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Preface

Theory in Numerical Analysis is never,
or should never be,
an end in itself.

P. Henrici

Motivation for the research project
Perturbation techniques for the solution of differential equations form an essential
ingredient of the tools of mathematics as applied to physics, engineering, finance

and other areas of applied mathematics. A natural extension would be to seek
perturbation-type solutions for discrete approximations of differential equations.

Objectives
The main objective of the research project was to develop a perturbation technique for

the solution of discrete equations. To achieve this we gave attention to the following:

1. Application of the technique to discrete approximations of relevant equations.

2. Comparisons of the developed theory with observed computed results.

3. Investigate deviations between perturbation solutions and computed solutions
and explain reasons.

i
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Thesis Overview

This thesis is divided up as follows:

Chapter 1 contains a short exposition of singular perturbation techniques, highlight-
ing in particular the method of multiple scales. These techniques are applied to the
solution of the Van der Pol, Korteweg-de Vries (KdV) and Regularized Long Wave
equations.

Chapter 2 contains the basic framework for the numerical methods we wish to exam-
ine, specifically finite difference methods. A number of different ways to derive finite
difference methods are detailed and we show the connection between central finite
difference methods and the pseudospectral method.

In Chapter 3 we discuss a discrete multiple scales methodology as derived by Schoom-
bie [111]. We generalize the method for application to general finite difference ap-
proximations.

In Chapter 4 we apply the generalized discrete multiple scales analysis to the so-
Jution of the discrete KAV equation. We shall show the consistency of the method
with the continuous analysis as the discretization parameters tend to zero. We show
that the discrete multiple scales technique is a powerful tool for the examination of
modulational properties of equations such as the KdV equation. We show that in the
case of certain modes of the carrier wave, the multiple scales analysis breaks down,
indicating that in these cases the numerical solution deviates in behavior from that
of the KAV equation. Several numerical experiments are performed to examine the
spurious behavior for different orders of approximation. We supplement the work of
Chapter 4 with a Benjamin-Feir instability analysis in Chapter 5.

In Chapter 6 we show the application of the discrete multiple scales analysis to the
solution of a specific discretization of the Van der Pol equation. We also discuss
related work.

A short discussion on the work performed in this study, as well as a list of possible
extensions and ideas for future research, is given in Chapter 7.
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Chapter 1

Perturbation Techniques

A mathematician, like a painter or a poet, is a master of pattern.

G. H. Hardy

In this chapter we present some essential ideas used in the solution of singular pertur-
bation problems. It is not intended to be a complete survey of the literature on the
subject; even for the examples given and discussed here no attempt has been made
to make the references complete. It is not a survey of results or techniques - for this
the reader is referred to Nayfeh [93, 94], Ames [4) and Mason [83] amongst others.

Our main aim is to discuss the fundamental heuristic ideas which underlie certain
analytical techniques with the aim of expanding the techniques towards the analysis
of finite difference approximations to ordinary and partial differential equations.

We shall introduce the well-known method of multiple scales and show its use for the
solution of the Korteweg-de Vries (KdV) and Van der Pol equations. We shall also
demonstrate the use of an alternative multiple scales technique as applied to the KdV
and Regularized Long Wave (RLW) equations. In particular, for the KdV and RLW
equations the analysis shows that the envelopes of modulated waves are governed by
the nonlinear Schrodinger (NLS) equation. The alternative multiple scales technique
presents an ideal framework from which we shall devise a discrete multiple scales
analysis methodology.




2 CHAPTER 1. PERTURBATION TECHNIQUES
1.1 Multiple Scales - An Introduction

Consider the Cauchy problem for the parabolic equation
Oyu + eu = 82, (1.1)

where 8, denotes partial differentiation with respect to p. The equation is to be
solved on the domain —oo < z <00, t >0 subject to initial data

u(z,t) = f(z), —00 <z <00 (1.2)

Equation (1.1) is used as a model equation for heat conduction in a rod in which
there is a heat loss due to radiation on the surface. The radiative effect gives rise to
the eu term in (1.1). (See [146], for example.)

Changing to a new dependent variable by means of the transformation
u(z, ) = e~v(z, b), (1.3)
yields the classical heat equation [15],
B = &v. (1.4)
Thus the solution to (1.1) is given by the Cauchy problem for (1.4).

We shall now apply a simple perturbation method [9] to find an approximate solution
to (1.1). For that purpose we use the expansion

u(z, t) = iun(z,t)e". (1.5)
n=0
Qubstituting (1.5) into (1.1) we have
Oug + €Qyur + - -
tefug +eur + -] (1.6)
= 82ug + By + ...
Equating the coefficients of like power in € in (1.6) we have

L’U.(] = 0, (17)

for the coefficient of €® and
Luy = —uo, (1.8
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for the coefficient of €!. The linear operator, L, is given by
L=§-0. (1.9
The initial conditions are given by
ug(z,0) = f(2),
u,i:z:, 0; = 0.( (110

Solving (1.7) and (1.8) we find
uz, t) = v(z,t) — etv(z,t) + O(e%), (1.11)
where v(z,t) is the solution to the heat equation (1.4).

On comparison with the exact solution (1.3} we conclude that (1.11) serves as a
good approximate solution for et < 1. However, if ¢ = O(1) we find that the first
perturbation term eu; = —etv(z, 1) is of the same order of magnitude as the leading
term up. Consequently, no matter how small € there exists a finite time at which all
terms in the perturbation series are of the same order in € and cannot be neglected
on the basis that they constitute small corrections for small €. The result is that the
perturbation solution (1.11) is not uniformly valid for all times. Terms of the form
eto(z,t) are referred to as secular terms.

If we complete the full perturbation solution we obtain

Lup = —Up_1, 1 2 2, (1.12)
with the initial conditions
up(z,0) = 0. (1.13)
Making use of Duhamel's principle [15, 146) it is readily shown that
un(z, 1) = [(—=8)"/n!] v(z,1), (1.14)

which, upon substitution into (1.5), leads to the following well-known convergent
infinite series expansion for the exponential function

u(z, 1)

1l
™

|
(1
i
iy
]
<
=S
B
o
=

(1.15)

Therefore, the result obtained from the simple perturbation method with an infinite
number of terms is identical to the result (1.3) obtained by means of the continuous
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change of variables approach. However, in practice only a few terms in the expansion
(1.15) are retained which will lead to an invalid approximation to the initial problem
at some stage as illustrated above.

There are a number of methods in the literature for remedying the problems caused
by secular terms — the textbooks by Nayfeh [93] and [94], for example, cover the area
with a significant number of examples and studies. Also of interest is the more recent
work by [38, 77, 92]. Our focus in this work will be concentrated on multiple scales
type methods, as described below briefly for equation (1.1).

As shown by the solution (1.3) to (1.1) the problem involves a slow time scale et and
a comparatively fast time scale . Therefore, it seems reasonable to look for a solution

to (1.1) of the form w(z, To, T1) where To = ¢ and T = et.

By making use of the chain rule for derivatives we can write

8, = O, + €0y, (1.16)
which leads to
dnyu + €(Onu +u) = dZu, (1.17)
upon substitution into (1.1). Employing a perturbation series expansion
o0
u=y €U, (1.18)
n=0
yields the recursive system
Brytto — O%ug =0, (1.19)
as well as
aTo’u'n - a:’u'n = —[aTlun—l + un—l]' (120)
From (1.19) with the initial conditions given by (1.10) we find
'ZLQ(I, Tg,Tl) = C(Tl)’l}(I,To), (121)

with v(z, Tp) defined as before and ¢(T) an arbitrary function of T, that satisfies the
condition ¢(0) = 1 (since ¢ = 0 implies that T} = €t vanishes). Substitution of (1.21)
into (1.20) with n = 1 yields

Bty — %uy = —[Br,u0 + U} = —[‘;i;; + cJu(z, To)- (1.22)

Because ¢(T1) and its first derivative are constants as far as the operator on the left
of (1.22) is concerned, we obtain the solution as

iz, To Th) = —t[d%% + dJolz, To) + d(T), (1.23)
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where d(T}) is an arbitrary function that vanishes at 7y = 0. Inspection of (1.23)
reveals that we obtain a solution that grows with ¢. To remove such secular terms we
require that

de

—+¢=0. 1.24

I +c¢=0 (1.24)
Making use of the initial condition ¢(0) = 1 gives

o(Th) =™, (1.25)

as the solution of (1.24). It is important to note that we also set d(73) = 0. Otherwise
further secular terms would arise at the next level of approximation. Consequently,
uy = 0 and therefore u,, = 0 for all » > 1. The perturbation solution (1.18) terminates
after the first term and yields the exact solution as given by (1.3).

In Nayfeh [93], the comment is made that it is the rule rather than the exception that
expansions of the form (1.5) are not uniformly valid and the approximations break
down in regions called regions of non-uniformity (74}, as shown earlier. As shown
above the method of multiple scales provides a mechanism to render the solution uni-
formly valid. Nayfeh [93] provides a list of various applications in physics, engineering
and applied mathematics.

In the following sections we shall show the application of the method of multiple
scales to some ordinary and partial differential equations occuring in mathematical
physics.

1.2 Van der Pol Equation

1.2.1 Introduction

We consider the Van der Pol differential equation in the form
d’z ndT
with
(0<ex1), >0, (1.27)

and w constant.

This equation was first described by Van der Pol [135] in 1922 in the context of
electronic circuits containing vacuum tubes. The Van der Pol equation is used to
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describe damped oscillations, the damping dependent on the factor (1 — z?). For
{z| < 1 the damping is negative implying an expanding solution of (1.26) while for
|z} > 1 the damping is positive indicating a contracting solution. Since trajectories
near the origin expand, trajectories from the outer regions contract, and the only
equilibrium point is at (0, 0), there must be a limit cycle encircling the origin {08]. If
that were not the case the trajectory, constrained to lie on the plane, would intersect
itself (a result of the Poincaré-Bendixson theorem only possible for a plane (101}).

The nonlinear Van der Pol differential equation serves as an important model equa-
tion for one-dimensional dynamic systems having a single, stable limit-cycle and is
frequently used as a model equation in the study of differential equations.

More recent research on the Van der Pol equation focus on generalized equations. As
an example, Moremedi and Mason [90] consider the generalized case where (1 — z?)
is replaced by (1 — z?*) with n any positive integer. Another case of interest is that
where a forcing term of the form Kcos(at), with K and & constant, is introduced to
the right hand side of (1.26); see [32] and the references cited therein.

In the next section we discuss a multiple scales analysis of (1.26) in the manner of
Nayfeh [93].

1.2.2 Multiple Scales Analysis

Following [83, 93] we assume the following multiple scales solution for (1.26)

z(To, Ty, €)
2o(To, Th) + ex1(To, T1) + O(é%), (1.28)

z

where we have introduced the independent variables Tp and T3 defined as

T0=t:
" Ty =et.

(1.29)

By making use of the chain rule for differentiation we can once more write d/dt in

terms of 8r, and 8r,. Therefore

d
—(E = aTo + 561‘,, (130)
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and

;; = 83, + 2¢05,0r, + O(€?). (1.31)

Substitution of (1.28), (1.30) and (1.31) into the differential equation (1.26) we obtain

(8'?'0 + 2661‘031'1 )($0 + le)
—Be(1 — (20 + €21)?)(Br, + €01, ) (o + €11) (1.32)

+w?{zo + 1) = 0.

By equating coefficients of like power in ¢ we obtain a system of two partial differential
equations in the two variables Tp and T for zo and z;, namely

LIO = 07 (133)
and
Lay = B(1 — 2)Br,z0 — 285,070, (1.34)
where L is defined by
L= 8%0+w2‘ (1.35)

The general solution of (1.33) is given by
20(To, T1) = A(T1)e“™ + CC. (1.36)
Substitution of (1.36) into (1.34) yields
Lz, = —iwe™T™(20n,A - BA+ BAIAP)
—iwe®™ T 1 CC. (1.37)

To eliminate secular terms in ; we require the coefficients of €% in (1.37) to vanish.
Thus

orA =54 - alap), (139)
To solve (1.38) we follow (10, 93]. Let

A= %a(Tl,Tz)efﬂThTﬂ. (1.39)

After substitution of (1.39) into (1.38) and separation of real and imaginary parts in
(1.38), we obtain the logistic-type equation

Bra = §(1 - %Z)a, (1.40)
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and

or,¢=0. (1.41) .
Making use of the initial condition
a(0) = ao, (1.42)
we obtain
2 4
a (1.43)

T [+ @@ - De ]

Consequently, in terms of (1.36), we have

e e .
Therefore in terms of (1.28) we have
2(t6) = o(To,The)
= 2o(To 1) +0(6)
o feosltHd) o) (1.45)

J A+ (4/a3 — D)

We can proceed to find multiple scales solutions to the Van der Pol equation valid
to higher orders of € by using the methodology illustrated above as in Nayfeh [93}.
However, for the purpose of our numerical investigation the presentation up to O(e)
given in (1.45) will be adequate.

1.3 Korteweg-de Vries Equation

The KdV equation is a nonlinear PDE arising in a number of different physical sys-
tems, e.g., water waves and elastic rods [68, 91]. It describes the long time evolution
of small but finite amplitude dispersive waves. From detailed studies of properties
of the equation and its solutions, the concept of solitons was introduced and the
method for exact solution of the initial-value problem using inverse scattering theory
was developed {36, 91]. In section 1.3.2 we show multiple scales analyses of the KdV
equation.
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1.3.1 Introduction

Consider the KdV equation in the form
A + nBu + Cudyu + ¥03u = 0, (1.46)

where 8, denotes partial differentiation with respect to p and i, ¢ and -y are constants,
with 7 # 0.

Furthermore, for the purposes of our study, consider the following initial data
u(z,0) = f(z), f(z)=0(1), (1.47)

where ¢ is a small, real, positive number. In addition, the following periodicity
conditions are imposed on solutions of the KdV equation

uw(z+ L,t) = w(z,t), flzxLl)=f(z), t>0,zeR. (1.48)

The KdV equation provides a useful model for describing the long-time evolution
of wave phenomena in which the steepening effect of the nonlinear term udu is
counterbalanced by dispersion [36]. For the KdV equation, the effect of dispersion is
to prevent the formation of discontinuities [72]. The KdV equation was first derived
by Korteweg and de Vries [71] to describe the propagation of unidirectional shallow
water waves. For this specific case Vliegenthart [136] formulates the KdV equation
in the form

Byu + +/gholl + %u/ho]azu + %\/ghghgagu =0, (1.49)

where u(z,t) denotes the local wave-height above the undisturbed depth hg, = the
coordinate along the horizontal bottom, ¢ the time and g the gravitational accelera-
tion.

The KdV equation has been used to account adequately for observable phenomena
such as the interaction of solitary waves and dissipationless, undular shocks. A soli-
ton is defined as a localized or solitary entity that propagates at a uniform speed
and preserves its structure (or shape) and speed in an interaction with another such
solitary entity [61, 143]. In fact, Zabusky and Kruskal [144] discovered the concept of
solitons while studying the results of a numerical computation (describing an anhar-
monic lattice) on the KdV equation [36]. The Zabusky-Kruskal (ZK) discretization
of (1.46) will be described in greater detail later in this work.

The one-soliton solution of (1.46), for example, is given by [81]

u(z,t) = l122,—[32sech?(ﬁ(:z: —nt — v6% — 20)), (1.50)




10 CHAPTER 1. PERTURBATION TECHNIQUES

where 8 and g are free parameters and z determines the initial position of the soli-
ton. The one-soliton solution is a hump with height 12y4%/¢ and width proportional
to 1/, traveling to the right with velocity 7 + 2. Consequently, the larger (in
height) a soliton is, the thinner it is and the faster it travels to the right with respect
to smaller solitons. The size of the coefficient of the convection term 7 merely adds
velocity to all solitons.

The more complex two-soliton solution is given by [36, 81}:
_ 12y 4

u(z,t) = C [E]’ (1.51)
where
A= (Bf+B3fr+ 2B - B) o fo
L 1+ ),
and
B=(+ 5+ fot GBS
Furthermore

fi = exp(Bulz -t — 1) - 163t),

fo = exp(Ba(z — 1t — T2) — 1B31),s

and the 8, and z, determine height and position of the n-th soliton.

The KdV equation has also been used as a model for ion acoustic waves in plasma,
magnetohydrodynamic waves in plasma; the anharmonic lattice; longitudinal disper-
sive waves in elastic rods; pressure waves in liquid-gas mixtures; rotating flow down
a tube and thermally exited phonon packets in low temperature nonlinear crystals.
A number of these applications are described in [68] and [91].

It is also of interest to note that we can rewrite the KdV (1.46) in the conservation
form
8T +8,X =0, (1.52)

where T = u and X = nu+ (u?/2 +y0%u. Assuming u is periodic in z or that » and
its derivatives vanish sufficiently fast towards oo, integrating the conservation law
yields

a, / Tdz =0, (1.53)
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where the limits of integration are +oo or two ends of a period in z. A second
conservation law can be derived by multiplying (1.46) by u, with the result that
T =u?/2 and X = nu2/2+ (u®/3+ v(udu — (9;u)?/2)). The KdV is known to have
an infinite number of polynomial conservation laws of the form (1.52) (14, 91].

Considering the large number of applications of the KdV equation as well as its
historical importance in the study of solutions to nonlinear equations of evolution,
it is impossible to do justice to the existing literature in our references. We do not,
for example, make any reference to its historical significance in the development of
the Inverse Scattering Transform theory (36, 61]. Therefore, only a small number of
references relevant to this study are provided, these being [11, 14, 16, 31, 36, 43, 64,
68, 69, 70, 71, 72, 82, 91, 110, 127, 136, 139, 140, 143, 144] and [145].

1.3.2 Continuous Multiple Scales Analysis

For the purpose of a conventional multiple scales approach it is assumed that the
solution u(z, t) to (1.46) can be expanded in the following form (36, 110

u(z,t) = 3 € ul™(Xo, X1,To, Th, T2), (1.54)
n=1
where
Xy =€z, k=0,1, (1.55)
and
T =€, k=0,1,2. (1.56)

Equations (1.55) and (1.56) are the spatial and time scales respectively. For k=0we
have the fast scales in space and time and for higher values of k we have progressively
longer space and slower time scales.

To proceed with the analysis the chain rule for derivatives is used with the result that
the spatial derivative is transformed to

1
0, =) dx,. (1.57)
n=0
The time derivative is written as
2
6, = Z €"0r,. (1.58)

n=0
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A\
The multiple scales analysis would ensue by substituting equations (1.54) through
(1.58) into (1.46) and equating different orders of € to zero. Thereby a hierarchy of
perturbation equations is generated, the first three members of which are given by

Lu® =0, (1.59)
and
Lu® = —0pu® — ndx,u® - CuMax,ulV — 3y8%,ul, (1.60)
and
Lu® = — 8pu® — dpu — ndx,u®
— ([Bxo(uVu®) + 1/20x, (uM)?]
- 3’7(83(0(9x1u(2) + onag{lu(l)), (1.61)
where L is the linear operator
L = 85, +10x0 + 10%,- (1.62)

The solution to (1.59) is considered in the following form
) = A(X,, Ty, T2)e® + CC, (1.63)
where the phase variable, 8, is given by
0 = kXo — wTh, (1.64)

with the carrier wave number k related to w, the carrier wave frequency, by the linear
dispersion relation (14, 140]
w=nk — vk (1.65)

To satisfy the periodicity conditions given in (1.48), we have to restrict the wave
number & to the following values

k=kn=2rm/L, m=12,.... (1.66)

We restrict & to nonzero values only as the trivial case k = 0 requires special treatment
and is of little interest. Substituting (1.63) into (1.60) we find that we have to remove
secular terms in order to obtain a bounded solution u(® by imposing the condition

B A+ Cydx, A= 0, (1.67)

where we define

Co= % =n— 37k, ' (1.68)
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to be the group velocity associated with the operator L.

We find that (1.60) has a solution of the form
u® = [(/(6vk)][A%™ + A7) + B(X1, Th, To), (1.69)
where B is a function yet to be determined.

