ 520+ iy > pe
Therefore

R m m . N

f(fglp, 0) = (9> exp {—9 (A — u)} fif > p.

Further

f (@ldata) = [ [ £ (1. 0) 6l data) p(uldata) dbd

where

p (0|p, data) = {nfz—m}" <1>n+1 exp {—

and
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Now

f(aglp, data) =

and

f(igldata) =

where

Jo~ ffuglp, 0) p (0|, data) db

el [0 (1) exp { = [m (fy — o) + (7 — )]} 0

n"tH(z—p)"m

o iy >0
() n-w]

Jo " f (fys pldata) dp 0 < fip < zq)

Jo ¥ f (g, pldata) dp xy < fiy < o0

/ (ﬂfﬂ pildata) =
{

Therefore

f(isldata) =

and

K="t

Proof of Theorem

Expected Value of fif

n"(n—1)m

e 1(” — ”:}1 {(mpy +nT) — p(n+m)} Y
)

1 " 1 n A
|:n(j_ﬂf):| B [mﬂerni} } 0< Hf < Z(1)

K* - r "
{ {m(ﬂf—z(n)ﬂf)

- |:mﬂf1+nf:|n} Ty < fif <00

(RSN

6.7
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It follows from Equation (6.1) that
2
A X2
~ 22
fp o~ 05 1
Therefore

A 0
E (aglp,0) = —+ p.

From Equation (6.2) it follows that

p (0lp, data) = @@= wy" <1>n+1 exp {—n (z — u)}

I (n) 7 7
which means that
_n(@—p)
E (0|u, data) = (=1
and therefore
E (fiylp,data) = 2T 4 p
(6.12)
= (l—-a)p+azx
where
n
4= —-.
m(n—1)

Also from Equation (6.2) it follows that

p(uldata) = K (2 —p)™"  0<p <

where
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Now

E (u|data) = —E {(z — p) |data} +

and

E{(z — p)|data} = (nl_(Z) {(;)"—2 - (;>n—2} — KL

which means that

E (p|data) = =KL + 7. (6.13)

Substitute Equation (6.13) in (6.12) and the result follows as

E (jif|data) =7 — KL (1 —a).

Variance of [if

From Equation (6.1) it also follows that

4 62
Var (fis|u, data) = 62 = .
ar (fig|p, data) el

Further

Var (jiglu. data) = Eop, {Var (gl 6)} + Vara, {E (jif|p. 6)}

Since

E (92]u, data) = (7571(?)_(:)—}2)

and

Var (0|u, data) = (71{?(;2_(:)_} 2)

it follows that
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1 {n@@-p)}? + L {n(z—p)}*

m2 (n—1)(n—2) m2

Var (fig|p, data) = m n )% (n—2)

Also

Var (iyldata) = B, {Var (|, data)} + Var, {E (jis |, data)} .

Since

it follows that

E, {Var (fif|p, data)} = (1% (n 2)KM.

Further

Var, {E (fif|p, data)} = (1 — a)® Var (u|data)

and

Var (pldata) = E, {u - (i - f(L)}2
= BJ{@-p’-2@-pKL+ KL

= KM -—2KLKL+ K2L?=KM — K2L2.
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Therefore

Var, {E (fif|u, data)} = (1 — a)? {f(M — K2L2}

and

n3 _

e N +(1— a)2} KM —(1—a)* K?L?

Var (fif|data) = {

Proof of Theorem 6.8

From Equation (6.1) it follows that

A X% 2 A
G0 ~ =220 6: > 0.
/l o f

Therefore

. m—1 (6 " xp (—20 .
1 (6:10) = (?) &) r(:;li(n ) br > 0.

The posterior distribution of 6 is

p (O|data) = K (;)” {exp (_Zé) — &Xp (—Zm)}

where

oot -G )
(see Theorem 6.3).

The unconditional predictive density function of 0 ¢ is therefore given by
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f (éf\data) = °F (éﬂ@)p(ﬁldata) df
= %@Kl fooo (%)m%_l {exp [—% (méf + né)} — exp {—é (méf + na_:)} } de

= mmflnnfl% {(;)n—l B (;)n_l}l (éf)m_2

1 m+n—2 1 m+n—2 R
X {(mélf-&-né) - <mé‘f+nx> } Hf > 0.

Proof of Theorem 6.9

Expected Value of 0 J
From Equation (6.1) it follows that

2
A X2m72

0 0 ~ 22m=2g)
sl om

Therefore

(m-1),

E (éf|/i,9) =

and

Var (éf|,u,(9) = (mm_z 1)92.

By using p (0|u, data) (given in Equation [6.5]) it follows that

E (0|u, data) = w

and therefore

(m—1)n(z—p)
m  (n—1)

E (éﬂ,u,data) =

Since

p(pldata) = K (z —p)™  0<p<azq
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it follows that

and
E (Bl data) = &Z - Bm.
Variance of 0 ¥
Var (éf|,u, data) =  Ey, {Var (éfm, 9)} + Varg, [E <§f|,u, 0)]

(m=1) {n@@=p)}* | (m=1)’ {n@=p)}*
mZ (n-D(n-2) | m2  (n—1)2(n—2)

(m—1)n?

— 2

Further

Var (éﬂdata) =K, {Var (§f|,u, data)} + Var, {E (éf|,u, data)}

and

(m —1)n? -
w1 (n—2) (m+n—2)KM.

E, {Var (éﬂdata)} =

Also

(m—1)% n?

m (1)

Var, {E <9f|,u, data)} = sVar (p|data)

and therefore

147



Chapter 6 Two-Parameter Exponential Distribution

2

Var, {E (éf\u, data)} = ("”;;21)2 o E {u — (9‘5 - f(L) }2

= @ {(@ - p)? - 2KL (T - p) + K°L?)

m2(n—1)

S (e V {KM - 2KLKL+ K*L*}

N Vi {f(M _ f(?L?} .

From this it follows that

Var (§f|data> = _mnt (m+n—2)KM + (m—1)°n” {f(M — f(2L2}

m2(n—1)%(n—2) m2(n—1)2

_ n2(m—1) { KM (mfll) f(sz}.

m(n—1) | (n—2) m(n—1)

Proof of Theorem 6.10

Proof of E (Uy|data)

From Equation (6.9) it follows that
~ m m <A N
7 (Usln.6,0;) = <0> exp {—9 Uy — (1 - kgef)}} Ur > ji— ko
which means that
E (Uf|,u 0 éf) = E —|-,U, - %Qéf.
? 7 m
Since
2
A X2m—2
0¢l6, pp ~ =="==0
710~ =50

it follows that

0 - 0
E(Ufyu,e):u+%{1—k2(m—1)}:;Haﬁ.
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Also since the posterior distribution

p(9]u,data):W<;>n+lexp{—2(a§—u)} 0<60< o0

it follows that

n(z —p)

E (0|p, data) = .
n—

and therefore

E (Us|lp,data) = axH + 1 (1 — aH)

where

Further
1 n—1 1 n—1) —1 B
plultate) = -0 {(3) = (3 @ 0<n<ay

and therefore

E (p|data) =z — KL

which means that

E (Usldata) = & + KL (aH —1).

Proof of Var (Us|data)

From Equation (6.9) it follows that
A 0\’
Var (Us|p,0,0f) = — ] .
ar (U, 0,6;) <m>

Now
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Var (Us|p,0) = Varg, {E (Uﬂu,@,@})} + By, {Var (Uf\u, 9,@)}
= Var(;f (%‘i‘,u_];géf) +E§f{(i)2}
=  kVar (%9) + (%)2

- (@ e = (@)

Further
Var Ul data) = By {Var (Uslp 0)} + Varg, {E (Ul 0)}
2
— By, {(ﬂﬁ) J} +Varg, {n+ LH}
= L E(0*|u, data) + LV ar (0|u, data) .
Since

E (92|u, data) = (in—(f)_(n,u)—}Q)

and

{n@—mw}*

Var (0lu, data) = == e

it follows that

2 (7 2 2
— H
Var (Ug|p, data) = - (2= 1) {J+ - }

Finally

B, (Var (Uylp, data)} = —
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From p (u|data) it follows that

E(@—p?=KM

and
n? H? | -
E, {Var (Us|u,data)} = =1 (n=2) {J—i— — 1}K]W.
Also
Var,{E (Us|p, data)} = Var{axH + p(1 —aH)}
= (1 —aH)’Var (u|data)
= (1-aH)* (KM - K2L?).
Therefore
Var (Uy|data) = " J+ - EM+(1—aH?) {KM — K*L*}
! m2(n—1)(n—2) n—1 '
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/. Two-Parameter Exponential
Distribution if the Location
Parameter Can Take on Any
Value Between Minus Infinity and

Plus Infinity

7.1. Introduction

In this chapter the same notation will be used as in the previous chapter with the
exception that the location parameter can now take on values between —oo and oo,

similarly as in some literature, see for example Johnson and Kotz (1970).

Therefore the two-parameter exponential distribution has the probability density

function

1 _
f(x;,u,@)zeexp{—(xeu)} r>p, —oco<pu<oo, 08>0

where p is the location parameter and 6 the scale parameter.

As before, let X, X5, ..., X, be a sample of n observations from the two-parameter
exponential distribution. The maximum likelihood estimators for 1 and 8 are given
by
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and

where X () is the minimum or the first order statistic of the sample. It is well known
(see Johnson and Kotz (1970); Lawless (1982); Krishnamoorthy and Mathew (2009))
that i and 0 are independently distributed with

(- X3 0 X3,
~ 22 and = ~ 2222 7.1
0 2n an 0 2n (7.1)

Let fio and fy be observed values of fi and  then it follows from Equation (7.1) that
a generalized pivotal quantity (GPQ) for p is given by

X3 5
Gy = fio — —52—0 (7.2)

X2n—2

and a GPQ for 6 is given by

G, = 21 (7.3)

2
X2n—2

From a Bayesian perspective it will be shown that G, and Gy are actually the

posterior distributions of u and 6 if the prior p (u,6) o< 67! is used.

7.2. Bayesian Procedure

In this section it will be shown that the Bayesian procedure is the same as the

generalized variable approach.

If a sample of n observations are drawn from the two-parameter exponential distri-

bution, then the likelihood function is given by

L (u,0|data) = (;)nexp {—é lz: (x; — u)} :
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7.2 Bayesian Procedure

As prior the Jeffreys’ prior
p(u,0) 007"

will be used.

The joint posterior distribution of p and € is

p (0, puldata) — oc p(p,0) L (u,0|data)

= Kl(é)nﬂexp{—%(i—u)} —o00 < pu<z(ry, 0<b <00
(7.4)

It can easily be shown that

K - n" (é)n_l

= Tln—1) Whereé:i—x(l).

The posterior distribution of u is

puldata) = [ p (0, pldata) o
(7.5)

= (n—1) (é)n_l (%)n — 00 < pu < zy)

and the posterior distribution of 6 is

p(Oldata) = [T p(0, pldata) du
= K (%)nexp{—”—é} where 0 < 6 < 00

0

an Inverse Gamma distribution where
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n"1 (é)n_l

Ko =021

The conditional posterior distribution of # given u is given by

o (0,p|data)
p(0lp, data) = EEES
(7.7)
n+1
= K, (%) i exp{—%(i’—,u)} where 0 < 0 < 00
an Inverse Gamma distribution where
K - n@-wy
' (n)
Also the conditional posterior distribution of p given 6 is
6,u|data
p (M‘ev data) = p;(glr(ljati))
(7.8)

_ %exp{—% (gg(l) — ,u)} where — 0o < pu < z(y)

The following theorem can now easily be proved:

Theorem 7.1. The distribution of the generalized pivotal quantities G,, and Gy de-
fined in Equations (7.2) and (7.3) are exactly the same as the posterior distributions
p (uldata) and p (0|data) given in Equations (7.5) and (7.6).

Proof. The proof is given in the Mathematical Appendices to this chapter. O]
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Likelihood Estimators, jiy and 6

7.3. The Predictive Distributions of Future Sample
Location and Scale Maximum Likelihood

Estimators, /iy and éf

As before consider a future sample of m observations from the two-parameter expo-
nential population: Xz, Xog,..., X;,p. The future sample mean is defined as X =
- i1 Xjs. The smallest value in the sample is denoted by fiy and éf = X; — jis.
To obtain control charts for fiy and 6y their predictive distributions must first be
derived. If —oo < p < 00, then the descriptive statistics, posterior distributions and

predictive distributions will be denoted by a tilde (~).

Theorem 7.2. The predictive distribution of a future sample location maximum

likelihood estimator, fif is given by

i e 00 < Ay <)
(| data) = (7.9)

1 )] x(1)<ﬂf<oo

né+m(ﬂf—x(1)

where

o= gyt

Proof. The proof is given in the Mathematical Appendices to this chapter. O

The reason why f (fif|data) (Equation (7.9)) differs from f (fif|data) (Equation
(6.6), previous chapter) is that for Equation (6.6) it is assumed that 0 < p < oo

n—1 n—1) "1
which results in a posterior distribution of p (u|data) = (n — 1) {(é) - (%) } (x —p) ",
while for Equation (7.9) it is assumed that —oo < pu < oo and the posterior distri-

bution for p is therefore p (u|data) o< (n — 1) (é) " (z—p)™ "
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Theorem 7.3. The mean and variance of iy is given by

mn—m—mna,

E (fif|data) = & — m(n—2)

(7.10)

and

n? (n —2) + (mn —m —n)’ (é)Q

Var (fif|ldata) = m2(n—1)(n—3)(n— 2)2

(7.11)

Proof. By deleting the term (%) in Equations (6.6) and (6.7) from the previous
chapter Equation (7.10) and Equation (7.11) follows. O

Theorem 7.4. The predictive distribution of a future sample scale maximum like-

lthood estimator, éf s given by

i r — 2wt ()" (0,)" A
f (6yldata) = . ((: i 7;) - (im . ('r(:é)—l— nS)Q*“ 0<fd;<oo (7.12)
- - f

Proof. The proof is given in the Mathematical Appendices to this chapter. O]

Corollary 7.5. §;|data ~ é% ((7::__11)) Fom—22n-2.

Proof.

and
~ 2
|data ~ 0 2n
2n—2
Therefore
2
~ 2 ~
O\ data ~ X2m=2 "
m  Xop—2
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7.4 Example

12m 2n — 2 4 2
é M 2 — 2 f 2m—2;2n—2
and
A ~n (m—1)
Op ~O0———Fo(m_1)2(n—
f m (n—1) 2(m—1);2(n-1).
O
Theorem 7.6. The mean and variance of éf is given by
N (m—1) n 4
E (6f|data) = 0 13
(Osldata) = == (7.13)
and
2
~ —1 A
var (0y|data) = n”(m—1) (n+m —3) 6 (7.14)

m2 (n —2)° (n —3)

Proof. By deleting the term (%) in Theorem 6.9 from the previous chapter, Equa-

tion 7.13 and Equation 7.14 follow. O
7.4. Example

The same example as in the previous chapter will be used for illustration purposes.

7.4.1. The Predictive Distribution of [i; (—oo < pu < 00)

By using Equation (6.6) the predictive distribution f (ji;|data) for m = 19 future

failure mileage data is illustrated in Figure 7.1.

159



Two-Parameter Exponential Distribution if the Location Parameter Can Take on
Chapter 7 Any Value Between Minus Infinity and Plus Infinity

Figure 7.1.: Distribution of fif, n =19, m = 19
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méan (fiy) = median (fiy) = mode (fif) = 162, var (fif) = 5129.2

95% interval (fiy) = (11.2;312.8)

09.73% interval (jiy) = (—154.85; 477.36)
96.08% interval (fif) = (—2;326)

For —oco < p < oo, n = 19, m = 19, the predictive distribution f(ﬂf|data) is
symmetrical. méan (fiy) = median (fiy) = mode (ji;) = 162. Mode (fif) for —oo <
i < oo is exactly the same as that for 0 < pu < oo. A further comparison of
Figure 7.1 and Figure 6.1 (from previous chapter) shows that var (fif) = 5129.2 is
somewhat larger than var (fiy) = 3888.7, when 0 < p < oo. Also the predictive
intervals are somewhat wider. A dissatisfactory aspect for —oo < 1 < oo is that the
99.73% interval (fry) = (—154.85;477.36), i.e., contains negative values.

In Table 7.1 descriptive statistics are given for the run-length and expected run-

length.
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7.4 Example

Table 7.1.: Descriptive Statistics for the Run-length and Expected Run-length in
the Case of fif; —oo < pu < oo and 8 = 0.039 for n = 19 and m = 19

Descriptive Statistics f (r|data) - Expected Run-length

Equal Tail Equal Tail
mean 367.84 373.34
median 44.50 69.93
var 6.663 x 107 1.414 x 108
95% interval (0; 740.50) (0; 724.64)

A comparison of Table 7.1 with Figure 6.2 and Figure 6.3 from the previous chapter
shows that if —oo < p < oo the expected (mean) run-length ~ 370 if 5 = 0.0392
while this is the case if § = 0.0258 for 0 < pu < oo. Also the 95% intervals are

somewhat shorter for —oco < pu < 0.

7.4.2. A Comparison of the Predictive Distributions for 4,

In Figure 7.2 comparisons are made between

. L'(m+n—2)mm! (né)m1 (éf)ﬂ%2 .
F (0sldata) = T(m—1)T (n—1) (mfy + né)"”"‘Z Ve

and

(o) s 2 G -G e

1 m+n—2 1 m+n—2 R
X <H> - <A> 0<0f<OO.
m(‘)f + nb mﬁf + nx

As mentioned f (éf\data) denotes the predictive density function if —oco < p < o0
and f (éf]data) denotes the predictive density function if 0 < p < oo.

161



Two-Parameter Exponential Distribution if the Location Parameter Can Take on
Chapter 7 Any Value Between Minus Infinity and Plus Infinity

Figure 7.2.: f (9f|data), n=19, m=19
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In Table 7.2 descriptive statistics are given for f (éﬂdata) and f (éf)

Table 7.2.: Descriptive Statistics of f (§f|data) and f (éﬂdata)

Descriptive Statistics f (9f|data) f (9f|data)
Mean (0y) 884.34 876.98
Median (0y) 835.2 829.1
Mode(0y) 747.3 743.3
Var (0y) 95037 91991

(430; 1622) (428;1601)

95% Equal — tail Interval (Gf) Length=1192  Length=1173

A (370.8;1500.5)  (369.2; 1482.6)
95% HPD Interval (0y) Length=1129.7 Length=1113.4

Also, the exact means and variances are given by:
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~ A n(m—1)
E (0;|data) = —— =0 = 884.34
(f|aa) ooy P 884.34,
- A n?(m —1) A
Var (0|data) = +m — 3) 6% = 95042,
ar<f|aa) mQ(n—2)2(n—3)(n m — 3)

n(m—1)

KL = 976.
%) 976.98,

E (Q}\data) =

n2(m—1){f(M m—1

— K?L*§ = 91991
m(n—1) |n—2 m((n—1) } 9199

Var (éf |data) =

where

and

From Figure 7.2 and Table 7.2 it can be seen that f (éﬂdata) and f (éﬂdata) are
for all practical purposes the same. Also the exact means and variances coincide

with the the numerical values. It therefore seems that whether the assumption is
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that —oo < p < oo or that 0 < u < oo does not play a big role in the prediction of
i,
In Table 7.3 comparisons are made between the run-lengths and expected run-

lengths in the case of éf for —oo < p < ooand 0 < p < oo.

