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CHAPTER 1
INTRODUCTION

1.1 WHAT IS STRUCTURAL CHANGE?

It is generally recognised that a physical entity experiences structural change as it evolves
over time, e.g. the society and its economic behaviour changes over time and an economic

policy that was once ineffective may become effective.

In many fields of empirical science, theories have been proposed arguing that a behavioral
relationship changes over time. Such a change occurs, e.g. in the demand and supply char-
acteristics of a product over its life cycle. In the new product stage, demand may have high
income elasticity and low price elasticity, but in the standardized stage the price elasticity
increases while income elasticity decreases. Within each stage, however, the demand rela- -
tionship may be stable enough to be described by regression with constant parameters. In

such a case, a switching regression model may be appropriately used.

On the other hand, data with considerable noise may suggest the use of a regression model
in which parameters follow random walk patterns or some steady and systematic changes
over all the sample periods. There are many ways in which parameters of regression models

are assumed to change.

An example of structural change is pointed out by Nordhaus and Samuelson (1985). In the
late 1940’s many Keynesian economists emphasized the role of fiscal policy, i.e. changes in
taxes and government expenditures, as the key to controlling the business cycle and these
advocates of fiscal policy tended to slight the role of money. In the 1948 edition of a leading
college textbook on economics this view was reflected with the words: “Today few economists
regard Federal Reserve monetary policy as a panacea for controlling the business cycle”. The
1985 edition of the textbook, thirty-seven years later, states: “Money is the most powerful
and useful tool that macroeconomic policy makers have at their disposal” and “in the U.S.
today, the central bank (Fedefal Reserve system) is the most important factor in the making

of macroeconomic policy”.




Structural change may be defined as a change in one or more parameters of the model in

question. In the example of the effectiveness of monetary policy above, we may observe that
the once significant interest-rate variable in the investment function or in the demand-for-

money question has changed to insignificant.

Given data then, we need to make inferences on join points (or the points at which parameters
change) if they are unknown and on parameters within each regime. Inferences on both
join points (change-points) and parameter changes are important, because they will provide
evidence on which a particular theory is correct or not. Furthermore, poor forecasts of

econometrics models may result if the models do not account for structural shift.

Bayesian procedures are applied' to solve inferential problems of structural change. Among
the various methodological approaches within Bayesian inference, emphasis is put on the
analysis of the posterior distribution itself, since the posterior distribution can be used for

conducting hypothesis testing as well as obtaining a point estimate.

Diagrammatically, the statistical inference process can be described as follows:

MATHEMATICAL MODEL
f(X10),8 € Q
!

Prior Information
I1(6),0 € Q
l
Sample Data
X =(X1,...,Xn)
l

Posterior Distribution
[I8|X),0 e
!

Posterior Inferences

/ l N
Estimation Test of hypothesis Prediction




1.2 HISTORY OF STRUCTURAL CHANGE IN STATISTICS

For some 40 years beginning with Page, statisticians have been studying and developing
probability models that account for a changing distribution of random variables. The goal
has been to develop inference procedures that will estimate the parameters, test hypothesis

about the parameters and forecast future observations.

Page (1954, 1955, 1957) found methods for detecting change in the distribution of a sequence
of independent random variables and these tests are based on cumulative sums called cusums.
Page’s objective was to find efficient methods for quality control and his approach was non-
parametric. Quandt (1958) devoted attention to the problem of fitting lines or curves to data
which suggest abrupt changes in parameter values from one range of the independent variable
to another. He suggested tests of the hypothesis that a sudden change in behaviour has
occurred at an estimated join point and described maximum likelihood estimation procedures

for the model parameters and the join point.

In the next decade there was a burst of activity which was based mostly on parametric
statistical procedures. Chernoff and Zacks (1964) and Kander and Zacks (1966) studied
sequences of normal random variables and found a Bayesian test to detect a change in the
mean. Other contributions have been made by Sprent (1961), Robison (1964), Hudson (1966)
and Gardner (1969). Bhattacharya and Johnson (1968) determined the sampling properties
of the tests found by Chernoff and Zacks (1964) and Kander and Zacks (1966).

During the late 1960’s and early 1970’s, Hinkley (1969, 1971) studied structural change
in sequences of random variables and in linear regression models, and he employed a non-
Bayesian parametric method. For example, to detect change, the likelihood ratio test was
used and maximum likelihood was used for estimating the parameters of binomial and normal
sequences. The asymptotic properties of these procedures were also studied by him. His work

appears to have stimulated the study of structural change.

In one of the earliest Bayesian contributions, Bacon and Watts (1971) introduced the transi-
tion function to model "smooth” changes in the regression function. Prior to the Bacon and

Watts study, the change was represented by a shift point m = 1,2,...,n — 1, where n is the




number of observations. That is, suppose that the first m random variables X, Xs..... X,
have a common distribution and the remaining X1, ..., X, have another (distinct) com-
mon distribution, where m = 1,2,...,n — 1. Thus the change-point indexes where or when
the change occurs. The transition function allows one to model structural change, allowing
the number of the change (either abrupt or smooth) to be incorporated into the model. Bacon

and Watts (1971) found exact small-sample inferences for the parameters of the transition

function and their method was to be adopted in later research.

Motivated by Bacon and Watts (1971), the decade of the 1970’s was a time of many Bayesian
contributions. Structural change of univariate and multivariate linear models received most.
- of the attention. Ferreira (1975), Holbert and Broemeling (1977) and Chin Choy and
Broemeling (1980) all studied two-phase regression problems. The observations are the
Y:’s and the X;’s are the corresponding values of the independent variable. Assuming a
normal distribution for the errors, two problems are solved. First, assuming that a change
(m < n — 1) has (or will) occurred, the parameters are estimated by finding theﬁ* marginal
posterior distribution. Secondly, detecting a change in the parameters is examined by testing
the hypothesis 1 < m < n—1. The test is based on the marginal posterior distribution of the
change-point. Based on the Bayesian approach, Holbert (1973) and Holbert and Broemeling
(1977) assigned a uniform proper prior distribution to the change-point m and an improper
prior to the unknown regression parameters. They derived the posterior distribution of
m for a number of cases. Ferreira (1975) also assigned a vague-type prior distribution to
the unknown regression parameters and assigned three different prior distributions for the
change-point m and the regression parameters. The Chin Choy and Broemeling (1980) pa-
per gives a Bayesian way to detect a future shift in the parameters of a general linear model

and the test is contrasted to a sequential test of Smith (1975).

Another important contribution to structural change was the intervention analysis of Box
and Tiao (1975), who found a way to study changes in the mean of a time series represented
by an ARMA process. They represented the change by a transfer function which allows a
very general class of intervention effects, and the statistical analysis is based on the time

series techniques pioneered by Box and Jenkins (1970).




In the 1980’s, Menzefricke (1981) examined a changing linear model, with a change in the
precision parameter at an unknown change-point, from the Bayesian viewpoint. Hsu (1982)
examined a linear model that exhibited changes in regression parameters and precision at
an unknown change-point. He assumed that the observations follow an exponential power
distribution and used numerical integration to evaluate the posterior distributions of the
regression and precision parameters. Salazar (1980, 1982) considered changes in the mul-
tivariate linear model using a change-point parameter. Moen (1983) developed a detailed
analysis of the multivariate linear model and Tsurumi, et al. (1984) developed a gradual

switching multivariate regression model with stochastic constraints.

Moen, Salazar and Broemeling (1985) generalized the work of Chin Choy and Broemeling
(1980), who investigated the change in the regression parameters of univariate linear models.
They studied the case in which the assumption was made that there has been a single shift in
the regression matrix of a multivariate linear model at some unknown point m. Broemeling,
et al. (1987) discussed Bayesian inference of two-phase linear multiple regression models,
presenting Bayesian inference of two-phase multivariate linear regression models. They also
reviewed the Bayesian analysis of multivariate regression models, first with natural conjugate
priors and then with diffuse priors. They also made a posterior analysis of a join point and

parameter shift.

Till the 1990’s, very few studies on changing linear models consider the problem of a change in
the precision parameter at an unknown change-point. Ng (1990) used the Bayesian approach
to examine the linear model in which both the mean and the precision change exactly once at
an unknown point in tinie. Furthermore he also generalized the results of Menzefricke (1981)
and obtained the Bayesian predictive distribution of & future observations in a closed form, as
a mixture of multivariate t. Wang and Lee (1993) considered a Bayesian approach to detect
a change-point in the intercept of simple linear regression. The Jeffrey’s non-informative

prior is employed and compared with the uniform prior in Bayesian analysis.

Most of the mentioned analyses are under the assumption of exactly one change-point.
Complications arise due to the changing dimensions of the parameter space if the number of

change-points are unknown. Barry and Hartigan (1992) propose a product partition model




for multiple change-points. Groenewald (1993) considered a general Bayes procedure for
the examination of possible change-points in the linear model. Provision is made for the
possibility of no, one or more than one change-point under the assumption of homogeneity
of error variance. In linear regression, certain components which may be the cause of a
change-point, can be examined. His results are in terms of posterior probabilities over a

class of conjugate priors.

1.3 BAYES FACTORS

The Bayesian approach to hypothesis testing was developed by Jeffreys (1935, 1961) as
a major part of his program for scientific inference. The centerpiece was a number, now
called the Bayes factor, which is the posterior odds of the null hypothesis when the prior
probability on the null is one-half. Jeffreys was concerned with the comparison of predictions
made by two competing scientific theories. In his approach, statistical models are introduced
to represent the probability of the data according to each of the two theories and Bayes’

theorem is used to compute the posterior probability that one of the theories is correct.

According to Kass and Raftery (1993), often lost from the controversy however, are the
practical aspects of the Bayesian methods: how conclusions may be drawn from them, how
they can provide answers when non-Bayesian methods are hard to construct, what their

strengths and limitations are.

Kass and Raftery (1993) begin with data D assumed to have arisen under one of the two
hypotheses H, and H; according to a probability density pr(D|H;) and pr(D|H,). Given a
priori probabilities pr(H,) and pr(Hy) = 1 — pr(H,), the data produce aposteriori probabil-
ities pr(H,|D) and pr(H,|D) =1- pr(H|D). Since any prior opinion gets transformed to
a posterior opinion through consideration of the data, the transformation itself represents
the evidence provided by the data. In fact, the same transformation is used to obtain the
posterior probability, regardless of the prior probability. Once they convert to the odds scale
(odds = probability/(1 - probability)), the transformation takes a simple form. From Bayes’

Theorem they obtain




pr(D|Hy)pr(Hy)

pT(Hle) = (k = 1:2)

pr(D|Hy)pr(Hy) + pr(D|Hz)pr(Hz)’

so that
pr(H|D) _ pr(D|H,)pr(H,)
pr(He|D)  pr(D|Hy)pr(Hs)’

and the transformation is simply multiplication by

pr(D|Hy)

B12 = pT(D'HQ),

which is the Bayes factor.

Thus, in words, posterior odds = Bayes factor x prior odds, and the Bayes factor is the
ratio of the posterior odds of H, to its prior odds, regardless of the value of the prior odds. .
(The terminology is apparently due to Good (1983) who attributes the method to Turing in
addition to, and independently of, Jeffreys at about the same time.) When the hypotheses
H, and H, are equally probable a priori so that pr(H;) = pr(Hy) = %, the Bayes factor
is equal to the posterior odds in favor of H;. The two hypotheses may well not be equally

likely a priori, however.

In the simplest case, when the two hypotheses are single distributions with no free parame-
ters, Biy is the likelihood ratio, In other cases, when there are unknown parameters under
either or both of the hypotheses, the Bayes factor is still given by (1.1) and in a sense it
continues to have the form of a likelihood ratio. Then the densities pr(D|H) (k = 1,2) are

obtained by integrating oifer the parameter space, so that in equation (1.1),
pr(D]Hk) = /pT(Dl@k,Hk)H(9k|Hk)d9k, (]_2)

where 6 is the parameter under Hy, II(6y|H,) is its prior density and pr(D|6k, Hy) is the
probability density of D given the value of 8, or the likelihood function of 8 (6x may be a

vector with dimension dy).




Note that the prior distributions II(8x|Hy), k = 1,2 are necessary, although considered both
good and bad. Good, because it is a way of including other information about the values
of the parameters. Bad, because these prior densities may be hard to set when there is no

such information.

The quantity pr(D|H}) in (1.2) is the marginal probability of the data, since it is obtained by
integrating the joint density of (D, 8y) given D over 8. It is also the predictive probability
of the data, i.e. the probability of seeing the data that actually were observed, calculated
before any data became available. It is also sometimes called a marginal likelihood or an
integrated likelihood. Note that, as in computing the likelihood ratio statistic, but unlike
in sonie other applications of likelihood, all constants appearing in the definition of the
likelihood pr(D|6y, H;) must be retained when computing Bys (Bi2 is closely related to the
likelihood ratio statistic, in which the parameters 6, are eliminated by maximization rather

than by integration).

In the Bayesian approach to model selection or hypothesis testing with models or hypotheses
of differing dimensions, it is typically not possible to utilize standard non-informative prior
distributions which has led Bayesians to use conventional proper prior distributions or crude
approximations to Bayes factors (e.g. the Bayesian information criterion (BIC) developed
by Schwarz (1978)). So Berger and Pericchi (1995) introduced a new criterion called the
ntrinsic Bayes factor, which is fully automatic in the sense of requiring only standard non-
informative priors for its computation, and yet seems to correspond to very reasonable actual
Bayes factors. The criterion can be used for nested or non-nested models, and for multiple
model comparison and prediction. From another perspective, the development suggests a

general definition of a “reference prior” for model comparison.

Berger and Pericchi (1995) proposed a completely general method of testing and model
selection that will be argued to be essentially equivalent to the conventional proper prior
approach (the conventional prior approach of Jeffreys (1961)), but without the need to deter-
mine a reasonable proper prior. Unlike the BIC criterion, which starts with an asymptotic
approximation to the Bayes factor and then simply ignores the term involving the prior,

Berger and Pericchi’s (1995) approach can be thought of as automatically “correcting” BIC




by inserting a reasonable value for the term that BIC ignores.

So Berger and Pericchi (1995) considered models Mj, Ma, ..., M,, with the data X having
density f;(x]6;) under model M;. The parameter vectors 6; are unknown and are of dimen-
sion k;. Bayesian model selection proceeds by selecting prior distributions II;(8;) for the
parameters of each model, together with prior probabilities p; of each model being true. The

posterior probability that Af; is true is then

j=1 D

-1
P .
P(Mi|z) = (Z ?ﬁ-Bﬁ) , (1.3)
where By, the Bayes factor of M; to M;, is defined by ~

m; () /fj(iBIQj)Hj(@j)de
Bji = J =
mi() /fi(a:IB,-)Hi(Bi)dOi

(1.4)

where m;(z) is the marginal or predictive density of X under M;.

Computing Bj; requires specification of I1;(6;) and I1;(;). Often in Bayesian analysis, one
can effectively use non-informative (or default) priors IIN(8;). Three common choices are
the “uniform” prior I17(6;) « 1, the Jeffreys prior IT/(8,) o (det(1;(6)))2, where I;(8;) is
the expected Fisher information matrix corresponding to M;, and the reference prior [1%(6,),

definitions of which can be found in Bernardo (1979) and Berger and Bernardo (1992). Using
any of the IT¥ in (1.4) would yield

v _ (@) _ [ 5(2l6,)1(6,)de,

m; (x) /fi(mwi)nf"(oi)dei'

(1.5)

The difficulty with this solution is that the II¥ are typically improper and hence defined only

up to arbitrary constants ¢;. Hence B is defined only up to 2, which is itself arbitrary.

A common solution to this problem is to use part of the data as a training sample. Let z(?)




denote the part of the data to be so used and z(—¢) represent the remainder of the data.

The idea is that z(£) will be used to convert the II¥(8;) to proper posterior distributions

Y (0:]x(0)) = fu(=(0)|0:)11Y (6:) /mf (z(¢)), (1.6)

where f;(z(€)|6;) is the marginal density of X (¢) under M; and

/f1 2)16,)117 (8,)d8;. (1.7)

The idea is to then compute the Bayes factors with the remainder of the data, (—¢), using

the I1¥(0;]z(¢)) as priors. The result is easily shown to be

[ 5(@(=016,, (011 (6|2 ()6
Bji(g) = N
/f 0)|0;, (¢ H CAEIG;

= B;}’ . Bi’}’(a:(f)), (1.8)
where

BY(z(0)) = T(-_ (1.9)

Clearly (1.8) removes the arbitrariness in the choice of constant multiples of the [1V: the
arbitrary ratio 2 that multiplies BY would be cancelled by the ratio & that would then
multiply B[ (z(¢)). Note that, while the first motivating expression in (1.8) seems to require
the conditional distribution of x(—¢) given z(¢), the second expression only utilizes the

typically much simpler marginal densities of x(#).

The above use of a training sample makes sense only if the m¥ (z(¢)) in (1.7) are finite. This

is formalized in a definition.

10




Definition: A training sample, z(¢), will be called proper if m(z(¢)) < oo for all M;, and

minimal if it is proper and no subset is proper.

The training sample idea has been informally used many times. More formal developments
of the idea can be found in Lempers (1971), Atkinson (1978), Geisser and Eddy (1979),
Spiegelhalter and Smith (1982) and Gelfand, Dey and Chang (1992), although not all these
works utilize the idea with ordinary Bayes factors. Other references and the general asymp-
totic behavior of training sample methods can be found in Gelfand and Dey (1993). Aitkin
(1991) can also be considered to be a training sample method; it takes the entire sample z as
a training sample to obtain IT)Y(6;|z) and then uses this as the prior in (1.8) to compute the

Bayes factor. This double use of the data is, of course, not consistent with usual Bayesian

logic and the method violates the asymptotic criterion rather severely.

Independently of the work of Berger and Pericchi (1995), De Vos (1993) has proposed a

training sample method for linear models that is similar to their proposal.

For a given data set z, there will typically be many minimal training samples. Let

xr = {z(1),z(2),...,z(L)}

denote the set of all minimal training samples, =(¢). Clearly the Bayes factor By, (¢), as
defined in (1.8), will depend on choice of the minimal training sample. To eliminate this
dependence and increase stability, a natural idea is to average the By (£) over all z(¢) € x7.
This average can be done either arithmetically or geometrically, leading to the arithmetic
intrinsic Bayes factor (AIBF) and geometric intrinsic Bayes factor (GIBF) defined respec-

tively by

1 & 1 L
By = E;Bm(f) = By - Z;B%(x(é)), (1.10)
=1 =

(1.11)

t~—
TN
=
o
oz
—~—~
8
=
~

L
B! = (H Bm(o) _ By

£=1

11




where the Bfj(z(¢)) are defined in (1.9). Note that B$! < B4/, since the geometric mean is
less than or equal to the arithmetic mean (for positive variables). Thus BS} will favor the
simpler (nested) model to a greater extent than will B4!. Also note that Bf = B_;V and
not as in (1.10) with the indices reversed. The asymmetry arises because of M; being nested
within M,. For B§! there is no problem, as reversing the indices in (1.11) clearly results in
87;7. Berger and Pericchi (1998) also define a median intrinsic Bayes factor (MIBF).

O’Hagan (1995) advocated the fractional Bayes factor (FBF), a new variant of the partial
Bayes factor, on grounds of consistency, simplicity, robustness and coherence. In general,
the partial Bayes factor divides the data into two parts, € = (y, z). The first part y is used
as a training sample to provide information about 8; and 8, and the second part z is used
for model comparison. To avoid the arbitrariness of choosing a particular y or having to
consider all possible subsets of a given size, O’Hagan defined a simplified form of the partial
Bayes factor as follows. Let b = Z. If both m and n are large, the likelihood f;(y|6;) based
only on the training sample y will be approximate to the full likelihood f;(x|6;) raised to

the power b. The FBF is then

b
F= Z;Eb; (1.12)
where
I1,(8,) f,(z|6;)d8;
:LT / 7! (1.13)

/n fi(z]6:)°d8;

If T1;(6;) = ¢;hi(0;), h; a function whose integral over the 6;-space converges, the indetermi-

nate constant c; cancels out, leaving

/h ) F:(z]6:)d8;

/h fi(z]6;)°

So O’Hagan (1995) proposes using a fractional part of the entire likelihood, [f(z|@)]°, instead

(1.14)

of a training sample. This tends to produce a more stable answer than use of a particular

12
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training sample, but will fail the asymptotic criterion, unless b o % as the sample size n

grows. The behavior of fractional Bayes factors for such & is well worth study, although it
appears to be quite difficult to decide on a specific choice of b. O’Hagan suggested b = =,
where m is the minimal sample size (when it is unique). Other suggestions are ﬁ and %ﬂ.
Another approach is the imaginary training sample device of Spiegelhalter and Smith (1982).
The basic idea, a variation on a theme of Good (1947), is to imagine that a data set is
available which: (1) involves the smallest possible sample size permitting a comparison of
Moy and M, and (2) provides maximum possible support for My. On the strength of (2),
such a data set would lead to By; > 1 (data have provided evidence in favour of Mp). But
on the basis of (1), one could only have By = 1 + ¢, where ¢ > 0 is rather small (that
is, such evidence as exists must be very weak, since the data set is necessarily very small).
Suppose that Ey, £, denote the design matrices for regression models My, M, occurring in
the “thought experiment” generating the imaginary training sample, which leads to an F- .
statistic value F' = 0 (giving maximum support to Mp). Spiegelhalter and Smith (1982)

|E{Ey

_1
deduce that 2 = [Ifﬁ] *. The device of an imaginary training sample therefore provides
0

a general solution to the problem of assigning a value to the hitherto undefined ratio of

constants. Booth and Smith (1982) applied this to change-point analysis.

In this study we will eliminate hyperparameters by integrating out or by introducing limits
where possible or by determining partial Bayes factors. Some of the disadvantages of the
Intrinsic Bayes factor (IBF) is the definition of a minimal sample in change-point analysis,
incoherency, especially with the Arithmetic Intrinsic Bayes factor (AIBF), and that more

computer intensive calculations is required. Berger’s solution to the coherency problem is to
p ' Yy P

use weighted averages.

The fractional Bayes factor looks better on grounds of coherency, robustness, simplicity and
consistency and the problem of a minimal sample is not present, except that the posterior
probabilities can sometimes be very sensitive to the choice of the training fraction b, as will

be shown in some of the examples.

Another version of the partial Bayes factor is the “Posterior Bayes Factor” (PBF), suggested




by Aitkin (1991). Here the marginal likelihood of the data is replaced by the expected value,
or posterior mean of the likelihood, with expectation taken with respect to the posterior

distribution.

Thus the Bayes factor in favour of model M; when compared to model My, is given by

BP, = % (1.15)
where
L, = [ f(l6,)11(8,lz)de, (1.16)
[1£(16,)711(6;)28,
= (1.17)
| £(al6;)11(6,)d6,

One of the main criticisms against the PBF is the reuse of the data (see discussion of Aitkin’s
paper), once for estimation, and then for model comparisons. We will not make use of this

method further on, except in the illustrative example.

INustrative Example 1

To illustrate and compare the partial Bayes factors mentioned in the previous section, we
will consider the simplest example of a change-point and calculate the following five partial

Bayes factors:

(i) Improper priors, (ii) Imaginary training sample, (iii) Fractional B.F., (iv) Intrinsic BF

and (v) Posterior BF.
Let X, X»,..., X, be a sequence of normal random variables with known variance o2 = 1.

Under model My : X; ~ N(ug,1), i=1,...,n, and under model
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where k is fixed.
We assume the vague improper prior, II(x;) o< 1, j =0, 1,2 throughout the example.

The marginal likelihood under Mj is then

mo = n~3 (27) T e 25 (1.19)

?

and under My,

=2

my, = [k(n — k)]~2(27) " e~ 3(ST+53), (1.20)

where

n k n
=3 (z:-%)? Si=>(z:-7)% Si= Y (2:—7)%
=1 1=1 i=k+1

(i) Just using the improper prior, the Bayes factor is

1
k(n—k)|? nok) =
BOk = @ = I:_(’n ):I (2ﬂ)—%e_%ﬂ—rﬂ(zl_£2)2_ (121)
my n

(i) For the imaginary training sample method, the minimal sample is n = 2 with k = 1,
while perfect support for My means that z; = z5. In this case the Bayes factor should

be approximately one, but according to (1.21) we have By, = (27)72, so let

Bj, = Bok(27)?




(iii) The fractional Bayes factor is defined as

b
m m
mg My

with
m = [ [ (@]uo)"Tl{1o) o

and similarly for m®. For b = % (the minimal sample size over n), we get

Wl

_(n=2)k(n—-k)

BL = (g) o G (1.24)

(iv) For the arithmetic intrinsic Bayes factor we have

Béqk[ = BOkEko(g)a

where

— 1L
Bo(¢) = T > Bio(0), €=2 , (1.25)
j=1

and Bio;(f) is the Bayes factor calculated from two observations, z,; before or at k,

and z,; after k, and j = 1,..., L indexes all possible pairs (215, 225). Then
Bros(€) = (27) 225" (1.26)
where
. 1
S]’)(g)—g(l‘lj—xzj)', j=11...,L (1.27)

Then the AIBF is

1
2k(n — k) |2 nok) =
Bl — { <n )J e~ 5@ 150 510 (1.28)
. j=1

Similarly for the Geometric and Median IBF’s.
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(v) The Posterior Bayes factor follows from equations (1.15) to (1.17) and is given by

BE = e~ "5 @30, (1.29)

All these Bayes factors are based on the quantity
k(n — k)
n

d? = (T, — Z2)?, (1.30)

and when the data supports model M perfectly, d> = 0 and we would expect the

Bayes factor to be large, increasing with n.

When d? = 0, we have the following:

=

eln— B
maxBO,cz —p
2nm
[k(n — k)17
maxB{, = ko = k) ,
n

and

maxBf = 1. (1.31)

By, is always smaller or equal to one and obviously unrealistic. Further, B4/ > Bl
unless all observations in the sequence are equal, and Bf, > By. Also notice that the

maximum value of Bg, does not depend on the position of the change-point, while BZ/

still depends on the variation between observations.




From a frequentist viewpoint, it is interesting to examine the long-term properties of

these Bayes factors. For d given in (1.30), the expectation under model M, is

where § = ju; — po.
The expected values of the Bayes factors are then as follows:

k(n - k):’ 2 77'_16_%62’
4mn

E[Bo] = {

E[B{) = V2mE[By,

1
2

n _n=2
E[Bg;c] = (5) e an &2 .
and
E[BE] = —=e™3%. (1.33)

The expectation of Bg is too complex, but is larger than that of Bf,.

Figure 1.1 shows the four Bayes factor expectations from (1.33) as a function of
6 = py — po for n = 100 and k£ = 50. The values are surprisingly low for § = 0 with the
maximum of Bf, = 5.025. On the other hand, for § > 0, the Bayes factors decrease
very slowly, showing a difficulty to discriminate between the two models. The ordinary

Bayes factor and Posterior Bayes factor are obviously too low for § close to zero.

Illustrative example 2

When o2 is unknown, the partial Bayes factors give intuitively better results. Consider the

same two models as before, with vague prior, II(p;, 0?) o 01—2, j=0,1,2.
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(i) The ordinary Bayes factor is

D=

_ 1 |k(n—k)|? r(23}) (s34 7T
Bow = 7 2[ n } (5) o (134

ii) The imaginary training sample method. Withn =3,k =1 and S? = Sf—f—S{;’ (Z) = o)
(= y (=
we have

17272 s
Bo, = - [g} [5%)2.

For this to be equal to one, our Bayes factor should be

1 [ 3k(n = k) %r"—-l 52452152 3
Békz'/ré [ 5 J F( 2 ) [ it 2} - (1.30)

(iii) For the fractional Bayes factor with b = % we have

T (%) [s2+ 53777
Bf = mi {1 22} - (1.36)
r(z2)l s
(iv) The Posterior Bayes factor is
et [H =] -y
P _ -4 X\n— K (n-1 (§2482)n-1
BOk =T I: n J l"(n-§) (152)3-,]2 : (137)

The Intrinsic Bayes factor will not be considered here.

These Bayes factors depend on the ratio between S? and S? + S2. The maximums, when

$? =52+ 5%, is

—

;

r(z

1|
[~}

1
maxB{, = n2

M'




3k(n — k)]
maxBy{, = max Bf, [—(1;,?—)} :
o\ }
maxBy; = max Bf 7! <§> (S2)2

and

(1.38)

max Bf, = max B

Notice that max By, and max B, depend on S?, and that maxB{, > maxB{; for n > 3,
which is the opposite of what happened in example 1 (see figure 1.1).

n

In Figure 1.2 the maximum Bayes factors are plotted as a function of n when £ = 2 and

nof

S5? = 1. Now the B, is the highest while Bf, is the most conservative. The other two of

course are decreasing functions of S2.

The above two simple examples illustrate the widely different answers that can be obtained,
depending on the partial Bayes factor used. All claimed to be reasonably “objective”, but
the interpretation of the weight of evidence in favour of a particular model clearly differs,

and this can change from one application to the next.

The purpose of this study is the Bayesian detection and estimation of change-points in a
variety of statistical models. We try to be as objective as possible so that the result can be
considered as default, with little subjective prior input. One way of doing this is by use of
partial Bayes factors. We will consider only the intrinsic and fractional Bayes factors for this
purpose, as they are applicable in most cases and seem to give the most sensible answers
in a variety of conditions. In the conclusion some of their advantages and disadvantages

experienced during this study will be discussed.




Bayes Factor

Figure 1.1: Expected Bayes factors as a function of 6 = y; — yy for n = 100,k =

50. (1) Usual Bayes factor, (2) Imaginary training sample, (3)

Fractional Bayes factor, (4) Posterior Bayes factor.
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Figure 1.2: Maximum possible Bayes factor as a function of n for k = 3, S?=1
(1) Usual Bayes factor, (2) Imaginary training sample, (3) Frac-

tional Bayes factor, (4) Posterior Bayes factor.

In chapter 2 the multivariate normal model will be examined with a change in the mean
vector, a change in the mean vector and covariance matrix and a change in only the covariance
matrix. We will also consider component, analysis, multiple change-points, Bayes factors and
the univariate case. Four illustrations will be used in chapter 2. In chapter 3 changes in the
linear model will be examined, with seven illustrations, while changes in some other models
(with eleven illustrations) will be considered in chapter 4. The hazard rate will be studied

in chapter 5 (with two illustrations), while a conclusion, a summary of other methods and

applications in the literature and possible extensions will be given in chapter 6.




CHAPTER 2
CHANGES IN THE NORMAL MODEL

2.1 INTRODUCTION

The problem of a change in the mean of random variables at an unknown time point has been
addressed extensively in the literature. Broemeling (1974) considered a Bayesian analysis of
a univariate normal model with known or unknown variance where (1) both the means p,
and p are known, (2) ; is known and p, is unknown and (3) both the means are unknown.
- Holbert and Broemeling (1977) also considered a change in the normal means and estimated
the change-point in a sequence of independent random variables from a Bayesian viewpoint.

Theoretical results and numerical examples were given.

Lee and Heghinian (1977) also made a Bayesian study about a shift in the mean of a set
of independent univariate normal random variables with unknown common variance. The
marginal and joint posterior distributions of the unknown time point and the amount of shift
are derived. Booth and Smith (1982) looked at changes of the mean in the univariate as well
as the multivariate normal sequence and Broemeling and Tsurumi (1987) also considered
a change in the mean (both pu;, 2 unknown) of normal sequence, both from a Bayesian
viewpoint. Smith (1975) considered a Bayesian analysis of a univariate normal case with
a changing mean where (1) all the parameters are known, (2) p; known, g, unknown and
the reciprocal of the variance known, (3) u; known, py unknown and the reciprocal of the

variance unknown and (4) all the parameters unknown.

Within a non-Bayesian framework, this same problem of a changing mean has been dis-
cussed by Chernoff and Zacks (1964), Kander and Zacks (1966) and Sen and Srivastava
(1973), although the emphasis and the objectives differed from those in the paper of Smith
(1975). More non-Bayesian work on this problem includes that of Page (1954, 1955, 1957)
using cumulative sums, and Hinkley (1970), using asymptotic arguments based on maximum
likelihood estimates and likelihood ratio tests. Gardner (1969) considered the problem of

detecting changes in the mean of independent unit variance normal random variables when
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the times of change are assigned an apriori distribution. Two situations were considered:
The unknown amounts of change are (1) arbitrary, or (2) successively plus and minus the
same unknown quantity. Sen and Srivastava (1975) and Bhattacharya and Brockwell (1976)
also studied the problem of a change in the meanlof a univariate normal distribution, all

from non-Bayesian viewpoints.

The problem of a change in both the mean and variance as well as just a change in the
variance at an unknown time point has, however, been covered less widely. Smith (1975)
considered the normal case and gives posterior probabilities for the point in time when both a
variance change and mean change occurs. Menzefricke (1981) also used a Bayesian approach
to analyze a sequence of independerit normal random variables in which the precision may
have been subjected to one change at an unknown point in time. Posterior distributions
were found both for an unknown point in time at which the change occurred and for the

magnitude of the change.

From a non-Bayesian viewpoint, Hsu (1977,1979) examined the problem of testing whether
there has been a change in the variance at an unknown time point by using sampling theory
and applied the theory to stock-return data. It was of interest whether the uncertainty in
the stock market was increased at some point during the Watergate events, an increase in
uncertainty being measured by an increase in variance. Hsu (1977, 1979) extended the work
of Miller, Wichern and Hsu (1971), who gave a Bayesian treatment of a similar problem.
These papers, however, assumed that the mean of the process is known. A paper by Davis

(1979) dealt with robust methods for the detection of a change in the variance.

In this chapter we want to find the marginal mass function of k, given the data, i.e. 7(k/X),
and the posterior distributions of the parameters in the multivariate normal distribution for
no, one or more than one change-point for the cases where just the mean changes, the mean
and variance change and just the variance changes. We will also consider component analysis
of the mean vector and covariance matrix and determine Bayes factors for the three cases.

The univariate case will also be looked at, including autocorrelation for this case.

Finally, we will draw comparisons between our results and some of the results from the ref-
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erences cited above and look at a few applications.

2.2 EXACTLY ONE CHANGE-POINT IN THE MULTIVARIATE MODEL
2.2.1 A CHANGE IN THE MEAN

2.2.1.1 VARIANCE £ KNOWN

Broemeling (1974) considered the univariate normal sequence with common known variance
0? = 1 and suppose that the first k(k € I,,_;) observations have mean p; and the remaining
n — k have mean py, where —o0o < p; < pg < oo. With y; known, the improper vague
prior Ilp(pa) oc const(us € (w1,00)) and Ilp(us) = O otherwise, is used. He estimated the
change-point k£ by getting the posterior distribution II(k) by considering the cases where (1)
both means are known, (2) p, is known and (3) both means are unknown. Here we consider

a multivariate generalization of the case where both means are unknown.
Suppose that X, ..., X, are independent normal random vectors such that
wdN(p,,X); i=1,...,k

4dN (o, 2); 1=k+1,...,n—1

wheren >2p—1l,z;, € RPand 1 <k<n-—1.

Furthermore the mean vectors p) and p, are unknown, with p, # g,. The known covariance

matrix ¥ remains unchanged through the change of the mean at an unknown k.

The sequence is changing in the mean, where the first k values have a mean vector u, and

the remaining n — k values have a different mean vector u,.

Assuming that a change has taken place, one will want to be able to detect the change and
to estimate it as well as the other parameters of the model. To do a Bayesian analysis, one

should choose prior densities. Let the marginal prior density of k be II(k) =

1
] and the

marginal prior density of p; and p, be such that

Ky, Hy ~ wdN (6, D)
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where @ and ® are assumed known.

The joint distribution of X (n x p) = [X,..., X ] conditional on w, and u, and the change

having taken place at k(1 < k <n — 1) is given by

k; k2

F(X |y, o, k,2) = (%) ’ |2|”"/2e“% > (@i — )TN (@ ~ ”1)6—% D (@i — 1) T (s — pay)

where
ko n

ky k
> =) and = > .
=1 i=k+1
We want to find the marginal posterior distribution of k, given the data, ie. II(k|X).
Furthermore we want to find the posterior distributions of p; and g, i.e. TI(g,|k, X) and

The marginal distribution of X is given by

1\ %+
) e

f(X1k.6,9,%) = /_Z /_0; F(X1pa, g, b, DYy, po)dpy dpsy = (5;

k1
3| (g (s e (- f,5)+0'0700+ Y 2D s — fe (kST + @7 ayp
dpy

o0

e
e

~ 3By hyp) (k22 40~ )1y~ ) +0' 87204 Y TS w; — [l (ksS4 71 iy

r
/

dpty

-0

np

1 . 1 1
(5’%) ISR kS 4+ 07 s 4 97

k1 ko
! {ge'cb-le +Y o+ Y ES T - fp (BT 87 Ay — s (kaS 7 + 67 figs
€

where k) = k, ky=n — k and




fig = (kX + ) DTy +9710), i=1,2.

The posterior marginal mass function of & is then

f( Xk, 0,2, 2)I(k)
Til f(X|k, 8,0, 2)II(k)

k=1

(k| X,8,d,5) =

where m(k) = —5.

We want to find the posterior distributions of p; and u, where

n-—1

(X, 6,0,8) =) M(pjlk, X, 0,0, D)1(k|X,0,0,5),

k=1
and

/-‘l’ilk"a Xa 0, (1)7 X~ N(ﬂiZ) (kiz_l + q)—l)—l)’

(2.2.3)

j=12 (

v
N
B

Se—

i=1,2.

Also notice from (2.2.4) that the unconditional posteriors of u;(j = 1,2), (given X,6,,T)

are mixtures of normal distributions.

Up to this stage the hyperparameters ® and 8 were assumed known. In practice this is not

usually true. In fact little may be known about the distributions of the means u, and o If

the number of change-points is fixed as in this section, vague improper priors can be used.

So if we let ®~! — 0 in equation (2.2.3), the posterior of & simplifies to

(k| x, 5) = k) P3Ot S)mn
S (kykg) P2 Br(SuxtS2)5 !
k=1
where
k k;
o= i(m’ — Ti)(2: — Tux)' and Ty = kimi.

(2.2.5)




Furthermore

1
ik, X, 5 ~ N <m, 1?2) L i=12

7

Another way of dealing with the problem of unknown hyperparameters is to use a hierarchical

model where the second stage priors are vague. For example, let

(6) « 1
and
TI(®) o |B|~ 5. (2.2.6)

We know that for i = 1,2

fig (kD7 4+ &7y = k2T, SN (KD + 7)1 g,
—2kZy SN (ST 4+ 07710710 + 0D (T 4+ 0 1) 1910

so that

1 5 n 1 1
F(X|®, k%) = (g) TSR kD + 0 s 4 & (0]

k), ko
-1 {Z TS e+ Y S+ KE, DT DT 4+ 07T g+
e

BTy E ™ (k27 + 071D My

€

J =0

/°° -3 {(9-9)'{21-(k1@2-’+1)-1—(k2<r>2-1+1)-1]-1(9—9)-[k1(k11+>:<1>-1)-151k n

kg(kgmz@-1)-ligk]’[w—(kl@z-lu)-l—(k2<1>>:—1+1)-1][kl(k11+2<1>-1)~1§1k+k2(k21+2¢-1)-lfzk]}de



= 21— (ki®T7  + 1)7 = (k@S + 1) ky (ko] + SO~ Z g + ko(kp]
+ZO 1) Ty ],

so that

(n—1)
1\ 7 . 1
Ut

—— ST+ 7R 7

207" — &K T T+ 0707 - 97 (kT 4 7)1 3|0 (%)
e—%{[kl(b_l(klE_l+¢_l)_12_1§1k+k2¢_1(/CQE_I-’:-‘I)_I)_IZ—lEQk]I'

[2<I>“1—<I>—1(k12‘1+<1>‘1)‘1t1>‘1—<I>‘1(k:22"1+<I>‘1)‘1<I>‘1}‘1[lc1d>“1(k1E‘1+<I>‘1)‘1E‘ITW+
ky ko
kRO D T o) T+ y D + Y S+

kff'lkz"(klz‘1+<I>“)‘12'151k+k35'2k2‘1(k22‘1+®‘1)‘12"1f%}d¢

(2.2.8)
This integral is analytically intractable and numerically very complex. In fact this integral
probably does not exist, since the full conditional distribution of ®~ is singular for p> 2.
So ¢ is not estimable. One possible simplification is to assume that @ is proportional to
T, that is ®~! = 627!, where § > 0. This is a strong assumption reducing the unknown

matrix to a single unknown parameter 6. If we use the prior I1(§) %, replacing (2.2.6),

then (2.2.8) reduces to

FXIk, %) = [(om) n%lm—w—&—"*z“ 67~ % 2k + 6k, + Sky) ™




(e b O N[ RO L ke N[ kS kb
L L Ry oy B A T | T

k) ka
Z a:ia:; + Z miIE; + k?(k,l + 6)_1§1k5/1k + kg(k'g -+ 5)_15%:5{%}2_1

do,

which can be integrated numerically.
Another possible solution is to use Gibbs sampling. To ensure proper posteriors a proper

prior can be put on 8, e.g. § ~ I'(a,b). The full conditional distributions are as follows:

pil X, k,0,6,pu; ~ N (&%gjé_&‘_’, ﬁz), where if 1 = 1, then j = 2 and vice versa.

61X, k.0, a1, py ~ Gamma (a+p, 3trE7 1y — 6)(1y = 8)' + (11 — 0) (p ~ 6) +0),

k1 ko
(@i = )TN @ — ) + Y (@ — ) TN — )

€

H(k Xa“lv/'LQ)é)o) = ko
e~ ) + do(@— o) TN @ — py)

01X,y 1y, 8,K) ~ N (172 25mix).

2.2.1.2 VARIANCE £ UNKNOWN

Broemeling (1974) also considered the same model as mentioned in paragraph 2.2.1.1, but
with common unknown variance and the means p; and p, known. He used the Jeffrey
vague density Ilo(c?) o< %, o2 > 0 or IIp(0?) = 0 otherwise and determined the posterior

distribution 7(k|X'), where k is the change-point.

Smith (1975) considered the univariate normal model X; ~ N(z|6,),1
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change-point) and X; ~ N(z|6y), ¢ = k+1,...,n where N(z|6,) # N(z|6,), from a

Bayesian viewpoint. Taking §; = (u;, o; %), the mean and the reciprocal of the variance, he
consider the special case ug # u; (u; known, uy unknown) and unknown o072 = 052 = 02

with standard vague prior assignments for p, and o2
Once again suppose that
1WdN(p,,2); 1=1,...,k

X, ~ (2.2.10)
WdN (s, 2); i=k+1,...,n

where p, # p, are still unknown, but the covariance matrix £ is now unknown but still
remains unchanged through the structural change at an unknown k. Notice that n must be

larger than or equal to 2p + 1 for the parameters to be estimable for all 1 < k < n — 1.

The marginal prior densities of &, u, and p, conditional on X, are still as in the previous

section. Furthermore let the marginal prior density of ¥~ be W (v,T), i.e.

M(Z)) « [B-1 5 emgtrT ™' (2.2.11)

We once again want to find I1(k|X) as well as the posterior distributions of s, and p,, i.e.