Substituting (1.69) and (1.63) into (1.61) we have to impose the following conditions
in order to remove secular terms )

3]‘13 +n0x, B+ CaX1|A|2 =0, (1.70)

and
Br, A+ i[C?/(67k) AlA]? +iCkBA + 3iykdy, A = 0. (1.71)

Equations (1.67), (1.70) and (1.71) yield the required modulation equations, describ-
ing the behavior of the envelope A.

If we assume, on a physically reasonable basis, that B satisfies (1.67), i.e.,
8n, B+ Cy0x, B =0, (1.72)
it follows upon substitution that
8x,[(n — Co)B + ¢|AP} = 0. (1.73)
Therefore, (1.70) has a solution
B = —(/(3vk")| A% (1.74)
Consequently, (1.71) can be rewritten as
B, A + 3ivkd% A — [i¢*/(6vK)A|A* = 0, (1.75)

the nonlinear (or cubic) Schrédinger (NLS) equation in the variables X; and T;. The
name nonlinear Schridinger has been coined precisely because its structure is that of
the Schrédinger equation of quantum mechanics with |A|? as a potential, although for
most of the situations in which it océurs it has no relationship with the real quantum
Schrodinger equation other than in name. The NLS equation serves as a model
equation in its own right. This ubiquitous nonlinear wave problem of mathematical
physics finds applications in such diverse fields as water waves, plasma physics and
nonlinear optics [5, 36, 125, 138]. As the example illustrated above shows, it plays
a significant role in the theory of the propagation of the envelopes of wave trains in
many stable dispersive physical systems in which no dissipation occurs.
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It is well known, for instance Zakharov and Kusnetsov {145} and Dodd et al. [36]
that the nonlinear modulation properties of certain low amplitude periodic solutions
of the KdV equation are described by a form of the nonlinear (or cubic) Schrédinger
equation as given in (1.75).

It is important to note that (1.67) describes a linear modulation property of (1.46),
whereas (1.75) gives information about the modulation effects of the nonlinear terms
in (1.46).

In the numerical work that follows in a subsequent chapter we shall show that by using
an exact discrete analogue of the continuous multiple scales techniques, a discrete
version of the NLS is derived from the numerical scheme for the KdV, which should
tell us something about the modulation of the numerical solution of the KdV equation,
and therefore also point out any deviations from the behavior of the corresponding
solution of the KAV (i.e. spurious behavior). In fact, it will be shown that this
discrete version of the NLS is consistent with the continuous NLS obtained by the
continuous multiple scales analysis, and could be viewed as a valid numerical scheme
for the NLS as well.

1.3.3 Alternate Multiple Scales Expansion

The primary focus of this work will be the analysis of discretised equations by means
of perturbation techniques. To that end, the following multiple scales method used
by Tracy et al. [127)] as well as Zakharov and Kusnetsov [145] is particularly suited
for adaptation to the discrete case as illustrated by Schoombie {110, 111] and Maré
and Schoombie [80, 112].

Consider the expansion

w(zt) = Y, w(X1, Ty, Tp,€)e™, (1.76)

r=—00

with @ given by (1.64) and k given by (1.66) as defined above. Then following Tracy
et al. {127) as well as Zakharov and Kusnetsov [145] we use

wr = v (X1, T1, T2, ), (1.77)

with
so=26=]rl, (1.78)
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and
v = Vo(X1,Th,T2). (1.79)
v = Vi(X1i, T, Ta). (1.80)
When r > 1 we have
o0
v = Vo(X0, Th, To) + 3 € W (X0, T, T)- (1.81)

To enable a multiple scales analysis of (1.46), we use the expansions
8, = —irw + €O, + €20r,, (1.82)

and
0, = irk + €0x,, (1.83)

instead of the more general (1.57) and (1.58).

We now substitute (1.76) into the KdV equation (1.46) while making use of the
expansions of the derivatives in (1.82) and (1.83). Putting the coefficient of each it
equal to zero, we find that (1.46) is equivalent to the following infinite set of equations
for u,

—irwu, + €0,y + €20n,ur + irnku, +nedx, Ur

= (1.84)
+lirk + €8x, Pur + ¢ Y [iksu, + Ox,€uslur—s = 0.
s=-—00

To proceed with the multiple scales analysis, we now wish to have (1.46), and therefore
(1.84) satisfied for each r up to terms O(€%).

We commence by putting 7 = 0 in (1.84). By equating the O(e®) term (the lowest
order term in €) to zero we obtain

8, Vo + n0x, Vo + (8x, |V = 0. (1.85)

Next, put r = 1 in (1.84). Equating the O(e) terms to zero reproduces the linear
dispersion relation (1.65). Similarly the O(e?) and O(€®) terms yield the following
equations respectively

A Vi + Cy0x, Vi = 0, (1.86)

and
VL + 3i’yk6}1V1 +ik([ViVo + V' Vo] = 0, (1.87)
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where

dw
C,:= ik 3yk?, (1.88)

is the linear group velocity (as obtained in (1.68)).

When we use r = 2 we obtain from the O(¢?) terms
Vs = (V2/(69K2), (1.89)

by making use of the linear dispersion relation (1.65).

By making the physically meaningful assumption that Vp also satisfies (1.86), that is

O Vo + Cy0x, Vo = 0, (1.90)
with C, as defined above, we obtain from (1.85) that
Vo = —(¢/37kH)IVi T (1.91)
We rewrite (1.87) by making use of (1.91) and (1.89). The result
B Vi — il (BYR)VA(IVAI?) + Bivk 0%, Vi = 0, (1.92)

is the nonlinear Schrédinger equation in the variables T, and X, as obtained in the
previous section, equation (1.75).

In terms of the expansion (1.76) as a solution of (1.46) it follows that

u(z,t) = e(Vl*e'“’ + Vi) — 62((/6')1162)|V1|2 + O(%), (1.93)
which can in turn be approximated by
u(z, t) =~ (Ve ™ + Vie'), (1.94)

since € is small. Thus V; can be considered to be a small, variable amplitude of a
monochromatic wave.

On the time scale Ty, (1.86) tells us that the modulation envelope Vi moves at linear
group velocity without changing its shape. On the time scale Ty, however, the enve-
lope does change its shape, according to (1.87). Thus (1.86) describes the linear, and
{1.92) describes the nonlinear modulation properties of the KdV equation.

If we identify V; in the above analysis with A in the previous analysis and corre-
spondingly Vo with B we observe that (1.85) and (1.86) is the same as (1.70) and
(1.67) respectively. Furthermore, combining (1.87) and (1.89) we obtain (1.71). Thus
exactly the same results are obtained as described in the previous section.

In the next section we shall illustrate the use of the alternative method of scales as
illustrated above for the KdV equation for the Regularized Long Wave equation.
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1.4 Regularized Long Wave (RLW) Equation

The RLW equation describes wave motion to the same order of approximation as the
KdV equation (1.46) and could equally well model all of the applications of the KdV
equation on the same formal basis of justification for both equations. Indeed [17],
when the initial datum of both equations is restricted to conform to that arising in
many physical applications, it can be shown that essentially the same solutions are
obtained over a non-trivial time scale.

1.4.1 Introduction

We consider the Regularized Long Wave (RLW) equation in the form
Byu + 18;u + Cudyu — 70%0u = 0, (1.95)

where 1, ¢ and « are constants with y # 0. Similar to the boundary and initial
conditions for the KdV equation we assume

u(z,0) = ef(z), f(z)=0(1), (1.96)
where ¢ is a small positive constant and
w(z+ L,t) = u(z,t), flzxL)=f(z), t>0,zeR (1.97)

The RLW equation was first put forward by Peregrine [100] to describe the temporal
development of an undular bore.

Benjamin et al. [11] contend that “the RLW equation is in important respects the
preferable model, obviating certain problematical aspects of the KdV equation and
generally having more expedient mathematical properties”.

The conditions for existence, stability and uniqueness of solutions of the IVP (1.95)
to (1.97) was shown by Benjamin et al. [11]. Of some interest is the fact that the
RLW has only three conservation laws as opposed to an infinite set of conservation
laws for the KdV equation [17, 54, 116].

1.4.2 Continuous Multiple Scales Analysis

The perturbation approach we shall perform on the RLW equation (1.95) is the same
as the alternate multiple scales analysis described for the KdV equation (1.46) in
equations (1.76) through (1.94).
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We start with the now familiar expansion {111, 127, 145},

uz,t) = 3 w(Xy,Ti,Ta, €)™, (1.98)

r=—00

where as in (1.76), (1.77) through (1.81)

tr = €0 (X1, T, T, €), (1.99)
with
8 =2, 6, =]r|, (1.100)
and
v = Yo(Xi,Th,Ta), (1.101)
v = Vi(X,N,To) (1.102)
When 7 > 1 we have
Uy = Vr(Xl,Tl,Tz) + ZGS+I_TWTS(X1,T1,T2). (1103)
Furthermore @ is given by
8= kXo - OJT(), (1104)
where .
_.n
w = AT (1.105)
subject to
7k?+1#0. (1.106)
As before we also use
X, =€z, k=01, (1.107)
and
T, =€t, k=0,1,2. (1.108)

We use the chain rule for derivatives equivalent equations given by (1.82) and (1.83).
We substitute equations (1.98) through (1.108) into (1.95) and equate coefficients of
¢ to zero. This procedure yields the following system of equations:

—irwu, + €0n,U, + €20p e + ifrﬁku,. + nedx, ur

—lirk + €0x, ) [~irw + €Br, + €*On]ur (1.109)

+( 2 _liksus + Ox;€uur—s = 0.

S=—00
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We now wish to have (1.95), and therefore (1.109) satisfied for each r up to terms
O(€Y).

We start with 7 = 0 in (1.109). The lowest order term in € is O(¢®) which yields the
following equation upon equating the coefficient of O(€®) to zero

Br, Vo + 10x, Vo + (Ox, V2] = 0. (1.110)
Next, we use 7 = 1. Equating the O(¢?) term to zero we obtain
Vi + Cy0x, Vi = 0, (1.111)

where
dw n Wmvk?

C,i=—= - ,

T dk k241 (vk2+1)?

is the linear group velocity associated with the linearized RLW equation. The equa-
tion associated with setting the coefficient of the O(e®) term to zero is (r = 1)

(1.112)

(14 kDB, Vi — vk, Vi + 7iwd, Vi +ik((ViVo + ViVal = 0. (1.113)
Note that we can rewrite

3k AmtER
(vk2+1) (k24 1)

—2i7k0%, 7, Vi + viwdy, Vi = i 510% Vi, (1.114)

by making use of (1.105), (1.111) and (1.112).

By making use of r = 2 we find upon equating the O(¢®) term to zero and making
use of the linear dispersion relation (1.105) that

_ (vk? +1)

V;
2 Brvk?

V2. (1.115)

To determine an expression for V5 we make the reasonable assumption that it satisfies
(1.111). Combining with (1.112) leads to the following expression
dw
Vo= ~CIVil*/(n - ). (1.116)

Using (1.110) we find after algebraic manipulation that we can express Vp in terms
of V; as follows:

(k* + 1)
kAR + 3)

Vo= —¢ Wil?, (1117)
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subject to
vkt +3 #0, (1.118)

and k # 0.

We are now in a position to combine equations (1.114}, (1.115) and (1.117) in (1.113).
The resulting equation

5vk? + 3

_ 5k +3 d'w
6rvk(vk? + 3)

2 .
A z/2dk2

Vi — i V=0, (1.119)

makes use of the fact that

d’w 8nvk3 6nvk
bl - . 12
dk? [('yk2 +1)2 (vE2 + 1)l (1.120)

Equation (1.119) is the nonlinear Schrodinger equation in the variables T3 and X, as
obtained in the previous section for the KdV equation (1.75).

This result is interesting for a number of reasons. Firstly, it shows that envelopes of
modulated waves for the RLW equation are governed by the NLS equation, similar
to the KAV equation. This confirms a result by Dodd et al. [36] namely, that for a
class of partial differential equations

L(8.,8.)6 = L (M'9)(N'9) + L (P'6)( Q9 (R'D)

where L, M, N, P,Q, and R are scalar differential operators in d; and 0,, envelopes
of modulated waves are governed by the NLS equation

2il,, 0, A + O3B A + TA|A]* = 0,

where [(—iw,1k) describes the dispersion relation of L. Secondly, the result was
obtained by making use of the alternative multiple scales analysis.




Chapter 2

Numerical Methods

“Can you do addition?” the White Queen asked.
“What’s one and one and one and one and one and one and one and one and one
and one?”
“I don’t know,” said Alice. “I lost count.”

Through the Looking Glass. Lewis Carroll

Although this may seem a paradox, all exact science is dominated by the idea of
approximation.

— Bertrand Russell (1872 - 1970)

While the multiple scales solutions to the equations in the previous chapter are ele-
gant, detailed and accurate solutions are available only by making use of numerical
methods. Our primary aim in this thesis is to investigate numerical solutions of the
KdV equation (1.46) and the Van der Pol equation (1.26), specifically confining our
attention to finite difference approximations.

In the next chapter we shall show that it is possible to use multiple scales techniques
analogous to those described in Chapter 1 to analyze numerical approximations of
the abovementioned differential equations. We shall particularly concentrate on a
discrete multiple scales methodology applied by Schoombie [111] to the analysis of
the Zabusky-Kruskal (ZK) approximation of the KdV equation. By comparing the
results of the perturbation solutions to those of the corresponding analyses of the dif-
ferential equations, spurious behavior in the numerical schemes can often be identified
immediately as will be shown in subsequent chapters.

21
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In this chapter we shall discuss finite difference methods. We shall devote the first
two sections to preliminaries and notation, followed by a general derivation of finite
difference formulae using the method of undetermined coefficients. This is followed
by sections where we present an efficient methodology to compute finite difference
coefficients on general grids and an analysis illustrating the accuracy of various or-
ders of finite difference approximations focusing primarily on equi-spaced or regular
grids. We also introduce the pseudospectral method and highlight the connection
between central difference approximations of increasing orders of accuracy and the
pseudospectral method.

2.1 Zabusky-Kruskal KdV Approximation

An example of a finite difference approximation to the KdV equation (1.46) is the
ZK [144] explicit LF central finite difference scheme

uit =] - E(n + 5(u7+1 +uf ) (ufy — up_,)
’YT n n n
- ﬁ(“ﬂz —2up +2ul, — u;'_2). (2.1)

We use the symbol u} to denote the solution of a difference scheme at z = hj, ¢ =77
where 7 and n are given integers, i.e.,

u} = u(hj,Tn). (2.2)
The parameters h and 7 are discretization parameters to be defined below.

In the next section we shall provide operator notation for the analysis of finite differ-
ence approximations such as (2.1).

2.9 Preliminaries and Notation

To enable ourselves to analyze discretizations of the continuous differential equations
we need to introduce some notation. Traditionally, but mostly for the sake of conve-
nience, finite difference methods are considered on equally spaced grids. We therefore
consider an equally spaced grid defined around the point Zo

Io,:l:o:i:h,...,xg:f:kh,“. (23)
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where h, a positive real number, is the grid spacing. In general, we are interested in
grids defined on the plane (z, t). Therefore, by introducing a time step 7, we consider
a grid defined by

(IJ': tﬂ) = (h], TTL), (24)
for arbitrary integers j and n. We shall usually be interested in the solution of an
initial value problem over some time period t € [0, T). The temporal discretization, 7,
is typically given by T/N for some positive integer N, or determined by the specific
time integration method.

On this grid we shall use the notation u} = u(hj,7n) as introduced in (2.2).
We define the following spatial shift operator ([18, 86, 111, 130}, for example) for a
general function f = f(z,1):

E.f(z,t) := f(z + h,t), (2.5)
and similarly a temporal shift operator, namely

Ef(z,t) == f(z,t + 7). . (2.6)
Therefore using the notation defined in (2.2) above, we can write

Equf =y, (2.7

and

Ewf = u;-‘“, (2.8)

for a function u(z, ).

Making use of the shift operators, we next define divided difference operators on the
grid defined above (2.3) as in the references (18, 57, 78, 86, 87, 103, 111}:

B = (BEz-1)/h, (2.9)

V. = (1-EY)/h, (2.10)
from which follows

6 = (B.—E;")/2h

(A; +V2)/2.

Similarly

A = (B-1)/T

Ve = (1-E7YT

& = (Ac+V)/2
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The operators could be defined for more arbitrary grids than (2.3), however, for the
purpose of most of our work we shall consider equi-spaced grids. Since all of the above
operators depend on h or 7 a more complete notation would be to use AL (R), Vi (h)
and 8,(h). Using the operator é, defined in equation (2.11), as an example, the
symbol 8.(2h) would be defined by

6:(2h)u; = %(Az(zh)+vz(2h))uj

1 _
= 4—h(Ei — E;%)u;

1
= g7 (w2 —ui2).
In subsequent formulas we shall only show the more complete notation when needed.
These operators will be especially useful in later sections and generally to denote
difference schemes for the numerical solution of ODEs and PDEs.

2.2.1 Order of Approximation

The operators introduced above are well-known in the literature. Consider the prob-
lem of evaluating du/dz at a grid point = = zp when u is defined only at the equally
spaced grid points in (2.3). By making use of a Taylor series expansion [23, 62, 76]
we have

h? B3
'u,(:L‘o + h.) = u(zo) + hu,(mo) + ﬁu”(l‘o) + E;Tum(él)’

and

h? h3
'LL(I() — h) = ’U.(Io) - hu’(:Eo) + ﬁ’u.”(iﬂo) - 5 ”1(52),

where &; € (9,70 + 1) and & € (zo — h, Tp)-

Applying the operator 6, defined in (2.11) to u(z) and making use of a Taylor series
expansion of u(z) above we have

8yu(zo) %[u(zo +B) + ulzo — h)]

h2
u'(zo) + au’"({), (2.15)
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where £ € (zo — h, To + k). The approximation shown here would be exact for second
degree polynomials. This leads us to define the order of approximation of a finite
difference expression as follows:

Definition 1 49, 99] f(h) = O(g(h)) as h — 0 if there ezists constants C > 0 and
ho > 0 such that |f(h)| < Cg(h) for all k < hq. Provided g(h) # 0 this means that
(f(R)|/g(h) is bounded from above for all sufficiently small h.

From the above definition the operator J. defined in (2.11) results in an O(h?) ap-
proximation to the first derivative of a function as shown in (2.15).

2.2.2 Zabusky-Kruskal Approximation Revisited

To illustrate the use of the operators defined above we rewrite the ZK approximation
(2.1) to the KdV equation in operator form, thus [111]

deuf + (n+¢(1+h(Dz — V.)/3)uf)dzu} + ¥6:0:Vauy = 0. (2.16)
To complete the discrete initial value analogue to the continuous problem (1.46) to
(1.48) we have to impose periodic boundary conditions (111)
u?iN = 'u,;.‘, (217)
as well as prescribe initial data of the form
u?:efj, (2.18)
with
fi= o), ;'iN = fgn7 (2.19)

where ¢ is a small, real, positive parameter as before. This now constitutes an example
of the type of discrete initial boundary value problem that we wish to study. The
initial conditions stated above could be more general; however, numerical studies in
a later chapter will frequently use the above type of initial conditions.

1t is important to note that the ZK approximation is consistent with the continuous
KdV equation (1.46) with a truncation error of order (O(h%) + O(7%)).

We shall in particular consider the modulation properties of solutions of the discrete
approximation techniques. For the purpose of our analysis we shall frequently use
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the Method of Lines (MOL) to circumvent temporal discretization. As an example,
using the MOL, the ZK discretization becomes
du

B 4 4 G0 A — V) D)ot + 76,V sy = 0.

We wish to study more general finite difference approximations to the KdV equation
than that given by the ZK discretization above. In the next two sections we shall show
how to derive difference expressions to prescribed order of accuracy for derivatives
of sufficiently smooth functions. Using these expressions would lead to higher order,
more general, difference approximations of the KdV equation.