Table 7.3.: Descriptive Statistics for the Run-lengths and Expected Run-lengths in
the case of 0, —0o < 1 < 00,0 < < oo and S = 0.018

—00 < ft < 00 0<p<oo
Descriptive Statistics ~ f (r|data) Expected Run-Length f(r|data)  Expected Run-Length
Equal Tail Equal Tail Equal Tail Equal Tail
Mean 369.29 370.42 375.25 375.25
Median 122.8 229.28 127.4 238.38
Variance 3.884 x 10° 1.2572 x 10° 3.9515 x 10° 1.2698 x 10°
95% Interval (0;1586) (7.423;1089.7) (0:1602.5) (7.809; 1096.7)

From Table 7.3 it is clear that the corresponding statistics for —oo < p < 0o and
0 < pu < oo are for all practical purposes the same. So with respect to éf it does

not really matter whether it is assumed that p is positive or not.

7.5. Phase | Control Chart for the Scale Parameter in
the Case of the Two-parameter Exponential

Distribution

As mentioned before, statistical quality control is implemented in two phases. In
Phase I the primary interest is to assess process stability. Phase I is the so-called
retrospective phase and Phase II the prospective or monitoring phase. The construc-
tion of Phase I control charts should be considered as a multiple testing problem.
The distribution of a set of dependent variables (ratios of chi-square random vari-
ables) will therefore be used to calculate the control limits so that the false alarm
probability (FAP) is not larger than F'AF, = 0.05. To obtain control limits in Phase
I, more than one sample is needed. Therefore in the example that follows there will

be m* = 5 samples or subgroups each of size n = 10.

164



7.5 Phase I Control Chart for the Scale Parameter in the Case of the
Two-parameter Exponential Distribution

Example

The data in Table 7.4 are simulated data obtained from the following two-parameter

exponential distribution:

1 ij — M . .
f(xij;e,,u)zeexp{—xjgu}, i=1,2,....m" 7=1,2,...,n; T >

0=8; u;, =2i; m*=5; n=10.

Table 7.4.: Simulated Data for the Two-parameter Exponential Distribution

Hi
2 4 6 8 10
3.6393 | 18.7809 | 9.3759 | 10.7846 | 16.5907
2.7916 | 4.2388 | 32.6582 | 35.5781 | 17.7079
18.5094 | 4.3502 | 7.3084 | 18.2721 | 12.1376
2.7249 | 9.7827 | 6.5463 | 32.6032 | 11.8333
5.6664 | 5.7823 | 9.1002 | 26.6535 | 23.4186
20.6199 | 19.6218 | 8.2193 | 9.5539 | 15.7106
12.2267 | 10.9065 | 8.3750 | 10.9127 | 16.4669
6.8282 | 4.7042 | 13.4873 | 17.1883 | 13.4918
2.3474 | 5.8635 | 9.3791 | 8.4085 | 12.7471
2.2859 | 4.3308 | 20.1200 | 34.9469 | 12.2616

From the simulated data in Table 7.4 we have

0 = Xi. = Xy = | 54780 4.5974 59107 12.0817 3.4023 |,

3

>

;. = 31.4701

<.
Il
MR

and
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*

1 204
Z 0;. = 6.2940.
m* i

0=

It is well known that 6; ~ %X%n—Q = 2V, and therefore 37", 0; ~ % mY;.

2n
Let

) )
0; 5. Y Y; . .
le m*A: 0 m*Y: m*Y 221,2,...7m
Zi:1 91’ on Lui=1 11 Ei:1 i
where
2
Yi ~ Xon—o-

To obtain a lower control limit for the data in Table 7.4, the distribution of Z,,;, =
min (Z1, Za, . .., Zy+) must be obtained.

Figure 7.3.: Distribution of Z,,;,, = min (Zy, Zs, ..., Zny+), 100 000 simulations
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The distribution of Z,,;, obtained from 100,000 simulations is illustrated in Figure
7.3. The value Zy 5 = 0.0844 is calculated such that the FAP is at a level of 0.05.

The lower control limit is then determined as

m

LCL = Zyos Z (0.0844)(31.4701) = 2.656.

Since 6; > 2.656 (t=1,2,...,m") it can be concluded that the scale parameter is

under statistical control.

7.6. Lower Control Limit for the Scale Parameter in
Phase Il

In the first part of this section, the lower control limit in a Phase II setting will be

derived using the Bayesian predictive distribution.

The following theorems can easily be proved:

Theorem 7.7. For the two-parameter exponential distribution

1 1
f(xij;e,,ui):<€>exp{—6(xij—,ui)} i=1,2,....m" j=1,2,...,n, and z;; > 1

the posterior distribution of the parameter 6 given the data is given by

N\ m*(n—1) ~
nb 1 m*(n—1)+1
p(0|data) = L () exp (_n@) 6>0

L'[m*(n—1)] \0 6

an Inverse Gamma Distribution.

Proof. The proof is given in the Mathematical Appendices to this chapter. O

Theorem 7.8. Let éf be the mazimum likelihood estimator of the scale parameter

in a future sample of n observations, then the predictive distribution of éf 18

X 0r) X
f (0s|data) = K )(n 5 05 >0

Tlm* (n—1)+n—1] @
C'(n—1)T[m*(n—1)] ( )
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which means that

A

R 0
Osldata ~ — Fom-1)2m* (n-1)

where

*
A

=Y 0.

=1

~
~

Proof. The proof is given in the Mathematical Appendices to this chapter. [
At B = 0.0027 the lower control limit is obtained as mi;Fz(n_l);Qm*(n_l) (0.0027) =
314701 (0.29945) = 1.8847 for m* = 5 and n = 10.

Assuming that the process remains stable, the predictive distribution for 0 ¢ can also
be used to derive the distribution of the run-length, that is the number of samples

until the control chart signals for the first time.

The resulting region of size  using the predictive distribution for the determination

of the run-length is defined as

8= - f (yldata) do;

where

R (B) = (0;1.8847)

is the lower one-sided control interval.

Given 6 and a stable process, the distribution of the run-length r is Geometric with

parameter
w®) = [ 1 (b516) dby
R(B)

where f (é |9) is the distribution of a future sample scale parameter estimator given

6.
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The value of the parameter ¢ is however unknown and its uncertainty is described

by the posterior distribution p (6|data).

The following theorem can also be proved.

Theorem 7.9. For given 0 the parameter of the Geometric distribution is
V(O =% (Gen))

for given Xgm*(n_l) which means that the parameter is only dependent on X%m*(n—l)

and not on 6.
Proof. The proof is given in the Mathematical Appendices to this chapter. O

As mentioned, by simulating 6 from p (f|data) the probability density function of
f (éf|9) as well as the parameter v (f) can be obtained. This must be done for
each future sample. Therefore, by simulating a large number of € values from the
posterior distribution a large number of 1 (f) values can be obtained. A large
number of Geometric and run-length distributions with different parameter values
(¥ (61),v(02),...,1(6))) will therefore be available. The unconditional run-length
distribution is obtained by using the Rao-Blackwell method, i.e., the average of the

conditional run-length distributions.

In Table 7.5 results for the run-length at g = 0.0027 for n = 10 and different values

for m* are presented for the lower control limit of the scale parameter estimator.
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Table 7.5.: Two Parameter Exponential Run Lengths Results

n m*  mean (ARL) median (ARL) Mean (PDF) Median (PDF) LOWOHG_SIdedHigh LOWTWO_SldedHigh

10 5 1040.878616  561.9041434  1016.107825 365 120.668063  3285.604745 90.53140623  4875.25148
10 6 859.2946037 528.043143 850.6496099 340 132.1636771 2633.779211 103.814474  3585.574629
10 7 752.7840665  502.7053642 T47.964747 330 137.1365507 2163.362738 107.5044166  2913.68755
10 8 692.3117213  478.8131128  688.5627995 320 147.7899272  1904.506951 121.7607631 2547.589774
10 9 644.1233737  467.3792855  640.6357323 310 149.1918895 1707.552491 119.5874038 2198.554651
10 10 616.4008914 456.271994 613.0915372 305 154.9653041 1581.526121 128.5788067 2094.950512
10 11 582.5441167  445.4805119  579.3980237 295 159.4756421 1466.351811 133.3858464 1874.789144
10 12 563.8471571  445.4805119  560.8517002 295 165.742153  1340.987775 139.7090749 1681.424117
10 13 542.293566 440.1999559  539.3968128 290 170.6404787 1264.446813 145.0341248 1534.216048
10 14 523.2584573  429.8629367  520.4260911 285 170.6404787 1193.031076 145.0341248 1466.351811
10 15 514.4424077  429.8629367  511.6810866 285 177.4499555 1142.597024 149.1918895 1381.311827
10 16 498.7108368 424.804032 496.0401877 285 179.2039115  1064.049573 150.6101839 1283.085571
10 17 493.4525335 419.816607 490.7979663 280 179.2039115 1064.049573 154.9653041 1264.446813
10 18 491.9807528 424.804032 489.3787352 285 188.2980341 1019.999561 164.1476967 1228.123456
10 19 479.4053832  414.8994965  476.8198625 280 184.5942927 978.1005367 159.4756421 1175.931545
10 20 470.1638992  410.0515567  467.6270667 275 188.2980341 951.3034035 164.1476967 1110.378304
10 50 408.6804318  386.8108266  406.4862335 265 235.6714776 654.3843849 214.7137467 726.2252763
10 100  389.0488816  377.9609703  386.9577637 260 267.625879  548.0561023 248.3896595 583.4710484
10 500  374.3715597  373.6276458  372.3573508 255 318.8260483 440.1999559 308.3784626 450.8374316
10 1000  372.9795051  373.6276458  370.9756458 255 333.4301277 414.8994965 326.0292806  424.804032
10 5000 371.9360097  373.6276458  369.9394557 255 352.8387861 391.3293518 348.8501358 395.9116345
10 10000 371.7307984  373.6276458  369.7352037 255 356.8826129 386.8108266 356.8826129 386.8108266

mean(ARL) and median(ARL) refer to results obtained from the expected run-length while mean(PDF) and median(PDF)

refer to results obtained from the probability density function of the run-length
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7.7 A Comparison of the Predictive Distributions and Control Charts for a
One-sided Upper Tolerance Limit, Uy

From Table 7.5 it can be seen that as the number of samples increase (larger m*)

the mean and median run-lengths converge to the expected run-length of 370.

Further define ¢ (0) = 2 Y°!_, 9 (6;). From Menzefricke (2002) it is known that as

| — 00, ¢ (f) = B = 0.0027 and the harmonic mean of the unconditional run-length

will be (%) = W%m = 370. Therefore it does not matter how small m* and n is,

the harmonic mean of the run-length will always be % if | — oo. In the case of
the simulated example the mean run-length is 1040.88 and the median run-length
561.90. The reason for these large values is the uncertainty in the parameter estimate
because of the small sample size and number of samples (n = 10 and m* = 5). 3

however can easily be adjusted to get a mean run-length of 370.

7.7. A Comparison of the Predictive Distributions
and Control Charts for a One-sided Upper

Tolerance Limit, Uy

As mentioned in the previous chapter a future sample tolerance limit is defined as

Uf = ﬂf - %Qéf where ,&f > u and éf > 0.

Also

P ) = (5 ) eso { =5 (s =} g >

which means that

7 (Uil 0.87) = (5 )eo {5 [Ur = (n=Rab)]} Uy > = Faby (7.15)

A comparison will be made between f (Uf|data) and f (Us|data). The difference

in the simulation procedure for these two density functions is that in the case of
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f (Ugldata) it is assumed that 0 < p < oo which results in a posterior distribution
of p(p|data) = (n—1) {(é)n_l - (;)n_l}_l (Z — p)~" while for f (Uy|data) it is
assumed that —oo < p < oo and the posterior distribution for p is then p (u|data) =
(n=1)(0)" @ -

In the previous chapter a graph of the predictive density function f (Uf|data) as

well as descriptive statistics for the failure mileage data are given.

In the following figure comparisons are made between f (Uy|data) and f (Uy|data).

Figure 7.4.: Predictive Densities of f (Uy|data) and f (U;|data)

5 x10°

— f(Uj|data)
st f(Us|data)

0 2000 4000 6000 8000 10000 12000

The descriptive statistics obtained from Figure 7.4 are presented in Table 7.6.
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7.7 A Comparison of the Predictive Distributions and Control Charts for a
One-sided Upper Tolerance Limit, Uy

Table 7.6.: Descriptive Statistics of and f (Uy|data) and f (U;|data)

Descriptive Statistics f (Uy|data) f (U;|data)
Mean (Uy) 3304.7 3406.6
Median (Uy) 3211.5 3225.8
Mode(Uy) 2000 2007

Var (U}) 1.2317 x 105 1.2694 x 109

95% Equal-tail Interval (1736.5;6027)  (1738;6106)
99.73% Equal-tail Interval (1249.05;7973) (1249.9;8620)

Also the exact mean and variance for f (Uy|data) are

E (Usldata) = & + KL (aH — 1) = 3394.8

and
Var (Us|data) = " P KM+(1—aH)*{KM — K*L*} = 1.2439x10°
! S m2(n—1)(n—2) n—1 -
where
Y n
" m((n—1)

J=1+k(m-1)

and K, L and M defined as before.

The exact mean and variance for f (U;|data) are
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~ 3 n—1 ~

E (Us|data) = = + (aH —1)60 = 3415.0

n—
and
— 1 n? H? s (n—1)] /a2
Var (Us|data) = — | J 1—aH ) =1.2911x10°.
or (Uyldata) <n—2><n—3>{m2< +n—1>+< M) )1 0) "

E (Ug|data) and Var (Uy|data) can be derived from E (Uy|data) and Var (Uy|data)
by deleting the term (%) in K, L and M.

It seems that the predictive intervals for f (Us|data) are somewhat wider than in
the case of f (Uy|data).

In Table 7.7 comparisons are made between the run-lengths and expected run-

lengths in the case of Uy for —oo < u < oo and 0 < p < oo.

Table 7.7.: Descriptive Statistics for the Run-lengths and Expected Run-lengths in
the Case of Uy; —oo < p < 00; 0 < pp < oocand 8 = 0.018

—00 < it < 00 O<pu<oo
Descriptive Statistics ~ f (r|data)  Expected Run-Length f (r|data)  Expected Run-Length
Equal Tail Equal Tail Equal Tail Equal Tail
Mean 444.95 444.95 418.68 419.68
Median 136.5 258.12 132.1 248.03
Variance 7.6243 x 10° 2.8273 x 10° 5.8236 x 10° 2.0351 x 10°
95% Interval (0;1892.4) (0;1803.6)

It is clear from Table 10.1 that the corresponding statistics do not differ much.
The mean, median, variance and 95% interval are however somewhat larger for

—00 < p < 00.

7.8. Conclusion

This chapter develops a Bayesian control chart for monitoring the scale parameter,
location parameter and upper tolerance limit of a two-parameter exponential distri-
bution. In the Bayesian approach prior knowledge about the unknown parameters
is formally incorporated into the process of inference by assigning a prior distribu-

tion to the parameters. The information contained in the prior is combined with
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Mathematical Appendix

the likelihood function to obtain the posterior distribution. By using the posterior

distribution the predictive distributions of fis, 0 ¢ and Uy can be obtained.

The theory and results described in this paper have been applied to the failure
mileages for military carriers analyzed by Grubbs (1971) and Krishnamoorthy and
Mathew (2009). The example illustrates the flexibility and unique features of the

Bayesian simulation method for obtaining posterior distributions and “run-lengths”

for ﬂf, éf and Uf.

Results for 0 < g < oo as presented in the previous chapter are compared to
—00 < p < oo in this chapter. It has been shown by changing the range of u only
the results of fi; are influenced. The results of éf and Uy did not change due to a

change in range of u.

Mathematical Appendix to Chapter 7

Proof of Theorem 7.1

(a) The posterior distribution p (f|data) is the same as the distribution of the pivotal

quantity Gy = X%"é

2n—2

Proof:

Let Z ~ X%n—Q

f(2)= mz"” exp {—%z}

We are interested in the distribution of 6 = Q%é.
_ 2né dz| _ 2né
Therefore 7 = 5 and ’@ = 7.
From this it follows that
A\ n—2
f(Go) = f0)=sripy (%)

See Equation (6.3).
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(b) The posterior distribution p (u|data) is the same as the distribution of the pivotal
X3

A

quantity G, = i — X%THQQ.
Proof:
Lot Fr= 5 X3/2 F5on_2

X3p—o/(2n—2)

.'.g(f)z(l#—ﬁ )_n where 0 < f < o0

We are interested in the distribution of u = g — 20_[ which means that F =

2n—2
(n=1) rn ar| _ (n=1)
3 i - ) and |2] = 51
Therefore
g = {1+i-mp g

See Equation (7.5).

(¢) The posterior distribution of p(u|f, data) is the same as the distribution of the
pivotal quantity G g = fi — %9 (see Equation [7.1]).

Proof:

Let Z ~ x2 then

g(2) = texp {—%2}

Let = fi — &0, then Z = 2 (i — ) and g—i =2
Therefore
g(ule) = mexp{-3 (-} —00 < pu < fiy

See Equation (6.4).

176



Mathematical Appendix

Proof of Theorem 7.2

As before

m

P sl ) = (5 ) exp {5 3y = 10} iy > 1

and therefore

Pl data) = | 1 Gogl6) 5 0l data) o,
0

Since
5 (0], datay = E— 11 <1>n+l P {_Z (7 - “)}

it follows that

F(pglp, data) = —— ecres S A 18
m (fiy — p) +n (2 — @)
For —oo < p < z(yy,
5 (u|data) = (n — 1) (é)"’1 Ly
P = P
and
f g, pldata) = f(fiylp, data) j (u|data)
. n”+1m(n—1)<é)n71
[m(ﬂf—#)+n(f—#)]n+l
Therefore
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f (sl data)

where

*

= [IL f (g, pldata) dp — oo < fip <

= 29 f iy, pldata) dp wqy < fiy < oo

= K* [n(l >} —oo</1f<:1:'(1)

n
-1 0
né-&-m(ﬂf—x(l))] x(l) < ’uf < o0

e —1)m (g)”—l_

(n+m)

Proof of Theorem 7.4

From Equation (6.1) it follows that

2
A Xom—2
0¢l0 ~ =220
/l o

which means that

f (0516) = (

A\ m—2 A~
>m_1 (%) - (:I:(l;@@f) 0<0; <oo (7.16)

The posterior distribution of 6 (Equation [6.3]) is

p (0|data) =

Therefore
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f (Osldata) = [* £ (616) p (6]data) db

= (0" (3" e {1 () -+ nd) ) o

F(m+n72)mm’1(né)nil(éf)M72 A
D(m—1)T(n—1)(mf;+n0)

Proof of Theorem 7.7

Let

D>
I
gk
*
=

.
Il
—

As mentioned in Section 6 (see also Krishnamoorthy and Mathew (2009)) that it is

well known that

which means that

A

2
0~ %XZm*(n—l)'

Therefore

R n m*(n—1 é e X —Lé A~
f(9\9)=<) o (6) p)( 9):L(9!9)

7 ['[m*(n—1

i.e, the likelihood function.
As before we will use as prior p (0) oc 671

The posterior distribution
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p(010) = p(6ldata) o L (0]6)p (6)

N m*(n—1) m* (n— N
- (r[iz*mfl)} (5) | nﬂeXp(_%)

An Inverse Gamma distribution.

