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Absiract

The improvement of quality has become a very important part of any manufacturing
process. Since variation observed in a process is a function of the quality of the man-
ufactured items, estimating variance components and folerance intervals present a
method for evaluating process variation. As apposed to confidence intervals that pro-
vide information concerning an unknown population parameter, tolerance intervals
provide information on the entire population, and, therefore address the statistical
problem of inference about quantiles and other contents of a probability distribution
that is assumed to adequately describe a process. According to Wolfinger (1998),
the three kinds of commmonly used tolerance intervals are, the («, ) tolerance inter-
val (where « is the content and § is the confidence), the o - expectation tolerance
intferval (where « is the expected coverage of the inferval) and the fixed - in - ad-
vance tolerance interval in which the interval is held fixed and the proportion of pro-
cess measurements it contains, is estimated. Wolfinger (1998) presented a simulation
based approach for determining Bayesian tolerance intervals in the case of the bal-
anced one - way random effects model. In this thesis, the Bayesian simulation method
for determining the three kinds of tolerance intervals as proposed by Wolfinger (1998)
is applied for the estimation of tolerance intervals in a balanced univariate normal
model, a balanced one - way random effects model with standard N (0, ¢2) measure-
ment errors, a balanced one - way random effects model with student ¢ - distributed
measurement errors and a balanced two - factor nested random effects model. The

proposed models will be applied to data sets from a variety of fields including flatness



measurements measured on ceramic parts, measuring the amount of active ingredi-
ent found in medicinal tablets manufactured in small batches, measurements of iron
concentration in parts per milion determined by emission spectroscopy and a South
- African data set collected at SANS Fibres (Pty.) Ltd. concerned with measuring the
percentage increase in length before breaking of continuous filament polyester. In
addition, methods are proposed for comparing two or more a quantiles in the case
of the balanced univariate normal model. Also, the Bayesian simulation method pro-
posed by Wolfinger (1998) for the balanced one - way random effects model will be
extended to include the estimation of tolerance intervals for averages of observations
from new or unknown batches. The Bayesian simulation method proposed for deter-
mining tolerance intervals for the balanced one - way random effects model with stu-
dent ¢ - distributed measurement errors will also be used for the detection of possible
outlying part measurements. One of the main advantages of the proposed Bayesian
approach, is that it allows explicit use of prior information. The use of prior information
for a Bayesian analysis is however widely criticized, since common non - informative
prior distributions such as a Jeffreys’ prior can have an unexpected dramatic effect on
the posterior distribution. In recognition of this problem, it will also be shown that the
proposed non - informative prior distributions for the o quantiles and content of fixed
- in - advance tfolerance infervals in the cases of the univariate normal model, the
proposed random effects model for averages of observations from new or unknown
batches and the balanced two - factor nested random effects model, are reference
priors (as proposed by Berger and Bernardo (1992¢)) as well as probability matching
priors (as proposed by Datta and Ghosh (1995)). The unique and flexible features of
the Bayesian simulafion method were illustrated since all mentioned models performed

well for the determination of tolerance intervails.

Key Words: Bayesian Procedure, Random Effects, Variance Components, Tolerance In-
tervals, Reference Priors, Probability Matching Priors, Monte Carlo Simulation, Weighted

Monte Carlo Method, Student ¢ - Distributed Measurements Errors, Gibbs Sampling.



Opsomming

In enige vervaardigings proses, het die verbetering van gehalte essensieel geword.
Aangesien die waargenome variasie in ‘n proses ‘n funksie van die gehalte van die
vervaardigde items is, bied die beraming van variansie komponente en toleransie in-
tervalle, 'n metode waardeur die waargenome proses variasie geévalueer kan word.
In teenstelling met vertrouens intervalle wat slegs inligting rakende ‘n onbekende po-
pulasie parameter bied, bied toleransie intervalle inligting rakende die populasie in sy
geheel. Die statistiese probleem met betrekking tot die afleiding van gevolgtrekkings
uit kwantiele van waarskynlikheids verdelings wat veronderstel is om ‘n proses ge-
noegsaam te beskryf, word dus deur toleransie intervalle aangespreek. Luidens Wolfin-
ger (1998), is die («, ¢) toleransie interval (waar « die inhoud en ¢ die vertroue van die
interval is), die a - verwagtings toleransie interval (waar « die verwagte oordekking
van die interval is) en die vooraf vasgestelde toleransie interval (waar die interval
reeds vasgestel is en die persentasie proses waarnemings wat hierin voorkom, beraam
word), die drie toleransie intervalle wat meestal gebruik word. In die geval van die
gebalanseerde een rigting toevallige effekte model, het Wolfinger (1998) ‘'n simulasie
gebaseerde beskouing vir die bepaling van Bayesiaanse toleransie intervalle voorge-
stel. In hierdie proefskrif, word Wolfinger (1998) se voorgestelde Bayesiaanse simulasie
metode vir die bepaling van die drie algemene toleransie intervalle, toegepas vir die
beraming van toleransie intervalle in die gevalle van die gebalanseerde enkelveran-
derlike normaal model, die gebalanseerde een rigting toevallige effekte model met
N(0,02) verdeelde foute, die gebalanseerde een rigting tfoevallige effekte model met

student ¢ - verdeelde foute en die gebalanseerde geneste toevallige effekte model.



Die voorgestelde modelle sal toegepas word op data stelle afkomstig uit verskillende
terreine. Dit sluit data stelle in aangaande gelykheids mates gemeet op keramiek
parte, die hoeveelheid aktiewe bestandeel teenwoordig in klein gegroepeerde stelle
medisinale tablette, die hoeveelheid yster konsentraat in deeltjies per miljoen teen-
woordig, bepaal deur emissie spektroskopie, en ‘'n eg Suid - Afrikaanse data stel aan-
gaande die persentasie foename in lengte van ‘n aaneenlopende poliéster vesel
voordat dit breek. Die Suid - Afrikaanse data stel is deur Prof. Nico Laubscher by
SANS Fibres (Pty.) Ltd. versamel. Daarbenewens word metodes vir die vergelyking
van twee of meer a kwantiele, in die geval van die gebalanseerde enkelveranderlike
normaal model, voorgestel. Bykomend, word Wolfinger (1998) se simulasie metode
aangepas om die beraming van toleransie intervalle in die geval van die gemiddeld
van waarnemings uit nuwe of onbekende gegroepeerde stelle in te sluit. Deur van die
Bayesiaanse simulasie metode gebruik te maak vir die voorgestelde toevallige effekte
model met student ¢ - verdeelde foute, word die identifisering van moonftlike uitskieters
ook geillustreer. Die gebruik van spesifieke prior inligting is een van die voordele van
die voorgestelde Bayesiaanse simulasie metode. Dit is egter juis die gebruik van hierdie
prior inligting wat wyd veroordeel word, aangesien algemene nie - inligtende prior
verdelings, soos ‘'n Jeffreys’ prior, ‘'n dramatiese onverwagte uitwerking op die poste-
rior verdeling tfot gevolg kan hé as meer as een parameter ter sprake is. Ter erkenning
van die probleem, word daar gewys dat die nie - inligtende prior verdelings, voorge-
stel vir die a kwantiele en inhoud van die vooraf vasgestelde toleransie intervalle in die
gevalle van die enkelveranderlike normaal model, die voorgestelde toevallige effekte
model vir die gemiddeld van waarnemings uit onbekende of nuwe gegroepeerde
stelle en die gebalanseerde geneste twee rigting toevallige effekte model, beide ver-
wysings priors (soos voorgestel deur Berger en Bernardo (1992c¢)) en waarskynlikheids
ooreenstemmende priors (soos voorgestel deur Datta en Ghosh (1995)), is. Aange-
sien al die voorgestelde modelle goed gevaar het vir die bepaling van toleransie in-
tervalle, is die unieke en buigsame kenmerke van die Bayesiaanse simulasie metode

geillustreer.
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Chapter 1

General Infroduction

1.1 Introduction

The practice of quality engineering in the manufacturing environment is changing
rapidly, with many companies facing higher demands with the introduction of new
systems and new products. There is furthermore an increased pressure for quality en-
gineers as well as other manufacturing activities to support the economic objectives
and profitability of the firm. More tools are needed by quality engineers to cope with
these changes and to meet the intense intfernational competition (Black Nembhard

and Valverde - Ventura, 2003).

Manufacturers are thus frequently required to verify that products meet certain specifi-
cations (Hahn, 1982). A standard approach to the problem is to compare for example
measurements from a sample of parts, to a certain specification. Inferences can then
be made from results obtained about the entire population of parts (Wilson, Hamada
and Xu, 2004). Situations however sometimes arise when for example it my seem that
specifications are not being met, when in fact they are. These situations usually occur
when the available data are subject to measurement error (Hahn, 1982). 1t is there-
fore important to account for the measurement system being used to characterize

production performance (Wilson, Hamanda and Xu, 2004).

1
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The eventual aim of any manufacturing process should be to have a process that

produces data according to the model

Yij = Mo

where the measurement takes on a fixed preset value without any statistical variation.

Also,i=1,...,band j =1,...,k (Laubscher, 1996).

Variation however, exists in every aspect of our lives and can be observed everywhere
(Tsiamyrtzis, 2000). As an example, people have different heights, weights, attitudes,
ideas etc., all characteristics that vary (Tsiamyrtzis, 2000). While sociological variation is
a blessing (imagine everyone looking the same or having the same attitudes or ideas),
variation in industry is blamed as the major cause of bad quality (Tsiamyrtzis, 2000). In
an industrial setting, a quality characteristic is measured on a product after manufac-
ture (Tsiamyrizis, 2000). This manufactured product, will have some ideal target value
for the quality characteristic being measured (Tsiamyrizis, 2000). In a dream world, a
manufacturing process could produce perfect products with no variation at all, i.e.
all products are manufactured at the ideal target value for the quality characteristic

being measured (Tsiamyrtzis, 2000).

As with sociological variation that can be observed in people, statistical variation is
a fact of life in any manufacturing process. Several variation generating components
may lurk in any manufacturing process, for example, sampling variation or sample -
to - sample variation (Laubscher, 1996). There may also be variation as a result of
experimental error (Laubscher, 1996). It is therefore important that sources of variation
such as these, be incorporated into a suitable model (Laubscher, 1996). Finding and
fitting the simplest model incorporating the relevant sources of variation should thus
form part of the confinuous improvement program in the life of any manufacturing

process (Laubscher, 1996).