2.3 General Derivation of Finite Differences

The ZK approximation (2.16) to the KdV equation (1.46) was obtained by replacing
continuous partial derivatives with second order accurate difference operators. In this
section we shall consider the derivation of difference operators with higher orders of
accuracy using the method of undetermined coefficients.

We wish to show that the derivative d*/dz* for a sufficiently smooth function u(z),
of arbitrary order k, can be replaced by a difference expression such that the error
induced by this replacement will be of any prescribed order, p, i.e., O(hP).

Following Godunov and Ryabenkii [57] we write an equation of the form,

d*u(z)

A RS e Efulz) + O(RF), (2.20)

s=—51

based on the grid defined in (2.3) as well as the shift operator E defined in equation
(2.5). The limits of summation can be chosen arbitrarily provided that the order of
the difference equation satisfies the inequality, s1 + 52 >k +p— 1 where 51,52 2 0.
By making use of a Taylor series expansion we have

du(z) = (sh)? d*u(z)

P TR
4 (Sh)k+p—1 dk+p—lu(z) (Sh)k+p dk+pu(§)

T (k+p— 1) dakel (k+p) daktr’

Esu(z) = u(z) + sh

(2.21)

where £ € (z,z + sh).
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Substituting the above result into equation (2.20), in place of E*u(z), and collecting
like terms we obtain

d':;;(:) =h*u(z)Y as + hdz(zz) Ssas ...

4 hh+p-1 dk+p—1u(.’1:
T (k4 p- 1) dzkrert

) z sk+p—1as]

h? kipy EPU(E)
e = @2

where we have suppressed the subscripts of the summation for ease of notation.

By equating coefficients of like powers A%, where s = —k,...,p — 1 on the left- and
right-hand sides of equation (2.22) we derive the following system of equations for

the a;:
Yas= 0,
T sa; =0,
> sk_las =0,
(2.23)
S s*as = k!,

25k+1as - 0,

T sktr-lg = 0.

If s, + 52 = k + p— 1, the k + p equations in (2.23) form a linear system of the
same number of unknowns a,. The determinant of this system is the well-known
Vandermonde determinant [55), and is different from zero (57, 132]. Therefore, there
exist a unique set of coefficients as satisfying (2.23). Should s; + 52 2 k + p then
many such systems of coefficients would exist.

As an example of the application of this analysis we consider second-order difference
expressions of the form

%[a_,u(m — h) + ayu(z) + a,u(z + b)), (2.24)

as approximations to du/dz. Clearly there are infinitely many approximations to first
order in h (p = 1), however, only one solution is of second order accuracy. Solving
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the system of equations (2.23) in this case we find that

1 11 a_, 0
-1 01 a, | =11
1 01 a, 0

Therefore, a_, = —1/2, ¢, = 0, and a, = 1/2 yielding
du  u{z+h)—u(z—h) 2
iz oh +0(09
= du+ O(R?),

as obtained in (2.15).

By making use of the methodology described above we are able to construct difference
schemes, by replacing the derivatives in a given differential equation with difference
expressions as given by (2.20), with any prescribed order of approximation.

Finite difference formulae for equi-spaced grids are readily available in tables and can
be obtained from symbolic manipulation of difference operators. In the next section
we show an algorithm to calculate general finite difference approximations to higher
order derivatives on arbitrary grids.

2.4 Polynomial Interpolation and FD Stencils

In this section we shall show an alternative methodology to determine weights in finite
difference formulas. The methodology is elegant and especially suited for efficient
computer implementation. The methodology can be implemented on arbitrary spaced
grids. Although we shall confine ourselves for most of this study to equi-spaced grids
we shall make an exception here in order to show the mathematical elegance of the
derivation.

The approach is to construct Lagrange interpolatory polynomials of a specified order
and subsequently evaluate the derivative of these polynomials at the grid points to
obtain the coefficients of the finite-difference stencil.

We consider a set of values u; = u(z;) at the locations z;, i=0,1,..., N which are
arbitrary, yet distinct points in ®. It is well-known from the literature [19, 23] that
there exists a unique polynomial P of degree at most N with the property that

P(z;) = u(z;), foreachi=0,1,..., N. (2.25)




2.4. POLYNOMIAL INTERPOLATION AND FD STENCILS 29

In general (19, 23], one may fit any N +1 points by a polynomial of N —th degree via
the Lagrange interpolation formula, namely

1\'
Pn(z) = Zu(:z:i)Ll.,N(z), (2.26)
=0
where the L, , (z) are defined by
N T—Zj
. =1] — 27
L@ =T13=2 (227)
J#i

The N factors of (z — ;) ensure that L; y(z) vanishes at all the interpolation points
except z;. The denominator forces Li(z) to equal 1 at the interpolation point = = z;;
at that point every factor in the product is (z; — z;)/(z; — z;) = 1. Therefore

Li.N (x]) = 51‘.,j1 (228)

where J; ; is the familiar Kronecker é—function.

Theorem 1 Let u(z) have ot least N + 1 derivatives on the interval of interest and
let Py(z) be its Lagrangian interpolant of degree N. Then

N+1 N
u(z) — Pn(z) = (TV%)T%V):’(T&) g(z - zi), (2.29)

for some € on the interval spanned by x and the interpolation points.

Proof: The proof of this theorem is well-known and contained in the text of [23], for
example. a

From the theorem it is clear that interpolation for polynomials of degree N would
be exact. It is both interesting and useful to note that we can rewrite the Lagrange
polynomial. We denote
N
wy(z) = [I{= - ;). (2.30)

=0

Evaluating

l\'
wfv(z,-) = H(fE, hd .’IIJ'),
i=0

J#
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we have, as in [45],

wy ()

L, =N
v (Z) 2w, () (2.31)
the analogue of (2.27). From (2.30) we find the following recursion relation
wy(z) = (2 — T )wy_, (2), (2.32)
from which follows that
W (z) = (z - Ty, (2) +wy, (z). (2.33)
Therefore, using (2.31) and (2.33) we have for i < N
T
Ly (z) = zN Li,N-l(z)w (2'34)
.
and (for N > 1) withi= N
wy_,(2)
L, (z) = ==
N'N( ) w,v_l(zn)
wy_o{Ty_)
= (z- mN—l)M—LN—hN-l (). (2.35)

wN—l (ZN)

We shall now use the recursion relations (2.34) and (2.35) to generate finite difference
weights. For the sake of simplicity we seek to approximate derivatives of u(z)atz = 0.
Considering Theorem 1 we shall approximate u(z) by Py(z) and consider derivatives
of Py(z) as approximations to derivatives of u(z), i.e.,

d*u(z) N p](z)
d.’l}k I:::O ~ d k lz=0

j
= Z d |z—0 Ui

i=l 0

a

5

0

Sty (2.36)

o

i
where we define

d* L J(z) Clis@), =g (2.37)

By making use of Taylor’s formula

I d*[; (x) z*
Lij(z) = Z—d;]k—“h:o R

k=0

(2.38)
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Consequently, by using the definition for 6}',]- above it follows that

L;:(2) = . 5k Eal (2.39)
I‘J(z) Z 4J k( .

k=0

By substituting the expansion (2.39) into the recursion relations (2.34) and (2.35)
respectively, and by equating powers of z, we obtain the following recursion relations
between the weights (45, 47):

1

- I

(u8nor = KOEN-1); (2.40)

; Y
i< N: 61-',\,—35

N
and

Wy_2 (ZN—l) (kék'l

i=n: o y= TN AR V) B (2.41)
NN wN_)(zN) N-1,N-1 N-1YN-L,N 1)

We could implement the recursion relations (2.40) and (2.41) in an algorithm. From
this single algorithm one could derive coefficients for centered, one-sided and more
general approximations to all kinds of derivatives.

The above method is particularly useful when dealing with adaptive methods where
the grid is adjusted as well as the order of the finite difference stencil. It is impor-
tant to realize that the above construction depends only on the grid points z;. We
have illustrated the method as it provides a methodology to derive high order finite
difference approximations. In the next section we show finite difference coefficients
for higher orders than two for equi-spaced grids.

2.5 Regular Grids

The special case of regular or equi-spaced grids is of specific practical importance
as most practioners consider finite difference approximations to partial differential
equations on such grids.

Tn Table 2.1 we consider finite difference weights for centered approximations to the
first derivative of a function. The weights in the table correspond to the choice h =1
for the grid spacing in (2.3). The weights are derived from the algorithm above but
could equally well be derived from equation (2.23). We show approximations with
orders of accuracy ranging from 2 to 10.
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Table 2.1: Finite difference weights for centered approximations to first order deriva-
tives.

Similarly, in Table 2.2 we show finite difference weights for centered approximations
to the second derivative of a function.

Order | 5|4 |-3 [-2[-1]0 1 12 |3 |4 |5
2 1 }-2 1
=145 (2]
4 12 | 3 2 3 12
6 1 | =3|3 |03 [2B)|L
90 2 | 2 18 2 20 | 90
8 1| 8 |z1|8 =28 )2} 8| =L
560 | 315 5 5 72 5 5 315 | 560

Table 2.2: Finite difference weights for centered approximations to second order
derivatives.

In Table 2.3 we show weights for the third derivative of a function. Note that we use
the anti-symmetry of the weights for odd-order derivatives (as demonstrated for the
first order derivative weights in Table 2.1) and consequently the weights are shown
for positive references only.

We focus specifically on regular grids for the purpose of this study. Let Dsp denote
the discrete first order derivative spatial difference operator obtained by interpolating
f(zip)-. - f(zj4p) OD the stencil

z; + ah, a=0,%1,+2,---+p,

by a polynomial of degree 2p and then differentiating it once at zj.

d P
Y| mDyfle) = f L el et ah) (242

a=—p
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Order
2

4
6

—41

8 6048
=19 479

10 840 302400

Table 2.3: Finite difference weights for centered approximations to third order deriva-
tives.

Fornberg [44] derived the following explicit formula for arbitrary order of accuracy
9p for the calculation of the 54 for this special case:

_ _(af)?(-1)>"
P alp+a)llp—a)V’

and 8,0 = 0. The 6, could alternatively be read from Table 2.1.

a0, (2.43)

In general we denote D7y as the discrete m-th order spatial difference operator ob-
tained from interpolation of f(z;—p),-- -, f{Z;+p} by a polynomial of degree 2p and

then differentiating m times and use the notation:

L

af m
Zom le=2 ™ Dapf(25) = 3

Zp: ol (zj + ah), (2.44)
a=-p

where, as in Fornberg’s paper [45],

P
h’_m'(sp,a - [dszP,ﬂ(I)] ’

I=Tj

_ wp(x)
FP,a(x) = u};,(Ij + ah)(g; —I;— th);

and
P

wylz) = H (z - z; — Bh).

. B=-p
Moreover,

p(z) = zp: Foolz)f(z; + ah),

a=-p
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is the Lagrange interpolation polynomial of degree 2p on our finite difference stencil.

We note from Table 2.1 (and formula (2.43)) the anti-symmetry of the finite difference
coefficients, i.e.,

=0 s

(2.49)

whenever the order of the spatial derlvatlve is odd. Using this property and the shift
operator F defined in (2.5), we write the following expression for the finite difference
operator D3} (m odd):

1 L m " -
Df = o 3 8u(B" ~ E7°) (2.50)

Later on we shall also have need of the following identities which we formulate in the
Theorem:

Theorem 2 Schoombie and Maré [112]: Let m be an odd integer, with 1 < m < 2p,
and let 03, , be defined as in equation (2.45). Then

a" =0 for 0 <k <m, (2.51)
2pa

with k an integer, and
m!
E a’"ézw = —2- (252)

Proof: The interpolation approximation in (2.48) is exact for f (z) a polynomial of
degree < 2p. Therefore it follows that

zF = zp; Fpo(z)(z; + ah)*, (2.53)

a=-p

with 0 < k < m an odd integer.

By differentiating the above expression m times with respect to z, and putting
z = x; = jh,

we have that

Z Spald + ) Z 36l + @)~ (- a)f]

a=-p
m ifk=m
= { 0 ifk<m (2:54)
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Thus, for m = 1, the identity in (2.52) follows immediately. For m > 1, first let
k = 1 in equation (2.54). Then the identity (2.51) follows for k = 1. For k =3 <m,
equation (2.54) becomes

P P
623 adf, +2 5 %5, =0.
a=1

o=—p

The first term vanishes by virtue of (2.51) for k = 1, and what remains proves
equation (2.51) for k = 3. Proceeding in this fashion, equation (2.51) is proved for
any odd k such that 0 < k <m.

The identity (2.52) is proved similarly, putting k = m in (2.54) and removing super-
fluous terms by means of equation (2.51). m]

This theorem could also be proved as a consequence of equations (2.22) and (2.23).

2.6 Pseudospectral Methods

Given N > 0, we consider the set of points

om;
7= 7:,1 (2.55)

The discrete Fourier coefficients of a complex-valued function in [0, 2] with respect
to these points are given by (25, 30, 46, 97)

1 N-1 .
fy = Fug = v > w(z;)e ™™, (2.56)
=0

with —~N/2 < k < N/2 — 1. Due to the orthogonality relation 1

LA g, [ L ifp=Nmm=0£L22 .
10 otherwise,

we have the inversion formula

NJ2-1 _
w(z) = F = Y. @e™, (2.57)
=—N/2

with j=0,...,N — 1.
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The transformations in (2.56) and (2.57) can be performed efficiently by means of
the fast Fourier transform (FFT) algorithm (20, 46].

Once we have calculated the discrete coefficients ik, the approximate derivative
can be computed through

Np-1
ui= Y ae™, (2.58)
k=—N/2

a process requiring two FFTs.

We quote the following result from Canuto et al. [25]. If u is a 27-periodic analytic
function in the strip |$(2)| < mo then

d
nd—’; —||s, < Clp)Ne 2,

for all 77 such that 0 < n < no. The error therefore decays essentially exponentially
in N [118]. It is also of interest to note that in the case of an analytic function,
the asymptotic rate of decay of the Fourier coeflicients of the function u(z) is ux =
O(exp(—n|kl)) as |k| — oo, see e.g., Dieudonné [34] and also [30].

2.7 Limiting Case

In this section wé shall consider the connection between finite difference and pseu-
dospectral methods. In particular we consider the limiting case of the finite difference
method. (For ease of notation we consider an odd number of points, N = 2p + 1.)

By considering equation (2.43) we find:
(_1)a+l

lim 6,0 =
p—co P& a

(2.60)

which would yield an infinite stencil with coefficients

1 -11 -11 -1

s s L —, ==}/ 2.61
{pgy BOLgg Y (261)
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Following Fornberg (44], on a periodic grid the stencil above would collapse to a
stencil of width 2p + 1 with the coefficients

{’Yp,—p: e 1'7}1,—1) 'Yp,O: '7p,ly P a'Yp,p}/ha (262)
where
— —1)et+l — (_l)k 0 . <
717,0 - ( 1) k=z_:°°Nk+Cl, <a_py
— _ a+1___11___
= ()™M & (2.63)

We evaluate the sum in (2.63) by making use of contour integrals [33, 44]. Note
furthermore that v,0 = 0 and Ypa = —Vpa-

We shall now consider the pseudospectral method as discussed in Section 2.6. Con-
sider a function f(kh) defined at the grid points kh, k= —p,...,p. Weuse N = 2p+1,
hence the interpolating trigonometric polynomial, as defined before in equation (2.57),
is

f@)= ¥ fw)e, (260
where
fw) =L 3 sy, (2.65)
N2

We evaluate the derivative of (2.64) at z = ah, i.e.,

P -~ .
% z=ah = T Z wf(w)e’”‘"h

w=—p

Il

1% i f(kh) Z,,: weh(—k), (2.66)

k=-p w=—p
We wish to find a closed-form expression for (2.66). Note that

S et = %, z #0. (2.67)

w=—p

Therefore

(2.68)
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Hence

2 & s
Opa = ﬁ 3 wf(w)e™er

w=~p

_ (_1)a+17r
- N sin(—7;\‘,")' (269)
Note that (2.69) is identical to equation (2.63).

We have therefore shown that Fourier differencing can be viewed as a special centered
finite differencing based on an ever increasing number of periodic stencils (44, 123,
130], i.e.,

F = lim Dz (2.70)

2.8 Finite Difference Fourier Mode Analysis

Suppose we wish to approximate d/dz. For a specific mode e™* we obtain the exact
answer d

— e = we™. 2.71
o (2.71)

We wish to show the effect of finite difference discretizations applied to e,

A second order finite difference approximation would yield

eiw(z+h) — eiw(:l:—h)

Dae™ = 2h
= i%‘”—h)em (2.72)
= if(2,hw)e™". (2.73)

In general for a 2p-th order approximation we would write
Dape™® = if(2p, h,w)e™?, (2.74)

subject to the difference coefficients derived in Section 2.5. In Table 2.4 we show
f(2p, h,w) for a range of values.

In Table 2.5 we show f(2p, h,w) for a range of wavenumbers (N = 128) and different
orders of approximation. For the second order approximation only a fraction of the
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Order f(2p,h,w)
2 sin{wz)/h
4 3(4 — cos(wz)) sin(wz)/h
6 g %cos(w:z) — £ sin’(wz)) sin(wz)/h
8 & Beos(wa) - £ 51n2(w:1:) + Z sin?(wz) cos(wz)) sin(wz) /h
00 w

Table 2.4: Multiplicative factors f(2p, h,w) arising from the 2p-th order FD approx-

imation to ie™*

Wavenumber
Order 2 4 8 16 32 48
2 1.9967 | 3.9743 | 7.7959 { 14.4051 | 20.3718 | 14.4051
4 1.9999 | 3.9998 | 7.9937 [ 15.8114 | 27.1624 | 22.6021
6 2.0000 | 3.9999 | 7.9997 | 15.9762 | 29.8787 | 28.1993
8 2.0000 | 4.0000 | 7.9999 | 15.9969 | 31.0428 | 32.2944
00 2.0000 | 4.0000 | 8.0000 | 16.0000 { 32.0000 | 48.0000

Table 2.5: Values of f(2p, h,w) for various wavenumbers.

modes are treated correctly. For the higher order aproximations shown, a significant
increase in the accurate representation of modes is observed, although the very high
mode numbers are still not accurate, i.e., the convergence for higher orders to the
ideal line (the dw-factor in (2.71)) is slow - reminiscent of the convergence of a Taylor
series where derivatives of successively higher orders match at the origin.

As an example, we note the approximation of the sixth order scheme, which provides
very accurate approximations for mode numbers up to 16.
to note that approximation orders higher than six do not increase the accuracy of

representation of the lower mode numbers significantly.

It is also interesting




Chapter 3

Discrete Perturbation Techniques

It is a mathematical fact that the casting of this pebble from my hand alters the
centre of gravity of the universe.

- Thomas Carlyle (1795 - 1881)

We described the method of multiple scales for continuous partial differential equa-
tions in great detail in Chapter 1. In Chapter 2 we provided a framework from which
finite difference approximations to partial differential equations could be derived.

Our aim in this work is to consider solutions of these finite difference approximations.
To this end we shall develop an analysis technique to extend the continuous multiple
scales methodology to discrete difference equations. We shall devote this chapter to
show this development as well as cover some other approaches in the literature.

In the first section we shall provide notation needed for our analysis. This notation
will build on the notation provided in Chapter 2. In the second section we shall
show a special difference identity which serves the same purpose as the chain rule for
derivatives of sufficiently regular functions.