Proof of Theorem 7.8

~ 6 9
0r]0 ~ %X?(n—l)‘

Therefore

f(Osldata) = [ f(0/10) p(0ldata) do

N e G s
- r et

o \o T(n—1)

(n6)" o (1

T[m*(n—1)] )

G)m*(n—l)—i-l

exp (—%é) do

ne1/A \n—2 nd m*(n—1) m*(n— ~ A

rlm* (n—1)+n—1)(6)™ "~ (6,)" "
I'(n—1)I'[m*(n—1)] <9f+0)m*(n DFn—1

é f >0
From this it follows that

A

R 0
9 dt NiF n—1):2m*(n—
fldata s Prn-vme ()

where

D>
I
3
o

@
I
—
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Proof of Theorem 7.9

For given 6

Y = p( t < L Pty 2me(n-1) (5))
- p (%X%(n—l) S nf* FQ(n—l);Qm*(n—l) (6)) giVeH 0

né X5 n— ) i
0 T20n-l) < nf Fotm-1)2m*(n-1) (5)) given X%m*(n—l)
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8. Piecewise Exponential Model

8.1. Introduction

The piecewise exponential model (PEXM) is one of the most popular and useful

models in reliability and survival analysis.

The PEXM has been widely used to model time to event data in different contexts,
such as in reliability engineering (Kim and Proschan (1991) and Gamerman (1994)),
clinical situations such as kidney infections (Sahu, Dey, Aslanidu, and Sinha (1997),
heart transplant data (Aitkin, Laird, and Francis (1983)), hospital mortality rate
data (Clark and Ryan (2002)), economics (Bastos and Gamerman (2006)) and can-
cer studies including leukemia (Breslow (1974)). For further details see Demarqui,
Loschi, Dey, and Colosimo (2012).

The PEXM assumes that times between failure are independent and exponentially
distributed, but the mean is allowed to either increase or decrease with each failure.
It can also be an appropriate model for repairable systems. According to Arab,
Rigdon, and Basu (2012) there has been an increasing interest in developing Bayesian
methods for repairable systems, due to the flexibility of these methods in accounting
for parameter uncertainty (see for example Hulting and Robinson (1994), Pievatolo
and Ruggeri (2004), Hamada, Wilson, Reese, and Martz (2008), Pan and Rigdon
(2009) and Reese, Wilson, Guo, Hamada, and Johnson (2011)). In this chapter an
objective Bayesian procedure will be applied for analyzing times between failures

from multiple repairable systems.
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8.2. The Piecewise Exponential Model

The model in its simplest form can be written as

0 5 ! T
[ (xj]pé) = (Iujé 1) exp{_(ij‘:‘l)} x; > 0.

The piecewise exponential model therefore assumes that the times between failures,

X1, X5, ..., X, are independent exponential random variables with
)
E(X;) ="
T

where 6 > 0 and p > 0.

For example if 6 = 0.71 and p = 0.0029, then the expected time between the 9th
and 10th failure is

0.71
E(Xy) = 0.0029100“*1 = 125.56.

and the time between the 27th and 28th failure is

0
~0.0029

E (Xag) 280711 — 93 15.

In the PEXM model, pu is a scale parameter and 0 is a shape parameter.

8.3. The Piecewise Exponential Model for Multiple
Repairable Systems

Using the same notation as in Arab et al. (2012), let z;; denotes the time between
failures (j — 1) and j on system i for j = 1,2,...,n; and i = 1,2,..., k. The Oth
failure occurs at time 0. Also let N = Zle n; denotes the total number of failures.
Finally let z; = [za 2o, . .. 7$¢,ni]/ denote the times between failures for the ith

system.

As in Arab et al. (2012) two cases for multiple systems will be considered.
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8.4 Model 1: Identical Systems

8.4. Model 1: Identical Systems

Assume that all k systems are identical and that n; failures on the ith system are

observed. In other words p; = o = -+ = pp = pand 6; = 9y = --- = J;, = 9. Since
failures on separate systems are independent the likelihood function can be written
as

L6 plzy, 2y, ... 2p) = L(0,pldata)

n; s—1\ "L T
= i1 {Hjll (%]5 1) exp {— 6ja]_1”

m
- (%>7N { ?::1 H;LZZI jl_é} eXp {_% Zf:l Z;L;1 xz‘jjl_(s} .

For the Bayesian procedure a prior distribution that summarizes a priori uncer-
tainty about the likely values of the parameters is needed. The prior distribution
needs to be formulated based on prior knowledge. This is usually a difficult task
because such prior knowledge may not be available. In such situations usually a
“non-informative” prior distribution is used. The information contained in the prior
is combined with the likelihood function to obtain the posterior distribution of the
parameters. The basic idea behind a “non-informative” prior is that it should be
flat so that the likelihood plays a dominant role in the construction of the posterior
distribution. If the form of the posterior distribution is complicated, numerical meth-
ods or Monte Carlo simulation procedures can be used to solve different complex
problems. A “non-informative” prior may easily be obtained by applying Jeffreys’
rule. Jeffreys’ rule states that the prior distribution for a set of parameters is taken
to be proportional to the square root of the determinant of the Fisher information

matrix.

The following theorem can now be stated.

Theorem 8.1. For the piecewise exponential model with identical systems, the Jef-

freys’ prior for the parameters p and § is given by py (u1,6) oc u= .

Proof. The proof is given in the Mathematical Appendices to this chapter. O
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8.5. The Joint Posterior Distribution - Identical

Systems

Posterior «< Likelihood x Prior

Therefore

p(p,dldata) o L(p,d|data)py (i, 0)
o (é)’N {Hle H?;ljl—ls}exp{ By S g }u_l_

I

From the joint posterior distribution the marginal posterior distribution can easily
be obtained. Now

p(ldata) = [ p(u.d|data)dp
= 5N Hi? J 1] {fo Lexp [—% Zle Z?Ll l'ijjl—&} d/L} .

Since

k n; (S N

16
> N @) du < ) I'(N)
i=1j=1 ’ } Zf 123 1 Tt

/ N e d —
0

it follows that

SRS

p (d]data) o (szwj ) 11 ﬁ]l  5>0 (8.1)

i=1j5=1 i=17=1

and

Oﬂ\‘:

izxuj } p>0

p (uld, data) ( J >_N L -
9 == X -
Zf: 1 Zg 1 IZ]] F (N)
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- a Gamma density function.

Equation (8.2) follows from the fact that

p (n, d|data) = p (d|data) p (u[0, data) .

8.6. Example (Arab et al. (2012))

(8.2)

Table 8.1.: Time Between Failures for Six Load-Haul-Dump (LHD) Machines

LHD1 LHD3 LHDY9 LHD11 LHDI17 LHD20

327
125
7
6
107
277
o4
332
510
110
10
9
85
27
29
16
8
34
21
152
158
44
18

637
40
197
36
54
53
97
63
216
118
125
25

101
184
167
81
46
18
32
219
405
20
248
140

278
261
990
191
107
32
o1
10
132
176
247
165
454
142
39
249
212
204
182
116
30
24
32
38
10
311
61

353
96
49

211
82

175
79

117
26

4
d
60
39
35

258
97
59

3
37
8

245
79
49
31

259

283

150
24

401
36
18

159

341

171
24

350
72

303
34
45

324

2
70
o7

103

11
5
3

144
80
53
84

218

122

231
20
361
260
176
16
101
293
5
119
9
80
112
10
162
90
176
360
90
15
315
32
266
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The data in Table 8.1 are failure data on load-haul-dump (LHD) machines given
by Kumar and Klefsjo (1992) and reported in Hamada, Wilson, Reese, and Martz
(2008, page 201).

In Figure 8.1 the posterior distribution of 9,

p (0]data) o (szz]] ) ﬁﬁ]l ’

i=1j5=1 i=17=1

is illustrated for the data in Table 8.1 and in Figure 8.2 the posterior distribution
of p,

p (nldata) = / p ()0, data) p (d|data) dd
0
is displayed. The Gamma density function p (u|d, data) is defined in Equation (6.6).

Figure 8.1.: Posterior Distribution of ¢

-3
10
5 K ; T T
——Distribution of §
""""" MNormal Distribution
il ]
al ]
| ]
| ]
0; 05 1 15 2

)
mean (§) = 0.7109, var (§) = 0.00856, 95% HPD Interval (6) = (0.5296;0.8922)
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The posterior distribution of ¢ fits almost perfectly to a normal distribution with

the same mean and variance.

Figure 8.2.: Posterior Distribution of p

0 0.002 0.004 0.006 0.008 0.01
1

mean (1) = 0.002982, var (1) = 1.1218¢°
95% HPD Interval (1) = (0.001165;0.005120)
95% FEqual — tail Interval (1) = (0.00135;0.00545)

Figure 8.2 is however obtained by using the following simulation procedure:
i. Simulate ¢ from p (d|data).
ii. Substitute the simulated § value in p (u|d, data).
iii. Draw the Gamma density function p (u|d, data).

Steps (i), (ii) and (iii) are repeated [ times and by calculating the average of the
[ conditional Gamma density functions, the unconditional posterior distribution
p (p|data) is obtained. As mentioned before, this method is called the Rao-Blackwell
method.
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In Arab et al. (2012) a maximum likelihood procedure as well as a hierarchical Bayes
method are discussed for estimating p and §. For the maximum likelihood procedure
confidence intervals for the parameters are obtained using the delta method. Results

from the hierarchical Bayes method were obtained using the Gamma prior

a,a—1

p(ula,b) = F‘z@ exp (—by)  p>0

and OpenBUGS.

In Table 8.2 the estimates of u and 0 as well as their confidence intervals are com-

pared for the maximum likelihood, hierarchical Bayes and objective Bayes methods.

Table 8.2.: Point and Interval Estimates for the Parameters of the PEXM Model
Assuming Identical Systems in the LHD Example

Method of Maximum Likelihood
Parameters MLE 95% Confidence Interval
1 0.002901 0.002794 0.003011
) 0.716 0.5563 0.9215
Hierarchical Bayes Method a = 0.1, b = 0.1
Parameters MLE 95% Confidence Interval

1 0.002922 0.001264 0.005327
) 0.705 0.5141 0.8838
Objective Bayes Method p (1) o< ™!
Parameters MLE  95% Confidence Interval
1 0.002982  0.00135 0.00545
0 0.7109 0.5296 0.8922

From Table 8.2 it is clear that the point and interval estimates for the hierarchical
Bayesian and objective Bayesian methods are very close to the maximum likelihood

estimates and asymptotic confidence intervals obtained using the classical methods.

8.7. Simulation of PEXM Models Assuming Identical

Systems and Proper Priors

To determine the capability (suitability) of the prior p(u,d) oc u~! the following

simulation study will be conducted. Ten thousand samples are drawn and each
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sample represents data from six machines of sizes n = |23 25 27 28 26 23
where 6 = 0.71 and p = 0.0029. Each sample will therefore be similar to the
dataset in Table 8.1. For each sample 10, 000 values are simulated from the posterior
distributions of ¢ and p and the means, variances and 95% intervals calculated. Table

8.3 gives the overall means, medians, modes, variances and coverage probabilities

for the following priors:

e Improper Prior: p(u,d) oc =t

Prior (i): p(u,0) ~ Gamma (a =0.1,b = 0.1)

Prior (ii): p(u,d) ~ Gamma (a = 1,b=0.1)

(
Prior (iii): p(u,0) ~ Gamma (a =1,b=1)
Prior (iv): p (u

(

e Prior (v): p(u,0) ~ Gamma (a =1,b=4)

p(p, o

.0
p (i, 6) ~ Gamma (a = 2,b = 2)
J

Table 8.3.: Simulation Study Comparing Different Priors

: . Mode HPD Interval Equal-Tail Interval

Prior Mean  Median (approx) Var Coverage Length Coverage Length
Imp. 0.7101 0.7084  0.6970  0.0099 0.9487  0.3890  0.9481 0.3896

(i) 0.7137 0.7122  0.7150  0.0098 0.9543  0.3881  0.9533 0.3884

5 (if)  0.7474 0.7455  0.7500  0.0093 0.9256  0.3765  0.9253 0.3780
(iii)  0.7463 0.7433  0.7320  0.0093 0.9263  0.3759  0.9273 0.3778

(iv) 0.7793 0.7763  0.7750  0.0088 0.8765  0.3668  0.8776 0.3680

(v) 0.7458 0.7451  0.7440  0.0093 0.9342  0.3761  0.9322 0.3777
Imp. 0.0033 0.0031  0.0028 1.67¢=® 0.9432  0.0046  0.9475 0.0048

(i)  0.0033 0.0031  0.0028 1.68¢7 % 0.9494  0.0046  0.9548 0.0048

(i)  0.0037 0.0035  0.0032 1.95¢7% 0.9533  0.0050  0.9293 0.0052

H (iii)  0.0038 0.0035  0.0031 1.94¢=® 0.9531  0.0050  0.9320 0.0052
(iv) 0.0042 0.0039  0.0032 2.23¢7% 09274  0.0054  0.8790 0.0055

(v) 0.0037 0.0035  0.0031 1.92¢75 0.9536  0.0050  0.9360 0.0051

From Table 8.3 it can be seen that the Jeffreys’ prior p (u,d) oc ! gives the best

estimates of u and 0 and also the best coverage; somewhat better than the Gamma

prior with @ = 0.1 and b = 0.1 used by Arab et al. (2012).
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Chapter 8 Piecewise Exponential Model

8.8. Objective Priors for the Mean

It might be of interest to make inferences about the mean of a piecewise exponential
model. In doing so we will first derive (i) the reference prior and (ii) the probability-

matching prior for the parameter

E(X) = Zz“ =t (u,0) =1t(0).

8.8.1. Reference Prior

The reference prior is derived in such a way that it provides as little information as
possible about the parameter. The idea of the reference prior approach is basically
to choose the prior which, in a certain asymptotic sense, maximizes the information

in the posterior distribution provided by the data.

Theorem 8.2. The reference prior for the mean E (X;) = %l‘pl is pr (@, 0) oc u L.

Proof. The proof is given in the Mathematical Appendices to this chapter. [

8.8.2. Probability-matching Prior

Datta and Ghosh (1995) derived the differential equation that a prior must satisfy if
the posterior probability of a one-sided credibility interval for a parametric function

and its frequentist probability agree up to 0 (n~!) where n is the sample size.

The fact that the resulting Bayesian confidence interval of level 1 — «v is also a good

frequentist confidence interval at the same level is a very desirable situation.

Theorem 8.3. The probability-matching prior for the mean E(X;) = m
par (p,0) oc =t

Proof. The proof is given in the Mathematical Appendices to this chapter. m
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8.9 Example: Posterior Distribution of the Mean F (X)) = %l(s_l

8.9. Example: Posterior Distribution of the Mean
E (X)) ="

Consider again the data in Table 8.1. The expected time between the 9th and 10th
failure is ' (Xy9) = %105‘1. In Figure 8.3 the posterior distribution of E (Xig) is

given.

Figure 8.3.: Posterior Distribution of Mean Time to Failure when [ = 10

x10™

%D 100 120 140 160 180 200
E(X]_ﬂd&ﬁﬂ)

mean = 129.598, median = 129.028, mode = 128.755, var = 112.329
95% Equal — tail Interval = (110.42;152.06) length = 41.66
95% HPD Interval = (110.27;151.89) length = 41.53

It is clear from the figure that the posterior distribution is quite symmetrical.

In Figure 8.4, the posterior distribution of F (Xag) is illustrated.
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Figure 8.4.: Posterior Distribution of Mean Time to Failure when [ = 28
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E(ng|data)

mean = 97.811, median = 96.810, mode = 95.5, var = 149.544
95% Equal — tail Interval = (76.78;124.64) length = 47.84
95% HPD Interval = (76.15;123.32) length = 47.17

Since E(d|data) = 0.7109 < 1 the expected value E (X;) is a decreasing function
of 7, which corresponds to reliability deterioration. It is therefore obvious that
E (X28|data) < F (X10|data) .
Figures 8.3 and 8.4 were obtained in the following way:

__ 676-1 _
Lety— “l —E(Xl)
We are interested in the distribution of y = E (X;). Now u = §l5—1 and )Z—’; = y%l‘s_l.

From the density function p (u|d, data) it follows that

5 N N
p (y|data,d) = < — ) <5l5_1> X
bl ) YY) TN) \y
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8.10 Frequentist Properties of the Credibility Interval for E (X;|u,d) = %Z‘S_l

0l g & 16 Losoa
exp 5 ZZQL‘U] ?(51 :

i=1j=1

k n; N k n;
_ : g 1 15 : A
oo p(yldata, §) = (15 122:%-]1 5) IV exp {—yl‘S 122:%-]1 ‘5}.

i=1j=1 i=1j=1

An Inverse Gamma density function.

By using the Rao-Blackwell method p (y|data) can be obtained.

8.10. Frequentist Properties of the Credibility
Interval for F (X;|u,d) = 355—1

To determine the frequentist properties (coverage probabilities) of the posterior dis-
tribution of E (X;|u, ), a simulation study as explained in Section 8.7 is done. In
other words, 10,000 samples are drawn and each sample represents data from six
machines of sizes n = [23 25 27 28 26 23] where § = 0.71, u = 0.0029 and
[ = 28. Therefore

In Table 8.4 the coverage percentage of the 95%credibility intervals are given

Table 8.4.: Coverage Percentage of the 95% Credibility Interval for E (Xag|u, )
from 10,000 Simulated Samples

% Coverage Length
Equal-Tail Interval 95.55 48.51
HPD Interval 94.58 46.10

It is clear that the Bayesian credibility intervals have the correct frequentist coverage

probabilities.
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8.11. Predictive Distribution of a Future Observation
Xy

The predictive distribution of a future observation X is

Fasldata) = [ [ Gyl 8)p o dldata) das

where

f (a1, 6) = (Zf5> exp{—(ajif_l)} (8.3)

and

p (1, 6|data) = p (uld, data) p (6|data)

is the joint posterior distribution.
The posterior distributions of 6 and p|d are given in Equations (6.6) and (6.7).