H(/.LJ[C,X) and H(“QlkaX)

The joint distribution of X,..., X, conditional on w,, iy, and the change having taken
place at k(1 < k < n — 1) is the same as in section 2.2.1.1, while the marginal distribution

of X is given by

(X

k,6,0) :///f(X|u1,u2,k,E)H(ul,uz)H(E—l)dul,dp2dz;-1 =/// <%>%’f+p

o B [Z(wi = ) Z7H (@ — ) + (g ~ )27 (g — 9)}

[Z_ll = I(I)l—le—%trl‘"'Z'le
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-4 l:i(xi — 1) SN @i = pg) + (g — 6) @y — 6)

e dp,dpa,ds

By using the previous result in section 2.2.1.1 where £ was known, it now follows that

1

f(Xlk,B,(b)o</2_1>o <%) S 0y B 4+ @Y H kDt 4+ @7

k)
-1 [29'@_19 +> zS e - pls (b 4+ Yy + trDIT

€

= fAop (k2270 + @71y
dv~!

where fi,y and fi,5 are as in (2.2.2).

This integral seems intractable, so once again let ®~! = §Z~! so that

1 ntuv—-p—1

np
f(X,k’ 01 6) = (2_) ’ 6P(k1 + (5) (k;2 + 6 /}2— ‘ 2 e—%t’r[l"‘1+2590
s

+ Z Z; T, + Z T,z — (k1 + 6)fysfins — (ko + 6)fios ﬁgé]z_ldﬁ”l

np

1 k1 ko
C1p <E> T+ 8)E (ka4 6)EPIDT 4 2600 + 3 wial + S w

. . . ~t _f{utn
— (k1 + 6) fiy5hiys — (Ko + 8) fros fug] ()

Pis = (ki + 6)~ 1 (kT + 66), 1=1,2,

u+n

—2 Tp(3(v +n))




1 (p~—1 P 1
Fp(én)=7rP4)HF<§(n+1—z)>
i=1

The constants cgp, if independent of &, are of no interest in this section, but are defined

throughout this section as they will be needed in later sections. The marginal mass function

of k is then
Xk, 6, 0OII(k
H(le’ 0;6) — n_{( ' ) 75) ( ) .

> f(X]k,6,6)(k)

k=1
Furthermore,

n—1

O(u,]X,0,6) = Z O, )k, X, 0,8)11(k| X, 6, 6)

k=1

where

and

so that

while

so that

(g, |k, X, 6,68) /}:_1>0H(ullk,E‘I,X,0,6)H(2‘1|k,X,0,5)d2"1

I |k, 271, X,0,6) o f (X1, 7' k,0,6) 1 (1,271, 6,6)

_ . Y
ik, S X,6,6 ~ N(Hw,m),

(S7'k, X, 0,8) « f(X|k,Z71,0,8)I1(S)

k1
S7HE X, 0,6 ~ W (v +n, D71 +2600' + > z,z)+

ko
Yo @iy — (ky + 6)fuysitys — (ko + 6) Qo ins

)
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Therefore

ky
I(pk, X,0,6) o cop(ky + 6PPI0! + 2606 + 5 2z +me (k1 + 6) fisits

N v4n+41

—(kz + 5)/%5/1/25 + (kl + 5)(#1 - 1115)(#1 - #15)I|_( 2 )

where

p(v4n+1)

cop=2"2 I (%(’u +n+ 1)) :

Therefore p; has a multivariate t-distribution,

“i|k>X7976NtP(U+n+1_paﬂiéyné}): i:1a2

where

ki ko
Tis = (v+n-+1-p)(ki+6) |T7' + 2600 + > "z, + Soxix — (ky + 6)fygftts — (ko + 6) flosilys

(2.2.17)

n—1
H(I‘L'lefgfé) = Z H(I‘LllkaXyeaé)W(k|X79>6)) Z = 1,2
k=1

can be obtained.

Up to stage, in this section, the hyperparameters § and 6 were assumed known. While
the number of change-points is fixed at one (as we assume), vague improper priors can be

used by letting 6 — 0,T'~! — 0 and v — 0 in equation (2.2.12), the posterior of k simplifies to

(kyk2) /2 [|S1k + Sax]] ™2

n—1

Z(kll@ p/2[|511c + Szk”—n/z

k=1

TI(k|X) =

(2.2.18)

assuming 7 (k) = ﬁVk' Furthermore, for 1 = 1, 2,
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pilk, X ~tp(n—p+1,Zy, Th) (2.2.19)

where

T:L‘ = kl(TL — D + 1)(S1k + Sgk)_l

and

-1
k1 ko
E_llk;’ X~W (’I’L, ':Z :ci:L‘; + Z ZT; CE kll"’l&“l& 1\",2[125/:!,/26 ) .

. Another way of dealing with the problem of unknown hyperparameters is to use a hierarchical

model where the second stage priors are vague. For example let I1(8) o 1 and II(8) o 3.

From (2.2.12) and after completing the square it follows that

1 Iz 00 ky k2
f()(lk‘, 6) = Cip <%) ’ (k‘l + 6)—5(1\”,2 + 6)_§5P_1/() |F_1 =+ Z xim; -+ Z (Ei$; — (kl + 6)—1

p4

KTy, — (ko + 8) 7 k3T ou Ty, — 05(26 — (ky + 6) 7162 — (ky + 6)7162)6, +

(6 — 65) (26 — (k1 +6)716% — (ky + 6)716%)(6 — 85)'|"(*¥*) 4o
so that
T(k| X, 8)
o 167327 F (ky + 6) (5T ) (ky + 6)~(37)T (H#j) [P (2]
(kiky + 6ky + 6ka)H [Tor " (552 k=1 -1 (2220
where

Os=1[2— (k1 +6)716 - (ko + 6)‘16]_1 (k1 (kL + 6) 7 1y + kolky + 6) 71Ty (2.2.21)

cip is given in (2.2.14) and



ki ko
T(s[‘ = F_l + Z iL'il'g + Z :1,'1'132 had (k,l + 6)_1k551kfllk - (k‘Q + 5)_1k352k5/2k_

~ -~

05(26 — (ky + 8)716% — (ko + 6)~162)6;. (2.2.22)

This can be integrated numerically. Note that § can’t approach zero as in (2.2.18). In that
case 6 disappeared when I'"! — 0. In this case, 8 is integrated out before I'"! approaches
zero. This means that the prior structural relationship between p, and u,, namely that
they come from exchangeable priors, is retained, and expressed through §. However, we can

still let "' — 0 and v — 0 in equation (2.2.20).

When using Gibbs sampling, the full conditional distributions of g, t,,6, &k and 6 are the
same as in (2.2.9), with additionally (let I'"! — 0 and v — 0),

ki
Z_l k‘:Xaeal‘l’lal'l‘Qvé ~ W <n+2a Z(mi_“l)(wi_ul)l+5(ﬂl _0)(/“1‘1—0)/ +
ko -1
D (i — o) (zi — po) + 61y — ) (1ay — 6) . (2.2.23)

2.2.2 A CHANGE IN THE MEAN AND VARIANCE

In the same univariate normal model as mentioned in paragraph 2.2.1.2, Smith (1975) also
looked at the special case where the means p; # po and the reciprocals of the variances

07% # 052 are all unknown. He derived the posterior distribution of k.

Menzefricke (1981) examined the model X; ~ N(u1,072), i=1,...,k, X; ~ N(u,052), i =

k+1,...,n, with unknown means t; and precisions 0]2-, j = 1,2. He derived posterior
2
T . o . . :
distributions of the change-point k£ and 7 = —g the magnitude of the change in variance,
01
under the assumptions (1) x; and p, are unknown and (2) y; and s are known.




2.2.2.1 CASE 1.

Suppose again that X,,..., X, are independent normal random vectors such that

ANy, S1); i=1,. .k
X, ~ | BN R (2.2.24)

AN (g, S0); i=k+1,....7n

wheren >2p, z; € RPand p+1<k<n-—p-1.

Furthermore the mean vectors p; # p, and the covariance matrices £; # £, are unknown.
The marginal prior density of & is still uniform, while the marginal prior densities of y, and

Mo are such that
[.LzNN(GI,CIDI), 1= ].,2

Let the marginal prior density of 7' and £5! be

ST A~WW, D), i=1,2 (2.2.25)

We once again want to find II(k|.X') as well as the posterior distributions of the unknown

parameters.

The joint distribution of X,..., X, conditional on M1, K9, X1, X2 and the change having

taken place at k, is given by

1 np

2 k k
FIX ey, 9, 51,50, k) = (E) |21l__21122|""’2

- [Zl(wi ) S (@ = ) 3 (s — 1) S5 (s — )|

Then

FOXUE, 8, @0, T,0) = [ [ [ [ (X111, 12,6, 51, 22,6,65, 81, 8)

gy, o) I(ETHI(ZS ) dpy dpepd S Ay

37




koS3t + @577

2 1\7 K 5 )
= (] o [ (52) T il bt R s + o

) 0—22—1 ~1 u—22—1
=T

k)
-1 {01@;101+0;¢>;192+ S @St +tr(DTETY) — g0, (171 +

ko
O )iyg g, + 2 @Sy @+ tr(T7I57Y) — g (koS5 + 071 ) g o)
dErldTs! (2.2.26)

and

Pis.g, = (BE7 + O7) N EST T + 0,16, i=1,2. (2.2.27)

This integral is numerically very complex and analytically intractable. As before, a possible
solution is to assume that @, is proportional to £, and that ®, is proportional to &, i.e. -

&' =657, where 6, >0 and i = 1,2.

It then follows that

F(X|k,0,,65,61,65,T,0)

n

1 ] N
- | P ()

k1
CopCapbi 63 (ky + 61) "8 (ks + 62) 3|01 + 5,0,0, + 3

2
~t “t _ vtk ’ k2 , " . v+ k.
Pis,s, (k1 + 01) 25 6, | (_Z’L)|F_1 + 620,0, + Z TiT; — fos,s, (ko + 52)#22252|_(—22)
(2.2.28)
where
Pisis, = (ki + 6) 7 (kTZu + 6:6:), i=1,2, (2.2.29)

e 1
cip = 2230 <§(u + k1)> (2.2.30)




vixgy . (1
o = 222 (a(v + k;,)) . (2.2.31)

The marginal posterior mass function of k is then

Xk, 64,04,6,8)1(k
H(kIX’gl’ggtéla(S?):n f(l | AAIRE ALY 2) ( )

> f(X|k,61,8,,6,,6)T1(K)

k=p+1

+

P~
D
and for i =1,2

ki
Ei—l'k, X, Bi; 61' ~ W (?) + ki; F_l + 62919; + Z CL'ifB; — ﬁ’iiiﬁi(k‘i -+ 6i)ﬂi2,~65

)

We want to find the conditional posterior distributions of p; and p, where, for j =1, 2,

()X, 8;,6,,5,) = gn(ujfk,x, 0,,6;, =,)I(kX, 0,6, %,) (2.2.33)
where
. ¥
pilk, X,0;,6;,Z; ~ N <Njaj, m)
and
fjs, = (kj + 6;) 7 (kT e + 6;0;). (2.2.34)

Notice from (2.2.33) that the posterior of wu;, given X,8;,6;,5;(j = 1,2) are mixtures of

normal distributions.

The above distributions are still functions of the unknown hyperparameters 6,,865,6; and
b2. Also, (2.2.33) and (2.2.34) are functions of the £;. Under the assumption of having a

change-point, vague improper priors can be used. By letting §, - 0, 6§, — 0, ! — 0

v
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and v — 0 in equation (2.2.28), the posterior of k simplifies to

k k

csplkrks) /2|81, 7 Sk~ 7
n—p7l k k
S esplkik) %S| "7 Sk~ F

k=p+1

(k| X) =

where
n 1 1
Csp = 21’71-\17 <§k1> Fp <5kg> .

[t is interesting to note that if vague priors were assumed from the beginning of the analysis,
the answer is slightly different from (2.2.35), namely the loss of one degree of freedom. Then

we would have

ky—1 ko — 1 - -1
H(MX)O((klk?)—p/?FP( — )ﬂo( 22 )151kl_£%1|52k|_ﬁr-

4

Furthermore, for j = 1,2,

k;

-1
Z]—l[k),X ~W kj; [Z(.’I)l - Tjk)(:ci - fjk)/:l

Also notice that (57 = 1,2)

pilk, X ~ bk + 1= p, e, by (kj + 1 - p) S5t

Another way of dealing with the problem of unknown hyperparameters is to use a hierarchical
model where, once again, the second stage priors are vague. For example let I1(6;) 1 and
! _

H((Sl)O\’é': 7,—]..,2.

We know from (2.2.28), after completing the square and integrating out 8, and 65, that




2 ( ) (n—2) -
f(Xlk;F,'U,(Sl;(SQ) = Cep [T(I%T)] 'I‘\I—vz—p ; 71-—” 22 (6152)%1(1{31]‘82)_%

[(ky + 61) (ko + 62)]~C59T (kaze) [F (sh) T <v + kg)] T p (e

.1‘\—1 + Slkl_(v+k2 _p)ir‘—l + 52k|“(u+k2 _p)

where

p(2v+n 1 1
o, = 2250 (5(0 + m) T, (5(1) + k2)> (2.2.38)
so that, with ™! — 0 and v — 0 it follows that

(KX, 61,62) o espl(8182)F (Kiks) ™% [(ky + 61)(ka + 6,)] ") T (852) 1 (Bep2)

t)

ko i —(k=p —(k2=r
{p (8)r (_)} 151) = (F7) | S| (F52). (2.2.39)
It is possible to put a vague prior on I'"! in equation (2.2.37) to preserve the prior exchange-
ability assumption between ¥; and £,. This will result in the integral of a function of the
form of a multivariate Beta distribution of the second kind. We will not pursue that here

further, but will give the equivalent result in the univariate case in paragraph 2.7.2.

Another possible solution is to use Gibbs sampling, where the full conditional distributions

(for fixed I" and v) are as follows (j=1,2):

kT + 6,0, 1
w;| rest of parameters ~ N ( 1%k + 0595 Ej) ,

ki+6; kj+6;

4]




II(k| rest of parameters) o |21|‘£2l|22|‘522.

-3 Z(:I:, - F”l)lz — M +Z — W) 22 ( T, — phy)
8, rest of parameters ~ N(u;,6;'5;),

6| rest of parameters ~ Gamma (a + 5 Sy, — 0;)(k; — 6,) + b) ,

37! | rest of parameters ~ W | v, + k;, [T7! + > (zi— pi)(zi = pj) - (2.2.40)

Once again, to ensure proper posteriors, a proper prior must be put on 6;(1 = 1,2), eg.
deJIKa,b)

With reference to a more general model, a proper prior can be put on ®; (i = 1,2) so as to
obtain proper posteriors, e.g. ®;' ~ W(p, ¥). So once again Gibbs sampling can be applied,

where the full conditional distributions are now as follows:

[I(k| rest of parameters)

—a{z‘m- ) ST @~ )+ Y@ — ) T3 = )

15|~ % |5, Fe

ky .
n—p-1 X X -3 [Z(xl - !—‘1)12 i /J'l + Z i Mo 22 (mi - llg)
Yo TS e

k=p+1

6| rest of parameters ~ N(p,, ®;)

7

<I>j“1| rest of parameters ~ W(p+ 1,[¥~! + (p,




k; -1
37! | rest of parameters ~ W | v; + kj, |71+ > (a:i - p,j) (z; — p )

and

#;| rest of parameters ~ N ((kjEJ*l + @;1)‘1(kj2;15jk + @;10]-), (kjE]-_l + @;1)‘1).
(2.2.41)

2.2.2.2 CASE 2

Here we consider the same model as in case 1, but with different prior assumptions. Let the
marginal prior density of k be the same as previously, while the marginal prior density of u,

and p, be such that p,, py ~ N(8,®). Let the marginal prior density of £7! be
() o S8 e gt o (2.2.42)
and assume furthermore that 3, is proportional to ¥, i.e.

Srl=art (2.2.43)

Notice that in case 2, a structural relationship is assumed a priori between the two variances,
which is not present in case 1. We once again want to find m(k|X), II(g,|k, X) and
(s, |k, X).

The joint distribution of X,..., X, conditional on w,, t,, 21, S5 and the change having

taken place at k, is given by

k)
np Z -1
f(X“‘Lla“Q)Eh’y:k) = (21 ) i |E;1I%l|721_1]%26—% (wi_ul)lzl (mi_ul)
m
k2
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The marginal distribution of X is given by

f(‘:\'lkeaQ)’Y) = ///f(le'la/J'QukElaEQ)H(/J‘DMQ)H(EI_I)H(EQ_I)d“ldl‘?dzl_l

1 1\7% winop- -1
-/ 20178 (52) 1017 S T 4 @k 4 07

k1
-1 {zrr-lz;1+29'q>-10+ S xStz — fos, (kST + g, +
e

i Ty T — l]‘Ql'yEl(k"?'YEl_l + O Ny 5,
dyy!
where
fus, = (i Z7+ @YYk I T, 4+ 0716) (2.2.44)
and
froys, = (koyZTH + @71 "N kpy ST Tox + ©716). (2.2.45)

This integral is numerically very complex and analytically intractable. A possible solution

is to assume that ® is proportibnal to Iy, i.e. &7 = 687! where § > 0.

It then follows that

f(X1k,0,6,7)
~ 1 jortee (i)l BR8P [(ky + 6) (kyy + 6)] 3 | + 2600+
Fp(%v) <~ 1p o Y 1 27
kl ' k2 v+n
Z T,z — (ky + 6) ity + ’YZ ziz; — (koy + 5)l1275l1I275’_( ) (2.2.46)
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where fi,;5 is as in (2.2.11), ¢, is given by (2..2.14) and

floys = (koy + 8) 7 (k¥ Tox + 66).

The marginal mass function of k is then

[(X10,6,~, k)II(K)
n—p-1

> f(X18,8,v,k)I(k)

k=p+1

(k| X,0,6,v) =

and

1C1 k2
Nk X,0,6,y ~ W (v +n, (D71 42600 + > mx, + 7>z, — (ki + 6)fygfis—

N ~r 171
(kay + 8) ] ).

With the prior I1(7y) %, 0 <y < A where the upper limit on 7y can be chosen large enough

and is just to ensure a proper posterior for v, it follows that

o k1 ko
I(vlk, X,0,8) o 7_;2‘1(1327 + 6P 4 2600" + Yo+ il — (ky + 6) st —

—(2)

(k/2'7 + 6)&27611/2'76
We want to find the posterior distribution of p; and p, where (for j = 1,2)

n-—1

(k5] X,0,6,7,1) = 3 T(p;lk, X,60,6,7, T)(k| X, 6,6,v, 1) (2.2.48)

k=1

and where

2
k. X,0.6~ 5 ~N<‘ ——)
l‘l’ll ] p), 1 /1'15 k1+5

and
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. z
lJ’ZIk,X)B:(S)’Y;El ~ N (/‘1’267’ m) g

Also notice from (2.2.48) that the posteriors of u;, given X,0,6,7 and £,(j = 1,2) are

mixtures of normal distributions.

Under the assumption of having a change-point, vague improper priors can once again be
used. By letting 6 — 0, I'"! — 0 and v — o in equation (2.2.47), the posterior of k
simplifies to

k.
S (k1k27)_p/2|51k + 7Soi,| 72

n—-p—1 )

Z ’7_22 (krkay) /2 |S1k + 7 Sak|” n/2
k=p+1

(k| X,7) =

assuming 7 (k) = k=p+1,---,n—p+1.

n—2p+1’
Furthermore
El—llk’ X7 B W(TL, [Slk + ’YSQIC]_I)
and
k
T(7lk, X) o< 72~} (kyy) 2| S0 + 7S ™2, 0 <y < A.

Also notice that
pilk, X,y ~tp(n+ 1 —p, By, ki(n + 1 — p)(Sik + vSax) ™)
and

Holk, X, v ~ tp(n 4+ 1 — p, To, vho(n + 1 — p)(S1k + 7Sak) 7H).

Another way of dealing with the problem of unknown hyperparameters is to use once again

a hierarchical model where the second stage priors are vague. For example let I1(8) o 1 and

T(6) o 3.




We know from (2.2.46), after completing the square, that

f( X1k, 6,7)

1 p k1 k2
|2F]_§vclp (%) ’ 7_:26]3(161 + 5)_§(k2’y + 5)_§ /|F_1 + Z 1121‘(132 + ’)’Z 1121'(132
—(ky + 8) T RIT WY, — (vho + 6) T kI Tk Ty, — 05,[26 — (vks + 6)7162 — (ki + 5)-15219;,,

+(0 = 65,)[26 — (kv + 6)716% — (ky + 6)'6%)(0 — 85,)' | (*F*)11(6)d8

~ so that

(k[ X, ~,6)
1 Z2 k 1 (e
= ?(1%7)]211‘511 (51;) 2 Clp'yp_?zép_i(kl +6) (%

1

) (ks + )~ (52
-1 _1 _{yvEtn—

) [T (222)] 7 ¥ [2vkuks + 6k + Syka]~ [Tpop (557

where ¢y, is given by (2.2.14)

)

Os, = [2 —~ (vko +8)726 — (ky + 6)718) " [ky (ky + 8) " Ty, + Yho (ko + 8) " T o)

k1 ko
P' 4+ Y iz + v > mixl — (ky + 6) ' K2 Z 0T, — (ko + 8) k3 Tk Y, —

05,(26 — (Yho + 6)7'6% — (ky +6)746%0;,, O0<y< A

Furthermore, by letting I'"! — 0 and v — 0, it follows that

pkn—2

Gk, X) o [ 673957 by + 6)7 57 (yks + 6) TN 2ykika + 8k + 6vke] 4T, |55
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where T, is the same as Tj,r, but with ['"! omitted. This can be integrated numerically.

Another possible solution is to use Gibbs sampling, where the full conditional distributions

are as follows:

k1T + 660 1
£ X,0,6,5, py ~ N , ( )=,
By, 6, L1, po ( ki + 6 PR El)

koTop + 660 1
k., X,0,6, ~ N
/‘L2| 3 y 0,0, 21,7, My ( k)g + 6 3 (’71\,"2 +5> 21) R

k1 ko
-3 {Z(mi — ) ST = ) D (i — pg) S (2 — o)
e

IH(R|X, 20,0y, 1y, 1) = [kl

3

ko
D (@ — ) ST @ — ) + 7 S (@ — 1) ST (@ — o)

n—p—

1
€
k=p+1

6|k, X,0,31,7, 1y, by ~Gamma (a +p, b+ 1rSTH (g — 0)(1y — 0) + (g — 0) (12, — 0)’])

where a proper prior § ~ I'(a,b) is put on § to ensure that the simulation process won’t go

out of control. Furthermore

1
glk, 211/“‘1’ P"Q}é ~ ]V (&%1—21 5 _121> 3

[ pky 1 k2 _
vk, X, Z1, 1y pg, 6~ Gamma (72-,52(;@_“2)/211(%_#2)

and by letting ™! — 0 and v — 0 it follows that
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k1

Z(mi — )z~ ) + 6(py — 0)(uy — 0)'+

— ) . (2.2.50)

With reference to a more general model, a proper prior can be put on ®~! so as to obtain

21_1|k1Xa71/J'1a/‘L276 ~ W<n+2a

6 Z #2)

proper posteriors, e.g. ®' ~ W(p, ¥). So once again Gibbs sampling can be applied, where

the full conditional distributions are now as follows:
H(k|X, l“‘l; /*l'Qa Ela’)/) =

) [Z(w ) S (@ = ) 7> (@ — ) S (@i — o)

? e
[k k2 )
n-p=1 -3 {Z(:m - /“Ll)lzl_l(mi - Hy) + ’YZ(‘L’i - /-1'2)121_1(331' — o)
S T e
k=p+1

plk, X,0,50,7, @,y ~ N((B 27 + @) (B ST Z e + 0719), (ki 57 + 071)7Y),
/J’Qlka Xa 07 Zla v (D: Hy ™~ N((k272;1 + (D—l)_l(k2721—1§2k + ¢_10)7 (kQ’yzl_l + (D_l)_l)a

+ 1
0““ /J'la/J'QaZbFY)(I) N<“1 9 £ 2 ))

by 1 & _
vk, X, 81, oy, p ~  Gamma <%,5 (mi_ﬂz)/21l(mi_lr"2))>

Ok 6, s g ~ Wp+ 2,07+ (g — 0) (g — 0)' + (kg — 6) (1, — 0)]7Y)

and after letting ! — 0 and v — 0,




k1

21_1“{“7 X:Wa Hy By ™~ W (n’ [Z(wz - y‘l)(w‘i - lJ‘l)I+

’Yi(mi — K )(Ti — py)'

_ ) . (2.2.51)

In his study of the same model mentioned in paragraph 2.2.2, Menzefricke (1981) also con-

2.2.3 A CHANGE IN THE VARIANCE

sidered the case u = u; = u, where u is unknown, i.e. just a change in the variance occurred.
Suppose again that X,..., X, are independent normal random vectors such that
iIN(pu,Z1); i=1,...k

iIN(p,s); t=k+1,...,n

wheren > 2p, z, € RPandp <k <n-—p.

Furthermore p (i.e. p; = p,) and the covariance matrices £, and (%, # ) are unknown.
The marginal prior densities of £ and p are the same as previously. The joint distribution

of X,..., X, conditional on u,X;, X, and the change having taken place at k is given by

1\ 7% k k
f(Xk, 1,50, 5,) = (5) 1177 |8y~ F

-4 I:Zl(mi — w)'S7 (s — p) + Zz(wi — p)'E (s — )
e

with the priors on £, and ¥,

V—p—

(57 o |S7Y [ F e st Tis =12 (2.2.53)

After completing the square, it follows that




F(X, 51, 55|®, k,6,T,v)

p(n+1)

- Lo 1\T T g tveest ) kpbuepel 11, nago

= _._2F“<*> ST OISR T (@ Trem T A
/;oc [Fp( 'U)]2| 1 277' I 1 l ‘ 2 | | I

sk

=

R . k k2
T /e%[(#_u21229)'(k121‘1+k22{’+¢‘1)(#‘l"21>:29) e 21: 13221_1331‘ + Z :B;E;lmi
+0'0710 — i 5,0 (kiZT! + koS5 + 07 g 5 oldp

where
s
ﬂ21229 . {klzl—l + k222_1 + (I)—l] [klzflflk + kgzg—lfzk + @—19] .

It now follows that

J(X

1 222 - | _ ki4+v—p—1
£,0,9.1,0) = dm (2D [[(52) 7 ISt + kst + 071 hmp =

lzz_llm@r% e L e s >

k1 ko
31D E T e+ ) 2l e + 00710 - s 5,0k 2T + koS5t + SNt 500
e diTdEs".
(2.2.54)

In this equation the matrix integral is intractable and ®~! is inestimable. A first simplifi-
cation can be to put a uniform prior on p, i.e. to let ! — 0. A second step could be to
let "' — 0 and v — 0 under the assumption that p < k < n — p, which is equivalent to

putting vague priors on £7' and £;'. (The situation where a vague prior is put on I'"! is

o1




discussed in the univariate case in paragraph 2.7.3). Then (2.2.54) reduces to

f(X1k) //( ) ST + kS5 RSP 2 P

k1 kq
-1 [Z oSz + >z Ty — Py s, (k1E7 + koS g 5,
deTde; !

e
where

-1
Azz, = [T+ kT [0S B0 + ko D7 T

The only way to integrate this analytically is to make a further simplification as in the pre-
vious sections, assuming that 5 = yZ7'. This means that the prior on £;! is replaced by

a prior on 7y where TI(v) o« =. Then

F(X1k,v) = czp (%) H (ky + kyy) 352 | |- (*572) (2.2.55)
where
R (%(n _p- 2)) ,
T—Z:c:c +'yZm:z: = o (ky + ko) 1))
and

fo, = (kv + koy) ™ (ki Tug + kavTox).

The marginal mass function of & is then

(61, ) = LD
3 F(X I8

Furthermore
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(X, 7) = S T(plk, X, 1)TI(ELX, )

k=p
where
T(plk, X,7) o [ T(ulk, 578 X, ISk, X, 7)ds;
0
and
2y
kYT X, y~N{jp,, ———

IJ’I y <1 et (“77161-’(-’)’162)
and

STk X,y ~W(n—p— 2,TH).
Therefore

] ulkaXa7 ~ tp(n - 2p - 17,177 (TL - 2p - 1)(k1 + rka)T'y_l)

and also notice that

(ko—p— n—~p—2

T(k, X) o< (ky + kay) = BP 2 F 221 g | (25572),

Another possible solution is to use Gibbs sampling. Once again let $=! ~ W (p, ¥), but now
it is not necessary to include the restriction £5! = vZ7!. The full conditional distributions

are then as follows:

ky ks
oo “3 D (= ) SN — p) + Y (@ — p) o7 @ — p)
(kX g7, ) xy T e

:u‘|l”7 "\'7 9;’)/a Zl: (D ~ ]\r(iagl’yga (k/lz:l_1 + k2721_1 + (I)~1)_1)
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-1
fis, 6 = [klzl‘l + koySTY + @'1] [kIZ;lflk + koyST Tox + @716 |
012, n ~ N(p, ®),

O, 8 ~ W (p+2+p,[(n— 0) (e — 6 + 071 7),

—k+v—p—1) 1
vk, X, 1, L, ~ Gamma, (p(n +2U P ),étr{

and
k1
D7 Dy 3 (@ — ) — )

) ) . (2.2.56)

21_1“57)(,#»7 ~ W(2'U+'fl—p—1,

ko
+v) (i — p) (@i — p)

2.3. NO OR ONE CHANGE-POINT IN THE MULTIVARIATE MODEL

In section 2.2 three normal models are discussed under the assumption of exactly one change-
point. The fixed number of change-points simplifies matters greatly, the parameter spaces
are of the same dimensions and the interpretation of parameters remains the same under all
models and for all values of k. The possibility of no change is however very important in

most applications and should not be ignored.

The problem of no change versus one or more changes in the normal model has been covered
less widely. Broemeling and Tsurumi (1987), however, consider no change versus a change in
the linear model, while Diaz (1982) also studied the case of no change. A possible reason for
the few references on no change versus a change is perhaps because of the problem caused

by the differing dimensions.
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In this section we will add the option of a model with no change (say k = n) to the previous
models, and assign it the prior probability ¢. In the applications q will usually be taken as

1 : : : ” 3 ” b2
2, SO as to give equal prior weight to "no change” versus ”a change”.

The marginal prior density of k is then

nw =, ¢ o k=n | 23

1- - —
=4 for =1,2,...,n-1

The case k = n has fewer parameters than for 1 < k <n — 1, and the marginal of X is the
same for all three normal models. To conform with the prior specifications in paragraph 2.2,

let (fori=1,...,n)
Xi~iN(py,2) if k=n
where
Mo~ N(0,®) and 7'~ W(v,I).

We let TI(€) o 1 (as in paragraph 2.2) and justify it by arguing that @ has the same
interpretation here as in the case of one change-point, although 6 is not estimable in this

case. In fact, putting a vague prior on 6 here is equivalent to a vague prior on .

The marginal of X is then independent of ¢ and given by

Ty [%(n+v—1)]

F(X|k =n,T,v) = 7~ 25 n-4 i ID7Y#0|S, + T (55=) . (2.3.9)
Pp(iv)

IfI'' - 0 and v — 0, (2.3.2) reduces to

F(X|k = n) = can~3S,|~ (%) (2.3.3)

where

p(n—1)

- r,,[%(n—n]




and

The marginal posterior distributions of pq and £~! under no change-point follows directly

as
Holk =n, X ~t(n —p,Ep,n(n - p)S; ")
and

THNk=n,X ~W(n-1,851).

n

2.3.1 A POSSIBLE CHANGE IN THE MEAN

The posterior distribution of & is given by

Mk =n|X,8) = — ¢f(X|k =n)
E [—f (X|k, 5)] +qf (X|k =n)

I1(k| X, 6) = = =tiGlil) , k=1,...,n-1 (2.3.4)
E[ c{f(XIA 6)} +qf(X]k = n)

where f(X|k = n) is given in (2.3.3) and f(X

k,8) in (2.2.20).

In the case of exactly one change-point, welet § — 0, i.e. putting a vague prior on g, and .
But ¢ can’t approach zero when we are comparing the case "no change” with "one change”,
because of the different dimensions. This can be seen from (2.3.4) where I1(k = n|X, §) — 1

as 6 — 0.

If6 — oo, I(k = n|X,6) — g, so the posterior probability for no change is crucially
dependent on 6. This is an example of Lindley’s paradox (Lindley (1957)) where, for fixed

data, the Bayes factor in favour of a certain hypothesis can be manipulated to any degree by
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appropriate choices of hyperparameters. The limiting results above however make intuitive

sense. If & — 0, it means an infinitely large prior variance for g, and p,, which makes it
impossible to detect a change-point from a fixed finite data set, so the probability for no
change goes to one. On the other hand, if § — oo, the two means are virtually the same,

and the data can’t give any information. So the posterior equals the prior probability.

In general, we will consider three possible solutions:

(a) Examine the posterior probabilities as a function of §. The sensitivity of these proba-

bilities to ¢ can then be determined, as well as certain upper and lower bounds.

(b) Use a vague prior on §, say I1(6) x  over a reasonable finite range, 0 < § < A, and
integrate § out. However, the posterior probabilities can also be sensitive to the choice

of A.

(c) Use partial Bayes factors. This approach will be treated in paragraph 2.5.

2.3.2. A POSSIBLE CHANGE IN THE MEAN AND VARIANCE
For case 1 in paragraph 2.2.2 where p; ~ N(6,;,®;) and ®;! = §Z7! for 1 = 0,1,2,
f(X|k,61,69,T,v) is given in (2.2.37). Together with equations (2.3.2) and (2.3.4), the

posterior probability of k follows as

[k =n|X,Iv) « qn‘%I‘p(%(n+v—1)) 1S, + 7Y~ (=452 1),

H(kIX) (51;62,F,'U) [0'¢ 1_9. —P(v+n)

1
-1r Qv

Copms (kiko) ™% (8,65)

i

1+ 60 + ()T (s (s [ (258 ()]

P14+ S~ r 4 G P (FF) ) k=1, n—1
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where cg, is given by (2.2.38).

A possible simplification would be to let §; = 8,. Notice that if §; = § — oo, then
(2.3.5), ignoring the normalizing constant, approaches a finite limit which corresponds to a
vague improper prior on ®;,7 = 1,2. For case 2 where H(El_l) is the same as in case 1, but

£yt =9t f(X]k, 6,7) follows from (2.2.49).

I1(k| X, 8,7, T, v) then follows as in (2.3.4). The posterior distribution of & is still dependent

on ['; w. Their effects will be examined in the univariate case.

2.3.3 A POSSIBLE CHANGE IN THE VARIANCE

With vague priors on p; and £;' = yS7! in equation (2.2.54), it follows that

1 plk 2+u p—1) 1|n+2u 2p-3

1 1 n
f(Xlk"',A/)F:'U) = A_1>0 [I“ (lv):I }2F|_§v(27r)__22lk1 =+ k27]_27 |E
1 P\2

ki k?
~itr {r-1+r-17+ Yoz +y Yz — (ky + kay) il | o7
e

dsy!
where
f, = (k1 + ko¥) 7k Tk + ko Zok]
so that,
1 P _1 p v—p-—1
F(X|k,7,D,0) = l : } |3 F2=25 S S
Fp(§’U)
_(n+2v2—2—2>

ki1 k2
P+ D7y + Y mz + v Y @y — (ky + ko) iy i1

where

v 1
cap = QMFP (—(n + 20 —-p - 2)) .

2
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Now it's possible to let I'"!,v — 0 when comparing with the mass function for no change-
p paring

point. Then

g1 [l
[I(k =n|X) xm2n72, {-5

(n = 1)] 15,-C7)

[(k[X, v) o c7p27 7 (k1 + koy] "% = Za: T, +'yZa: z; — (k1 + koy) i, 2]

—p 2)
where ¢, = 2

2.4 COMPONENT ANALYSIS

It is of importance to see which component has the most influence in causing the change

to occur at a fixed k. For the case where we have a change in the mean, let M(p x 2) =

(11, 112] ~ N (619, (H)) where (H) = I, ® ® in the model
X |p, S~ N, D), i=1,...,k
(px1)
.Xi IMQ.,ENJ\T([J,Q,E), Z=1€+1,,7’)

(px1)

where 71 ~ W(v,T).

The joint distribution of X conditional in M and ¥ can be written in matrix notation as

1 1 e
f((XI[,L,)Z) 0.8 W etr —'2-(X - MEk) = l(X - MEk)
pXn

(X1 X

(pxk)  (px(n—k))
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The posterior distribution of M is

1 1 1
- 0. - _ _ -1 _ . 1// -1
(M|X,k,6,®) o |(D|/|Z|_2_etr[ 2{(X ME,)'S™ (X — MEy) + (M — 61,)'d

(M — 615)}] etr [—%z-lr-lJ DRGSR SY

(2.4.1)
When using a vague prior on M and £-}(®! -0, I'"'!' -0, v —0)
I(M|X, k) < | X(I, = J;NX' 4+ (M = X ) (M - X2
where
k 0
Jo= E\E, =
(2x2) 0 n—k
11,1/ 0
It = ByEE) B = | FTF ,
0 1,1,
Xi=XE(EE)™ = [Z T
and
P =[X(I, - J7)X']
so that
M ~ Matrix T(PJ5*, n, X,). (2.4.2)
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If we let m; = [u1; po:] be the i-th row of M, then

n—2+1 )

II(mk, X) o< |Pis+ (m; — ZT)Jo(ms — Ziy)'

n—p+1 )

X [L+ Puz(m; — Ty;) Jo(m; — Eki)l]_( ?

where

Zi = (21 T2] and Pyo = Py — PPy Py

is the Schur complement of the (i,7)th element of P. Finally, let A = (i, — u,) = Mg, ie.

1
A; = m;c = py; — g where ¢ = ( ), so that it follows that
-1

(2x1)

cdJsle - ~(%5%)
HAzk‘X L —p—1 Ai__~i Ai__i
(A%, )&{(" p—1)+( mkc)(Pﬁ-.Q(n—p—l)> ( "Bkc)}
This is a generalized t-distribution with
E(Aik, X) = Tric = Ty — T (2.4.3)
and
n -1
var(A;lk, X) = - P75 (2.4.4)

k(n — k)(n—p—3)




represents the marginal posterior distribution of the difference between the i-th components

of the means for a fixed change-point.

If p=1 and we write

o=~ N1, 9)
(2x1) K2 :
and
-~ ( Xy ) (kx 1)
(nx 1) Xy ) ((n=Fk)x1)
then

X'(I, - JTHX
(n—4)

Var(u| X, k) = Jyt

If A= p; — py it follows that

n—1
—_ ki k ‘(—2“)
I(A|X k) o |1+ = (A — (T) ~ Ty))?
nX'(I, — J7H)X

so that

nX'(I, - JHX
A) =
Varld) = = ok

In the above analysis, with a vague prior on M, no prior relationship between u, and p,
is assumed. This results in the Ajs being uncorrelated posteriori, each distributed as in

equation (2.4.5).

To retain the prior relationship between the means, let ®~! = §2~! and integrate 6 out

in equation (2.4.1). In this case the Als are correlated and their marginal posteriors are

functions of 6.




Then, with '™, v — 0, it follows that

n_p+l 1 '
Mk, X,8) o //|2-1|—%’ietr ~357H(X = ME)(X - ME)'+

§(M — 61,)(M — 614)}] d=~1d6

< |XX' = XEKTEX' + (M - XE(K ™)K (M = XEK )|
where

1
K =Jy+ 6L~ 5611 = (

k+36 —36
—36 n—k+16

so that

M ~ Matrix T(PsK™'n+1,XE,K™1)

where

Ps = [X(I, — ELK'E) X',

It now follows that

- — -1 -1 _ e
(mlk, X, 6) [(n—p) +(mi = (XEK ™)) (7E2) " (mai— (XELK 1)(1-))}
where A(;) denotes the i-th row of the matrix A.

Then we have a generalized t-distribution,

cK ¢
(n - P)Psiio

}—("—‘éﬂ)

H(Ailk’,X) 6) X {(T’ _p) + ( >— (Az - (XEIICK_l)(i)C)2

where
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n

rre—1 .
S gy g
and
) po— 1 - _
(XEkK 1)(1.)0 = [k‘(n — k,) T %67’),:, [k(n — :1{,').’1311‘ — k‘(?’l - k)zgi] .
Therefore
k(n — k) _
N — T T 2.4.7
B [k(n — k) + %677} (Z1i — Z) (247)
and

nPgis
(n—p—2)[k(n—k)+ 36n]

Var(A;) = (2.4.8)

Notice that (2.4.7) reduces to (2.4.3) when 6§ — 0, but there is a difference of one degree of
freedom between (2.4.8) and (2.4.4).

To determine the influence of each component on the specific position of a change-point, the

expected differences in the means, A;, can be standardised and compared. So if

D; = BE(A)(Var(A))™%, i=1,...,p, (2.4.9)
wWe carn use
D;
I, = 2.4.1

as a measure of the proportion of the overall influence.

2.5 BAYES FACTORS

2.5.1 A CHANGE IN THE MEAN

The regular Bayes factor for the model as in (2.2.10) follows from (2.2.20) and (2.3.3).




By =

(k+6)~3(n—k+6)565(26 — (k+ 6)7162 — (n — k + 6)~26%] 3Ty~ (*=°)

(n+8)"5[6 — (n + 6)=162)73 | Tos|~(*2°)
(2.5.1)

where Tyr is given in (2.2.22) and Tys is the same, but with I'"! = 0 and where By denotes
the Bayes factor in favour of a change-point at k versus no change. To calculate the partial
Bayes factor, we use the improper priors II(ug, g1, t,) & 1 and II(Z71) |2‘1|_(P;—1), so

that the whole sample Bayes factor is

By = Gl :(27r)§k‘§(n_k)—§|51k+52k|—("—;2-)
U= 2315 ) ~

Note that the difficulty with this solution is that the non-informative priors are typically
improper and hence defined only up to arbitrary constants cg. Hence BY]}, is defined only up

to %g, which is itself arbitrary.

For this model, the minimal sample size if there are no change-points is p + 1 and if there is

exactly one change-point it would be p + 2.

Booth and Smith (1982) also considered changes of the mean in normal sequences. Consid-
ering the multivariate case, they use the principle of the imaginary training sample method
and define the minimal sample as 2p + 1 when k = p. Their result for By, is the same as

ours in (2.5.2).

In order to calculate the Intrinsic Bayes factor, the minimal sample must be defined. The
size of the minimal sample will be m, = m;, + 1, where m; = p + 1 is the number of obser-
vations in the minimal sample that must be on the same side of the change-point k. The
set (¢) consists of the two disjoint subsets ., (£) and z,(¢). In the Bayes factor for the

minimal sample BJj(z(¢)), the term k(n — k) always reduces to p + 1 so that

om(p+ 2)|Smel} E (255.3)

Bij(2(2)) = [ (p+ 1)ISm]
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where
=2_(@; = %m,)(2; ~ Tn,)
J
where the summation is over the subset =, (¢) and T, = —ni—k Z z; and
Sm¢ =D_ (@i — Tw,) (T; — Twm,)’ where the summation is over the set z(¢).

i

The Arithmetic Intrinsic Bayes factor would then be

B = BiBiA(z(0)) (2.5.4)
where
1 L
Bé\;'cA(d:(f)):ZZBé‘,’c(m(f)) where k=1,...,n—1
=1

and where BJj is given by (2.5.2) and B (z(¢)) by (2.5.3).