Variance component models are appropriate in settings where variability and multi-

ple sources of variability occur (Wolfinger, 1998). These suitable varionce component
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models are frequently used in quality control, since these models adequately handle

multiple sources of variability (Wolfinger, 1998).

Once a suitable variance component model is selected, a key response that con-
veys information about the quality of a product can be measured. These measure-
ments are then used to estimate model parameters, either by a single number (point
estimate) or by a range of scores (interval estimate). Statistical intervals properly cal-
culated from sample data, are likely to be substantially more informative to decision
makers than obtaining a point estimate alone, and, are usually a great deal more
meaningful than statistical significance or hypothesis tests. These statistical intervals
are therefore of paramount interest to practitioners and thus management (Van der

Merwe and Hugo, 2007).

Statistical intervals computed based on a random sample have wide applicability,
since uncertainty about a scalar quantity associated with a sampled population can
be quantified (Krishnamoorthy and Mathew, 2009). Since there are three types of
commonly used intervals, the type of interval to be computed, will sfrongly depend
on the underlying problem or application (Krishnamoorthy and Mathew, 2009). Bounds
for an unknown scalar population parameter, such as the population mean or popula-
tion standard deviation, are estimated using a confidence interval which is calculated
using a random sample obtained from this population (Krishnamoorthy and Mathew,
2009). If for example a 95% confidence interval has to be estimated for a population
mean, it can be interpreted as follows: If the 95% confidence interval is computed re-
peatedly from independent samples from this population, then in the long run, 95% of
the computed intervals will contain the frue value of u (Krishnamoorthy and Mathew,
2009). If bounds for one or more future observations from a univariate sampled pop-
ulation are required, a prediction interval based on a random sample is used (Krish-
namoorthy and Mathew, 2009). A prediction interval has an interpretation similar to
that of a confidence interval, but is meant to provide information concerning a single

value only (Krishnamoorthy and Mathew, 2009). Suppose now a selected sample is to
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be used to conclude whether or not, for example, 95% of a population are below a
specified threshold. Neither confidence - nor prediction infervals can be used to an-
swer this question, since confidence intervals are concerned with, for example means,
and prediction intervals with single values only (Krishnamoorthy and Mathew, 2009). In
cases like this, tolerance intervals, and to be more specific to this case, an upper tol-
erance limit based on a random sample, is required (Krishnamoorthy and Mathew,
2009). These tolerance intervals, are intervals which are expected to contain a spec-
ified proportion (or more) of the sampled population (Krishnamoorthy and Mathew,
2009). Therefore, in contrast to confidence intervals which provide information about
an unknown population parameter, a tolerance interval provides information on the
entire population (Krishnamoorthy and Mathew, 2009). To be more specific, for a given
confidence level, a tolerance interval is expected to capture a certain proportion or
more (the content) of the population (Krishnamoorthy and Mathew, 2009). In order to
obtain a tolerance interval, it is therefore required that the content and confidence

level be specified (Krishnamoorthy and Mathew, 2009).

In any production process, designers will specify tolerances or externally determined
specification limits. These tolerances or externally determined specification limits are
specified for various characteristics. These characteristics are based on considera-
tions of requirements for fit, or function, in use, or in subsequent levels of assembly.
The dimensions within which a produced part should fall in order to be acceptable,
is a typical example (Easterling, Johnson, Bement and Nachtsheim, 1991). To protect
against measurement error and to keep the production facility on its toes, designers
sometimes specify tolerance limits with an interval width less than the width of the frue
required tolerance limits. Since these ad hoc tolerances may impose undue costs due
to scrap or rework, it is desirable to take a more systematic look at the determination
of tolerances, taking measurement error as well as other sources of variation into ac-
count (Easterling, Johnson, Bement and Nachtsheim, 1991). Three important research

questions should therefore be asked. These questions as proposed by Wolfinger (1998)



CHAPTER 1. GENERAL INTRODUCTION 5

are as follows:

1. Assuming the manufacturing process is in control, can a limit ¢ be found such

that 90% of future measurements are greater than t with 95% probability?

2. Can an interval (t,,t,) be constructed so that a new observation from one

of the original parts will fall in (¢, t,,) with 95% probability?

3. What fraction of the process measurements lie above some preselected
specification limit s, and how much uncertainty is associated with this esti-

mated fraction?

The three research questions proposed by Wolfinger (1998), and many similar ones,
can be addressed by the use of either classical Shewhart variable control charts or
tolerance intervals. A classical Shewhart variable control chart harnesses information
about the quality of a product by means of a pair of control charts. Both of these
charts, one for the average and one for the variation, have its own 3¢ control limits
(Laubscher, 1996). This methodology was developed by Walter A. Shewhart (1931)
and further developed by many other later researchers. These include Duncan (1974),

Ryan (1989), Cryer and Ryan (1990) as well as Roes, Does and Schurink (1993).
A Shewhart variable control chart is based on the following model

Yij = K+ Eij
where

y;; represents the ;' item sampled on the i* period, i represents a fixed target value,

e;; denotes random variation about zero, i =1,...,band j = 1,..., k (Laubscher, 1996).

From this model, natural process limits (also called natural tolerance limits) can easily
be obtained by determining u + 30 for normal populations. These natural process limits

will then include a stated fraction of the individual parts in a population and are then
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compared to the specification limits determined externally to see if a manufacturing
process is in control (Nazar and Shwartz, 2010). Standard Shewhart control charts un-
fortunately only allow for within sample variation (Nazar and Shwartz, 2010). As a result,
different models allowing for more sources of variation may provide more satisfactory

results.

Tolerance infervals on the other hand, can also be used to address the three research
questions as proposed by Wolfinger (1998). These tolerance intervals can be deter-
mined for variance component models, thus allowing for the inclusion of more sources
of variation. The construction of tolerance intervals has a rich history dating back over
half a century (Wolfinger, 1998). For reviews on this research see Wilks (1941), Wald
(1942), Guttman (1970), Zacks (1971), Mee and Owen (1983), Mee (1984a and b),
Miller (1989), Hahn and Meeker (1991), Bhaumik and Kulkarni (1991, 1996) and Vangel
(1992). More recently, Wolfinger (1998) proposed the estimation of tolerance intervals
using a one - way variance component model and Bayesian simulation. Wolfinger
(1998) also pointed out that the frequentist analysis of tolerance intervals can become
quite complex, even for balanced one - way random effects models. Furthermore, the
frequentist analysis differs depending on the kind of tolerance interval and particular
model under consideration. Also, based on work done by Weerahandi (1993) (see
also Weerahandi, 1995), Krishnamoorthy and Mathew (2004) infroduced one - sided
tolerance limits for balanced and unbalanced one - way random models using the

generalized confidence interval approach.

Three kinds of commonly used tolerance intervals address the three research questions

proposed by Wolfinger (1998) respectively. These are:

1. The (o, §) tolerance interval, where « represents the content (the proportion
of the population to be contained by the interval) and § represents the
confidence (the reliability of the interval). Both o and § lie between 0 and 1

and are typically assigned values of 0.90, 0.95 or 0.99 (Wolfinger, 1998).
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2. The a - expectation tolerance interval, where o represents the expected
coverage of the interval. Again, a is measured on a probability scale and is
typically set to a value close to 1. In contrast to the («, §) tolerance intervals,
the a - expectation tolerance interval focuses on prediction of one or a few
future observations from the process and consequently fend to be narrower

than the corresponding («, d) intervals (Wolfinger, 1998).

3. The fixed - in - advance tolerance infterval, in which the interval is constant
and one wishes to estimate the proportion of process measurements it con-
tains. Fixed - in - advance intervals invert the prediction problem by consid-

ering the confent of predetermined bounds (Wolfinger, 1998).

All three kinds of tolerance intervals can take the following forms: lower limit (¢,, c0), an
upper limit (oo, t,). or a two - sided limit (¢,,t,). For further details about confidence
intfervals and tolerance limits see Hahn and Meeker (1991) and Wolfinger (1998). These
tolerance intervals will address the statistical problem of inference about the quantiles
of a probability distribution that is assumed to adequately describe a process (van der

Merwe and Hugo, 2007 and Wolfinger, 1998).

As mentioned earlier, variance component models allowing for various sources of vari-
ation are needed to estimate the tolerance intervals mentioned. These variance com-
ponent models are needed to assess the manufacturing process’s performance when
the measurement error varionce depends on the true characteristics of for example
the parts being measured, and are frequently used in quality control (Wilson, Homada
and Xu, 2004). Variances are usually estimated for balanced data using the mini-
mum variance unbiased estimators (MVUE’s). These MVUE’s are based on the sums
of squares appearing in the analysis of variance (ANOVA) table. MVUE’s however do
not exist for unbalanced dataq, since the sums of squares from the ANOVA table are
not sufficient statistics (Chaloner, 1987). Searle (1979) presented various other estima-
tors. For example, maximum likelihood estimators (MLE’s), restricted maximum likeli-

hood estimators (REML's), minimum norm quadratic unbiased estimators (MINQUE's),
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mMinimum variance quadratic unbiased estimators (MIVQUE's), as well as several more
variations of these approaches. The analysis of variance (ANOVA) estimators that are
obtained by equating mean squares to their expected values is also another common
approach (Chaloner, 1987). The Bayesian methodology can also be used to assess a
manufacturing process’s performance and thus provides a flexible alternative to pro-

cess assessment through variance component and inferval estimation.

For variance component models, most authors assume that the production or part
measurements, z; (i = 1,...,b), follow independent N (u, af)) distributions, and that ¢;;
(i=1,....,band j = 1,...,k) also follow independent N(0,?) distrioutions. This model
has been considered in a variety of contexts. Hahn (1982) estimated the proportion
of parts that meet specification under the assumption that the residual variance o2
was known. Jaech (1984) also considered the case where the error variance o2 was
known. Tolerance intervals for the proportion of parts meeting specification were then
estimated. Mee (1984b) also estimated tolerance intervals, but considered the cases
where o2 was known, the ratio of ?/s2 was known and the case where the ratio of
the variances was estimated through repeated measurements. More complicated
models for the parts distribution (e.g. random effects, random coefficients and mixed
effects) were considered by Wang and lyer (1994). They also calculated tolerance
intervals. Note also that these authors all used a frequentist perspective to approach

the variance components problem.