3.1 Partial Difference Operators - Notation

Our aim in this section is to provide the framework to extend the continuous multiple
scales methodology to discrete difference equations. In analogy with the continuous
scales coordinates, for example (1.30), (1.55) and (1.56), we shall use the following

40
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discrete multiple scales coordinates in space, notably {110, 111, 112}

X, =¢€hj, p=0,1,..., (3.1)
and for the temporal scales coordinates

T, =¢Ptn, p=0,1,.... (3.2)

We define the partial shift operators Ex, and Er, as follows:
Ex,f(.... Xp,- ) = f(..,Xp+€Ph,. . ), (3.3)
in analogy with the definition of the spatial shift operator (2.5) and similarly
Er,f(....Tp--) = f(. T+ €r,...), (3.4)
in analogy with the temporal shift operator (2.6).
It follows that for a discrete function u(Xp, X1, X2), for example, we would have
E;u= Ex,Ex,Ex,u. (3.5)
In the previous chapter we used the spatial and temporal shift operators to define di-

vided difference operators, equations (2.9) to (2.14). Using the partial shift operators
(3.3) and (3.4) above we also define partial divided difference operators:

Bx, = (Bx,~D/(h), (36)
Vx, = (1-Eg)/(eh), (37)
in X,, and for T,
Ar, = (Br,~ /() (38)
Vr, = (1= EZ)/(@) (39)

The analogues of the central difference operators d; and 4, defined in equations (2.11)
and (2.14) respectively, follow similarly:-

8x, = (Ax, +Vx,)/2, (3.10)

and
dr,

Hd

= (Ag, + V1)/2. (3.11)

We shall use the operators defined above in our discrete multiple scales analysis.
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3.2 Product Rule of Differences

It is also of interest to note the discrete analogue of the product rule of differentiation
for the respective operators, which we state in the following theorem.
Theorem 3 Consider V = V(X)) and W = W(Xy). Then

AX|(V‘/V) = (EX1W)AX|V + VAXxW, (312)
and

Vx, (VW) = WYX,V + (Ex}V)Vx,W. (3.13)

Proof- Consider equation (3.12). From the definition of Ay, (3.6) we have

chdg, (VW) = Ex,(VW)-VW
_ Bx,VEx,W - VEx,W +VEx,W - VW
= Ex,WehAx,V + Vehx, W.
The proof of (3.13) follows similarly. O

Theorem 4 Consider V = V(X;) and W = W(X,). Then
A (VW) = VA, W + WAx,V +chAx, VB, W, (3.14)

and

le(VW) = VleW-I-WleV—Eh,VleVXIW (3.15)

Proof: Using Theorem 3 we write

Ax, (VW) = VAx,W = WAxV

I}

Ex,VAx,W + WAxV - VAx,W-WAxV
= €hAX1 VA)(1 W.

The proof of (3.15) follows similarly. o

Using the results of Theorem 4 we can find a corresponding product rule for dx,.
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Theorem 5 Consider V = V(X)) end W = W(X,). Then

Sx, (VW) = Vox, W + Wéx, V + eh(Ax, Vox, W — Vx, Wix, V). (3.16)

Proof: From Theorem 4 we have
Wy, = (VAx,W +WAx,V +ehlx,VAx,W)
+(VVx, W +WVx,V — ehV x, VV x, W)
Wy, W +2Wéx, V + eh(Ax,VAx,W - Vx, VVx, W).

We could have ended the result here, but the required result follows by noting, from
the definition of &, that Ax, W = 20x,W — Vx, W. u|

We could also prove Theorem 5 by noting the following theorem:

Theorem 6 [111] Consider V = V(X\) and W = W(X,). Then

5x, (VW) = (Ex,V)ox, W + (Ex' W), V. (317)

Proof: Using the definition of dx, in equation (3.10) we expand dx, (VW)

%hdx, (VW) = Ex,VEx,W — E5!VEx'W

Ex,V(Ex,W — Ex,W) + Ex,W(Ex,V - Ex,V)

2eh|(Ex,V)ox, W + (B3I W)ox, V],
which again follows from repeated application of the definition. m]
Using the result of Theorem 6 we could prove Theorem 5. We consider the sum
8x, (VW) = Véx, W — Wéx,V,
which, using (3.12), can be written as
[(Ex, — DV]ox,W + [(Ex — )W]bx,V
= eh(Ax,Véx,W — Vx,Wéx, V),

by making use of the definitions (3.6) and (3.7) for Ax, and V, respectively.
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3.3 Discrete Chain Rule Expansion
By making use of the definitions in equations (3.1) through (3.11) we are now in a

position to state the following theorem proved by Schoombie [111], which forms the
keystone to the discrete multiple scales analysis:

Theorem 7 Schoombie [111]:

Let for any function
f=fXo, X1, Xo.T0,Th,s s Tm)s (3.18)
where
Xp=¢€Phj, p=0,1,...,n,
and
T,=¢n, p=0,1,...,m,

and furthermore Ex, and Er, defined as in (8.8) and (3.4). Then the divided differ-
ence operators defined by (2.9) through (2.13) satisfy the relations:

Ay = AXD—*_ZepAXpEXOEXI"'EX;)—‘|7 (3.19)
p=1

V., = Vxo+ Y. Vx,ExsBxl .. Bx,_,- (3.20)
p=1

Also

A = ATo + Z EPAT,,ETDETl S ETP—” (3.21)
p=1

V. = Vn+3 Ve ERlEr' . Er. . (3.22)
=1

Proof: We follow the elegant proof of Schoombie [111]. We shall only prove '(3.20');
the rest of the relations are proved similarly. We note, as with the example given in
equation (3.5), that

E;' = Ex'Ex!... Ex.. (3.23)
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Then

Vxo + > €Vx,Ex Exl ... Ex,_,

=1

1S ot _ - _ _
72 (BxoBx, - Ex!, - Bx)Ex; ... Ex)) +1- Ex;]
p=1

1 1 e -
Rl Ex,Ex, ---Ex,)
1 —1
E(l - Ez ) = Vz.
o

Theorem 7 provides us with the discrete counterparts of the continuous chain rules as
used in (1.57) and (1.58), for example. In the context of our analysis the case n =1
will be of special significance:

Theorem 8 Subject to the conditions of Theorem 7
A, = Axo + GAx, EXm (324)
V., = VXO +€Vx, E}; (325)

Proof: The result is obtained by expanding the results of Theorem 7 forn=1. 0O

Schoombie [111] showed how (3.24) and (3.25) may be used to perform a multiple
scales analysis on the ZK discretization (2.16) of the KdV equation. In the next
section we shall provide a generalization of these equations that will be used to
analyze higher order finite difference schemes.

3.4 Generalization of Discrete Chain Rule

One should always generalize.
- Carl Jacobi

We shall now proceed to the following theorem which serves as a generalization of
Theorem 7:
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Theorem 9 Schoombie and Maré [112]: The difference approzimation to any deriva-
tive of odd order m of a suitable function can be expanded into the following discrete
scales summation

Dy = Do+ Z edr, (3.26)
r=1
where
m 1 L ™m 101 —_
D2p,0 = hm Z 62p,a(EXo - Ex:): (3.27)
a=1

and where the d™* are given by

dr=h"" "'z( ) el O% E5 ~ Vi, Eg°} (3.28)

(Z)=m,f—i,m,(3)=1. (3.29)

Proof- Consider the generalized central difference approximation given by (2.50)

with

m 1 L o1 -a
D'Zp = —h._'; Z 521) Q[E ] (330)
By making use of (2.9) and (2.10) we can rewrite (3.30) in the following form
1 & «
= E_: 87 (14 RAL)™ = (1 - RV2)]. (3.31)

Applying the Binomial theorem [13] to the terms involving powers of o in (3.31) we
see that

Z é.Zpox ( (; ) h’][A';: - (_1)Jv§:] (332)
j=1

Using Theorem 7 with n = 1 as shown in (3.24) and (3.25) and using the Binomial

theorem we have

AL (Ax, + eAx, Exo)

j . X
> ( : )E’A&;’A&l (3.33)

r=0
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and similarly
\vZ]

z

(vXo + €VXl E)—(;)J

_ i(r> VTV B

r=0
By combining (3.33) and (3.34) with (3.32) we find that
W™ DY, = iy 05 0 it ( 3“ ) hx
(Bheo (1) €105 85 B0 = (1) W V3 5
‘Equation (3.35) can now be rearranged in the form of (3.26), with
O

(7)) 10555 = (195 V5 B3

We can simplify equation (3.36) by noting that, since

o iY_{[« a—r

7 r)] AT j—r )’
= « j j J—r r
£(5)(7)es

(s i
~\j-r

(O;T )h]+rAJ EXU

we obtain

A

W,

°

~T

j=0

.

')
')
) R (1 4+ hAg)*TEX,
)

and likewise

() (3 )rvesm=(1 Jrt-iress

Hence equation (3.28) follows.
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(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

O
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3.5 Discrete Multiple Scales

By making use of the results obtained in the previous sections we are now in a position
to proceed with the discrete multiple scales analysis technique in direct analogy with
the continuous scales analysis as detailed in Section 1.3.3.

We start with an expansion in the same type of form as in the continuous case (1.76).
In the discrete case, however, we have to take account of the effect of aliasing, i.e.,
only a finite number of modes can be resolved on a grid of discrete points.

Therefore, we obtain a discrete scales analysis by solving for an approximate solution
u;(t) in the following form

/2 A
ult)= Y eu(Xit e)e™, (3.40)
r=—[i/2)

where 8 is defined as
9 = khj — Q, (3.41)

with k now restricted to the following finite set of values due to aliasing, namely
k=2wm/L, m=-N/2+1,...,N/2. (3.42)

Following the details described in Schoombie [111], ! is obtained by using the integers
s and ! with least absolute magnitude such that

(3.43)

N

m_s
l

/2 if I even

/2l ={ (l-1)/2 il odd. (3.44)

We also use

1 iffr| < /2
c,={ 1/2 if|r|=1/2. (3.45)

Then (in direct analogy with the continuous case) we use

Uy = v (X1, Th, Th, €),

8 =28, =Ir|,Ir| = 1,..., [1/2),
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and
vp = Vo(X1, Th, T2), (3.48)
v = Vi(X1,Th, Th). (3.49)
When r = 2,...,[l/2] we have
o
v = Vo(X1, T1, T, €) + 3 eV W (X1, T, T). (3.50}

3.5.1 Second Order Analysis

We now wish to substitute the expansion (3.40) into the finite difference scheme to
be analyzed, equation (2.16), for example. In this process we shall need to evaluate
difference operators applied to (3.40). We apply the results of Theorems 7 and 9 to
(3.40).

Consider firstly the central difference operator &; defined in (2.11) as a second order
accurate approximation to d/dz. Using Theorem 8 we can write up to terms O(%):

Theorem 10 Consider u,e™ as defined in equations (3.40) through (3.44). Then
5I(ureir0)
= [¢sin(rkh)/h + e cos(rkh)dx,

+iehsin(rkR)Ax, V x, /2u €. (3.51)

Proof: By using Theorem 8 we can expand 4, as
€
6:: = JXo + Q(AxlEXo + VxlE)—(;)’
by making use of (3.24) and (3.25) respectively.

Considering dx,(u-¢®) we have

(e _ gmirkh)
2h

in(rkh ;

Sln(}: )u,e"”.

6,\’0 ( Uy eir@) Uy eiro

= 1
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Furthermore, for the terms of O(e):
(AX1EX0 + VX] E)—(;)(ureirg)

(Dx, + Vx,) cos(rkh)u,e™ + (Bx, — Vx,)i sin(rkh)u.e™

[26x, cos(rkh) + ichDx, Vi, sin(rkh)u.e™,
The last step follows by noting that
AX] — VX1 = EhAxlel,

from which the theorem is proved. 0

If we consider equation (3.51) we find that in the limit & — 0 we obtain the chain
rule derivative expansion (1.83) utilized for the continuous multiple scales analysis,
namely

O = irk + 68)(‘.
If we proceed similarly and use the operators 8;A;V defined in (2.9) through (2.11)

as an approximation to d®/dz® as shown in (3.40), for example, we can again write
up to terms O(e?):

Theorem 11 Consider u.e™ as defined in equations (3.40) through (8.44). Then
620,V o (1, e)
= [(24/h®) sin{rkh){cos(rkh) — 1)
+(2¢/h?)(cos(rkh) — 1)(2cos(rkh)dx,
+(i€?/h) sin(rkh) (4 cos(rkh) — 1)Ax, Vx,|ure™. (3.52)

The proof of the theorem follows along similar lines as the proof of Theorem 10 and
will not be shown here.

As before, in the limit & — 0, we obtain from (3.52) that
88 = —ir’k® — 3er’k0x, + 3i€’rkd%,,

which is to O(e?) the same as expanding [irk + €0;,]°, the continuous multiple scales
third order derivative expansion.




3.5. DISCRETE MULTIPLE SCALES 51

Therefore, as a result of Theorem 7 applied to the expression (3.40), we can find
discrete chain rule expansions for the derivative approximation operators (2.9) to
(2.11) and combinations thereof, as shown above for specific examples. We shall
generalize this result in the next section to facilitate analysis of generalized central
finite difference schemes.

3.5.2 General Analysis

In direct analogy with Section 3.5.1 we wish to substitute the expansion (3.40) into
the finite difference scheme to be analyzed. In this process the following generalized
result is of fundamental importance.

Theorem 12 We can write up to terms O(€?)
D;’;,(u,ei"’) = fp(ureire), (3.53)

where

rel2

P
Y o SIN(TkAa)
a=1
P
+ €h'™ S ady , cos(rkha)éx,
a=1

P
+ EhT™ Y o’ sin(rkha)Ax, Vx,. (3.54)

a=1

Proof: The proof follows by applying (3.26) to (3.28) from Theorem 9 to (ure™™).
The proof relies heavily on the ideas used in Theorem 10 and will not be repeated
here. ]

The results (3.51) and (3.52) are special examples of (3.54).
The discrete multiple scales technique ensues by substitution of the expansion (3.40)
as well as the derived discrete chain rule expansions into the discrete numerical ap-

proximation. The technique will be demonstrated in detail in Chapter 4 where gen-
eralized central finite difference approximations to the KdV equation are analyzed.

WATAVRLN BIBLIOTEER

6353 20/




52 CHAPTER 3. DISCRETE PERTURBATION TECHNIQUES

3.6 Discrete Perturbation Techniques — Literature

The analysis methodology presented above is convenient for discrete numerical ap-
proximation algorithms. The analysis was derived by Schoombie {111] and applied to
the ZK discretization of the KdV. We note, however, following Schoombie (110], that
we would be able to obtain similar results with an alternative expansion to (3.40),
namely

uJ(t) = Zesus(x()) Xl)t)) (355)
s=1

with Xp and X, defined by (3.1). In Chapter 6 we shall apply (3.55) to the pertur-
bation analysis of a discrete van der Pol equation. It is important to note the role of
Theorem 7 in this analysis, effectively yielding a discrete chain rule for derivatives.

Newell [96] used a more heuristic perturbation analysis to develop a theory to account
for the effect of finite amplitude perturbations on the stability of partial difference
equations. The technique does not, however, give a clear picture of the relationships
between partial differences with respect to the various time and space scales. Stu-
art {120] discussed Newell's approach for a nonlinear stability analysis of dissipative
schemes. Similarly, Cloot and Herbst [29] discussed stability of difference schemes
and used a multiple scales analysis to demonstrate instabilities caused by a resonance
effect introduced by discretization of the inviscid Burgers equation.

Huston [66] provided an extension of the now classical Krylov-Bogoliubov method
(see [83, 93]) to nonlinear difference equations. We quote from [66}: “Unfortunately
the extension of the Krylov-Bogoliubov method to difference equations is not straight-
forward. Indeed, some modifications must be made in the method. These include
changes in the Fourier series expansions, the averaging processes, and the solutions
of the resulting first order equations.” Mickens [84] demonstrated that the approxi-
mate solutions arising from the averaged discrete equations are not uniformly valid
approximations.

Mickens [84, 85] demonstrated the use of a so-called multi-discrete variable procedure.
The approach ensues by defining two discrete-time variables k and s = €k. We assume
a solution of the form

y(k, s, €)
yo(k, s) + ey (k, ) + O(e?),
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where vy, is assumed to have at least a first partial derivative with respect to s. On

the basis of these assumptions, we have
Ye+1 — y(k' + 1,3 + €, €)

volk + 1,5+ €) +ey(k+1,5 +€ +O(),

I

and
y(k + 1,5+ €) = yolk + 1,8) + edsyo(k + 1, 8) + O(e?),
as well as
nk+1,s+€) =yi(k+1,)+0(e).
Furthermore
Yesr = Yo(k + 1,5) + ey (k +1,8) + Degn(k + 1, 5)] + O(¢?),
and

Ye-1 = yolk — 1, 8) + e[yi(k — 1,5) — Oso(k — 1, 8)+ 0(62)~

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

The technique would ensue by substituting (3.56), (3.60) and (3.61) into the difference
equation to be considered. This forms a reasonable approach with practical merit.




Chapter 4

' KdV Discrete

Truth ... and if mine eyes
Can bear its blaze, and trace its symmetries,
Measure its distance, and its advent wait,
I am no prophet — I but calculate.

— Charles Mackay (1814 - 1889)

In this chapter we shall consider numerical approximation techniques to the solution
of the KdV equation. We shall specifically consider a generalized central difference
approximation technique to the KdV and we shall show, using the discrete multi-
ple scales analysis technique discussed in Chapter 3, conditions for the existence of
spurious numerical solutions.

4.1 Introduction

When analyzing the behavior of a numerical approximation technique to a given
partial differential equation, numerical analysts usually ask the following type of
questions. How accurate is the approximation [119], and is there consistency with
the original problem? How stable is the approximation for a given choice of initial
conditions? How efficient is the approximation technique? Fundamentally, does the
approximation technique actually converge to a unique solution as the discretization
parameters become arbitrarily small [87]7

In recent years researchers and practitioners have also paid more attention as regards

54
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consistency of the approximation with the original problem formulation. As an ex-
ample many physical models require conservation of energy and momentum - these
would typically be enforced in the numerical approximation {114, 134]. The KdV
equation (1.46), for example, is known to possess an infinite number of conservation
laws [91} as referred to in Chapter 1.

Numerical analysts are used to the fact that the solution of difference equations usu-
ally differ quantitatively from the solution of the partial differential equation which it
approximates. These solutions would usually be acceptable if the numerical scheme
can be shown to be convergent, in which case the solution can be obtained to desired
accuracy by a suitably small choice of discretization parameter(s). However, when
qualitative differences between the solution of the difference scheme and that of the
partial differential equation exist, the solution may be unacceptable (even if conser-
vation laws have been satisfied). For our purpose differences in qualitative behavior
will be referred to as spurious behavior.

In this chapter we describe spurious numerical solutions that arise specifically as a
consequence of finite difference approximations to the KdV equation. One specific
example is the well-known Zabusky-Kruskal (ZK) [144] discretization illustrated in
operator form in equation (2.16). Using the discrete multiple scales technique illus-
trated earlier, Schoombie [110] analyzed the ZK discretization to show the occurrence
of spurious solutions. We shall consider more general central difference type approxi-
mations to the KdV. We shall apply the generalized multiple scales analysis explained
previously as an analysis tool to identify spurious modes.

In Section 4.2 we consider the finite difference treatment of the nonlinear term in the
KdV equation. This is followed by the generalized finite difference approximation to
the KdV equation with associated numerical experiments compared against analytical
results. In Section 4.5 we illustrate the discrete multiple scales methodology for the
generalized central finite difference approximations. This analysis is followed by a
theorem which proves consistency with the continuous case. In the last sections we
provide numerical experiments illustrating the spurious behavior of solutions of the
KdV equation as predicted by the analysis.

4.2 Nonlinear Term

We consider the inviscid Burgers equation

Ou + ul,u = 0, (4.1)
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subject to the initial condition
u(z,0) = f(z). (42)

Equation (4.1) has for many years played a major role in the study of discretizations
of nonlinear conservation laws. It has been used amongst others as a model of the
type of nonlinearity occuring in the Navier-Stokes equations of viscous incompressible
flows.

Equation (4.1) does not necessarily have continuous solutions for all time. It has an
analytical solution which develops a mathematical shock for certain initial conditions.
Following [104] and {146}, for example, its analytical solution is given by

u(z,t) = f(2), Z =z —u(z, )t (4.3)
From this solution we obtain by differentiation
_ '@
Ozu = T+ i) (4.4)

Therefore, for an initial condition such that 1 + tf'(Z) — O for some t — ip, we

would have the shock
B,u(tg) — —oo. (4.5)
Such PDE solutions which are not differentiable are termed weak solutions as opposed

to genuine solutions. The shock joins two regions of genuine solutions.