The unconditional predictive distribution of Xy can easily be obtained by using the

simulation procedure described in Section 8.6:
i. Obtain simulated values for 6 and p and substitute them in f (zy|u, d).
ii. Draw the exponential distribution f (z¢|u,0).

iii. Repeat steps (i) and (ii) [ times. The average of the [ exponential distributions
is f (zf|data), the unconditional predictive distribution of X;. As mentioned

before, this method is called the Rao-Blackwell procedure.

In Figure 8.5 the predictive density function of Xag is given for the six load-haul-

dump machines.
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8.12 Control Chart for Xy = Xog

Figure 8.5.: Predictive Density of Xog

1410 . . . |

0 200 400 _BUD 800 1000
Xog

Mean = 97.96, Median = 68.97, Var = 9736.8
95% HPD Interval = (0;317.1)
95% Equal — tail Interval = (2.44;416.20)
99.73% Equal — tail Interval = (0.1294;666)
0.27% Left — sided Interval = (0;0.2605)

8.12. Control Chart for X; = Xy

By using the predictive distribution a Bayesian procedure will be developed in Phase
IT to obtain a control chart for X; = Xyg. Assuming that the process remains stable,
the predictive distribution can be used to derive the distribution of the run-length

and average run-length.

From Figure 8.5 it follows that for a 99.73% two-sided control chart the lower control
limit is LCL=0.1294 and the upper control limit is UCL=666.

Let R(f) represents the values of X; that are smaller than LCL and larger than
UCL. The run-length is defined as the number of future X; values (r) until the
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Chapter 8 Piecewise Exponential Model

control chart signals for the first time (Note that r does not include the X value
when the control chart signals). Given p and 0 and a stable Phase I process, the

distribution of the run-length r is Geometric with parameter

Y (p,0) = f(xg|p, 0) day
R(B)

where f (zf|p,0) is given in Equation (8.3), i.e., the distribution of X given that
@ and ¢ are known. The values of p and § are however unknown and the uncer-
tainty of these parameter values are described by their joint posterior distribution
p (1, d|data). By simulating p and ¢ from p (p, d|data) = p (u|d, data) p (§|data) the
probability density function of f (xf|u,d) as well as the parameter 1 (11, ) can be
obtained. This must be done for each future sample. In other words for each fu-
ture sample p and § must first be simulated from p (u, d|data) and then ) (u,d)
calculated. Therefore, by simulating all possible combinations of 1 and § from their
joint posterior distribution a large number of v (u, d) values can be obtained. Also a
large number of geometric distributions, i.e., a large number of run-length distribu-
tions each with a different parameter value (¢ (p1,01),% (p2,02) ..., % (p,0;)) can
be obtained.

As mentioned, the run-length r for given p and 0 is geometrically distributed with

mean
- w (,ua 5)
5) = - 7 \un Y
E{rlu) ¥ (n, )
and
Var (r|u,d) = LM
’ W (u,6)

The unconditional moments E (r|data), E (r?|data) and Var (r|data) can therefore
be obtained by simulation or numerical integration. For further details refer to
Menzefricke (2002, 2007, 2010b,a).

By averaging the conditional distributions the unconditional distribution of the run-

length can be obtained and is illustrated in Figure 8.6.
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8.12 Control Chart for Xy = Xog

Figure 8.6.: Distribution of Run-length, 5 = 0.0027, Two-sided Interval
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0.002} .
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T

mean (1) = 369.09, median (r) = 239.75, var (r) = 1.5919¢°
95% HPD Interval = (0;1160.7)

The mean run-length of 369.09 corresponds to the value of % = m ~ 370.

In Figure 8.7 the histogram of the expected run-length is given.
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Figure 8.7.: Expected Run-length, 5 = 0.0027, Two-sided Interval
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E(r|u, d)

mean (r) = 369.87, median (r) = 381.94, var (r) = 1.1407¢*
95% HPD Interval = (42.35;518.16)

At the bottom of Figure 8.5 it is shown that a 0.27% left-sided interval = (0;0.2605).
R () therefore represents those values of Xy that are larger than 0 and smaller than
0.2605. The distribution of the run-length for this one-sided interval is displayed in
Figure 8.8 and in Figure 8.9 the distribution of the expected run-length is given.
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8.12 Control Chart for Xy = Xog

Figure 8.8.: Distribution of Run-length, § = 0.0027, One-sided Interval
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mean (r) = 376.30, median (r) = 256.9, var (r) = 1.4558¢°
95% HPD Interval = (0;1133.1)
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Chapter 8 Piecewise Exponential Model

Figure 8.9.: Expected Run-length, 5 = 0.0027, One-sided Interval
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mean (r) = 376.30, median (r) = 372.58, var (r) = 2179.2
95% HPD Interval = (296.14;517.82)

Because of the large sample size (N=152) mean (r) = 376.30 is approximately equal

1 _ 1 _

8.13. Frequentist Properties of the Predictive
Distribution of a Future Observation X; = Xy

It is also of interest to look at the coverage probability of the predictive distribution
f (xz¢ldata). The simulation study is explained in Sections 8.7 and 8.10. The only
difference is that the simulated 28th observation of machine six will not form part
of the data to obtain the posterior distribution p (u, d|data). For each of the 10,000
datasets the 28th observation will therefore be different. An estimate of the cover-

age percentage will therefore be obtained from the number of times the predictive
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8.14 Model 2: Systems with Different p’s but Common o

interval contains the 28th observation.

In Table 8.5 the coverage percentage of the 95% prediction interval for Xsg from

10,000 samples are given.

Table 8.5.: Coverage Percentage of 95% Prediction Interval

% Coverage Length
Equal-Tail Interval 95.52 351.92
HPD Interval 95.46 285.95

From Table 8.5 it is clear that the predictive interval has the correct frequentist

coverage percentage.

8.14. Model 2: Systems with Different y’s but

Common ¢
As mentioned by Arab et al. (2012) it might happen that all systems wear out or
improve at the same rate, but that the systems have different scale parameters. In

the following theorem the Jeffreys’ prior is derived for the case where § is common

to all systems but the u;’s differ across systems.

Theorem 8.4. For the piecewise exponential model with different y’s but comment

0, the Jeffreys’ prior for the parameters jiy, o, . . ., i and § is given by

k
pJ(N17N27-~~aﬂk75)‘XHN;1 /Lz>0
=1

Proof. The proof is given in the Mathematical Appendices to this chapter. O

8.15. The Joint Posterior Distribution of the

Parameters in the Case of Model 2

The joint posterior distribution
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Chapter 8 Piecewise Exponential Model

p (1, foy - o pi, Oldata) o< L(pg, po, .- -, g, 0|data) X py (pr, oy - -, fig, 0)

o< i-;l{nyil (2570) exp [—( :’*“)l‘j,“]}nleuf-

)
Hi]

From this it follows that

nifl

5 o 3 7 i 1= .
p (wildata,d) = ( : ) g(n.) exp [—%injf 6] w>0i=1,2...k
1 j=1

i . 4l=6
>t Tij]

(8.4)

and

p(d|data) < [ {i (%‘jjl’a)_ni (ﬁjlé) } 5>0 (8.5)

i=1 | j=1

The posterior distribution of § for a piecewise exponential model with different scale
parameters differs somewhat from the distribution of § if u; = s = -+ = pp = p

(given in Equation (6.6)).

In the figures below the posterior distributions of d and iy, po, . . ., . are displayed
for the LHD example and in Table 8.6 the means variances and 95% credibility

intervals are given for p; and ¢.
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8.15 The Joint Posterior Distribution of the Parameters in the Case of Model 2

Figure 8.10.: Posterior Density of : Model 2
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Chapter 8 Piecewise Exponential Model

Figure 8.11.: Posterior Densities of 1, g, ..., tg: Model 2
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Table 8.6.: Point Estimates and Credibility Intervals for the Parameters of the
PEXM Model in the Case of Systems with Different p’s and Common ¢ for the
LHD Example

Parameter ~Mean  Variance 95% HPD Interval 95% Equal-Tail Interval

121 0.00387  2.34e° 0.00131-0.00692 0.001625-0.007515
142 0.00298  2.52¢76 0.00096-0.00545 0.001180-0.005935
I3 0.00231  8.39¢~7 0.00080-0.00415 0.000960-0.004490
fh4 0.00366  2.37¢~6 0.00114-0.00674 0.001445-0.007380
s 0.00323  1.71e™ 0.00105-0.00583 0.001335-0.006340
16 0.00275 1.31e7 0.00090-0.00506 0.001085-0.005460
) 0.71355  0.00868 0.53076-0.89593 0.53077-0.89596

The point estimates and credibility intervals for the different p’s do not differ much.
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8.16 Simulation Study of the Piecewise Exponential Model Assuming Systems with
Different p’s and Common 9

8.16. Simulation Study of the Piecewise Exponential

Model Assuming Systems with Different u's

and Common J

In this simulation study 3,100 samples are drawn and each sample is from six ma-
chines of size n = [23 25 27 28 26 23} with one ¢ and six u’s. For each sample

10,000 values are drawn from the posterior distributions of § and the u’s. The

means, median, modes,variances and 95% credibility intervals are calculated. Table

8.10 gives the overall means, median, modes, variances and coverage probabilities.

From the table it is clear that the point estimate of ¢ is for all practical purposes

the same as the true value. The posterior means of the six u’s tend to be larger

than the true values. The medians are better estimates of the u’s than the means.

The 95% credibility intervals have the correct frequentist coverage.

Table 8.7.: Point Estimates and Credibility Intervals Obtained from a Simulation
Study of the PEXM Model with Different p’s and Common §

Parameter True Mean Median Mode Variance
Value (Approx)
) 0.71  0.7094 0.7043 0.7000 0.0103
1 0.0039 0.0046 0.0042 0.0034  4.215¢7©
[ho 0.0030 0.0035 0.0032 0.0025  2.637e¢©
43 0.0023 0.0027  0.0025 0.0020  1.668¢~°
14 0.0037 0.0044 0.0039 0.0033  4.007¢™°
15 0.0032 0.0037 0.0034 0.0029  2.984¢76
L6 0.0028 0.0033 0.0029 0.0025  2.272¢76
Parameter Average 95% HPD  HPD Interval Equal-Tail
Interval Cover Length Cover Length
) (0.5205-0.9162)  0.9517 0.39856 0.9512 0.39964
11 (0.0019-0.0093)  0.9517 0.00702 0.9471 0.00743
Lbo (0.0013-0.0071)  0.9413 0.00547 0.9426  0.00581
143 (0.0010-0.0056)  0.9468 0.00430 0.9504 0.00458
I (0.0016-0.0093)  0.9462 0.00680 0.9368 0.00721
s (0.0014-0.0073)  0.9491 0.00583 0.9591 0.00620
146 (0.0012-0.0069)  0.9446 0.00507 0.9488 0.00538
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8.17. Bayes Factors

As explained by Ando (2010) the Bayes factor is a quantity for competing models
and for testing hypotheses in the Bayesian framework. It has played a major role
in assessing the goodness of fit of competing models. It allows one to consider a
pairwise comparison of models, say M; and M, based on the posterior probabilities.
Suppose under model M;, the data are related to parameters @, by a distribution
fi (y\@l) and the prior distribution is m; (6;), @ = 1,2. The posterior odds in favor of

M; against M, can be written as

P(Mly) POb)g(y) POb)

P(Mily) _pOnyaly) PO 0

where B (g) is known as the Bayes factor (in favor of M; against M) and

(1) = [ 7060 £ (ules) @,

is the marginal likelihood (density) of y under M; (i = 1,2). The Bayes factor
chooses the model with the largest value of the marginal likelihood among a set
of candidate models. The posterior odds on the other hand are the prior odds
multiplied by the Bayes factor and as mentioned the Bayes factor can be seen as
representing the weight of evidence in the data in favor of M, against M,. If M, fits
the data better than Ms, in the sense that ¢; (g) > (o (y), then B (g) > 1 and the

posterior odds in favor of M; will be greater than the prior odds.

If improper priors m; (0;) = ¢;h; (0;), i = 1,2 are used then the Bayes factor

B(y) = e [ hy (6:) fi (y16:) db,
<) Co th (05) fa (g|Q2) db,

depends on the ratio o of two unspecified constants.

One approach to improper priors is to make use of a training sample. Berger and
Pericchi (1996) proposed using all possible training samples and averaging the re-
sulting Bayes factors. They call such an average an intrinsic Bayes factor. O’Hagan

(1995) introduces an alternative to intrinsic Bayes factors that avoids the selection of
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8.18 Model Selection: Fractional Bayes Factor

- and the subsequent averaging over training samples. His idea is to use a fraction b
of the likelihood to make the improper prior, proper. This motivates the alternative

definition of a Bayes factor

)
fln
~~
=
5
~—

By (y) =

=
%
~—
=
<
N—

where

0 (b y) _ Jmi () fi (Q@) do; P19
N Im@) f(ue) ae,

If m; (8;) = c;h; (0;) where h; (0;) is improper, the intermediate constant ¢; cancels

out, leaving

0 (b y) _ [ hi(0)) fi (y!Qi) do,
o [ hi(8;) i (Q\Qi)bdﬁi.

By (g) will be referred to as a Fractional Bayes Factor (FBF).

Another way of writing ¢; (b, y) is

ai(by) =" i=1.2

and

mime (b)
B =FBFy=—"7=.
b <g> 12 maomy (b)

8.18. Model Selection: Fractional Bayes Factor

In this section we will determine which one of the following models fits the LHD

machine data, given in Section 8.6, the best.

Model 1: One ¢ and one p
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Model 2: One ¢ and k p’s
Marginal Likelihoods:

my = (N) /OOO {ﬁ ﬁjl—a} {Xk:il‘zjjl—é}_ ds

i=1j=1 i=1j=1

Fractional Marginal Likelihoods:

my (b) =T (bN) /OOO {H ﬁf—é} (bZixijjl_‘S) ds

i=1j=1 i=1j=1

Fractional Bayes Factor:

~ mymgy (D)
FBFyy = pp—Al o)

For b = 0.1we have

M _ 9951, M2(0)

= 36.9168
mo my (b)

and therefore

FBF), = 45.2282.
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Jeffreys (1939) recommended interpreting the Bayes factors as a scale of evidence.
Table 8.8 gives Jeffreys’ scale. Although the partitions seem to be somewhat arbi-
trary, it provides some descriptive statements. Kass and Raftery (1995) also give

guidelines for interpreting the evidence from the Bayes factor.

Table 8.8.: Jeffreys’ Scale of Evidence for Bayes Factor BFi,

Bayes Factor Interpretation
BF5 <1 Negative support for model M;
1< BF; <3 Barely worth mentioning evidence for M;

3 < BF|5 <10 Substantial evidence for M;
10 < BF15 <30  Strong evidence for M

30 < BFj5 < 100 Very strong evidence for M,
100 < BFjs Decisive evidence for M,

Since F'BF5 = 45.2282 there is very strong evidence for M, i.e., for the model with

one 0 and one pu.

-1
Also P (Model 1|data) = (1+ w5 ) = 0.9784.
For further details see Ando (2010).

8.19. Conclusion

This chapter developed a Bayesian approach to model the piecewise exponential
model using multiple priors and compared the results of these multiple priors. A
Bayesian control chart for monitoring X; have been implemented. Two models, one
where all ©’s across different systems are the same and another where p is different
for each system has been implemented and compared using Bayes factors. It has

been shown that the model with less parameters are preferable.

Mathematical Appendix to Chapter 8

Proof of Theorem 8.1

To obtain the Jeffreys’ prior, the Fisher information matrix must first be derived.
By differentiating the log likelihood function, twice with respect to the unknown pa-

rameters and taking expected values the Fisher information matrix can be obtained:
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Chapter 8 Piecewise Exponential Model

[ =log, L (8, pldata) = N log, d+ N log, p+(1 — o ZZlogej——ZZa:Uj

i=1j5=1 zl]l

Now
ol N T s
=== zijj’
o lezl !
and
>*l_ N
op? - MQ'
Therefore
2
_p(9N\_ N
o2 112
Also

0%l
:_{ 6222%]31 5—1— Zsz j % log, j }

a'u86 i=1j=1 ’Lljl

This follows from the fact that 2 (j1_5) = —j'%log, j.

Therefore
~E(gg5) = wIb S (0) 0 R (30) 5 log,
= LISk S log, )
Further
5= oYL Tlog, g { = S S w0 4 T S @y (1) j log, |
= %—Zlez?éllogeﬂu{g% Sy O T S @y log, }
and
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2 - ng j n; -1—
2L = H+u{FZL T 1%31 S o S wy (—1) j 0 log, j — 5 Yl Yy @yt log

+l Sr S iy (—1) 41 (loge %}
= N{(;s Zf 1 Z] 1 xzyjl o + ) Zf— Z] 1 xzy] Sloge
"‘3 i i gt 0 (log, j )%}

Therefore
_E(%> = +M{§32f12 (5 5— 1) ]— 6+52Zf1z (6 5 1) q—élogej
+ ST (550 * (log, j)*}

= 52 + S Zi:l E logej + E =1 Z (loge )2 :

The Fisher information matrix is therefore

o(f) -5
F(M75) =
B (5:)  —E (%)
And therefore
% { + Zf 12 1 log, j }

—i{%Jer:lZ?LllOgej} %4‘%2?:12 log, j+ Sk L1 2ty (log, )

The Jeffreys’ prior is

N

Py(p,0) o< |F(p,9)]

= ];752 Zf L iy log, g + 2 NSk DY (log, 5)°
—— (*+Zf—12‘:110ge ) }2
) N2
= ! {Nzk X% (log, §)? —( i-“:lZ?;llogeJ) }
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Therefore

Py (p,8) oc ™.

Proof of Theorem 8.2

Define
o o
21(0) 96
A —
a5 35
at(0) a5

- 76— -1
tQ(Q)l 1 @(l—l—(ﬂoge l)

The Fisher information matrix for ¢ (§) and 0 is therefore

Fll F12
F(1(8).5) = AF (,5) A =
FQl F22
where
F~1 N
11 — t2 (Q)?
5 1 k n;
Fio = — <logej - 1Oge l)
2= 1) iz:ljl
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and
5 k n; )
Fyy = ZZ (log, j — log 1) .
i=1 =1
Now
1 ~ ~ o~ - 1
Pr (t(6)) = (Fl12)2 = {Fn — F12F251F21}2
. , 2 i oy -1
= W [N —{Zh, 5 (log, 5 —log, 1)} {2k 27, (log, 1 —log, 4)° } ]
Therefore
Pr(t(0)) o -
R ey
Further

N|=

o< constant

Pr (5|t (Q)) - (FQZ)

because F5, does not contain 9.

For this it follows that

Pr(t(0),0) = Pr(t(8))Pr(0]t(8))

1

The reference prior for the parameter space (1, d) is therefore

Pp(p,8) oc AP0 |40 — w10 |25

The reference prior is therefore exactly the same as the Jeffreys’ prior.
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Chapter 8 Piecewise Exponential Model

Proof of Theorem 8.3

As before E (X;) = %l‘sfl =t(0).