In industry, prior information about the manufacturing process is usually available in
abundance (Tsiamyrtzis, 2000). The Bayesian approach therefore serves as an ap-
pealing alternative to the classical approach of variance component and tolerance
inferval estimation, since careful use of this prior information is available only through

a Bayesian scheme (Tsiamyrtzis, 2000).

In a letter dated 1763, Mr. Richard Price sent an essay which he found amongst the
papers of the late Rev. Mr. Thomas Bayes to a Mr. John Canfton. The essay was

published in 1763 in the Philosophical Transactions of the Royal Society of London and
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was titled "An Essay Towards Solving a Problem in the Doctrine of Chance” (Bellhouse,
2004). In this essay, Mr. Bayes explained how to make statistical inferences that build
upon earlier understanding and information of a phenomenon, and how to properly
join that understanding to update the degree of belief with the use of current data.
The past understanding was called the “prior belief” and the new results were known
as the “posterior belief” (Bayes, 1763). This updating process is called Bayesian Infer-
ence. In addition to Bayes’s publications, the work of Jeffreys (1939), James and Stein
(1961) and the introduction of the Gibbs sampling method by Geman and Geman

(1984), just to name a few, have led to an increase in the use of Bayesian statistics.

The goal of a Bayesian analysis is to derive the posterior distribution of a specific pa-
rameter () given the data (y), written as p(fly). Bayes’s theorem is a conditional
probability statement which proves that p(f|y) is proportional to the sampling distribu-
fion for the data, p(y|d), multiplied by an independent probability distribution for the

parameter, p(#) (independent, in this case, of the specific data, y) (Wade, 2000).

In this relationship, Bayesians have named p(0) the prior distribution for the parameter ¢
and p(f|y) the posterior distribution for the parameter 6 (in the sense that it summarizes
what is known about 4 prior and posterior to the examination of the data y). In this con-
text, the sampling distribution for the data, p(y|0), is often referred to as the likelihood
function (Wade, 2000). The likelihood function of a set of observations Y1,Ys,...,Y,, is
their joint probability density function when viewed as a function of the unknown pa-
rameter, say 6, which indexes the distribution from which the Y;s were generated. The
likelihood function is denoted by L(6|y1,...,yn) = L(fly)., and the probability density

function is represented by f(y|0).

The Bayes rule for continuous random variables is then expressed as:

_ fyl9)p(0)
p(0ly) = )

where f(y) represents the marginal distribution of Y.
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If y = {y1,...,yn} represents a sample from the conditional distrioution of the variable

Y, then f(y|0) = L(A|ly). and the Bayes Rule can be expressed as:

f(ylo)p(9)

p(0ly) = )

o f(ylO)p(9)

In more formal terms,
p(0ly) = cL(0|y)p(0)

where c¢ represents the normalization constant,

To calculate ¢, one needs to calculate the entire distribution of f(y|#) x p(f), so one au-
tomatically calculates the entire distribution for p(6|y) as well (Wade, 2000). Therefore,
one usually speaks in terms of the posterior and prior distributions. All statistical infer-
ence is then based on the posterior distribution. The mean of the posterior distribution
can serve as a point estimate for the parameter. Uncertainty in the point estimate is
expressed directly in the posterior distribution and can be summarized either as per-
centiles of the posterior distribution or as what is termed the highest posterior density

interval (Wade, 2000).

To calculate the posterior distribution, one has to infegrate the product of the prior
distribution and the likelihood function. In some simple cases, the infegral can be
calculated directly (in these cases it is said to have an analytical or “closed - form” so-
lution). If no analytical solution is available, the integration can be done by numerical

methods (Wade, 2000).

In layman’s terms, conventional statistical analyses (also called frequentist or classi-
cal statistics) calculate the probability of observing data given a specific value for a
parameter, such as the value of a parameter in the case of a null hypothesis (Wade,
2000). Classical statistical methods therefore use sampling distributions to calculate
probabilities of observing data given specific values of parameters, and as a result,
use these sampling distributions directly (Wade, 2000). This can be illustrated using a p
- value. The p - value represents the probability of observing data as extreme or more

extreme than the data that were observed, given that the null hypothesis is tfrue, on
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repeated sampling of the data (Wade, 2000). The sampling distribution can also be
used to estimate a frequentist parameter by calculating the likelihood function (Wade,
2000). This likelihood function is formed by calculating the probability of observing the
data for every possible value of the parameter (Wade, 2000). In frequentist or classical
statistics, this function is then interpreted to represent the relative likelihood of differ-
ent parameter values and not the probability of different parameter values (Wade,
2000). This relative likelihood of different parameter values represents the probability
of observing the data given these different parameter values (a maximum likelihood
estimate is the value of the parameter that maximizes the probability of the observed

datai.e. the peak of the likelihood function) (Wade, 2000).

In contrast to classical statistics, Bayesian methods calculate the probability of the
value of a parameter given the observed data (Wade, 2000). In simple terms, what is
known is the data, the value of the parameter is unknown. Therefore, Bayesian infer-
ence focuses on what the data reveals about this unknown parameter (Lindley, 1986).
As with classical statistics, Bayesian methods also make use of the likelihood function,
but utilize it in a different way (Wade, 2000). Given a prior distribution for the unknown
parameter, a posterior probability distribution for this unknown parameter is calculated
as the integral of the product of the likelihood function with the given prior distribution
(Wade, 2000). The given prior distribution represents the probability distribution of the
unknown parameter before consideration of the data, while the posterior distribution
represents the probability distribution of this parameter after taking the data intfo con-
sideration (Wade, 2000). This can be illustrated by the following schematic representa-

tion of this process (Van Boekel et.al., 2004).
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Data
Bayes’ Posterior
Theorem » Distribution
Prior
Distribution

All statistical inference about the unknown parameter is then made from the posterior

distribution (Wade, 2000).

For the construction of tolerance intervals in particular, Wolfinger (1998) examined the
differences between the Bayesian and frequentist approaches. These are summarized

as follows:

The first feature involves the analysis of the intervals. The Bayesian method expresses alll
uncertainty about model parameters in terms of probability densities, with probability
statements representing a degree of certainty (Wolfinger, 1998). In contrast, the fre-
quentist approach directly regards some parameters as fixed and unknown quantities,
and the confidence statements about them are typically interpreted in terms of long

- run frequencies (Wolfinger, 1998).

e This difference is particularly apparent in the interpretation of § in the («, §) toler-
ance interval. Taking the lower limit case as an illustration, both the Bayesian and
the frequentist methods envision a true (1 — a)** quantile and attempt to place a
lower limit on it with confidence §. The frequentist approach constructs a 100(d)%
lower confidence limit for the (1 — o) quantile, and surmises that confidence lim-
its constructed in a similar manner will be greater than the true quantile 100(6)%

of the time. The Bayesian method, in contrast, constructs the posterior density of



CHAPTER 1. GENERAL INTRODUCTION 13

the (1—«)™ quantile conditional on the observed data and any prior information.
Using this posterior density, the Bayesian constructs an interval containing the true

(1 — o)t quantile with subjective probability § (Wolfinger, 1998).

e For a - expectation tolerance intervals, the Bayesian interpretation states that
the interval actually obtained will contain the future observation with subjective
conditional probability a. In contrast, the frequentist interpretation states that the
constructed intervals will include the future observations with relative frequency

a (Wolfinger, 1998).

The second distinction involves the use of prior information. The Bayesian approach
formally incorporates prior information about model parameters in terms of prior den-
sity functions. Frequentist methods provide no such mechanism. Therefore, when prior

information exists, the Bayesian method seems more reasonable (Wolfinger, 1998).

The third distinction is a practical one. The frequentist analysis of tolerance intervals for
variance component models can become quite complex even for the balanced one
- way random effects model. Frequentist analyses differ depending on the kind of tol-
erance interval and particular model under consideration. In contrast, the simulation -
based Bayesiaon method can easily be applied to models with several variance com-
ponents. The same analysis strategy can also be used for all three kinds of tolerance

intervals (Wolfinger, 1998).

The advantages of the Bayesian approach over the frequentist approach are:

1. The Bayesian practitioner does not need to only use point estimates of vari-
ance components and other parameter values, since credibility and pre-
diction infervals are easily obtained (Hugo, van der Merwe and Viljoen,

1997).
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2. The indecision regarding the frue values of the variance components is in-
corporated info the investigation through the use of an appropriate prior

distribution (Hugo, van der Merwe and Viljoen, 1997).

3. The Bayesian approach provides a set of widely applicable mathematically
tfractable tools that are often more tailored to the requirements of users than

the frequentist tools (Jandrell and van der Merwe, 2007).

4, Fewer mathematical problems with less proofs and theorems are associated

with Bayesian methods (Jandrell and van der Merwe, 2007).

The problems involved with the implementation and use of the Bayesian method are:

1. The Bayesian methodology is computer intensive since intfegration in several
dimensions is required to obtain the posterior distribution. The development
of increasing computer power and numerical - infegration techniques (such
as Markov chain Monte Carlo methods), facilitate the use of a full analysis
(Hugo, van der Merwe and Viljoen, 1997). However, the burden of proof
rests on the monitoring of stochastic convergence and the mixing of the

Markov chain (Jandrell and van der Merwe, 2007).

2. A prior belief about the unknown parameters needs to be set out in the form
of a probability distribution. This step in any Bayesian analysis is often difficult
to execute and is very controversial. This represents one of the reason for
using non - informative priors in practical cases (Hugo, van der Merwe and

Viljoen, 1997).

From the first problem mentioned with the implementation and use of the Bayesian
methodology, one can see that to make appropriate inferences in a Bayesian anal-
ysis, the marginal posterior distributions and predictive densities are needed. Due to

the complexity of the joint posterior distribution however, it is impossible o obtain these
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marginal posterior densities analytically. It is also very difficult to obtain these marginal
posterior densities numerically, due to the high number of unknowns (van der Merwe,
Pretorius and Meyer, 2003). It is therefore recommended that a Monte Carlo simulation
procedure be used to estimate these marginal posterior densities of the unknown pa-
rameters and predictive densities of future observations. A brief overview and some

history of Markov chain Monte Carlo simulation will now be provided.