As an example, using the cosine initial condition
u(z,0) = cos(nz), (4.6)
we obtain from (4.3) the implicit solution
u(z, t) = cos(w(z — ut)). 4.7

As is well-known [68] this solution tends to steepen its shape and becomes multivalued
at = 1/2 when tg = 1/m, the so-called breakdown time. Historically speaking,
Zabusky and Kruskal [144] used this initial condition in their numerical study of the
KdV equation, constituting the first example of an initial value problem for the KdV
equation solved numerically.

It is also known that solution of (4.1) can be continued beyond the time of the
breakdown as solutions in the integral sense of the conservation law

Bau+t 81(éu2) =0 4.8)
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These solutions in the integral sense contain discontinuities, the mathematical repre-
sentation of shock waves; they are uniquely determined by their initial data provided
that the discontinuities are constrained to satisfy an entropy condition.

It is known that solutions of dispersive approximations to equation (4.1) behave quite
differently. As an example of a dispersive approximation consider the following:

Byui + urbzug = 0. (4.9)

To see the dispersive nature of the approximation we use Taylor’s expansion, namely
h?
S up = 31u+€8:u+...
which, upon substitution in the approximation (4.9) above yields
h2
O + ubu + Eu@iu =~ 0,

an equation very much like the KdV equation (1.46)
Bru + udu + 20%u = 0, (4.10)

as long as u does not change sign.

Specifically it is known [56] that solutions u(z,t;€) of the KdV equation stated in
(4.10) behave as follows as ¢ — 0. As long as the solution of equation (4.1) sub-
ject to initial value (4.2) has a smooth solution, u(z,t;¢) tends uniformly to that
solution. However, when ¢ exceeds the time when the solution of (4.1) breaks down,
u(z,t; €) behaves in an oscillatory manner over some z-interval; as ¢ tends to zero,
the amplitude of the oscillations remain bounded but does not tend to zero and the
wave length is of order e. Goodman et al. [56) showed the validity of the analogy
between equations (4.10) and (4.9), namely that solutions of (4.9) behave analogously
in their dependence on the discretization parameter h as solutions of (4.10) do in their
dependence on ¢.

We consider equation (4.1) as a model nonlinear equation, specifically owing to the
special numerical treatment that it should be allowed. In the rest of this section
we shall restrict ourselves to the problem of the nonlinear instability of some finite
difference discretizations to (4.1).

The description nonlinear instability refers to situations where linear stability the-
ory involving perturbation around a spatially fixed point may be inconclusive [58].
Typically, numerical solutions may remain bounded over long time intervals before
showing a sudden catastrophic growth over a relatively short time interval [129].
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Our primary objective is to seek an adequate numerical treatment of (4.1), in partic-
ular when we consider finite difference approximations. The numerical treatment of
(4.1) is by no means new in the literature. In this regard we note important work by
(6, 22, 28, 42, 46, 56, 58, 79, 87, 96, 106, 129, 133] and [137). We make specific use of
the seminal research by Fornberg [42} and Briggs et al. {22].

Following Fornberg [42] we rewrite (4.1) as
B + gazuz +(1-Ojudyu =0, @11)

where 6 is a parameter of arbitrary value to provide for general discretizations of
the nonlinear term. The choice © = 1, for example, would give rise to the product
approximation method as described by Christie et al. [27].

A second order central finite difference spatial approximation of (4.11) with a Leapfrog
discretization in time would be [6, 42]:

9
8o + S 8:[u3)” + (1 = O)ufdzuf = 0. (4.12)

To draw the analogy with the ZK [144] finite difference approximation of the KdV
equation as shown in equation (2.1) we rewrite (4.12) without the operator formalism
thus:

ultt =l — 7/ (2R)[6uf,, +2(1 - O)uj + 0ul ] (W — ufo1)- (4.13)

For comparative purposes when 8 = 2/3 we can write equation (4.13) as

Wt = = /() + o (0 = ), (4.14)

similar to the treatment of the nonlinear term used by Zabusky and Kruskal {144] as
shown in equation (2.1).

Using the results of Briggs et al. {22] equation (4.13) has a one mode solution of the
form

up = a(n)e' @/ 4 a*(n)e~ /3, (4.15)
where a(n) is given by the following difference relation
3
aln+1)=aln-1}+ z—\é%(Q - 36)a*(n)?. (4.16)

Following [22] we note the result of Fornberg {42] namely, that in the continuous limit
ia behaves in time like 1/(to —t) for 8 # 2/3. We thus have a solution for v} in (4.12)
which is nonlinearly unstable whenever 8 # 2/3.
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Fornberg [42) showed that the condition 6 = 2/3 is a necessary condition for stability.
Stability here means that the L, norm of the difference approximation does not
increase faster in time than a fixed exponential function even if the mesh is refined.
Fornberg, [46] notes that with 6 = 2/3 for all centered FD schemes in space and any
spatial period,

d 2
fhad E 2 =0 4.17

that is, spatially discrete solutions cannot grow in the L? norm. We can also show
(22], that

d
S w=0. (4.18)

The above equations correspond to conservation of energy and momentum respec-
tively. To provide for the temporal discretization one would use a variety of ODE
solvers. Shampine [114], for example, discussed techniques for the temporal dis-
cretization of systems with conservation laws.

It is important to note that the condition 8 = 2/3 is only a necessary condition for
stability but not sufficient. As mentioned above, Fornberg [42) showed that § = 2/3
is a necessary condition for stability of Leapfrog discretizations and necessary and
sufficient for stability of the Crank-Nicolson discretization. It is well known in the
literature ({6, 7, 28, 42, 106, 122, 133, 134], for example) that Leapfrog discretizations
of PDEs may have unbounded solutions for any choice of mesh size (even for choices
satisfying the conditions for linear stability).

The result above shows that one needs to exercise caution in the discretization of
nonlinear terms by finite difference methods. The type of instability encountered
here is only a function of the spatial discretization of (4.1) and cannot be removed by
a suitable choice of temporal discretization [137]. Using the same reference we note,
interestingly, that should we choose a Galerkin method to provide for the spatial
discretization of (4.1), it would not be necessary to apply the 8 = 2/3 rule [87].

By making use of the above discussion we shall use the following central finite differ-
ence spatial approximation to (4.1) with a method of lines (MOL) for the temporal
discretization, namely

Byu;j + [©D3,[(u;)?/2} + (1 — ©)u; Dy us] = 0, (4.19)
where D, is given by (2.50). For the purposes of preventing numerical nonlinear

instability we shall generally make use of the 8§ = 2/3 rule but we consider the
general case for the purpose of analysis.
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There are several methods available in the literature for time stepping of finite
difference methods. The MOL utilized in (4.19) above generally advances a sys-
tern that has been discretized in space by application of a “package” ODE solver.
The study of ODE solvers is extensive - we mention only the following references
[3, 19, 23, 46, 60, 75, 87, 102, 122] and [141].

The benefit of the method is that many ODE solution techniques have been thor-
oughly analyzed and convenient program packages developed. In its simplest form the
MOL could consist of a fixed time step and fixed-order implementation of a Leapfrog
of Runge-Kutta method that the user would incorporate in the code. The MOL
is particularly useful for the purpose of analysis as we specifically wish to examine
spatial difference techniques.

4.3 Numerical Approximations of the KdV

In this section we consider numerical solution techniques for the KdV equation. We
shall provide a brief survey of methods in the literature but due to the exhaustive
amownt of literature available, as in the continuous case, we can only cite specific
relevant papers. Omissions are made purely on the basis that this is not a survey ar-
ticle. We discuss some methods specifically for their historical importance, numerical
intricacies or practical use and efficiency.

The KdV approximation most frequently referred to is surely the Zabusky and Kruskal
finite difference approximation illustrated in (2.1), and in operator form in (2.16). In
this approximation Zabusky and Kruskal [144] used a second order central difference
approximation in space and a Leapfrog discretization in time. Similar non-dissipative
(or conservative [52, 103]) type methods were followed by Greig and Morris (53], Sanz-
Serna and Christie [107] and Sanz-Serna [105]. Other less-known approaches include
those of Iskandar [67], El-Zoheiry et al. [39] and Feng and Mitsui [41].

As an example, the Greig-Morris Hopscotch algorithm [2, 53, 126} proceeds as follows:
Al + nézug + (51(11._’1-‘)2 +70:8: Vi =0, (4.20)

where j + 7 is even and

Aguf + néui™t + Cox(uf)? + Y60,V =0, (4.21)

where j 4+ n is odd. To implement the scheme we would employ equation (4.20) at
those grid points for which j + n is even and (4.21) otherwise. The scheme has a
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truncation error of order (O(72) + O(h?)). In section 4.4.3 we shall briefly compare
the ZK and Hopscotch methods.

Furihata [51] applied a procedure to design difference schemes that inherit energy
conservation properties to the KdV. Zhen et al. {147] also proposed a scheme which
possesses the first four conserved quantities of the KdV. Huang [65] proposed a Hamil-
tonian approximation to the KdV to obtain conservation results (see also, van Beckum
and van Groesen (134]). De Frutos and Sanz-Serna [35] considered numerical inte-
gration techniques that preserve invariants with specific attention to the KdV.

Vliegenthart [136] examined the ZK discretization and suggested some dissipative
finite difference schemes. One such approximation is

A = b+ 35,00~ 1AV,

T n, TC n
+§AIV’U.J- + E[A:V:(’Uj )2]
2
+y7(1+ Cu;‘)(AZVZ)u;' + %A:;Viu;-',

a second order accurate scheme which in our belief never gained popularity due to its
lack of simplicity as opposed to the ZK approximation.

Other dissipative methods include a variety of Petrov-Galerkin methods, e.g., Schoom-
bie [109].

Pen-Yu and Sanz-Serna [73] provided results concerning stability and convergence of
a family of methods which includes as particular cases some of the schemes mentioned
here.

In a series of articles Taha and Ablowitz (124, 125, 126} provided comparisons of
some different finite difference approximations, notably the ZK discretization [144],
the Hopscotch discretization [53] and some schemes based on the Inverse Scattering
Transform. They also compared results to the Pseudospectral method considered by
Fornberg and Whitham [43] which reads as follows:

6w} + Ciu P v Fu;} — viF {1 Fu;} = 0, (4.22)
where Fu and F~! denotes the discrete Fourier expansion and its inverse as defined
in equations (2.56) and (2.57) respectively.

In particular Fornberg and Whitham considered a modification to the last term in
(4.22); the approximation then reads:
8} + Ciu P~ {wFu;} — iF~ {sin(v/%7) /7 Fu;} = 0. (4.23)
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The difference between (4.22) and (4.23) is that the approximation to the linear Kdv
equation is not subject to differencing errors in equation (4.23) with a subsequent re-
laxation of linear time-step stability requirements as well. Fundamentally, consistent
approximations to DEs are accurate for low wavenumbers but, in general, lose ac-
curacy for increasing wavenumbers, specifically applicable to equation (4.22). Chan
and Kerkhoven [26] considered a similar approach by modifying basis functions to
solve the linear dispersive part of the KdV equation. Nouri and Sloan [97] compared
a variety of pseudospectral methods for the KdV equation. Cox and Mortell [31] ap-
plied the Fornberg-Whitham pseudospectral method to a forced KAV equation with
damping.

More recently Fornberg and Driscoll [48] presented an easily implementable time
stepping strategy for spatially discretized spectral numerical solutions. They com-
bine AB and AM methods for the time stepping of the nonlinear and stiff linear parts
respectively, for the KdV and NLS equations, adding the novel feature that differ-
ent methods are used in different wavenumber ranges with a result that combines
high temporal accuracy with good stability properties. The method compares very
favorably with the linearly exact method described above.

1t is also interesting to note the application of a class of methods involving adaptive
spatial grid refinements to the solution of the KdV/NLS equations as described by
Fraga and Morris (50]. These methods are specifically designed to cater for the evolu-
tionary nature of the KdV equation, for example, where moving waves are frequently
exhibited.

4.4 Central Difference Approximations

In this work we shall specifically consider a generalized central difference approxi-
mation for the spatial discretization of the KdV equation. Using (2.50) we write a
generalized central finite difference spatial approximation for the approximation of
the initial value problem of the KdV equation (1.46) to (1.48):

atuj + nDép’U-j + ([@D%p[(u3)2/2] + (1 - @)u_,-Dépu_,-] + "/ngll.j =0. (424)

In direct analogy with equation (4.19), the approximation does not take account of
temporal discretization, i.e., we use a MOL approach for the time variable. For the
purposes of numerical experiments we shall frequently use the Leapirog discretization
for temporal integration.
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An illustration of approximation (4.24) is given by the exemplary case:
‘5%,1 = %

8, =-1
! (4.25)

3, =1
92 =3

These values are contained in the first rows of Tables 2.1 and 2.3 respectively. Sub-
stituting the parameters for the exemplary case into the generalized finite difference
approximation (4.24) we obtain the spatial approximation for the KdV equation as
given by the ZK discretization (2.1).

4.4.1 Stability

In this section we shall consider linear stability constraints for the central difference
approximation (4.24) to the KdV equation as described above, with the temporal
variable approximated by a Leapfrog discretization. We perform the standard Von
Neumann analysis [103, 119].

Consider first the linearized version of the ZK scheme (2.16)
Spuf +noguf 4 18- AV uf = 0, (4.26)

where we note the use of the Leapfrog discretization for the temporal variable.

We put {103, 117, 122]
u} = 7™ exp (ikhj), (4.27)

and substitute into (4.26). We find that
72 — 1 4 2ria(kh)r = 0, (4.28)
where
a(kh) = (nsin(kh)/h + (2v/h®) sin(kh)(cos(kh) — 1)). (4.29)

Solving for r we find that the amplification factor is given by

r = —ira(kh) £ /1 — 72a(kh)2. (4.30)

Therefore the requirement |r| < 1 for linear stability leads to

[ra(kh)| < 1. (4.31)
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When the scheme is applied to the nonlinear KdV equation we require (4.31) to hold
for any 7 such that Umin < 7 < Umaz, Where Umin and Umqz are the smallest values of
u(z, t) respectively. We assume umin = 0. Then the condition [105)

Ogﬁﬂ{(%) sin(kh)(1 — cos(kh))} < 1, (4.32)

is necessary if (4.31) is to hold for all relevant values of 7. Since the maximum of
sin(kh)(1 — cos(kh)) is 3v/3/4 we can rewrite the condition as

2h?
3v/3y

The condition (4.33) is also sufficient if (4.31) is to hold provided that [105]

T <

hS
~0.3849 . (4.33)

T < hfn. (4.34)

Because the pseudospectral method is the limiting method for finite difference ap-
proximations of increasing orders of accuracy it is important to consider stability
bounds for the pseudospectral method as discussed in (4.22). We can perform a
similar analysis for the pseudospectral method as for the finite difference method
illustrated above - the result being that [26, 43},

h® h®
T < == = 00323, (4.35)

miy v
showing that the linear stability restriction for the pseudospectral method (or for
higher order finite difference approximations) is more restrictive than for low order

approximations. However, the increased accuracy compensates for this restriction as
is well-known {25, 46).

In Table 4.1 we present linear stability restrictions for central difference approxima-
tions of different orders {including the second order and pseudospectral approximation
restrictions (4.33) and (4.35) respectively). The restrictions were also derived using
the analysis shown above applied to the generalized central difference approxima-
tion (4.24), using the finite difference weights provided in Tables 2.1 and 2.3, with a
Leapfrog temporal discretization.

Since we are considering higher order central difference approximations, the limit of
which is the pseudospectral method (44}, we shall for the purposes of our calculations
frequently use the stability restriction given by (4.35).
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Stability Restriction
Order T/h® <
2 0.3849 /v
4 0.2171 /v
6 0.1621 /v
8 0.1347 /v
10 0.1181 /v
1) 0.0323 /v

Table 4.1: Linear stability restrictions on 7/A® for central difference approximations
to the KdV equation with increasing orders of accuracy. Temporal discretization by
LF.

In Table 4.2 we present maximum time steps allowable under the linear stability
bounds (4.33) and (4.35) for given values of h. We use 4 = 0.000484 for illustrative
purposes - a value that we shall frequently use for further calculations corresponding
to the analysis performed by Zabusky and Kruskal [144], and others [8, 53, 105, 107).

h Eq. (4.33) [ Eq. (4.35)
0.10 || 7.95(-1) | 6.66(2)

0.02 | 6.36(-3) | 5.33(-4)
001 || 7.95(-4) | 6.66(-5)
0.005 | 9.94(-5) | 8.33(-6)

Table 4.2: Maximum time step for & given. (Notation: 6.36(—3) = 6.36 x 1073.)
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4.4.2 Analytical Reference Solution

We consider the following parameters for the continuous KdV equation:

(=1
~+ = 0.000484 = 0.022? (4.36)
n=0,

as used by [7, 8, 53, 105, 107, 144].

We shall consider the analytical 1-soliton solution of the KdV (refer to Section 1.3).
For the parameters (4.36) we use the same 1-soliton solution as [26, 53, 97, 105, 107,
144]. We therefore consider the initial condition

u(z, 0) = 3¢ sech?(bx + d), (4.37)

which has the theoretical solution

u(z,t) = 3csech?(bz — bet + d), (4.38)
where ¢ = 0.3,
c
b= 4—7,

and d = —b, representing a single soliton with amplitude 0.9 and speed 0.3.

We shall use equation (4.38) as an analytical benchmark against which to compare
numerical results.

4.4.3 Numerical Tests

As stated previously, we shall use the LF method to advance solutions of the type
(4.24) in time. The LF approximation to (4.24) reads:

5 + nDLu} + C[ODLI()/2) + (1~ @) Dy + D3 =0. (4:39)

To use the LF discretization we need to supplement the initial condition u‘} = f(3h)
with a starting procedure to compute u} This is usually performed via a standard
Euler starter [105, 126], i.e.,

(u} — uQ)/7 +nDhu + C[OD5[(u)?/2] + (1 = ©)u§ D3,uf) + 7 D3gu; = 0. (4.40)
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In Table 4.3 we compare the ZK and Hopscotch approximations for two sets of dis-
cretization parameters subject to (4.36). From the results displayed we conclude that
the performances of the methods were comparable for 0 < ¢ < 1.

Time ZK Hopscotch ZK Hopscotch
h=0.05 h=0.05 h=0.01 h=0.01
7=0025| 7=0.025 [{ r =0.0005 | 7 = 0.0005

025 | 1.04(-2) | 3.27(-2) | 205(-3) | L.11(-3)
050 || 6.35(-2) | 6.74(-2) | 4.22(-3) | 2.14(-3)
0.75 || 1.22(-1) | 9.93(-2) || 6.36(-3) | 3.54(-3)
1.00 | 1.61(-1) | 1.42(-1) | 813(-3) | 4.91(-:3)

Table 4.3: l,, error of one-soliton solutions of the KdV equation with ZK and Hop-
scotch approximations.

We shall consider three sets of discretization parameters for the solution of (4.24).
The first set is given by
N =50

h =004 (4.41)
7 = 0.0005.

The second set is given by
N =100

h = 0.02 (4.42)
7 = 0.0005,

while the third set is given by
N =200

h=0.01 (4.43)
7 = 0.00005.

We shall use § = 2/3 throughout our experiments.

In Tables 4.4, 4.5 and 4.6 we show the I, error of solutions of {4.24) for different

orders of discretization measured against the analytical 1-soliton solution (4.38) for
the KdV equation for 0 < ¢t < 1.




68 CHAPTER 4. KDV DISCRETE

Order
Time 2 4 6 8 10
0.25 [ 5.21(-2) | 1.04(-2) | 6.69(-3) | 5.07(-3) | 3.93(:3)

0.50 || 8.83(-2) | 1.77(-2) | 7.06(-3) | 3.75(-3) | 2.21(-3)
0.75 [ 1.17(-1) | 2.20(-2) { 6.62(-3) | 5.97(-3) | 2.45(-3)
1.00 || 1.43(-1) | 2.66(-2) | 7.38(-3) | 5.87(-3) | 3.18(-3)

Table 4.4: I, error of one-soliton solutions of the KdV equation subject to parameters
in (4.36) with various order approximations. Discretization parameters (4.41).