F7(t(6),6) = = F ' (0)
and
vio=[5g %=1 o9
Therefore
Vi@ F) = [F"
and
Vi (6) 1 (0) Vi (0) = I
Define
r0- (;)(if L (6)(2 == el VET ]

From this it follows that

ol

—  1(0) {5 (log, j — log, !
T, (0) =\ F! = (){ \;Zg g )}

and
_ e YL, 5 (log I —log, j)
VE! \/ [Sh, 50, (log, L log, j)2

216



Mathematical Appendix

where

2
k n; k  n;
AZNZEXMM—M&N—{ZEXMM—b&ﬁ}-

i=1j=1 i=1j=1

As mentioned, Datta and Ghosh (1995) derived the differential equation that a prior
must satisfy to be a probability matching prior.

is a probability-matching prior because it satisfies the differential equation

0 )
g (T O Pu (£(0).0)} + 5 {T2 () Par (1(8) ,9)} = 0.

Similar to the reference prior it follows that Py (u1,0) oc p™t.

Proof of Theorem 8.4

The likelihood function for the case, 6 common to all systems but the p;’s differ

across systems is

L (6, p, pho, - - ., pgldata) = H {ﬁ <§j5—1>_ exp [—((5??_1)] }

=1 | j=1

and the log likelihood function

I = log, L(9,p1,pe,...,uldata)
= Zf:l n;log, j1; — N'log, 6 + (1 —9) 2?:1 Z;'il log. j — % Zf:l Hi Z;'il xz‘jjl_(S

From this it follows that

2 l )
—E(éaf>:”; i=1,2.... k
i i
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a2l 1 n; i
—-F =——< — 1 ' =1,2,...,k
= M{5+;ogej}, =12k

2
—E( Gl >:0, 1=1,2,...,k, 1=1,2,... )k, and i # [,
OO

oal! N 2t n e 2
_E W :ﬁ+52210g63+22(10g6])

i=1j=1 i=1j=1
and the Fisher information matrix is given by

Fll F12

F(/"L17/“’L27"‘7/"Lk75):
F21 F22

where

Fi1 =diag |™ ™3
11 9,@ 2

S

Fo == [0 (B + S0 log j) o (B +S52iloscd) - o (3 + S0k log. )] = By

and

N 2 k n; . k n,; e
F22:§+gzzloge]+22(loge]) :

i=1j=1 i=1j=1

The Jeffreys’ prior is proportional to the square root of the determinant of the Fisher

information matrix. Therefore since
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|F (pt1, fh2s - - -5 o, 0)] = |F11|‘F22—F21FH1F21‘
= <Hi:1 uf) {Zi:l >t (log, j)" — i e (ijl log, ]) }

the Jeffreys’ prior follows as

N|=

PJ(NM@Z?"'?MM&) X ’F(M17u27"'7/’[/k75)‘

= Tt o> 05i=1,2,.. .k
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9. Process Capability Indices (),
Cpu and C;. and Control Chart for
the C;. Index

9.1. Introduction

Process capability indices have been widely used in the manufacturing industry.
They measure the ability of a manufacturing process to produce items that meet
certain specifications. A capability index relates the voice of the customer (spec-
ification limits) to the voice of the process. A large value of the index indicates
that the current process is capable of producing items (parts, tablets) that will meet
or exceed the customers’ requirements. Capability indices are convenient because
they reduce complex information about the process to a single number and measure

relative variability similar to the coefficient of variation.

Application examples include the manufacturing of semiconductor products (Hoskins,
Stuart, and Taylor (1988)), jet-turbine engine components (Hubele, Shahriari, and
Cheng (1991)), wood products (Lyth and Rabiej (1995)), audio speaker drivers
(Chen and Pearn (1997)) and many others.

There is a need to understand and interpret process capability indices. In the
literature on statistical quality control there have been some attempts to study the
inferential aspects of these indices. Most of the existing works in this area has been

devoted to classical frequentist large sample theory.

As mentioned by Pearn and Wu (2005) a point estimate of the index is not very
useful in making reliable decisions. An interval estimation approach is in fact more
appropriate and widely accepted but the frequency distributions of these estimators
are often very complicated which means that the calculation of exact confidence

intervals will be difficult.
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Chapter 9 Process Capability Indices

An alternative approach to the problem of making inference about capability indices
is the Bayesian approach. As it is well known in the Bayesian approach the informa-
tion contained in the prior is combined with the likelihood to obtain the posterior
distribution of the parameters. Inferences about the unknown parameters are based

on the posterior distribution.

0.2. Definitions and Notations

Four of the commonly used capability indices are:

u—1
C =
P 60 ’
U —
Ou: )
P 30
w—1
C _
Pl 30

and

Cpr = min (Cpy, Cpir) -

Cpr is the normalized distance between the process mean and its closest specification

2 —
Am=l and m = vt
u—I 2

is the midpoint of the specification limits (v and [). Thus, Cp;, modifies C, by a

limit. It can easily be verified that Cp, = C), (1 — w) where w =

standardized measure w of non-centrality of the process and C,, = C,, if and only if

the process is centered at m.

The larger the value of Cpy, the more capable is the process. In general, if the value
of a process capability index is greater than 1.0 the process is said to be capable.

According to Niverthi and Dey (2000), the thrust these days in the manufacturing
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9.2 Definitions and Notations

industry is to achieve a Cp, value of at least 1.33. The definition of Cy;, includes as
special case those processes for which only one limit exists, by letting either [ — —o0

or u — 00, in which case it reduces to the appropriate standardized measure.

Let y1,v2,...,y, be an independent sample from a manufacturing process. In this
chapter it will be assumed that the y; (i = 1,2,...,n) are independent, identically
normally distributed random variables with mean g and variance o?. Since both
i and o? are unknown and no prior information is available, the conventional non-

informative, Jeffreys’ prior

P (u, 02) x o2 (9.1)

will be specified for y and o2 in this section. Using (9.1), it is well known (see
for example Zellner (1971)) that the conditional posterior density function of p is

normal:

2 o’

and in the case of the variance component o2, the posterior density function is given
by

P ((72@) - K (02>*%(n+1) exp {_;(71_21)32} 02> 0 (9.3)

!/
an Inverted Gamma density function where y = [yl Yo o Ynl, Y= %Z?:l y; 1

the sample mean, s? = ﬁ Sy (g — Q)Q is the sample variance and

. {(71—21)32}5(”_1) @

is a normalizing constant.

(9.4)
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From (9.3) it follows that

for a given s2.

As mentioned these indices are used in process evaluation. From a Bayesian point of
view the posterior distributions are of importance. One of the aims of this chapter is
therefore to derive the exact and in some cases the conditional posterior distributions
of the indices. The method proposed by Ganesh (2009) for multiple testing will be
applied using a Bayesian procedure for Cp;, Cp, and Cp; to determine whether
significant differences between four suppliers exist. A Bayesian control chart for Cpy,

will also be implemented.
An estimated index will be denoted by “hat” (7). For example €, = »=t ) = =L,

R . N A A
Cpu = 57 and Cpp, = min (Cpu, Cpl>.

The following theorems will now be proved.

0.3. The Posterior Distribution of the Lower Process

Capability Index C),; = ’g—;l

Theorem 9.1. The posterior distribution of t = Cp; is given by

w5 —oo<t<oo (9.6)

and
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9.4 The Posterior Distribution of Cp, = min (Cy, Cpy)

v=n-—1.
Proof. The proof is given in the Mathematical Appendices to this chapter. O

Note:

Chou and Owen (1989) derived the distribution of # which is given by

. 3v/nex —% oo nit\? T v+%+1 oL
f (i) = Ve }Z<9ft>1 (57)2% o

Equation (9.7) is a non-central ¢ distribution with v degrees of freedom and non-

centrality parameter § where 62 = 9nt>.

9.4. The Posterior Distribution of C,; = min (Cyy, Cpy)

When both specification limits are given, the C, and C,, indices can be used where

Cpk = min (Cpl, Cpu> .

Unlike C,,, Cp depends on both p and o. The (), index has been used in Japan and
in the U.S. automotive companies (see Kane (1986)) and Chou and Owen (1989).

In Theorem 9.2 the posterior distribution of ¢ = Cp will be derived.

Theorem 9.2. The posterior distribution of c = Cpy is given by

plcly) = fcoé {exp (—92” [c — t*\/ﬂ2> + exp (—92” [c — f\/ﬂ2>} X

b

5f%

v

k2 lexp ( k) dk

—_

2

Y]
(VS
—

(5)

Nl

(9.8)
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~ A g - l
t=Cy =
Pl 35
and
~ A u—1
b = =
P 6s
Proof. The proof is given in the Mathematical Appendices to this chapter. [

9.5. Example: Piston Rings for Automotive Engines
(Polansky (2006))

Consider a company with N = 4 contracted suppliers representing the four processes
that produce piston rings for automobile engines studied by Chou (1994). The edge
width of a piston ring after the preliminary disk grind is a very important quality
characteristic in automobile engine manufacturing. The lower and upper speci-
fication limits of the quality characteristic are [ = 2.6795mm and u = 2.7205mm
respectively Four potential suppliers (Supplier 1 to Supplier 4) for such rings are un-
der consideration by one quality control manager. Samples of size n; = 50, ny = 75,
ng = 70 and ny = 75 are taken from the manufacturing processes of the suppliers.
A summary of the results from the samples, C’pl, C'pu, C’pk values and other statistics

are given in Table 9.1.
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9.5 Example: Piston Rings for Automotive Engines (Polansky (2006))

Table 9.1.: C’pl, épu, and C’pk Values for the Four Suppliers

Supplier (7) 1 2 3 4

Sample Size (n;) 50 75 70 75

Estimated Mean (y;) 2.7048 2.7019 2.6979 2.6972
Estimated Standard Deviation (s;) 0.0034 0.0055 0.0046 0.0038
O =it 24804 1.3576 1.3333 1.5526
Cl) = v 1.5392 11273 1.6377 2.0439
Gyl =min (€, C9) 1.5392 1.1273 1.3333 1.5526

Looking at Table 9.1, it is clear that Suppliers 4 and 1 give the two largest values for
C'pl, C’pu and C'pk, suggesting that they are the most capable. This may be because
they seem to have the smallest variation within the specified range. They therefore
represent the best two choices of suppliers. Suppliers 3 and 2 are not as capable
as the former because of their greater variability. Because the estimated C’pk index
for Supplier 1 is close to that of Supplier 4 we might feel that that the difference
in capability of the processes between these suppliers is not significant. The same
statement may hold true of Suppliers 2 and 3. Statistical methods for the compar-
ison of the suppliers’ process capability indices are required for the quality control
manager to draw intelligent conclusion from this data. A Bayesian simulation proce-
dure will be considered to determine which processes are significantly different from
one another. The potential performance of the proposed method will be compared

with the permutation approach by Polansky (2006).

Before discussion of the simulation procedure the posterior distributions of the ca-

pability indices will be looked at.

In the last part of this chapter control limits will be calculated for future capability
indices. In Figure 9.1 the posterior distributions of C)y, are illustrated using Equation

(9.8) and numerical integration.
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Chapter 9
Figure 9.1.: Posterior Distributions of Cy
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Table 9.2.: Posterior Means and Variances

Supplier 1 Supplier 2 Supplier 3 Supplier 4
1.5314 1.1234 1.3285 1.5474
0.0100 0.0144 0.0177

Posterior Mean
Posterior Variance 0.0263

From Table 9.2 it can be seen that the posterior means are for all practical purposes
the same as the C’pk values given in table 9.1. Further inspection of Figure 9.1 and
Table 9.2 shows that Suppliers 4 and 1 have the largest posterior means, suggesting
they are the most capable. In the next section a simple Bayesian solution to the

problem of constructing simultaneous credibility intervals for the capability indices

will be discussed.
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9.6 Simultaneous Credibility Intervals

9.6. Simultaneous Credibility Intervals

The method proposed by Ganesh (2009) can be compared to multiple testing, also
referred to as the multiple comparison problem. In multiple testing, the objective
is to control the family wise error rate. Similarly in his chapter, Ganesh control the
simultaneous coverage rate. If the interest is in constructing simultaneous credibility
intervals for all pairwise differences, a Bayesian version of Tukey’s simultaneous

confidence intervals can be used. Define

! ! , ! !
T — mazx {C;k) —-F (C;()k)@) |g} — min {C’ng) —-F (C’;k)@) |y}
where T(?) is the upper a percentage point of the distribution of 7). Simultaneous

100 (1 — «) % credibility intervals for all pairwise differences are given by

E(CQly) — E(Clly) £ T i=1,2,.. 4 j=1,2,... 4 i#]

100,000 Monte Carlo simulations were used to calculate E (CI()Q@), E (C’Igﬂg) and
T,

The simulation procedure is as follows:

1. Simulate & from a x2_; distribution.

(n—l)s?

2. Calculate 07" =

(i=1,2,...,4).

(Equation (9.5)) where (*) indicates a simulated value

* 2%
3. 07 =\/0;

4. By using the fact that p;|o?,y; ~ N <gji, ‘f) (Equation (9.2)) simulate p.

5. From the definition of the capability index it follows that C’;Q can be simulated

uU—p uf—l)
307 7 3oy

as CZEQ* = min (
6. Repeat steps 1 to 5 [ times. As mentioned, for this example { = 100, 000.

In Figure 9.2 the posterior distribution of 7 is given and in Table 9.3 credibility

intervals for differences in ), are given using Ganesh’s method.
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Figure 9.2.: Distribution of T
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T3 = 0.4823, T3 = 0.4279 and T\%; = 0.3915

Table 9.3.: Credibility Intervals for Differences in Cp, - Ganesh Method

E (C’IEZ)Q) -F (Céﬂg) 95% Interval 90% Interval 87.47% Interval

-0.0734;0.8915 0.0187;0.8371 (0;0.8155)
-0.2779;0.6867 0.2234;0.6323 (-0.2058;0.6097)

Supplier 1 - Supplier 2 ) (-
) (-
-0.4971;0.4675)  (-0.4427;0.4131)  (-0.4245;0.3910)
) (-
) (-
) (-

Supplier 1 - Supplier 3
Supplier 1 - Supplier 4
Supplier 2 - Supplier 3
Supplier 2 - Supplier 4
Supplier 3 - Supplier 4

-0.6871;0.2775 0.6326;0.2231 (-0.6136;0.2019)
-0.9063;0.0583 0.8519;0.0039) (-0.8323;-0.0168)
-0.7016;0.2630 0.6471;0.2086 (-0.6265;0.1890)

o~~~
— N N N N

For solving the supplier problem Polansky (2006) used multiple comparison tech-
niques in conjunction with permutation tests. The multiple comparisons tests used

were:

a. The Bonferonni method, which adjusts the significance levels of the pair wise

tests.
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b. The protected multiple comparison method, which requires that an omnibus

test of equality between all of the process capability indices be rejected before

pair-wise tests are performed and does not require adjustment of the signifi-

cance level of the pair-wise tests.

Polansky (2006) came to the conclusion that at the 5% significance level suppliers

1,2 and 4 have process capabilities that are not significantly different. Similarly,

suppliers 2 and 3 are not significantly different from one another, but supplier 2 is

significantly different from Supplier 1 and 4.

According to Table 9.3 it is only at significance level of 12.5% that the Bayesian

procedure shows a significant difference between Supplier 2 and Suppliers 1 and 4.

To see if Ganesh (2009) version of Tukey’s simultaneous confidence intervals is some-

what conservative, the following simulation study has been conducted to evaluate

the coverage probability and power of the Bayesian hypothesis testing procedure.

L

a.

Assume that y ~ N (u1, 02) where pq = 2.7048 and o2 = (0.0034)°. The
parameters y; and o? are obtained from the sample statistics of Supplier
1.

B 2
Simulate the sufficient statistics y; ~ N (,ul, %) and (n; — 1) s7 ~ oix2, 4
to represent a data set for the four suppliers where n; = 50 and i =
1,2,3,4.

By doing [ = 10000 simulations TO(_20)5 can be calculated for our first dataset

as well as the credibility intervals as described in Section 6.

If any one of the six credibility intervals do not contain zero, the null
hypothesis

H,y : O(llg) _ C(i) _ O(i) _ Cg()i)

p p p

will be rejected. Rejection of Hy when it is true is called a Type I error.

Steps (a) - (d) are replicated [ = 20,000 times with y; = 2.7048, 0% =
(().0034)2 and n; = 50 and the estimated Type I error = % = 0.0504
which corresponds well with o = 0.05. It means that for 1008 datasets

one or more of the six credibility intervals did not contain zero.

II. Assume now that y ~ N (ug,03) where py = 2.7019, 02 = (0.0054)” and

ny = 75. The parameter values are that of the sample statistics of the second

supplier. Repeat steps I (a) - I (e) and also for Suppliers 3 and 4.
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In Table 9.4 the estimated Type I errors for the four cases are given.

Table 9.4.: Estimated Type I Error for Different Parameter Combinations and
Sample Sizes

n W o Type I Error
50 2.7048 0.0034 0.0504
75 2.7019 0.0054 0.0483
70 2.6979 0.0046 0.0521
75 2.6972 0.0038 0.0507

The average Type I error = 0.0504 which as mentioned corresponds well with
a = 0.05. It therefore does not seem that Ganesh Bayesian version of Tukey’s

simultaneous confidence interval is too conservative.

9.7. Type |l Error of Ganesh Bayesian Method

Acceptance of Hy when it is false is called a Type II error. In Table 9.5 the sample

statistics of Table 9.1 are used as parameter values.

Table 9.5.: C,;, Values for the Four Suppliers

Supplier () 1 2 3 4
Sample Size (n;) 50 75 70 75
Mean (11;) 27048 2.7019 2.6979 2.6972
Standard Deviation (o;) 0.0034 0.0054 0.0046 0.0038
ch) 1.5392 1.1273 1.3333 1.5526

It is clear from Table 9.5 that the C);, parameters values are all different. To get an
estimate of the Type II error 10 000 data sets were generated with sample sizes as
shown in Table 9.5. For each dataset T2 was calculated from 10,000 Monte Carlo
simulations. The Type II error was estimated by observing the number of times that
Hy was accepted, i.e., the number of times that all six credibility intervals contain
zero. The process was repeated 5 times and the following estimates of the Type II
error were obtained: 0.4240, 0.4163, 0.4212 and 0.4182. The average Type II error
estimate is therefore 0.42184 and is the result of 50,000 datasets. The power of the
Bayesian procedure = 1 — 0.42184 = 0.57816 for this example.
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9.8. Posterior Distributions of C),; and (),

It might be of interest to also look at the posterior distributions of C); = ‘g—;l and

Cpu = %;U“ The posterior distribution of Cy; is given in Equation (9.6) and can be
used for illustration purposes. A much easier way to obtain the posterior distribution
is to simulate a large number of conditional posterior distributions. The average of

these conditional distributions is then the unconditional posterior distribution of
Cpi. This procedure is called the Rao-Blackwell method.
In Figures 9.3 and 9.4 the posterior distributions of C}; and C), are displayed.

Figure 9.3.: Posterior Distributions of Cy
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Figure 9.4.: Posterior Distributions of Cy,
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In Table 9.6 the posterior means of C; and C,, are given for the four suppliers and
in Table 9.7 the 95% credibility intervals for the differences between suppliers are

given using Ganesh method.