In recent years, stafisticians have been increasingly drawn to Markov chain Monte
Carlo (MCMC) simulation to examine more complex systems than would otherwise be
possible (Chib and Greenberg, 1995). To explain Markov chain Monte Carlo simula-
fion, suppose that we wish to generate a sample from a posterior distribution p (6|y)
for yeR* but cannot do this directly. The key to Markov chain simulation is to create a
Markov process whose stationary distribution is a specified p (0|y). and run the simula-
fion long enough so that the distribution of the current draws is close enough to the
stationary distribution. Once the simulation algorithm has been implemented, it should
be iterated until convergence has been approximated. Remember however that the
draws are only regarded as a sample from the posterior distribution p (6|y) once the ef-
fect of the fixed starfing value is so small that it can be ignored (Chib and Greenberg,

1995).

Credit for inventing the Monte Carlo method often goes to Stanislaw Ulam, a Polish
born Mathematician who worked for John von Newmann on the United States” Man-
hattan Project during World War Il (Ulam is primarily known for inventing the hydrogen
bomb in 1951 with Edward Teller). Although Ulam did not invent stafistical sampling, he
did however invent the Monte Carlo method in 1946 while pondering the probabilities

of winning a card game of solitaire (Eckhardt, 1987).

As mentioned, Ulam did not invent statistical sampling. Statistical sampling had been
employed before to solve quantitative problems with physical processes such as dice
tosses and card draws, and W.S. Gossett, who published under the penn name “Stu-

dent”, also randomly sampled from height and middle finger measurements of 3000
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criminals to simulate two correlated normal distributions (obfained from the Internet
website: http:/www.contingencyanalysis.com). Ulam did however recognize the po-
tential for the newly invented electronic computer to automate such sampling. He
developed algorithms for computer implementations and explored means of frans-
forming non - random problems into random forms that would facilitate their solufion
via statistical sampling. This work was done while Ulam was working with John von
Newmann and Nicholas Metropolis. Their work transformed statistical sampling from a
mathematical curiosity into a formal methodology that would be applicable to a wide
variety of problems. This new methodology was named after the casinos of Monte
Carlo by Metropolis and the first paper on the Monte Carlo method was published by
Metropolis and Ulam in 1949 (information for this paragraph was obtained from the In-

ternet website: http./www.contingencyanalysis.com and Metropolis and Ulam, 1949).

Metropolis continued his work, and together with Rosenbluth, Rosenbluth , Teller and
Teller (1953), developed the Metropolis-Hastings (M-H) algorithm which was later gen-
eralized by Hastings (1970) (Chib and Greenberg, 1995). Although the M-H algorithm
has been used extensively in physics, it was little known to statisticians until recently,
despite the paper by Hastings (1970) (Chib and Greenberg, 1995). The Metropolis-
Hastings algorithm is extremely useful and versatile and applications are steadily ap-

pearing in literature (Chib and Greenberg, 1995).

The Gibbs sampling algorithm, a special case of the Metropolis-Hastings algorithm, is
one of the best known Markov chain Monte Carlo methods (Chib and Greenberg,

1995) and will be discussed in chapter 5.

As can be seen from the second problem mentioned with the implementation and use
of the Bayesian method, an integral part of fraditional Bayesian analysis is the assign-
ment of prior distributions to the unknown parameters in the model (van der Merwe,
Pretorius, Hugo and Zellner, 200T). A Prior probability or distribution can be viewed
as a description of what is in fact known about a parameter in the absence of data

(Jandrell and van der Merwe, 2007). The choice of a prior distribution is a very difficult
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and controversial step in any Bayesian analysis, since the information contained in the
prior distribution, which is supposed to represent what is known about the unknown
parameters before the data is available, is combined with the information supplied
by the data, through the likelihood function, to form the joint posterior distribution of
the parameters given the data (Box and Tiao, 1973 and Gianola and Fernando, 1986).
It must however be stated that according to Box and Tiao (1973) some prior knowl-
edge is employed in all inferential systems. Box and Tiao (1973) used a simple example
to explain this statement. “For example , a sampling theory analysis, using statistical
methods in scientific investigation is made, as is a Bayesian analysis, as if it were be-
lieved a priori that the probability disfribution of the data was exactly normal, and that
each observation had exactly the same variance, and was distributed exactly inde-
pendently of every other observation. But after a study of residuals had suggested
model inadeqguacy, it might be desirable tfo reanalyze the data in relation to a less
restrictive model into which the initial model was embedded. If non - normality was
suspected, for example, it might be sensible to postulate that the sample came from
a wider class of parent distributions of which the normal was a member. The conse-
quential analysis could be difficult via sampling theory, but is readily accomplished in
a Bayesian framework. Such an analysis allows evidence from the data to be taken
info account about the form of the parent distribution besides making it possible to

assess to what extent the prior assumption of exact normality is justified.”

Two types of prior information are distinguished: Data based and non - data based.
Data based prior information is obtained in a scientific manner from prior experimenta-
tion, while non - data based prior information is based on subjective personal opinions
or beliefs and theoretical considerations. It seems to be the use of non - data based

prior information to which orthodox frequentists object (Carriquiry, 1989).

As just mentioned, the main criticismm and controversy surrounding the choice of a prior
distribution, and as a result the whole Bayesian approach, is build on the principle of

subjectivity, since one persons prior belief about an unknown parameter, before any
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data is observed, is different fromn another person’s (Van Boekel, et.al., 2004). Different
prior beliefs about a parameter will therefore naturally lead to different posterior distri-
butions which will be used for subsequent analyses. Subjectivity however, is actually a
strength of the Bayesian methodology, since it allows for an examination of a range of

posterior distributions (Van Boekel, et.al., 2004).

Even though the choice of a prior distribution might have been, and sfill is, a contro-
versial and much criticized step in a Bayesian analysis, continuous research into the
specification of prior distributions has assisted in reducing much of the controversy sur-
rounding this topic (Van Boekel, et.al., 2004). The use of non - informative -, reference
-, and probability matching priors have also greatly assisted in eliminating some of the
controversy and criticism surrounding the choice of a prior distribution to be used for
a Bayesian analysis. Non - informative prior distributions, as the name suggests, are
prior distributions that play a minimal role in the posterior distribution. If prior informa-
tion is vague and unsubstantial, the prior information will carry negligible weight and
the posterior distribution will in effect be based entirely on information contained in
the data as expressed in the likelihood function (Van Boekel, et.al., 2004). Non - in-
formative prior distributions can be developed through the use of reference priors or

probability matching priors (Jandrell and van der Merwe, 2007).

Conceptual and theoretical methods devoted to the identification of appropriate
procedures for the formulation of objective prior distributions, have been studied ex-
tensively (Berger, Bernardo and Sun, 2009). One of the most utilized approaches to
developing objective prior distributions, has been reference analysis infroduced by
Bernardo (1979) and further developed by Berger and Bernardo (1989, 1992a, 1992b,
1992¢) and Sun and Berger (1998). Objective Bayesian inference is produced by ref-
erence analysis, in the sense that inferential statements depend only on the assumed
model and the available data. Therefore, in a certain information - theoretic sense,
the prior distribution used to make an inference is least informative (Berger, Bernardo

and Sun, 2009). Informative - theoretical concepts are used in reference analysis to
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make precise the idea of an objective prior which should be maximally dominated
by the dataq, in the sense of maximizing the missing information about the parameter
(Berger, Bernardo and Sun, 2009). The idea behind reference priors is therefore to for-
malize a function that maximizes some measure of distance between the prior and
the posterior as data observations are made. By maximizing the distance, the data
is allowed to have the maximum effect on the posterior estimates. More formally, the
idea is to maximize the expected divergence of the posterior distribution relatfive to
the prior. The expected posterior information about 6 is therefore maximized when the
prior density is p(#). In some sense this implies therefore that p(0) is the least informative
prior about #. The reference prior is defined in the asymptotic limit, i.e. the limit of
the priors are considered as the data points approach infinity (Berger and Bernardo,

2009).

There is growing evidence, mainly through examples, suggesting that the reference
prior algorithm by Berger and Bernardo (1992¢) provides sensible answers from a Bayesian
point of view (van der Merwe, 2000). More limited evidence also suggests that fre-
quentist properties from reference posteriors are asymptotically “reasonable” (van der
Merwe, 2000). As mentioned, the reference prior is motivated by an asymptotic argu-
ment, that of maximizing asymptotic missing information (van der Merwe, 2000). In
other words, the concept behind the use of reference prior distributions is that it max-
imizes the expected posterior information about # when the prior density is p(#). In
the case of scalar parameters, the Jeffreys’ prior which has the feature of providing
accurate frequentist inference, is used as reference prior (van der Merwe, 2000). For
multiparameter settings the situation is much less clear and relatively complicated,
since the reference prior algorithm depends on the ordering of the parameters and
how the parameter vector is divided into sub - vectors (van der Merwe, 2000). Berger
and Bernardo (1992¢) however suggested that this problem can be overcome if one
allows multiple groups “ordered” in terms of inferential importance (van der Merwe,

2000). The reference prior for the implied conditional problem is then determined
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through a succession of analyses (van der Merwe, 2000). In particular, Berger and
Bernardo (1992¢) recommended that the reference prior be based on having each
parameter in its own group (van der Merwe, 2000). In doing so, each conditional ref-
erence prior will be only one - dimensional (van der Merwe, 2000). In order to obtain a
reference prior for a certain ordering of the parameters, the Fisher information matrix
must first be obtained. For more information as well as a formal definition of reference

priors, see Berger and Bernardo (2009).