Furthermore the geometric and the median IBF follows by inserting

BiC(=(0) = |1 By(a(0)]
or
BYM(2(0) = Med [BLl(2(6))].

To get the Fractional Bayes factor, as described in chapter 1, for this model, it follows that

n(l —b)

-1
m P n—1-7\ |{& bn—1—3 np(1=b)
mmzéznq_TJHH%_j;ﬂ oo o




so that

b)  T(2=22) T (B8) (1S + Sml] "7
BE = Zzébi _ F((%lg) F>(nb(_212_)> [l 1k|5n| 2k|} . k=1,...,n—-1. (2.5.6)

Notice that & plays no role in equation (2.5.6) except in the S;’s.

The minimal sample for a change in the mean is p + 2. From (2.5.6) it follows that nb must
be greater than p so that we must have b > B Ifb= %2 (which always satisfies b > 2),

(2.5.6) reduces to

BE = <nT_2) (%) [151k+52k|}"—'§‘—2
“Tr)rE L 15 -
-1
Also notice that II(k = n|X) = |1+ q(ln— 0 Z Bjo| and

2.5.2 A CHANGE IN THE MEAN AND VARIANCE

The regular Bayes factor for the model as in (2.2.24) follows from (2.3.5) in paragraph 2.3.2

so that with I'™!, v — 0 it follows that

Bio = {w%(alézﬁlukm)(n—k+6z)l“3F (52 (=57 o) (n;kﬂ_l

(1= (4 80786 72 (1= (n— kot 85) 804 T | 57 Ty 4

. {(n +6)785%'T (“ - p) [r (g)}_l 1-(n+ 5)-15]—%|T05|-("—5-2)} .

To calculate the partial Bayes factors, the whole sample Bayes factor, with the improper
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(2.5.8)

In this case the minimal sample will be m, = 2my, where m; = p + 1 is the number of
observations in the minimal sample which must lie on each side of the change-point k. The
set z(¢) consists of the two disjointed subsets before the change-point, x,. (£) and after the

change-point, 2, (¢). So

P 2 1-—
HF< p'f‘ ]>2—§l5me|—17

Bji(=(¢)) = 2 (2.5.9)
(2r) 8 2B {HFC%'Z) (p+1)°% [|S,1nk||5,%lkl]_g
j=1
where
i _—; =i\ i _ L
S = ; (:cj - :cmk) (:1:]- - mmk) and T, = p— ZJ: T,

and where the summation is over the subset z}, (¢), :=1,2.

The Arithmetic Intrinsic Bayes factor for this model would then be the same as in equation

(2.5.4), but where By} is as in (2.5.8) and B{j(z(£)) is as in (2.5.9).

To get the Fractional Bayes factor for this model, it follows that

3 —np(l-b P k—7  —k —
m(b) = m_;=ﬁ—<g—4np(_ﬂ)np(“_ﬂ)

-1
P k— i\ P b(n — k) — 4 n eED) RESIE
[HF <b_j> [T (Mﬂ N e e
and mg(b) is the same as previously
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so that

(251)
» (%)

Notice from (2.5.10) that bk must be greater than p and that b(n — k) must be greater than

(2.5.10)

Fo_ ¢ —
BIcO— -

Iy [lSm{kllS%!kz}—
mo(b) Fp (bk—l) (b n— 1)

|Sal"

p so that we must have b > £ and b > -2 respectively. The minimal sample is 2p + 2, but
b= 24”:—2 does not always satisfy the above restrictions. If we take b = 2%2 and we want to
consider all the possible values of & where p+1 < k < n —p— 1, it follows that n must be
greater or equal to 8 and p < ¥ — 1+ \/_”21;? . For example, if n = 40, p must be smaller or
equal to 17 for the fractional Bayes factor to be determined for any p+ 1< k< n—p — 1.
If the above condition bn p is nbt satisfied, we can either increase the fraction b or reduce

the number of possible change-point positions being considered.

2.5.3 A CHANGE IN THE VARIANCE

The regular Bayes factor for the model as in (2.2.52) follows from paragraph 2.2.3 so that

[[ 1 (P22 ) = 4 (k) E ()

QW—QHZHI“( i J)(nm e (202 [r(g)]'lw%u—<n+6>-161'%|T05|-<"—52>

(2.5.11)

where Tos and T, follow from (2.2.22) and (2.2.55) respectively.

To calculate the partial Bayes factors, the whole sample Bayes factor, with the improper

el
priors () oc 1, TI (E[l) o« |S7Y 7 (i=1,2) and II(v) S is

(p+2 P _ p{n—k—p—-1) _(n=p=2
(P52 e+ ol B

By = . . (25.12)

IIr <_____" _21 — 7) n-%|5, |- (*5%)

j=1
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For this case the minimal sample is exactly the same as in the previous model (2.2.24), but

with

2p+1 -

i (225,

Bi(e(0)) = o — (2:5.13)
p(2-p) +2 - 2 _ (el
[T (F=L) 0+ i im o ()
j=1

where

Z%%HZ% = By lp+ D)1 +7)a,

and where
A= (1477 (T, + 170, )

and where  _ is the summation over the subset z}, (¢) and }_ is the summation over the

T

j
subset 2 (¢) with £ %2 and S,,, the same as before.
mg My mk 3

The Arithmetic Intrinsic Bayes factor for this model would then be the same as in equation

(2.5.4), but where BJj is as in (2.5.12) and Bl (z(¢)) is as in (2.5.13).

To get the Fractional Bayes factor for this model it follows, after integrating + first, that

O (%) 0 (%) /_o:o |5+ (1 = Tk (s )| * (3 + ka1t — Tok) (1 — TQk)}—%Z

and mg(b) is the same as previously, so that

o
Bio =



follows directly.

The minimal sample for this case is also 2p+2 and b has the same conditions as for a change

in the mean and variance in section 2.5.2.

The posterior probabilities follow from equation (2.2.3). If we let P(Mp) = } and P(M;) =

=, k= 1,...,m be the prior probabilities for no change-point and a change-point at &

2m?

respectively, with m possible positions for the change-point, then the posterior probabilities

are given by

-1 -1

P(Molz) = |1+ 5 > Bg'| and P[My|z] = Bg! |m+ Y By} (2.5.15)
g=1 j=1
2.5.4 MULTIPLE CHANGE-POINTS
-1
h
In the case of a maximum of R possible change-points, let II(k|r) = and
T
[I(r) = R—h, r = 0,...,R, where h is the number of possible change-points for the
particular model. Then .
—1 -1
R h
Or=0jy) = {1+ ko (2.5.16)
r=1 T

where B;co is the Bayes factor in favour of the partition k out of r change-points when

compared to no change-point, and also

-1

(k|r = 2) S B2 4. (25.17)

n—1
H(k,rly) = |hB} Bl + ————
(k,ly) 0”}; ik T ok =1) L.

where in general B;;c is the Bayes factor for partition j out of s change-points against
partition k out of r change-points.

For example if R = 2, we get that
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-1
(k7 = 1|y) = |hB}, + Z B}, + Z B’“ (2.5.18)
and
-1
1 177. 1 _
(k,r =2|y) = [ih(h—l B2, ZB”+Z (2.5.19)
where the following relationships hold for the Bayes factors:
B! B2 B B,
Bl =20 pu_g0 g Booop  Zjo 2.5.20
Ik B[};o, Tk Béo’ jk Bi:o) ]k Bi:o ( )
So the posterior probabilities can be written as
-1
1 2 1 2
BkO j=2 - 1Bk0 ;
1 1 2 217
::Bwh+zgﬁ7:jz%J
(2.5.21)
and
-1
N(k,r = 2ly) = B}, + 21 Z o+ Bk (2.5.22)
=2 i

If R =2 and we consider only a subset of say L of the h—(h;—u combinations of two change-

points, the prior probabilities become

o h(h —1)
Hk=n) =m0
h—1
O(klr =1) = gom—p gy k=%n-1

72




1
h(h—1)+ L’

M(kjr = 2) = k€ k(L) (2.5.23)

and the formulae for the posterior probabilities stay the same as above.

For R change-points with b = I’JFZJ, the fractional BF follows as a generalization of (2.5.6) as

_n—p—-R-1
2

L (55) 0 (B5) | 18]
T

2
L () |

>,
i=1

= (2.5.24)

for a change in the mean.

2.6 MULTIPLE CHANGE-POINTS (CP’S)

Apart from section 2.5.4, the previous section results are derived for models with at most
one change-point. This theory can regularly be extended to any number of change-points.
In this section we give the results when the actual number of change-points, » > 0, is
unknown. As the number of change-points increases, there is an increase of complexity with

the computational aspects. Different approaches have been proposed.

Non-Bayesian approach by Lombard (1987) uses rank tests to test for multiple change-points.
Hartigan (1990) introduced product partition models, which assume that observations in
different components of a random partition of the data are independent. If the probability
distribution of random partitions is in a certain product form prior to making the observa-
tions, it is also in product form given the observations. The product model thus provides a
convenient machinery for allowing the data to weight the partitions likely to hold. Inference
about particular future observations may then be made by first conditioning on the partition
and then averaging over all partitions. Barry and Hartigan (1992) applied these models with
special computational simplicity to change-point problems, where the partitions divide the

sequence of observations into components within which different regimes hold. They show,
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with appropriate selection of prior product models, that the observations can eventually

determine approximately the true partition.

Barry and Hartigan (1993) model the process in which a sequence of observations undergoes
sudden changes (multiple changes) at unknown times, by supposing that there is an under-
lying sequence of parameters partitioned into contiguous blocks of equal parameter values.
The beginning of each block is said to be a change-point. Observations are then assumed to

be independent in different blocks given the sequence of parameters.

Gupta and Chen (1996) applied the Schwarz information criterion together with the binary
segmentation procedure to detect change-points in a set of geological data and the changes
in the frequencies'of pronouns in the plays of Shakespeare. The emphasis here was on the

exploratory data analysis rather than the theoretical statistical investigation.

Carlin, Gelfand and Smith (1992) presented a general approach to hierarchical Bayes change-
point models. In particular, desired marginal posterior densities are obtained utilizing the
Gibbs sampler, an iterative Monte Carlo method, avoiding sophisticated analytic and nu-

merical high dimensional integration procedures.

Markov chain Monte Carlo (MCMC) methods for Bayesian computation have however been
restricted to problems where the joint distribution of all variables has a density with respect
to some fixed standard underlying measure. They have therefore not been available for
application to Bayesian model determination where the dimensionality of the parameter
vector is typically not fixed. Green (1995) proposes a new framework for the construction
of reversible Markov chain samplers that jump between parameter subspaces of differing
dimensionality, which is flexible and entirely constructive. He illustrated the methodology

with applications to multiple change-point analysis in one and two dimensions.

The use of MCMC simulation techniques has made feasible the routine Bayesian analysis of
many complex high-dimensional problems. However, one area which has received relatively
little attention is that of comparing models of possibly different dimensions, where the es-
sential difficulty is that of computing the high-dimensional integrals needed for calculating

the normalization constants for the posterior distribution under each model specification
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(Raftery (1995)).

Phillips and Smith (1996) show how methodology developed recently by Grenander and
Miller (1991, 1994) can be exploited to enable routine simulation-based analysis for this
type of problem. Model uncertainty is accounted for by introducing a joint prior probabil-
ity distribution over both the set of possible models and the parameters of those models.
Inference can then be made by simulating realizations from the resulting posterior distri-
bution using an iterative jump-diffusion sampling algorithm. The essential features of this
simulation approach are that discrete transitions, or jumps, can be made between models of
different dimensionality, and within a model of fixed dimensionality the conditional posterior
appropriate for that model is sampled. Model comparison or choice can then be based on

the simulated approximation to the marginal posterior distribution over the set of models.

Lee (1998) considered the problem of estimating the number of change-points in a sequence
of independent random variables in a Bayesian framework. They found that, under mild
assumptions and with respect to a suitable prior distribution, the posterior mode of the
number of change-points converges to the true number of change-points in the frequentist
sense. Furthermore, the posterior mode of the locations of the change-points is shown to be

within O,(logn) of the true locations of the change-points (n is the sample size).

2.6.1 A CHANGE IN THE MEAN

Suppose that X,..., X, are independent normal random vectors such that
(. .
iIN(p,2); i=1,...,k
iN(pg,Z); =k +1,...,k

X, ~ ' (2.6.1)

’LN(IJ’T+17E)’ ’szr_*'].,,n

where

n>r+p+1, X,€R’ and 1<k <k < --<k <n-1.
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The mean vectors py,...,Q,,; are unknown, with p) # py # -+ # p.,;. The un-
known covariance matrix 3 remains unchanged through the r structural changes at un-
known k’s, where r is fixed and known for the moment. Let the marginal prior densities of
k = [ky,..., k] be uniform, i.e. TI(k|r) = (*"'C,)™", (where n is large enough to allow all
permutations, i.e. n > rp + p + 1) and the marginal prior density of £=! be W (v,I') and
By Mgy ~ IN(6, D).

The joint distribution of X,,..., X, conditional on u,,...,u,., and the changes having

taken place at k is given by

1 j

(@i = 1) T (@i = 1)
f(XIl“l'l""al'l’r-f-l:kaTa E) = ( j=11i=kj_1+1 ’
Vis

'n)]:kj—k]_l, ]=1,,'F+1
Notice that the partitioning of k must be so that n; > p+ 1 for at least one ;.
Furthermore

p(r+1)

H(u1,~-~,ur+1)=<%> e

+)e

so that

r+1

np
f(X|k,8,®,7,T,v) =/<%) Doy () o () I )nj2-1+<1>-1

1
2

J=1

r+1 k r+l
-1 [(r+1)0’q>-19+ > zj: T o+ ) Fjs (njE"l + (I)—l) Az
e

Jj=li=kj_;+1 Jj=1

T e St —
e strI=% ds 1




where for j=1,...,r+1,

fis = (57 +87) 7 (27, + 07'0)

and
1 &
T; = — Z x;

As in paragraph 2.2.1, let ®~! = §2~! so that

n

1 o 41 ,
F(X[k,8,6,r,T,0) = ey (5-) * 6%F [L(n; +6)F [0 + (7 + 1)660
T ‘
i=1
r+1 k; r+1 _(E'zu)
+ Z Z T,z — Z(”] + 5)/:"]'6/1;'6
J=li=kj_ 141 7=1
(2.6.2)
where fi,5 = (n; + 6)71(n,;T; +60), forj=1,...,r+1
and cp is as in (2.2.14).
The marginal mass function of k is then
X|k,0 L, v)II(k
TI(k|X,0,6,7,T,v) = f(X|k, 6,6, T, v)II(klr) (2.6.3)
> f(X|k,8,6,r,T,v)I(k|r)
k
where Z 1s the summation over all combinations of k.
k
The probability that the j-th change-point out of r lies at observation i follows from equation
(2.6.3) as

Plk; =ilr, X,0,6,T,0] = S TI(k|X,6,6,r,T,v),  j=1,..

kj=1

'7T)

77




where Z defines all those partitions of k for which the j-th change-point lies at 1.

While the number of change-points is fixed, vague improper priors can be used. By letting

6§ —0, I''! - 0and v — 0 in equation (2.6.3), the posterior of k simplifies to

r+1 T+1 —3
(n;)~2 ZtTSJ
(k| X,r) = —= = — (2.6.4)
r+1 r+1 2
S IIn)% [ tTSJ}
k =1 j=1
where
- kj
S; = (z; — Z;)(z; — ;)
i=kj_1+1
Furthermore
pilk, X ~tp(n+1-p,7;,T;) (2.6.5)
where

Tj=ni(n+1-p)S;".

A generalization of (2.2.15), when using a hierarchical model with vague second stage priors

I1(6) o 1 and II(6) = £, follows from (2.6.2) after integrating out 6, as

=1
F(X|k,7,Ty0) = /(ifzé‘—”?”‘%ﬁ( 6 Fmin (LI 2E) [p (1))
= [ \ar A 2 2
r+1 _% vbn—
rb1=S(n;+6)716|  |Toel (5 a5
j=1
where
r+1 kj r+1 N o
Tr=T'+Y > azi—> (n;+ 5)'%?@5} — Os[(r + 1)6 — (n; + 6)716%)6,
j=1li=k;_y+1 j=1
(2.6.6)
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and

05 =

r+1 —S(nj‘f‘é)_lé:l I:rilnj(nj'f‘é)—lfj:, .

This can be integrated numerically. Note that we can’t let § — 0, while we can still let

"' — 0 and v — 0 in the above equation, so that

N~

1 r+1 r+1 n_
(k| X,6,7) o 555 H nj+8) % |r+1-S (n;+6)71| T~ (2.6.7)

where T is given in (2.6.6) with I'"! omitted.

If we assume that the number of change-points (r) is fixed, Gibbs sampling can be used

instead. The full conditional distributions are as follows:

n,Z; + 66 1
n;+6 n;j+6

11X, k,0,6,5 ~ N( z), j=1,...,7r+1,

r+1
6|X,k,0,p;, L ~ Gamma (p, StrETHy (= 0)( j—9)’),
7=1
r+1 kj
-3 (@ — 7;)'E7 (2 — T;)
e j=li=k;_1+1
(k| X, uj,é,E,G) = TR ,
-2 (zi — 7;) S (@ — Ty)
Ze j=li=k;_1+1
k
r+1
S
5k, S~ N | Z— iy
r+1 r+1

and, after letting v — 0 and I'"! — 0, it follows that
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-1 | X, p;,0,6,k ~ W(n-f—r-i—l,

i (- )@ )

J=li=k;_1+1

) ) . (2.6.8)

Up to this stage m was assumed known, which is not always the case in practice. So let

R = max{r} where R is fixed.

Let the marginal prior density of 7 be uniform, i.e.

(r) =

o7 and (k" /r) = (“1C,) 7! where kD = (ky, .. k)

Considering the same model as in (2.6.1), withn > Rp+p + 1.

Because of dimensions differing between models, we can’t let § — 0. If we let I=! — 0 and -
v — 0, it follows from equation (2.6.7) that the marginal mass function of k in (2.6.3) will

now be

(r)
H(k(T)IX,(S) — - f(XIk,&,T)H(k l’l") , T‘=0,1,...,R (269)

S5 F( Xk, 8, r)TI(EDr)

r=0 k(r)

where Z is the summation over all partltlons of k(.
k(*)
The probability for exactly ¢ change-points, where i = 0,..., R, is then given by

Plr=1|X,6) = > (k7| X, 6). (2.6.10)
k()

If 6 must be eliminated, we must integrate over equation (2.6.7).

Notice that we can’t apply standard Gibbs, as the number of change-points is unknown and
the dimensions will differ. However, we can use the MCMC of Green (1995), a reversible-

Jjump Metropolis-Hastings algorithm, or the MCMC of Phillips and Smith (1996), an iterative
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jump-diffusion sampling algorithm.

2.6.2 A CHANGE IN THE MEAN AND VARIANCE

Suppose that X;,..., X, are again independent normal random vectors but such that

[N, T i=1,.k

N (g, £2); 1=k +1,... k

L iN(prg1, Zr1); 1=k 41,0 -1

where n > (r+1)(p+1), X,;€ RPand n; > p+1 for all 5.

The mean vectors py,. .., .y With p, # py # --+ # p,., and the covariance matrices
L1 # X9 # -+ # Ty are unknown. The marginal prior density of k is uniform for fixed r,

while the marginal prior densities are such that for j =1,...,r +1

pj ~iN(0;,®;) and 71 ~ W(v,T).

FXIK, 01, .. 0,00, 1, Bry)
1 n 3P 41 +u (nj+vi=p=1) 41 el 1 9/ _10
- (&) TS = s o R, (#)e b

k;
. =1, —ly~1 _ A/ 31 1) i
o —3| 2 @Ejlz 4T Zj = Hyzye, (ngf +&; )“jzjef
e 'i=k,j_1+l

-1

where
fiis0, = (an;l + <I>;1>'1 (njzj-lﬁj + q);lej) .

Assume that ®;' = 6, %7 for j=1,...,7 + | and where §; > 0. It then follows that
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Pann

=2 r+1
FX|Kk, By, 8,161, 6011) = <__> ng{ (n; +6;)7% |5,0,6,+

27
(vj+n;)
K, __.%L
Y max;+D7 “%26(”1‘*“5)#]25
i=kj_1+1
(2.6.11)
where
fis,s = (g +8;) 7 (n; &5 + 6,6;)
and
S pitn) pe-y P vi4n 41—
09p=H227T4H<J - )
j=1 i=1

The mass function of % is then proportional to (2.6.11).

Under the assumption of having a fixed number of change-points, vague improper priors can
be used. By letting 6; — 0, T'~!' — 0 and v; — 0 in equation (2.6.11), the posterior of k

simplifies to

r+1 P Ny
(k| X) x ciop [] {nj “trS; ? }

j=1
where
r+1
Ci10p = HF< )
Furthermore

Zj"l |k, X ~ Wishart (n 571> and |k, X ~ t, (nj +1-p,%;,n;(n; +1- p)STl).

RN J

1
With the hierarchical model I1(6;) o 1 and II(§;) 5 for j =1,...,7+ 1 it follows, after
J

integrating out 64, ...,6,,,, that




np r4+1

. p=-1 _ v+n_p v +n; -1
JXIk, 61, b)) = w7 (52) CHPE{W (ny +8,)7r (S22 [ ()

<

[1 — (n; +6;)7" 5]-]'% IT-1 + Sj|'(w_3£)}

(2.6.12)
where
r+1
p‘ Z v;+n '
Cllp=2 2 HPP<J2 J).
j=1

By letting ™! - 0andv; =0 (j=1,...,7+1), it follows that

r+1 =1 _1 _ -1 . — . -1 _1 — :‘__ﬂ

T(k|X,6;) o ciop [ 6,7 k; 2 (n; + 6;)"(Z)r (JTP> [I‘ (;)} n; *1S;] (%)
j=1

Note that when 7 is not fixed, the rest follows as in equation (2.6.9). Also notice that the
full conditional distributions, in order to apply Gibbs sampling, are similar to those given in

paragraph 2.2.2.

Extension of the case of a change in the variance alone to several change-points is also pos-
sible (see paragraph 2.3.3), but because of the multiple numerical integration we will omit

the details here.

2.7 THE UNIVARIATE CASE

The results for the univariate case can directly be derived from the previous sections. The
reason why it’s treated in a separate section is to look more critically at certain model
assumptions in a simpler setting. We will also examine the special cases of autocorrelation

and model comparisons.

The general area of non-sequential statistical inference about change-points has been ex-
plored mainly for location-change in a univariate distribution. From a Bayesian approach,

Broemeling (1974), Smith (1975) and Booth and Smith (1982) and from a non-Bayesian
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approach Chernoff and Zacks (1964), Gardner (1969), Hinkley (1970), Sen and Srivastava
(1975), Bhattacharya and Brockwell (1976) and Bhattacharya (1987) have studied the prob-
lem of the change in mean of a univariate normal distribution. Non-parametric methods for
location change in a univariate distribution have been proposed by Battacharya and Johnson
(1968), Sen and Srivastava (1975) and Darkhovskv (1976). Hinkley, et al. (1980) and Zacks

(1983) discussed these and other related contributions.

Smith (1975) and Bhattacharya (1987) also considered a change in the mean and variance

of a univariate normal distribution.

2.7.1 A CHANGE IN THE MEAN
In the univariate case, when p = 1, the marginal prior density of 7!, i.e.
(S o |5 gD iT™!
is replaced by
o? ~ IG(a, §).
Furthermore
po; p1, pa2 ~ 1N (0, @)

and

o
*=%
and (2.3.2) is replaced by
(n—-1) 1 r [%(T) + 20 — 1)] nt2a-—1
f(X|k=n,a,f)=n""7 n2 [26)%[s2 + 28]~ 2

I'(a)




It also follows from (2.2.20) that

FOX b0,0) = ea-tamir (BRI [p (2T o)

2a4n-—1 )

[2kyky + Sk, + 6ko] "2 [Tisp)~ (%

k n
Tsp =20+ zi+ > 2= (k1 +6)7 kT3 — (ko + 6)k2T2,

=1 i=k+1

—02(26 — (ky + 6)716% — (ky + 6)7162),

05 is the same as in (2.2.21) and ¢, is the same as c;, but with p = 1.

To summarize, for 8 — 0 and o — 0

f(Xlk=mn) =n"3(s2)"*F,

F(X|k,8) = 6= %[2kyky + 6ky + 6ko]~2[Ty)~*F,

where T5 is the same as in equation (2.7.1) but with 8 = 0.

The posterior distributions II(k = n|X,§) and II(k|X,8) follow from (2.3.4). Under the

assumption of exactly one change-point and § — 0, the posteriors follow as

— — 2 n S%k""s%k
/J,llk,X ~ t(n,:clk,Tl), Lo A”,,X Nt(n,l‘gk,Tg) and o |k‘,X ~IG 5, T
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where

ki ko
_ kn _ n(n—k) 2 __ Y 2 _ _=_\2
T, = Pl T, = Ea . and sj, = Z(zl Tik)", Spp = Z(zl Tok ).

Furthermore I1(k|X) reduces to

(2, + s3,)73

(k x
(kiks)2

(2.7.2)

X)

Under the assumption of no change-point, the posteriors are

polk =n,6,X ~t(n—1,7,,T)

and
2
9 n—1 s;
k=nXn~IG , =
| n, < 5 2)
where T = 71(77_2—1)
STL
stk + S5
Note from equation (2.7.2) that the distribution of ~5—=2% 5 chi-squared with n—2 degrees
o2

of freedom under model My, independent of k. Although the expectation of (s2, + s2,)~%
does not exist, it does not depénd on k and II(k|X) is proportional to (kyk,)~2, which is a
minimum when k£ = 3. So the posterior distribution of & would be u-shaped. This makes
sense since failing to find an obvious change-point in the data, the analysis concludes that
the change-point should be near the end points of the sequence where it is less detectable.
If that happens, the model is probably wrong and the model incorporating the possibility of

no change should be used.
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2.7.2 A CHANGE IN THE MEAN AND VARIANCE

2.7.2.1 CASE 1
In this case the prior assumptions are as in (2.2.25).
If p=1, (2.2.25) is replaced by

o2 ~ IG(a, B).
Furthermore
pi ~iN(8;,¢:), i=0,1,2and ¢ = %.

After integrating §; and 6, out, (2.2.28) reduces to

20—n

FXIkB) = colT(a)) 252" w-<"7‘2>(k1k2)-%r(

200+ kg — 1 r 20+ ky — 1
2 2

Z

: SN _(2a+k; -1 _(2atkg—1
[F (2&;—1',1) T (2&;-1»2)} [2ﬂ+sgk] ( =) [2ﬁ+5§k} (=552=)

where cg is the same as cgp but with p = 1 and v = 2. Note that in the univariate case, the

posterior probability is independent of 6; and 6.

Furthermore, if we place a vague prior on 8, II(8) « %, it follows that (see Gradshteyn and
Ryzhik (1980, p285-286)

f(Xlk = m) = = (FInobr (252 (s2)e (273
and
1 n— 2 \~(52=) /g \ - ()
ok = (s (0. 250) (3) T (%)

Pl 225 <2a +2kQ - 1) . <2a +§1 - 1) [F <2a ;r k1> - <2a -; 1@)]

JF, k1+2a—1; 5 77,+4a—2; 1_162—4—2201—1
2 2 Sk

(2.7.4)

87




where o F1(-, -; - ; -) is the standard hypergeometric function.

The posterior distributions II(k = n|X) and II(k| X, ) follow from (2.3.4). Furthermore,

under the assumption of exactly one change-point and «, 8 — 0, the posteriors follow as

/-Lllka X ~ t(klyflka T3)

H2 k7X ~ t(k‘QaTQk)T‘l)
k‘% k‘g ky 82 ko 82
where Ty = = and Ty = = and o2k, X ~ 1G (%; %) and o3k, X ~IG (%% ).
1k Sok

Furthermore (from 2.2.24) II(k| X) reduces to

(k) o I (52 T (52 [T (4) 0 ()] (kb (5075 (3075,

k=2,...,n—2 (2.7.5)

ky— ko—
As in the case of change-points in the mean alone, the expectation of (s2,)~(75)(s2, )~ (%)

does not exist under model Mp, but substituting in the individual expectations, we have ap-
proximately that II(k|X) o (k; — 1)512;1 (ko — 1)522—_1 under My. In contrast with the previous

case, this posterior is unimodal with maximum at k = 5.

2.7.2.2 CASE 2

In case 2, with p = 1, the prior assumptions (2.2.42) and (2.2.43) reduces to

o ~ IG(a, B)

and
o3 = yo?.
Furthermore
pi ~ N (6, ¢)
and
5t



and

=9
(2.2.32) is replaced by
L , _ 1 o —(252) %2 2a+n—1>,)a
f(A|k>71a):6) - F(Q’)/B ™ : 721-\( 2 <~

2a+4n—1 )

/ 872 [2vk1ky + 6Ky + k)2 [teys] (7
0 |
where

k) ko
ting = 204> i+ — (ki + 8) T kT2, — [vky + 6] k2y?TE, -

[26 = (ko + 6)7'6% — (ky + 6)~16%)62,

and 85, is given below (2.2.49).

If we once again place a vague prior on 8,I1(8) %3, it follows that (see Gradshteyn and

Ryzhik (1980, p286) f(X|k = n) is given by (2.7.3) and that

f(XIkv,0,6) = ggr ()31 (222=1) B (0, 251)
8% (2ykiks + ki + §vks] 73 (t5,)° (2.7.6)

where ¢, is the same as t5,5 but with 23 omitted.
The posterior distributions II(k = n|X) and II(k|X,v, o, §) follows from (2.3.4).
Under the assumption of exactly one change-point and § — 0 the posteriors become
#1|k> X77 ~1 (7’),, T1k, T5)
palk, X,y ~t(n, To, Ts)

where
kin vkon
D) 3
S1x T VS5




ok, X,y ~ IG (

no st + s
2’ 2

and

k. 1 -z
I(yk, X) o< v7 7 ko] ™2 [s3 + s3]

Furthermore II(k| X, v) reduces to

kp=1 -2
X7)o<7 7 (53, + 753 2'

II(k
( (kiko)?

This is again compatible ‘with the case of a change in the mean alone, giving a u-shaped
posterior when there is no evidence of a change-point. The shape is asymmetrical, depending

on the value of .

2.7.3 A CHANGE IN THE VARIANCE

Ifp=1, (2.2.53) is replaced by

o} ~1G(e,B), i=0,1; 03° =v07% and u ~ N(6, ).

If a vague prior I1((3) % is placed on 8, it follows that f(X|k = n) is given by (2.7.3) and

that

f(X|k, o, 8,7) = (QW)"("T_I)(kl +7k2)‘§1‘7522 ﬂa)F (n+ 20 — 1) .

e 2
ﬁ-l—l ST + vS5, + Yhiks (T — 72)?] | TF)
2 1k TSk k] +’Yk:2

so that it follows, after integrating out § (see Gradshteyn and Ryzhik (1980, p285), that

n-2

_(n=1 n=2 & ne
FXIE) = 7w Ok +yk) Ty T (252) (ks + vha) (2, + v53)+

Yk (T1g ~ ?E—Qk)Q]_(nT_l) : (2.7.7)




The posterior distributions II(k = n|X) and II(k|X,, @) follows from (2.3.4). Under the

assumption of exactly one change-point it follows that
- —(nz1
H(/{LX, ’y) X ’7522(:161 + ’YkQ)TQ [(kl + 7162)(3%,6 + 'ysgk) + ’)’k,lk‘z(flk - fgk)] ( 2 ) . (278)

When no evidence of a change is present, i.e. kos2, ~ ks, and Zi; ~ Ty, then approxi-
n—1
mately II(k) o 7%2 (k14 vky)"2k,* . This is a unimodal function while v > 1 with mode at

k = f(v) as long as f(y) < n where

—n(1 = vlny = ) = \/n2(1 = yny — 7)% — dnylny(y — 1) — 1)
2eny(y - 1) '

fv) =

Otherwise the maximum will be at k =n — 1.

Under the assumption of exactly one change-point with «, 8 — 0, the posteriors become

/‘le‘aXa’VNt(n_E}) ﬁ"ya T7)

and

Xy~ 16(N52, %)

where

T7 = (n — 3)(1\71 + ")’k‘g)T,Y_l.

2.7.4 BAYES FACTORS AND MODEL COMPARISONS

In this section we’ll compare the different models that have been discussed so far for a given
k (or unknown k) to see which model best fits the data. In paragraph 2.5, Bayes factors
are discussed given a certain model. The corresponding Bayes factors in the univariate case

follows directly from there.

We will consider the following four models with a maximum of one change-point, 2 < k <

n — 2, where M3 is the so-called encompassing model:
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My Xy~ N(u,of); i=1,... .k
Xi~N(m,02); i=k+1,...,n

My: X;~N{w,o%); i=1,..k
X;~ N(ug,03); i=k+1,...,n

Ms: Xi~N(p,o?); i=1,... .k
1=k+4+1,...,n

Xi ~ N(pa,03);

Notice that in paragraph 2.5, B;; defines the Bayes factor for a change at i compared to
a change at j for a certain model. In this paragraph, B, will denote the Bayes factor of
model ¢ versus model j for a fixed k, where 7,5 = 0,1,2,3. When k is omitted, B;; would

refer to the Bayes factor when summed over k.

2.7.4.1 USUAL BAYES FACTORS

If comparing between models, it is important to make the prior distributions as exchangeable
as possible. So the prior assumptions on the parameters of some of the four models will be
slightly different from the previous sections. We assume that, for all four models where

applicable,

p1,p2 ~ N(0,¢) and o? 07 ~ IG(c, )

where ¢ = 5} and I1(0) « 1.

Then, with ky =n - k,

4a-—1
nT22%%

f5(X |k, 8,0, 8) 64 (ky + 20} [
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(2.7.9)

which is an integral of a multiple ¢ distribution. Furthermore, if we place a vague prior on
B, II(B) « 3, as with ; both being parameters with common meaning for all models, then

(for the mtegral, see Gradshteyn and Ryzhik (1980, p286)

n+4

fs(X|k,6,0) = 77 82F 62 (k, + 20)

B(a, a) 2 72

1 B<k1+2a k2+2a)

oo B _(52'*_%) klé
/0 (53 + a2 — )] s+ T

(2 — Z1)?

2 ki 6 ERY:
_ Skt 2k1+6(:“'2 332)

ko + 2c n + 4«
2F1( : 20; ) 2 =2
Sy + ko(p2 — 71)

)a’ )
\2 2

d,LLQ.

This however, is a very complex integral as well as a function of the two hyperparameters §

and c.

For the other models it follows that

fo(X|k,6,0,8) = 2%-("7‘1)[ 6 n_lsr B F(n—1+a)
2

and

(S

- )
Xk, 0) = nm =z
P8 = 77 | ]

r(25)

s o kel (k) @ —@)T(T)

S1k + Sop +
1k 2k (k1+‘g')(k1k2+%6)
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n =1 0 _ _k +2a
filXle.a,0) = B2l POtsr(te) [ 6+ stk (u - 27

26 + 83, + ka(u — 22)7 (%2 Dy (2.7.11)
and
n= 1 n—1 /% & . % —1
fiXlea) = a8 g D) [T R ) ok k)
2 42 +7k1k2(51—f2)2 _(nT_l)d
Y81k T Sog Sk + kg .
o(X |k, o, B) = 207~ (37 =% £ (ma2ac1) 193 4 g21- (245 9.7.12
I'(e) 2 n
and

1 1 n—1

fo(X[k) = m=FIn =81 (———=)[s2) "7,

Note that these results are slightly different from those in paragraph 2.7.2 and 2.7.3 for
model My and M;. Also, with a vague prior on 3, the parameter o disappears if the model
assumes no change in the variance. Similarly, the parameter § disappears in models with
no change in the mean. This result is equal to the one obtained by simply putting a vague

improper prior on any first-stage parameter (4 or o) which doesn’t change in the model.

The Bayes factors for a given k are then

fi(X|k,6,a)

Bij = Fi(X[k,6,0)

The unconditional Bayes factors would be, with uniform prior on k

> fi( Xk, 6, 0)

Bij= k .
> fi(Xk,6,)
k
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2.7.4.2 THE INTRINSIC BAYES FACTOR (IBF)

Berger and Pericchi (1995, 1996, 1997) proposed using all possible minimal training samples

and averaging the resulting Bayes factors.

For the Intrinsic Bayes factor we use the vague priors as in paragraph 2.5 where I1(0}, 05)
—= and II(uy, p2) o« 1. Let mM(z) denote the marginal density of the whole data set for
172

model 7 when using the above non-informative priors. Then

k=1 n—k—1
my'(z) = 1:(—3—2)1“(4 ) e (2.7.13)
(kiko)2m ™2 (s3) 77 (s3) 2

where s}, and s3, are defined in paragraph 2.7.1.

Also
my'(z) = 1 FQ(RT_Q) = (2.7.14)
(kiko)2m 2 (s34 s3,)° 2
m¥(z) = T (”T‘l) (%) /Ooo'y%‘l(n — k4 ky) 27 k282, + [kos?, + kys+
kka(Z1 — Zo)2y + kost )~ (T dy, (2.7.15)

which can be numerically integrated, and

F n-—1
mg' (z) = _( 2 )n_l (2.7.16)
1l n-1 (_) .
nin (s2)(
It then follows that
N
BYi(z) = 22 (@) 2.7.




o
-1
—
(9]
~—

By (z) e T (2.7.
(s36) 7% (s3%) 2

and

r nini(s2) s
Bjo(z) = L) <; ); Y (2.7.19)

F(n (kik2)2 S%k) 2 (Szk) 2

The minimal sample size is £ = 4 with £(z) = (z4,, T1,, Ty, , T,) Where t) <ty < k < t3 < t4

and ;, # Ty, Ty # 21,. Then if m;(€(z)) is the marginal density of the minimal sample,

ma(€(2)) = smsm (2.7.20)
where si(k) = 3(zy, — z1,)? and s3(k) = L(zy, — z,,)?,
1
my(€(z)) = 5 > (2.7.21)

s (6(z) = si(k) + s3(k
) = T B m (2 06) + 307 + 2 ~ o)) (2:7:22)
where T) = §(zy, + x,), To = 3(z4; + z4,) and
1
mo(€(z)) = W (2.7.23)
where s%(n) = Z(xt —7T)
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is the Arithmetic Intrinsic Bayes factor where

1 &y
Bij (z(€)) = I ;Bij (z(£)).

Similarly the geometric and median intrinsic Bayes factors can be obtained.

2.7.4.3 THE FRACTIONAL BAYES FACTOR (FBF)

For the fractional Bayes factor, with the same priors as the intrinsic, it follows that

(s2)" "7, (2.7.27)
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e
swen e D (%) na=b

mg =T 7 b2 (ka + Sgk)_ 2 (2729)

and
I_‘ (&l__l) F (_L:z—_l) H_n!lQ—b)bnTb (52 _ﬂ@ 32 _k2(1-b)
mb=_32 2 * 2 (2.7.30)
T (bk,2—1) T (bk22—1)
mE
The FBF's, Bf, are then given by Bf = —, 4,j=0,1,2,3
m

2.7.5 AUTOCORRELATION

In all previous models the sequence of random variables were assumed to be conditionally
independent. Here we will assume that the observations are correlated with common corre-
lation Cor(X;, Xi41) = p', —1 < p <1 and variance ¢? under both model M (no change)
and model M, (one change-point). The theory can easily be extended to multiple change-
points. MacNeill, Tang and Jandhyala (1991) examined the annual discharges of the Nile
river at Aswan for possible change-points under the assumption of serial correlation. For a

more general analysis in multiple regression, see Garisch and Groenewald (1999).

Under My(k = n) we have the model
X(nx 1)~ N(1,u,0°R), (2.7.31)
where 1, is a (n x 1) vector of ones and
{R;}y=p"7 i,5=1,... n (2.7.32)
The prior specifications are
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ko ~ N(9:602)7 02 ~ [G(Q,,B)

p~U(-1,1) and I1(4) 1. (2.7.33)

b

Under M; with change-point at & we have

X ~ N(Mp,0?R),

where
1, O
Me=| " and = | (2.7.34)
0 ln-k M2
with
1—
p~ N(126,60215) and II(klk #n) = ————(i, k=1,--,n—1(n>5). (2.7.35)
n -

Under M, the joint marginal of X and p reduces to

1 o X ﬁaF n+42a . _nt2a
FUX, ol = n, @, 8) = 2“-5w-<f>n-a%lm‘ﬁ 28+ 'R HoR 0]
o
(2.7.36)
1 /
where Hy = R — —1,1,,.
n
Then, if o, 8 — 0, the marginal posterior distribution of p under Mj is
(p| X,k =n) o |R|"2[¢' R HyR ') "5. (2.7.37)

Under M, it follows that




n+2a—1 )

n—1 QF 1
1, plk,6,0,8) = 2-o-tn-s-3PTCTT) -4
I(c)
26 + @' R~ HsR~'z)~ (=5 (2.7.38)
where Hs = R — MyN;'M}, Ns= M,R™"M,+1J and
J =1, — 1,1}, (2.7.39)

In this case the posterior of p (for o, f — 0 as well as § — 00) is given by
(p| X, k. 6) o |R[7Z| MR~ My|% [&'R™ (R — M(M{R™'M;)"'ML)R~'2)" "2 . (2.7.40)

Under both models we must integrate numerically over p in equations (2.7.36) and (2.7.38)

to find the marginal of X.

The posterior distribution of k follows as

(k = n|X,6) « q¢f (X|k = n)

and

TI(k|X, §) Tll—:%f(XVc,&). (2.7.41)

Also notice that
2 n-—1 | -1
o2k, X, 8 p~ IG <—2— +a; B+ T RHR :z:)
and

) 1
llk=n,X,p~IG <g +a;, B+ ém'R*lHoR‘la:>
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and that

[.le,é, p,X ~ tg(n + 20 — l,Né—lM};R_lﬂ:, T])

where
Ty =(n+2a—-1)260+ 2R HsR x| "' N;
and
polk =n,p, X ~t(n+2a—1,21 Rz, Tp),
where

Ty =n(n+2a—-1)(20+ 'R 'HyR'z)" L. (2.7.42)

The unconditional (of k) posterior of p is then

(o] X,6) o Z T(k =4|.X, 8)[I(p| X, k = 4, 6). (2.7.43)

=1

2.8 SUMMARY OF APPROACHES IN THE LITERATURE

As mentioned, Broemeling (1974) considered the univariate normal sequence with a change
in the mean (only one change-point at k) and with common variance 2. He supposed
that the first k(k = 1,...,n — 1) have mean g, and the remaining n — & have mean Ha,
where (different, from our study) —oo < u; < pg < co. A uniform prior was put on k, i.e.

II(k) = —=. He considered four cases: Case 1 with known u; and us and 02 = 1 and derived

k n
S — )+ 3 (X )’
(k| X) xe L=t =kl , k=1,...,n-1.

Case 2 with y; known, uy; unknown and ¢? = 1 and with im roper vague prior II(us) o
p gue p M

const, 2 € (p1,00), resulted in the posterior density for k as (with ky = k, ky = n — k)

1— q)[(ﬂl - iQ)\/A'TQ]}e—%(#l—i'])?e—lé(klif-f-kgig])

(kI X, ) o < -
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where ®(X) is the standard normal distribution function of X. Case 3 has both x; and u,

unknown and ¢? = 1 and with the prior IT(u;, 4z) & const (—00 < py < pg < o0). For this

case the posterior density for & is
TI(kLX) o (kikn)7% - B ®[k(X — zy)]ezlei?i+hezd

where E, denotes expectation with respect to a normal distribution with mean %, and

variance k5.