Table 9.6.: Posterior Means of Cp; and Cy,

Supplier 1 2 3 4
Chi 2.4920 1.3615 1.3377 1.5585
Chu 1.5460 1.1303 1.6431 2.0521
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Table 9.7.: 95% Credibility Intervals for Differences between Suppliers

Cpl Cpu
Supplier 1 - Supplier 2 (0.4910;1.7700)  (-0.1281;0.9595)
Supplier 1 - Supplier 3 (0.5148;1.7938)  (-0.6408;0.4467)
Supplier 1 - Supplier 4 (0.2940;1.5729)  (-1.0498;0.0377)
Supplier 2 - Supplier 3 (-0.6157;0.6633) (-1.0565;0.0310)
0
)

Supplier 2 - Supplier 4  (-0.8365;0.4424)  (-1.4655;-0.3780)
Supplier 3 - Supplier 4  (-0.8603;0.4187) (-0.9527;0.1348

According to the C),; credibility interval Supplier 1 is significantly different from
Suppliers 2, 3 and 4. The other suppliers do not differ significantly from each other.
Inspection of the €, intervals shows that there is a significant difference between

Suppliers 2 and 4.

9.9. The Predictive Distribution of a Future Sample
Capability Index, (:*]SJ,;)

To obtain a Bayesian control chart for the capability index C the predictive dis-

tribution must first be derived.

Consider a future sample of m observations from the N (i, o%) population, y1 7, Yoy, - - - Y-
The future sample mean is defined as y; = % >4 yjr and a future sample variance

by 5% = L Yt (Y — Qf)z. A future sample capability index is therefore defined

as
O = min (€15, 0)
where
e ="
and
ey = yg—fl
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By using the results given in Smit and Chakraborti (2009) or by using similar
theoretical derivations as in Theorem 9.2 it can be shown that the conditional

predictive distribution of C' = C’I(){) is given by

(€)= 3T [T g (svim o -2, + [ Z5¢] ) w0 (v [o - 20]) Dt e

(9.9)

and

u—1

60

Cp =

The unconditional predictive distribution f (C’ |data> can be obtained in the follow-

ing way:

i. Simulate 02 and p from their joint posterior distribution and calculate C' and
C,. Since o?|data ~ (";271)52 and ulo?, data ~ N (ﬂ, %), p and o2 can easily
n—1

be simulated. Let us call these simulated values y; and o?.

ii. Substitute p; and ¢} in Equation (9.9) and do the numerical integration to
obtain f (CA'WI,J%).

iii. Repeat (i) and (ii) [ times to get f (C’],ul,af) f (é\,ug,ag) oo f (é[m,af).
The unconditional predictive distribution f (é’ \data) is the average of the
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conditional predictive distributions (Rao-Blackwell method).

9.9.1. Example

Consider the following sample values: n = 75, y = 2.6972 and s = 0.0038. These
sample values are the statistics for Supplier 4. In Figure 9.5 the predictive distribu-

tion of C' = CA'I%) for m = 10 future observations are given.

Figure 9.5.: f (C’Igﬂdata)

0.01

0.008

0.0086

0.004

0.002

Mean (C’;i)) = 1.6870; Median (CA'}%)) = 1.598; Mode (é’é?) =
1.456; Var (qg@) = 0.2432
95% Equal — tail interval = (0.9936;2.8954) , length = 1.9018
95% HPD interval = (0.8790;2.6360) , length = 1.7570
p () > 3.923) = 0.0027
p (G > 4.263) = 0.00135

p () < 0.7905) = 0.00135
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9.10. Distribution of the Run-length and Average
Run-length

Assuming that the process remains stable, the predictive distribution can be used
to derive the distribution of the run-length and average run-length. From Figure
9.5 it follows that for a 99.73% two-sided control chart the lower control limit is
LCL = 0.7905 and the upper control limit is UC'L = 4.263. If a future capability
index is smaller than 0.7905 or larger than 4.263, it falls in the rejection region and
it is said that the control chart signals. The run-length is defined as the number of
future C’;i) indices (r) until the control chart signals for the first time (Note that r
does not include that C;f:) index when the control chart signals). Given p and o>
and a stable Phase I process, the distribution of the run-length r is Geometric with

parameter

o) = [ 7 (Cfmt)acs]

where f (C*ZE£>| I, 02> is defined in Equation (9.9), i.e., the distribution of CA’Z%) given
that u and 0% are known and R () represents those values of C;f;) that are smaller
than LCL and larger than UCL. The values of y and 0% are however unknown and

the uncertainty of these parameters are described by the joint posterior distribution
p (p, 0?|data) = p (u|o?, data) p (0*|data) (Equations (9.2) and (9.3)).

By simulating p and o2 from p(u,o?|data) the probability density function of
f (C’;i)]u,ﬁ) as well as the parameter ¢ (1, 0?) can be obtained. This must be
done for each future sample. In other words, for each future sample ;1 and o must
first be simulated from p (i, 0?|data) and then 1 (u, 0?) calculated. Therefore by
simulating all possible combinations of ;i and o2 from their joint posterior distri-
bution a large number of ¢ (i, 0?) values can be obtained. Also a large number of
Geometric distributions, i.e., a large number of run-length distributions each with

a different parameter value (v (i1, 02), % (2, 03),...,% (w, 0?)) can be obtained.

As mentioned the run-length r for given p and o? is geometrically distributed with

mean

1 - ¢ (M7 02)

B ) = 5o
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9.10 Distribution of the Run-length and Average Run-length

and variance

1— ¢ (:U’J 02)
Var (r|p, 0?) = —————2.
(rhe.?) V? (1, 0%)
The unconditional moments F (r|data), E (r?|data) and Var (r|data) can therefore
be obtained by simulation or numerical integration. For further details see Menze-

fricke (2002, 2007, 2010b,a) .

The mean of the predictive distribution of the run-length for the 99.73% two-sided
control limits is F (r|data) = 482.263 somewhat larger than the 370 that one would
have expected if § = 0.0027. The median on the other hand is less than 370,
Median (r) = 303.01. For the 99.73% one-sided control chart E (r|data) = 555.174
and Median (r) = 294.31.

See Figures 9.6, 9.7, 9.8 and 9.9 for m = 10 future observations.

Define ¢ (u, 0?) = I3t ¥ (i, 0?). From Menzefricke (2002) it follows that if
| — oo then ¥ — S and the harmonic mean of r = % For 8 = 0.0027, the harmonic

mean = (0.0027)"" = 370.
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Chapter 9 Process Capability Indices

Figure 9.6.: Distribution of Run-length - Two-sided Interval g = 0.0027
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9.10 Distribution of the Run-length and Average Run-length

Figure 9.7.: Distribution of Expected Run-length - Two-sided Interval § = 0.0027

100 . . . :

80

60

40 y

20} ! .

D .

0 200 400 600 800 1000
E(r|p,0%)

Mean = 483.263; Median = 527.972, Var = 2.7907 x 10*
95% HPD interval = (141.993; 689.429)

241



Chapter 9 Process Capability Indices

Figure 9.8.: Distribution of Run-length - One-sided Interval 5 = 0.0027
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Mathematical Appendix

Figure 9.9.: Distribution of Expected Run-length - One-sided Interval g = 0.0027
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9.11. Conclusion

This chapter developed a Bayesian method to analyze Cp;, Cp, and Cp,. Multiple
testing strategies have been implemented on data representing four processes from
four suppliers that produce piston rings for automobile engines studied by Chou
(1994). The results have been compared to the frequentist results and it was shown
that the Bayesian procedure proposed by Ganesh (2009) is somewhat more con-

servative. Control charts were further developed using the Bayesian approach for
Chk-
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Process Capability Indices

Mathematical Appendix to Chapter 9

Proof of Theorem 9.1

Since

and

it follows that

5 1
t|i,k ~ N (a\/E, )
In

where

Sl
4

Therefore

p(tE) = [ F(HE k) £ (k) dk

- 22F( \ﬁ fo P [_9271 (t N a\/E>2] k5" exp [_g} dk

3v/nexp ( 9”"2 >

— N =/ f°° 51

23 \/ﬂr(i) 0
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Mathematical Appendix

Since

> 3(v+i)—1 _E 2
/Okz j exp[ 2<1+9na)1dk‘

and substituting a = \%, the posterior distribution of t = ‘g—;l = () follows as

Qé(vﬂ')F(
(14 9na?)

=

Proof of Theorem 9.2

The Cyp, index can also be written as

u—1—2|p— M|

O = Chr = 60
where
oY + l.
2
Since

_o?
/~'L|0-27g ~ N (y: > )
n
it follows that

M—M~N<C,02>
n

where

Let

w=|p— M|,
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then
>y V/n n(w—¢)* n Cn(w+()?
p(w\a ,g)—amexp 5 2 —i—amexp 5 o2

(See Kotz and Johnson (1993, page 26)).

Now C' = b — Gw, where @ = 3~ and b = C, = %L,
Alsow = —(C'—b) L and |22| = L.

From this it follows that

vn

ao

YRS

p(Clo?y) = {exp <_2£02 C—b+ agf) +exp (—26;102 C—b— agf)} C<b<

9

= A
where b = C), = o

Substituting for @, b and ¢ and making use of the fact that k = ”0%2 ~ X2 it follows

that
3/ 9 k 9 k P
n n . |k _9n AL L
p(Ck,y)m{eXp(2 C—t\/; )—l—exp( 5 C t\/;])} C<b ”
Therefore
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10. Conclusion

This chapter will conclude with a summary of the conclusions of the chapters in this

thesis, possible shortcomings and possible future research in this area.

10.1. Summary and Conclusions

This thesis focused on Bayesian methods to implement Statistical Process Control in
two phases (Phase I and Phase IT), by looking at the following non-informative priors:
reference priors, probability matching priors and Jeffreys’ priors. Non-informative

priors are used when no other information is available.

Chapter 2 and Chapter 3 developed a Bayesian control chart for monitoring
a common coefficient of variation and common standardized mean (respectively)
across a range of sample values. In the Bayesian approach prior knowledge about
the unknown parameters is formally incorporated into the process of inference by
assigning a prior distribution to the parameters. The information contained in the
prior is combined with the likelihood function to obtain the posterior distribution.
By using the posterior distribution the predictive distribution of a future coefficient

of variation and standardized mean were obtained.

Determination of reasonable non-informative priors in multi-parameter problems is
not an easy task. The Jeffreys’ prior for example can have a bad effect on the poste-
rior distribution. Reference and probability matching priors are therefore derived for
a common coefficient of variation and standardized mean across a range of sample
values. The theory and results are applied to a real problem of patients undergoing
organ transplantation for which Cyclosporine is administered. This problem is dis-
cussed in detail by Kang, Lee, Seong, and Hawkins (2007). The 99.73% equal tail
prediction interval of a future coefficient of variation is effectively identical to the

lower and upper control chart limits calculated by Kang, Lee, Seong, and Hawkins
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(2007). A simulation study shows that the 95% Bayesian confidence intervals for
v (coefficient of variation) and § (standardized mean) has the correct frequentist

coverage.

The example illustrated the flexibility and unique features of the Bayesian simulation

method for obtaining posterior distributions, prediction intervals and “run-lengths”.

In Chapter 4 Phase I and Phase II control chart limits have been constructed for
the variance and generalized variance using Bayesian methodology. In this chapter
we have seen that due to Monte Carlo simulation the construction of control chart
limits using the Bayesian paradigm are handled with ease. Bayesian methods allow
the use of any prior to construct control limits without any difficulty. It has been
shown that the uncertainty in unknown parameters are handled with ease in using
the predictive distribution in the determination of control chart limits. It has also
been shown that an increase in number of samples m and the sample size n leads to

a convergence in the “run-length” towards the expected value of 370 at 5 = 0.0027.

Chapter 5 developed a Bayesian control chart for monitoring an upper one-sided

tolerance limit across a range of sample values.

Reference and probability matching priors are derived for the pth quantile of a nor-
mal distribution. The theory and results have been applied to air-lead level data
analyzed by Krishnamoorthy and Mathew (2009) to illustrate the flexibility and
unique features of the Bayesian simulation method for obtaining posterior distribu-

tions, prediction intervals and run lengths.

The Bayesian procedure has also been extended to control charts of one-sided tol-
erance limits for a distribution of the difference between two independent normal

variables.

Chapter 6 and Chapter 7 developed a Bayesian control chart for monitoring the
location parameter, scale parameter and upper tolerance limit of a two-parameter
exponential distribution. By using a Bayes approach the posterior predictive dis-
tributions of iy (future location observation), f; (future scale observation) and Uy

(future tolerance limit) were obtained.

The theory and results described in these chapters have been applied to the failure
mileages for military carriers analyzed by Grubbs (1971) and Krishnamoorthy and
Mathew (2009). The example illustrates the flexibility and unique features of the
Bayesian simulation method for obtaining posterior distributions and “run-lengths”

for fis, §; and Uy.

248



10.2 Possible Future Research

Results for 0 < p < oo as presented in Chapter 6 were compared against —oo <
1 < oo in Chapter 7. It has been shown by changing the range of p only the results
of fiy are influenced. The results of 0 ¢ and Uy did not change due to a change in the

range of p.

Chapter 8 developed a Bayesian approach to model the piecewise exponential
model using multiple priors and compared the results of these multiple priors. A
Bayesian control chart for monitoring X, (future failure time) have been imple-
mented. Two models, one where all p’s (scale parameters) across different systems
are the same and another where p is different for each system has been implemented
and compared using Bayes factors. It has been shown that the model with less

parameters are preferable.

Chapter 9 developed a Bayesian method to analyze Cy, C,, and C,;. Multiple
testing strategies have been implemented on data representing four processes from
four suppliers that produce piston rings for automobile engines studied by Chou
(1994). The results have been compared to the frequentist results and it was shown
that Ganesh (2009) Bayesian procedure method is somewhat more conservative.

Control charts were further developed using the Bayesian approach for Cy.

10.2. Possible Future Research

For future research it will also be of interest to consider the random effects model as
the underlying model for the observed data. Let Y;; denotes the jth measurement
in the ith sample (group or level) assumed to follow the one-way random effects

model:

Y;j:M_'_ri‘Feij i:172>""m j:1’2""’n

where p is an unknown general mean, r;’s represent random (sample) effects and
€;;'s represent error terms. It is assumed that the r;’s and €;;’s are all independent
having the distributions €;; ~ N (0,0%) and r; ~ N (0,03).

It can easily be shown that the Jeffreys’ independent prior for the random effects
(variance component) model is

1 1

2 2
P<M701,U2>O< 272 N 2.2
01 (Ul +n02) 01012
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By multiplying the prior distribution with the likelihood function (the distribution
of the data) the joint posterior distribution can be obtained. From the joint posterior
distribution it follows that

pldata, o3, 03  ~ N (Y.., M)

nm

= N(V., %)
and
> o o\~ 5 (v142) 1vmy o\~ L(v2+2) 1 vgmo 2 2
P (01,012| ata) x (0’1) eXpy—5 = (012> eXpy—5 oy o] >0,00,>0
and 0y > 0%
where

Y. = the overall sample mean; v; = m (n — 1); v = m — 1; vym; =residual sum of

squares and vymy =between samples sum of squares.

Let

be the sample mean of a future sample of n observations (i.e., the mean of a sample
of n observations in Phase II). Since the sample size in Phase II is the same as the

sample sizes in Phase I it follows that

ity ()
n
and
— 9 - 5 (1 1
Yyloiy, data ~ N (Y., 07y ﬁ—l—— :

nm
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10.2 Possible Future Research

Let
1 1
—+ — =a.
n o nm
Since
VoMM,
22 2|data ~ Xo,
012

it follows that the unconditional predictive distribution of ?f has a t-distribution:

= — VoMo
Yildata ~ t,, [ Y., ———a .

The predictive distribution can be used to obtain the control limits in Phase II as

well as the run-length and expected run-length.

If the sample size of a future sample is different from n say 7, then the future sample

mean is

Yy = Yy
1

7

S| =

J

and

(10.1)

2 = 2 2 2
= - 0] tno o] +no
Yf]af,ag,dataNN<Y.., 1 24 1 2) .

n nm

Although the unconditional predictive distribution of }:/f does not follow a t-distribution

if n #£ n, its distribution can easily be obtained using the following simulation pro-

cedure:
i. Simulate ¢ from a )(31 distribution and calculate 0% = ”1—2”1
ii. Simulate 0 from a x7, distribution and calculate o7, = 202,

2 2
iii. Calculate 03 = 2271 Tt must be mentioned that even though o? and o3, will
always be positive, the estimated value of o3 can be negative. If a negative

value of 03 is obtained then one possibility is to discard the negative value as
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well as the corresponding value of o3. A better strategy in our opinion is to

keep the simulated o value and take o3 as zero.

iv. Substitute the simulated values 0% and o2 values in Equation (10.1) and draw

the normal density function.

v. Repeat steps (i) to (iv) a large number of times (say [ times). The average
of the [ conditional densities gives f (Yf]data) the unconditional predictive

distribution.

In the unbalanced case if the sample sizes are n; (i = 1,2,...,m) the problem be-

comes more difficult. In this case it is better to work with the parameters u, o7 and
2

7 where 7 = % It is possible to derive reference and probability-matching priors

1
for this parameter. The joint posterior distribution can be written in the form

P (,u, o2, f|data) =p <u|crf, T, data) P (0%|f, data) p (F|data) .

By using Monte Carlo simulation the unconditional predictive density function of a
future sample mean can be obtained. As in the balanced data case the predictive

distribution can be used to obtain control limits in Phase II.

The theory and results can easily be extended to the two-factor nested random
effects model and cross classification models. The two-factor nested random effects

model is given by
Yijo = p+di + pij + €

where ¢ = 1,2,...,b; j = 1,2,...,k; t = 1,2,...r. Y}; represents the observations
(for example percentage increase in length of synthetic yarn before breaking), pu is
a common location parameter (the grand mean), d;, p;; and €5 are the different
kinds of random effects (for example days, packages within days and residual). It
is further assumed that the random effects (d;, p;; and ;) are all independent and
that d; ~ N (0,03), pi; ~ N (0,02) and €, ~ N (0,02).

The non-informative prior that will be used is Jeffreys’ independent prior (see also

Box and Tiao (1973))
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-1 -1
2 2 2 —2( 2 2 2 2 2
D (,u, 0.,0,, ad) X 0, (Ue + T0p> (ae +ro, + k:rod)

It can be shown that the predictive density of the average of £* future packages
with r* samples per package from a new (future) or unknown day given the variance

components is normal with mean

E (}_/f|data, o3, aﬁ, 03) =Y.

and variance

2 * 2 %k 2 2 2 2
o +r*o, +k*r*oy ol +ro, +kroj

k*r* bkr

Var (}7}|data, 05,00, 062) =

By simulating the variance components from their posterior distributions the un-

conditional predictive distribution of l_/f can be obtained.