Probability matching priors, on the other hand, are priors for which the posterior protb-
abilities of certain aspects are exactly or approximately equal to their coverage profbo-
abilities (Sweeting, 2005) and was found to be appealing to both frequentists and
Bayesians alike (Ghosh et.al., 2008). A probability matching prior is therefore a prior
distribution under which the posterior probabilities of certain regions co-inside either
exactly or approximately with their coverage probabilities (Datta and Sweeting, 2005).
As a simple example, consider an observation X from a N(¢,1) distribution where the
parameter 6 is unknown. If an improper uniform prior = is tfaken over the real line of 4,
then the posterior distribution of Z = 6 — X is exactly the same as its sampling distribu-
fion. This implies that pr {0 < 0,(X)|X} = pre{d < 0,(X)} = a, where 6,(X) = X + Z,
and Z,, represents the o quantile of a standard normal distribution. This implies that ev-
ery credible interval based on the pivotal quantity Z with posterior probability «, is also
a confidence interval with confidence level a. The uniform distribution therefore repre-
sents a probability matching prior. The use of probability matching priors will therefore
ensure exact or approximate frequentist validity of Bayesian credible regions (Datta
and Sweeting, 2005). For a parametric function ¢(0), Datta and Ghosh (1995) derived
the differential equation that a prior must satisfy in order for the posterior probability of
a one - sided credibility interval and its frequentist probability to agree up to the or-
der number O(n~!), where n represents the sample size (Jandrell and van der Merwe,
2007). According to Datta and Ghosh (1995), this equation is identical to Stein’s equa-

tion for a slightly different problem (see Stein, 1985). To illustrate the method for more
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complex examples, suppose X1, ..., X,, are independently and identically distributed
with density f(z). Also suppose that 8 represents a p - dimensional parameter vector
given by 6 = (6,,...,6,) (Datta and Ghosh, 1995). For 6, also consider a prior density
p(0) which has the following property of matching frequentist and posterior probability

for a real - valued twice continuously differentiable parametric function ¢(0):

Then

Vn{t(6) — 1(6)} _ Vn{t(6) —1(6)} .
Po N gz}_Pp(g){ N <Z|X|+0,n™Y .11

for all values of Z. In equation , 6 represents the posterior mode or maximum like-
lihood estimator of 8 and b represents the asymptotic posterior variance of /n{t(0) —
t(6)} up to Op(n*%), Py(.) represents the joint probability measure of X = [X1,..., X,)]
under 8, and, P, (.|X) represents the posterior probability measure of 6 under p(0)
(Datta and Ghosh, 1995). Priors such as p(8) may be sought in an afttempt to rec-
oncile a frequentist and Bayesian approach (Peers, 1965), to find or validate a non
- informative prior distribution (Berger and Barnardo, 1989) or to construct frequentist
confidence sets (Stein, 1985) (Datta and Ghosh, 1995). To be more specific, Datta and
Ghosh (1995) proved that the agreement between the posterior probability and the
frequentist probability i.e. equation holds if and only if the differential equation

> i (0)p(0)) = 0
a=1 &

where p(0) represents the probability matching prior for the vector of unknown param-

eters, 0.

Furthermore, let

V.= [(;th(e), S ,8Znt(e)]

and
F~1(0)V4(8)

VO F-1(8)V4(6)

n(0) = =[m(0),...,nm(0)] .
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From the above, it is clear that ' (0)F(0)5(8) = 1 for all # where F~1(9) represents the
inverse of F(6). The mentioned F'(0) represents the Fisher information matrix of & and
t(0) a continuously differentiable function of the parameter 8. (Jandrell and van der
Merwe, 2007, and van der Merwe, 2000). Unlike uniform priors, a very important prop-
erty of probability matching priors is that these priors always remain invariant under
any one - to - one transformation of the parameters (van der Merwe, 2000). This prob-
ability matching criterion amounts to the requirement that the coverage probability
of a Bayesian credible region is asymptotically equivalent to the coverage probability
of the frequentist confidence region up to a certain order (Ghosh, et.al., 2008). Sev-
eral probability matching criteria exist and are accomplished through either posterior
quantiles, distribution functions, highest posterior density (HPD) regions or inversion of
certain test statistics (Ghosh, et.al., 2008). As shown above, probability matching pri-
ors are obtained by solving certain differential equations (Ghosh, et.al., 2008). It must
however be noted that probability matching priors based on posterior quantiles, distri-
bution functions, HPD regions or inversion of certain test statfistics need not always be
identical (Ghosh, et.al., 2008). It may also happen that no prior exists which satisfies
all four criteria (Ghosh, et.al., 2008). For the remainder of this study, reference priors as
well as probability matching priors will be derived and used for some of the different
models which will be discussed. For further information regarded probability matching

priors, see Datta and Ghosh (1995).

The Bayesian approach to variance component estimation has been studied exten-
sively for balanced data were ¢;; ~ N(0,02) (fori = 1,...,band j = 1,...,k). The
Bayesian approach for balanced data was successfully implemented by Tiao and Tan
(1965) and Box and Tiao (1973). These authors obtained some approximations for pos-
terior densities of variance components and also derived some closed - form estima-
tors for these components of variance. Hill (1977) developed exact and approximate
Bayesian solutions for inference about variaonce components. The sampling properties

of Bayesian and other estimators were investigated by Klotz, Milton and Zacks (1969).
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Skene (1983) provided computational methods for obtaining marginal posterior densi-

ties of variance components for crossed - and nested models.

There is however little difference between the balanced and unbalanced case in a
Bayesian context (Chaloner, 1987). Hill (1965) obtained exact and approximate pos-
terior distributions for variance components in the balanced and unbalanced case.
Hill (1965) also discussed and provided the necessary integrations. Chaloner (1987)
provided a basic Bayesian approach for the unbalanced one - way variance com-
ponents model using a non - informative prior distribution that is uniform on the intro-
class correlation. Chaloner (1987) also illustrated that although the ANOVA estimators
can easily be calculated by hand, the Bayesian estimators are generally much more
efficient than these ANOVA estimators. In additfion to these, Chaloner (1987) also pro-
vided a simulation study for the estimation of the ratio of the variance components
and investigated the sampling properties of the highest posterior density regions for
this rafio. It was also pointed out by the author that although these highest posterior
density regions do not have the coverage probabilities of confidence intervals, they
do lead to sensible interval estimates that are never empty. Analytical results for the

estimation of a production process was provided by Haohn and Raghunathan (1988).

The Bayesian approach to variance component estimation was revisited after the
development of Markov chain Monte Carlo methods by authors like Gelfand et.al.
(1990), Sun et.al. (1996), Wolfinger (1998), Wolfinger and Kass (2000) and more recently
Wilson et.al. (2004). Sun et.al. (1996) demonstrated that with the advent of powerful
techniques such as importance sampling, Markov chain iterations and modern usage
of Laplacian approximations, it became possible 1o provide detailed finite sample in-
ference for many variance component models. Also, since the computations could
be handled more efficiently, importance sampling, Laplacian approximations and the
Gibbs sampler permitted the consideration of models and prior assumptions of high
complexity. Sun et.al. (1996) also showed that the Bayesian estimates of the first stage

parameters have excellent frequentist properties when uniform priors are assumed for
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variance components. The authors also mentioned that if prior knowledge was avail-
able, these estimates could further be improved in a subjective sense, through the use
of inverted chi - square distributions for the variance components. Interval estimates

and posterior probabilities were also readily available.

Wolfinger (1998) used Markov chain Monte Carlo simulation fechniques to generate
a random sample from the joint posterior distribution of the mean and the variance
parameters to construct a sample from other relevant posterior distributions. Wolfinger
(1998) also presented a simulation based approach for determining Bayesian toler-
ance intervals in variance component models and illustrated that different kinds of
tolerance intervals could be determined in a straightforward way. It was also pointed
out that this methodology could easily be tailored to particular applications. Wolfinger
and Kass (2000) indicated that although Gibbs sampling is easy to implement for bal-
anced data using conjugate priors, simulating from full conditional posterior densities
can become difficult for the analysis of unbalanced data with possibly non - conju-
gate priors. The authors therefore considered alternative Markov chain Monte Carlo
methods and proposed and investigated a method for posterior simulation for a vari-
ance component model based on an independence chain. A default reference prior

(Jeffreys’ prior based on the restricted likelihood) was used (Wolfinger and Kass, 2000).

1.2 Outline of the Research

The purpose of this research study is to provide full Bayesian solutions to variaonce com-
ponent and tolerance interval estimation for various variance component models.
Reference priors as well as probability matching priors will be derived and then used

for determining joint posterior distributions.

To make appropriate inference in Bayesian analyses however, marginal posterior dis-

tributions and predictive densities are needed. Due to the complexity of the joint
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posterior distribution, it is impaossible to obtain these marginal posterior densities and
predictive densities analytically. Markov chain Monte Carlo (MCMC) simulation pro-
cedures will therefore be used to estimate these marginal posterior densities of the
unknown parameters and predictive densities of future observations or averages of
future observations. In some cases a well known Markov chain Monte Carlo simula-
tion method known as the Gibbs sampler will be employed, while a weighted Monte
Carlo simulation method will be proposed for the determination of fixed - in - advance
tolerance intervals if probability matching prior distributions are used as prior for the

content of these fixed - in - advance tolerance intervals.

In chapter 2, tolerance intervals will be determined for a simple linear model (univari-
ate normal model) with one variaonce component. The usual univariate normal model
given by

Yi = p+&

will therefore be considered which postulates that a quantitative observation con-
sists of a constant target value u, plus random variation about this fixed target value
(Laubscher, 1996). As mentioned, u represents the fixed target value, y; represents a
single measurement of the response variable made on the it* item (i = 1,...,n where
n represents the sample size) and ¢; denotes random variation about zero (Laubscher,
1996). 1t is usually assumed that the els are independently normally distributed with
unknown constant variance o2, i.e. ¢; ~ N(0,02) (Laubscher, 1996). If in this case the
tolerance limits are defined as those limits that contain 100(«)% of the distribution of the
quality characteristic, then the one - sided tolerance limit is simply the 6" percentile of

the quantile ¢ of the N(u, o2) distribution given by
q=p+ za0e

where z, represents a standard normal (N (0, 1)) value for which the probability greater

than z, (p(Z > z,)) is at most equals to a.
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It will also be shown that the Jeffreys’ independence prior distribution given by

(1, 02) x 05_2

is both a reference prior and a probability matching prior for this quantile.

In addifion to the above, unconditional central moments for
q = b+ 200¢

will also be determined. This will be followed by the derivation of the posterior density
and unconditional central moments for the difference between two quantiles used
to determine the (a,d) tolerance intervals. Multiple comparisons procedures for dif-
ferences between more than two quantiles will also be provided and illustrated using

summary data obtained from Hubele, et.al. (2005).