3

Case 4 with both 4 and p» known and ¢ unknown and with the prior II(c?) « (02 > 0)

the posterior density for & is

-z
2

k n

I(R|X, 1, p2) o | (X = )2+ Y (X — wo)®

=1 i=k+1

Smith (1975) also considered the univariate normal sequence with only one change-point at
k and considered the cases with (1) all parameters known, (2) u; known, u, unknown and

2 -2

o7 = 0;° = 072 known, (3) p; known, p, unknown and 072 = 052

= o2 unknown, (4)
p1, o, 07 % = 05% = 02 unknown and (5) 1, s, 072,052 unknown. The results for the first
three cases corresponds with those of Broemeling, while the results for case 4 is the same as
ours in (2.7.2) and the results of case 5 with

1 1 1 1 L L )
(EX) e T (G + ) T (b + 3) Bkl sf) 2 s homs

corresponds closely with those in (2.7.5). There is a difference in the constants and the

exponent of s% as Smith starts with improper priors and we start with proper priors, in

which case the integration over the hyperparameters causes the loss of one degree of freedom.

Menzefricke (1981) studied the three cases with a change in the precision where (1) x4, and
p2 unknown, (2) p, and pp known and (3) u = g = po unknown. In case 1 the priors
are o2 ~ IG (%,%), wi ~ N(0;,¢;) where ¢; = %,2_ (¢ = 1,2) and p(k) is any discrete

distribution (k = 1,...,7n). The posterior distribution of k, conditional on 6;, is as follows:

ayr +ky as+ ko
2 ' 2

_(a]+k]

) (614 k1)"2(62+ ko) 2B, 2 B,

(225%2)

p(kIX) o p(k)B (
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where

C(a)T(b
= b
Beb) = Forg @b>0
k16, a2, Sk
By = 6, — Sk 4 g,
1k 61+k1(1 Tw)” + ) B
k26, _ o S
= 0, —
Bsy 5 +k2( 5 fEQk) + + B
and
k

. . . g .-
The posterior distribution of v = —3 conditional on k,6; and 6,
g3

is given by

a1+k] o
Y Bi® (Buy™)™%
cx]+cx2 n )
B [gl;_kla 22'45‘]02] (Bix + Bogy~t) ™7

p(v Nk, X) =

which is a Beta-distribution of the second kind, a well-known result (e.g. Box and Tiao

(1973)).

For vague priors Menzefricke (1981) let T1(0?,02) = 8’21?;‘” ay=ay=-1land B, =B, =0.
1

His degrees of freedom differs from ours in equation (2.7.3) as we let G, 35, ap,as — 0.

In case 3 (change in variance only), the priors on o? and o2 are the same as previously.

Further u ~ N (0, 33) The posterior distribution of v is

o3

ko —2 2 2 -
9k, X) = 77 (k) + vhy) 7 {kzsgk’YQ + kikoy l—sfk + —Sklk + (Z1ke — f?k)Ql + kls?k}
2 1

and the posterior distribution of k is

p(E1X) o p(k) [~ g(rlk, X)dy
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Booth and Smith (1982) also considered changes of the mean in normal sequences for the uni-

variate and multivariate case. For the latter case he supposed that under My y; ~ Ny(u,,Z)
for i = 1,...,n and under M; that y; ~ Np(p,Z) for i = 1,...,k and y; ~ Np(py, )
fori =k+1,...,n. For the unknown parameters u,, p,, £ the improper priors p(p;|8) =

¢;(27)"8|T|77 and p(T) = ¢|T|~*%) were used. With the change-point as close to the end-

B n
points as possible he developed the Bayes factors By, = ¢; (ﬁ) ’ (|511\i?;2k|) ?, which is the
same as our (2.4.10). He defined the minimal calibrating sample as n = 2p + 1 when k = p.
If this gives §x, = Jk, 50 that Sy + Sox = S,, one should want approximately By, = 1 with
ki

14
Sik = >_(¥: = ;) (y¥; — Fs,)- This leads to the choice ¢, = (p_ﬁ_);i} )2.
=1

2.9 APPLICATIONS

In the applications that follow in this and later chapters, the prior probability for no change -

is taken as ¢ = % when compared with a single possible change-point. The rest of the
probability is uniformly distributed over the number of possible values of the change-point.
When multiple change-points are considered, up to a maximum of R, the prior mass is again

uniformly distributed among the possible number of change-points i.e. II(r) = ==, r =

R+1?
0,1,....R.

The data for all the examples are given in Appendix A.

EXAMPLE 2.9.1

The measurements on miale Egyptian skulls of Thompson, A. and Randall-Maciver, R.
(1905), as given in Hand, et al, (1994) from 5 epochs are to be analysed with a view
to deciding whether there are any differences between the measurements from the epochs
and if they show any changes with time. A steady change of head shape with time would
indicate interbreeding with immigrant populations. Measurements are: z; = maximum
breadth, zo = basibregmatic height, z3 = basialveolar length and z, = nasal height. The

time periods are 4000 BC(1), 3300 BC(2), 1850 BC(3), 200 BC(4) and AD150(5), so that
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there is four possible change-points. There are 30 observations for each epoch.

If the presence of exactly one change in the mean is assumed, then the posterior probability

of k (by using (2.2.18)) is given in Table 2.1,

Table 2.1

k|1 2 3 4
prob [ 0 | 0.8399 | 0.1601 | O

showing that a change is most likely to have occurred at k = 2.

For the possibility of no change against one change, the posterior probability of k (by using
(2.3.3), (2.3.4) and (2.2.20) with § = 10 (the approximate mean of the unconditional posterior

of 6 - see Figure 2.3) is given by Table 2.2,

Table 2.2

k No change |1 2 3 4
prob | 6.5206 x 1077 | 0 | 0.7961 | 0.2038 | 0.0001

giving a very low probability for no change and once again indicating a change at k = 2,

which means a change between 3300 BC and 1850 BC.

The unconditional marginal posteriors of the components of the means y, and Mo, Which

follow from (2.2.19), are given by Figure 2.1.
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Figure 2.1: The unconditional marginal posteriors of the four components
of the mean before (-) and after (- - -) the change-point for

example 2.9.1

The distributions of the differences A; between the components of p; and u,, which follows

from (2.4.5), are given in Figure 2.2.
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Figure 2.2: The distributions of the differences A; between the components

of u, and pu, for example 2.9.1.

The unconditional and conditional (given k = 2) posteriors of § which follows from (2.4.5),
are given by Figure 2.3, while II(k]|X) as a function of § is given in Figure 2.4 for k£ = 2 and

k = 3, which shows that the posterior probabilities are not very sensitive to .
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The unconditional (-) and conditional (given k = 2) (- -) poste-

riors of § for example 2.9.1
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f(k/X),as function of Dt
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Figure 2.4: [I(k|X) as a function of ¢ for example 2.9.1 for k£ = 2 (top) and
k =3 (bottom).

Still under the assumption of one change-point, it is of importance to see which component
has the most influence in causing the change to occur at a fixed k. By using (2.4.3) and

(2.4.4) in (2.4.9) and (2.4.10) we obtained the results given in Table 2.3., row I;.

Table 2.3

Variables X, X X3 X4

L 35.5080 | 9.4688 | 41.6669 | 13.3563
I 35.4933 | 9.5407 | 41.5164 | 13.4495
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For 6 = 10 and by using (2.4.7) and (2.4.8) in (2.4.9) and (2.4.10) we obtained the results
given by Table 2.3, row I;,. The results indicate that X;, maximum breadth, and Xj,

basialveolar length, are the variables mostly responsible for causing a change-point at £ = 2.

The posterior probabilities that follow from the FBF (equations (2.5.6) and (2.5.7)) are given

in Table 2.4, where £ = 0 denotes “no change”.

Table 2.4

k 0 1 2 3 4
Prob. | 5.3068 x 107% | 0 | 0.8293 | 0.1707 | O

which corresponds reasonably well with the results in Table 2.2.

The Intrinsic BF’s, following from (2.5.3) and (2.5.4), are given by Table 2.5.

Table 2.5
Br, 1 2 3 4
Arithmetic IBF | 7.0990 x 10° | 6.7493 x 108 | 7.4676 x 10* | 4.8849 x 10°
Median IBF 0.0390 6.4252 x 103 | 1.4257 x 103 0.2221
Geometric IBF | 2.1235 x 1075 85.1779 18.4967 1.6977 x 1074

From Table 2.6, giving the posterior probabilities (from 1.3), we can see that the median
and geometric IBE’s correspond with the previous result, but the arithmetic IBF gives a
somewhat different result. Berger and Pericchi (1998) point out that the arithmetic IBF can

be unstable and that the median IBF is much more stable.

Table 2.6

Py 0 0.0001 | 0.8785 | 0.1214
Py | 0.0005 0 0.8180 | 0.1815
Fe | 0.0371 0 0.7911 | 0.1718

O O O |
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Under the assumption of two change-points, some probabilities for the pair (ki k) in (2.6.4)

are given by Table 2.7.

Table 2.7

k1, ks | probability

1,3 0.0073
24 0.1549
2,3 0.8277

~ The posterior probabilities that follow from the FBF for no and 2 change-points is given by

Table 2.8.

Table 2.8

0 1G4 | (12 | 1,3 | (24) | (2.3)
0.0002 | 0.0024 | 0.0046 | 0.0088 | 0.1641 | 0.8199

By using (2.5.16) and (2.5.17) with R = 2 in (2.6.9) and (2.6.10), the posterior probabilities
follow as P(r = 0lz) = 1.629 x 107, P(r = l|z) = 0.9685 and P(r = 2|z) = 0.0315. This
indicates only one change-point after the second time period (between 3300 BC and 1850
BC).

It is interesting to note that the classical F-test for the equality of multivariate means indi-
cates significant differences (p < 0.01) between all successive time periods, with the difference

between the second and the third period the most significant (p < 0.001).

EXAMPLE 2.9.2

For the case of a multiple change in the mean, we considered the Colorado data used by
Chernoff (1973) to illustrate his well-known ”Chernoff faces”. This data is n = 55 obser-

vations on 12 variables representing mineral contents from a 4500-foot core drilled from a
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Colorado mountainside. We considered only 5 variables, which are the same 5 variables that

Srivastava and Worsley (1986) and Gupta and Chen (1996) have used.

For R = 7 and by using (2.5.24) in (2.5.16) and (2.5.17) where By is the FBF and where

Plr = j|X] = > _TI(k,r = j|y], the posterior probabilities for a change (given by (2.5.24))

k
are given in Table 2.9, showing a high probability for 5 or 6 change-points.

Table 2.9
No | Post. prob. Maximum prob. points
0 |- 0
1 0 24
2 0 20 34
3 0.0105 20 26 34
4 0.1202 20 26 34 48
5 0.4166 20 24 26 32 48
6 0.4346 18 23 27 34 43 48
7 0.0315 20 23 27 34 41 43 48

The sets of 5 change-points with highest posterior probability are given in Table 2.10 and
Figure 2.5 shows the marginal distributions of the 5 change-points, given there are 5 change-

points.

Table 2.10

Probability
20 24 26 32 34 0.0772
20 23 27 34 48 0.0821
20 24 27 34 48 0.0840
20 24 26 34 48 0.0894
20 24 26 32 48 0.0956
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Gupta and Chen (1996) gave the following summary given in table 2.11 of their own results

and that of Chernoff (1973) and Srivastava and Worsley (1986).

Chernoff found 4 change-points, Srivastava and Worsley found five, while Gupta and Chen

found twelve. The only change-points common to all analyses are 20 and 32.

Table 2.11: Change-points for the mineral contents of a core sample

Chernoff | Srivastava and Worsley | Gupta and Chen | Schoeman
6
12 12
18 18
20 20
24 24 24 24
26
28
32 32 32 32
34 34
35
39
41
43
46
48 48

EXAMPLE 2.9.3

To illustrate our results of a change in the mean and variance, we will use the Friday closing
prices collected by Chen and Gupta (1991) from January, 1990 through December, 1991 for
two stocks (Exxon and General Dynamics). Chen and Gupta (1991) tested the hypothesis of
a change in the variance. The weekly rates of return for these two stocks will be analyzed for

a single change-point, where the weekly rates of returns X; = [X;, Xi,] and X, = Current
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Friday closing price — Previous Friday closing price. There are 103 observations and the

original data is given in Appendix A.

For case 2 in paragraph 2.2.2.2 where we got the prior assumptions %5 '= 427! and ¢7! =
§T7}, we took v = 0.4 and § = 10 in equations (2.3.3), (2.3.4) and (2.2.49). The probability
for no change was 3.5807 x 107° and we got a maximum probability of 0.4144 at the 28th
observation. For case 1, by using (2.3.5), we also get a maximum at the 28th observation if

we assume § = §; = 6. Notice that the value of the maximum depends on é.

In Figure 2.6, where II1(k|X) is a function of § for v = 0.4, we can see that the posterior
probability is quite robust with respect to é and the change-point seems to be in the region

of k =26 to 28.
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Figure 2.6: II(k|X) as a function of ¢ for example 2.9.3




In Figure 2.7, where 7(k|X) is a function of v for § = 10, it is clear that for a small v
the 28th observation gives a maximum probability and if we choose v to be larger than
one. that the 66th observation gives the maximum probability. Note that Chen and Gupta
(1991) mainly got the 66th observation as a change-point for the return series, but also got
more change-points, under which the 27th and 28th observations. Also note that Chen and
Gupta (1991) used the difference divided by the previous closing price, while we just. used
the difference. It is obvious from Figure 2.7 that the posterior probability is sensitive to the
value of . It is important to remember that these probabilities are determined under the

rather strict assumption of £;! = 4&71
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Figure 2.7: II(k) as a function of v for example 2.9.3
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Next, if we assume exactly one change-point then, according to (2.2.36), the posterior prob-
ability distribution of k is given as in Figure 2.8 with a maximum at & = 52. This is
completely different from the previous results. The marginal posterior of the elements of %,
and T, is shown in Figure 2.9 and Figure 2.10, where o7,y and o}, ;) denote the variance
of the first element of X before and after the change-point. Similarly for the variance of the
second element of X. The posterior means are given as E(07) ;)| X) = 1.6310, E(0},)|X) =
14489, E(03,1)|X) = 1.9532 and E(035;)|X) = 8.9495. These results indicate that the
assumption of proportional co-variance matrices used in the previous paragraph may not be
valid. That could be the reason for the discrepancy between the results. In this paragraph

no assumptions about the structures of the co-variance matrices were made.
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Figure 2.8: The posterior probability distribution of k¥ for example 2.9.3
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Figure 2.9: The marginal posterior of o7 before (—) and after (——) the

change-point for example 2.9.3




Figure 2.10: The marginal posterior of 03, before (—) and after (——) the

change-point for example 2.9.3

For the FBF in (2.5.10) with b6 = 0.11 (see discussion below (2.5.10)) it follows that the
probability for no change is 0.0033 and that the maximum probability is 0.2568 for the 52nd
observation, as can be seen in Figure 2.11. This corresponds with the previous results as in

Figure 2.8. Note from (2.5.10) that k and n — k must be larger than ;.
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Figure 2.11: Posterior probability distribution of change-point — FBF for
example 2.9.3

The posterior probability of [I(k = n|X) as a function of b is given in Figure 2.12. Note that
the probability of no change is smaller than 0.015 for any b < 0.5.
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Figure 2.12: The posterior probability of [I(k = n|X) as a function of b for example
2.9.3

Owr conclusion is that a change-point occurs in the mean and variance of the weekly returns

in the region of k£ = 52, which is January 1991.

EXAMPLE 2.9.4

For a change in the variance we will use the weekly closing values of the Dow-Jones Industrial
Average from July 1, 1971 through August 2, 1974, studied by Hsu (1979). The data were
extracted from Daily Stock Price Record: New York Stock Exchange, published quarterly




by Standard and Poor’s Co., New York, N.Y. The weekly closing values will be analyzed for
a single change-point, where the weekly closing values X; = [X,, X,,] and X,, = (Current
weekly closing value — Previous weekly closing value)/Previous weekly closing value. There
are 161 observations and the original data is given in Appendix A. A plot of the data is

given in Figure 2.13.
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Figure 2.13: A plot of the weekly closing values of the Dow-Jones Industrial Av-
erage from July 1, 1971 through August 2, 1974

Chen and Gupta (1997) also used this data, performing a change-point analysis using the
SIC procedure. According to them the stock price started to change at the 91st time point,
which corresponds to the calender week of March 19-23, 1973. Their conclusion matched

Hsu’s (1977, 1979).
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Worsley (1986) also considered this data and found a single change-point in late February.

For the FBF which follows from (2.5.14) with b = 0.11, it follows that II(k = n|X) = 0.0007
and that the maximum probability is 0.2088 for the 89th observation, as can be seen in

Figure 2.14.

025 T T T T 3 | 1 t I
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Figure 2.14: Posterior probability distribution of change-point — FBF for exam-
ple 2.9.4

In Figure 2.15, where II(k|X) is plotted as a function of v, it is clear that for v >~ 0.36 the
result is similar to the above obtained result. Notice that the probability is very sensitive

when v i1s very small or close to 1, and n(k =n|X) — lasy — 0Qor 1.
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For Gibbs sampling, where the full conditional distributions are given by (2.2.56), the max-

imum probability is 0.2324 at the 89th observation, as can be seen in Figure 2.16. This is

0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9
Gamma

Fig 2.15: [I(k|X) as a function of v for example 2.9.4

very similar to our results for the FBF (Figure 2.14).
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Figure 2.16: Posterior probability distribution of change-point — Gibbs for

example 2.9.4

The unconditional marginals of the variances before and after the change-point are given
by Figure 2.17. The expected values of the variances are 2.574 x 107* and 7.767 x 10™*
respectively, with 95% credibility intervals of (1.86 — 3.52) x 10™* and (5.55 — 11.00) x 10~*

respectively. According to these posteriors an estimated value for v is 0.33.
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Figure 2.17: The unconditional marginals of the variances before (—) and

after (——) the change-point for example 2.9.4
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CHAPTER 3

CHANGES IN THE LINEAR MODEL

3.1 INTRODUCTION

Change-point problems has been addressed extensively in the literature and as some
authors referred to change-point while others refer to shift point or switchpoint, it’s
necessary to distinguish between the concepts. When it is assumed that the change
occurs at a discrete point between two consecutive observations, with no functional
relationship between the parameters before and after the change, we’ll refer to it as a
change-point. In the case of a switchpoint (which can be continuous), say t, we have
the condition that fi(y|t) = fo(y|t), where f; and f, are the models before and after

the switchpoint.

It is also important to distinguish between a change in the univariate regression versus
a multivariate regression. The univariate change-point can be a function of time or an
independent variable, while in multiple regression the change-point only makes sense
if the observations are just taken over time. It doesn’t make sense in multivariate

regression to look for change-points as a function of independent variables.

Considering the linear model y; = o + ;0 + ¢; with respect to possible change-points,
it is obvious that there are a number of different ways in which changes can occur. The
first. question is if any changes have occurred at all and secondly, if there are changes,
how many? Then changes can occur in the paré,meter vector 3, or in «a or in both.
Another possibility is a change in the error variance, with or without a change in the

parameters.

Two kinds of change-point problems have been dealt with in the literature. The first
one is that of testing for the null hypothesis of no change versus the existence of a change
occurring at some unknown time in a sequence of i.i.d. normal random variables (Page
(1955), Chernoff and Zacks (1964), Gardner (1969), Hawkins (1977), Worsley (1979)),
or in a simple linear model (Quandt (1958), Farley and Hinich (1970), Maronna and
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Yohai (1978)), or in a general linear model (Worsley (1983), Jandhayala and MacNeill

(1991)), all from a non-Bayesian viewpoint.

Considerable attention has been devoted, e.g. by Hinkley (1969), Hudson (1966),
Quandt (1958, 1960) and Robison (1964), to the problem of fitting lines or curves to
data which suggest abrupt changes in parameter values from one range of the indepen-
dent variables to another. Tests of the hypothesis that a sudden change in behaviour
has occurred at an estimated join point have been suggested by Quandt (1958) and
Hinkley (1969) and maximum likelihood estimation procedures for the model param-
eters and the join point have been described by Hinkley (1969), Quandt (1958) and
" Robison (1964). Assuming a change does occur, Quandt (1958) estimated the switch-
point m and the regression parameters by a maximum likelihood technique, and Hinkley
(1969, 1971), under the assumption that the two-phase regression model is continuous,
estimated and made inferences about the abscissa of the intersection. In the case of two
constant means the emphasis of published work, in particular that of Page (1954, 1955,
1957) on cumulative sum schemes, has been on testing the null hypothesis H, : 0o = 6,

against, the two-mean alternative.

The (second) problem of estimating the point at which the change occurs, has among

others been addressed by Schulze (1982) and Zacks (1982).

Still from a non-Bayesian viewpoint two-phase linear models, which is a generalization
of the shift problem for a normal sequence, has been studied by Quandt (1958) and
Hinkley (1969, 1971), while some other studies of two-phase regression problems have
been considered by Quant (1960), Sprent (1961), Hudson (1966), Feder (1975), Farley,
et al. (1975), Brown, et al. (1975), Holbert (1982), Hsu (1982) and McAleer and Fisher
(1982). Harrison and Stevens (1976), Swamy and Mehta (1975) and Farley and Hinich
(1970) have all studied these models. Poirier (1976) gives a review of the literature

concerning the prediction of a future observation when the model has changed.

Many authors have studied the change-point problem associated with regression mod-

els. Brown, Durbin and Evans (1975) introduced a method of recursive residuals to
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test for change-points in multiple regression models. Hawkins (1989) used a union-
intersection approach to test changes in a linear regression model. Kim (1994) consid-
ered a test for a change-point in linear regression by using the likelihood ratio statistic
and studied the asymptotic behavior of the LRT statistic. Chen (1998) studied the
change-point problem for simple linear regression model, as well as for the multiple
linear regression model mainly by using Schwarz Information criterion, SIC (Schwarz,

1978).

Relatively little has appeared in literature about change in the multivariate linear
model. However, Sen and Srivastava (1973, 1975, a,b,c) proposed tests for detecting
change in means and examined the exact and asymptotic properties of the test statis-
tics. Salazar (1980, 1982) considered changes in the multivariate linear model using a
change-point parameter. Moen (1982) developed a detailed analysis of the multivariate
linear model and Tsurumi, et al. (1984) developed a gradual switching multivariate
regression model with stochastic constraints. Booth and Smith (1982) considered a
Bayesian approach to retrospective identification of change-points and studied changes
of the mean in the univariate and multivariate normal sequences as well as changes of

coeflicients in regression models.

From a Bayesian viewpoint, Chin Choy and Broemeling (1980), Holbert and Broemel-
ing (1977), Ferreira (1975) and Bacon and Watts (1971) studied the two-phase regres-
sion model, a simplification of the linear model when p = 2. Holbert and Broemeling
(1977) and Smith and Cook (1980) estimated the point at which the change occurs.
Chernoff and Zacks (1964) and Bhattacharya and Johnson (1968) have discussed the
same problem as Page (154, 1955, 1957) withjﬁ a Bayesian framework.

Bacon and Watts (1971), Ferreira (1975), Holbert and Broemeling (1977), Chin Choy
and Broemeling (1980), Moen, et al. (1985), Smith and Cook (1990) and Kim (1991)
also looked at change-points in linear models. An overview and numerous references

can be found in Broemeling and Tsurumi (1987).

When there is no change in the precision parameter at the switchpoint, the linear model
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reduces to the one studied by, among others, Ferreira (1975), Holbert and Broemel-
ing (1977), Chin Choy and Broemeling (1980) and Land and Broemeling (1983). Chin
Choy and Broemeling (1980) derived the Bayesian posterior distributions of the switch-
point, the regression parameters and the precision parameter, generalizing the studies
of Ferreira (1975) and Holbert and Broemeling (1977). Land and Broemeling (1983)
considered the prediction problem and derived the Bayesian predictive distribution of

k future observations.

Stephens (1994) discussed the use of a sampling-based technique, the Gibbs sampler,
in multiple change-point problems and demonstrate how it can be used to reduce the
computational load involved considerably. Carlin, Gelfand and Smith (1992) presented
this new Bayesian analysis. They used Gibbs sampling to resample (repeatedly sam-
ple) from the joint posterior distribution of all the parameters in a change-point model.
Their study was an advancement in the sense that earlier use of numerical and analyti-
cal approximations could be avoided with their Monte Carlo Markov Chain resampling
technique. Broemeling and Gregurich (1996) approached the same problem, but using
a direct sampling approach in conjunction with analytical reductions, whereby stan-
dard random number generators can be used to directly generate samples from the
posterior distribution. In this way, convergence issues with Gibbs sampling can be

avoided and the posterior analysis simplified.

Broemeling and Gregurich (1996) confine their study to the fixed sample size version.
Using a direct resampling process, a Bayesian approach is developed for the analysis of
the shift point problem. In many problems it is straight forward to isolate the marginal
posterior distribution of the shift point parameter and the conditional distribution of
some of the parameters given the shift point and the other remaining parameters. When
this is possible, a-direct sampling approach is easily implemented whereby standard
random number generators can be used to generate samples from the joint posterior
distribution of all the parameters in the model. This technique is illustrated with

examples involving one shift from Poisson processes and regression models.

Wang and Lee (1993) considered a Bayesian approach to detect a change-point in the
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intercept of simple linear regression. He employed the Jeffrey’s non-informative prior

and compared it with the uniform prior in Bayesian analysis.

Up to this stage most of the mentioned analyses are under the assumption of exactly
one change-point as complications arise due to the changing dimensions of the param-
eter space if the number of change-points is unknown. Barry and Hartigan (1992)
propose a product partition model for multiple change-points. Groenewald (1993) con-
sidered a general Bayes procedure for the examination of possible change-points in the
linear model and made provision for no, one or more than one change-point under the
assumption of homogeneity of error variance. In linear regression, certain components
which may be the cause of a change-point, can be examined. The results are in terms

of posterior probabilities over a class of conjugate priors.

3.2 NO OR ONE CHANGE-POINT IN THE LINEAR MODEL

3.2.1 A CHANGE IN THE REGRESSION COEFFICIENT WITH
CONSTANT VARIANCE

Consider a linear model where a change may have occurred,

Yi = miﬁo'f‘ei; 1=1,...,n
or z;B,+e; t1=1,...,k (3.2.1)
z,8,+e; i=k+1,...,n
wherep < k< n-—p.

The z; = [I  zy;---z,_1,) in the given model are 1 x p known vectors of regressor
variables, the 3, = [By B:---0p-1] are p X 1 unknown parameter vectors and the e,

are 1.i.d. normal random variables with mean zero and variance o2 > 0.

If £ = n, no change has occurred, while exactly one change has occurred somewhere if

1<k<n-1 Soifl<k<n-1, B, +# B3, where k is unknown.

- Let the marginal prior mass function of k be
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1 (3.2.2)
n_—gp‘ﬂ_—l; p<k<n-p

n(@:{q; e=n

and let 3, and B3 be assigned normal-gamma densities with 8, € RP,

Bola? ~
N(8o,0°®1y) and B’ = [B), B € R, Blo® ~ N(8,0%®) so that
i/ L \E B _@iyeriB,-0
I(Bolo?) = [@n]2 (%0_2) e~ 72 Bo=00y 97/ (By-00) (3.2.3)
and
P o
(Blo%) = 8]} (- ) e mnlB-0r07(8-0) (3.2.4)
2mo?
Furthermore the marginal prior density of o2 if k = n is
oy 1 ay+1 .y '
(c?) = F’Z(ll) <§) e, (e o~ IG(ay,m),0° > 0)
while if k # n,
[I(c?) = F(C;) ((}2)0“ e 72, (ie. o~ IG(a,7)). (3.2.5)

In addition, 8" = [0, 0] where 8y € RP and the covariance matrix & is a positive-
definite matrix of order 2p where

(I)ll 0
0 (I)u

o =

with ¢ a 2p x 2p matrix and $,; a p X p matrix.

The likelihood function for 8,, 3, and o? follows from (3.2.1) as




( 1 )%e_ﬁv(y—X,Bo)'(y—Xﬁo); k

=n
L(k, 2y) =\t ,
( /IBI?B2>U |y) (212)56—2—52-(yk—Xkﬂ) (yk_XkB), pSkSn—p
(3.2.6)

where
Yik
Y=Y, = nxl1,
[ Yok ]
h
L Yk |
and
Yk+1
Yn
1k w 0
Furthermore X = and X = :n X 2p
KXok 0 Xok
_ o
Tk+1
Iy
where X, = . :k x pand Xy, = : t(n—-k)xp.
: .
T |

The posterior distribution if k£ = n, according to Bayes’ theorem, is

1 omHl+34)
2

1\ @a+ER+1
o )

H(’80’00>027k =nly,a1,7,%n) a q]@lll'%(ZW)_(}izn')Pﬁ(y; ) <
1

where
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A = Qi(n) + J1(n),

Qi(n) = (Bo — B)(X'X + ®71)(8, — B), (3.2.7)
Ji(n) = y'y + 6,700 — (X'y + 07180)'B (3.2.8)
and B=(X'X + &) (X'y + 3716,), (3.2.9)

which results in

L]

) N _pn ,.yfll 1 al+¥+l
{8y, 8o, 0,k = nly, 1, m, Ba) ox gl |~ (27) () -

_# [271 4 (,80 _ B‘) (X/X + @1—11) <50 _ B) + y’y + 06@1—1190 — (X’y + (1)1—110) B}
. .

(3.2.10)
The posterior distribution if & # n is then likewise
. 1- q _1 _ 2ptn
[(B,,B8;,0° k. 0ly,a,7,®) m@l 2(2m)7 "
e a+22En 4 )
p?a> (LJ CoemA 3o
o
where
B =Q(k) + J(k),
Q) = (B = B) (XiXi + ©7)(8 - By), (3.2.12)
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o~
-~

J(k) = yiy, + 0’97160 — (XLy, + 2716)' B, (3.2.13)

and By = (X} Xy + 1) (Xfy, + ©716), (3.2.14)

so that

1— A oA 71\t E
— et en T O ()
n +1

2 2
H(,Bl,ﬂQaU ,0, ]‘/lyaaaf)'aq)) 8 _ 2p F(CY)

o2

o~ o~
—~ ~

~ g |2+ B-Bry (X X + 71 (B — By) + viyy, + 09710 — (Xjy, + q"l@)’ﬂk]

o

€

(3.2.15)

Note that 8 = J 6o where J, = [[, ] so that ®7'0 = ®~'J/f; and 0'¢7'0 =

Our interest is the marginal posterior mass function of k, which can be obtained from

the joint posterior density of the parameters by eliminating all parameters except k.

Therefore, by integrating out B, 8, 8, and o2 it follows that

7 q|®1| 72T (011 +3)

T(a1)(2m) 31X/ X + ®7} 2 (27 + J1(n)](—1—2°2+")
(3.2.16)

H(k = 77,|(I)117C¥1,’71,90, y) X

and

(1—q)7*@[":T (a+3)
(n —2p + 1)D(e)(2m) B[ XL X, + &1 [2y + J (k)]

I(k|®, a,7,6,y)

(3.2.17)
fork=p,---,n—p.

These expressions ((3.2.16) and (3.2.17)) still leave unknown parameters a, v, a;, v, 6o
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and ®;;. We proceed to put a vague prior to 8y and integrating to leave expressions

with unknown @,;, a, v, @; and ;.
From (3.2.16), after completing the square, it follows that

27 + Ji(n) = (60 = B)[®11 + (X' X)) (60 — B) +2m + ¥y — BX'XB

where

o~

B=(X'X)"1X'y (3.2.18)

so that

[I(k = n|®11,01,m,¥y) x

i
979191040 + 3)[(2en + 1 — p)n]3T(Pertnm) | Gavtnopitim) 72
(o) (2m) ¥ |X7X + &7 20( 224t

My ()]~ 5) (3.2.19)
where
Mi(n) =2y + y'y — BX'XB, Ny(n) =[P, + (X'X)71]1. (3.2.20)

From (3.2.17), after completing the square, it follows that

2y + J(k) = (80 — By) Jp[® + (X1 Xk) 7 J5(60 — By) + M(k)

where

Bi = [Jp(® + (X} X)) L) 1,0~ (XL Xk + 011 XLy, (3.2.21)

M(k) = 2y + Y Hayy — Bi[®11 + (X Xuk) ™ + (XpyeXow) ™Y (3.2.22)
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Ha =1, — Xe[X[ X, + @771 X, (3.2.23)

so that

(1 - )7°|®| 20 (22£2=2)[(2a + n — p)II)
(n— 29+ V(@) 2m)F | XX + 511

(k|®, a, v, y) x

1
2

2a—+—n—pJ ®+ (X X)L , P A~ _/2atn
( ) p[ ( k k) ] P (27+ykyk—ﬂkaXk,3k) (=)

— -
29 + Y Y, — B X XkBy

(3.2.24)

¢,

0 o

Note that if & = then J,@'J) = d7' + @5 and

Tp[® + (XpXe) 7, = (@1 4 (X Xa) 77+ (@2 + (X X)) = C

and
L@ U X X+ )T XLy = O7N(X Xk + ST T Xy
+05 (Xop Xk + D51 ' Xppyo = D
so that
Ooly, k, ®,0* ~ N(C™1D,0?C1) (3.2.25)
and
2 ) —
Ooly,k,cl)wt<C"1D,n+2a—p, (f“’" Ap)? _ > (3.2.26)
. 27 + Yy — Bp Xi Xk By,
Furthermore, the posterior of 6, unconditional of k is given by
H(90|ya Q, 7y, ®) 188 H(OOlya q)a k= n)H(k = nlq)llv L, N, y) +
n—p
Z H(90|y) a, 7, k)n(klé’ a, 7, y)
k=p
(3.2.27)
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Note that all the equations are still dependent on the unknown parameters @, a and +.

3.2.1.1 EXACTLY ONE CHANGE-POINT IN THE MODEL

Assuming now that we have established the existence of a structural change, we can
obtain probabilities of a change at kK = 1,2,...,n — 1. The behaviour of the other
parameters of the model can then be analyzed, given the change at k, where 1 < k& <

n — 1.

Using equation (3.2.17), ignoring all constants, we have

_ 204mn

¥, 8, a,7,0) o | Xj X + 7Y "2[2y + J (k)] (3.2.28)

T(k

where, from (3.2.13) and (3.2.14), it. follows that

-~
-

J(k) = Yy, +60'97'0 — (X y, +27'0) 3,

= (yp— XkBk]/yk + [0 - Bk]/@_lg

where (3, is given in (3.2.14).

The marginal posterior mass function in (3.2.28) can therefore be expressed in a dif-

ferent way, i.e.

(k@ y, 0,7, 0) o¢ | X Xe + @772 (27 + (3 — XuBy) 'y + (6 — B,)@716) 7"
(3.2.30)

Once the change-point has been determined at, say & = k*, we are now interested in

the distributions of 3 and o2




Using (3.2.11) it follows that

(Blk =k y,0,7,9) o [ ["11(8,60,0% k'|y, &, 7, ®)do~d6y

o~
~

00 roo /] 0‘+'2#+1 —%2- [Q’Y'f'(lg‘ﬁk)/(X}Ich"*'q)_l) (/B_Bk>
< [} () ’

1Yy, +007'0 — (Xiy, + 27'6) Bde 2
o 0

x [ r+ (8- B (X X+ @78~ By) + hy, + 0570

-0

—(Xpy, + 2710) 3,240,

& /°° [U + (8 — b)207 (8, — b)]~ =32 g,

-0

20+n+22
o0 1 Jp® 1T (2c + n + p) TR
1+ ——— (8, — by 2 P 6,— b do
« /_oo[ +(2a+n+p)(0 ) U (6o ) 0
U_[(2a+n2+p)+p]
where
! / —_ 1 ! —
U=y, — XeB)'lyy — XiBl + B8O B+ 2y - =3(L® 378
2
and
1 1 .
b= 5 pﬂ = §(B1 + ﬁQ) (3-2-31)

and which is the integral of a multivariate t-distribution with 2a + n + p degrees of
JpAT T (20 + n + p)

7 8o that

freedom, location vector b and precision matrix
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(Blk = k*,y,a,7, ®) « U~(=F*2) (3.2.32)

where

! - 1 ! -— - ! /
U - {ﬁ_ {Xka‘{"@ 1 _§Jp®k1‘]p:| Xkyk} .
[X( X+ @70 - &1 (L, )TN 07

1 ! T — - /
{,3 — l:X,/ch + (b_l - EJpq)k lJp] X,’Cyk} + 2’)’ + YiYs

so that II(Blk = k*, y, o, v, ®) is a multivariate t-distribution with 2a + n — p degrees

of freedom, location vector [X; Xy + @~ — 2J,®; ' J,] 7' X}y, and precision matrix

[XiXe + &7 = L1050 ) (2a +n - p)

R : (3.2.33)
27 + Yiyi — YiXe [XiXi + @71 = L1071, Xiy
Furthermore, by using (3.2.24) and (3.2.32), it follows that
n—1
N(Bly, .7, ®) = > _M(kly, a7, 2)(Blk, y, @, 7, ) (3.2.34)
k=1

where

(20 + 1 = p) Jp[® + (X} X)L |
27 + Yy — B X Xk By,

O(kly, 0,7, ®) o |XpXe+ 712

Zagn)

[27 + YUk — BkXi/chBk]_( i

and II(Blk = k*,y,a,~, ®) is given by (3.2.32).
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The marginal posterior density of 02, conditional on k, is

(0%, 7, k = k*, 4, ®) o // 11(8, o2, 8|k = k*, y)dBdb,

ot 22t 41

1 0 1 .
~ /(%) - iz I(8)] /_oo e~ 72903340,
where @ (k) is as in (3.2.12) and J(k) is given by (3.2.13), so that

2 L\*FEH oo 1 o)
M(o2lk = k*, y,, &, 7) <;2-) / e~ mz2rH Rl g

where

/oo e-ﬁ[%h’(k)ldgo

-0

-5 2v+y’yk—B;X’.XkB] -1
= e T T |l + x| (075,

This results in

. |\ atiszen —#[wa;yk—BkXLXkBk}
H(U |yak 1aa7) X (ﬁ) €

n—p

which is a IG(a + ; (27 + YiYe — BllechkBk)>'

[\
D) =

The marginal posterior density of o2, unconditional of k, is

n—1

O(o*ly, a7, @) = > _I(k

k=1

v, a7, q)ll)II(a'2

ky,0,7) (3.2.37)

where

II(k

Y,,7, P11) is given by (3.2.24) and (3.2.35) and I1(o?|k, y, @, ) is given by (3.2.36).
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Note that the distributions are still dependent of «, vy and ®,;.

Since the number of change-points is known, we can put vague priors on the parameters
B and o?, that is if o, v, ®;;' — 0 in (3.2.4) to (3.2.5), then II(B,k,0%) « %. The

expressions for Q(k) and J(k) becomes
J(k) = Y Hey
and
Qk) = [B — (XiXi) ™ (Xkwi)| [Xe Xl [B — (X Xe) ™ (wi)]

where

Hy = I, — Xu(XLX) 1 XL. (3.2.38)

The posterior of 3|y, k becomes a multivariate ¢-distribution with n — 2p degrees of

~ X Xkl{n -2
freedom, location vector [X;Xi]™'X |y, = B, and precision matrix X /}”|(n P)
Yy,
) 9 n—2p 1,
and the posterior of o becomes a IG( 5 §y"Hkyk)'
The marginal posterior mass function of k£ will be
T(k|y)al Xe Xkl ™2 (y' Hey) ™27 (3.2.39)

3.2.2 A CHANGE IN THE VARIANCE WITH CONSTANT REGRES-
SION COEFFICIENT

Consider the linear model where a change may have occurred,
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vi=xzB+e; 1=1,...,n

or
yi=x;B+e; 1=1,... k
vi=x;8+u; 1=k+1,...,n (3.2.40)

where 1 <k <n -1 wheren >p+ 1.

The z;’s and 3 are the same as previously and e; are i.i.d. normal random variables
with mean zero and variance 0? > 0if i = 1,...,k, and u; is distributed with mean

zero and variance 02 > 0ifi=k+1,...,n.

Exactly one change has occurred somewhere if 1 < & < n—-1. Soifl1 < k <
n — 1, o} # o3, where k is unknown. Furthermore, if £ = n, i.e. no change has
occurred, 7% ~ I'(a,v) and if k # n (ie. 1 <k <n—1and exactly one change has

occurred), 072,052 ~ I'(cv, ), independently.

Let the marginal prior mass function of £ be as in (3.2.2) and let 3 be assigned a

normal density with 8 € IRP ~ N (8, ®) and also let

o2 0 o1, 0
o = 0%, Z = : and Z = 1o where 0% > 0
(2x2)1 0 o3 (nxn)k 0 Ugfn-k
so that
1 1 5 HoN
(g) x & (5_) e~18-6y271 (B - 0) (3.2.41)
. M

Furthermore the marginal prior density of 02, 02 is

20 a+l 1,1
Y 1 - :;'i-;g
H(Uf,gg) = W <@> e ( 1 2>
-1
x Sy Tl 1<k <n—1)

and
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The likelihood function for 8, ¢? and o2 is from (3.2.6) for k = n.

L(B,0%y) = (2r0?)~3e~mz¥- XB) (¥ = XB)

while for 1 < k£ < n —1 it follows that
L(k, By, 0%, 03ly) = (270}) 4 (2mof) T s (U= XB) T (- XB) - (32.43)
The conjugate priors for both cases are given by

. 1 o+l a i
H(/@:U§=U§a0ak|yaaa77¢) X Q(Qﬂ')_—g (ﬁ) Iq)l_%ﬁ?)e_;g

o-3(B-6) 7B - 6). (k = n)

1_q e a1 B ,),201
2m) =8| @[3 [, |-t T
X n — 1( W) I | | 1| F(a)g

=1 (B-0) 2B 0) ;< p<p_).

(3.2.44)

The posterior distribution if k£ = n. according to Bayes’ theorem, is

)~ (#3%)

U S B S A2
(B, 0% k=nly,a,7,®) « (2r [ éql“(oz) (?) o

e~3(B-6) 271 (B = 8) ~1(y- XB) =7} (y - XB)

(3.2.45)




Furthermore the marginal posterior mass function of k = n is

[k =nly,a,v) = ///H(ﬂ,oQ,k =nly, a,v, ®)d0dBds?