Order
Time 2 4 6 8 10
0.25 | 1.25(-2) | 1.15(-3) [ 3.12(-4) | 1.02(-4) | 3.11(-5)

050 | 1.94(-2) | 1.31(-3) | 2.48(-4) | 8.31(-5) | 3.14(-5)
0.75 | 3.01(-2) | 1.19(-3) | 3.03(-4) | 7.21(-5) | 3.80(-5)
1.00 || 3.62(-2) | 1.74(-3) | 4.24(-4) | 1.27(-4) | 5.05(-5)

Table 4.5: I, error of one-soliton solutions of the KdV equation subject to parameters
in (4.36) with various order approximations. Discretization parameters (4.42).

Order
Time 2 4 6 8 10
0.25 || 3.18(-3) | 8.44(-5) | 6.44(6) | 6.75(-7) | 1.22(-7)

0.50 | 5.46(-3) | 8.08(-5) | 5.96(-6) | 5.78(-7) | 8.13(-8)
0.75 || 7.19(-3) | 7.93(-5) | 6.24(-6) | 6.03(-7) { 1.14(-7)
1.00 [ 9.52(-3) | 1.21(-4) | 8.83(-6) [ 8.81(-7) | 1.31(-7)

Table 4.6: I, error of one-soliton solutions of the KdV equation subject to parameters
in (4.36) with various order approximations. Discretization parameters (4.43).

In Table 4.7 we show the speed of the numerical soliton solution. As mentioned in
Section 4.4.2 the analytical soliton speed is 0.3, a value which is relatively accurately
attained by most of the higher order methods. Herman and Knickerbocker [64] report
a numerically induced phase shift in the 1-soliton solution of the KdV equation for
the ZK approximation. The results shown here seem to indicate that the phase shift
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disappears for higher order approximations.

Soliton Speed

Order || Eq. (4.41) [ Eq. (4.42) | Eq. (4.43)
2 0.2905570 | 0.2997599 | 0.3002505
4 0.3029317 | 0.3004325 | 0.3000374
6 0.3017023 | 0.3001414 | 0.3000029
8 0.3015519 | 0.3000425 | 0.3000003
10 0.3006850 | 0.3000168 | 0.3000000

Table 4.7 Numerical solution soliton speed subject to (4.36) and the discretization
parameters (4.41), (4.42) and (4.43).

It is interesting to consider the stability of the KdV equation. We consider the
parameters given by (4.36). We examine a small perturbation €(z, ) on the solution
u(z, t) which leads to the perturbation equation [88]

Bye + ubse + cByu + 8,(%62) +48% = 0. (4.44)

Multiplying equation (4.44) by ¢ and integrating over the intended interval and ap-
plying periodic boundary conditions we obtain

%He(t)“iz + [z )8.u(z, fdz = 0.

Note that when d;u < 0 we would have Z|le(t)||?, > 0, hence €(t) would be an
increasing function. It would therefore appear that a negative gradient in the initial
condition, for example, would trigger off an instability in the solution of the KdV
equation.

In Figure 4.1 we show the solution of the KdV equation at different times, subject to
the initial condition (4.6), namely u(z,0) = cos(nz), for which 8,u < 0. The solution
was obtained using the numerical discretization parameters in (4.42), with a tenth
order finite difference approximation. The results are qualitatively similar to that
reported in the original Zabusky and Kruskal paper [144]. Note the train of solitons
which have developed at time ¢ = 1.15 from the shock-type profile at ¢ = 0.325.

In the next section we shall apply the discrete multiple scales analysis developed
in Chapter 3 to the generalized central difference approximation (4.24) to the KdV
equation.




70 CHAPTER 4. KDV DISCRETE

25

——T=0
——T=0.325
----- T=1.15

) 0.25 0.5 0.75 1 125 15 175

Figure 4.1: Solution of the KdV subject to initial condition (4.6).

4.5 Discrete Multiple Scales Analysis

We shall now proceed with the discrete multiple scales analysis of the generalized
finite difference approximation (4.24) to the KdV equation. The analysis follows
along similar lines as in the continuous case. We obtain a discrete scales analysis by
solving for an approximate solution u;(t) in the following form [80, 111, 112]

2] .
uw(t) = . eu(Xit e)e’™?, (4.45)
r=—11/2]

subject to the definitions given in (3.40) to (3.50). Substitution of (4.45) into (4.24)
and making use of the discrete spatial derivative expansion (2.50) applied to et
(given in equations (3.53) and (3.54)) as well as the continuous time derivative (1.82)

we obtain
B, + QL v + e Q2 vy

FCT(L = O) (@0 r— + O/2Q (0, = 0, (4.46)
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after setting coefficients of c.e® to zero. In analogy with the continuous case we now
study equation (4.46) up to terms O(e%). This leads us to consider r = 0,1, and 2.

If we put 7 = 0 in (4.46) the lowest order term in ¢ is found to be O(e%), yielding the
following equation when equated to zero

p
O Vo +n0x, Vo +¢[2(1 — ©) Y~ ady, , cos(kah) + ©)5x, V1|2 = 0. (4.47)
a=1
It is straightforward to show that equation (4.47) becomes the continuous multiple
scales analogue (1.85) as h — 0. In deriving (4.47) we make use of Theorem 2 with
m =1 and m = 3 respectively, i.e.,

P 1
adl = -,
az=1 2p, 9
and
P
Z aégp’a =0
a=1

If we substitute the Zabusky-Kruskal specific parameters as shown in (4.25) into
(4.47) we obtain

0r, Vo + ndx, Vo + (¢/3)[cos(kh) + 2]6x,IVil* = 0,

directly comparable with the result obtained by Schoombie [110, 111].

By putting 7 = 1 in (4.46) and equating coefficients of the O(e) terms to zero we

obtain
Q_n 7L
5= Y O3y sin(kha) + 7 Y 03, o sin(kha), (4.48)
a=1 a=1

the discrete linear dispersion relation. (See Sei and Symes [113] for an interesting
application of dispersion analysis to numerical wave propagation.)

For the Zabusky-Kruskal specific parameters (4.25) applied to (4.48) we obtain

2
Q= %Sin(kh) + h—Zsin(kh)(cos(kh) -1).
Subsequently, for r = 1, by equating the O(?) terms to zero, the resulting equation

is found to be
O, Vi + Vyox, W =0, (4.49)
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where
Q
dk

P
= 29 Z b}, o cos(khar) L& o Z 83, o cos(kha), (4.50)

a=1
is the discrete linear group velocity. Trefethen [128, 129], demonstrated the use of
group velocity in the analysis of finite difference methods.

Finally, for 7 = 1 terms, the equation obtained by putting O(€®) terms equal to zero
is found to be

4
B Vi + ik Y 83, o0 sin(kha) Ax, Vx, Vi
a=1

42 Z 82 Lo?sin(kha)Ax, Vx, Vi

a_l

20 > 62p o sin(kha)ViVg

a=1

2<'L[(l -0) Z 83p0(sin(2khar) — sin(kha))

P
+0 3 8}, o sin(kha)]V[V2 = 0. (4.51)

a=1

Using r = 2 we obtain terms O(e?)

;P
—QVai + 77’3 Z{a;,,]a sin(2akh)Va
=
Z 835 SiN(20kR) V2
Co/2 5,,: 8t sin(2akh)V{
+'ﬁ[ / ‘ 2p,a s 1
=

- 0) i 8, sin(akh) V] = 0, (4.52)

a=1
which can be rewritten, using € derived in (4.48), as

= (AVZ, (4.53)
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where
A= i [0/2 8., 0%, sin(2akh) + (1 — ©) T, 83, sin(ckh))| (4.54)
T h g(h.k,1) ’ ‘
and
P
glh,k,t) = —7; >~ 83, 4(sin(2akh) ~ 2sin(akh))
a=1
P
+ % 3" 8, o(sin(2akh) — 2sin(akh)), (4.55)
a=1
provided that
gh,k,t) #0. (4.56)

Should condition (4.56) be violated we would not be able to remove all the O(e?)
terms in (4.46) with the result that the expansion (4.45) would only be valid to
terms O{e). Condition (4.56) does not have a continuous counterpart, therefore its
violation should correspond to spurious behavior of the numerical scheme (4.24). We
shall return to this in Section 4.7.

Note that V; is not uniquely defined by (4.47). As in the continuous analysis we make
the physically reasonable assumption that Vp must also satisfy (4.49), i.e.,

SnVo+ Vyiox,Vo=0. (4.57)
Hence, after combining equations (4.47) and (4.57) we find that
([2(1 = ©) Thay a8y cos(kah) + O]

provided that
71—V, #0. (4.59)
Solution of (4.58) leads to the following relation for V;
¢[2(1 - ©) P _; ad}, , cos(kah) + O]
Vo=-— P Vi 4.60
0 M=V, Wl (4.60)
If we apply the special case (4.25) to equation (4.60) we find
Cleos(kh) + 2] ., »
W=7
b= S (@61

the same equation found by [111], also subject to (4.59).
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As with equation (4.56) no continuous analogue exists for violation of condition (4.59).
Its violation could similarly lead to spurious behavior of the solution of (4.24). In
Section 4.7 we show that violation of condition (4.59) does indeed lead to spurious
numerical solutions.

It is interesting to investigate the meaning of violation of the condition (4.59). Should
n = V, we would have both V; and V; satisfy the same difference equation, namely

BrV +nbx,V =0, (4.62)

with no specific implied relationship between V; and V5. The only conclusion being
that

Sx,IVil? =o. (4.63)

Furthermore, Vi and Vj will both represent a motion along the discrete grid with a
velocity 7.

Proceeding as in the continuous case, we can construct the discrete equivalent of the
NLS equation, i.e., we replace in (4.51) the solutions for Vo obtained in (4.61) and V;
obtained in (4.53). The resulting equation is

P
B Vi +1 3 (Mhbhyq + %53,,@)(12 sin(khe)Ax, Vx, Vi
a=1

» )
2% Y 8}, o sin(kha)[2(1 - ©) ) b}, o cos(kah) + O]
_ a=1 a=1 V1|V1|2
h{n - Vq)

2% LA . .
—h—[(l -0) Zlézp,a(sm(%ha) — sin(kha))

p
+ 038 sin(kha)AV|Vi[* = 0. (4.64)

a=1

In the next section we shall show that equation (4.64) becomes the NLS equation in
the limit as the discretization parameter tends to zero.

In Section 4.7 we shall conduct numerical experiments that will serve to illustrate spu-
rious behavior of the solutions to the finite difference approximations when conditions

(4.56) (g # 0) and (4.59) (n # V;) are violated.




4.6. LIMITING CASE 75
4.6 Limiting Case

Here we shall show that the discrete multiple scales analysis yields the same results
as the continuous case in the limit as the discretization parameter tends to zero. To
that end we wish to obtain the limit case of equation (4.64) as h, kh — 0.

Theorem 13 In the limit as h — 0, equation (4.64) becomes the nonlinear Schridinger
equation
O, Vi + 3i7k0%, Vi — i¢*/ (vR)V VA = 0. (4.65)

Proof: We consider the limit as & — 0 of different parts of equation (4.64).

Firstly, the Ax, V, term:

’llm}] ) Z(nh62p ot Jgp Jasin(kha)Ax, Vx, Vi

P
=ik a36§p,a 33(1 Vi

a=1
= 3ivk 8%, Vi. (4.66)

The last step follows by making use of Theorem 2 with m = 3, namely

? 353
D« O3pa =
a=1

Secondly, we consider the various V;|V4|? terms. From the discrete linear group
velocity V,, detailed in equation (4.50), follows

@ \

by making use of Theorem 2 repeatedly. Therefore, in the limiting case

2% Z 83,0 Sin(kha)(2(1 — ©) XP: b, o cos(kah) + O]

. = a=1 2
A W=V Vivil

2
- %_Ck (4.67)
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Note the interesting fact that the limit is independent of ©.

Furthermore, by making use of the identities

sin(2kz) — 2sin(kz) _

i z3 -k,
and
lim 2sin(kz) — sin(2kz) ~0,

z—0 T
in equation (4.55), we observe that

. 1
ImA =5

Therefore, in the limit A — 0,

2¢% P .
—h—[(l - 0) ; 83pa(sin(2kha) — sin(khar))
)
+0 Y 8, sin(kha)|AV; VAP
a=1
<2

By virtue of equation (4.66), and the sum of (4.67) and (4.68) we are led to conclude
that in the limit A — 0 equation (4.64) becomes (4.65), the continuous nonlinear
Schrédinger equation as previously obtained in the continuous multiple scales analy-
sis, equation (1.92). m]

As an interesting by-product of our multiple scales analysis, we can view equation

(4.64) as a spatial finite difference approximation for the NLS equation as we have
demonstrated consistency with the continuous PDE in the analysis above.

4.7 Numerical Experiments

In this section we shall report the results of several numerical experiments. We are
especially interested in the the cases where the conditions (4.56) (g # 0) and (4.59)
(n # V,) are violated, since in these cases the multiple scales analysis breaks down.
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From equation (4.45) and the analysis in Section 4.5 it follows that, since ¢ is a small
number, we are essentially looking at solutions of the discretized KdV (4.24) of the
form

ui(t) = eVie?® + Ve, (4.69)

subject to the definitions in (3.40) to (3.50) and where V| must satisfy equations
(4.49) and (4.64).

In the case of carrier wave numbers for which one or both of the conditions (4.56)
or (4.59) are violated, the higher order terms in € may become comparable to, or
even dominate, the first order terms to such an extent that (4.69) could no longer be
considered to be true.

For our numerical experiments we consider the following values of the parameters in
(4.24):

N =128
L=2

T = 0.0005 (4.70)
+ = 0.000484

(=1

Again, we shall use § = 2/3 throughout our experiments.
We use the initial condition
u) = e cos(hmj) cos(mmhyj), (4.71)
where € is a small number, typically e = 0.01. Since we can write (4.71) in the form
u) = (¢/2) cos(m(m + 1)hj) + (/2) cos(m(m — 1)hj), (4.72)
there are initially only two modes with wave numbers (m — 1)7 and (m+ 1)7 present.
Therefore, when we consider the time evolution of Fourier modes of the solution of
(4.24), subject to the initial condition (4.71), nonlinear effects where the solution

deviates significantly from (4.69) would show up clearly.

We use the LF method as described in equation (4.39) with a Euler starter (4.40) to
advance (4.24) in time.
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4.7.1 Violation of condition g # 0 (4.56)

Using the parameters in (4.70) we solve for violation of equation (4.56) for various

values of  subject to different mode numbers m and different orders of approximation.
We show the results of the calculation in Table 4.8.

Order of Approximation
m 2 4 6 8 10
20 || —2.8883 | —8.9082 | —19.3247 | —36.0562 | —62.2975

251 0.3934 | —1.4114 | —4.0405 | —7.3908 | ~11.5101
30 3.1115 | 3.2137 3.0383 2.7372 2.3489
35 4.9578 | 5.7895 6.3034 6.6640 6.9310
40 || 5.8383 | 6.8273 7.4161 7.7987 8.0603
45 | 5.8748 | 6.8749 7.4701 7.8553 8.1180
50 [ 5.3563 | 6.5029 7.2779 7.8381 8.2578
55 4.6532 | 6.1484 7.2142 8.0026 8.6074
60 || 4.1144 | 5.9788 7.2510 8.1866 8.9124

Table 4.8: Values of 7 which violate (4.56) for various orders of approximation and
different mode numbers (m) and subject to the parameters in (4.70).

We first consider spurious solutions of fourth order approximations. To illustrate the
behavior of the solution of (4.24) when g = 0 we consider a specific value of 1, as
obtained from Table 4.8, specifically

7 = 5.7805, (4.73)

which causes the 35th carrier mode i.e., k = 35, for a fourth order approximation,
to violate (4.56).

Figures 4.2 through 4.6 show the time evolution of the Fourier modes of the fourth
order solution plotted as a three-dimensional graph. For modes m = 33 and m = 37
only two modes are distinctly present in the solution - any nonlinear effects here are
so small that they do not show up in the graphs.
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\

Figure 4.4: Time evolution of Fourier modes of the solution of the fourth order (4.24).
Initial data is (4.71), parameter values given by (4.70), € = 0.0, n = 5.7895, and
m = 35.

Figure 4.5: Time evolution of Fourier modes of the solution of the fourth order (4.24).
Initia] data is (4.71), parameter values given by (4.70), e = 0.01, n = 5.7895, and
m = 36.
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Figure 4.6: Time evolution of Fourier modes of the solution of the fourth order (4.24).
Initial data is (4.71), parameter values given by (4.70), e = 0.01, n = 5.7895, and
m = 37.

For m = 34,35, and 36, however, significant nonlinear activity is exhibited. As can
be seen from Figures 4.3 through 4.5 the 58th mode is excited in all the cases. It is
interesting and important to note that the 28 term in (4.45) contains a carrier wave
which on a finer grid would have had a wave number of 707, which aliases to & mode
with wave number 587 on our grid.

The spurious solutions discussed for the fourth-order approximation are also present
for higher order approximations. In Figures 4.7 through 4.9 we show solutions for
orders of approximation six, eight and ten respectively, with values of  which cause
violation of (4.56) for m = 35.
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Figure 4.7: Sixth order solution subject to parameter values given by (4.70), € = 0.01,
7 = 6.3034, with m = 35.

Figure 4.8: Eighth order solution subject to parameter values given by (4.70), € =
0.01, n = 6.6640, with m = 35.

It is interesting to note from Figures 4.7 through 4.9 that the absolute magnitude of
the spurious solutions tend to decrease for increasing orders of approximation.




4.7. NUMERICAL EXPERIMENTS 83

Figure 4.9: Tenth order solution subject to parameter values given by (4.70), e = 0.01,
7 = 6.9309, with m = 35.

In Table 4.9 we show the I, and ly values of the amplitudes of the spurious modes
of (4.24) for various values of m and different orders of approximation, given the
values of 7 which would violate (4.56) for the specific mode, all calculations subject
to parameters (4.70).

m 30 40 50 60

Order lz loo lg lco l2 loo lg lm
2 2.8(—2) | 5.2(<3) || 8.8(—4) | 1.8(—4) || 1.6(=3) | 3.1(—4) || 2.0(=3) | 4.0(-
4 1.1(=2) | 2.2(-3) || 2.2(=3) | 4.3(=4) || 5.2(—4) | 1.0(~4) || 3.3(~4) | 6.5(—
6 8.3(=3) | 1.6(-3) || 5.2(~3) | 9.9(~4) || 7.4(=5) | 1.5(=5) || 1.9(—4) | 3.8(—
8 7.9(=3) | 1.6(=3) || 2.0(=3) | 4.0(-4) || 1.2(—4) | 2.3(—5) || 2.4(~4) | 4.8(-
10 | 22(=3) | 4.3(—4) || 2.5(=4) | 5.0(=5) || 2.4(=4) | 4.9(=5) || 3.3(=4) | 6.5(~

Table 4.9: Amplitudes of the spurious mode for various values of m and various orders
of approximation. (Notation: 2.8(—2) = 2.8 x 1072.)

As can be seen from Table 4.9, the magnitude of spurious solutions tend to decrease
for higher order approximations relative to lower order approximations.

We also performed numerical experiments using the pseudospectral method to exam-
ine whether spurious effects are detected. No spurious effects were found using the
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present form of analysis.

4.7.2 Violation of condition 7 # V, (4.59)

Using the parameters in (4.70) we solve for violation of equation (4.59) for various
values of 7 subject to different mode numbers m and different orders of approximation.
The results are shown in Table 4.10 below.