Chapter 3 will outline the methodology and methods used by Wolfinger (1998) for
determining tolerance intervals for one - way random effects models using a non -
informative prior. Since a random effects model will be discussed, two variance com-
ponents will be considered. The method will be illustrated using a medicinal tablet

manufacturing example.

In Chapter 4, the theory and methods proposed by Wolfinger (1998) will be extended
to include tolerance intervals for averages of observations from new or unknown batches
in the case of a random effects model. Reference and probability matching priors will
be derived for the o quantile of the distribution of averages of observations from
new or unknown batches. It will also be shown that a proposed prior distribution for
the content of the fixed - in - advance tolerance interval, is a probability matching
prior as well. The Bayesian simulation method will be illustrated using the same medici-
nal tablet manufacturing example as used in Chapter 3. A numerical experiment will
be performed to investigate the frequentist properties of the Bayesian interval for the

o quantile under the probability matching prior.

Chapter 5 will propose and discuss the estimation of Bayesian tolerance intervals for a

balanced one - way random effects model with student ¢ - distributed measurement
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errors. A one - way random effects model with non - standard measurement errors
will therefore be considered. For the estimation of the tolerance intervals, it was de-
cided to use non - informative prior distributions for the parameters of interest, and a
tfruncated exponential distribution as prior for the degrees of freedom v. The proce-
dure will be illustrated using an example obtained from Wilson, et.al. (2004). Given the
nature of the problem, a well known Markov chain Monte Carlo simulation method
known as the Gibbs sampler will be employed for the simulation process. In addition,
since the assumption of Gaussian errors will be relaxed in the direction of the student
t - family to accommodate for the possibility of outlying part measurements, it will be
illustrated how the Bayesian method proposed for this specific case can be used to

identify possible outlying part measurements.

In Chapter 6, tolerance intervals will be determined for a balanced two - factor nested
random effects model. It will also be shown that the prior distributions proposed for the
ot quantile of the distribution of averages of k packages with » samples per package
fromm any new or unknown day, and the content of the fixed - in - advance tolerance
interval, are both probability matching priors. This Bayesian method will be illustrated
using an example obtained from the Bellville works of SANS Fibres (Pty.) Ltd. in South
Africa. The data was collected by Prof. Nico F Laubscher, company statistician at the

time of data collection at SANS Fibres.

Chapter 7 will conclude with a summary of the Bayesian methods used. Recommen-

dations and suggestions for further research will also be provided.

The software package MATHWORKS MATLAB will be used to perform all calculations
and simulations. Unless otherwise stated, and in section headings, all vectors in math-
ematical equations will be indicated by lower case letters typed in bold face, for ex-

ample the vector a compared to the non - vector a.



Chapter 2

Simple Linear Model - Univariate Normal

Model

In this chapter, tolerance intervals will be determined for the univariate normal model
using two Bayesian simulation methods. Exact and estimated marginal posterior dis-
tributions will be provided for the location - and variance parameters. It will also be
shown that the proposed Jeffreys’ independence prior is a reference prior as well as a
probability matching prior for the o'* quantile of a N (u,0?) distribution. Similarly it will
be shown that a prior distribution for the content of the fixed - in - advance folerance
interval, is also a probability matching prior. The posterior distribution of this content of
the fixed - in - advance folerance interval, can also be obtained using two illustrated
Bayesian simulation methods. In addition, exact moments of the o quantile and the
difference between two a quantiles will be derived. This will be followed by two pro-
posed methods for comparing more than two a quantiles. A Bayesian simulation study
will follow to investigate the frequentist properties of these ftwo proposed methods for

comparing more than two o« quantiles.

28
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2.1 Introduction

The estimation of variation or variance components serve as an integral part of the
evaluation of measurement variation that is required for a variety of fields. To effec-
tively understand these measurements, decision makers require both point and inter-
val estimates (van der Rijst, 2006). Much research concerning the development of
confidence intervals for variance components have been conducted for fixed effects

-, random effects - and mixed models (van der Rijst, 2006).

The univariate normal model is by far the most developed linear model. It is interesting
to note that R.A. Fisher (1924) developed a procedure for analyzing the fixed effects
model (if sampling tfakes place from d = 1,...,¢g normal populations with means
and equal variances 02 and the focus is on making inferences about ;) and called
this procedure the “analysis of variance”. The procedure included optimum methods

for point estimation, confidence intervals and hypothesis tests (van der Rijst, 2006).

During the 1930°s, 1940°s and 1950°s a tremendous amount of work were done which
generalized this model (van der Rijst, 2006). In a classical paper Kolodziejczyk (1935)
provided general theory for linear models which also included the fixed effect model
(van der Rijst, 2006). Most papers on variaonce components during the 1930°s and
1940°s were however concerned with point estimation (van der Rijjst, 2006). During the
1940°s and throughout the 1950°s much work were done on procedures for obtaining
approximate confidence intervals for variance components and also for linear combi-
nations of variance components (van der Rijst, 2006). This work included contributions
by Satterthwaite (1941, 1946), Crump (1951), Green (1954), Huitson (1955), Morigufi
(1954), Welch (1956) and Bulmer (1957). Most of the work on varionce components
during this period were based on the analysis of variance as if the model was a fixed

effect model (van der Rijst, 2006).

During the 1960°s and 1970’s, point estimation of variaonce components received a

great deal of aftention (van der Rijst, 2006). Graybill and Hultquist (1961) provided
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condifions for obtaining opfimum point estimates for linear combinations of variance
components. Searle (1971) also provided a summary of research done concerning
point estimation of variance components, while papers concerning confidence inter-
vals for variance components started appearing in the late 1970°s (van der Rijst, 20006).
Burdick and Graybill (1988) reviewed this research and reported the present status of
confidence intervals for functions of variance components (van der Rijjst, 2006). It must
be noted that up to that time, most of the results concerning confidence intervals
on functions of variaonce components have been considered for balanced variance
components models (van der Rijst, 2006). Searle (1988) however reviewed some of the

history and results obtained for unbalanced and mixed models (van der Rijst, 20006).

As was mentioned, to see if a manufacturing process was in control by answering the
three research questions as proposed by Wolfinger (1998) and provided in Chapter 1,

three kinds of commonly used tolerance intervals can be determined.

The purpose of the remainder of this chapter is to provide a full Bayesian solution to
the problem of variance component and tolerance interval estimation for a one -
way fixed effect model with one variance component (the univariate normal model).
It will also be shown that the proposed prior distribution to obtain the («, §) tolerance
infervals is a reference prior as well as a probability matching prior. These proposed
methods will be illustrated using summary data from flatness measurements obtained

from Hubele et. al. (2005).

2.2 The Normal Linear Model with One Variance Component

To illustrate how the Bayesian approach to variaonce component and tolerance inter-
val estimation for the fixed effect model can be employed, consider the usual normal
linear model given by

v+ @21
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which as mentioned in Chapter 1, postulates that a quantitative observation consists
of a constant target value p, plus random variation about this fixed target value (Laub-
scher, 1996). Also as mentioned, i represents the fixed target value, y; represents a
single measurement of the response variable made on the it* item (i = 1,...,n where
n represents the sample size) and ¢; denotes random variation about zero (Laubscher,
1996). 1t is usually assumed that the els are independently normally distributed with
mean equal to zero and unknown constant variance o2, i.e. ¢; ~ N(0,02) (Laubscher,

1996).

2.3 The Prior Distribution

As was mentioned in Chapter 1, the choice of a prior distribution is a very difficult and
controversial step in any Bayesian analysis, since a prior distribution can be viewed as
a description of what is in fact known about a parameter before the data is observed
(Box and Tiao, 1973, Gianola and Fernando, 1986, and Jandrell and van der Merwe,

2007).

For the univariate normal model given in equation 2.2.7], suppose that y; (i = 1,...,n)
follow independent and identically distributed normal distributions with mean . and
variance 2. For a prior distribution, we assume that the information is diffuse or vague
(van der Merwe and Hugo, 2008). The following non - informative prior distribution also
called the Jeffreys” independence prior is therefore proposed for the model given in
equation[2.2.7]

(1, O’?) X 05_2 2.3.1)

The determination of reasonable, non - informative priors in multiparameter problems
is not easy; common non - informative priors, such as a Jeffreys’ prior, can have feo-
tures that have an unexpected dramatic effect on the posterior. In recognition of this

problem, Berger and Bernardo (1992¢) proposed the reference prior approach to the
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development of non - informative priors. This approach has the key feature of a pos-
sible dependence between the reference prior on the specification of parameters of
inferest and nuisance parameters. As mentioned, the solufion however depends on
the ordering of the parameters and how the parameter vector is divided into sub -
vectors. In spite of these difficulties, there is growing evidence, that reference priors

provide sensible answers from a Bayesian point of view.

As in the case of the Jeffreys’ prior, the reference prior method is derived from the
Fisher information matrix. To obtain the Fisher information matrix, the expected values
of the second derivatives of the log likelihood must be calculated. As mentioned,
since reference priors depend on the group ordering of the parameters, Berger and
Bernardo (1992¢) in particular recommended that the reference prior be based on
having each parameter in its own group. This will have the effect that each conditional

reference prior is one - dimensional.

It will now be examined to see if the Jeffreys’ independence prior distribution proposed

in equation 2.3.T]is in fact a reference prior distribution for the quantile given by

q=p+ 2a0e. 2.3.2)

where z, denotes the o quantile of a standard normal distribution. Equation [2.3.2]is

as mentioned in Chapter 1, the o' quantile of N(u, o).

Theorem 2.3.1

For the univariate normal model, the Jeffreys’ independence prior distribution p(u, o2)

o2 (i.e. equation|2.3.1) is a reference prior for the a'* quantile of N (u, o2) given by

qQ= U+ 240¢.

which will be used to determine the («, ¢) tolerance intervals.
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Proof
The proof of Theorem 2.3.1 is given in Appendix A.

The reference prior is but one - way to obtain useful non - informative priors. Datta
and Ghosh (1995), on the other hand, derived the differential equation which a prior
must satisfy if the posterior probability of a one - sided credibility interval (Bayesian
confidence interval) for a parametric function and its frequentist probability agree up

to O(n1), where n represents the sample size.