= [enyted (5)7 e [l XB) - XB) g4,

[Na) \o?
n 2\’ / a !
e (1N g [(B-B) X'X(B-B)+vHY]
- ey (s 0
where
B=(X'X)X'y, (3.2.46)
H=1I-XX'X)X (3.2.47)
so that
yHy=y'y-BXXB.
Therefore
_ ]
n=p) Y& ) at® 3P+l iy + Sy’ H
Nk =nly.0,7) = ofzn) ()2 pexpcd [ (5)7 7 0T 2 My

Il
0
—~

[\>]
=
pa—

Ie) 2

The posterior distribution if 1 < k£ < n — 1 according to Bayes’ theorem is

].—q —{n= _k _n—k
(8,71, 0 Kly. ,7,6,9) = — (2m) () (oD 5 ()

e—wrzl_l ’ZII—(Q+1)|¢|—%6—%(y— Xﬁ)' 2;:1 (y - Xg)e—%(ﬁ—e)’q)ml(ﬂ - 0).
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n— & 1 - —(
-(=2) |X'X|"D (W) {7_*_%1/]{4

n+2cx—g)
2

(3.2.48)

(3.2.49)




Furthermore the marginal posterior mass function, if 1 <k <n —1, is

1—q (n__z) 720 1 a+1l
ke ®) = [ fmaimen () gt o
IOk #nly,a,v,® n—2p+1 F(a)"‘| | 2<°'1""3)

11
e_q <2‘—f i 0_3) (02)~5 (02)~(%5%) -3y~ X B Sty — XB)
[ oA 710 — BlagdBdodo?

// 1— g 9 )—% 72& 1 %+a+1 1 "T_k+a+1 e_:.,z_ e_ s
PR —_— — 1
n—2p+ 1 [(a)? \ o} o3

/e_%w_ XB)' Ty = XBl 8402 do?

// 1—¢ - )_% 72(, 1 ftatl 1 22k iat+l -3
— — e ‘1 e
n—2p+ 1 I'(@)? \o? o3

dﬁdafdag
where
~ -1
Bi= (XTI X) X'Sity (3.2.50)
and
Hy = $7 -5 X (X'50x) 7 xogy! (3.2.51)
so that
/ Ic— I— — -1 I—
Y Howy = y'Tily — ¢S X (X'5X) T XSy
Therefore
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1-¢ Etatl 22k fotl
) o [ 2t (4) (2
O(kly, a,v) — 2p+1 (o) <0%> ( >

_a 1
e % e 3V Hny | x5 x| dotdod

where

!

1 1 1 1
/
Y Hsry = U—%yikylk + U—gyéky% - [O,—%)ylllek + ;—%yékXQk}

Is—1 -1 1 / 1 !
[X Ek X] O’_kaylk + U—%XQkka

with

- 1 1
X/Ek lX = —Q'Xilek + _QXékXQIv

If we let 02 = %, it follows that Ty = 02A, and y'Hyey = 2y Heay

where
Hip =D = A X (X'ALX) I X Ay (3.2.53)
and
{ It O
A= 7"
' 0 %In—k
so that, with prior 7(6) o 3,
. _ 1—gq _n=p Y , R S
Oikly, a,y) = ——(2m)7z F(a)? | XA X|77 6% Tt

o roo (] (2&—123-{-%)-*-1 _1 b1 H +~v4+6
[ <_> {1 Heay + v}dafdé

ety [ s e (212 2)
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_nt+da-p

1
{iy’HkAy-i-’y-f-é'y} ’ dé.

Note that 6 must be eliminated by numerical integration. To summarize, it follows

that
_ 2 1 _n—p+2a
I(kly, a,7)  g|X'X|"3T <%_O‘) {7 + 5y'Hy} Y ifk=n
and

1- - 1 do — e
H(k|y7aa7;5) X c v IX/Ale_EF (_w) 6—2—’2-}-01—1.

n—2p+11a) 2
1 _n+42cx—g
{ay'HkAy +7+ (57} yifl1<k<n-1. (3.2.54)

3.2.2.1 EXACTLY ONE CHANGE-POINT IN THE MODEL

Assuming once again that we have established the existence of a structural change, we
can now obtain probabilities of a change at k = 1,2,...,n — 1. We can then analyze
the behaviour of the other parameters of the model, given the change occurred at k

where 1 < k<n-—1.

From (3.2.49) it follows that, with ®~! — 0,

and that
Tl - hage
Bly,k o< v+ §(y1k - X1B) (y1x — Xllc:@]
- 1 _n—lcz:t2a
T4 5 2k = Xaib) (e — XaeB)| (3.2.55)
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which is the product of two t-distributions.

Using (3.2.54), ignoring all constants and letting &,y — 0, it follows that

TI(kly, 8) o< [X'ApX |36 {of Hyny) "7 (3.2.57)

3.2.3 A CHANGE IN THE REGRESSION COEFFICIENT AND THE
VARIANCE

Consider the linear model where a change may have occurred,

vi=xPByte; 1i=1,...,n
or
yi=x8,+e; i=1,...k,

Yi = 131',32-*}—61‘; Z=1€+1,TI (3258)

The z;'s and B, are the same as previously, and e; are i.i.d normal random variables
with e; ~ N(0,0%) ifi=1,...,kand e; ~ N(0,02) if i =k +1,...,n with 62,062 > 0

and p+1<k<n—-—p—1withn > 2p+ 2.

Furthermore if k& = n, 072 ~ I'(ag,v) and if k # n, o7 ~ (a1, m) and 052 ~
F(Q'Za’)/?)'

Let the marginal prior mass function of £ be as in (3.2.2) and let 3, and B3 be assigned

a normal with

7] 29 0
Bolo? € IRP ~ N(6y,0%®;) and B = b ~ N Y, o
. ,32 92 0 0'22(1)22

so that
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1 1 =1 _
I(Bolk = n, g, 0?) o |@o|72(2702) "% ¢~ 77 (Bo=00) By (B — 6o)

and
1 ’ -1 —
[(Blk # n, ®11, Poy, 02, 03) |<I>11|‘%(27r012)"5 e‘m(ﬁl‘ol) o5 (B, — 61)

(2nc3)~% e—ﬁ,(ﬁra?yq@l (B, — 92)|cp22|-% ,

(3.2.59)
The marginal prior densities of o2 and of 02, 02 are then respectively
1 ag ap+1
0 1 X
and
[= 3} 1 ag+1 —li' 7(12 1 az+1 o
(02, 02|k # n, o) = -2 L 2
kg =g ) e \g) ¢
(3.2.60)

With uniform priors on the 6’s, the marginal posterior mass function if k£ = n is

2ag+p+n
vi-in 200+ D+ N 1, -(=02)
| X' X]| 2F<‘“09—) [7O+§yHy]

Y5°
(o)

[1(k = n]y, v, a0) x ¢
(3.2.61)

where H is given by (3.2.47). The joint posterior distribution if k& # n according to

Bayes’ theorem is
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1- 1 n_
[(B,, Bz, 0%, 03, kly, b #1) o ———|@y,|"F[dpy| 7 (2m) "F P

n—2p+1

1 %"-{—aﬁ»l 1 %"‘+a2+1 ,),lal 7’?2 e ) U, 4
- el ~ — e %le %
IR G I i

2

e_ﬁf(ﬁl’gl)’q)l_ll(ﬂl - 91) e‘(ﬁ?)(ﬁz—ez)'(pz_Ql(ﬂQ — 92)

e—ﬁz[ylk— X16B81] [Y1i- X1684) e—g}g[ygr XokB9) (Yo~ XokBy)

1

(3.2.62)

The marginal posterior mass function if k¥ # n is

H(k#nly;al;a2171:’72) X

l1-g¢ yo 52 200 +p+k r 20+ p+n—-k
n——2p+1 F(al) F(ag) 2 2

20 +p+k)
2

1 1 _(
IX{kX1k|_%IX§kX2k|_§ [’Yl + éylllc[{lylk]
_[2n2+p2+n—k]

1,
Y2 + 592kH2yzk]
(3.2.63)

where

Hi =1 - Xl{k(){{k Xik)_lXik for 1= 1,2
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3.2.3.1 EXACTLY ONE CHANGE-POINT IN THE MODEL

From (3.2.62) it follows that

k
P\t _y gy B " o
Byl o1 /(—) e ;%e 517[ 1By Y] | 160, ylk]daf

9
g1
1 ’ -1yt ! =1y
X {’71 +3 (ﬂ1 - (Xchlk) Xk X1e(By = (X6 X1k) )\1k'y1/c))

_k,
+y e Hiyy ) 2
k—p+2a
1+ Y1y

 which is a ¢-distribution with & — p + 2 degrees of freedom, precision

! ! -1
X1 X1, and mean (X[, X 1) ' X vk

Furthermore

k —

p 1,
O’% ~IG (—2— + ay, §y1kHlylk +'71>

and

—k—p

> n 1
a5 ~ 1G < 5 + o, 5y2kH2y2k + ’)’2> . (3264)

If a;, v — 0(i = 1,2) in (3.2.63), ignoring all constants, it follows that

o L p+k +n—-kK , _(p+k
(kly) > [XGXk] 2F< 5 >F<p > >[ylkH1ylk] (55)

< <

E+n—k)

(Yo Hayi (53 (3.2.65)

152




3.3 BAYES FACTORS
3.3.1 A CHANGE IN THE REGRESSION COEFFICIENT

Consider the models
= XiB+e; 1=1,...,k
M, Y ﬁl
yi=Xi52+ei; i=k+1,...,n
]\/.[0 : yi=Xi,30+ei; '1:=1,..‘,'fl

with

B a p x 1 vector of unknown parameters and 3 = |3, B5] and e; ~ N(0,0%1,). Also
bring in the (Jeffrey’s) priors Ilo(By,0°) « % and I1;(8,,8,,0%) « . Furthermore
consider a minimal sample of size £ = r + s with r observations before & and s obser-

vations after k.
All parameters are identifiable and we have proper posteriors if £ = 2p+1 and r, s > p.

Let 7 = p, so that s = p+ 1. The marginal densities for the whole sample under model

M. will be

mi(z) = //(271’102

n ROy | ~ -~
= // <i> : (i) 2+ e—#[ﬁ—ﬂk]'X/’ng[,B — B e_z_zl'?yLHkykdBdag
27

o2

>7 e~z Y- XiB) (yy, — Xkﬂ)—lgdﬁdag
g

where Hk = Ipp — Xi (X} Xk)" 1 X, so that

n=2p 1 n__22}3'+'1 Ly H 1
mi(e) = [em () (5) T e e
n— , — 2 n-
- 71——(—222)1"<n . p) [y Hewe)~ 58| X0 4. (3.3.1)

For the minimal sample it follows directly that
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mi((8)) = [y, (6) He () ¥4 (0] 77 | X4() X (€)] 4

where y,(¢), Xx(¢) and Hy(¢) denote the values from the minimal sample of size 2p+ 1,

with p observations before or at & and p + 1 after k.

Under model M, it follows that

]

1 1\%2 1\F1" ,
mi@) = [T(52) (5)" enixuX.temv v

= UF)|X X |7iT (252) [y Hy) -7

and
mo(z(6)) = 7~ )T (28) [y () H(O)y(0) ™ | X' () X (0)] 4. (3.3.2)
Furthermore
8D (2522 (4 B, ] (352 XL X,
Bli(z) = F<_2rq)[ka?:] _l?(i()kl (3.3.3)
T (%2) |X'X| "3y Hy] (5
and

n (25 [y -(28) | x -1
By (z(8)) = FE) (E)H(g)y_(f)]. X (E)f((g)l (3.3.4)
[y (€) He(£)y (€)] 2| XL () X (€)| 2

so that

Bio(€) = By () Bfi.(=(¢))
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L
Bi = Bly(z Z (3.3.5)

Typically the Arithmetic Intrinsic Bayes factor does not satisfy the coherency condition
that B;; = 3¢ as mentioned by Berger and Pericchi (1996). The encompassing model
approach suogested by Berger and Pericchi is also not applicable in this change-point
situation, as the only minimal sample satisfying all models is the whole sample. So we

will define all Bayes factors between competing change-point models as relative to the

Bio

no change models, i.e. let B;; = B
7

For the Fractional Bayes factor it follows that

n—2p

m —z-b) n{1-b)

m(h) = — = b¥a <nb22 ) (VeHeye) "7, (3.3.6)
‘ L (=7%)
r (" ) _

™o n(i<b) _n=y)

mo(b) = — = bE 7™ (yHy) "z 3.3.7
0( ) mg T (nb2 E) ( )

and therefore, with b = , it follows that

N

Fo_ mO(b) . w2l ("_;2) [y/Hy}_(n;zgu)
70 T T T () e T (33.8)

2

3.3.2 A CHANGE IN THE VARIANCE

For 1 < k < n -1 and with the priors II(8) « 1, II(6?) « % and [(0?) x 2 it

01 0’2

follows that

md(z) = /// (;) 02)"%(02)" Tizl? e—%(y—Xﬁ)'Z;l(y—Xﬂ)dﬁdafdag
T | o1 03

k

= [fem T el i o) et xn xddotaod
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where X is defined above (3.2.41) and

-1
Hee =Y - X (X' S X)X/

2
g .
By letting o3 = —61 and 7(6) o 3, it follows that

n

(Vi Hea i)

- //IX/A/cXI_%(QW)‘%Bé%‘l(af)_(n_;z)_l e 1 doids

/(n)—(l%B)r <” - p) 57551 X AL X |3 [y Heny] ™ "7 d.

Furthermore

607X A XAy Heay) T ds

ol = | XX | [y Hy) )

For the minimal sample n = p + 1 it follows that
J1X'D3 (@) x |65 [y (0 Ho(€)y(0)] 2 ds (3:3.12)

where Ds(p) and Hp(p) are defined for the minimal sample with at least one observation

on either side of k.

Then

1

N L A A UL O
P = X(OX (@) 3|y () H(€)y(0) 5

The Arithmetic Intrinsic Bayes factor follows as in (3.3.6).
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For the Fractional Bayes factor

/|XAk1X] Hy Hiny] "7 6°7 7146

My ey (3.3.13)
/[y Heay] " | X' AT X776 ~lds
and
P _nQQ=H)
mo(b) = [y Hy]™ "2 (3.3.14)
so that
P _n(l-b ; _1 b(n k)_
oty WHYTET [y Hiay) X AT XIS s
Bék — — (3.3.15)

k() JIXATX | y Heay) 56 ds
where we can take b = P:—l

3.3.3 A CHANGE IN THE REGRESSION COEFFICIENT AND THE
VARIANCE

Consider the same model as in (3.2.58) with the vague priors I1(8;, 82,02, 02) =

9192
so that
my(z) = /// (27) "% _5‘ (ag)_nT_k‘l e _lg Yiem X1eB1) (W1 = X1xB1)
-1 -X "(Yor — Xox
. ;g(yzk 2%82) (Yax 2kﬁ2)dﬁ1dﬁ2dafda§
= SR oir (PP —k- -
= 77 | X X[z 5 F( ) [ylkHlylk] [yzkH2yzk]
(3.3.16)
where H;, =1 — X[ (X Xix)Xik, 1=1,2. (3.3.17)
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and where X, y,,, Xik are as defined in section (3.2.1).

With the minimal sample n = 2p + 2 it follows that k =n —k =p+ 1 and

me(2(€)) = | Xp(0) Xk ()] [y (0) H (0 y 14 ()] F [y (€) Ha(£) yor (£)] 2 (3.3.18)

where X (£), etc. are defined as before with p + 1 observations on either side of k.

Furthermore
| mo8 X AT (P02 [y Hy e
Nz) = — —— = == (3.3.19)
| XXk QF(_QE)F( )[ylkHlylk] 7 (Yo Hoyar]
and
BT (222) [y (O)H 2 -3
BY(2(0)) = % >[y WA = IXH X (33.20)
(V1 (O Hi (€)1 (6)] [ka ) Ha(8)y o (€))7 2

For the Fractional Bayes factor, with nb=2p+2 and kb=p+ 1 =b(n — k) mg(b) is

given as
\ T ( )+11-\( ) [y Hy] ( )+1
m, =
and
n _(n=2 . _ n—k— , —p— n~k-p—1
m(b) = bF 7~ (F)r (k_gz) r (‘S_E) [ylkHlylk] : [kaHﬂ/zk] : (3.3.21)
so that
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n— ’ _n=2p
gr = Mo(b) _ T (%32) (v Hy)~ 2"

*omid) (%2) r (%2) r (%ﬂ) (Y5 Hyne) ™ 5 [y Hoya) (57

As in equation (2.5.15) of chapter 2 the posterior probabilities follow for all models.

3.4 MULTIPLE CHANGE-POINTS

Results in this chapter can readily be extended to more than one change-point. As-

suming r change-points in the regression coefficient vector

z:0, + e; =1,k

(3.4.1)

z:0; + € t=ki+1,... k
Yi ~ .

;8,1 + e i=k.+1,...,n

wherep < k) <ky<--- <k, <n—pand kjy; —k;>pfori=1,...,r — 1, with the

strict inequality holding at least once. Son > p(r + 1) + 1. As in section (2.6.1), the

marginal prior density of k = [k, ..., k] is uniform over all possible permutations.

As in section (3.2.1), let 8’ = [B8,...,8.,,] € RC*YP and Blo? ~ N(0,5°®) where
0 =186, 0g € IR and & = [, ® ®1;. Further as in (3.2.5) let 02 ~ IG(a, ).

Furthermore let

Yik
Yk +1
Yok
Yp = where y =
Yk,
L Y(r+1)k ]
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$k¢_1+1

and X = diag{Xu} : n x (7 + 1)p where Xy = : (ks — kizy) X p.

k (3.4.2)

With the above notation, the joint posterior of all the parameters is exactly as in -
(3.2.15) and the marginal posterior of k£ conditional on ®,«,~ is given in (3.2.28),

where J, = [I,... I,] : p X (r + 1)p.

The marginals of 3 and o? are given in (3.2.34) and (3.2.36) respectively, given k.

If r is unknown, let the marginal prior density of 7 be uniform, i.e. TI(r) = r=

yorug
0,...,R and k™ = [k, ..., k] where k™|r is uniformly distributed over all possible

permutations for any given r.

The posterior distribution of 7 is then given by

Ik =n|®y,a,7,0,y) for r7=0

(r|®, ,7v,0,y) x k

> I(k|r = R,®,a,v,0,y) for r=R
k

\

(3.4.3)

where I[I(k = n|®11, a,7, 80, y) is given by (3.2.16) with ¢ replaced by 75 and II{k|r, ®, @, v, 8, y)

is given by (3.2.17) with n—_lz—fﬁ replaced by 75 times one over the number of permu-

tations of k given r.

The marginal prior density of ¢? and o702 is given by (3.2.60), while the marginal

H

posterior mass function if ¥ # n is given by (3.2.63). With ¢;,7; — 0 the posterior

distribution of k # n|y is given by (3.2.65).




The Fractional Bayes Factors (FBF) of O’Hagan (1995, 1997) for model my against

M} from data y is denoted by B where

(3.4.4)

Fo_
BOr_

where b is the training fraction of the likelihood and

[ £(1B, 0% r kI, TL(0*)dB,do?
17 (18,07, 7, K. PTI(8,)T1(0%)dB,do”

m.(b)

We now have the following prior distributions:
I(3,) «< 1 and II(6?) x .

For the FBF (a change in the regression coefficient), mq(b) is given by equation (3.3.7),
while for b = Ftlptl

so that

(3.4.5)

Berger and Pericchi (1995, 1996, 1997) proposed using all possible minimal training
samples and averaging the resulting Bayes factors. The Arithmetic Intrinsic Bayes Fac-
tor for model M, against model M, is defined by AIBfz* = Bhskr(y).1 ZL: Bk (y(2)),
where Bf:*(y) is the usual Bayes factor with the whole sample and iﬁzll)roper priors

and y(¢) represents a minimal training sample. The geometric and median IBF are

defined similarly.

Suppose we use the same vague prior distributions as before, then
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Bt (y) = mg(y)/my (). (3.4.6)

For a fixed number of change-points the minimal sample size for a particular partition
k. is p(r +1) 4+ 1. Let xy, be the set of minimal samples for model M*~, then the set
of minimal samples for comparing M* and M* is x,, N Xk.. The computation of this
set is complex and the only minimal sample valid for all possible models is the whole

data set.

So we will only apply the IBF for comparing model mq with M*- with r fixed and define

k
B
3

1
ke _ kskr __
By = —¢ and B3t = —=.
BrO 'ET‘O

(3.4.7)

3.5 COMPONENT ANALYSIS

As in section 2.4, we can analize the effect of individual components on the position of
the estimated change-point. Considering the case of a single change in the regression
coefficients with constant variance as in paragraph 3.2.1.1., the posterior distribution

of B’ = [B, B3] is given below (3.2.38) for fixed k, i.e.

~ [(n— 2p)X;’ch>>
k~t(n—2p B3, | — kRN
Bly ( D, By, ( J Hew,

Let A = CB = B, - B,, where C(p x 2p) = [I, — I}, then A represents the differences
between corresponding components of the regression parameter vector before and after

the change-point. The distribution of A follows then directly from above as
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Alyak ~ t <n_2p1chu

(n — zp)CX,;XkC'>
Y Heyy

~ 5 - 2p)X'X
(o - (X)) 51

The marginal posterior of the i-th component of A is then

= ~ L — 2p)( X' X )i :
Ai’y‘/kwt(n—Qp;ﬁli—ﬁQiu<('n /p)( ) ))) 'L:O,l,...,p—l (352)
Y ey,

where

B; = (X Xoe) ' Xjyjes §=1,2.

As in (2.4.9) and (2.4.10), the influence of each component on a specific change-point

can be compared by standardizing as

D; = E(Ai)(Var(Ai))‘%

1
~ ~ " H X' X))\ 2 ‘
= (bu — D) <yk nk_z_/k;p — 2> ) , 1=0,...,p—1 (3.5.3)
with
D;
li=o5—. (3.5.4)
>_ D
i=0
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For a change in mean and variance, comparisons between regression components can

be done similarly, but to find the influence of the variance alone on the change-point
as compared to the mean, the multiple models method of section 2.7.4 can be used for

the linear model with fixed k.

In his paper, Groenewald (1993) derives posterior probabilities of change-points for

three special cases:

(a) Multiple change-points in the parameter vector 3 or « under homogeneity of error

variance,
(b) changes in 3, excluding «, under homogeneity of error variance and
(c) distinguishing between changes in 3 alone, « alone or changes in both.

Writing the model again as y = ce+ X3 + € where B is (p x 1), Groenewald (1993) is
interested in distinguishing between changes in 3 alone, « alone or both. Here, due to
the notational complexity, only one possible change-point is considered, but the same
arguments can be extended to any number of change-points. The error variance is

assumed constant.
3.6 SWITCHPOINT (CONTINUOUS CHANGE-POINT)
3.6.1 EXACTLY ONE SWITCHPOINT

Let y(n x 1) ~ N(XB,0%I,) where

(03]
B ¥ X O
k - ) k = y
(4 x1) Qg (n x 4) 0 Xo
B2
1 =z I zg4a
X =+ |, Xux = : : (3.6.1)
(k x 2) (n"= k) x 2)
' 1 1 =z,
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We assume that z; < 29 < - - < z, with switchpoint at zg, where x4 < 29 < 241, k=

2,...,n — 2, s0 k is the largest integer for which z; < z,.

Further, we must have, at the switchpoint, that

oy + Bizo = az + Baxo.

So
a; = ay+ (61— Ba2)zo
= o — TZy, where 7=/, - (.
Thus
23]
Bo=| 7 | =agtar
Q) — TIg
B1 + 7
where
0
I fo' 0
A= 2, B=| ], K= . (3.6.2)
I, B —Zg
1

For vague priors, let

1

(B) <1, I(r)x1, MH(0?) ot

zg ~ Uz, Zn-1), e

xOIkNU(zkaka-l)a H(k) = H) k=2)"'an~2)

i.e. proportional to the length of the interval. (3.6.3)

The likelihood function is
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f(ylB,7,0% zo(or k)) = (2n0?)"2 e~z (U= XiBei) (y- XiBy)

where

XkﬁkZXﬁ‘*‘ikT, X = -

0 kx1 Tht1
T = ( ) y Lok = :
(7’), X 1) —moln_k + Lok (n—k)x1 .

Then

(3.6.4)

(y = XeBi) (y = XiB) = (B— (X'X)7'X'(y ~ 724)) X' X (8 - (X' X)X’

(y—7&)) + (y — 72) H(y — 7Zy)

where
H=I-X(XX)'X
So
flylr, 0%, 30) = (2m0%) T | X' X[} =52 (Y- T2k) H (y — 724)
and then
(y—72)H(y — 72%) = T} Hae(r — (2, Hzy) 'y’ Hiy)?
+y'Hy — (:i:;cH:f:k)"l(y’Hik)Q
so that
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flo?m0) = (2m0?) T ) (@ Ha)Hx x|

Y 4 1 P (i 'z
B T R

and
ok Y R R P | _1 n—3
flvleo.k) = == (@l Hxx | (2
[V'(H — Hay(2,HE) " 3.H)y] T . (3.6.6)
As
I(zoly, k) o f(yl|zo, k)II(zo|k)

it. follows that

(zoly, k) o< (24 HE:)™% [y H(H™ — &4(&,H) 12} Hy] T (3.6.7)

with

Zr < 2o < Tgy-

3.6.2 NO OR ONE SWITCHPOINT

Under the assumption of a switchpoint, model M,,, the marginal likelihood of the data

is given by
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My = /(27r)_%(02)'"_3£e_§7(y‘ XeBe)'(y = Xkﬁk)d,@d’rdozdxo
- /(QW)—(TQ)(O—Q)—% X' X|73 ez (Y- TZR) H(Yy-T24) 45207
= [en) (R et x X @ )

st [y H (H-au(2, Hx) 2 Hy|

e do?dz

Te+1
= I‘(nQ )[XXI Z/k (z HZy) "3,

Y H(H™' — (2, Hz )" ' %) Hy|~ % dag (3.6.8
k k

and the fractional marginal likelihood is

Zo

mb, = /(27r)‘"76(02)‘# e~ 77 (Y= XuBr) (Y- XeBr) 4847 do?dz,

= [en P (o) o X x| (a4 Ha) E

6_# [y’H(H_l‘ik(iLHik)_li;‘)Hy] do*dzg

b — 1
= F(n 5 3) b"iX’ I"Z/ (z, ,Hzy) 2

nb—-3

[V H(H™ - (&, Ha) &) Hy) )0~ (5 ) dz

nb — , F3) -5 _ 1
= I‘( 5 )l‘{X| 27~ (M5 2%:/“ (), HZ,) 2

Z

(Y H(H™ - 2,(2, HZ,) ' 2}) Hy] ™% dzo.

(3.6.9)
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It follows that

mzo(b) = F(n;?)) _"_._ab2
Tl ~ —l ! -1 SIS S
> PG ENR D (G NENE N R
Hy|™ 7 dzg
Z/ (Z,HZy) ‘%[yH(H‘ — z(Z Hzy) ') Hy]~2dzg
(3.6.10)

Under no change, model Mj,

my = /(QW)_%< 2)_1326—57}"(?/_ Xﬁ)/(y_Xﬂ)d/Bda2

= /(2%)_%_2(02)_% |X’X|_%e_%f?"/Hyda2

= 1 (52) Ry Hy

2
and
my = [(m) T (0} F o x| e Y g
77;b— 2 n
= T -3 2 [y
(577 i
so that
, — 2 n-— n—4
mo(b) =T (” - ) w0y Hy)~ (%7 (3.6.11)

and the Fractional Bayes factor in favour of no change, with b = %, is
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(3.6.12)

where
Qulk) = [T (@ HE) Y HE - 8(2,HE) "8 Hy] Sdze. (3.6.13)

~Also

P[No switchpoint] = [1 4+ By]~!. (3.6.14)
The probability of a switchpoint in a particular interval follows from equation (3.6.7).

3.7 AUTOCORRELATION

Garisch and Groenewald (1999) considered the linear model with correlated errors
y=XB+e¢ e~ N(0,0°R)
where y : n x 1 = [y1,¥2,...,¥yn) is an ordered sequence,
X:nxp, PB:px1l and {R};=p"7 4,5=12...n

Suppose there are 7 structural changes to the model at ki, ks, ..., k,, 7€ {0,1,...,T}
and T <2 —1.
P

Denote this model by M,k', where k, = [k),...,k]. Then y = X.3, + ¢, where
X, inxp(r+1)=diag{X®}, X®: k —k_, x p where

ko=0, kpyr=n, t=1,...,r+land B.: 1 xp(r+1)= [B(l)/,...,ﬁ(r“)/]. (3.7.1)
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Suppose we have the following prior distributions:

1
B, ~N1.,,®86,6°I,,, ), I(0?) x et I1(6) « 1,

p~U(=1;1) where 1,41 : (r+1) x1=[1,...,1,6 : 1 x pand ® : p x p. (3.7.2)
Under model Mrk*, the data are related to the parameters as follows:
y|B,,0% p,7, k. ~ N(X.B,,0%R). (3.7.3)

We assume that the prior probability for M,,k' is P(Mrk) = P(k|r)P(r) where

P(k|r) = [no. of partitions of k]~ and P(r) = TLH, r=0,1,...,T.

Let Bgi*( y) denote the Bayes factor for model My (no change-point) against M,’cr from
data y. Then BEr(y) = DKo /DE- where

r

T 1 1
pk- — (7~+1)~%1<1>|-5/ ]Rl‘%lX;R‘er—l—;%(ITH@(D‘I)F?x
-1

-3(n—p)

{yR Y-y R (R X U © 7)) Ry -

The posterior probability for model Mrkf can now be calculated for ® known. For fixed

T,

T
P(MFrly) = P(k|r)(BS) ™ | 3 Plksl) S(B) (3.7.4)
=0 k;
The Fractional Bayes Factors of O’Hagan (1995, 1997), Bg,k (y) is given by
ko
k. m
B (y) = —¢
m r




and

mkr = £3=Vp%T (1(n - p(r +1))) /T (3(nb = p(r + 1)) x

—3n-p(r+1)] d

1 1 1 12 -
| IBFHXRTX | [YR Y - y R X(XRTX) T XIR T

—inb—p(r+1 n
] 5 p(+)]dp

1 1
/ |RI"3|X.R™ X, |7 [y'R‘ly -y R'X(X'RX,)'X'R™ly
J=1

(3.7.5)
The posterior probability for model Mrk can now be calculated using the FBF’s.
The afithmetic IBF for model M, against model M, is defined by

1

Al ks kr _ Bks,kr
B «(Y) 5

L
Z;fﬁ?“(yuﬁx

=1

where B¥:*(y) is the usual Bayes factor with the whole sample and improper priors

and y(¢) represents a minimal training sample.

Suppose we use the same vague prior distributions as before, then

b (y)
mi(y)

3

BEA(y) =

where

1>—§m—v+nm+1

ke () = —gln=(r+1)p] [ 2
mi(y) = (2m)h 5

&

L (}n—(r+1)p)

X / IRl_% IX;R_1XT|_%[y/R—1y _ y/R—lXT(X;R_lXT)_IX;.R_ly]_%[n_(m_l)p)dp.

(3.7.6)
The posterior density of p, conditional on k, also follows as
O(ply, k) o |R|I"2|X/R7'X,|"% [y’ Ry — Y RIX (X[ R™'X,)"1X]
_n=(r+1)
Ry 57 7, _1<p<l. (3.7.7)
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3.8 APPLICATIONS

EXAMPLE 3.8.1

Quandt’s data (1958) will be analyzed to see whether we can detect a change in the
regression coefficient. This data consists of a sequence of 20 (X, Y) pairs simulated by
Quandt, where the first twelve and last eight of these are obeying respectively,

Y, = 25407X; 4w, i=1,...,12

Y; = 5+05X;+u; j=13,...,20.

Here the u’s are independent standard normal variates. Quandt’s data is plotted in

Figure 3.1, where ‘0’ denotes the first twelve and ‘*’ the last eight observations.

18 T T T T T T T T T

16

14

42 fees i s . : *

Figure 3.1: Quandt’s data
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Quandt’s data was analyzed by a number of people to illustrate methods of change-
point detection. Amongst others, Ferreira (1975), Holbert and Broemeling (1977),
Chin Choy and Broemeling (1980), Land and Broemeling (1983) and Wang and Lee
(1993) analyzed the data. All of them assumed that there is exactly one change-point.

We will calculate the posterior probability of the position of the change-point, assuming
one exists, as well as the probability of no change by using the FBF and the intrinsic

Bayes factor.

Using equation (3.2.39), the posterior probability distribution of & is given in Figure 3.2.
The maximum probability is 0.5353 at the 12th observation. Holbert and Broemeling
(1977) got a maximum prébability of 0.5051, while Chin Choy and Broemeling (1980),
by using proper priors, got a maximum probability of 0.6844 (both at the 12th obser-

vation).

06 T T T T Y T T T T T T T T T T

Figure 3.2: Posterior probability distribution of change-point for example 3.8.1

174




The results for the FBF (equation (3.3.8) with (2.5.7)) and the three intrinsic Bayes

factors (arithmetic, median and geometric) from (3.3.3) and (3.3.4) are given in Table
3.1 for no change and for k = 12. In all cases k = 12 was by far the highest probability.
Although the FBF gives the highest probability for ¥ = 12, it also has the highest
probability of 0.1894 for no change among the four methods used. The three intrinsic

Bayes factors give very similar answers.

Table 3.1
No change | k =12
FBF 0.1894 0.6114
Arithmetic IBF 0.0128 0.5284
Median IBF 0.0067 0.5317
Geometric IBF 0.0055 0.5323

Figure 3.3 gives the conditional (kK = 12) and unconditional marginals of the five pa-
rameters. The conditional forms of the equations are given below (3.2.38). A summary

of the results is given in Table 3.2.

Table 3.2: Summary of the results of the unconditional marginals of

a1, a9, 51, 3 and o?, as well as those of Chin Choy and Broemel-

ing (CCB)(1980).

o Qg B B2 o? .
CCB - mean 2.36 5.45 0.67 0.52 0.83
-95% HPD | 1.24 - 3.42 38-6.77 0.55 - 0.80 0.41 - 0.63 0.52 - 1.85
Schoeman - mean 2.3345 5.5306 0.6812 0.5031 1.3369
- 95% HPD | 0.839 - 3.611 | 3.349 ~ 7.722 | 0.543 ~ 0.839 | 0.344 - 0.656 | 0.489 — 2.569
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Figure 3.3: The conditional (——) and unconditional (—) marginals posteri-

ors of aj, oy, A1, B, 0%, respectively, for example 3.8.1
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EXAMPLE 3.8.2

For component analysis as in paragraph 3.5 we will use Brownlee’s stack loss data,
as given in Hand, et al. (1994). These classic data are observations from 21 days’
operation of a plant for the oxidation of ammonia as a stage in the production of nitric
acid. The carrier variables are air flow (X), cooling water inlet temperature (° C)
(X2) and acid concentration (%) (X3). The response variable is stack loss (Y'), which

is the percentage of the ingoing ammonia that escapes unabsorbed.

From using the FBF in equation (3.3.8), Table 3.3 gives the probability for no change-
point and of the three highest probability change-points.

Table 3.3
k Probability
No change | 2.29 x 1078
4 0.4740
) 0.5069
6 0.0187

If we assume one change-point the probability, by using equation (3.2.39), for k£ = 4
is 0.8023, followed by a probability of 0.1742 for k = 5 and a probability of 0.0208
for k = 6. Although these probabilities seem quite different from that from the FBF
in Table 3.3, the differences are not that extreme. Out of 16 possible change-points,
both methods give a posterior probability of about 0.98 for a change at either k = 4
or k=23.

The distribution of o2 and of 0%|k = 4 is given in Figure 3.4 according to the information
below equation (3.2.38). These distributions are almost identical since most posterior

probability mass is concentrated at k = 4.
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Figure 3.4: The distribution of ¢%(—) and o?|k = 4(—-) for example 3.8.2

The conditional (k = 4) and unconditional marginal posteriors of the components of

the differences A = 3, — 3,, by using equation (3.5.2), is given by Figure 3.5. Notice

that the unconditional distribution of the differences has two modes. The major mode

is due to the conditional density of A; given k = 4 (with probability 0.8023) and the

minor mode is caused by the conditional density of A; when k = 5 (with probability

0.1742).
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Figure 3.5: The conditional (——) and unconditional (—) marginal posteriors

of the components of the differences A for example 3.8.2

The standardized mean differences between the four regression coefficients before and

after a change at k¥ = 4 (equation (3.5.3)) and the influence of each component in

causing the change-point (equation (3.5.4)) are given in Table 3.4.
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Table 3.4

D I

Bo | 54.3293 | 35.36
By | 17.7707 | 11.57
Bs | 29.9382 | 19.48
Bs | 51.6203 | 33.59

So it seems that there is a major change in the relationship between stack loss and the
carrier variables after the fourth or fifth day, with major contributor the % acid (X3),

and the intercept.

EXAMPLE 3.8.3

Distances and heights (in metres) achieved by winners of Olympic jumping events from
1896 to 1988 will be analyzed under the assumption of a linear improvement over time
in performance to see whether we can detect a change in the regression coeflicient.
The four events are high jump, pole vault, long jump and triple jump. There were no
Olympic games in 1916, 1940 and 1944. Caussinus and Lyazrhi (1997) also analyzed
the data.

By using equation (3.4.5) and (2.5.17), the probability for no change, one change and

two changes are given by Table 3.5, with b = 51’:—1 = I in the FBF.

Table 3.5: Posterior probabilities for k£ = 0,1,2 change-points

Nochange | k=1 | k=2
High jump 0.0003 | 0.9169 | 0.0828
Pole vault. 0 0.1574 | 0.8425
Long jump 0.0820 0.8288 | 0.0891
Triple jump 0.2786 0.6340 | 0.0874
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By using equation (3.2.39), the probabilities of the change-point positions for the four

events, given there is one change-point, are given by Figure 3.6.
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Figure 3.6: The probabilities of the change-point positions for the four
events, given there is one change-point, for example 3.8.3
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The two highest probabilities of the change-points, given there are two change-points,

are given by Table 3.6. This follows from equation (2.5.17).

Table 3.6

Years Probability
High jump | 1900 1936 0.0778
1936 1968 0.0647
Pole vault | 1908 1960 0.3570
1912 1960 0.1993
Long jump | 1900 1964 0.1708
1900 1956 0.0651
Triple jump | 1936 1968 0.1457
1936 1964 0.1203

Figure 3.7 gives the men’s Olympic performances in the pole vault. Caussinus and
Lyazrhi (1997) decided that two change-points have occured, one after 1908 and an-
other after 1960, which are the same as our results. According to them the second
change-point corresponds to a sudden, or at least very rapid, improvement in the

equipment.
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Figure 3.7: Men’s Olympic performances in the pole vault, for example

3.8.3

In the long jump, Caussinus and Lyazrhi (1997) found that there are two changé—points
(1912 and 1936) and one outlier (1968). According to them the two change-points cor-
respond to the two war periods, while the outlying performance in 1968 (Mexico) is
well known. According to our results, only one chahge-point appears in this sequence
with a probability of 0.8288. The probability of two change-points is only 0.0891. The

triple jump is the event most likely to have no change-point.

EXAMPLE 3.8.4

We will use the windmill data of Jaglekar, Schuenemeyer and LaRiccia (1989), as given

in Hand, et al. (1994), as an example of a switchpoint. For the windmill data direct
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current output (Y) was measured against wind velocity (z, miles per hour). There
were 25 observations recorded. Assuming a linear relationship between current output
of the windmill and wind velocity, we want to determine whether and where there is a

switchpoint.

By using the FBF in equation (3.6.12) and (3.6.14), the probability of no change was
8.945 x 10~°. Assuming a change has occurred, the posterior distribution of the switch -
point, by using equation (3.6.7), is given in Figure 3.8. The mean is 4.4264, with a
probability of 0.5586 for the interval 4.1 — 4.6 mph. The slope of the regression line is
0.626 before the switch point and 0.148 after the switch point, which means that the
increase in generated output becomes more than four times slower when windspeeds

exceed about 4.4 mph.

1.6 T T T T T T T

Wind velocity

Figure 3.8: The posterior distribution of the switchpoint, assuming a

change has occured, for example 3.8.4.
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EXAMPLE 3.8.5

As an example of a change in the regression coeflicient over time, we will use the data
of monthly dollar volume of sales (in millions) on the Boston Stock Exchange (BSE)
and the combined New York American Stock Exchange (NYAMSE) from January 1967
to November 1969.

Holbert (1982) analyzed this same data set to illustrate the estimation of the change-
point in two-phase regression by calculating the posterior density of the change-point.
He found out that the maximum posterior density occurred at position 24, which was
corresponding to the calender month of December of 1968 and concluded that it is a
change-point caused by the abolition of give-ups (commission splitting) in December

of 1968.

Chen (1998) took the same data to illustrate the SIC method for locating the switch-
ing change-point in linear regression, which corresponded to time point 23, hence the
regression model change-point started at the time point 24. This conclusion coincides

with the one drawn by Holbert (1982) using his method.

Figure 3.9 is the scatter plot of the BSE versus NYAMSE, with circles indicating the
pairs of (BSE, NYAMSE) before December 1968 and stars indicating the pairs of (BSE,
NYAMSE) on and after December 1968. In this scatter plot, the two regression lines are
also plotted, with the line having dashes indicating the regression line before December

1968 and the solid line indicating the regression line after December 1968.




14 15
NYAMSE <10°

Figure 3.9: Scatter plot and regression lines of BSE versus NYAMSE, given
k = 23, for example 3.8.5

The posterior probabilities from the Arithmetic Intrinsic Bayes factor (IBF), Me-

dian IBF and Geometric IBF, together with the posterior probabilities by assuming a

change-point (using equation (‘3.2.39)) and by using the FBF, is given in Table 3.7.

Table 3.7

Time point | AIBF | MIBF | GIBF | (3.2.39) | FBF
0 0.0091 | 0.0033 | 0.0032 - 0.0781
23 0.3087 | 0.3105 | 0.3105 | 0.3115 | 0.4768

The posterior measures of the parameters, given a change-point occured, is given in

Table 3.8.
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Table 3.8

CONDITIONAL, k = 23 UNCONDITIONAL
Expected value 95% cred. int. Expected value 95% cred. int.
Before cp | After cp Before cp After cp. Before cp | After cp Before cp After cp
Bo | -110.3096 | 11.0752 -199- - 22 -114- +136 -53.7681 -9.6231 -233- 4+ 199 -141- +144
B 0.0178 0.0067 0.0113 - 0.0242 | -0.0023 - 0.0157 0.0123 0.0091 -0.0101- -0.0262 | -0.0025 -0.0194
a? 1183.0 697-1910 1347.3 759 - 2231

As an example of a change in the variance, we will once again use the data of the BSE

versus NYAMSE, but with a rearrangement of the X matrix in increasing order.

The posterior probability II(k|y, &, 7, 6), by using equation (3.2.53), is sensitive to all

three parameters. Figure 3.10 gives the posterior probabilities of kK = 3,4,5,6 and of

no change-point as a function of 6 then a = 2,v =0.1. Approximately the same figure

is obtained as a function of a and as a function of +.
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Figure 3.10: Posterior probabilities of k = 3,4,5,6(—) and of no change-point

(-=—) as a function of § when a =2,y = 0.1, for example 3.8.5
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Figure 3.11 gives the posterior probabilities of the position of the change-point by (a)

assuming a change-point did occur (using equation (3.2.57)), (b) using proper priors,

using equation (3.2.54) with @ = 2,7 = 0.1,6 = 0.11 and (c) by using the FBF in
equation (3.3.15). For both the FBF (c) and the proper priors when § = 0.11 (b), the

probability of no change is 0.2228.