Order of Approximation
m 2 4 6 8 10
30 || —4.7422 | —14.7081 | —35.0227 | —-76.3982 | —162.9125

35 || —2.8014 | —8.3028 | —17.6485 | —33.0786 | —58.1964
40 | —0.9303 | —3.5427 | —7.6685 | —13.6316 | —21.9750
45 || 0.7589 0.0803 —1.3437 | —3.3956 | —6.0873
50 || 2.1649 2.7803 2.8264 2.5358 2.0030
55 | 3.2036 4.6410 5.4872 6.0217 6.3656
60 || 3.8126 5.6894 6.9223 7.8165 8.5014

Table 4.10: Values of 7 which violate (4.59) for various orders of approximation and
different mode numbers (m) and subject to the parameters in (4.70).

As before we made use of the initial condition (4.71) with € = 0.01 and ran the scheme
(4.24) for various orders of approximation. In Figure 4.10 we show the time evolution
of Fourier modes of the second order solution plotted as a three-dimensional graph,
subject to 7 = 1.6423 which violates (4.59) for m = 48. In this case a solution with
a spurious low wave number mode is obtained.

Similarly, in Figure 4.11 we ran a fourth order solution with = 1.8038, again
violating (4.59) for m = 48. Figure 4.12 shows the Fourier evolution of modes of the
sixth order scheme with n = 1.3643 violating (4.59) for m = 48.
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Figure 4.12: Sixth order solution subject to parameter values given by (4.70), € =
0.01, 7 = 1.3643, with m = 48.

4.8 Spurious Solution Discussion

The discrete multiple scales analysis described in Section 4.5 is a powerful tool for the
examination of of the modulation properties of equations such as the KdV equation.
We showed how the technique could identify modes of the carrier wave of the enve-
lope of a small modulated harmonic wave, for which the solution of the numerical
approximation deviates sharply from that of the continuous KdV equation.

In Sections 4.7.1 and 4.7.2 we have demonstrated spurious solutions to the KdV
equation that arise from central difference approximations of various orders with
a Leapfrog discretization in time. The spurious solutions were predicted from the
discrete multiple scales analysis performed in Section 4.5. It is important to note
that the spurious behaviour occurs as a function of the spatial discretization. The
spurious behaviour tends to dissipate for higher order approximations but still forms
a substantial part of the approximation.

Spurious solutions arising from discretizations to PDEs is a subject of intense interest.
We cite some interesting references from the literature, namely [7, 21, 22, 37, 58, 81,
82, 89, 108]. Schreiber and Keller [108], for example, remark that for the solution of
the steady Navier-Stokes equations, “there is at present no good theory to determine
when a solution of the approximating problem is spurious and when it is legitimate”.
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Parasitic or nonphysical waves occuring in the numerical solution of certain wave
equations can be due to several causes. In some cases such spurious waves are caused
by the use of high order difference methods and they can often be filtered out by
use of suitable difference operators applied to the initial data. In other cases the
parasitic waves are observed in the numerical solution when discontinuities in the co-
efficients of the differential equation or the initial data are present. In these cases such
waves correspond to high wave numbers and are the effect of numerical dispersion, as
discussed by Trefethen [128], who considers the numerical solution of non-dispersive,
linear wave equations - hence the only dispersion introduced would be that introduced
by discretization.

Maritz and Schoombie [82] showed that with rectangular pulse intial data, discretized
versions of the KAV and MKdV equations have high wave number components in
their solutions which are not present in the analytical solutions of these equations. In
particular they reported the occurence of small amplitude, saw toothed wave packets
when using the ZK approximation to the KdV equation with rectangular pulse initial
data. Sloan [115] also considered the ZK approximation to the KdV equation showing
that the presence of the dispersive term causes modulational instabilities. In the
precursor to the present work, Schoombie [111] illustrated spurious solutions which
occur for specific choices of parameters in the solution of the KdV equation by the
ZK method.

An important question that needs to be asked is how to suppress or prevent the
spurious solution behaviour. We performed all our numerical experiments using the
pseudospectral method with the same parameters that caused spurious solutions for
the central difference approximations - no spurious solutions were found. Indeed,
from the experiments we concluded that the effect of the spurious solutions becomes
smaller for higher order approximations, cf. Table 4.9. As the pseudospectral method
is the limiting method of central difference approximations of increasing orders we
would postulate that the specific spurious solutions examined here would not be
present in pseudospectral solutions. Adaptive methods [40, 50] or methods involving
grid-changes [21] would also prevent perpetuation of the spurious solutions.




Chapter 5

Benjamin-Feir Analysis

I wish these calculations had been executed by steam.

Charles Babbage (1792 - 1871)

Do not worry about your difficulties in mathematics, I assure you that mine are
greater.

Albert Einstein (1879 - 1955)

We have endeavored to illustrate the application of perturbation methods for the
analysis of numerical approximation techniques, in particular finite difference meth-
ods. We provided a discussion on perturbation techniques as applied to continuous
problems. We showed specifically that for the KdV and RLW equations the envelopes
of modulated waves are governed by the nonlinear Schrédinger (NLS) equation.

The specific multiple scales technique that we used was shown to be extendable to
a discrete multiple scales analysis. We showed the application of the discrete mul-
tiple scales analysis technique to the analysis of generalized central finite difference
approximations to the KdV equation. Of specific importance the discrete multiple
scales analysis was shown to be able to identify spurious behavior of the numerical
approximations. The spurious behavior was shown in several numerical case studies.
We also obtained a discrete version of the NLS equation which described the modula-
tion properties of solutions of the generalized central finite difference approximations
to the KdV equation in Section 4.5. In Section 4.6 we showed that in the limit as
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h — 0 the discrete NLS equation tends to the continuous equation, hence the dis-
crete version can be considered to be a valid approximation to the continuous NLS
equation also.

In this chapter we consider a so-called Benjamin-Feir [12, 138] analysis of the con-
tinuous and discrete NLS equations. The purpose of the analysis would be to define
regions of instability (subject to parameters or discretization) of the NLS equation.

In the first section we show the methodology applied to the NLS in simple form

followed by an application to the NLS obtained in Section 1.3.2. In the third section
we consider the analysis for the discrete NLS from Section 4.5.

5.1 Benjamin-Feir Instability Analysis - NLS
In this section we consider an instability analysis of the NLS equation. For this
purpose we use the canonical form of the NLS, to wit
iOu + 2u + glul*u = 0, i = —~1, (5.1)
assuming periodic boundary conditions
u(z, t) = u(z £ L, 1), (5.2)
throughout.
Considering the special case g = 0, the linear dispersion equation
iBu+ 02u =0, (5.3)
has solutions of the form
u(z, t) = aexpli(kz — wit)}, (5.4)
where a is a complex constant and w satisfies the dispersion relationship
w=k.

The NLS equation (5.1) also has solutions of the form (5.4) where the dispersion
relationship is given by

w = k?— gla® (5.5)
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this solution to

u(z, t) aexpli(kz — wt)}(1 + e(z, t))

Ao(l -+ E),

where ||¢|| <« 1.

Noting that

glu|*u = g]Ao]?Ao(1 + 2¢ + €7),

and using the fact that Ay is a solution of (5.1) we obtain
A

8, (Age) + O (Age) + glAol?4o(2¢ +€7) = 0.

Bye = i0% — 2kBy¢ + iglal(e + €7).

as the Fourier series

(5t)= 3 enlt)explimma),

n=—00

with wave numbers

. 2mn

L 3

leading to the following system of ODEs upon substitution into (5.8)

(&)
dt \€2,

glal?

; (anP = 2k — i,
=glal

iGﬂ ( Aé;ﬂ ) 3
€n

where n = —00, ...,00 but n # 0.

The characteristic polynomial [55) of the matrix G, is given by

p(A) = A2 + dkpa) + (2qp2lal® + 4k%4% — pin),

—qlal® - 2kpn + ﬂ»i) (
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Our purpose is to investigate the stability of the solution (5.4). We therefore perturb

(5.6)

(5.7)

Developing the derivatives in the equation and noting that 8;Ag = 1k Ao, we have

(5:8)

Following [138] we assume € to be periodic in the interval [~L/2, L/2] and express it

(5.9)

(5.10)

€n )
pd
€ n

(5.11)

(5.12)




5.2. KDV MODULATIONAL STABILITY ANALYSIS 91

the roots of which are the eigenvalues

An = —2kpin £ pny/ 12 - 2q|al?. (5.13)

One of the eigenvalues will be negative imaginary and accordingly the |é,| would grow
exponentially should

0 < p? < 2gla)?, (5.14)
subject to ¢ > 0. This is the so-called Benjamin-Feir [12, 121, 138] region of instability.

We note, as in [63), that the analysis would only be valid for a small time period
while the perturbation ¢ is small. The long time behavior of the solution would be
determined by various conservation laws such as

% / ” Ju(z, B)2dz = 0,
and

/st 0P ~ Jute =0

5.2 KdV Modulational Stability Analysis

In Chapter 1 we showed that the NLS equation, written in the form (1.75)
Br, A+ 3ivkdy, A — [i(*/(6K)AlA]® = 0,

describes nonlinear modulation properties of the KdV equation {1.46). We now wish
to apply the results of Section 5.1 to this version of the NLS. We rewrite the NLS as

i0r, A — 37k0% A + [(2/(67k)A|AI* = 0. (5.15)

To avoid confusion of notation we shall here consider solutions of the form
u(z,t) = aexpli{lz — wt)).

Applying the methodology we find the growth matrices G, as previously defined in
equation (5.11) to be given by

_ (SPlal?/(6vk) + 6vklpn + 3vkps; ¢?al?/(6vk)
Cn = ( —C?|af?/(6vk) —C2(a|?/(6vk) + 6vklp, — wmg) (5.16)
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the eigenvalues of which are given by

An = 6vklptn % pny/ 92 Y?K2 + C?lal?, (5.17)

and are real. Therefore, no Benjamin-Feir region of instability exists for the NLS
equation in (5.15).

In the next section we shall perform the analysis on the discrete version of (5.15) as
obtained in Section 4.5.

5.3 Benjamin-Feir Analysis - Discrete

Our purpose in this section in to extend the Benjamin-Feir analysis conducted in
Section 5.1 for the continuous NLS equation to a discrete version of the NLS. We
consider the discrete NLS equation (4.64) obtained from the discrete multiple scales
analysis of the ZK approximation to the KdV equation, namely

BryVi + iDL sin(ikh) + %Z—(Qsin(%h) — sin(k))Ax, Vi, Vi

(?sin(kh) cos(kh) + 2 )
ey +A(L+2cos(k)ViVIF =0,  (5.18)

where V, and A follows from equations (4.50) and (4.54) respectively, subject to the
7K-specific parameters given by (4.25).

We write equation (5.18) as follows:

Br,Vi +iAD X, Vx, Vi + BV =0, (5.19)
where we define
A= (W)L sin(kh) + ?h—;’(g sin(2kh) — sin(kh))], (5.20)
and
p .o S2sinkh) cos(kh) £2 (4 4 9 cos(kh)), (5.21)
3V, -7

from equation (5.18).

Following from equation (5.4) we consider solutions of (5.19) of the form

V, = aexpli( K X1 — wt)], (5.22)
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where the discrete dispersion relationship is given by

24

€2h?

[cos(Keh) — 1] — Bla|®. (5.23)

w =

In the derivation of (5.23) we use the following result:

A,V Vi %[cos(Keh) — 1] aexpliK X, ~ wt)]
é—fh—a[cos(Keh) -1V (5.24)

Note in the limit as ek — 0 we regain the analogous continuous nonlinear dispersion
relationship (5.5) from (5.23). The discrete dispersion relationship is O(h?) accurate.

As before, we consider the stability of the solution (5.22). Our approach shall be to
perturb the solution by L(X),t), subject to IZ|? < 1, i.e., we write

W = Vi(1 + 5(X1, 1)), (5.25)
where V, is
Vi = aexp[i(K X1 — wt)]. (5.26)
Noting that
Ax, Vi Vi = Ax, Vi Vi + Ax, Vx, (ViE), (5.27)
and
[Vil*W = [ViPVi(1 + 28 + &%), (5.28)

we find upon substitution in equation (5.19) that

aT"z(VlE) + iAAX1vX1(‘7lE) + 'LB|VI|2VI(22 + 2‘) =0. (529)

We proceed by expanding
BAx, Vi, (VIE)

1 o
= plBx -2+ Ex)(ViZ)

1 -
= W[COS(KCh){EXIE + B3 Z} + isin(Keh){Ex, T — Ex'T} - 23V,
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from which follows that
Axlel (‘712)

1 _
= 62?[2(cos(}('eh) — 1T + eh? cos(Keh)Ax, Vx, T + 2ichsin(Keh)éx, T)Vi,
(5.30)

upon making use of the definitions of dx,, Ax, and V, as defined in equations (3.10),
(3.6) and (3.7) respectively, i.e.,

Ex, + Ex} = 2+ h*Ax, Vi,
and
Ex, — Bz} = 2hx,.

Noting also equation(5.24) we can rewrite (5.29) in the form

BT+ i%[ehcos(Keh)Axl V.3 + 2isin(Keh)dx, ] + i¢?Blal’(E + £°) = 0,

(5.31)
Expansion of & in the discrete Fourier series
N2
St)= Y Salt) explipnX2), (5.32)
n=-N/2
with
_2mn
I‘l'n - L Hl

leads to the following system of ODEs upon substitution into (5.8)

d/S\ _ .. (S
i) = i (5
(Gu G (2 5.33
Z(Gn G?z) 2‘_")’ (533)
where

Gy = ;%[cos(Keh)(cos(,uneh) — 1) — sin(Keh) sin(uneh)} — Blal?,

il

G = ——B|a,|2,
Gy = %[cos(!(eh)(cos(pneh) — 1) + sin(Keh) sin{pneh)] + Bla)?,

G22 = B|a|2.
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The characteristic polynomial of Gy is given by
2A . . 2
(A= ah2 sin(K eh) sin{pn€h))

2A
TNe2p?

the roots of which produce the eigenvalues of Gy.

(cos(Keh)(cos(pneh) — 1) + Bla|*)? + (Bla})? = 0, (5.34)

Based on the characteristic polynomial, the eigenvalues of G, would have negative
imaginary parts, and hence allow exponential growth in the side-band amplitudes
|2], whenever

2A
(W(cos(Keh)(cos(pneh) —1) + Bla})? ~ (Bla}>)? < 0. (5.35)
Considering the special (but important) case K = 0, condition (5.35) becomes

8A . 2A .
o smz(,uneh/2){ﬁ sin®(uneh/2) — Blal?} < 0. (5.36)

Therefore, if A > 0 we would have instability when

2A

62Wsm?(,u.neh/Z) < Blal%, (5.37)
implying that for B < 0 we would have no unstable modes, but for B > 0 all modes
would be unstable whenever

€h?Blal? > 24. (5.38)
Similarly, if A < 0 we would have instability when
2A
Wsmz(p,,,ehﬂ) > Blal?, (5.39)

implying that for B > 0 we would have no unstable modes, but for B < 0 all modes
would be unstable whenever condition (5.38) holds.

For consistency with the results of Section 5.2 we consider the limit case A — 0. Then

}IILT})A = 3vk,
and

. ¢

L]LT(IJB T 6yk’

implying that in the limit AB = —(2/2 < 0; hence the continuous equation would be
stable, the result obtained in Section 5.2.




Chapter 6

Van der Pol Discrete

I have a theory that whenever you want to get in trouble with a method,
look for the Van der Pol equation.

P. E. Zadunaisky

In this chapter we shall analyze some numerical approximations to the Van der Pol
equation (1.26). In [90], for example, IMSL routines DIVPRK and DIVPAG are used
to solve for limit cycles of the generalized Van der Pol equation. The IMSL routines
DIVPRK (102}, efficient for non-stiff systems, uses RK formulae of order five and
six whereas DIVPAG utilizes the implicit Adams method up to order twelve as well
as Geer’s stiff method. A similar approach is followed in [60] where the results of
extrapolation based codes (with stepsize control) and Runge-Kutta-Nystrom codes
are compared. Details of these methods are described in [75] and [141], for example.

The specific method examined in this chapter follows the work described in Cai et al.
[24] where a Leapfrog scheme is applied to the solution of the Van der Pol equation.
The specific method is interesting because it leads to spurious solution behavior. We
apply a basic discrete multiple scales method to this equation as originally performed
by Schoombie [110] for the KV equation. We shall show details of the numerical
solution as well as an interpretation of the inherent faults in the method as identified
by the multiple scales solution of the numerical technique.
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6.1 Leapfrog Scheme

We rewrite the Van der Pol equation (1.26) for the sake of convenience

d’z 04T | 4
W—ﬂe(l—z)a+w z=0, (6.1)
subject to the conditions 8 > 0 and w a constant. We assume that ¢ satisfies
(0<ex1). (6.2)

Also, for ease of reference, we repeat the perturbation solution to O(e) as given by
equation (1.45):

2 cos(wt + ¢)

\ﬂl + (4/a} — 1)efet)

z(t, €) =

0(e). (6.3)

For the purpose of derivation of the numerical method we rewrite the Van der Pol
equation in the form of a system of simultaneous first order ODEs, namely [24, 60]

dz

ay _ a2
il Be(l — z°)y — w'z. (6.5)

Following the approach by Cai et al. [24] we employ the central difference approx-
imation (2.14) as an approximation to the differential operators in (6.4) and (6.5).
We use the notation from Chapter 2 namely, 2" = z(n7) and y" = y(n7) where 7 is
a fixed time step. We therefore obtain the following system of difference equations:

&z = Y, (6.6)

Sy" = Pe(l = (z")y" —wia™. (6.7)

By substituting (6.6) into (6.7) and using the basic definitions (2.6) and (2.14) we
obtain

(E? — 2+ E"Y)z"/(47?)
—Be(1 — (z")?)(E — E™\)z"/(27) + w?z" = 0.
To write (6.8} in operator form, we note that
(E* -2+ E~%)/(47?)
=1 +7A) -2+ (1 +7V,)?Y/(47?) (6.9)
= [AV, + T2/4AVE.

(6.8)
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Therefore, by virtue of (6.9) we rewrite (6.8) as
(A, + T2/4A2V2|z" — Be(1 — (z)2)diz" + w2 = 0. (6.10)
In Figure 6.1 we show z” obtained from equations (6.6) and (6.7) for € = 0.025 and

7 = 0.2. Initial values are given by z° = 0 and y° = 0.5. The z' and y' are calculated
by making use of an Euler starter with time increment 7.
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Figure 6.1: Solution of the Van der Pol equation using the Leapfrog scheme (6.6) and
(6.7) with € = 0.025,7 = 0.2. Initial conditions are 29 =0 and 3° = 0.5.

From Figure 6.1 it is quite clear that the numerical solution deviates significantly from
the perturbation solution (6.3). Of particular significance is the failure to obtain the
asymptotic solution behavior discussed in Section 1.2, namely

Jim z(t) = 2cos(t + @) + O(e).

The numerical solution becomes meaningless for times ¢ > 100. This is a good
example of spurious behavior of numerical solutions to ODEs where the spurious
nature renders the solution meaningless.

Also of interest, the solution pattern starts repeating itself as time increases. This
behavior is illustrated in Figure 6.2.
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Figure 6.2: Solution of the Van der Pol equation using the Leapfrog scheme (6.6) and
(6.7) with € = 0.025,7 = 0.2 over a longer time period. Initial conditions are z° =
and ° = 0.5.

25
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120 140 160

Figure 6.3: Solution of the Van der Pol equation using the Leapfrog scheme (6.6) and
(6.7) with € = 0.025,7 = 0.2 — solution magnified between times ¢ = 120 and ¢ = 160.
Initial conditions are z° = 0 and y° = 0.5.
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In Figure 6.3 we show z” for ¢ € [120, 160]. The figure shows the onset of the spurious
solution behavior.

In the following two sections we shall provide a discrete multiple scales solution of
(6.10) and for comparison the results of a linear analysis as performed by Cai et al.
{24].