To see if the non - informative prior given in equation [2.3.7] safisfies the probability
matching criteria for the quantile given in equation [2.3.2], the following theorem wiill

now be proved.

Theorem 2.3.2

For the univariate normal model, the Jeffreys’ independence prior distribution p(u, 02) o
o2 (i.e. equation(2.3.1) is a probability matching prior for the at* quantile of N(u,0?)
given by

qQ = U+ 2,0 .

Proof

The proof of Theorem 2.3.2 is given in Appendix A.

2.4 The Posterior Distribution

A Bayesian analysis typically begins with the assignment of probability distributions to
all unknown parameters associated with some parametric model of interest (Jandrell

and van der Merwe, 2007 and Wolfinger, 1998). Once data have been observed,
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inference is based on the posterior density of the parameters (Jandrell and van der
Merwe, 2007). Using Bayes’s theorem, the posterior distribution is computed in unnor-
malized form by multiplying the likelihood function of the data with the prior density of

the unknown parameters (Jandrell and van der Merwe, 2007 and Wolfinger, 1998).

For the simple linear model given in equation [2.2.7] the likelihood function of the un-

known parameters, ;. and o2, is given by

As was mentioned , the joint posterior distribution of x4 and o2 is then obtained by
multiplying the likelihood function with the prior distribution given in equation [2.3.T]

The joint posterior distribution is then given by

N
| — |
E\

K

S/\
©

i
=

@«
[ V)
I
—

P02 | y) o< (02) 0 D eap { -

From the posterior distribution it is easy to show that the conditional posterior distribu-

tion of u (conditional on ¢2) is given by

2

Hlo? y ~ NG, 22). 4.1

It also follows easily from the joint posterior distribution that the marginal posterior dis-

trioution of the variance component, o2, is given by

~ 1 —1 2
p(olly) = K(Uf)_%(”+2)exp {—éu} VvV o?>0 2.4.2)
08
where v = n — 1. EQuation is in the general form of an inverse gamma distribution
where
Y =[v1,v2,... ,yn}/ represents the data vector,

n
7 = + > y; represents the sample mean,
i=1

3

2

5% = (y; — 7)? represents the sample variance,

L
n—1 4
1

)
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K represents a normalization constant,
n represents the sample size, and as mentioned v =n — 1.

From equation m it can also easily be shown that the normalization constant K is

given by

2.5 Bayesian Simulation

The Bayesian method proposed for the univariate normal model given in equation
2.2 Twill now be illustrated using the following summary data of flathess measurements

obtained from Example 1 in Hubele, et.al. (2005).

Summary data from Example 1 was obtained from two industrial processes used to
make ceramic parts and represents summary statistics from actual flatness measure-
ments (Hubele, et.al., 2005). The actual data used to obtain the summary statistics,
were collected from stable processes and passed goodness - of - fit tests for normality
(Hubele, et.al., 2005). The summary statistics from Example 1 obtained from Hubele,
et.al. (2009) is provided in Table 2.1 (unfortunately the unit of measurement is not given

in the article by Hubele, et.al., 2005).

Table 2.1: Example 1: Summary Data of Actual Flatness Measurements Obtained from

Two Industrial Processes.

d Nq fd Sd
36 | 0.0070 | 0.000986
21 27 1 0.0058 | 0.000981
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The univariate normal model given in equation has only two unknown parame-
ters, i.e. u and o2, and as such is not that complex. Therefore, the marginal posterior

distributions of » and o2 can be obtained analytically for each of the two populations.

As was mentioned, the marginal posterior distribution of the variance component, o2,

is in the general form of an inverse gamma distribution and is given by equation[2.4.2] It

was also mentioned that the conditional posterior distribution of the target value . i.e.

p(plo?,y) was in the general form of a normal distribution with mean 3 and variance
2

g

2=, and, is given in equation m The marginal posterior distribution of p, i.e. p(uly)

n ’

will now be determined.

It can easily be shown that the marginal posterior distribution of the target value p for

the univariate normal model given in equation is given by

F(”?“% Vn _{n(u—@yu]én (2.5.1)
2

p(uly) = O 52
which is in the general form of a student ¢ - distribution with v = n — 1 degrees of

freedom,

E(uly) =y and

Var(uly) = B (2o2) = B (325) = 228 (&) = 522 (5) = L (2) &

The marginal posterior distribution of the target value p for the first sample given in

Table 2.1, i.e., p(u]y) is given in Figure 2.5.1.

The 95% equal tail credibility interval for p(uly) is given by [0.0067, 0.0073]. Also, the
marginal posterior distribution of o2, i.e. p(o?|y), for the first sample given in Table 2.1, is

given in Figure 2.5.2.

For the marginal posterior distribution of the error variance, i.e. p(o?|y), the 95% equal

tail credibility interval is given by [6.4042 x 107, 1.6451 x 1079].
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Figure 2.5.1: Marginal Posterior Distribution of x (using the Student ¢ - Distribution).
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Figure 2.5.2: Marginal Posterior Distribution of o2 (using the Inverse Gamma
Distribution).
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Markov chain Monte Carlo (MCMC) simulation can also be used to obtain random
samples from the joint posterior density of the unknown model parameters by using a

computer random number generator! (Wolfinger, 1998 and Wilson et. al., 2004).

Since the selected sample is dependent on the random number seed, different seeds
will produce different samples (Wolfinger, 1998). It is however important that selected
samples be large enough (Wolfinger, 1998). Differences between inferences from dif-

ferent samples will then be small (Wolfinger, 1998).

As was mentioned, estimated posterior distributions and predictive densities for the
variance component model given in equation2.2.T|can be obtained by using MCMC
procedures (Jandrell and van der Merwe, 2007). These unconditional posterior distribu-
tions can be obtained through Monte Carlo simulations where independent samples
from the joint posterior distribution of the unknown parameters are simulated. These
simulated samples will represent samples from the marginal posterior distribution of the
unknown parameter o2, i.e., p(o2|y). and conditional posterior distrioution of the un-

known parameter y, i.e. p(ulo?, y).

Unconditional posterior distributions for the unknown parameters 1, and 2 are simu-

lated as follows:
a.) Simulation of o2

Simulate ¢ = 10000 independent values for o2. Using equation m ifv =n—1,itcan

easily be shown that

'Computer - generated numbers are not really random, since computers are deterministic. But given a number
to start with, generally called a random number seed - a number of mathematical operations can be performed on
the seed so as to generate unrelated (pseudo random) numbers. If the same random number seed is used more
than once identical random numbers will be generated every time. Using a different seed, would produce a different
number.
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which follows a chi - square distribution with v degrees of freedom.

From this it follows that the unknown variance component o2 can easily be simulated
from this x2 distrioution by obtaining

é(yi—w

2
T = X2

The ¢ = 10000 simulated values for o2 can then be used to draw a histogram of the
estimated marginal posterior distribution p(o2|y). For the summary data given in Table
2.1, the histogram of the estimated marginal posterior distribution of 2 is given in Figure

2.5.3.
b.) Simulation of p

The simulation of u involves substituting each of the ¢ = 10000 simulated values for
o2 info the conditional posterior distribution of u given by p(u|e2,y). This conditional
posterior distribution of p is given in equation . For each of the ¢ = 10000 simulated
values for o2, a value for p will therefore be drawn from this normal distribution given
in equation . The resulting set of ¢ = 10000 simulated values for x can then be
plotted in a histogram representing the estimated marginal posterior distribution of .

This histogram is provided in Figure 2.5.4 for the summary data given in Table 2.1.

The marginal posterior distrioution of 4 can also be obtained using the Rao Blackwell
method (Gelfand and Smith, 1990). Substitute each of the simulated values for o2 into
the normal distribution given in equation . For each of the ¢ = 10000 simulated
o2 values, plot the posterior distribution of 1 conditional on agi Vi =1,...,10000. The
10000 conditional posterior distribution (p(u|o2,y)) curves are then overlaid and the
average distribution of these 10000 conditional posterior distributions are obtained. This
average distribution is given in Figure 2.5.5 and represents the estimated unconditional
or marginal posterior distribution of u, i.e. p(uly) which was determined for the first
sample given in Table 2.1. This distribution will be similar to a student ¢ - distribution with

v degrees of freedom.
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Figure 2.5.3: Histogram of the Estimated Marginal Posterior Distribution of o2.
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From Figure 2.5.3 we can see that the histogram is not extremely skew. This is due to
the relatively high number of degrees of freedom. Remember that the sample size
n = 36 for sample 1 given in Table 2.1, thus making the degrees of freedom necessary
for simulating the error variance o2 equal to v = n — 1 = 35. By comparing Figures 2.5.2
and 2.5.3, itis also clear that the shape of the histogram is almost identical to the shape
of the marginal posterior distribution of o2 plotted using the inverse gamma distribution.
This indicates that the two methods used for obtaining p(o?|y) are equivalent. The 95%

credibility intervals are also for all practical purpose the same.

As mentioned, Figures 2.5.4 and 2.5.5 represent respectively the histogram of the es-
fimated marginal posterior distribution p(u|y). and, the estimated marginal posterior
distribution p(uly). obtained using the Rao Blackwell method. From Figures 2.5.4 and
2.5.5 it can be seen that the shapes of both the histogram and the plot of p(u|o?) are
for all practical purposes identical to Figure 2.5.1 which was obtained by plotting the

student ¢ - distribution. Although not given here, the same can also be said for the 95%
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Figure 2.5.4: Histogram of the Estimated Marginal Posterior Distribution of .
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Figure 2.5.5: Estimated Marginal Posterior Distribution of u (using the Rao Blackwell
Method).
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credibility intervals.

Since both unknown parameters (¢ and ¢2) have been simulated, we can now pro-
ceed and answer the three research questions proposed by Wolfinger (1998) and
given in Chapter 1. This will be done using the three folerance infervals also proposed

by Wolfinger (1998).

2.6 Tolerance Intervals

According to Krishnamoorthy and Mathew (2009), a tolerance interval can be defined
if the content and confidence levels are specified. The content will be denoted by «
while the confidence level will be denoted by §. An («, d) tolerance interval will there-
fore simply e defined as a 100(§)% confidence interval constructed using a random
sample, and, is required to contain a proportion « (content) or more of the sampled
population (Krishnamoorthy and Mathew, 2009). Simply put, a tolerance interval there-

fore represents a confidence interval of the content of some population.