There is no strong evidence of a change-point in the variance when the NYAMSE

changes. If there is one change-point, it looks to be somewhere between a NYAMSE

volume of 11040 and 11280.
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Figure 3.11: Posterior probabilities of position of the change-point using (a)

equation (3.2.57), (b) equation (3.2.54) witha =2, v=0.1, 6=
0.11 and (c) the FBF in equation (3.3.15), for example 3.8.5
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EXAMPLE 3.8.6

As an example of a change in the mean and variance, we will use the data of raw cotton
imports into the UK by weight, for each year 1770-1800, as given in Hand et al. (1994).
Figure 3.12 represents a plot of this cotton imports in the 18th century.

x104

Weight

i ) [ i
{%70 1775 1780 1785 1790 1795 1800
Year

Figure 3.12: Cdtton imports into the UK in the 18th century

First, to select between the four models no change (Mp), the slope changes (M;), the
variance changes (M,) and both the slope and variance change (M3), the FBF is used.
Using equations (3.3.6), (3.3.13) and (3.3.21) together with (3.3.7), the FBF and pos-

terior probability for each model is calculated, using a prior probability of ; for each

model. The results are given in Table 3.9.




Table 3.9

Model M, M, M, Ms
Post. prob. | 0.0006 | 0.0069 | 0.0103 | 0.9822

This shows overwhelming evidence for a change in both the slope and variance.

Figure 3.13 shows the posterior probabilities of a change-point in the slope and vari-

ance for the cotton import data by (a) assuming a change-point and (b) using the FBF.
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Figure 3.13: Posterior probability of a change-point in the slope and variance

for cotton import data by (a) assuming a change-point and (b)

using the FBF, for example 3.8.6
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Assuming only model M3 or My, the posterior probability for no change is 0.0007, using

the FBF in equation (3.3.22). Assuming a change-point, equation (3.2.65) indicates a
change-point after 1780 or 1781 (probability of 0.345 and 0.254 respectively in Figure
3.13 (a). However, the FBF favours a change-point after 1784 (probability of 0.518),
as shown in Figure 3.13(b).

EXAMPLE 3.8.7

We will use the values (in millions of pounds) of British exports for each year 1820 -
1850 as an example of correlated data, given in Hand, et al.. Figure 3.14 represents a

plot of this British exports in the 19th century.

Value (Millions of Pound)

10 ) .
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Year

Figure 3.14: British exports in the 19th century
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To investigate the effect of correlation, we calculated the FBF in favour of no change,
when p = 0, by using equation (3.3.8) and resulted in a posterior probability of 0.0020
with maximum change-point probability P(k = 14) = 0,1445. If p # 0, the posterior
probability, by using the FBF in equation (3.7.5), for no change is 0.8042 with a
maximum change-point probability P(k = 6) = 0.0329. So the probability that there

is a change-point depends heavily on whether there is autocorrelation.

Figure 3.15 gives the posterior density of the autocorrelation coefficient p (by using
equation (3.7.7)), given a change-point (unconditional of k), assuming no change and
the unconditional posterior of p. The expected value given a change-point is 0.344,
given no change-point is 0.529 and for the unconditional case is 0.493, showing that

the estimated correlation is much smaller when a change-point is assumed.
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Figure 3.15: Posterior density of the autocorrelation coefficient p, given a
change-point (—. — ., unconditional of k), assuming no change

(——) and the unconditional posterior of p(—) for example 3.8.7

To see which model would best fit the data, let’s find the FBF when comparing a model
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with a change-point but no autocorrelation with a model with autocorrelation but no
change-point (Equations (3.3.6) and (3.7.5)). Figure 3.16 shows the FBF in favour
of no change-point as a function of the autocorrelation coefficient p. The maximum,
B = 0.835, occurs at p = 0.375. This shows mild evidence in favour of the change-point

model.
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Figure 3.16: FBF in favour of no change-point as a function of the autocor-

relation, for example 3.8.7

The model that actually fit the British export data best is one with a change-point
after 1834 (k = 14) and autocorrelation of p = 0.110.
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CHAPTER 4

CHANGES IN SOME OTHER MODELS

4.1 CHANGE-POINT IN BERNOULLI TYPE EXPERIMENTS
4.1.1 THE BINOMIAL DISTRIBUTION

Hinkley and Hinkley (1970) considered the binomial parameter in the problem of making
inferences about the change-point in a sequence of zero-one variables. They derived the
asymptotic distribution of the maximum likelihood estimate of the change-point in com-
putable form using random walk results. They also obtéined the asymptotic distributions of

likelihood ratio statistics for testing hypotheses about the change-point.

Smith (1975) considered a Bayesian approach to the problem of making inferences about the
change-point. He considered the binomial distribution where a sequence of random variables
X1,..., X, is said to have a change-point at k(1 < k£ < n) if X; ~ Bin (z|p;) i = 1,...,k)
and X; ~ Bin (z|p,) (¢ = k+ 1,...,n). He considered the cases where (a) p; and p, are
known, (b) p; known, p; unknown and (c) p; and p; unknown.

We will consider the case where both parameters are unknown.

Let the sequence X, ..., X, be such that
)(1"'\/ Bin (pl,mi), 1=1,,1\7

and

Xi~ Bin (ps,m;), i=k+1,...,n

k

~oomy Zmi—yl Z mi — Yo
f(zlpy,p2, k) = | [1 P (1 = p1)=t PP (1 — p,)i=k+1




k n
y1 = z;and yp = >z (4.1.1)

i=1 i=k+1

Let £ have a uniform prior and let the prior of p;, p, be
(p1,p2) = Bla, B)7*py (1 — p1)P o5 ™M (1 = o)™t
Then

flelk,a.8) = [[ f(@lpr,pa K)U(ps, p)TI(K)dprds

1=1 i=k+1

n m; k n
= H( )B(y1+a,zmi—y1+ﬁ)3(y2+a, > mi—y+P)
1=1 x

(4.1.2)

so that

z,a,f) = n—fl(mlk,a,ﬁ) . . (4.1.3)

Y f(aia,0

m(k

For a vague prior a number of options are available, such as ., 3 = 0,2 or 1. For a symmet-

rical prior we can put a = .

Furthermore
k
p1|w7k7a7ﬁ ~ B <y1 +aazmi - yl +IB>
=1
and
p?lmakaa',ﬁ ~ B(y? +a7 Z m; — y2 +/6)
i=k+1
Also
O(pi|z, a0, B) = ZH(pJ:v,k,a,ﬁ)H(k[:c,a,,B), 1=1,2. (4.1.4)
&
For 7 = p&; it follows that
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k

m—-y+6—-1

O(7|z, k,a, B) < T2 F qpy+2°‘2(1 —7 ); 4 (1 — po)k+1
s Ny U 0 2 D2 D2

where ¢ = min (1, %)

Considering the possibility of no change, let p ~ B(c, 8) so that

n

z;

flalk=n08) = [ {ﬁ

=1

Y m—y+p-1

g ( . ) Bla+v, Y mi—y+ B)l(Ble, 5]

-

q, k=mn
Furthermore, if we let II(k) =
=4 k=1,...,n-1
it follows that
H(k:n]x,a,ﬁ) = — % qf(:z:]k=n,a,ﬂ)
> —— flzlk,a,8) + qf(z|k = n,a,0)
on—1
-1
1_,q n—1
q(n —1) i 7
and
(n-v =]
n —_—
II(k|z,a, B) = Bxo ql ; +> Bjo| , k=1--n-1
_ =
where
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dp,
(4.1.5)

m; Zmi -y
[P =p)= [B(e, B)]7'p*~ (1 = p)°~ldp

(4.1.6)

(4.1.7)




By = f(zl|k, o, B)

f(z|k =n,a,0)
k n
Blyi+o,) mi—y+B)Blya+a, Y. mi—y+8)B(a,B)
— =1 i=ktl : (4.1.8)

Bla+y,> mi—y+p)

i=1
We can use the proper priors o, 3 — % or a, — 1in (4.1.8), otherwise we can use partial

Bayes factors with o, 5 — 0.

If we let o, 3 — 0, for the FBF it follows that

mo B(ya i m; — y)
mo(b) = — = =L (4.1.9)
T By )

where y = y; + 32 and

k n
B <y1,Zmi - y1> B (y'z, > mi— yz)
=1

i=k+1

me(b) = — = - (4.1.10)
B <by1,b (Zmi - y1>> B (byg,b( Z m; — yg)>
=1 i=k+1
so that,
F _ mo(b)

Y, ¥1,% > 0and b > %, since the minimal sample size is not unique. When m; =1, ¢ =

1,...,n, it becomes a Bernoulli sequence and

B(y,n —y)B(by,b(k — 11))B(bya, b(n — k — y2))
B(nb,b(n — y))B(y1,k — y1)Bly2,n — k — y2)

B, = (4.1.11)

where 0 <yy <k, O0<y,<n-—k.
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For multiple change-points k = [ki, ..., k] it follows directly that

r+1
I B(ys,m; —y5)
=1
mk(b) = r+]1
L1 B(by;, b(m; — ;)
j=1 »
where . )
g 7 r+1
yi= Y. T, mj= > my b>
i=kj_1+1 i=kj._.]+1 n
and kg =0, k.y=mn,aslongasy;,m;—y; >0, j=1,....,7+ 1

4.1.2 THE NEGATIVE BINOMIAL MODEL

Suppose that

Xi ~ Neg Bin (r,p) with fixed r so that, forz = z,,...,z, and y = Z Z5,

i=1

i=1 T —

flzlp) = [f[ ( . —11 )} P(l=p)¥™ zi=rr4l,.

Furthermore, let
1

B(e, )

H(ples ) = Pl (1 - p)~!

i.e. p ~ Beta(ca, #) and

-1
t B(nr4+a,y—nr
f(zla, B) = [H( 1 )] Bianh.
i=1\ T —

If X; ~NegBin (r,p;), 1=1,...k

and X; ~ Neg Bin (r,p3), i=k+1,...,n
it. follows that
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1
i=1 r—1

oz —1 nek)r (k)
f(:clpl,pg,k) = [H ( )J pllcr(l _pl)y1—krpg k) (1 —Pz)y2 (n—k)

so that
: _k
f(alk,a,B) o ZETEON =k HB) g b o — (= B+ ),
B(a, 8)?
Furthermore

(kla, B, 2) < B(kr + a,yr — kr + B)B((n — k)r + o, y2 — (n = k) + B).

For the usual Bayes factor we have

ﬁ(zl_l) B(”T'*‘Q',y—nr-f-ﬁ)B(a,,B)
1= —1
Bk_ 1 T

B(kr + o,y — kr+ B)B((n — k)r + a,yo — (n — k)r + 8)

For the fractional Bayes factor (o, 8 — 0) it follows that

mo = B(nr,y — nr)

and
md = B(bnr, by — nr))
so that, with a minimal sample of 2 and b = %, it follows that
B(nr,y — nr)
b) = ————~.
mol0) = Bi5zr =)
Furthermore
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(4.1.14)

(4.1.15)

(4.1.16)

(4.1.17)

O




B(kr,y, — kr) ((n—=Kk)r,yp — (n— k)r)

R CEr I C O
F_ M (b)
By, = mz(b)’ (4.1.19)

pilk, z ~ B(kir,y; — kir); i = 1,2 and the unconditional posterior of p; (a, 8 — 0) will be
as in (4.1.4).

The results for the Geometric distribution f(z|p) = p(1-p)*~!, z=1,2,... follows directly

from the Negative Binomial when putting r = 1.

4.1.3 THE MULTINOMIAL MODEL

Consider the distribution
X.(g x 1) ~ Multinomial (p,m), i=1,...

where

fX]p) =

—.
3
=,

B
T Py }
| Z14- - - - Tgi-

~
Il
—

I
=
B
2
5
.-—
—
Fe

.
[
-

where y; = Za:ji, 7=1...,q.

Furthermore, let the prior on p be

(p) = (

e
[IT(ey) 7
J

M'MQ

i

, p~ Dirichlet (a1,...,q).
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It then follows that the marginal distribution of y is

=1 n m! r Q; 5
flylor) = —2= I1 L:l '$k } g&i':jn;. (4.1.21)
HF(aj) P ' ’

Under the assumption of a change-point, let X;(g X 1) ~ Multinomial (p,,m), i=1,...,k
and X;(q x 1) ~ Multinomial (p,,m), i=k+1,...,n

It follows that
n q
f(ylpy, p2. k H Ll B } pru Hpg?

i=1

k n
where hNj = ZIji and Y23 = Z Tjq, ] = ]., ., q (4122)
i=1 i=k+1

and with identical independent Dirichlet priors,

it. follows that.

2
r g q q
} ( J ) ITT(a; +y15) [T Te; + u25)
l‘ki'

IgI Ma) ['(Za; + mk)['(Za; + m(n - k)

flyle) = l}[

Then

I1r(0; + yi5) [T T(a, + 32
['(Za; + mk)[(Za; +m(n — k)

{k|ly, o) x (4.1.24)

The usual Bayes factor in favour of no change will be




q

and for the fractional Bayes factor it follows that

bo_ flr(byj)
Mo = ['(bmn)

so that

I'(mn) [T T (by;)

q

o 11T (by;) ﬁ T'(by2;)

™ = T omk)T (bm(n — k)

9 q

II F(yu) LI T (y25)T(bmk)T (bm(n — k))
T(mk)L'(m(n — k) ﬁf‘ (byy;) ﬁf‘ (by2;)

ma(b) =

q q q

_ mogz; = HF( )q (bmn)T'(mk)[(m (77 - k))HP(bylj)HF(bij) (4.1.28)

['(mn) H (by;) ﬁf’ (y1; HF Y2, )L (bmk)(bm(n — k))

for given b. For o; =0, 7 =1,...,q, the minimal sample size is not unique, so it is not

clear what b should be. The minimal sample size depends on the observed values. However
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BE, is finite for any b > 0 in (4.1.28) and any k for which y;; > 0 for all ¢,j. The influence
q

of b is illustrated in example 4.3.3. Notice that YYz; =nm, Xp; = 1 and that Z T =m.

J
The posterior probabilities for k follow from (4.1.7), with g = 1.

Furthermore, conditional on k,
pilk, o, y ~ Dirichlet (yi1 + a1, ..., 4 + @), =12 (4.1.29)

The unconditional posterior of p (with a; — 0) follows as

n-1

(p,|y) o Z (p;|k, y)(k|y). (4.1.30)
k=1 :

4.1.4 THE MARKOV CHAIN MODEL

Carlin, Gelfand and Smith (1992) were the first to examine the Markov chain change-point
problem from a Bayesian viewpoint, using Gibbs sampling. They suppose a sequence of n
observations Y = (Y7,...,Y,) from a process which is a p-state stationary Markov chain
having either transition matrix A or precisely one change to a transition matrix B. The
entries of A are a;; = P(Yi4, = j|Y; = 1) whence a;; > 0, Zj;a;; = 1; similarly for B with
entries b;;. They take independent Dirichlet priors on the rows of A and similar for B. The
multinomial change-point problem occurs as a special case when the Y;’s are independent

and a;; = a; and bij = b_7
Let’s start with the simplest Markov chain, i.e. when p = 2.

1 2
A= 1 a;;  l—an

2 l—az ax
Let the Beta prior before the change be

II(A) = Dy, (a1) D, (a2)
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D(An + A12) sy

D = 1 — ay)M2? 4.1.31
,\l(al) F(/\u)P(/\u)au ( all) ) ( 31)
and after the change be
[I(B) = Dy, (b1) Dy, (b2).
Under model Mj of no change,
n—1
f(y|A) = p(yl) H Ay ye s
t=1
and where p(y;) is the initial state probabilities, the joint distribution is
fly,A) = [ylA)II(A)
= 1 M-l Ar2—1
— n-le _ 12—1
p(y1) t=1—Il Ay, ye41 B(/\u,)\lz)au (1 —an)
P (1 - ag)
B(A21, M)
(4.1.32)

Example:

IfY=112122112,then

n—1
[T avewen = an(l—an)(l —ax)(l - ain)an(l — an)an(l — ar)
t=1

a%l(l — a11)3ag(1 — ap)?

z1 = (211 z12) = (2 3)

zy = (2 202)=1(2 1)
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where z;; is the number of transitions from i to j in the n — 1 steps.

So

f(y,A).o< ai\1“+z“_l(l _ all)»\12+212—1a§\§2+222—1(1 _ an)/\21+221—1p(y1)
and
[I(Aly) = D +2,(a1)Day42,(a2).

With vague priors, /\11 = /\12 = /\21 = /\22 = 1:

I(Aly) = H(auly)(azly)

= Beta(z1; + 1,212 + 1) Beta(zo, + 1, 200 + 1).

The marginal likelihood of y (with A;; = 0) is

zn -1 z12—1 290~1 z91—1
my = //allll (1 =a)™ a3 (1 — ag)*™ "'daydag,

and

where b can be \/Lﬁ and where all z;; > 0 (unless A;; >0 V 4,7). This is not really usable

unless the chain is long enough to have transitions from every state to every other state.

Under model M, it follows that

k-1 n—1
f(ylA) B: k) = p(yl) H ayz,y:-n H byz,ya+1
t=1 t=k

and

fy, A, B, k) o fyl4, B k)ail "1 (1 — an)? a3 7 (1 — agy) 2!

T (1 = by ™ 3 (1 — b))
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where 2 < k < n — 1 for D, and D, proper densities.

Furthermore
[I(Aly, k) = D,\1+z’1(a1)DA2+z'2(a2)
and
H(B|y> k) = D‘YH-Z'I’: (b1>D72+Zg(b2)
and
2
I(kly) o< II(k) [] B(ha + 21, ha + 2ip) B(vi1 + 243, vz + 2}a), (4.1.33)
i=1
and all z; 5 >0, where z - is the number of transitions in Y;, ..., Y} and z:’] is the number
in Yk,...,Yn.

The marginal likelihood of y (with v;; = A;; = 0) 1

HB Zi1) 12 H)

211, Zi (4.1.34)
and
2
H (bzly, bzly) B(bz}), bzly). (4.1.35)
The fractional BF is then
BF — mom?c
Ok ™ mbm
The ordinary BF with A;; = 4;; = 1 (uniform prior) i
2
B(Zil —+ 1, 232 + 1)
B = . 4.1.36
Ok izIIIB(zgl+1,z§2+1)B(z{’1+1,z§’2+1) ( )

To generalize to p > 2 (\;; = vy;; = 1), it follows that




and

my = FQp(p) ﬁ = f[ 7=1 (4.1.38)

so that

Also notice that

II(k|y) < mI(k).

The marginal posterior of say ay; is, for given k,

P
an |k ~ Beta(z’11+1,Zz{j+p— 1) (4.1.39)

=2

and similarly for the other elements.

Multiple change-points

Let’s consider the transition matrices A,, Ay, ..., Ags: where R is the maximum number of

possible change-points. Then

P
H(A€)=HD)\ei(a€i)) £=1,...,R+1
=1

and where




(i Ae ’) p
D, (ag) = —5— [ oo (4.1.40)

HF Ae,) 7

Under M}, where k = (k;...,k;) and 7 =0,..., R, it follows that

r kep1—-1
f(y[r, ka Afae = 1) N 1) = H ( H ae'*‘llyhyH-I) p(yl)

=0 \ t=k;

where kg =1, k.y1 =n.

With Ag; =1, II(r) = and k|r uniform, it follows that

R+1

pp PP PP 1
fly,r b, A)) = [T11 eniy’ TT 1L a2ty [T 1 arip(y)l (P)}p(RH)R—HH(HT) (4.1.41)
J

T 7 i i g
and that

. p ﬁF Zglj + 1
Flylk,r) = p(y)[L@)PE T[] - (4.1.42)

=1 P .
r Z Zgj + P
J

Under my, it follows that

HF zoij + 1)
fly) =p(y)[T ]pﬂm

where égij is the number of transitions from state ¢ to state j of the observations between k,

and ks.; — 1. Then

H HF(ZOU -+ 1)
1 F(ZZOU + p)
ok = T (z; + 1)

HH 2201] +p)

(4.1.43)
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4.2 EXPONENTIAL TYPE MODELS

4.2.1 THE POISSON MODEL

Raftery and Akman (1986) developed a Bayesian approach to estimate and test for a Poisson
process with a change-point, considering the change-point to be continuous. Carlin, Gelfand
and Smith (1992) presented a general approach to hierarchical Bayes change-point models.
In particular, desired marginal posterior densities are obtained utilizing the Gibbs sampler.
They include an application to changing Poisson processes, applied to the coal mining dis-
aster data of Jarrett (1979). Raftery and Akman (1986) also use the coal mining disaster

data.

There has been speculation that the number of cases of diarrhoea-associated haemolytic
uraemic syndrome increased abruptly during the early part of the 1980’s. Henderson and
Matthews (1993) investigate this hypothesis and applied change-point models for Poisson
variables to two series of data from regional referral units in Newcastle upon Tyne and

Birmingham.

Using a direct resampling process, Broemeling and Gregurich (1996) developed a Bayesian
approach for the analysis of the change-point problem. They implemented a direct sampling
approach whereby standard random number generators can be used to generate samples
from the joint posterior distribution of all the parameters in the model. They illustrated

this technique with examples involving one shift for Poisson processes and regression models.
Let’s first consider the model with exactly one discrete change-point

Xi~ Poisson (N\); i=1,...,k

X; ~ Poisson (Ap); i=k+1,...,n.

The likelihood function is

-1k

Ly, Ao, kly) = MLm=k <k <n—1

n

where
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k n
y= zandy, = Y = (4.2.1)

i=1 i=k+1

Assuming Ay, Ao, k are independent a priori and that the prior densities have the conjugate

form

,820 ol -
H(/\la)\QlO.’,IB)z W)‘l 1/\2 16 B(A1+X2)

and we have a uniform prior on k so that

I+ y1)l(a+ yo)

f(y|k,a,ﬁ) X (k +ﬁ)a+y1(n —k +ﬁ)a+y2

and

> flylk, e, B)
k=1

If welet @ — 0 and § — 0 so that m(\;, Ag) o /\1—1/\2-, it follows that

I(kly) o< D(y1)T(y2) k™ (n — k)%=,

Furthermore
My, ko, B ~T{a+y,k+ )
and
AQly,k,Q’,IB ~ F(a+y21n - k+ﬁ)
Also
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O\ly, @, 8) = > T(Ady, k, o, B)L(kly, o, 8), j=1,2. (4.2.7)
k

For 7 = 2 it follows that

A2
k -(2a+y)
O(r|y, k, a, B) [1 o n ﬁ'r} rotyi-l (4.2.8)
so that
2(a + ya)k
Ty, k ~ Fy, 0 4.2.9)
ot mn— bt B P P (
where
vy =2(a+y;) and vy = 2(a + y2) (4.2.10)
and that
I(rly) = >_(rly, k, o, B)(kly, o, B). (4.2.11)
k
g, k=n
Considering the possibility of no change, let II(k) =
i—:—%; k=1,...,n-1
so that
BT (o +
flulk = n,0,8) = — 5@+ Y)
D(a) [T (0 + 6)**
where
y=> i (4.2.12)
i=1
Then the posterior probability of no change follows as
¢/ (ylk = n)

Ok =nly) = 57—
> —Flk) + qf (ylk = n)




and

[1(k|y) is the same as in (4.1.7) where

flylk, o) _ _ BT(aty)l(atyo)(n + )™

0 = Fylk = ma B) (@) + B (n — k + B T(a )

(4.2.14)

We can’t let o, 8 — 0 (using vague priors) because of the normalizing constants, but can do

it through partial Bayes factors.

With vague priors, for the fractional BF it follows that

I'(y)

mop= ———
z;!ny’

I'(by)
b _
"0 = )by Tz, )b

F(y)bbyn_y(l_b)
~ D(by)(Oz,!)-*

and

_ M _ T (y1 )T (yo)btviy 6~ (0= 1)
mi I'(byr )T (bya ) (Mz;!)1-0

(4.2.17)

so that,

. (4.2.18)

_mk(b) B B(y1,42) n

F o mo(b)  B(byi,bya) [k v1(1-b) ey \ 2070
By = = '

If we let b = 2 it follows that

212




n’'n

)

—y1(n=2) =—yo(n—-2)
o~ n

ky ky ™ B(y,¥2)

For r possible change-points, we have

r+1
Ly)n=v0= [T T(by:)
=1
Bf, = — (4.2.20)

r+1
D(by) [] D(w) T k¢
=1 1=1

where b =" and k= (ky... k,41) Withy; >0, i=1,...,r+1.
The posterior is as before in (2.5.16) and (2.5.17).

For the intrinsic BF for one change-point it follows that

—n —Yy2
By =Blyy) (5) " (1-%)7", (4.2.21)
and with minimal sample size of 2 we have

Boe(€) = : <1)I“’+z(2’ (4.2.22)
A B(zqy,z()) \2 o

where z()) is an observation before the change-point, and z (o) an observation after the change-

point.

The intrinsic BF then follows from (1.10) and (1.11).
4.2.2 THE GAMMA MODEL

Diaz (1982) considered a Bayesian detection of a change of scale parameter in sequence of
independent gamma random variables. He stated two problems: the first is the detection
of the change, while the second is the estimation of the change-point and the two scale

parameters under the assumption that a change has occurred. He assumed a known but uses
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ordinary Bayes factors with improper priors, which does not allow for the indeterminancy

created by the improper priors.

Hsu (1979) presented a classical (non-Bayesian) asymptotic solution to the above mentioned

first problem and made a review of other solutions proposed that can be used only for large

samples.

Let’s consider the model

XiNP(a,ﬁl); Z=1,,k

Xi~T(a,3); i=k+1,...,n (k=1,...,n-1).

Assume « is known

The likelihood function will be

f(2|B, Ba, k) = M ﬁ 20~ 1g=Bryi=Baye
bl b Fn(a) i

=1

/Cl n
wherey; =Y ziandyo = > zi, ki =k, by =n—k.
=1 imk 41

The priors on ; and [, are assumed to be independent Gamma densities

(B, Br) ox G5 e=401 g e=402.

Then
(ko + a)T'(koa + a)

. d2a o1
flzlk,a,a,d) = (1 + d)kra+e(y, + d)keeta ()2 (a) (IZI ;)

where k) = k and ky = n — k. Then, with uniform prior on &,

T(k

y,a,a,d) « f(zlk,a,a,d).
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Ifa,d—0,ie w(f,0) x

and that

1
B£182°

T(k

it follows that

D(ki1a)T (ko)

kia, koo
1

Yo

Y, )

,ﬁllyaka(kla,yz), 1= 1,2

Under the assumption of no change,

XiNF(a,,@), 1=

fzla) =

1,...

, T, SO

I'(na + a)d® go-l
o+ @@ L

The usual Bayes factor in favour of no change

Bor =

F(na + a)f‘(a) (y1 + d)k1a+a(y2 + d)k2a+a

(y + b)retadel (ko + o) (ko + a)

If we let a,d — 0, the Fractional Bayes factor follows as

my I(na) (1-b)(a-1), —(1-b)
b = — = : & no
mO( ) mg F(bna)F(l‘b)”(a) (Hl' ) )
and
my (k)T (ko) ant). (b —(1—b)ege
b) = — = Mz,)1-0)e=1) Yerar, —(1-b)kz
) my F(bkla)F(bkga)F(l—é)n(a)( zi) % Y2
so that
pr - M) _ [ (na)T(bkya)T(bkya)ylt k1o 00k
Ok — mk(b) N F(klla)r(kQQ)F(bna)y(l—b)na

(4.2.25)

(4.2.30)

(4.2.31)




where we’ll again take b = T%

The generalization to multiple change-points follows directly as

r sy bk CY (1 —b)kjo
ok = (1 b)na H

for r change-points.

Assume o unknown

When « is unknown, there is no standard way to eliminate a. Then the following possible

solutions can be considered, i.e.:

(1) Determine II(k|y, @) and plot it as a function of o for k = 1,...,n — 1. In this way

upper and lower bounds can be established.
(2) Estimate o by some empirical Bayes procedure and then replace a by .

(3) Putting a prior on « on a bounded interval, 0 < o < K and integrate numerically.

Consider again the likelihood function in (4.2.23). Assuming now a change-point at k, the

2

. T —2 . —
moments estimator of o from the two groups are 3 and 3 respectively, where Z; and s? are
1 2

the sample means and variances. Our estimator is then the weighted mean

(8}

2

8
a

k1
Qp =

w

1

b2l
L+l

+ Ky -
- (4.2.32)

Under no change the estimator will be & = %. So for every value of k we will have a

different, estimator of .

If we assume a change in « as well as in 3, then

k o kga -l n az—1
f(wlal)QQaﬁla/BQ; ) = Fkl(;zl sz a2 (H £Cz> (H Jii) e‘ﬁlyl—ﬁ2y2. (4.2‘33)

1 k+1
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Then

I“(klal)l“(kgag) (I—ll CCi) (ﬁ xi)

o 4.2.34
flzlay, oo, k) Yy Y8222 Tk (o ) T2 () | |

and for a given k the o’s can be estimated as above so that

2 =2

. z . z

Gy = = and Gy = —72 (4.2.35)
S1 S2

or integrated numerically.

The Fractional Bayes factor follows then similarly to equation (4.2.29) to (4.2.31). The pos-

terior probabilities follows as in (4.1.7).

4.2.2.1 THE EXPONENTIAL MODEL

When o =1 (fixed) in paragraph 4.2.2, the result for the standard exponential distribution

follows directly from (4.2.23) to (4.2.31).

If censored observations z},z3,...,z}, are present, y; and y, are replaced by y; + 4} and

Y2 -+ ¥y in equations (4.2.23) to (4.2.31), where

and k* are the number of censored observations below k.

Worsley (1986) gives classical tests for change-points in the more general setting of ex-
ponential families of random variables, but with particular emphasis on the exponential

distribution.

4.2.2.1.1 THE LEFT TRUNCATED EXPONENTIAL MODEL

A variation on the exponential distribution is the truncated exponential distribution. Jani
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and Pandya (1999) observed a sequence of independent lifetimes X;, ..., Xk, Xit1, .., Xn

from left truncated exponential populations. They let

f(z|B) = Be Pz >y

with reliability function

= e Al-m), (4.2.36)

Assuming a change-point in the reliability at k so that R;(t) = e # (¢t — n) for Xi,..., Xk
and Ry(t) = e P2(t — n) for Xi41,..., Xn, Jani and Pandya (1999) assume marginal prior
distributions of the reliability levels at a common prefixed time 7 to be log inverse gamma

distributions, i.e.

bq'i 1 a;~1
M(ry) = ——r% | — . a4 b >0, 0<r, <1;i=1,2. (4.2.37)
F(az) Tir _

They put a vague prior II(n) = 1, 0 <7 < 7 onn. The marginal posterior distributions on

the change-point k£ were obtained as

M J(ky)
T n-1

Y MiJ (k)

k1=1

M(k|z) (4.2.38)

where

C
/(T—n)“”‘“
- ) — 40
(k1) = (A/c1+alBk2+a2)d77

with




C = min (Xl,XQ, o ,Xn,T) and My = F(kl + al)l"(kr_; + ag).

(4.2.39)

To find the fractional Bayes factor for the problem of a possible change in the parameter (3,

let’s first consider the model with a change-point at k, that is

f(x|By, Bayn, k) = 5 BE2e=B1(v1—kim) g=Pa(va—k2m)

with the priors

H(n) 128 ]-7 n 2 0 and H(ﬁlaﬁ?) 108 Bﬁ;a ﬁlaﬂ? > 0.

Then

mne) (k)T (k)
[I(k|z) x :ckoc/ dn = my,
(Klz) oc f{zlk) 0 (91 — kam)Fi (o — ko) 1
and

b _
my =

/mi“(r) '(bk, )T (bks)
o [blyr = ki) [b(y2 — kam)]*2

Under the model with no change-point we have

min(z) ]_"(bk)
mé = / ——— —_dn
"l ly— k)

so that
) My
mo(b) = e and mg(b) = —m—z
and
F mO(b)
as before.
Ok x(0)
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The conditional posteriors of the parameters under the change-point model follow as

Bi'xan>kNF(kiayi—kin)7 1= 172

and

['(k)(ks)
(31 = kam)* (y2 — kan)k2’

I(n|z, k) o 0 < n < min(x).

The unconditional densities can be obtained by averaging over II{k|z) in (4.2.42).

4.2.2.1.2 AN EPIDEMIC CHANGE

Ramanayake and Gupta (1998) and Yao (1993) considered a sequence of independent. ex-
ponential random variables that is susceptible to a change in the mean. They wanted to
test whether the mean has been subjected to a change after an unknown point, for an un-
known duration in the sequence, before returning to the original value. They called this the

epidemic change model. The likelihood ratio statistic was derived.

Let Xi,..., X, be a sequence of independent exponential random variables. Consider the

models My and M; with the following means:

My:6,=86y; 1=1,....n
and
01) ,Lsk"l
M, : 6 = Ba; ki <1<k
6y, - ko<i<nm,

where k), ky are the unknown change-points such that 1 < k; < k; < n — 1 while 6, and 8,

are the unknown parameters such that 6,6, > 0.

The density function under M, will be

%e_%, 1<k or i> ko
fzilb1,62) = ¢ 7 o, (4.2.45)
%e b2 ki <1< ks
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Let the priors be uniform 1 < k; < ky <n -1, II(6;,0;) < 56

The likelihood function will be

F(x|6y, Ky, ko, 05) o< 67 Frinke) =gy g=(kaka) =73 (4.2.46)
where
k1 n ko
t1=in+ Z Z; and ty = Z Z;.
=1 i=ko+1 i=k1+1
The joint posterior of &y, ks is
TI(ky, ko) o< T(ky — k))t; 20 (n 4+ ky — k)t %) 1<k < by <n—1.
(4.2.47)
For the Fractional Bayes factor it follows that
Mpiky = H(kl, k‘gl(l:)
and that
m . = D(bky — bky )5 2D (b(n + ky — )]tk (4.2.48)

mo(b) follows as in (4.2.29), with o = 1.

The only difference between this model and the exponential model with two change-points

is the condition that the mean returns to the initial value after the second change-point.

The conditional and unconditional posteriors of § = 65 — 6 follow from numerical integration

of (4.2.46), where




(6|2, kv, ko) o /_5 F(]8, &y, ks, )TL(6,)d6;

and

M(6|z) o« S TI(8z, ks, ko).

k

(4.2.49)

With censored observations, t; and ¢, are replaced by t, +t] and ¢, +t3 in equations (4.2.46)

to (4.2.49), where ¢} and t} are again the partial sums of the censored observations as in

paragraph 4.2.2.1.

4.3 APPLICATIONS

EXAMPLE 4.3.1

As an example of the Binomial model, we will use the simulated set of observations first

discussed by Page (1955). This data set was also analyzed by Smith (1975) and Pettitt

(1979). Forty observations were taken, the first twenty were simulated with p; = 0.5 and

the last twenty were simulated with p; = 0.84. The full data set consists therefore of n = 40

observations with a change-point at k = 20.

The posterior probability of &, given a change-point, by using equation (4.1.3) is given in

Figure 4.1. A maximum probability of 0.2130 at k = 17 is obtained with uniform priors

a,B = 1. Smith (1975) also got a change-point at k = 17, with probability of 0.367, but

assumed that p; < ps.
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Figure 4.1: Posterior probability of k, given a change-point for example 4.3.1

By using equations (4.1.6) and (4.1.7) with o, § = 1, the posterior probability for no change

is 0.2003 and the posterior probability for £ = 17 is 0.1703.

By using the FBF in equation (4.1.17) to (4.1.19), the posterior probability for no change is
0.5368 and the posterior probability for £ = 17 is 0.1072.

The conditional (given k = 17) and unconditional posteriors of p; and p,, by using equation
(4.1.4), are given in Figure 4.2, while the posterior distribution of 7 = &, given k = 17 (by

3

using equation (4.1.5)), is given in Figure 4.3.
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Figure 4.2: The conditional (given k£ = 17), ——) and unconditional (-) pos-

teriors of p; and p; for example 4.3.1
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Figure 4.3: The posterior distribution of 7 = f)—;, given k = 17 for example 4.3.1.

We get. the same change-point as Smith (1975) (k = 17), but the FBF finds little evidence
of a change-point. Pettitt (1979) and Page (1955) found significance for a one-sided test of

no change against a change at k = 17.

EXAMPLE 4.3.2

As a second example of the Binomial model, we will use the Lindisfarne Scribe’s data given
originally by Ross (1950) and subsequently analyzed by Silvey (1956). The data refer to the
number of occurrences of present indicative third person singular endings ”—s” and ”—0”

”

for different sections of Lindisfarne. It is believed different scribes used the endings ”—s

s




and ”—@” in different proportions.

According to Pettitt (1979) a change occurred after the 6th section, but Smith (1980) found
evidence of two change-points, after the 6th and 7th sections. Pettitt used a non-parametric
approach, while Smith used a Bayesian approach. Kashiwagi (1991) also considered the

Scribe’s data.

Stephens (1994) also analyzed the Lindisfarne Scribe’s data assuming two change-points, but
the data given in Stephens differs from that given by Pettitt. Pettitt gives 18 data points,

while Stephens only gives 13. We will consider the data given by Stephens.

Firstly considering the possibility of a maximum of three change-points, using equation

(4.1.12), we get the probabilities as in Table 4.1.

Table 4.1

Number of change-points 0 1 2 3

Probability 0.0155 | 0.4437 | 0.3363 | 0.2046

Assuming two change-points, the most likely pair seems to be (4,5) with probability of 0.2559.

Assuming one change-point, both equation (4.1.7) with o, = 1 and the FBF (equations
(4.1.9) and (4.1.10)) indicate a change after the 5th or 6th section. The probabilities are
given in Table 4.2. For his data set, Pettitt (1979) also suggested a change-point after the

sixth section.

Table 4.2
Change-point 0 4 5 6 7 8
Usual BF 0.0536 | 0.0013 { 0.4710 | 0.3717 | 0.0635 | 0.0199
FBF 0.0337 |{ 0.0018 | 0.4614 | 0.3916 | 0.0770 | 0.0250

Our conclusion is that a change did occur in the Scribe’s data, possibly after the 5th or 6th
sections. Two changes are also a possibility, but, then after the 4th and again after the 5th

sections.




EXAMPLE 4.3.3

We will use the data set for the 269 cricket test match outcomes between England and
Australia up to the end of the 1989 season as an example of the multinomial model. This
data set, given by Colwell, Jones and Gillett (1990), takes the value E, A or D depending

on whether England win, Australia win or the match is drawn.

Assuming one change-point, Figure 4.4 gives the posterior probability for the position of the
change-point, using equation (4.1.24) with a; = 0, j = 1,2,3. The position seems to be
somewhere between the 46th and 51st test with maximum probability of 0.0120 at k = 47
(in 1897).
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Figure 4.4: Posterior probability of k given a change-point for example 4.3.3
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As far as the existence of a change-point is concerned, the FBF (using equation (4.1.28))

is very sensitive to the value of b and seen in Figure 4.5, where the posterior probability of
no change is plotted as a function of b. It varies from a maximum (for b < 0.5) of 0.9343
at b= 1 =0.0037 to a minimum of 0.1334 at b = % = 0.2082. O’Hagan (1995) suggested
b= ﬁ when robustness is a serious concern. In that case we would have b = 0.061 with
a probability of 0.2162 for no change. This is higher than the probability for any specific
change-point, but much lower than the prior probability of 0.5, and we would consider the
evidence for a change-point inconclusive. When using equation (4.1.25) with proper prior

a; = %, 7 = 1,2,3, the posterior probability of no change is 0.0115 and the maximum

probability of 0.0877 is also at k = 47, indicating stronger evidence of a change-point.
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Figure 4.5: Posterior probability of no change as a function of training fraction

b for example 4.3.3
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Assuming a change in 1897 (k = 47), Figure 4.6(a) shows the marginal posterior of p;, the
probability of an Australian win, before and after the change-point. Figure 4.6(b) shows

the same for p,, the probability of an England win. We see that the mean probability of an
Australian win has increased from 0.319 to 0.387, while the mean probability of an England

win has decreased from 0.553 to 0.279. The mean probability of a draw has also increased
from 07128 to 0.333.

14 ' ' ! ! ! ! '
e '
' : ; /A
10 : : : ey
: : A
; : iy
8 : : /‘ \\
e
6 ; /_\ o
i : : HEERY
: C :
; ; : i P
4 : / | \ |
: : L N
i / U \\
: g i/ : :
0 i ) ot i

i
0 0.1 0.2 0.3 04 0.5 0.6 07 ° 0.8 0.9 1
(@
14 r l ' T T T
: e
12 : S FORY : :
. ’ o : {
1) S— : ,’ ' :
: ! B . H
8 S —— : :
o é\\
6 S . : :
P i : ;
4 Ly A H /\
o i :
2 o i : / \
o : \\‘\‘/ : \
0 1 A : > 1 i I 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
(b)

Figure 4.6: Posterior density functions of the probability of an Australian win

(a) and an England win (b) before (—) and after (——) a change-point
at 1897 (k = 47) for example 4.3.3
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EXAMPLE 4.3.4

If we model the Australian /England cricket test results of the previous example (4.3.3) as
a Markov chain (as was done by Colwell, et al. (1990)), the resulting posterior probabilities,
assuming a change-point according to equation (4.1.33), is shown in Figure 4.7. However
when using the Bayes factor (equation (4.1.36)), the posterior probability for no change is
0.609, while the maximum probability for a change-point is 0.0053 at k = 175. Thus there

is little evidence of a change-point. There is also no evidence of two or more change-points.
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Figure 4.7: Posterior probability of k£ given a change-point for example 4.3.4
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EXAMPLE 4.3.5

We will use the 50 observations simulated by Carlin, Gelfand and Smith (1992) as a second

example of the Markov chain model. They considered a three-state stationary Markov chain

where
0.7000 0.1500 0.1500 0.3333 0.3333 0.3333
A=1 0.3333 0.3333 0.3333 and B =1 0.1500 0.7000 0.1500 |,
0.3333 0.3333 0.3333 0.3333 0.3333 0.3333

and the change-point is after the 35th observation.

The posterior according to equation (4.1.36) is given in Figure 4.8 with a probability of no
change of 0.152 and a maximum probability of 0.220 at k£ = 33. Carlin, Gelfand and Smith
(1992) got a maximum probability of 0.34, also at k = 33. However, they did not consider

a probability for no change.
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Figure 4.8: Posterior probability of a change-point for example 4.3.5
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The marginal posterior density functions of the first elements of A and B, an and by, is
shown in Figure 4.9, from equation (4.1.39). The expected values are E(ay|y) = 0.652 and
E(by;|y) = 0.306, which corresponds well with the true values of 0.7 and 0.3333. Notice
that the marginal posterior of by, is one-tailed. This is because there are no transitions from

state 1 to state 1 after & = 33.

Figure 4.9: Unconditional posterior density functions of a;; and b, for example

4.3.5

EXAMPLE 4.3.6

As an example of the Poisson model, we will use the diarrhoea-associated haemolytic uraemic
syndrome (HUS) data used by Henderson and Matthews (1993). HUS is a severe, life
threatening illness which predominantly affects infants and young children (Levin and Barret

(1984)). There has been concern that the incidence of HUS has apparently increased sharply
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during the 1980’s (Tarr, et al. (1989), Coad, et al. (1991)). The annual frequency of cases of
HUS treated in two specialist centres in Newcastle upon Tyne and Birmingham from 1970

to 1989 is considered.

By using equation (4.2.4), we get an obvious change in both sets of data: For Newcastle at

k =15 (1984) and for Birmingham at & = 11 (1980).