By using similar simulation procedures, predictive distributions and control limits

can be derived for more complicated linear models.

10.3. Shortcomings of this Thesis

The section on Future Research gives a good indication of the shortcomings of
this thesis. The thesis should have started with a chapter on control charts for
linear models (random effects models, two-factor nested random effects models and
cross classification models). This should have been done firstly before reference and
probability-matching priors, predictive distributions and Bayesian control charts
were derived for more complicated problems like the coefficient of variation, tolerance

intervals, piece-wise exponential models and capability indices.
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A. MATLAB Code

A.1. MATLAB Code To Determine Coefficient of Variation from Sampling

Distribution

%Sampling distribution of cv for given R

clear

tic

R=0.0751;

n=5; f=n-1;

Fu=[1;

h=0.001;

for w=0:h:0.2;

c=n./R./((n+f*(w."2)).70.5);
Aw=(£"(£/2))*sqrt(n)*abs(w.  (£f-1)) .*exp(-n*f*(w."2)./2./(R"2)
S (a+fx(w."2))) . /(27 ((£-2)/2) ) /gamma (£/2) /sqrt (2*pi) ;

syms q



9¢¢

F=inline((q."f) .*exp((-((q-c)."2))/2));
A=quad(F,10,30);
fw=Aw.xA./((n+f*x(w."2)) . ((£+1)/2));
Fu=[Fw fw];

end

Fw=Fw/sum(Fw) /h;

w=0:h:0.2;

MEAN=w*Fw’ /sum(Fw)

figure(1)

plot(w,Fw)

grid

CDF=cumsum (Fw) *h;

figure(2)

plot (w,CDF)

grid

toc

A.2. MATLAB Code to Simulate Coefficient of Variation from Berger Prior

clear

tic

X=[31.7 12.4
37.7 15.3
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196.
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219
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769.
772,
791.
799.
948.
971.
991.

9.7
9.6

11.4
5.2
11.1
8.81;

N 00 & © O N O,

n=>5;
Sig=X(:,1).%X(:,2)/100;
T=[1; SIG=[];
for k=1:2
1nD=0;
for j=1:length(X)
x=X(j,1);
s2=(x*X(j,2)/100)."2;
D2=(n-1)*s2/n+x"2;
theta=0.02:0.00001:0.2;
1nA=-n*(1-x"2/D2)/2./(theta."2);
1nB=-(n*D2/2) .x((1./Sig(j)-x./D2./theta)."2);
Ind=1nA+1nB;
1nD=1nD+1nd;

end
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1nC=-log(theta)-0.5*log(theta+0.5);
InF=1nC+1nD;

M=max (1nF) ;

1nF=1nF-M;
ftheta=exp(1nF)/sum(exp (1nF));
Jplot (theta,ftheta)

hegrid

hpause

ct=cumsum(ftheta) ;
rt=rand(1,1);
t=theta(min(find(ct>=rt)));
T=[T;t];

$=1:0.001:200;

Sig=[1;

for j=1:length(X)
x=X(j,1);
s2=(x*X(j,2)/100)."2;
D2=(n-1)*s2/n+x"2;

Infs=-(n+1)*log(s)-(n*D2/2) .*((1./s-x./D2./t)

fsig=exp(lnfs)/sum(exp(lnfs));
%hplot(s,fsig)
hgrid

Jpause

.72);

vy Ioydeyn
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cs=cumsum(fsig) ;
rc=rand(1,1);
sig=s(min(find(cs>=rc)));
Sig=[Sig;sigl;
end
SIG=[SIG Sigl;
end

toc

A.3. MATLAB Code to Determine Sampling and Predictive Densities for

Coefficient of Variation

%SAMPLING AND PREDICTIVE DISTRIBUTION OF CV
clear

tic

%load posterior_data

%load postcvb

%load simul second

load postrir2

FFw=[]; RR=[];

k=100;

for i=1:k
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hi
R=R2(round(rand*length(R2)));
%R=0.0977; %51;
n=5; f=n-1;
Fw=[];
for w=0:0.001:0.25;
c=n./R./((n+f*(w."2)).70.5);
Aw=(£f"~(£/2))*sqrt(n)*abs(w. (f-1)) .*exp(-n*f*(w."2)./2./(R"2)
J(tEx(w."2))) . /(27 ((£-2)/2)) /gamma (f/2) /sqrt (2*pi) ;
h=0.002;
q=15:h:40;
F=(q."f) .*exp((-((gq-c)."2))/2);
If=h*sum(F);
%plot(q,F)
herid
hpause
fw=Aw.xIf./((n+fx(w."2)) . ((£+1)/2));
Fw=[Fw fw];
end
FFw=[FFw;Fw];
RR=[RR;R];
end
w=0:0.001:0.25;
MFw=mean (FFw) ;

v 1opdeq))
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SMEAN=w*Fw’/sum(Fw)
plot (w,MFw)
grid

toc

A.4. MATLAB Code to Run Standardized Mean Simulations

clc, clear;

%0riginal Data;

10:10:1050;
0.75:0.75:78.75;
data.orig(3,:) = data.orig(2,:).72;
data.n = 5;

data.orig(1,:)

data.orig(2,:)

%Set number of simulations;
datasim = 100;
nsim = 100000;

%Simulations
delta = zeros(datasim,nsim);
for i = 1:datasim

data.sim(1,:) = normrnd(data.orig(l,:),sqrt((data.orig(3,:)/data.n)));
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data.sim(2,:) = ((data.orig(3,:).*chi2rnd(data.n-1,1,size(data.orig,2)))./(data.n-1)).7(0.5);

%Calculate delta
for j = 1:nsim
delta(i,j) = (sum((data.sim(1,:)./data.sim(2,:)).*sqrt((chi2rnd(data.n-1,1,size(data.orig,2)))

./(data.n-1)) + ((normrnd(0,1,1,size(data.orig,2)))./(sqrt(data.n)))))./size(data.orig,2);

end

delta(i,:) = sort(delta(i,:));

statis.dmean(i) = mean(delta(i,:));

statis.d(i) = (1/0.075) - statis.dmean(i);

statis.low(i) = delta(i,0.025*nsim);

statis.high(i) = delta(i,0.975%nsim);
(statis.low(i) <= (1/0.075))*(statis.high(i) >= (1/0.075));
statis.right (i) statis.low(i) > (1/0.075);
statis.left(i) = statis.high(i) < (1/0.075);

statis.cover (i)

end

coverp = sum(statis.cover)./datasim*100;
avgdiff = mean(statis.d);

rights = sum(statis.right);

lefts = sum(statis.left);
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A.5. MATLAB Code to Determine Rejection Region for the Variance

clc, clear;

%Set values for n and m where m is the number of samples and n the size of
%heach sample;

format longg;

n=5;

m = 10;

%Determine degrees of freedom;
v = n-1;

k = m*v;

%Set alpha value;
alpha = 0.0027;

%Determine F value at k and v degrees of freedom at level alpha;
Fval = finv((1-alpha/2),v,k);
Fval2 = finv((alpha/2),v,k);

%#Simulate Chi2 Values;
nsim = 30000;

simval = chi2rnd(k,1,nsim);
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/iDetermine the test value to determine rejection region for Chi2 with v
hdegrees of freedom;
critval = (1/m).*simval.x*Fval;

critval2 = (1/m).*simval.*Fval?2;

%Determine rejection region;
rejreg = 1-chi2cdf (critval,v)+chi2cdf (critval2,v);
q = 1l-rejreg;

meanrl = mean(q./rejreg);
meanrll = mean(l./rejreg);
medianrl = median(q./rejreg);
medianrll = median(l./rejreg);
stdrl = std(q./rejreg);

stdrll = std(1l./rejreg);

rl = sort(q./rejreg);
rllow = r1(0.025*nsim);
rlhigh = r1(0.975%nsim) ;

disp(meanrl)
disp(medianrl)
disp([rllow rlhigh])
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%Determine runlength;
r = 0:1:3500;
rPDF = zeros(size(rejreg,2),size(r,2));
for i = 1:size(rejreg,2)

rPDF(i,:) = geopdf(r+l,rejreg(i));
end
rpredPDF_ = mean(rPDF);
rpredPDF = rpredPDF_./sum(rpredPDF_) ;
rpredCDF = cumsum(rpredPDF) ;

rpredmean = sum(r.*rpredPDF);

r2mom = sum((r."2).*rpredPDF);

var

std

r2mom - rpredmean”2;

sqrt(var) ;

medi = find(rpredCDF>=0.5,1,’first’);

rmedian = r(medi);

low = find(rpredCDF>=0.025,1, first’);

rlow = r(low);

high = find(rpredCDF>=0.975,1, first’);
rhigh = r(high);
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A.6. MATLAB Code to Determine Rejection Region for the Generalized

Variance

function [meanrl,medianrl,rllow,rlhigh,rl] = varrlmp(n,m,p,alpha)
%Initial Values;

nsim = 30000;

rejregsim = 1000000;

WVector of p’s;
vecp = 1:p;

%F-values;

Fconst = ((n-vecp)./(m*(n-1)+1-vecp));

Fs = zeros(p,rejregsim);
for k = vecp
Fs(k,:) = frnd((n-k), (m*(n-1)+1-k),1,rejregsim);

end
ifp =1
Fcomb = prod(Fs);
else
Fcomb = Fs;
end
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Fcomb sort (Fcomb) ;

Fcrit = Fcomb((1-alpha)*rejregsim);

Fval = prod(Fconst)*Fcrit;

%Simulate Chi2-values to determine the critical value and determine rejectionregion;
chivec = zeros(p,nsim);
rejchivec = zeros(p,rejregsim);
for i = vecp
chivec(i,:) = 1./chi2rnd((m.*(n-1)+1-i),1,nsim);

rejchivec(i,:) = chi2rnd(n-i,1,rejregsim);

end

if p =1
simval = 1./prod(chivec);
rejchi = prod(rejchivec);
critval = simval.x*Fval;

else

1./(chivec);

rejchi = (rejchivec);

simval

critval = simval.x*Fval;

end

rejregl = zeros(1l,nsim);
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for j = 1l:nsim
rejregl(j) = (sum(rejchi>=critval(j))/rejregsim);

end
rejreg = rejregl(rejregl>0);
q = l-rejreg;

meanrl = mean(q./rejreg);

medianrl = median(q./rejreg);

rl = sort(q./rejreg);
rllow = r1(0.025%nsim);
rlhigh = r1(0.975%nsim) ;

A.7. MATLAB Code to Determine Rejection Region of Tolerance Interval

%Tolerance Limit Simulation - RunLength - 6SEP2014
clc, clear

%Set Alpha Level;

alpha = 0.1;

Y%Airlead data
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Y%data;
data.orig = [200 120 15 7 8 6 48 61 380 80 29 1000 350 1400 110];

%take the logarithm of the data;
data.log = log(data.orig);

hdetermine the mean and sample standard deviation of log data;
data.logmean = mean(data.log);

data.var = var(data.log);

data.sd = std(data.log);

%determine k1 from the non-central t distribution;
data.size = size(data.orig);

df = data.size(2) - 1;

ncparam = norminv(0.95,0,1)*sqrt(data.size(2));

k1l = nctinv((1-alpha),df,ncparam)/sqrt(data.size(2));

%Upper tolerance limit;

data.utl = data.logmean + kl*data.sd;

%Simulate future values;
nsim = 10000;

x =1:0.1:16;

[BAIOUT 9OURID[O], JO UOISHY UOTIIB[Y] SUIILGd(] 03 9po)) JVTILVIN L'V



V.C

I = find(x==13.7,1,’first’);

simmed.var = df*data.var./chi2rnd(df,1,nsim);
simmed.fmean = normrnd(data.logmean,sqrt(simmed.var./data.size(2)));

simmed.qvar = simmed.var./(df+1);
for i = 1:nsim

simmed.V = chi2rnd(df,1,nsim);

simmed.qgmean = simmed.fmean + k1 * ((sqrt(simmed.var.*simmed.V))/(sqrt(df)));
distq.pdf = zeros(nsim,size(x,2));
for j = 1:1000
distq.pdf(j,:) = normpdf(x,simmed.qgmean(j),sqrt(simmed.qvar(j)));
end;
distq.finpdf = mean(distq.pdf);
distq.finpdfl = distq.finpdf/sum(distq.finpdf);
distq.cdf = cumsum(distq.finpdfl);

simmed.p(i) = 1 - distq.cdf(I);

if simmed.p(i) < O
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simmed.p(i) = 0;

end

end

simmed.rl = (l1-simmed.p)./simmed.p;

meanrl = mean(simmed.rl);
medianrl = median(simmed.rl);

sdrl = std(simmed.rl);

hist(simmed.rl,50) ,xlabel(CE(r|$\mu$,$\sigma~2$)’);
h = findobj(gca,’Type’, ’patch’);
set(h, ’FaceColor’,’w’,’EdgeColor’,’k’);

A.8. MATLAB Code to Determine Rejection Region of 1 from the Two

Parameter Exponential Distribution
clc, clear;
%Initial Values;

162;
835.21;

muhat
thhat
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xbar = 997.21;
n = 19;

m = 19;

beta = 0.0027;
% LCL = 13.527;
% UCL = 489.52;
LCL = 40.623;
UCL = 352.077;

nsim = 100000;

%Simulate mu;
mu = 0.01:0.01:

muhat;

mupdf = (n-1).*x((((1/thhat).”(n-1))-((1/xbar). (n-1)))"-1) .*((xbar-mu) . (-n));
mupdfn = mupdf/sum(mupdf) ;

mucdf = cumsum(mupdfn) ;

musim = zeros(1l,nsim);

for i 1:nsim
musim(i) =

end

mu(find (mucdf>rand,1,’first’));

%Simulate Theta;
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paralph = n;
parlam = n.*(xbar-musim);

thsim = 1./gamrnd(paralph,1./parlam);

[149.3 146.1 135.2 102.25 152.9];
[856.6 618.0 1047.2 1054.1 704.4];

% musim

% thsim

%Determine psi;
rlprob = zeros(1l,nsim);
for k = 1:nsim

parm = thsim(k)/m;

rlprob(k) = 1 - exp(m*musim(k)/thsim(k))* (expcdf (UCL,parm)-expcdf (c,parm));

end
rl = (1-rlprob)./rlprob;
rlplot = rl(rl<2500);

hist(rlplot,50),xlabel (CE(r|\mu,\theta)’,’fontsize’,16);
h = findobj(gca,’Type’, ’patch’);

set (h, ’FaceColor’,’w’,’EdgeColor’,’k’);
set(gca,’fontsize’,14);

save(’murl .mat’)
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A.9. MATLAB Code to Determine Rejection Region of ¢ from the Two

Parameter Exponential Distribution
clc, clear;

%Initial Values;
muhat = 162;
thhat = 835.21;
xbar = 997.21;

n = 19;

m = 19;

LCL = 372.4;
UCL = 1837.7,
nsim = 10000;
csim = 100000;

%Simulate mu;

mu = 0.01:0.01:muhat;

mupdf = (n-1).*((((1/thhat). (n-1))-((1/xbar). (n-1)))"-1) .*x((xbar-mu) . " (-n));
mupdfn = mupdf/sum(mupdf) ;

mucdf = cumsum(mupdfn);
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for i = 1:nsim

musim(i) = mu(find(mucdf>rand,1,’first’));

end

%Simulate Theta;
paralph = n;
parlam = n.*(xbar-musim) ;

thsim = 1./gamrnd(paralph,l./parlam);

%Determine psi;

rlprob = zeros(l,nsim);

for k = 1:nsim
chi2nsim = chi2rnd((2*n-2),1,csim);
thfsim = chi2nsim.*thsim(k)./(2*n);
rlprob(k) = (sum(thfsim<LCL | thfsim > UCL))/csim;
if mod(k,1000) ==

disp(k);

end

end

rl = (1-rlprob)./rlprob;

rlplot = r1(rl<1500);

6.L¢

uonnqLIIsy(J eruauodxsy

I9jouIeIRJ OMT, 9} WOIJ § Jo UOISY UOTIIa(e}] aurIagd(] 03 9po) GV IIVIN 6V



08¢

hist(rlplot,50),xlabel ("E(r|\mu,\theta)’,’fontsize’,16);
h = findobj(gca,’Type’, ’patch’);

set (h, ’FaceColor’,’w’,’EdgeColor’,’k’);
set(gca,’fontsize’,14);

save(’thrl.mat’)

A.10. MATLAB Code to Determine Rejection Region of GPQ from the Two

Parameter Exponential Distribution

clc, clear;

%Initial Values;
muhat = 162;
thhat = 835.21;
xbar = 997.21;

n = 19;

m = 19;

ktil = -3.6784;
LCL = 1524;
UCL = 6929;
nsim = 1500;
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csim = 1500;

%Simulate mu;
mu = 0.01:0.01:muhat;

mupdf = (n-1).*((((1/thhat). (n-1))-((1/xbar). (n-1)))"-1) .*x((xbar-mu) . (-n));

mupdfn = mupdf/sum(mupdf) ;

mucdf = cumsum(mupdfn) ;

musim = zeros(1l,nsim);

for i = 1:nsim

musim(i) = mu(find(mucdf>rand,1,’first’));

end

% %Simulate Theta;
paralph = n;
parlam = n.*(xbar-musim) ;

thsim = 1./gamrnd(paralph,l./parlam);

thfsim = chi2rnd((2*m-2),1,csim) ./ (2%*m);

uf = 0:1:11000;

zeros(1,nsim);

rlprob
for 1 = 1:nsim

ufpdf = zeros(l,size(uf,2));
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eparm = thsim(1)/m;
for k = 1:csim
sparm = musim(1l) - ktilxthfsim(k).*thsim(1);
ufpdf = ufpdf + exp((1l/eparm)*sparm) .*exppdf (uf,eparm).*(uf > sparm);
end
ufpdfs = ufpdf./csim;
ufpdfn = ufpdfs./sum(ufpdfs);

ufcdf = cumsum(ufpdfn);
if mod(1,10) ==
disp(1);
end
rlprob(l) = 1 - ufcdf(uf == UCL) + ufcdf(uf == LCL);

end

rl = (1-rlprob)./rlprob;
rlplot = rl1(rl<2500);
% for z = 1:size(rlplot,2)

yA if rlplot(z) > 2500
b rlplot(z) = 2500;
YA end

% end

hist(rlplot,50),xlabel ("E(r|\mu, \theta)’,’fontsize’,16);
h = findobj(gca,’Type’, ’patch’);
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set (h, ’FaceColor’,’w’,’EdgeColor’,’k’);
set(gca,’fontsize’,14);

save(’gpqrl.mat’)

A.11. MATLAB Code to Determine Distribution of 1 from Two Parameter
Exponential if 0 < 1 < o0

clc, clear;

%Initial Values;
muhat = 162;
thhat = 835.21;
xbar = 997.21;
n = 19;

m = 19;

alpha = 0.0258;

%Determine PDF;
muf = 0:0.001:800;

(n"n)*(n-1) *m;