6.2 Discrete Scales Solution

To perform a multiple scales analysis of (6.10) we shall work in direct analogy with
the continuous multiple scales analysis performed for the Van der Pol equation. We
shall use two discrete time scales, namely

T, =€Pnt, p=10,1, (6.11)
and consider the expansion [110]
u” = Uo(To, Tl) + euy (To, Tl) + 0(62). (612)

By making use of Theorem 7 we note the discrete multiple scales expansion of the
differential approximations A, and V,, (as shown previously in equations (3.24) and
(3.25))

Ay = Aq +eAnEq, (6.13)
V., = Vg, +€eVnEgl (6.14)
Substitution of (6.13) and (6.14) into (6.9) has the following result:
AV, + 72 /40IV?
= Ap, Vry + 72/40% VE (6.15)

+e(Aq, Ar, + YV, +12/203 Vi Az, + 72/2VE AR V).
We introduce the following notation in (6.15)
Layny, = Ary Yy + 72/40%, V2, 6.16)
Lnyr, = DA + V3,V + 7%/ 2A~2FOVT0AT, + 72/ ZV%OATOVT,.

By making use of the definition of J; in (2.14) and substitution of (6.13) and (6.14)
therein, we also obtain that

8 = g, + /2y, Bry + V1, BR). (6.17)
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Now, when substituting (6.12), (6.15) as well as (6.17) into (6.10) and collecting
terms with equal powers of ¢ we generate a set of equations (similar to the continuous
equations (1.33) to (1.35)) given by

Lagnyo +wuo = 0, (6.18)
relevant to O(1) and for O(e)
Lryru + w?uy + Lyyryuo — B(1 u2)oruo = 0, (6.19)
with L,z and Lryn, defined in (6.16).

Equation (6.18) has a solution of the form

wo(To, Th) = A(T1)é™ + CC. (6.20)
We observe that ]
LTOTOA(Tl)e’Q""
= (ATovTo + T2/4A%OV%U)A(T1)€mnT (621)

= (cos(2Q7) — 1)/(2r2) A(T1)e™,

and therefore the relationship between  and w is obtained by substitution of (6.20)
into (6.18) and making use of (6.21):

cos(20r) = 1 - 27%%. (6.22)
By virtue of the familiar Maclaurin power series expansion of cos(-) [1] we have that
02 = w? + O(7Y). (6.23)

To proceed we substitute (6.20) in (6.19). We note that

(ApAq, + YV, V1) A(Ty)e ™

6.24
= (eAq, Vg, A(T3) (cos(Qr) — 1) + 2ibr, A(Ty) sin(Qr)/7)e™™™. (6.24)
Furthermore
TSA%OVTOAT,A(Tl)BiQ"T o .
= [2(cos(Qr) — 1)? + 2isin(r)(cos(Q) — )]Ar, A(T)e", :
and similarly
TSV%.O ATole A(TI )emnT
(6.26)

= [~2(cos(Q2T) — 1)2 4 245in($27) (cos{Q7) — 1)]VT,A(T1)em“T.
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Combining (6.25) and (6.26) results in

TS[A%“OVTO ATI + v%},ATovﬂ ]A(Tl)emnf

. , (6.27)
= [44sin(Q27){cos(Q7) — )}6n AT + O(e).
We also find that
.B(l - ug)éTouo
. . ) (6.28)
= Bisin(Qr)/7(A — |APPA) ™ ~ A3e¥OnT 4. CC.
Therefore, by combining (6.24), (6.27) and (6.28) in (6.19) we have that
Lyynou +wiuy
= i5in(2Q7) /765, Ae*T — Bisin(Qr)/T(A - |A[2A)e* T (6.29)

_A363iﬂnr + cC.

From (6.29) we find that in order to obtain bounded solutions for u; we need to
remove secular terms by imposing the following requirement:

sin(207)6r, A — Bsin(Qr)(A — |A[P4) = 0. (6.30)

Based on the condition that sin(Q7) # 0 (which we exclude for all practical purposes)
we obtain the discrete analogue of (1.38) from (6.30), i.e.,

cos(Qr)br, A — B/2A — |APPA) = 0. (6.31)

As in the continuous case we assume a solution of (6.31) in the form

A= %a(Tl,Tg)ei"’(T"Tz). (6.32)
from which we obtain
cos{Qr)on,a = B/2(1 - a?/4)a, (6.33)
and
5T1¢ = 0(62)) (634)

after substitution into (6.31) and separation of real and imaginary parts. We rewrite

(6.33) as
"+l — g™t = ara™(1 - (a")2/4), (6.35)

where we define o as

pe (6.36)

* 7 cos(@r)’
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Note that we shall in practice use an Euler-type starter
a! = a® + ara®(1 - (a%)?), (6.37)

given the initial value a°.

We shall first examine the fixed points of a continuous version of (6.33), similar to
equation (1.40), namely

%t‘. = aa(l — a?/4) = aS(a). (6.38)

The fixed-points of this equation are roots of a(1 — a%/2); it has three fixed-points
G=0,a=2and @a= —2. To study the stability of these fixed-points we perturb the
fixed-point with a disturbance £ to obtain the perturbed equation

i
- = aS(@+¢§). (6.39)
Following [142] we expand S(a + £) into a Taylor series around &, so that
dE o ,dS,
i a(S(@) + ¢ T la+...) (6.40)

Stability is normally obtained by examining a small neighborhood of the fixed-point
provided for a given value of & we have that

ds

Using this condition and neglecting successive powers of € we obtain the linear per-

turbed equation

¢ . d§

/€= %% la- (6.42)
The fixed point @ is asymptotically stable if the right side of (6.42) is negative and
unstable if it is positive. Higher order perturbations are needed if the right side of

(6.42) equals 0.

Perturbing the Logistic-type equation (6.38) around its fixed points we find thata =0
is unstable whereas @ = 2 and @ = —2 respectively are stable. Note that the latter
two would correspond to a stable limit cycle.

Considering the actual discrete problem on the other hand, we note that (6.33) has
three constant solutions or fixed-points. They are

a® a®=0, (6.43)

" = @' =2, (6.44)
a® = a’=-2 (6.45)




104 CHAPTER 6. VAN DER POL DISCRETE
To investigate the stability of a® = a® we set [85]

a*=a+7", 7l < 1, (6.46) -
substitute this into (6.33) and neglect all but the linear terms. Doing this gives

g+~ 7l = oy (6.47)

The solution to the above second-order difference equation is

7" = Alrs)" + B(r-)", (6.48)
where A and B are arbitrary constants, and

+ 2.2
_orx VP44 v;+4 , (6.49)

T+

From (6.49) it can be concluded that the first term on the right of (6.48) is exponen-
tially increasing, while the second term oscillates with an exponentially decreasing
amplitude.

Similarly, we represent small perturbations to the fixed-point a' by
a"=a' +nt=2+17", (6.50)

which results in a linear perturbation equation

gt — gt = =2a1, (6.51)
whose solution is

7" = C(s4)" + D(s-)" (6.52)
where C and D are small arbitrary constants and

sy =—ar Vol +1. (6.53)

Therefore, the first term on the right-side of (6.49) exponentially decreases and the
second term oscillates with exponentially increasing amplitude.

The same result holds for the fixed-point a*.

Putting these results together it follows that the central difference scheme (6.35) has
exactly the same three fixed-points as the Logistic-type equation (6.38). However,
while a(t) = 0 is (linearly) unstable and a(t) = %2 is (linearly) stable for the differ-
ential equation all the fixed-points are linearly unstable for the difference scheme.
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We also give a short account of the phase plane solution of (6.35). Following a
technique of Sanz-Serna (106} we put:

nf2 H
o = { Vv if n even (6.54)

W=D/ if n odd.

Therefore, we can express the scheme (6.35) as the augmented system (88, 106, 131j
Yy Y = ar W1 - (W)2/4), (6.55)

W — W = oV (1 = (V7)?/4). (6.56)

The dynamics of the above system can be understood by taking the continuous limit
and forming the following system:

B = aw(l — w?/4), (6.57)

Bw = av(l — v*/4). (6.58)

The phase solution of this system is obtained by integration and is given by

8(v? — w?) + (w* —v") = K, (6.59)

where K is a constant of the integration.

In fact, the above system is a Hamiltonian system (59), which has only saddles and
centers as equilibrium points. The equilibrium points (0,0), (-2,-2), (-2,2), (2,-2) and
(2,2) correspond to saddles while (-2,0), (0,-2), (0,2) and (2,0) would be classified as
centers. The full computer generated phase diagram is shown in Figure 6.4.

We can explain the mechanics of the Leapfrog solution of the nonlinear Logistic-type
equation (6.35) as follows: The solution would follow one of the orbits in the phase
plane. In the ideal situation the solution should follow the line v = w. However,
as a result of errors in the relation between the initial condition and the next value
provided by the Euler-type starter, or due to numerical round-off, it does not follow
this orbit, but follows one close to it. Consequently, for initial conditions u° € (0, 2)
it would follow one of the closed loops, approximating the line v = w well for some
time and then displaying large discrepancies between odd and even levels for some
time as it returns to its initial state. For initial conditions 19 > 2 it would follow an
infinite orbit — the solution would follow the line v = w closely but would deviate
away from it as it approaches the fixed point ¢ = 2 and would eventually move off
to infinity, i.e., blow-up.
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Figure 6.4: Phase diagram for a® in equation (6.35).

6.3 Linear Analysis

In the manner of Cai et al. [24] a linear version of (6.10) is obtained by replacing the
nonlinear term {1 — (z")?) with {1 — X?) where X is a constant. Therefore
(AT, + 72/407VFz" — Be(1 — X?)dz™ + wPa™ = 0, (6.60)

which has a solution of the form ™", where

sin?(T) + Bier(1 — X?)sin(l) — w?r? =0, (6.61)
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or alternatively

sin(T) = —i(1 — X2)erB/2 £ \Jw? — (B/2)eX(1 — X?)?r. (6.62)

The general solution of {6.60) is therefore given as
Tt = e(ﬁlz)(l'xz)‘"T[A cos(¢nTt) + Bsin(¢nt)]
+(—1)"e’(ﬁ/2)(1'xz)‘"T[C cos(¢n7) + Dsin(¢nt)], (6.63)

where

¢ = Jw? ~ (8/2)¥(1 - X?)?, (6.64)

and A4, B,C, and D are constants.

The second term of equation (6.63) represents a computational mode which would
become unstable when

|X]> 1. (6.65)




Chapter 7

Epilogue

Euclid taught me that without assumptions there is no proof.
Therefore, in any argument, examine the assumptions.

Eric Temple Bell (1883 - 1960)

When asked how soon he expected to reach certain mathematical conclusions,
Gauss replied that he had them long ago,
all he was worrying about was how to reach them!

René J. Dubos

The main objective of the research project was to develop a perturbation technique
for the solution of discrete equations. Furthermore we wished to apply the technique
to discrete approximations of relevant equations, compare the theory with observed
computed results and investigate deviations between the perturbation solutions and
computed results with suitable explanations.

We discussed perturbation techniques in Chapter 1, specifically concentrating on an
alternative multiple scales expansion [111, 127, 145]. Applying the technique we
showed that for the KAV and RLW equations the envelopes of modulated waves are
governed by the NLS equation, confirming a result of [36]. Our aim was to show that
the alternative multiple scales methodology could be used for the analysis of more
general PDEs than the KdV equation, the RLW being an example.

The alternative multiple scales analysis was chosen specifically for its ease of adap-
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tation to the discrete case. In fact, Schoombie [111] demonstrated the use of the
extension of the continuous methodology to perform a discrete multiple scales analy-
sis of the ZK approximation to the KdV. We extended this analysis to cater for more
general discrete approximation techniques.

To obtain his analysis, Schoombie [110, 111] derived a discrete analogue of the chain
rule for differentiation. We showed how this result would be generalized for central
difference schemes of arbitrary finite orders of approximation in Chapter 3 following
from a detailed exposition on how these methods could be derived in Chapter 2.

In Chapter 4 we applied the discrete multiple scales analysis to the numerical solution
of the KdV when discretized using generalized central finite differences. We demon-
strated the consistency of the method with the continuous perturbation analysis as
the discretization parameters tend to zero.

The discrete multiple scales technique is a powerful tool for the examination of mod-
ulational properties of the KdV equation. In the case of certain modes of the carrier
wave, the discrete multiple scales analysis breaks down, indicating that the numeri-
cal solution deviates in behavior from that of the KdV equation. Several numerical
experiments were performed to examine the spurious behavior for different orders
of approximation. The spurious behavior, predicted theoretically, was shown to be
present experimentally, independent of temporal discretization.

We showed that for the higher order approximations the spurious behavior tends
to have a smaller effect on numerical solutions. For the pseudospectral method no
spurious solutions were observed — we have not yet extended the analysis technique to
cater for the pseudospectral method although we emphasized the result that Fourier
differencing can be viewed as special centered finite differencing based on an ever
increasing number of periodic stencils in Chapter 2. This represents an area which
should be researched further both theoretically and experimentally.

An open question remains how to rid computations of the spurious behavior. We
mentioned adaptive grids [40, 50] as a possibility, however, the spurious nature would
remain, albeit locally. An exciting area of future research would be automatic recog-
nition of conditions that would generate spurious solutions for a given PDE using a
symbolic manipulation language.

We also detailed some comparisons of central difference solutions to the KdV equation.
The results show a clear benefit of higher order central difference relative to lower
order methods. The benefit of the central difference methodology would also extend
to more general regions over which we would solve PDEs.
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Although we placed specific emphasis on the KdV equation in this thesis we believe
that the analyses are sufficiently general to be extended to other nonlinear wave
equations. However, it is important to note that it is characteristic of nonlinear
problems that each displays its own important features. Suitable numerical methods
would generally be designed around those special features sometimes resulting in ad
hoc methods. Accordingly it was not the aim of this thesis to identify best numerical
methods for all nonlinear wave problems - we believe such a method probably does
not exist.

The discrete scales method of analysis illustrated in this thesis can be applied to
discretizations of other dispersive wave equations such as the MKdV equation or
could be useful when dealing with models which are discrete to start with. This is
an area where further research would prove fruitful.

Utilizing the discrete multiple scales analysis we also obtained a discrete version
of the NLS equation which describes the modulation properties of solutions of the
generalized central finite difference approximations to the KdV equation. We also
showed that in the limit as h — 0 the discrete NLS tends to the continuous equation,
hence the discrete version can be considered to be a valid approximation to the
continuous NLS equation as well. We supplemented this work of Chapter 4 with a
Benjamin-Feir instability analysis for the ZK approximation to the KdV equation in
Chapter 5. We note, as in [63], that the analysis would only be valid for a small time
period while the perturbation is small. The long time behavior of the solution would
ultimately be determined by various conservation laws. This analysis demands further
numerical experimentation and could also be extended to higher order difference
schemes.

We applied the discrete scales methodology to a particular discretization of the Van
der Pol ODE. We demonstrated the mechanism by which numerical instability is
created. This is also an area in which substantial future research work could be
performed.

To conclude we quote from Richard Feynman's 1966 Nobel Lecture: “We have a
habit in writing articles published in scientific journals to make the work as finished
as possible, to cover up all the tracks, to not worry about the blind alleys or describe
how you had the wrong idea first, and so on. So there isn’t any place to publish, in
a dignified manner, what you actually did in order to get to do the work.” We wrote
this thesis with this quote in mind, trying to show to the reader the process involved
in obtaining the stated results.
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Summary

Keywords: Perturbation techniques, Multiple scales, Korteweg-de Vries equation,
Regularized Long Wave equation, Van der Pol equation, Finite difference approxima-
tion, Numerical solution, Discrete multiple scales.

Perturbation techniques for the solution of differential equations form an essential
ingredient of the tools of mathematics as applied to physics, engineering, finance
and other areas of applied mathematics. A natural extension would be to seek
perturbation-type solutions for discrete approximations of differential equations.

The main objective of the research project is to develop a perturbation technique for
the solution of discrete equations.

We discuss the well-known method of multiple scales and show its use for the solution
of the Korteweg-de Vries (KdV), Regularized Long Wave (RLW) and Van der Pol
equations. In particular, for the KdV and RLW equations the analysis shows that
the envelopes of modulated waves are governed by the nonlinear Schrédinger equa-
tion. We present a variation of the multiple scales technique which presents an ideal
framework from which we devise a discrete multiple scales analysis methodology.

We discuss a discrete multiple scales methodology derived by Schoombie [111], as
applied to the Zabusky-Kruskal approximation of the KdV equation. This discrete
multiple scales analysis methodology is generalized and applied to the solution of a
generalized finite difference approximation of the KdV equation. We show the con-
sistency of the method with the continuous analysis as the discretization parameters

tend to zero.

The discrete multiple scales technique is a powerful tool for the examination of mod-
ulational properties of the KdV equation. In the case of certain modes of the carrier
wave, the discrete multiple scales analysis breaks down, indicating that the numeri-
cal solution deviates in behavior from that of the KdV equation. Several numerical
experiments are performed to examine the spurious behavior for different orders of
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approximation. The spurious behavior, predicted theoretically, is shown to be present
experimentally, independent of temporal discretization.

We also detail some comparisons of central difference solutions of different orders
of approximation to the KdV equation. The results show a clear benefit of higher
order central differences relative to lower order methods. The benefit of the central
difference methodology would also extend to more general regions over which we
would solve partial differential equations.

We also show that the method of multiple scales can provide an adequate explanation
for spurious behavior in a difference scheme for the Van der Pol equation.




Opsomming

Perturbasie tegnieke vorm ’n integrale deel van die gereedskap van wiskundige teg-
nieke om differensiaal vergelykings op te los in fisika, ingenieurswese, finansiéle en
verwante areas in toegepaste wiskunde. Dit is gevolglik 'n natuurlike uitbreiding om
perturbasie oplossings te soek vir die numeriese benaderings van differensiaal verge-
lykings.

Die hoofdoel van dié navorsingsprojek is om perturbasie tegnieke te vind vir die
oplossing van diskrete vergelykings.

Ons bespreek die bekende veelvuldige skale tegniek en toon die gebruik daarvan aan
vir die oplossing van die Korteweg-de Vries (KdV), RLW en Van der Pol vergelykings.
Vir die KdV en RLW vergelykings is 'n gevolg van die analise dat die omhulsel van
gemoduleerde golwe beheer word deur die nie-lineére Schrédinger vergelyking. Ons
bespreek 'n spesificke veelvuldige skale tegniek wat 'n ideale raamwerk bied om 'n
diskrete tegniek te skep.

Ons ondersoek 'n diskrete veelvuldige skale tegniek soos deur Schoombie [111] on-
twikkel en toegepas op die Zabusky-Kruskal benadering van die KdV vergelyking.
Die tegniek word veralgemeen en toegepas op 'n algemene sentraal verskil benadering
van die KdV vergelyking. Ons toon aan dat die diskrete metode konsistent is met
die kontinue geval as die diskretiserings parameters na nul neig.

Die diskrete skale tegniek is 'n geskikte tegniek vir die ondersoek van modulasie eien-
skappe van die KdV vergelyking. Vir spesificke modes van die draer golf word oploss-
ings van die diskrete skale tegniek onwenslik wat aandui dat die numeriese oplossing
wat ons ondersoek verskil van die oplossing van die KdV vergelyking. Verskeie nu-
meriese eksperimente word uitgevoer om die vals oplossings te ondersoek. Die vals
oplossings, soos teoreties voorspel, word eksperimenteel aangetoon, onafhanklik van
die diskretisasie tegniek in tyd.

Ons benadruk ook oplossings van sentraal verskil benaderings met verskillende ordes
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van akkuraatheid vir die KdV vergelyking. Die resultate toon 'n duidelike voordeel
aan van hoér orde metodes teenoor laer orde metodes. Die voordeel van die sentraal
verskil vergelykings is dat ons dit op 'n veralgemeende gebied kan gebruik vir die
oplossing van parsiéle differensiaal vergelykings.

Ons beskou ook ’'n eindige verskil benadering van die Van der Pol vergelyking en
toon aan dat die diskrete skale tegniek 'n bevredigende verduideliking bied vir vals
oplossings veroorsaak deur die spesifieke metode.
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