The posterior probabilities assuming at most one change-point is given in Table 4.3. All
approaches give essentially the same answers. Considering models with up to three change-
points, by using equation (4.2.20), the data seems to favour a single change-point. as seen
in Table 4.4. Figure 4.10 shows the magnitude of the change % (from equation (4.2.8)) for

Newcastle and Birmingham.

So it seems that the change occurred later in Newcastle than in Birmingham and the mag-
nitude of the change is also greater in Birmingham with a mean increase of over 6 times

compared to an increase of about 5 times in Newcastle.

Henderson and Matthews (1993) compared the models from 0 to 3 possible change-points
pairwise and concluded that there are 2 change-points for Birmingham at 11 and 16 (1980,
1985) and 3 change-points for Newcastle at 1,7 and 15 (1970, 1976 and 1984). Our results,

however, from Table 4.4, show no evidence of this.

Table 4.3: Posterior probabilities assuming at most one change-point

P[No change|X] | Pk = 15|X]

FBF | 1.7x 1071} 0.9834
Newcastle AIBF | 3.3 x 10712 0.9861
MIBF | 1.7 x 10~} 0.9746
GIBF | 2.4 x 10~1 0.9832

P[No change|X] | Plk = 11|X]

FBF |19x10"13 0.9508

Birmingham | AIBF | 2.7 x 10714 0.9591
| MIBF | 8.4 x 10-14 0.9694

GIBF | 1.9 x 1013 0.9648
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Table 4.4: Posterior probabilities for multiple change-points, using the FBF

No change | 1 change-point | 2 change-points | 3 change-points

Newcastle 0 0.4763 0.2311 0.2926
Birmingham 0 0.4325 0.3991 0.1684

12 ¥ T T 0 T T T

10+

0 0.05

Figure 4.10: Posterior density of the magnitude of the change, %, for Newcastle

(=) and Birmingham (--), for example 4.3.6.

EXAMPLE 4.3.7

As a second example of the Poisson model we will use the much analyzed data set of annual

number of British coal-mining disasters during the 112-year period 1851-1962 gathered by
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Maguire, et al. (1952), extended and corrected by Jarrett (1979). Frequentist change-

point investigations appear in Worsley (1986) and in Siegmund (1988), while Raftery and
Akman (1986) apply their Bayesian model to investigate a continuous single change-point.
Broemeling and Gregurich (1996) investigated a discrete single change-point, while Carlin,
Gelfand and Smith (1992) used Gibbs sampling in examining for a single change-point.

Green (1995) considered multiple change-points with reversible jump.

Assuming one change-point, Carlin, Gelfand and Smith (1992) found a maximum probability
of 0.42 at 1891 (k = 41) with a = 5 and B = 0. The same result is obtained from equation
(4.2.3). The FBF (equation (4.2.18)) gives a probability of 0.2366 at 1891, while the three
fractional Bayes factors (equations (4.2.21) and (4.2.22)) yield 0.2409, 0.2575 and 0.2412.

Allowing for at most 4 change-points, the posterior probabilities from equations (4.2.20)
and (2.5.17) are given in Table 4.5, together with the results of Green (1995), who used the

reversible jump algorithm and a Poisson prior on k£ with mean 3.

Table 4.5
Posterior probability r=0 r=1|r=2|r=3|r=4|r2>25
From FBF 5.3 x 1071 | 0.2089 | 0.3367 | 0.2620 | 0.1924 | —
Green (1995) 0 0.157 | 0.348 | 0.266 | 0.149 | 0.080

The evidence points to 2 change-points with maximum probability at k = [41,97], which is
1891 and 1947. Worsley (1986) and Raftery and Akman (1986) give some possible historic
reasons for the possible change-points. According to Worsley changes in the coal-mining
regulations during 1896 may have reduced the probability of accidents. According to Raftery
and Akman a fairly abrupt decrease around 1887-1895 may be associated with changes in
the coal industry around that time, namely a severe decline in labour productivity starting
at the end of the 1980’s, and the emergence of the Miner’s Federation at the end of 1889.

The change in 1947 may be due to changes in labour practices just after the war.

The joint posterior of k; and k, is shown in Figure 4.11. The posterior mass is clearly

concentrated around k given above. Figure 4.12 shows the posterior distributions of A, A,
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and A3 with means of respectively 3.10, 1.07 and 0.27. So the number of disasters has been

reduced significantly each time.
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Figure 4.11: joint posterior of k; and k; given 2 change-points for example 4.3.7
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Figure 4.12: Marginal posteriors of (1), A2(2) and A;3(3), the mean yearly disaster

rates before, between and after 2 change-points for example 4.3.7

EXAMPLE 4.3.8

For an example of an exponential model we can also use the coal-mining disaster data as

given in Jarrett (1979) in terms of time between disasters. Worsley (1986) and Raftery and

Akman (1986) both found a single change-point during 1890. Assuming one change-point,
We find a maximum probability of 0.2477 at k = 124, using equation (4.2.25), which is
also during 1890. Using the FBF (equation (4.2.31)), the same probability is 0.2439 with
probability of no change 107'*. Raftery and Akman found the probability of no change to
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be 1.58 x 10~14.

Assuming two change-points, the results are again corresponding with that in example 4.3.7,
with maximum probability at k£ = [124, 187], that is during 1890 and during 1947. The
marginal posterior probability that k = 124 is the first change-point, is 0.1404 and the
marginal posterior probability that k& = 187 is the second change-point, is 0.2526, while the

joint probability is 0.0493.
EXAMPLE 4.3.9

We will use the 20 observations artificially generated by Diaz (1982) with o = 2 and unitary
scale parameter § = 1 as an example of the Gamma model. Diaz considered three different
situations. In the three cases, the first eight observations remained unchanged, while in
the first case the last twelve observations of the previous list were taken, in the second and
third they were multiplied by 1.5 and 3 respectively (we only multiplied by 3), in order to
produce a change in the scale parameter after the eighth observation with different relative

magnitude. Diaz used a prior probability of no change of 0.5.

Figure 4.13 gives the posterior probability of change-point position (with ¢ = 0.5) for the
Diaz data when the data has: (a) no change-point, & = 2 (using equation (4.2.31)); (b)
no change-point, o estimated (using equations (4.2.31) and (4.2.32)); (c) a change-point at
k =8, o = 2 (using equation (4.2.31)); (d) a change-point at k = 8, « estimated (using

equations (4.2.31) and (4.2.32)).

Diaz (1982) found a probability of 0.39808 for no change in the first case and a probability
of 0.055 in the second case (when the last 12 observations were multiplied by 3), with a

probability of 0.290 at & = 6.

It appears that the method of estimating the unknown « is working well when comparing

Figures (a) and (b), and Figures (¢) and (d).
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Posterior probability of change-point position for Diaz data for (a) no
change-point, o = 2; (b) no change-point, a estimated; (c) change-

point at k=8, a =2; (d) change-point at k£ =8, o estimated
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EXAMPLE 4.3.10

We will use the arrival times of aircraft reported to a control sector during a certain time
interval as an example of the exponential model. The sample period was 16/00/00 - 24/00/00
GMT (noon - 8 P.M. New York time) on April 30, 1969. Tabulated values are in seconds
from the start of the sample period. The data were originally collected by the Federal
Aviation Administration, National Aviation Facilities Experimental Center, Atlantic City,
New Jersey. The data seems to fit the exponential model and Hsu (1979) and Diaz (1982)

also analyzed the data.

We found no evidence of change in the interarrival times, which is the same conclusion as Hsu
(1979) and Diaz (1982). For the FBF with a = 1, the probability for no change is 0.8849.
With unknown a replaced by é&; from equation (4.2.32), the probability for no change is

0.8543.

We also added successive observations together, creating a Gamma sequence with o =
2,3,.... The posterior probabilities for no change stayed essentially the same as above for

both known and unknown value of .

EXAMPLE 4.3.11

As an example of an epidemic change, we will use the Stanford heart transplant data given
by Kalbfleisch and Prentice (1980). This data is the survival times of potential heart trans-
plant recipients from their date of acceptance into the Stanford heart transplant program.
Ramanayake and Gupta (1998) analyzed the same data, but does not seem to make any dis-
tinction between censored and uncensored observations. Our data set contains 45 uncensored

and 24 censored observations. Figure 4.14 shows the censored and uncensored observations.

The FBF (using equation (4.2.48)) yields a probability of no change of 0.1084, while the
maximum probability for an epidemic change is 0.1319 at the pair k = [1, 23], which are the

ages 19 and 48. This shows weak evidence of an epidemic change.

Since there is little reason to believe that an epidemic change model is applicable in this

situation, we also considered the exponential model with two change-points, but without

240




the epidemic model restriction. The probability for no change is 0.0268 with a maximum

probability of 0.0206 at k = [4, 23], showing again little evidence of change-points, since the

probability of no change, although small, is larger than for any particular change-point.

In fact it looks as if the Stanford heart transplant data has only one change-point, at k = 23
(48 years) with probability of 0.3004, against a probability of 0.0192 for no change-point.
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CHAPTER 5

THE HAZARD RATE

5.1 INTRODUCTION

If a random variable X represents the lifetime or time to failure of a unit, then the reliability

of the unit at time ¢ is defined to be
R(t) = P[X >t]=1- Fx(t). (5.1)

The same function with the notation S(t) = 1 — Fx(t), is called the survival function in

biomedical applications.

Properties of a distribution that were previously studied, such as the mean and variance, are
still important in the reliability area, but an additional property that is quite useful is the
hazard function (HF) or failure-rate function. The hazard function, h(t), for a pdf is defined

to be

_ @) f®
MO = T p = S (5.2)

The HF may be interpreted as the instantaneous failure rate or the conditional density of

failure at time ¢, given that the unit has survived until time ¢,

f(t]X > t) = h(t). - (83)

An increasing HF at time ¢ indicates that the unit is more likely to fail in the next increment
of time (¢, + At) than it would be in an interval of the same length at an earlier age. That

is, the unit is wearing out or deteriorating with age.

Similarly, a decreasing HF means that the unit is improving with age. A constant hazard
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function occurs for the exponential distribution and it reflects the no-memory property of

that distribution.
If X ~ Exp(8), then

= 4. (5.4)

In this case the failure rate is the reciprocal of the mean time to failure and it does not depend
on the age of the unit. This assumption may be reasonable for certain types of electrical
components, but it would tend not to be true for mechanical components. However, the no
wear out assumption may be reasonable over some restricted time span. The exponential
distribution has been an important model in the life-testing area, due in part to its simplicity.
The Weibull distribution is a generalization of the exponential distribution and it is much

more flexible.

If X ~ Wei(8,3), then

s

This reduces to the exponential case for § = 1. For 8 > 1, the Weibull HF is an increasing

function of t and for § < 1, the HF is a decreasing function of ¢.

One typical form of HF in the area of life-testi‘ng is a U-shaped or bathtub-shaped HF. For
example, a unit may have a fairly high failure rate when it is first put into operation, due to
the possible presence of manufacturing defects. If the unit survives the early period, then a
nearly constant HF may apply for some period, where the causes of failure are occurring “at
random”. Later on the failure rate may begin to increase as wear out or old age becomes a

factor. In life sciences the early failures are associated with the “infant mortality” effect.

Mitra and Basu (1995) considered the problem of estimating change-points in various non-
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monotonic aging models. A general methodology for consistent estimation of the change-
point is developed and applied to non-monotonic aging models based on the hazard rate
function as well as on the mean residual life function. All the other references considered a
change in a constant hazard rate, while Mitra and Basu (1995) considered changing survival

functions.

A more general model is dealt with by Basu, Ghosh and Joshi (1998) and Ghosh and Joshi
(1992), assuming the failure rate r(t) to have the shape of the “first” part of the “bathtub”
model, i.e. r(t) is decreasing for t < 7 and is constant for t > 7. The asymptotic distribution
of one of the estimates proposed earlier has been investigated. This leads to a test for the
hypothesis Hy : 7 < 79 vs Hy : 7 > 79 (where 75 > 0). Asymptotic expression for the power
of this test under Pitman alternatives is derived. Kulasekera and Saxena (1991) consider
“bathtub” and “upside down bathtub” shaped hazard functions and based their estimator

of the change-point on kernel estimators of the density function.

A frequently recurring question posed by leukemia researchers concerns a test of a constant
failure rate against the alternative of a failure rate involving a single change-point. In
answer to this question, Matthews and Farewell (1982) derived and simulated a likelihood
ratio test appropriate for the stated alternative. Consideration is given also to tests based on
alternatives in the log gamma family. Other classical approaches include Matthews, Farewell

and Pyke (1985), Yao (1986) and Pham and Nguyen (1990, 1993).

Nguyen, Rogers and Walker (1984) discussed the estimation of parameters in hazard rate
models with a change-point. Due to the irregularity of the models, the classical maximum
likelihood method and the method of moments cannot be used. A consistent estimator of
the change-point is obtained by examining the properties of the density represented as a

mixture. The performance of the estimator is checked via simulation.

Achcar and Bolfarine (1989) developed a Bayesian approach to the problem of a constant
hazard with a single change-point using non-informative reference priors. They also present

a generalization for the comparison for two treatments.

Ghosh, et al. (1993) examine the asymptotics of a Bayesian approach for the same model,
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but under the assumption of a lower hazard rate after the change-point. Ghosh, Joshi
and Mukhopadhyay (1996) assumed the hazard rate h(t) of a lifetime random variables to
be a constant equal to a up to time 7 and another constant equal to b thereafter. The
parameters 7 and (a,b) are assumed to be independent apriori, with 7 having a uniform
prior on [t1,t3], 0 < t; < t» < oo, while the prior of (a,b) is assumed to be smooth.
They proved that the marginal posterior mode of 7 is n-consistent; the marginal posterior
mass of 7 is concentrated around an n~! neighbourhood of the unknown parameter value;
the posterior distribution of (a,b) can be approximated by a Normal distribution; a, b, 7 are
asymptotically independent aposteriori and one can approximate the posterior mean and
variance of (a,b) by easily computable quantities. The accuracies of these approximations

were examined by a simulation study.

Ghosal, Ghosh and Samanta (1999) considered a family of models that arise in connection
with a sharp change in the hazard rate corresponding to a high initial hazard rate drop- -
ping to a more stable or slowly changing rate at an unknown change-point k. Although the
Bayes estimates are well behaved and are asymptotically efficient, it is difficult to compute
them as the posterior distributions are generally very complicated. They obtained a simple
first order asymptotic approximation to the posterior distribution of k. They judged the
accuracy of the approximation through simulation. Zacks (1972) considers a constant fail-

ure rate (exponential) that changes at an unknown time point to an increasing (Weibull) rate.

5.2 THE EXPONENTIAL MODEL

A constant hazard function occurs for the exponential distribution and it reflects the no-

memory property of that distribution mentioned earlier.

If X ~Exp(6), then

f(t]6) = 6e7*,
F(t|§) =1 — e (5.6)
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so that the survival function is

S(t|g) = e (5.7)
and the hazard function follows as
h(t|0) = 6. (5.8)

Under the models

My : No change in hazard rate,
f(t'@o) = 606"0“, t> 0,

M. Change at 7 (continuous)

e~ O<t<r
£(t161,8,7) = | (5.9)
Gpe=17—02(t=7). < ¢

Notice that the data is not considered sequentially over time as before, but arranged in order

of magnitude.

Achcar and Bolfarine (1989) consider a discrete prior on 7 with the observed values as sup-

port, and a vague prior,

H(91,92) xX —— 01,02 > 0, (510)

1
016,

on the parameters. They also derive the non-informative Jeffreys prior in the case of un-
censored and censored observations, assuming 7 known, and show that the above prior is

a reasonable approximation to the Jeffreys prior. Ghosh, et al. (1993, 1996) consider the
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assumptions one needs to make about the prior in order to obtain an analytical approxi-

mation to the posterior density of 7. The prior in (5.10) would satisfy their conditions if

0<c<B <0 <ooand 7 is uniform on [t;,t,—1] where 0 < t; < 7 < t,1 < 0.

We will start by assuming proper conjugate priors on the parameters

90a 917 02 ~ “’dr(a7 ﬁ)
and

T ~ U(tl, tn—l)

where t; <ty < - < t,,.
For censored observations t} < t5 < --- < ¢} it follows that:
Ife; >

t?
F(t:]el, 02, T) = 1 — 6—91T + / 926—91T—92(t-—r)dt

= 1— 8—017' + 6—01T+927(e—927 _ e—02t;)

= 11— 6_017_92(‘:_7)

and if t7 < 7

F(t:10,,0,,7) =1 — e~ %1%

Under Model M, the likelihood function follows as

-
k3 m

f(e,16:,051) = 1506 T] Sl m) TI0 - F(&16) - 1101 -

ki+1 i=1 ki+1

_ efl e—(hyl 052e—kgelr—eg(yg—kgT)e—BlyI e-—01k§'r—92(y5 —k37)

_ 6’;1 0526—91[S1+7‘2‘F]e—92[82—7‘27’]
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where k, and k, are, respectively, the number of uncensored observations before and after

the change point 7. Similarly we have k} and k3 for the censored observations. Further,

<. <tk1 <T<tk1+1 < - <tk1+k2=tn,
ky k3
S1=y +yi =Zti+zt::
=1 =1

1 m
Sg=yY2+y; = Z t; + Z t;

i=k1+1 i=k]+1
and
To = ko + k3. (5.15)
The joint distribution is given by
1 2 _ I _ o
F(t,t,6,,05,7) = 9?+k1 Lpatka=1 o—p01-B62 o Orls1+rat] ,=6alsa—rar

tn—l - tl FQ(CY)

so that

1
f(t: t*v T) X ﬁ—f‘(a + kl)P(Q -+ k2)[31 + ro7T + ﬂ]_(a-f-kl)[SQ — T + ,B]_(a+k2). (516)
n-1 — {1

With the priors (5.11), the posterior density of the change-point is given by

(7]t t7) o< T(ky + a)D(ky 4+ @) [s1 + o7 + B 7R+ 59 — ror + G]~(k2te)

Tp T < Thy (5.17)

where z; < 5 < -+ < Zpym are all the ordered observations and & is running from the index
of the first. to the (n — 2)th uncensored observation. So the posterior of 7 has a discontinuity
at each observed value of the variable. The posterior with vague prior (5.10) follows directly

by letting o, 8 — 0 in (5.17). Also, the posteriors of §; and 65, conditional on 7, follows as
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91'|t, t*, T ~ Gamma(ki, Zi), 1= 1,2 (518)

where

21 = 81 + o7 and zp = 8y — THT. (5.19)

For the distribution of 6 = -Sf 1t follows that

f(t, 162,68, 7) o< 8205 e=Orlsr+rarlg=01[sa=ra] (5.20)

and with the priors

I1(6,6) 315 and II(7) = ﬁ, (5.21)
the posterior of ¢ follows as
(6t t*,7) o 677 sy + G5y + 7mo(1 — 6)] ™
- nl . <2)k2 sk2=1 <1 + ﬁé) _n, §>0, (5.22)
B(ky, ko) \ 2y )

a Beta Type II distribution, so that %’25 has a F-distribution with 2k, and 2k, degrees of

freedom.

The unconditional distributions of ,, 6, and ¢ follow by averaging over the marginal poste-

rior of 7, i.e.

e, ) = S /+ (8|t ¢, 7)I(7]¢, £*)dr. (5.23)

k YTk

In the above analysis the assumption of exactly one change-point in the hazard rate was




made. To examine the evidence in favour of this assumption, we will consider the Bayes

factor when comparing this model M, in (5.9) with the model My which assumes a constant

hazard with no change.

For the Fractional Bayes factor it follows that

Z/ [(r|t, ¢")d  (5.24)

mb = g/t+ W . (5.25)
mo = Fs(f) (5.26)
and
mé ;(Z}IZ (5.27)
If we let b= 2,
mo(b) = 1;5?2) (5.28)

Up to this stage we assumed that there are no restrictions on the hazard rates 8, and 6,. If
we know more accurately that there is a decrease in the hazard rate after the change-point,

the prior will change to
[(6y,6,) & ——, 0 <y < 6 < 0. (5.29)
Then the joint distribution will be
F(t,t°,7) /0 ~ /0 " ghim1gha-1 im0 gg, 4o (5.30)
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so that the posterior distribution follows as
I(7|t, ) o 2372 / Ty (61205 ko)01~Le0171 48, (5.31)
0

where Iy, (-, k2) is the incomplete Gamma function and which can be integrated numerically.

5.3 HAZARD RATES FROM COMBINATIONS OF DENSITY FUNCTIONS

Unfortunately none of the common standard distributions will accommodate a U-shaped
hazard rate. To obtain the wanted shape, different combinations of the Weibull hazard rate
can be applied. If X ~ Wei(§, ) then h(z) = g (%)ﬁ_l. This reduces to the exponential
case for # = 1. For B > 1, it is an increasing function of z and if 8 < 1 it is a decreasing

function of z.

5.3.1 DECREASING HAZARD RATE

Firstly we will consider a lifetime distribution with a strictly decreasing hazard rate up to
a change point 7 after which it remains constant. Such a model is important in situations
where equipment have high infant mortality rate and manufacturers are interested in the

point at which the surviving equipment can be considered more reliable.

In general, if fi(-) and f,(-) are non-increasing continuous density functions with survival

functions S1(-) and Sy(-) respectively, and

fi(z|61); <7
f(IIT,gl)QQ) = SlTe 1
S;(-r|_20;)f2(x|92); T>T,

then A(z1) > h(zz) for z; < x4 if 85 = g(6,) such that
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F1(7161)S2(7(62) = fo(7|62) 51 (7161).

This last condition defines the assumption that there is no jump in the density or hazard

functions at the point of discontinuity.

We will assume a Weibull density with decreasing hazard rate for fi(-) and an exponential

density for fo(-).

Then
ABtP-1e=M, t<r

/\IBTB-le—/\Tﬁ'l[(l—ﬂ)'r+ﬁt]; t> T

[T, A, 8) = {

with hazard rate

where A >0and 0 < G < 1.

The likelihood function is given by

kA1
L()\, G, 7-|t, t*) = ,\nﬁnT—‘n(l—ﬁ) <H ti) e—/\[3w+r2(1—ﬂ)TB+ﬁT"3'1S2]

i=1
with notation as in (5.15) and

ky k3
818 = Y18 + Yig = Zt? + Zt:ﬁ-

i=1 i=1

With the priors
/\1 ~ F(CY;")’), ,6 ~ U(O, 1) and 7 ~ U(tl,tn_l)

252

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)




the joint distribution is

—(1-8)
k
f(t, t*, /\17 B’ T) — )\rlz+a—le—/\l{sm+r2(1—ﬂ)rﬁ+ﬂrﬁ—1sz-f—'y]ﬁn (I_II ti) .
« 1
—k(-p) L - 5.38
4 F(O.’) t'n.—l — tl ( )
so that

ky -(1-8)
f(t, B, 7) = F(?’L + a)[sm + Tg(l _ ,B)Tﬁ + ﬁTﬁ-—ISQ +A,y](n+a)ﬁn (H ti) Fk2(1-8)

(5.39)

If o, 8 — 0, the posterior distribution of 7 follows as

) ky -(1-8) _ —n
[I(7|t, t*) /0 <7’k2 HE’) [%sw + 79 (l 5 ﬂ) P + 75_152] ag. (5.40)

The marginal likelihood under M, will be

L . = C(n+ a)y®
T (tae1 — 01)D(a

; /tt (7|t t*)dr. (5.41)

Under Mj the joint distribution follows as

n B-1 a
f(& A, 8) = ATB" (H t¢> e~Ms fy@/\?‘le‘w (5.42)

where




-

so that

I'(n+ a)
[(a)

£(£,6) = 7 (g5 + 7)) g1 ). (5.43)

The marginals under the two hypotheses are then, with vague priors o, 8 — 0,

n B-1
mo = /Oﬁn (H ti) Y db (5.44)

and

tnoy ki —(1-8) 3 o
T : 1) / /01 (Tk? Hti) [%ﬁ +k (1 5 5) ¥+ Tﬁ-lyQ} dBdr  (5.45)
n—1 " {1 t1

so that

Mg
BOT = :
ms

In this case we consider the ordinary By, as reasonable, since we have proper priors on
and 7. The parameter A which has an improper prior appears under both models. Thus it’s

not required to calculate a Fractional Bayes factor in this case.

5.3.2 INCREASING HAZARD RATE

In the situation where an initially constant hazard rate later changes to an Increasing rate
due to wear-ouf or ageing, we have a combination of an exponential distribution and a

Weibull distribution with increasing hazard rate.

Let’s consider the model M, with hazard rate
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fn g =1 =T (547
B,7) = iy G- e 5.

)\e—}‘T(gﬁ—)(?)ﬁ le—%(;)ﬁ, t>T1
It then follows that

. : B-1 s
n _ AT r _ 28
F& 8N B, 1) = A=k [ T ] e dore [rep-1+ % (5.48)
ki1+1
where
kl kI n m
SL=yty =) L+t su=ypty=p t+ > tF
i=1 i=1 ki+1 ki+1
and 7, = kp + k3 (as in 5.15).
Let the priors be
1 1
T’\JU(tl,tn_l), W()\)O(X and H(IB)O( E, 1 <,6<K. (549)
We put an upper limit on 3, since the likelihood function is unbounded if 8 — oo.
The posterior of 7 is
B-1
K1 Q -1 AT
II(7|¢, t*) oc/ —pk2(B-1) I ¢ [31 + 7T (’8 ) + 1 Szg} ag (5.50)
1 p ky+1 B B

and for the Fractional Bayes factor the fractional marginal likelihood is
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b n-2 o441 K 1 bka(B—1) n b(B-1) ,B —1 F1-8 —an R
= — 7R ti b T.
me ) b 11 sl (T5) + Tpew)] owas

i=k1+1

(5.51)

This model can then be compared with any of the previous models like (5.24), (5.26) and
(5.45).

5.3.3 THE BATHTUB HAZARD RATE

A lifetime distribution having support [0, c0) is said to be a Bathtub Hazard Rate (BHR)
distribution if there exists a t; > 0 such that A(t) is non-increasing on [0,%) and non-

decreasing on [tg, c0).

The point ¢y need not be unique and we will consider a model with decreasing failure rate on
[0, 71], a constant failure rate on (71, 72] and an increasing failure rate on (7, 00). Assuming

no jumps at the points of discontinuity, the density function can be written as

ABitPr1e= M 0<t<n
_ 8 B1—1
f(tl/\aﬁlm@% 71, TQ) = /\,BITIBI le_l\Tll(l—ﬁl)e_AﬂlTll t; 1 < t S To
AtPr—1g-Bt72. ty <t < 00

with A >0, 0<fG, <1, 1< <K and
A= B ot a-p)

-1
Jol) Tlﬂl

B=)=———.
B2 7'52_1

The corresponding hazard rate is
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AGitP=l, 0<t<n
h{t) = /\’3172/31—1; 1<t< T (5.54)

,BQBtﬁz_l; Ty <t < 00.

The priors are

(ra|m) = U(n,b), (n) = Ula,b). (5.55)

In practice, under the assumption that both change-points fall within the range of observed
data, we will take a = t; and b as either t,_; or t,_y, ensuring at least one observation in

each section of the density function.
Then

ks Bi-1 n B2—1
f(ta t‘l/\)ﬁlaﬁ%Tl;TZ) = (H tz) ( H tz) e—/\C

=1 i=k;+ko+1

where

- Go—1 1 ,_
C=(ry+m3) (1 = By) + By ~? <T3 To+ 82+ =Ty D3, | + 515,

ba >

ri=ki+k 1=1,2,3 (5.56)

and

1 8 r1+72 n+m P
— 1 _- _ 2
S1j = in , S22 = Z Ziy, S3p, = Z z;°, (557)
i=1 ' i=r1+1 i=ri+ro+1
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where 1, < 9 < -+ < ZTpym are again all the ordered observations.

Then

. k ﬂl 1 n ﬁ?“l
- 1
F (8,81, By i, 72) o Fpr{T2 Bt oA (Hti) ( 0 ti> . (659)
=1

t=ngo+1 2

The conditional distribution of A is Gamma (n,C). For model comparisons, the fractional
marginal likelihood as in (1.13) can be obtained by a MCMC sampling scheme. As men-

tioned by Gilks (1995), notice from the denominator of (1.13) that
m® = E[L'7°(4|z)) (5.59)

with expectation with respect to the proper density II*(6) o< L°(8|z)II(8). So we perform
MCMC iterations on the density and estimate m® as the average of L'~%(d|z) over the

generated samples.

To obtain the marginal posterior distributions, Gibbs sampling can be employed, simulating
from the conditional distributions successively and averaging. After integrating A out, the

full conditional distributions of the other four parameters are given by

(B[t t, Ba, 1, 7)o Bprlr ekl phi-lo-n g . 5 <1, (5.60)
(Bult, ¢, 1, 11, 72) %T;ka‘ﬂ?‘”:rfz-lc-", 1< <K, (5.61)

(7|t t, 8y, B, 72) o 1y (CHRIE=Dph=lon < ) < tiry)-, (5.62)
I(ralt, t*, By, Bo, 1) o 7y IR0 <r <ty (5.63)
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where

n

k1
T1 = H t.,;, T3 = H ti (564)
=1

1=k +ko+1

and where £y, ko and k3 are the number of observations smaller or equal to 7;, between 7, and

T2 and larger than 7, respectively. Similarly we have £}, k3 and k3 for censored observations.

5.4 APPLICATIONS
EXAMPLE 54.1

We will consider a data set given in Matthews and Farewell (1982) as well as in Achcar and
Bolfarine (1989). The data specifies the times (in days) from remission induction to relapse
for 84 patients with acute non-lymphoblastic leukemia. There are 51 uncensored and 33

censored observations.

Under the Exponential model the Fractional Bayes factor in favour of model My (no change)
when compared with model M. is By, = 0.0628 when b = 2 (equations (5.24) to (5.28)).
This translates to a posterior probability for the change-point model of P = 0.9409 with
equal prior weights. This indicates reasonably strong evidence in favour of the change-point
model. In Figure 5.1 the Fractional Bayes factor is shown as a function of b. As b approaches
one, so will By, , as there is then little or no information left for model comparison. However,
for b reasonably small (b < 0.5) the Bayes factor is fairly robust (B, < 0.1) with a minimum
of 0.0367 at b = &.

n
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The Fractional Bayes Factor as a function of b
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Figure 5.1: The Fractional Bayes Factor as a function of b for example 5.4.1

According to Matthews and Farewell (1982) the classical significance level when testing the

null hypotheses of no change against the change-point alternative is approximately 0.001.

We also compared the change-point model M, with a Weibull model with decreasing hazard
rate. The Fractional Bayes factor in favour of M, is 53.64, indicating a much better fit to

the data than a Weibull model.

Assuming a change-point, Figure 5.2 shows the posterior distribution of 7. The discontinu-

ities occur at each of the uncensored observations.
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Posterior Distribution of Change-point
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Figure 5.2: The posterior distribution of the change-point 7 for example 5.4.1

The mode is at 697 days. This is also the maximum likelihood estimator of 7 (Matthews

and Farewell (1982)).

The unconditional posterior means of A; and A, are given in Table 5.1 together with the

asymptotic approximations according to Ghosh, et al. (1996) and the maximum likelihood

estimators from Matthews and Farewell (1982).

800

Table 5.1: Estimates of A; and )\, for example 5.4.1

1000

A x 10% | Ap x 108
Post. Means 2.005 0.3364
Approximation (GJM) | 2.081 0.2877
MLE (MF) 2.040 0.4300
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Az
In Figure 5.3 the conditional, given 7 = 697, and unconditional posteriors of 6 = /\—2 is shown
1

according to (5.22) and (5.23).

0 0.1 0.2 03 04 05 06 07 08

Figure 5.3: Conditional (given 7 = 697) posterior (- — —) and uncondi-

tional posterior (=) of § = A;/A; for example 5.4.1

The unconditional posterior of § has a mean of 0.1512 and 95% HPD interval (0.007; 0.393).

The maximum likelihood estimator is § = 0.2108.

Assuming both 7 and \; known, and equal to the MLE’s, Achcar & Bolfarine (1989) report
the posterior mode of § as 0.1405, and with only 7 known, as 0.1374. They also give in this
case a 95% HPD interval of (0.1253; 0.3540) by using a normal approximation. We consider

this interval as too narrow. Their unconditional posterior mode is 0.25.




EXAMPLE 5.4.2

In Appendix A the failure times (hours) of 107 units of a piece of electronic equipment
are given. The data is from Juran and Gryna (1980) and is also analysed by Schneider,
et al. (1990). It is suggested by Schneider, et al. that there is an early failure period of
approximately 20 hours and a wear-out period of about 100 hours, the period between being

fairly constant.

We compared the non-decreasing hazard rate model (5.46) with the bathtub model (5.54)
by means of the MCMC calculation (5.59) of the Fractional Bayes factor. After 10 000
simulations from each model and with b = %, the estimated Bayes factor was calculated
as B = 3.79 in favour of model (5.54), moderate evidence in favour of the bathtub hazard
rate model. Compared to a constant hazard rate model and the single abrupt change model

(5.9), the Bayes factors in favour of the BHR model are, respectively, 1.2 x 10° and 1.3 x 103.

Assuming the BHR model, 15 000 Gibbs samples were kept after burn-in, and the marginal
posterior densities of the five parameters obtained. Some posterior measures are given in
Table 5.2 with the two estimated change-points at 46.9 and 95.5 hours. The position of the
second change-point, 7, can be estimated much more accurately than that of 7, as can be
seen from the 95% HPD Interval. Also some contours of the joint density of 7, and 7, are

shown in Figure 5.4.

Table 5.2: Posterior measures of five parameters for example 5.4.2

Mean | Mode | Variance | 95% Interval
A 0.2071 | 0.1990 0.0015 | 0.137 - 0.289
By | 0.7763 | 0.7780 0.0081 | 0.604 — 0.958
B2 | 11.8259 | 10.6300 | 23.8981 | 4.450 — 20.400
7y | 46.922 | 26.100 483.37 | 10.80 — 89.40
To | 95.546 | 97.100 82.99 | 78.70 - 112.80
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Figure 5.5 shows the expectation of the unconditional distribution of the hazard rate (5.54)
with the 95% credibility interval, and in Figure 5.6 the empirical survival function S(t) =

1 — F(t) is plotted together with the posterior expectation and 95% credibility interval.

Contours of Joint Posterior of Tau1 and Tau2
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Figure 5.4: Contours of the joint posterior density of the change-points 7

and 7, for example 5.4.2




Expected Hazard Rate and 95% Credibility Interval
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Empirical and Expected Survival Function with 95% Credibility Interval
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Figure 5.6:

Hours

Empirical and Estimated Survival Function with 95% Credibil-

ity Interval for example 5.4.2
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CHAPTER 6

CONCLUSIONS AND SUMMARY OF OTHER APPROACHES

6.1 CONCLUSIONS

In this study we have attempted to use a pure Bayesian approach for the detection and
estimation of change-points in a sequence of random variables from a variety of models. The
emphasis was on obtaining ”default” results, or at least results with as little as possible
subjective prior input. It is well known that the Bayes factor is very sensitive to the prior,
especially when comparing models of different dimensions. When the number of change-
points is assumed known, the use of improper priors is not a problem. However, if there
is uncertainty about the number of change-points, we must be able to specify reasonable
proper priors under each model or revert to partial Bayes factors. We have looked at two of
them, the Intrinsic and Fractional Bayes factors. The advantages and disadvantages of these
two Bayes factors are discussed in some detail by O’'Hagan (1997) and Berger and Pericchi
(1998). We will just mention a few which are particularly relevant in change-point analysis.

Firstly, the Intrinsic Bayes factors generally violate the multiple comparison coherence con-
dition, so Bjo is defined as B,, = B%l where M, is the more complex model. In general
an encompassing model is usually defined to avoid this problem, and a minimal sample is
then defined with respect to all possible submodels. However, in change-point analysis a
minimal sample for all possible positions of the change-point will be the whole sample, so
an encompassing model will not be possible. In our analysis we have considered only the
minimal sample for each fixed change-point when compared to the no change model and
defined B;; = %%‘ The shortcoming is that Bjy and Bjg are not calculated from the same

set. of minimal samples.

Secondly, the Intrinsic Bayes factor are computationally very intensive, especially for multiple
change-points. For example, if n > 100 and the number of change-points is larger than one,
the number of combinations of change-points and minimal samples gets unmanageably large

and use a lot of computer time. This problem can be reduced by taking a random sample
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of minimal samples instead of all possible minimal samples.

In contrast, the Fractional Bayes factor (FBF) is relatively simple to calculate, even for
large samples and multiple change-points. Also the FBF is invariant to transformations
of the data, while IBF’s are not always. The FBF does not suffer from the incoherency
problem. So in general we prefer to use the FBF in change-point analysis. In the examples

given throughout this study, both methods gave similar and sensible answers.

The one major practical problem with the FBF is the choice of the training fraction . We
have seen from the examples that the posterior probabilities can be highly sensitive to the
value of b, but it seems possible to obtain a lower limit on the Bayes factor in favour of no
change (see for example Figure 4.5). O’Hagan (1995, 1997) suggested b = 2, where m is
the minimal training sample size. For increased robustness when n increases, O’Hagan also
have two other suggestions, namely b = \/—%‘ and b = Z’“]—Lc’g%’. However, in some models the
minimal training sample is not unique, and our suggestion is to examine the Bayes factor B,

or the posterior probability for no change over a range of values for b to check the robustness

of your answer.

6.2 OTHER APPROACHES IN THE LITERATURE

Here we want to summarize some approaches, Bayesian, quasi-Bayesian and non-Bayesian

in the literature that were not dealt with in this study in any detail.

MCMC methods: In chapters two and three we have looked at the Gibbs sampling scheme
for deriving the posterior distribution of a change-point for certain models. However, the
analytical result was usually available under the assumption of exactly one change-point
for certain models. When the number of change-points is unknown however, the ordinary
Gibbs sampling algorithm is not applicable. Papers that deal with Markov chain Monte Carlo
methods when the chain has to move between models of different dimensions include a Gibbs
sampler-based approach by Rotondi and Pagliano (1994), the reversible jump algorithm of
Green (1995) and the jump diffusion sample algorithm of Phillips and Smith (1996). These

methods seem promising when the number of possible change-points are reasonably large.
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Product partition models: This is also an approach to the detection of multiple change-

points. Product partition models were studied by Hartigan (1990) and Barry and Hartigan
(1992, 1993). According to Hartigan (1990), product partition models assume that obser-
vations in different components of a random partition of the data are independent given
the partition. If the probability distribution of random partitions is in a certain product
form prior to making the observations, it is also in product form given the observations.
The product model thus provides convenient machinery for allowing the data to weight the
partitions likely to hold and inference about particular future observations may then be

made by first conditioning on the partition and then averaging over all partitions. Barry

. and Hartigan (1992) show, with appropriate selection of prior product models, that the ob-

servations can eventually determine approximately the true partition. Barry and Hartigan
(1993) show that the parameter values may be estimated exactly in O(n3) calculations, or
to an adequate approximation by Markov sampling techniques that are O(n) in the number

of observations. The Markov sampling computations are thus practicable for long sequences.

Information criteria: The Schwarz information criterion has been applied by Gupta and
Chen (1996), Ramanayake and Gupta (1998) and Chen and Gupta (1997, 1999). Gupta and
Chen (1996) applied the Schwarz information criterion together with the binary segmenta-
tion procedure to detect change-points in a set of geological data and the changes in the
frequencies of pronouns in the plays of Shakespeare. Ramanayake and Gupta (1998) consid-
ered a sequence of independent. exponential random variables that is susceptible to a change
in the means. They tested whether the means have been subjected to an epidemic change
after an unknown point, for an unknown duration in the sequence and derived the likelihood
ratio statistic and a likelihood ratio type statistic. Chen and Gupta (1997) explored testing
and locating multiple variance change-points in a sequence of independent Gaussian random
variables (assuming known and common mean). A binary procedure combined with the
Schwarz information criterion (SIC) is used to search all of the possible variance change-
points existing in the sequence. Chen and Gupta (1999) studied the testing and estimation

of a single change-point in means and variances of a sequence of independent Gaussian nor-
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mal random variables. The SIC is defined as SIC(n) = ~2log L(8) + plogn and Chen and
Gupta’s criteria is to reject My, the model of no change, if SIC(n) > SIC(k) for some k. The
position of the change-point is estimated by k such that SIC(k) = mm SIC(k). Akaike’s
and Schwarz’s criteria are also used by Yao (1988), Caussinus and Lyazrhl (1997) and Xiong
and Milliken (2000).

Decision theory: Decision theory was considered by Lyazrhi (1994). He studied the change-
point problem for normal regression models as the problem of choosing the hypothesis H,
of no change or one of the hypotheses H; that one or more parameters change after the
ith observation. The observations are often associated with a known increasing sequence
7; (for example 7; is the date of the ith observation). It then seems natural to introduce a
quadratic loss function involving (7; — 7;)? for selecting H, instead of the true hypothesis H;.
A Bayes optimal invariant procedure is derived within such a framework and compared to
previous proposals. Rukhin (1996) also considered the change-point problem as a multiple
decision problem and show that a positive limit of the minimum Bayes risk for the uniform
prior exists for any loss. Its explicit form and some inequalities are derived for the zero-one

loss function. A multiple decision (non-Bayesian) treatment was used by Haccou and Meelis

(1988).

Sequential analysis: An approach closely related to a decision theoretic one is sequential
analysis. This includes optimal stopping rules and quality control. All the models described
in our study is for fixed sample size, but can easily be applied sequentially. However, models
that are developed specifically for sequential detection were considered by Zacks and Barzily
(1981), Kenett and Pollak (1983), Zacks (1983, 1991), Zhang (1995) and Zacks (1995).
Sequential methods -are especially important in problems of statistical control of processes
with stochastic input, early warning of changes in the distributions and tracking of processes.
Zacks and Barzily (1981) discussed the determination of a stopping rule for the detection
of the time of an increase in the success probability of a sequence of independent Bernoulli

trials. Both success probabilities are assumed known. A Bayesian approach is applied and
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the distribution of the location of the shift in the success probability is assumed geometric

and the success probabilities are assumed to have a known joint prior distribution. The
costs involved are penalties for late or early stoppings. The nature of the optimal dynamic
programming solution is discussed and a procedure for obtaining a suboptimal stopping rule

is determined.

Kenett and Pollak (1983) supposed that one is monitoring a sequence of observations for a
possible increase in the probability of a rare event and that it is not possible to immediately
stop the process under observation or influence it to return to its normal state. According to
them one would then desire a scheme which takes advantage of observations occuring after a
detection of a change is proclaimed. They developed a modification of Page’s CUSUM Proce-
dure, taking account of these additional observations. Zacks (1991) provided a development
of a Bayesian tracking algorithm, which estimates parameters of the posterior distributions
of the means under the AMOC model. They also cited other tracking procedures, which
are based on adaptive Kalman filtering. Zhang (1995) discussed and applied Bayesian and
likelihood approaches to on-line detecting change-points in time series to analyze biomedical
data. Using a linear dynamic model, the Bayesian analysis outputs the conditional posterior
probability of a change at time t — 1, given the data up to time ¢ and the status of changes
occured before time ¢ — 1. The likelihood method is based on a change-point regression
model and tests whether there is no change-point. Zacks (1995) developed sequential stop-
ping rules for testing reliability systems having a random number of change-points in their
hazard rate functions. The failure process follows the empirical Bayes model of Littlewood
(1981). Sarkar and Meeker (1997) presented a Bayesian on-line change detection algorithm
for the cases when there are multiple jumps and when there is a trend in the process output
parameter. A decision theory based method has been formulated to determine the optimum
inspection interval for process control applications. Karunamuni and Zhang (1996) consid-
ered an empirical Bayes stopping rule for detecting a change in distribution when the prior

is not completely known.