(n+m)* (((1/thhat) " (n-1))-((1/xbar) " (n-1)));

ksnum
ksden
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ks = ksnum/ksden;

tl = (n .* (xbar-muf)). (-n);

t2 = (m .* muf + n*xxbar).  (-n);

t3 = (m .* (muf - muhat) + n*xthhat). (-n);

mupdf = ks.*(tl - t2).*x(muf <= muhat) + ks.*(t3-t2).*(muf > muhat);
mupdfn = mupdf./(sum(mupdf));

mucdf = cumsum(mupdfn) ;

LCL = muf(find(mucdf<alpha/2,1,’last’));

UCL = muf (find (mucdf>1-alpha/2,1,’first’));

set (0, ’defaultTextInterpreter’, ’latex’);

plot (muf ,mupdfn,’color’,’k’,’linewidth’,2),xlabel (*$\hat{\mu}_£$’,’fontsize’,20);

set(gca,’fontsize’,14);

% mean = sum(muf.*mupdfn) ;

A.12. MATLAB Code to Determine Distribution of 1 from Two Parameter

Exponential if —oco <0 < o0

clc, clear;
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%Initial Values;

muhat = 162;
thhat = 835.21;
xbar = 997.21;
n = 19;

m = 19;

alpha = 0.0258;

%Determine PDF;
muf = -300:0.001:600;

(n"n) *(n-1)*m*(thhat~ (n-1));

(n+m) ;

ksnum
ksden
ks

ksnum/ksden;

t1 (n .* (xbar-muf)). (-n);
%t2 = (m .* muf + n*xbar). (-n);

t3 = (m .* (muf - muhat) + n*thhat). (-n);

mupdf = ks.*(tl).*(muf <= muhat) + ks.*(t3).*(muf > muhat);
mupdfn = mupdf./(sum(mupdf));

mucdf = cumsum(mupdfn) ;
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LCL = muf(find(mucdf<alpha/2,1,’last’));

UCL = muf (find (mucdf>1-alpha/2,1,’first’));

set (0, ’defaultTextInterpreter’, ’latex’);

plot (muf ,mupdfn,’color’,’k’,’linewidth’,2),xlabel (*$\hat{\mu} f$’,’fontsize’,20);

set(gca,’fontsize’,14);

% mean = sum(muf.*mupdfn);

A.13. MATLAB Code to Determine Distribution of ¢ from Two Parameter
Exponential for both 0 < 4 < o0 and —oco0 < 4 < 0

clc, clear;

%Initial Values;
muhat = 162;
thhat = 835.21;
xbar = 997.21;
n = 19;

m = 19;

alpha = 0.018;

%Determine PDF;
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thf = 0:0.001:3000;

terml = m” (m-1);

term2 = n”(n-1);

term3 = gamma(m+n-2)/(gamma(m-1)*gamma(n-1));

term4 = thhat~(1-n);

termb5 = xbar~(1-n);

term6 = thf. (m-2);

term7 = (m.*thf+n*thhat).” (2-m-n);

term8 = (m.*thf+n*xbar).” (2-m-n);

tilterml = gamma(m+n-2).*(m~(m-1)) .*((n*thhat) " (n-1)) .*thf." (m-2);

tilterm2 = gamma(m-1).*gamma(n-1).*((m.*thf+n.*thhat) . (m+n-2));

thpdf = terml.*term2.*term3.*((termd-term5)." -1).*term6.*(term7-term8) ;
thpdfn = thpdf./sum(thpdf) ;
thcdf = cumsum(thpdfn);

tilthpdf = tilterml./tilterm2;
tilthpdfn = tilthpdf./sum(tilthpdf);

LCL
UCL

thf (find (thcdf<alpha/2,1,’last’));
thf (find (thcdf>1-alpha/2,1,’first’));
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hold on;
set (0, ’defaultTextInterpreter’, ’latex’);
plot(thf,thpdfn,’k--’,’linewidth’,2)

,xlabel(’$\hat{\theta} £$’,’fontsize’,20);

set(gca,’fontsize’,14);

set (0, ’defaultTextInterpreter’, ’latex’);

plot(thf,tilthpdfn,’k:’,’linewidth’,2)

,xlabel(’$\hat{\theta} f$’,’fontsize’,20), legend(’$f({\theta} £)$’, *$\tilde{f} ({\theta} £)$’);
set(gca,’fontsize’,14);

hold off;

mean = sum(thf.*thpdfn);

A.14. MATLAB Code to Determine Distribution of U; from Two Parameter
Exponential for both 0 < 4 < 00 and —oco < 4 < 0

clc, clear;

%Initial Values;
muhat = 162;
thhat = 835.21;
xbar = 997.21;
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n = 19;
m = 19;
ktil = -3.6784;
alpha = 0.018;

1000;
1000;

nsim

csim

%Simulate mu;

mu = 0.01:0.01:muhat;

mupdf = (n-1).*((((1/thhat). (n-1))-((1/xbar). (n-1)))"-1) .*x((xbar-mu) . (-n));
mutilpdf = (n-1).*((thhat)."(n-1)).*((xbar-mu)."(-n));

mupdfn = mupdf/sum(mupdf) ;

mutilpdfn = mutilpdf/sum(mutilpdf);

mucdf = cumsum(mupdfn) ;

mutilcdf = cumsum(mutilpdfn);

musim = zeros(1l,nsim);

mutilsim = zeros(1l,nsim);

for i = 1:nsim
musim(i) = mu(find(mucdf>rand,1,’first’));
mutilsim(i) = mu(find(mutilcdf>rand,1,’first’));

end
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%Simulate Theta;

paralph = n;

parlam = n.*(xbar-musim);

parlamtil = n.*(xbar-mutilsim);

thsim = 1./gamrnd(paralph,1./parlam);
thtilsim = 1./gamrnd(paralph,l./parlamtil);

%Simulate Theta_f
% thfsim = chi2rnd((2*m-2),1,csim) .*thsim./(2*m) ;

uf = 0:1:11000;
ufpdf = zeros(1,size(uf,2));
uftilpdf = zeros(l,size(uf,2));
for k = 1:nsim
eparm = thsim(k)/m;
eparmtil = thtilsim(k)/m;
%Simulate Theta f
thfsim = chi2rnd((2*m-2),1,csim) .*thsim(k) ./ (2*m) ;
thftilsim = chi2rnd((2*m-2),1,csim).*thtilsim(k)./(2*m);
for 1 = 1:csim
sparm = musim(k) - ktil*thfsim(1l);
stilparm = mutilsim(k) - ktilxthftilsim(1);
ufpdf = ufpdf + exp((1l/eparm)*sparm) .*exppdf (uf,eparm).*(uf > sparm);
uftilpdf = uftilpdf + exp((1/eparmtil)*stilparm) .*exppdf (uf,eparmtil).*(uf > stilparm);
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end

if mod(k,10) ==
disp(k);

end

end

ufpdfs = ufpdf./(nsim*csim);

uftilpdfs = uftilpdf./(nsim*csim);

ufpdfn = ufpdfs./sum(ufpdfs);

uftilpdfn = uftilpdfs./sum(uftilpdfs);
hold on;

set(0, ’defaultTextInterpreter’, ’latex’);
plot (uf,ufpdfs,’k-’,’linewidth’,2)

,xlabel (’$U_{f}$’,’fontsize’,16);
set(gca,’fontsize’,14);
plot(uf,uftilpdfs,’k:’,’linewidth’,2)
,xlabel (’$U _{f}$’,’fontsize’,16),
legend(’$£(U_{f}|data)$’, ’$\tilde{f}(U_{f}ldata)$’);

set(gca,’fontsize’,14);
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A.15. MATLAB Code To Determine Rejection Region of Xy from the

Piecewise Exponential Model
clc, clear;

%Data and Initials;

data = xlsread(’LHDData_orig.xls’);
data(:,3) = data(:,3)/1000;

del = 0.01:0.001:2;

nsim = 2000;

%Determin N = number of observations;

N = size(data,1);

delpdf = zeros(1l,size(del,2));
%Determine Distribution of delta
for i = 1:size(del,2);

data(:,4) = data(:,2). (1-del(i));

data(:,5) = data(:,3) .* data(:,4);

delpdf (i) = sum(data(:,5)) .~ (-1*N).*prod(data(:,4));
end;
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delpdfN = delpdf./sum(delpdf);
delcdf = cumsum(delpdfN);

mu = 0.0001:0.0000001:0.01;

x = 50:0.01:190;

lpt = 28;

mudist = zeros(nsim,size(mu,2));

delsim = zeros(l,nsim);

for 1 = 1:nsim;
delsim(l) = del(find(delcdf>rand,1,’first’));
data(:,4) = data(:,2). (1-delsim(1));

data(:,5) = data(:,3) .*x data(:,4)*1000;
A =N;
B = delsim(1l)./sum(data(:,5));

mudist(1l,:) = gampdf (mu,A,B);
if mod(1,10) ==

disp(’17);

disp(1);
end

end;

mupdf = mean(mudist);
mupdfN = mupdf./sum(mupdf) ;

mucdf = cumsum(mupdfN) ;
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musim = zeros(1l,nsim);
for k
musim(k) = mu(find(mucdf>rand,1,’first’));
if mod(k,10) == 0
disp(’k’);
disp(k);

1:nsim;

end

end;

X28 = 0:0.01:1000;

epdf = zeros(nsim,size(X28,2));

Jdetermine distribution of X f f = 28;

for j = 1:nsim;
eparm = delsim(j)./musim(j).*1pt."~ (delsim(j)-1);
epdf (j,:) = exppdf(X28,eparm) ;
if mod(j,10) ==

disp(’j’);
disp(j);
end
end;
epdfm = mean(epdf);
epdfN = epdfm./sum(epdfm) ;

ecdf = cumsum(epdfN) ;
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figure(1);
set(0, ’defaultTextInterpreter’, ’latex’);
plot (X28,epdfN,’k’,’linewidth’,2) ,xlabel (’$X {28}$’, ’fontsize’,16);

set(gca,’fontsize’,14);

LCL1 = 0.26;
LCL2 = 0.13;
UCL2 = 666;

rlprobl = zeros(1l,nsim);

zeros(1,nsim);

rlprob2
for z = 1:nsim;
dist = epdf(z,:);
distN = dist./sum(dist);
distcdf = cumsum(distN);

rlprob2(z) = 1 - distcdf(X28 == UCL2) + distcdf(X28 == LCL2);
rlprobl(z) = distcdf(X28 == LCL1);
if mod(z,10) ==
disp(’z’);
disp(2);
end

end;
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rll = (1-rlprobl)./rlprobil;
rl2 = (1-rlprob2)./rlprob2;
figure(2);

hist(rl1,50),xlabel (’$E(r|\mu,\delta$)’,’fontsize’,16);
h = findobj(gca,’Type’, ’patch’);
set (h, ’FaceColor’,’w’,’EdgeColor’,’k’);

set(gca,’fontsize’,14);

figure(3);

hist(rl2,50),xlabel (’$E(r|\mu,\delta$)’,’fontsize’,16);
h = findobj(gca,’Type’, ’patch’);

set (h, ’FaceColor’,’w’,’EdgeColor’,’k’);

set(gca,’fontsize’,14);

save(’X28rl.mat’,’rl1’,’r12’, ’rlprobl’, ’rlprob2’);

A.16. MATLAB Code to Determine Rejection Region of C)

clc, clear;

%Limits

1lim.U = 2.7205;
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lim.L = 2.6795;

%Given Information
giv.n = 75;
giv.xbar = 2.6972;
giv.s = 0.0038;
giv.m = 10;

nsim = 1000;
giv.olim = 3.923;
giv.thlim = 4.263;
giv.tllim = 0.791;

alpha = 0.0027;

t =0.4:0.001:5;
dist.parml = 3*(sqrt(giv.m/(giv.m-1)));

for j = 1:nsim;
sigsim = ((giv.n-1)*giv.s"2)/chi2rnd(giv.n-1,1,1);
musim = normrnd(giv.xbar,sqrt(sigsim/giv.n));
calc.cpk = min(((lim.U-musim)/(3*sqrt(sigsim))), ((musim-1im.L)/(3*sqrt(sigsim))));
calc.cp = (1im.U-1im.L)/(6*sqrt(sigsim));
for i = 1:size(t,2);
ilimit = ((giv.m-1)/(t(1))"2)*(calc.cp~2);
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y = 0:0.01:ilimit;

dist.parm2 = 3xsqrt(giv.m).*(calc.cpk - 2*calc.cp + sqrt(y./(giv.m-1))*t(i));
dist.parm3 = 3*sqrt(giv.m).*(calc.cpk-sqrt(y./(giv.m-1)) .*t(i));
dist.parm4 = (normpdf(dist.parm2,0,1)+normpdf(dist.parm3,0,1)).*(sqrt(y)).*(chi2pdf(y,giv.m-1));
dist.fcpk(i) = dist.parml*trapz(y,dist.parm4);
end
dist.fcpk = dist.fcpk/sum(dist.fcpk);
dist.Fcpk = cumsum(dist.fcpk);
rl.pone(j) = 1 - dist.Fcpk(t==giv.olim);
rl.ptwo(j) = 1 - dist.Fcpk(t==giv.thlim) + dist.Fcpk(t==giv.tllim);
if mod(j,5) ==
disp(j);
end
end;
rl.rlone = (1-rl.pone)./rl.pone;
rl.rltwo = (1-rl.ptwo)./rl.ptwo;

set(0, ’defaultTextInterpreter’, ’latex’);

figure(1);

hist(rl.rlone,50),xlabel (’$E(r|\mu,\sigma~2)$’, fontsize’,20);
h = findobj(gca,’Type’, ’patch’);

set(h, ’FaceColor’,’w’,’EdgeColor’,’k’);
set(gca,’fontsize’,14);

figure(2);
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hist(rl.rltwo,50),xlabel (’$E(r|\mu,\sigma~2)$’, fontsize’,20);
h = findobj(gca,’Type’, ’patch’);
set (h, ’FaceColor’,’w’,’EdgeColor’,’k’);

set(gca,’fontsize’,14);

Y%save(’rlres.mat’);

A.17. MATLAB Code for Ganesh Simulation

clear

tic

n=[50;75;70;75];
x=[2.7048;2.7019;2.6979;2.6972] ;
s=[0.0034;0.0055;0.0046;0.0038] ;
mn=n(3); x=x(3); s=s(3);
LSL=2.6795; USL=2.7205;

k=4,

%Cphat=(USL-LSL) ./6./s;
%Cpuhat=(USL-x)./3./s;
%Cplhat=(x-LSL)./3./s;

WCpl=[]; Cpu=[];

Cpk=[1;

N=100000;
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for i=1:N

sig=s.*sqrt((n-1)./chi2rnd(n-1));
cpl=normrnd((x-LSL)./3./sig,1./3./sqrt(n));
cpu=normrnd ( (USL-x) ./3./sig,1./3./sqrt(n));
%Cpl=[Cpl;cpl’];

%Cpu=[Cpu;cpu’];

cpk=min([cpl’;cpu’l);

Cpk=[Cpk;cpk] ;

end

M=mean (Cpk) ;

A=Cpk-ones (N, 1) *M;

T2=[];

for j=1:N
t2=max(A(j,:))-min(A(j,:));
T2=[T2;t2];

end

toc

hist(T2,50);

set (0, ’defaultTextInterpreter’, ’latex’);

h = findobj(gca,’Type’, ’patch’), xlabel(’$T"{(2)}$’, ’fontsize’,20);
set(h, ’FaceColor’,’w’,’EdgeColor’,’k’);

set(gca,’fontsize’,14);
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A.18. MATLAB Code To Determine Continuous Distribution Function of the
Run-Length

clc, clear;
load (’matlab75.mat’);
xg = 0:1:2000;
rlsim.p = rl.ptwo;
rlsim.p = rlsim.p(rlsim.p "= 0);
nsim = size(rlsim.p,2);
prob = zeros(1,nsim);
for i = 1:nsim
prob(i) = rlsim.p(i);
sim.r1(i,:) = geopdf (xg,prob(i));
if mod(i,100) ==
disp(i);
end
end;
sim.rls = mean(sim.rl,1);
sim.rlspdf = sim.rls./sum(sim.rls);

sim.rlscdf = cumsum(sim.rlspdf);

rl.rlmean = sum(xg.*sim.rlspdf);

rl.rlvar = sum((xg."2).*sim.rlspdf) - (rl.rlmean.”2);
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rl.rlmedian = xg(find(sim.rlscdf>=0.5,1,’first’));
rl.elow = xg(find(sim.rlscdf >= 0.025,1,’first’));
rl.eup = xg(find(sim.rlscdf >= 0.975,1,’first’));

%hpd;
y = 0.01:0.01:0.05;
yi = 0.95:0.01:0.99;

diffl = 10000000000;

hpdlowl = zeros(1,size(y,2));

hpdhighl = zeros(1,size(y,2));
hpddiffl = zeros(1l,size(y,2));
for 1 = 1:size(y,2)

hpdlowl(1l) = xg(find(sim.rlscdf>=y(1),1,’first’));
xg(find(sim.rlscdf>=yi(1),1,’first’));

hpdhigh1 (1)
hpddiff1(1) = hpdhigh1(1) - hpdlow1(1);
if hpddiff1(l) < diff1

rl.hpdlow = hpdlowl(l);

rl.hpdhigh = hpdhigh1(1);

rl.hpddiff = hpddiff1(1);

diff1 = hpddiff1(1);

end

end
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figure(1)
plot(xg,sim.rlspdf,’color’,’k’,’linewidth’,2) ,xlabel(’r’);

figure(2);

runl = (1-prob)./prob;

hist(runl,100);

h = findobj(gca,’Type’, ’patch’);

set (h, ’FaceColor’,’w’,’EdgeColor’,’k’);
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Nomenclature

CcvV

FAP

LCL

Phase 1

Phase 11

probability matching prior

reference prior

coefficient of variation (y = %)

false alarm probability: the overall probability of at

least one false alarm.

lower control limit

Phase in statistical process control where the primary

interest is to assess process stability.

Phase in statistical process control where the primary

interest is the online monitoring of the process.

A probability matching prior is a prior distribution un-
der which the posterior probabilities match their cover-
age probabilities. The fact that the resulting Bayesian
posterior intervals of level 1 — a are also good frequen-
tist confidence intervals at the same level is a very de-
sirable situation. Datta and Ghosh (1995) derived the
differential equation which a prior must satisfy if the
posterior probability of a one-sided credibility interval
for a parameteric function and its frequentist probabil-

ity agree up to O (n™1) where n is the sample size.

The reference prior was introduced by Bernardo (1998)
and Berger and Bernardo (1992). As mentioned by

Pearn and Wu (2005) the reference prior maximises
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Nomenclature

run-length

SPC

standardized mean

tolerance interval

UCL

312

the difference in information about the parameter pro-
vided by the prior and posterior, the reference prior is
derived in such a way that it provides as little informa-

tion as possible about the parameter.

The number of future r until the control chart signals
for the first time.

statistical process control

6:

ars

An interval constructed in such a way that it will con-
tain a specified proportion or more of the population

with a certain degree of confidence.

upper control limit
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