Non-Bayesian papers on optimal stopping include Pollak (1985), Lai (1995) and Yakir (1997).

Papers that deal specifically with quality control and are based on the “Minimum Descrip-

271




tion Length” (MDL) criterion are Seki and Hashimoto (1996), Suzuki and Enkawa (1995)
and Suzuki (2000).

Non-parametric approaches to the change-point problem include Pettitt (1979), Wolfe and

Schechtman (1984), Lombard (1987), Eastwood (1993) and Aly and BuHamra (1996).

6.3 OTHER APPLICATIONS

Time series models are not considered in any detail in this study, except for the regression
model with autocorrelated errors in paragraph 2.7.5 and 3.7. There we considered only a
change in the regression coefficients. Many variations and extensions of time series models

are of course possible. For example, consider a AR(1) process,

i =Pyicite; i=1,...,n, (6.3.1)

with a possible change in 8. We can also have

Y=o+ 0y1+e€; 1=1,...,n, (6.3.2)

with a possible change in the mean «, or in S or in both. We can also consider a moving

average, MA(1) process,

yi:/6+6i-¢€i—1; 'i:l)"-)n) (633)

with possible changes in § and/or ¢.

Broemeling and Tsurumi (1987) consider some aspects of the three models given above. In
general,very little has appeared about changes in time series with regard to changes in the

covariance or correlation structure of a time series; however, there has been some studies
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about a change in the mean of a process. For example, Box and Tiao (1975) have introduced

changes in the mean of a very general time series

yi=fi(0,8) +e; i=1,...,n (6.3.4)

where f is a function of unknown parameters 6 and £, where the latter are called intervention
effects which change the mean of the process. The errors ¢; are assumed to follow and ARMA

process.

Tsurumi (1976) and Salazar (1980) used a transition function to represent both abrupt and
smooth changes in linear models. Tsurumi considered a simultaneous equations model, while
Salazar studied smooth changes in a regression model with autocorrelated errors. Ilmakun-
nas and Tsurumi (1984, 1985) used a Bayesian approach in the case where the change-point
is known, but there is a possible change in the autocorrelation. Ohtani (1982) considered
two possibilities: a change in the regression parameters and a change in the autocorrelation
coefficient of the error distribution; thus there were two shift points to consider simultane-
ously. Salazar (1982) also studied changes in o and 3 for model (6.3.2), while Cook (1983)

examined the multivariate case.

Kim, Cho and Lee (2000) considered the problem of testing parameter constancy in GARCH
(1,1) models from a frequentist viewpoint. The GARCH (1,1) process is such that

where o} =w+ae? | + P02, i=1,...,n (6.3.5)

and E(z;) = 0 and E(27) = 1. A cusum of squares test is proposed in analogy of Inclan and
Tiao’s (1994) statistic. Its limiting distribution is derived via using the invariance principle

for martingale sequences.

Spatial statistics: Spatial statistics was considered by Stephens and Smith (1992) and
Raftery (1995). Stephens and Smith (1992) and Mascarenhas and Prado (1980) formu-
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lated the problem of edge-detection as a statistical change-point problem using a Bayesian
approach. Practical applications of image analysis abound in agronomy (remote sensing),
astronomy (study of galaxies), industrial processing (automated manufacturing and qual-
ity control, medicine (internal body imaging) and the military (intelligence, reconnaissance,
defence/ offence systems), relating variously to imaging technologies such as photography,
tomography, radiography, etc. They have shown that the Gibbs sampler provides an effec-
tive procedure for the required Bayesian calculations and illustrated the use of the method
for “quick and dirty” image segmentation. According to Raftery (1995) in estimating and
testing for change-points in one-dimensional stochastic processes, model-based approaches
have often succeeded. Once a model is specified, the problem can be solved with fairly sim-
ple Bayesian methods. When it is assumed that thefé is only one change-point, Bayesian
analyses can take especially simple forms. A fairly general solution is given and the possi-
bility of exact finite-sample inference is illustrated with the change-point Poisson process.
Then a general approximate approach based on the Laplace method for integrals applied to
Bayes factors is described. When the number of change-points is not known in advance, the
Bayesian approach often proceeds most naturally using state-space models. The state-space
model approach to change-points was introduced by Harrison and Stevens (1976) under the
name multi-process Kalman Filter. This name describes a general computational strategy.
However, the multi-process Kalman Filter does not always work well and a different Bayesian
state-space modeling approach is reviewed. A different approach uses time series models that
can generate change-points but are not specified in terms of them. One class of such models,
the Markov Transition Distribution (MTD) models is described and its capacity for repre-
senting change-points without the need to specify in advance that they may be present is
llustrated with a simple simulation. In two dimensions the problem is much harder, because
instead of a single change-point we have a whole change curve. The fully Bayesian approach
is then much more difficult. Raftery (1995) reviewed a semi-parametric approach in which
change curves are modeled by principal curves, a family of non-parametric smooth curves
(Hastie and Stuetzle (1989)). The set of potential edge elements (which may be pixels in

an image or events in a spatial point process) is then modeled as a mixture of distributions
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each of which is centered around a different principal curve. These are estimated using gen-

eralizations of traditional cluster analysis methods.

Analysis-of-variance models have received little attention in the literature with respect
to the detection of change-points and there seems to be scope for further research in this
direction. Hirotsu (1997) assume that the two-way data y;; are independently distributed
according either to normal N(y,;, 1) or Poisson P(u;;), so that the density function is given

by

F(yi;) = exp[{yi0:5 — (0i5)} + c(yis)]

where
O+a;+ 0+ (E<I1,j<J)

6+ o + B (otherwise),

with (/. J) an unknown two-way change-point. For the Poisson model we have a(y;;) =

log(u:5) and for the Normal model a{u;;) = ;.

Hirotsu derived exact null and alternative distributions of the two-way maximally selected
x\? for interaction between the ordered rows and columns for each of the normal and Poisson
models respectively. The method is one of the multiple comparison procedures for ordered
parameters and is useful for defining a block interaction or a two-way change-point model
as a simple alternative to the two-way additive model. He described the construction of
a confidence region for the two-way change—point. An important, application is found in
a dose-response clinical trial with ordered categorical responses, where detecting the dose
level which gives significantly higher responses than the lower doses can be formulated as a

problem of detecting a change in the interaction effects.

Multi-path change-point problems were considered by Joseph and Wolfson (1992), Kiuchi,
Hartigan, Holford, Rubinstein and Stevens (1995), Joseph, Vandal and Wolfson (1996),
Joseph, Wolfson, du Berger and Lyle (1997), BuHamra (1997) and Bélisle, Joseph, MacGib-
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bon, Wolfson and du Berger (1998). Multi-path data refer to repeated measurements, say

N independent sequences of random variables, each sequence possibly containing a change-
point. According to Joseph and Wolfson (1992), this extension allowed the effective use
of bootstrap and empirical Bayes methods, both of which is not feasible in the single-path
context. Two classes of these multi-path change-point problems are considered by them.
If the change-point is assumed to occur at the same position in each sequence, then the
terminology “fixed-tau multi-path change-point” is used. In other cases, one may expect the
change-point to occur at random positions in each sequence, according to some distribution,
a “random-tau multi-path change-point” problem. Kiuchi, et al. (1995) proposed empirical
Bayes and hierarchical Bayes change-point models to estimate the distribution of the time
before AIDS diagnosis when a rapid decline in the T4 cell count begins. Results using the
EM Algorithm and Markov chain Monte Carlo indicate that the mean change-point occurs
approximately 1 year before diagnosis with a standard deviation of 9 months. Detection of
a change-point may indicate that an AIDS diagnosis is increasingly likely for an individual

HIV-positive but AIDS-free.

According to Joseph, et al. (1996) several measurements on the same variable in many
experiments may be taken over time, a geographic region or some other index set. It is
often of interest to know if there has been a change over the index set in the parameters
of the distribution of the variable. Frequently, the data consists of a sequence of correlated
random variables and there may also be several experimental units under observation, each
providing a sequence of data. A problem in ascertaining the boundaries between the layers
in geological sedimentary beds is used to introduce the model and then to illustrate the
proposed methodology. It is assumed that, conditional on the change-point, the data from
each sequence arise from an autoregressive process that undergoes a change in one or more
of its parameters. Unconditionally, the model then becomes a mixture of non-stationary
autoregressive processes. Maximum likelihood methods are used and results of simulations

to evaluate the performance of these estimators under practical conditions are given.

Joseph, et al. (1997) present a Bayesian multi-path change-point model, which facilitates

the comparison of baseline measurements to post-intervention values within each individual,
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eliminating the need to explicitly model the effects of baseline means. The main aim of their
paper is to show how the ensemble of sample paths may be used to make Bayesian inference
about the distribution of the times or locations of change. The position of the population
change-point is modelled by using a Dirichlet prior for the probabilities of each possible
discrete change-point. Two applications are shown, one Poisson model with 285 sequences,
each of length 8 and a Normal model with 75 sequences, each of length 10. Bélisle, et al.
(1998) used the same Bayesian model as Joseph, el al. (1997) to analyze neuron spike train
data. The data consists of counts of electrical discharges after a stimulus was applied to a

neuron. A Poisson model was used and there were 35 data sequences.

BuHamra (1997) proposed four non-parametric test statistics for the change-point problem
with repeated measures data. In a Monte Carlo simulation study, critical values for the pro-
posed test statistics are simulated and the performances of the proposed tests are compared

with the performance of some competitive tests in terms of asymptotic behavior and power.

Asymptotic theory was considered by Jandhyala and Minogue (1993), Ghosh, Joshi and
Mukhopadhyay (1996), Lee (1998) and Ghosal, Ghosh and Samanta (1999). Jandhyala and
Minogue (1993) derived simple elegant expressions for the covariance kernels of residual par-
tial sum limit processes under the assumption of a polynomial regression model. A numerical
method of solving Fredholm integral equations is derived, which is shown to provide solutions
that are uniformly close to the analytical solutions. This numerical procedure is applied to
compute quantiles for the asymptotic distributions of Bayes-type statistics derived to test
for change in an arbitrary parameter of a general polynomial regression model. Ghosh, et
al. (1996) examined the asymptotics of a Bayesian approach to the problem of a constant
hazard with a single change-point, under the assumption of a lower hazard rate after the
change-point. Lee (1998) found that the posterior mode of the number of change-points con-
verges to the true number of change-points in the frequentist sense under mild assumptions
and with respect to a suitable prior distribution. Ghosal, et al. (1999) considered a family
of models that arise in connection with sharp change in hazard rate corresponding to high

initial hazard rate dropping to a more stable or slowly changing rate at an unknown change-
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point. Although the Bayes estimates are well behaved and are asymptotically efficient, it

is difficult to compute them as the posterior distributions are generally very complicated.
They obtained a simple first order asymptotic approximation to the posterior distribution

of the change-point.
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APPENDIX A

Example 2.9.1: Male Egyptian skulls

c4000 BC ¢3300 BC c1850 BC
MB BH BL NH MB BH BL NH MB BH BL NH
131 138 89 49 124 138 101 48 137 141 96 52
125 131 92 48 133 134 97 48 129 133 93 47
131 132 99 30 138 134 98 45 132 138 87 48
119 132 96 44 148 129 104 51 130 134 106 50
136 143 100 54 126 124 95 45 134 134 96 45
138 137 89 56 .135 136 98 52 140 133 98 50
139 130 108 48 132 145 100 54 138 138 95 47
125 136 93 48 133 130 102 48 136 145 99 55
131 134 102 51 131 134 96 50 136 131 92 46
134 134 99 51 133 125 94 46 126 136 95 56
129 138 95 30 133 136 103 53 137 129 100 53
134 121 95 53 131 139 98 51 137 139 97 . 50
126 129 109 351 131 136 99 56 136 126 101 50
132 136 100 &0 138 134 98 49 137 133 90 49
141 140 100 51 130 136 104 53 129 142 104 47
131 134 97 54 131 128 98 45 135 138 102 55
135 137 103 30 138 129 107 53 120 135 92 50
132 133 93 33 123 131 101 51 134 125 90 60
139 136 96 50 130 129 105 47 138 134 96 51
132 131 101 49 134 130 93 54 136 135 94 53
126 133 102 51 137 136 106 49 132 130 91 52
135 135 103 47 126 131 100 48 133 131 100 50
134 124 93 53 135 136 97 52 138 137 94 51
128 134 103 50 120 126 91 50 130 127 99 45
130 130 104 49 134 139 101 49 136 133 91 49
138 135 100 55 131 134 90 33 134 123 95 52
128 132 93 53 132 130 104 50 136 137 101 54
127 129 106 48 130 132 93 52 133 131 96 49
131 136 114 54 135 132 98 54 138 133 100 55
124 138 101 46 130 128 101 51 138 133 91 46
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c200 BC cAD150
MB BH BL NH MB BH BL NH
137 134 107 54 137 123 91 50
141 128 95 53 136 131 95 49
141 130 87 49 128 126 91 57
135 131 99 51 130 134 92 52
133 120 91 46 138 127 86 47
131 135 90 50 126 138 101 52
140 137 94 60 136 138 97 58
139 130 90 48 126 126 92 45
140 134 90 51 132 132 99 55
138 140 100 52 139 135 92 &4
132 133 90 53 143 120 95 51
134 134 97 54 141 136 101 54
135 135 99 50 135 135 95 56
133 136 95 52 137 134 93 53
136 130 99 35 142 135 96 52
134 137 93 52 139 134 95 47
131 141 99 55 138 125 99 51
129 135 95 47 137 135 96 54
136 128 93 54 133 125 92 50
131 125 88 48 145 129 89 47
139 130 94 53 138 136 92 46
144 124 86 50 131 129 97 44
141 131 97 53 143 126 88 54
130 131 98 53 134 124 91 55
133 128 92 51 132 127 97 52
138 126 97 54 137 125 8 57
131 142 95 53 129 128 81 52
136 138 94 55 140 135 103 48
132 136 92 52 147 129 87 48
135 130 100 51 136 133 97 51
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Example 2.9.2: Colorado mountainside data

Zy Zs 2y Zw Zxn2 2y 28 29 Zyw 212
320 060 020 250 370 415 370 220 340 001
280 060 040 210 420 420 630 510 580 001
260 060 010 250 440 450 690 570 630 001
305 050 050 260 250 395 580 530 560 010
290 0350 020 210 510 380 350 320 400 270
275 050 020 230 570 430 340 340 360 200
280 080 020 270 400 410 170 170 170 060
300 120 010 280 300 520 210 190 190 180
250 070 030 250 330 385 140 200 260 020
285 070 010 240 280 535 110 230 270 070
280 060 020 370 300 550 050 230 270 030
300 120 060 250 200 510 190 150 230 110
280 150 010 280 280 510 140 100 150 040
305 130 010 300 260 385 050 050 300 050
230 270 030 250 240 505 001 200 130 030
325 160 010 280 170 470 160 300 380 060
270 160 010 290 330 465 260 440 500 060
250 120 001 260 330 400 330 400 390 040
260 270 080 480 330 415 220 190 270 010
270 180 040 450 220 435 370 360 500 010
325 600 080 660 250 370 130 080 330 030
315 410 200 600 260 380 070 001 050 030
335 360 080 390 170 430 130 070 300 020
310 640 240 630 190 420 050 100 350 050
410 760 440 800 001 425 100 010 340 010
360 770 260 770 010 250 001 001 050 001
310 660 380 640 010 520 770 570 800 570
420 620 520 680 001
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Example 2.9.3: Friday closing prices

Obs. Exxon General Dynamics || Obs. Exxon General Dynamics
1 48 - 06 45-05 27 47-07 32-01
2 47 -06 41-05 28 48-06 31-05
3 48 - 05 41-04 29 48-05 31-06
4 46-06 39-07 30 49-02 27-03
5 47-07 39-06 31 53-01 29
6 48-02 37 32 51-05 27-04
7 48 36 - 06 33 52-01 26-01
8 47 -01 36 - 02 34 48-07 26-02
9 46-06 38 35 50 24 - 07
10 46-03 37-06 36 50-07 25-05
11  47-04 37-07 37 51-03 25-03
12 46-01 37-05 38 51-02 26-04
13 46-01 37-04 39 49 23-05
14 46-01 37-02 40 49-07 25-04
15 45-06 37-03 41 48-04 22-07
16 46-03 37-02 42 49-07 20-06
17 45 35 - 04 43 47-02 22-03
18 46-04 34-04 44 49-05 23-04
19 47-07 33-04 45 50-03 23-07

V2O 47-06 34-05 46 50-03 22-05
21 46-04 34-03 47 51-01 23
22 47-06 35 48 50-05 23-03
23 47 36 49 49-02 24-05
24 47-07 35-05 50 30-06 25-03
25 47-07 33-04 51 50-06 26
26  47-07 32 92  31-05 25
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Example 2.9.4: New York Stock Exchange Data

890.19
856.02
889.31
840.39
873.80
906.38
939.87
963.80
961.39
922.26
959.36
945.36
1005.57
1020.02
979.46
922.71
953.87
888.55
936.71
898.63
963.73
822.25
841.48
855.99
847.54
818.84
802.41

901.80
880.91
893.98
812.94
881.17
906.68
942.88
954.17
934.45
920.45
970.05
930.46
1025.21
1047.49
979.23
951.01
927.89
879.82
908.87
886.36
987.06
838.05
855.47
851.92
844.81
816.65
791.77

888.51
908.15
893.91
810.67
890.20
917.59
942.28
941.23
945.06
926.70
961.24
942.81

887.78
912.75
874.85
816.55
910.37
917.52
940.70
941.83
944.69
951.76
947.23
946.42

1023.43 1033.19
1039.36 1026.19

959.89
931.07
895.17
891.71
852.38
927.90
935.28
815.65
859.39
878.05
859.90
802.17
787.23

961.32
959.36
930.84
870.11
871.84
947.10
908.42
818.73
843.94
887.83
834.64
853.72
787.94

858.43
911.00
852.37
859.59
906.68
922.79
962.60
961.54
929.03
964.18
943.03
984.12
1027.24
1003.54
972.23
963.20
893.96
885.99
863.49
971.25
891.33
848.02
820.40
878.13
845.90
843.09
784.57

850.61
908.22
839.00
856.75
907.44
942.43
967.72
971.25
938.06
965.83
953.27
995.26
1004.21
980.81
963.05
922.19
920.00
910.90
887.57
978.63
854.00
880.23
820.32
846.68
850.44
815.39
752.58
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Example 3.8.1: Quandt’s data set

Obs. No. (i) | 1 2 3 4 5 6 7 8 9 10
; 4 13 5 2 6 8 1 12 17 20
Yi 3.473 | 11.555 | 5.714 | 5.710 6.046 7.650 | 3.140 | 10.312 | 13.353 | 17.197
Obs. No. (i) | 11 12 13 14 15 16 17 18 19 20
x; 15 11 3 14 16 10 7 19 18 9
Yi 13.036 | 8.264 | 7.612 | 11.802 | 12.551 | 10.296 | 10.014 | 15472 } 15.65 | 9.871
Example 3.8.2: Brownlee’s stack lost data
Stack loss
X1{Xo| X311 Y
1| 8 | 27 [ 589 4.2
2 | 80 | 27 | 58.8 | 3.7
3 75 25 | 59.0 | 3.7
4 | 62 | 24 | 587|238
5 | 62 | 22 | 58.7 1.8
6 | 62 | 23 | 587 |18
7162 | 24 |593 |19
8 ‘ 62 | 24 [ 59320
9 { 58 | 23 | 587 |15
10| 58 | 18 | 580 | 1.4
11 | 58 18 | 589 1 14
12 | 38 | 17 | 588 | 1.3
13 | 58 18 | 582 | 1.1
14 | 58 19 [ 59.3 | 1.2
15 | 50 18 | 589 | 0.8
16 | 50 18 | 58.6 | 0.7
17 ] 50 | 19 | 57.2 0.8
181 50 | 19 | 57.9 | 0.8
191 50 | 20 | 58.0 { 0.9
20| 56 | 20 | 58.2 | 1.5
21| 70 | 20 | 59.1 1.5
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Example 3.8.3: Olympic jumping events

Year | High | Pole | Long | Triple
jump | vault | jump | jump

1 {189 | 1.81 | 3.30 | 6.34 | 13.72
2 11900 | 1.90 | 3.30 | 7.19 | 14.43
3 |1904 | 1.80 | 3.51 | 7.34 | 14.33
4 | 1908 | 1.90 | 3.71 | 7.48 | 14.92
511912 | 193 | 395 | 7.60 | 14.76
6 {1920 | 1.94 | 4.09 | 7.15 | 14.50
7 | 1924 | 1.98 | 3.95 | 745 | 15.53
8 1928 | 1.94 | 420 | 7.74 | 15.21
9 {1932 | 1.97 | 431 | 764 | 15.72
10 | 1936 | 2.03 | 4.35 | 8.06 | 16.00
111948 | 1.98 | 430 | 7.82 | 15.40
12 11952 | 2.04 | 4.55 | 7.57 | 16.22
13 (1956 | 2.11 | 4.56 { 7.83 | 16.34
14 11960 | 2.16 | 4.70 | 812 | 16.81
15 | 1964 2.18 5.10 8.07 16.85
16 11968 | 2.24 | 540 | 8.90 | 17.39
17 11972 | 2.23 | 550 | 824 | 17.35
18 | 1976 | 2.25 | 5.50 | 834 | 17.29
19 11980 | 2.36 | 5.78 | 854 | 17.35
2011984 | 235 | 5.75 | 854 | 17.56
2111988 | 238 | 5.90 | 872 | 17.61
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Example 3.8.4: Windmill data

Wind velocity, z

DC output, y

2.45
2.70
2.90
3.05
3.40
3.60
3.95
4.10
4.60
5.00
5.45
5.80
6.00
6.20
6.35
7.00
7.40
7.85
8.15
8.80
9.10
9.55
9.70
10.00
10.20

0.123
0.500
0.653
0.558
1.057
1.137
1.144
1.194
1.562
1.582
1.501
1.737
1.822
1.866
1.930
1.800
2.088
2.179
2.166
2.112
2.303
2.294
2.386
2.236
2.310
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Example 3.8.5: NYAMSE and BSE values

Time point | Calendar | NYAMSE | BSE Time point | Calendar | NYAMSE | BSE
Month Month

1 Jan. 1967 10581.6 | 78.8 19 Jul. 1968 15178.8 | 159.6
2 Feb. 1967 10234.3 | 69.1 20 Aug. 1968 | 12774.8 | 185.5
3 Mar. 1967 { 13299.5 | 87.6 21 Sep. 1968 12377.8 | 178.0
4 Apr. 1967 | 10746.5 | 72.8 22 Oct. 1968 16856.3 | 271.8
5 May 1967 | 113310.7 | 794 23 Nov. 1968 | 14635.3 | 212.3
6 Jun. 1967 12835.5 | 85.6 24 Dec. 1968 174369 | 1394
7 Jul. 1967 12194.2 | 75.0 25 Jan. 1969 16482.2 | 106.0
8 Aug. 1967 | 128604 | 85.3 26 Feb. 1969 139054 | 112.1
9 Sep.1967 119556 | 86.9 27 Mar. 1969 | 11973.7 | 103.5
10 Oct. 1967 13351.5 | 107.8 28 Apr. 1969 | 12573.6 | 92.5
11 Nov. 1967 | 13285.9 | 128.7 29 May 1969 16566.8 | 116.9
12 Dec. 1967 13784.4 | 134.5 30 Jun. 1969 13558.7 | 78.9
13 Jan. 1968 16336.7 | 148.7 31 Jul. 1969 11530.9 | 574
14 Feb. 1968 11040.5 | 94.2 32 Aug. 1969 | 11278.0 | 75.9
15 Mar. 1968 11525.3 128.1 33 Sep. 1969 11263.7 109.8
16 Apr. 1968 | 16056.4 | 154.1 34 Oct. 1969 15649.5 | 129.2
17 May 1968 18464.3 | 191.3 35 Nov. 1969 | 12197.1 | 115.1
18 Jun. 1968 17092.2 191.9
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Example 3.8.6: Cotton imports in the 18th century

Year Imports Year Imports
1770 3612 1786 19475
1771 2547 1787 23250
1772 5307 1788 20467
1773 2906 1789 32576
1774 5707 1790 31448
1775 6694 1791 28707
1776 6216 1792 34907
1777 : 7037 1783 19041
1778 6569 1794 24359
1779 5861 1795 26401
1780 6877 1796 32126
1781 5199 1997 23354
1782 11828 1798 31881
1783 9736 1799 43379
1784 11482 1800 56011
1785 18400
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Example 3.8.7: British exports in the 19th century

Year Exports Year Exports
1820 36.4 1836 53.3
1821 36.7 1837 42.1
1822 37.0 1838 50.1

1823 35.4 1839 53.2
1824 38.4 1840 51.4
1825 38.9 1841 51.6
1826 31.5 1842 474
1827 37.2 1843 52.3
1828 36.8 1844 58.6
1829 35.8 1845 60.1
1830 38.3 1846 57.8
1831 37.2 1847 58.8
1832 36.5 1848 52.8
1833 39.7 1849 63.6
1834 416 1850 71.4
1835 47.4

Example 4.3.1: Page’s data

Obs.mo. 1 2 3 4 5 6 7 &8 9 10
Binomial 0 1 1 1 0 0 O O 0 1

Obs. no. 11 12 13 14 15 16 17 18 19 20
Binomial 1 1 0 0 1 0 0 1 1 1

Obs. no. 21 22 23 24 25 26 27 28 29 30
Binomial 1 1 0 1 1 0 1 1 1 1

Obs.no 31 32 33 34 35 36 37 38 39 40
Binomial 1 1 1 1 1 1 0 1 1 1
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Example 4.3.2: Lindisfarne Scribe’s data

Example 4.3.3 and 4.3.4: Cricket test match outcomes between England

and Australia
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Example 4.3.5: Sequence of 50 observations for the three-state Markov chain

N = W
—
—
—
—

1 2 3 3 2

11

1 2 2 2 2

1 3 2

Example 4.3.6: Annual numbers of cases of HUS at each referral centre

Obs. | Year No. of cases at Obs. | Year No. of cases at
Newcastle | Birmingham Newcastle | Birmingham

1 | 1970 6 1 11 | 1980 4 1

2 1971 1 5 12 | 1981 0 7

3 | 1972 0 3 13 | 1982 4 11
4 | 1973 0 2 14 | 1983 3 4
5 | 1974 2 2 15 | 1984 3 7
6 | 1975 0 1 16 | 1985 13 10
7 11976 1 0 17 | 1986 14 16

l 8 | 1977 8 0 18 | 1987 8 16
9 |1978 4 2 19 | 1988 9 9
10 | 1979 1 1 20 | 1989 19 15
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Example 4.3.7: British coal-mining disaster data by year, 1851-1962

YEAR | COUNT || YEAR | count || YEAR | count | YEAR | count
1851 4 1881 2 1911 0 1941 4
1852 5 1882 5 1912 1 1942 2
1853 4 1883 2 1913 1 1943 0
1854 1 1884 2 1914 1 1944 0
1855 0 1885 3 1915 0 1945 0
1856 4 1886 4 1916 1 1946 1
1857 3 1887 2 1917 0 1947 4
1858 4 1888 1 1918 1 1948 0
1859 0 1889 3 1919 0 1949 0
1860 6 1890 2 1920 0 1950 0
1861 3 1891 2 1921 0 1951 1
1862 3 1892 1 1922 2 1952 0
1863 4 1893 1 1923 1 1953 0
1864 0 1894 1 1924 0 1954 0
1865 2 1895 1 1925 0 1955 0
1866 6 1896 3 1926 0 1956 0
1867 3 1897 0 1927 1 1957 1
1868 3 1898 0 1928 1 1958 0
1869 5 1899 1 1929 0 1959 0
1870 4 1900 0 1930 2 1960 1
1871 5 1901 1 1931 3 1961 0
1872 3 1902 1 1932 3 1962 1
1873 1 1903 0 1933 1

1874 4 1904 0 1934 1

1875 4 1905 3 1935 2

1876 1 1906 1 1936 1

1877 5 1907 0 1937 1

1878 5 1908 3 1938 1

1879 3 1909 2 1939 1

1880 4 1910 2 1940 2

292




Example 4.3.8:

Time intervals in days between explosions in mines, from 15

March 1851 to 22 March 1962 (to be read down columns)

157
123

124
12

10
216
80
12
33
66
232
826
40

29
190
97

65 53 93 127 176 22 1205 1643 312
186 17 24 218 55 61 644 54 536
23 338 91 2 93 78 467 326 145
92 187 143 0 59 99 871 1312 75
197 34 16 378 315 326 48 348 364
431 101 27 36 59 275 123 745 37
16 41 144 15 61 54 456 217 19
154 139 45 31 1 217 498 120 156
95 42 6 215 13 113 49 275 47
25 1 208 11 189 32 131 20 129
19 250 29 137 345 388 182 66 1630
78 80 112 4 20 151 255 292 29
202 3 43 15 81 361 194 4 217
36 324 193 72 286 312 224 368 7
110 56 134 96 114 354 566 307 18
276 31 420 124 108 307 462 336 1358
16 96 95 50 188 275 228 19 2366
8 70 125 120 233 78 806 329 952
225 41 34 203 28 17 517 330 632

Example 4.3.9: Diaz data (to be read across rows)

20777 2.1089 0.4033 2.0729 1.3243
1.5223 3.0164 4.0225 3.3887 0.8362
3.3298 1.0387 1.2537 1.3364 1.2291
1.0502 1.7754 3.9709 1.9282 0.2673
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Example 4.3.10: Aircraft arrival times

467
1,163
2,177
2,837
3,272
4,304
5,202
6,000
7,168
7,755
8,904
9,635

10,624
11,727
12,696
13,710
15,134
15,797
16,515
17,516
18,189
19,150
20,119
20,817
22,095
23,117
24,458
25,498
26,459
27,437
27,971

761
1,398
2,208
2,855
3,399
4,391
5,355
6,192
7,181
7,835
8,938
9,750

10,639

11,737

12,732

14,008

15,213

15,953

16,537

17,646

18,328

19,432

20,312

20,898

22,182

23,321

24,889

25,712

26,468

27,661

28,116

792
1,462
2,279
2,868
2,595
4,453
5,551
6,435
7,202
7,958
8,980
9,910

10,669
11,844
13,092
14,151
15,491
16,089
16,570
17,770
18,345
19,662
20,346

21,245

22,554
23,341
24,930
25,721
26,494
27,675
29,746

812
1,487
2,609
3,089
3,634
4,539
5,598
6,474
7,218
8,307
9,048
9,929

10,889
11,928
13,281
14,601
15,589
16,118
16,597
17,897
18,499
19,758
20,449
21,386
22,764
23,650
24,967
25,884
26,505
27,697

926
1,749
2,682
3,209
3,650
4,748
5,640
6,600
7,408
8,427
9,237

10,167
11,386
12,168
13,536
14,877
15,600
16,215
16,619
17,913
18,521
19,789
20,455
21,562
22,955

123,766

25,224
25,919
26,554
27,721

1,100
1,865
2,733
3,223
3,851
4,839
5,702
6,810
7,428
8,754
9,268
10,254
11,515
12,657
13,556
14,927
15,631
16,394
16,693
17,922
18,588
19,831
20,604
22,022
22,993
23,879
25,312
25,985
26,906
27,734

1,147
2,004
2,818
3,233
4,176
5,049
5,935
6,824
7,720
8,819
9,513
10,340
11,651
12,675
13,681
15,032
15,674
16,503
17,314
18,174
19,117
19,978
20,675
22,056
23,025
23,888
25,477
26,196
27,003
27,802
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Example 4.3.11: Stanford heart transplant data

Uncensored observations (45) Censored observations (24)
Age | Surv. Time | Age | Surv. Time || Age Surv. Time
41 b) 53 96 35 39
40 16 48 100 28 109
54 . 16 46 110 23 131
29 17 47 153 26 180
95 28 43 165 47 265
52 30 52 186 44 340
40 39 47 188 54 370
56 43 51 207 48 397
36 45 91 219 52 445
42 51 48 285 46 482
50 53 19 285 48 515
42 58 49 308 52 545
52 61 42 334 26 596
61 66 47 342 47 620
45 68 48 583 47 670
49 68 50 675 32 841
53 72 58 733 41 915
47 72 44 852 38 941
64 77 45 979 36 1141
51 78 48 995 45 1321
53 80 43 1032 48 1407
54 81 53 1386 40 1571
56 90 48 1586
33 1799
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Example 5.4.1: Ordered remission durations for 84 patients with acute non-

lymphoblastic leukemia

Uncensored observations (51)
24 46 Y o7 64
90 90 111 117 128

186 191 197
254 258 264
304 304 332
ol6 518 518
1160

Censored observations (33)

119 182 182 182

182 182 182
182 182 182 182 182 182 182 182
182 182 583 1310 1538 1634 1908 1996
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Example 5.4.2: Failure times for a piece of electronic equipment

1.0
1.2
1.3
2.0
2.4
29
3.0
3.1
3.3
3.5
3.8
4.3
4.6
4.7
4.8
5.2
5.4
5.9

6.4
6.8
6.9
7.2
7.9
8.3
8.7
9.2
9.8
10.2
10.4
11.9
13.8
14.4
15.6
16.2
17.0
17.5

19.2
28.1
28.2
29.0
299
30.6
32.4
33.9
35.3
36.1
40.1
42.8
43.7
44.5
50.4
91.2
52.0
53.3

54.2
95.6
56.4
58.3
60.2
63.7
64.6
65.3
66.2
70.1
71.0
75.1
75.6
78.4
79.2
84.1
§86.0
87.9

88.4
89.9
90.8
91.1
91.5
92.1
97.9
100.8
102.6
103.2
104.0
104.3
105.0
105.8
106.5
110.7
112.6
113.5

114.98
115.1
117.4
118.3
119.7
120.6
121.0
122.9
123.3
124.5
125.8
126.6
127.7
128.4
129.2
129.5
129.9
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SUMMARY

In chapter one we looked at the nature of structural change and defined structural change as
a change in one or more parameters of the model in question. Bayesian procedures can be
applied to solve inferential problems of structural change. Among the various methodological
approaches within Bayesian inference, emphasis is put on the analysis of the posterior distri-
bution itself, since the posterior distribution can be used for conducting hypothesis testing
as well as obtaining a point estimate. The history of structural change in statistics, begin-
ning in the early 1950’s, is also discussed. Furthermore the Bayesian approach to hypothesis
testing was developed by Jeffreys (1935, 1961), where the centerpiece was a number, now
called the Bayes factor, which is the bosterior odds of the null hypothesis when the prior
probability on the null is one-half. According to Kass and Raftery (1993) this posterior odds
= Bayes factor x prior odds and the Bayes factor is the ratio of the posterior odds of H; to
its prior odds, regardless of the value of the prior odds. The intrinsic and fractional Bayes

factors are defined and some advantages and disadvantages of the IBF’s are discussed.

In chapter two changes in the multivariate normal model are considered. Assuming that,
a change has taken place, one will want to be able to detect the change and to estimate
1ts position as well as the other parameters of the model. To do a Bayesian analysis, prior
densities should be chosen. Firstly the hyperparameters are assumed known, but as this
is not usually true, vague improper priors are used (while the number of change-points is
fixed). Another way of dealing with the problem of unknown hyperparameters is to use
a hierarchical model where the second stage priors are vague. We also considered Gibbs
sampling and gave the full conditional distributions for all the cases. The three cases that

are studied is
(1) a change in the mean with known or unknown variance,

(2) a change in the mean and variance by firstly using independent prior densities on the

different variances and secondly assuming the variances to be proportional and
(3) a change in the variance.

The same models above are also considered when the number of change-points are unknown.
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In this case vague priors are not appropriate when comparing models of different dimensions.
In this case we revert to partial Bayes factors, specifically the intrinsic and fractional Bayes
factors, to obtain the posterior probabilities of the number of change-points. Furthermore
we look at component analysis, i.e. determining which components of a multivariate vari-
able are mostly responsible for the changes in the parameters. The univariate case is then
also considered in more detail, including multiple model comparisons and models with au-
tocorrelated errors. A summary of approaches in the literature as well as four examples are

included.

In chapter three changes in the linear model, with

(1) a change in the regression coefficient and a constant variance,
(2) a change in only the variance and

(3) a change in the regression coeflicient and the variance, are considered. Bayes factors
for the above mentioned cases, multiple change-points, component analysis, switch-
point (continuous change-point) and autocorrelation are included, together with seven

examples.

In chapter four changes in some other standard models are considered. Bernoulli type
experiments include the Binomial model, the Negative binomial model, the Multinomial
model and the Markov chain model. Exponential type models include the Poisson model,
the Gamma model and the Exponential model. Special cases of the Exponential model
include the left truncated exponential model and the Exponential model with epidemic
change. In all cases the partial Bayes factor is used to obtain posterior probabilities when
the number of change-points is unknown. Marginal posterior densities of all parameters

under the change-point model are derived. Eleven examples are included.

In chapter five change-points in the hazard rate are studied. This includes an abrupt change
in a constant hazard rate as well as a change from a decreasing hazard rate to a constant

hazard rate or a change from a constant hazard rate to an increasing hazard rate. These
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hazard rates are obtained from combinations of Exponential and Weibull density functions.

In the same way a bathtub hazard rate can also be constructed. Two illustrations are given.

Some concluding remarks are made in chapter six, with discussions of other approaches in

the literature and other possible applications not dealt with in this study.

KEYWORDS: autocorrelation, Bayesian analysis, change-point, component analy-
sis, Fractional Bayes Factor, Gibbs sampling, Intrinsic Bayes factor,
linear model, multiple change-point, multivariate normal model,

structural change, switchpoint.
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OPSOMMING

In hoofstuk een het ons gekyk na die aard van strukturele verandering en definieer strukturele
verandering as 'n verdndering in een of meer parameters van die model. Bayes prosedures
kan toegepas word om inferensiéle probleme t.o.v. strukturele verandering op te los. On-
der die verskillende benaderings binne Bayes inferensie is klem geplaas op die analise van
die posterior verdeling, aangesien die posterior verdeling gebruik kan word vir die uitvoer
van hipotese toetsing sowel as die verkryging van 'n puntbenadering. Die geskiedenis van
strukturele verandering in statistiek, beginnende in die vroeé€ 1950’s is ook bespreek. Die
Bayes benadering tot hipotese toetsing is ontwikkel deur Jeffreys (1935, 1961), waarvan die
hoofresultaat 'n getal was (nou na verwys as die Bayes faktor), wat die posterior kansver-
houding van die nulhipotese is wanneer die prior waarskynlikheid op die nulhipotese een-half
is. Volgens Kass en Raftery (1993) is hierdie posterior kansverhouding = Bayes faktor x
prior kansverhouding en die Bayes faktor is die verhouding van die posterior kansverhouding
van H, tot sy prior kansverhouding, ongeag van wat die waarde van die prior kansverhouding
is. Die Intrinsieke en Fraksionele Bayes faktore is gedefinieer en sommige voordele en nadele

van die Intrinsieke Bayes faktore is bespreek.

In hoofstuk twee is gekyk na die meerveranderlike normaalmodel. Met die veronderstelling
dat 'n verandering plaasgevind het, wil mens in staat wees om die verandering op te spoor en
om sy posisie te bepaal, sowel as die ander parameters van die model. Om ’n Bayes analise
uit te voer, moet prior digthede gekies word. Eerstens is aanvaar dat die hiperparameters
bekend is, maar aangesien dit normaalweg nie waar is nie, is vae onegte priors gebruik
(terwyl die aantal breekpunte vas is). 'n Ander manier om die probleem van onbekende
hiperparameters te hanteer, is om ’n hiérargiese model met vae tweede fase priors te gebruik.
Gibbs steekproefneming is behandel en die volle voorwaardelike verdelings vir al die gevalle

is gegee. Die drie gevalle is:

(1) ’'n verandering in die gemiddeld met bekende en onbekende variansie,

(2) ’'n verandering in die gemiddeld en variansie deur eers onafhanklike priordigthede op
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die verksillende variansies te gebruik en verder ook te veronderstel dat die variansies

proporsioneel is en

(3) 'n verandering in die variansie.

Dieselfde modelle is ook bestudeer as die aantal breekpunte onbekend is. In hierdie geval
1s vae priors nie toepaslik in die vergelyking van modelle met verskillende dimensies nie.
Dus het ons ons gewend tot parsiéle Bayes faktore, in besonder die Intrinsieke en Frak-
sionele Bayes faktore, om sodoende die posterior waarskynlikhede van die getal breekpunte
te verkry. Verder is gekyk na komponentanalise om te bepaal watter komponent van die
meerveranderlike variaat grootliks verantwoordelik is vir die verandering in die parameters.
Die eenveranderlike geval is dan ook in meer besonderhede behandel, insluitende die verge-
lyking tussen 'n groep van moontlike modelle en modelle met outogekorreleerde foute. 'n

Opsomming van benaderings in die literatuur, asook vier voorbeelde, is ingesluit.

In hoofstuk drie is veranderings in die lineére model met

(1) ’'n verandering in die regressie koeffisiént en 'n konstante variansie,
(2) 'n verandering in slegs die variansie en
(3) 'n verandering in die regressie koeflisiént en die variansie

behandel. Bayes faktore vir die genoemde gevalle, meervoudige breekpunte, komponent-

analise, kontinue breekpunte en outokorrelasie, tesame met sewe voorbeelde, is ingesluit.

In hoofstuk vier is veranderings in ander standaard modelle behandel. Bernoulli tipe eksper-
imente sluit in die Binomiaalmodel, die Negatief Binomiaalmodel, die Multinomiale model
en die Markov ketting model. Eksponensiéle tipe modelle sluit in die Poisson model, die
Gamma model en die Eksponensiéle model. Spesiale gevalle van die Eksponensiéle model

sluit in die links afgeknotte eksponensiéle model en die Eksponsensiéle model met epidemiese
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verandering. In al die gevalle is parsiéle Bayes faktore gebruik om posterior waarskynlikhede
te verkry wanneer die aantal breekpunte onbekend is. Rand posterior digthede van al die

parameters onder die breekpuntmodel is afgelei. Elf voorbeelde is ingesluit.

In hoofstuk vyf is breekpunte in die gevaarkoers bestudeer. Dit sluit in 'n skielike verandering
in die konstante gevaarkoers, sowel as 'n verandering vanaf 'n afnemende gevaarkoers na 'n
konstante gevaarkoers of 'n verandering vanaf 'n konstante gevaarkoers na 'n toenemende
gevaarkoers. Hierdie gevaarkoerse is verkry vanuit kombinasies van Eksponensiéle en Weibull
digtheidsfunksies. 'n “Bathtub” gevaarkoers kan op dieselfde wyse gekonstrueer word. Twee

illustrasies is gegee.

In hoofstuk ses is gevolgtrekkings gemaak, met 'n bespreking van ander benaderings in die

literatuur asook ander moontlike toepassings wat nie in hierdie studie behandel is nie.
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