As mentioned, statistical tolerance intervals (or limits) are determined using sample
data obtained from some process (Jandrell and van der Merwe, 2007). The variation
visible in the process are quantified by these tolerance intervals (Jandrell and van der
Merwe, 2007). Based on sample data, the potential of the process is identified by
specifying minimum and maximum values (Jandrell and van der Merwe, 2007). These
mMinimum and maximum values bound a region that will probably (with probability )
contain more than a certain proportion, «, of the total population (Jandrell and van
der Merwe, 2007). It is however accepted that with the complimentary probability,
the bound region will contain less than the proportion o (Jandrell and van der Merwe,

2007).

The problem of determining tolerance intervals for a distribution based in observed

sample data have been investigated for a variety of applications by many authors
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(Wang and lyer, 1994). Some of the earliest work in the subject was performed by Wilks
(1941, 1942), Wald (1942, 1943) and Wald and Wolfowitch (1946). The problem of es-
timating tolerance limits for a univariate distribution F', consists of finding two sample
statistics, gr, and gy, such that with a certain level of confidence, ¢, it can be stated
that at least a proportion of the population, «, is contained in the interval [g1, 9]
(Wang and lyer, 1994). This estimated two - sided « - content, § - confidence ((«, )
for short) interval, is referred to as a tolerance interval for the distribution F (Wang
and lyer, 1994). Problems like the one mentioned, have been studied extensively in
the case of a normal distribution with unknown mean (1) and unknown variance (o)
(Wang and lyer, 1994). To put it more generally, the two - sided («, §) tolerance inter-
val problem has been studied extensively for the case of the univariate normal model
(Wang and lyer, 1994). For further discussions on the topic, see for example Odeh and

Owen (1980) and Hahn and Meeker (1991).

As was mentioned in Chapter 1, Wolfinger (1998) described three commonly used
tolerance intervals. These are the («, ) one - and two - sided tolerance infervals, the

a - expectation tolerance interval and the fixed - in - advance tolerance interval.

The remainder of this chapter will be dedicated to the Bayesian approach for estimat-
ing the three commonly used tolerance intervals as proposed by Wolfinger (1998) for
the univariate normal model given in equation[2.2.7] The Bayesian method will be illus-
tfrated for the first sample given in Table 2.1 and obtained from Hubele et.al. (2005). In
addition, the central moments for the quantile ¢ = u+2,0. and the difference between
two quantiles will also be provided. The proposed Bayesian method for the differences
between two quantiles and the subsequent tolerance interval will be illustrated using
both samples 1 and 2 given in Table 2.1 and obtained from Hubele et.al. (2005). This will
be followed by two proposed Bayesian methods for comparing more than two quan-
tiles. These two proposed methods will also be demonstrated using summary data
from flatness measurements obtained from Hubele et.al. (2005) and given in Table 2.2.

For the data given in Table 2.2, a simulation study will follow to check the frequen-
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tist performance of the two proposed Bayesian multiple comparisons procedures, for

differences between more than two quantiles.

Table 2.2: Example 2: Summary Data of Actual Flatness Measurements Obtained from

Three Industrial Processes.

ng T4 Sy

20 | 0.00045 | 0.00012
20 | 0.00045 | 0.00009
20 | 0.00073 | 0.00010

w N -

As was mentioned for Table 2.1, the summary statistics provided in Table 2.2 were ob-
tained from three stable industrial processes used to make aluminium parts (Hubele
et.al., 2005). The summary statistics were obtained from actual flatness measurements
which passed goodness - of - fit tests for normality (Hubele, et.al., 2005). Similar to Table
2.1, the unit of measurement is unfortunately not given in the article by Hubele, et. al.

(2005).

The Bayesian simulation procedure for obtaining the three commonly used folerance
infervals proposed by Wolfinger (1998) will now be illustrated using the first sample of

Example 1 given in Table 2.1.

2.6.1 One - Sided («, ) Tolerance Interval

As mentioned in Chapter 1, a («, §) upper (lower) tolerance limit is a statistic for which
at least 100(«)% of a population of an underlying random variable is less than (greater

than) the tolerance limit with 100(§)% confidence (Jandrell and van der Merwe, 2007).

These mentioned («, §) tolerance intervals are typically applied in cases requiring long

- run forecasts about several observations from a process assumed to be in a state of
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statistical control (Jandrell and van der Merwe, 2007). In cases such as this, inference is
required about the actual quantiles of the assumed underlying probability distribution
(Jandrell and van der Merwe, 2007). Based on an available sample of measurements,
manufactures therefore use («a, d) tolerance intervals to predict the future performance

of a manufactured product (Jandrell and van der Merwe, 2007).

According to Wolfinger (1998), the upper («, §) one - sided tolerance limit for the uni-
variate normal model given in equation [2.2.1| represents the §** sample quantile ob-
tained from the marginal posterior distribution of the a'* quantile ¢ of a N(u, o2) distri-

bution (i.e. a quantile of a quantile), where ¢ is given by

q:M+ZaUE (26])

and z, denotes the o quantile of a standard normal distribution. Therefore, to con-
struct an upper one - sided («, §) tolerance interval, the estimated marginal posterior
distrioution of ¢ must be obtained, which in this case represents the ot quantile of the
N(u,0?) distribution. The estimated marginal posterior distribution of ¢ can easily be

obtained using two methods, both utilizing Bayesian simulation.

Method 1

i) Simulate the variance component o2 using the Bayesian simulation method

described in section 2.5.

ii.) Given the simulated variance component o2, simulate a value for u using
equation2.4.7]

iii.) Substitute these simulated values for o2 and p into equation 2.6.1] and cal-
culate gq.

iV.) Repeat step i.) toiii.) for example ¢ = 10000 times and plot a histogram for q.
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Figure 2.6.1.1: Histogram of the Estimated Marginal Posterior Distrioution of the 0.95"
Quantile of N(u,o0?) for the First Sample Given in Table 2.1.
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(0.95,0.95) Upper One - Sided Tolerance Limit: 0.0091
The consequent plotted histogram represents the estimated marginal or unconditional

posterior distribution of g|y.

Using method 1, the resulting histogram representing the estimated marginal posterior
distribution of ¢|y for the first sample given in Table 2.1, is given in Figure 2.6.1.1. The
one - sided (a = 0.95,6 = 0.95) upper tolerance limit can also easily be determined by
ranking the simulated ¢ values in order of magnitude (from small to large) and finding

the 100(0.95)"" percentile of the ranked simulated values.

A second method can also be used to simulate the marginal posterior distrioution of

q.i.e. p(qly). This method can be performed as follows:
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Method 2

i) Given equation [2.6.TJand the marginal posterior distribution of the variance
component o2 given in equation 2.4.2} it follows that the conditional poste-

rior distribution of ¢|o2, y is given by

[\

pglo, y) ~ N@Jrzaaa,%). (2.6.2)

ii.) Simulate a variance component o2 using the Bayesian simulation method

described in section 2.5.

iii.) Substitute o2 and . intfo equation2.6.2land draw the normal distribution.
iV.) Repeat steps ii.) andiii.) for example ¢ = 10000 times.
V) Using the Rao Blackwell method described in section 2.5, determine the

estimated marginal posterior distribution of ¢|y.

Using method 2, the estimated marginal posterior distribution of the quantile ¢ given
by

q =+ 20050. = p+ 1.6450, (2.6.3)

was determined for the first sample given in Table 2.1. The estimated marginal posterior

distribution of ¢ is represented in Figure 2.6.1.2.

The 95% equal tail credibility interval for the estimated marginal posterior distribution
of ¢q|y represented in Figure 2.6.1.2 is also equal to [0.0082, 0.0092]. For the first sample
given in Table 2.1, the 95" percentile of the estimated marginal posterior distrioution
of the quantile ¢ given in equation [2.6.3)is equal to 0.0091, thus indicating the value of
which 95% of future unknown flatness measurements will be less than with probability

0.95. This therefore represents the Bayesian (0.95,0.95) upper tolerance limit.
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Figure 2.6.1.2: Estimated Marginal Posterior Distrioution of the 0.95"" Quantile of
N (p, o2) for the First Sample Given in Table 2.1.
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Similarly (using both methods 1 and 2), to construct a lower one - sided (« = 0.95,0 =
0.95) tfolerance interval, the estimated marginal posterior distribution of ¢, must be ob-
tained, which in this case represents the (1 — 0.95)!" quantile of the N (u, 02) distrioution
with ¢; given by

qQ = |t — 20.950. = j — 1.6450, (2.6.9)

where zp95 = 1.645 represents the 0.95* quantile of a standard normal distribution.
Using method 1, the histogram of the estimated marginal posterior distributfion of ¢; was
obtained for the first sample given in Table 2.1. This histogram is given in Figure 2.6.1.3,
while the estimated marginal posterior distribution of ¢;|y determined using method 2,

is provided in Figure 2.6.1.4.
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Figure 2.6.1.3: Histogram of the Estimated Marginal Posterior Distribution of the
(1 —0.95)" Quantile of N(u,o?) for the First Sample Given in Table 2.1,
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The 95% equal tail credibility interval for the estimated marginal posterior distribution
of qi|y. represented in Figure 2.6.1.4, is equal to [0.0048 , 0.0058]. The lower one - sided
(0.95,0.95) tolerance limit is equal to 0.0049. This represents the 100(1 — 0.95)" percentile
of the estimated marginal posterior distribution of equation [2.6.4] thus indicating the
value of which 95% of future unknown flathess measurements will be greater than with
probability 0.95. This therefore represents the Bayesian "B - basis”, (o = 0.95,6 = 0.95)

lower tolerance limit (Wolfinger, 1996).

The Exact Moments of g|y

The exact moments of ¢|y will now be determined.

For the quantile ¢ given in equation2.6.1] i.e. ¢ = pu + z,0.. it is known that

MNN(g,%Q)Ondl;—fNX?,WheI’eV:n—l.
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Figure 2.6.1.4: Estimated Marginal Posterior Distribution of the (1 — 0.95)** Quantile of
N (p, o2) for the First Sample Given in Table 2.1.
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It is therefore also known that

¢ =Y+ 2%+ Z0: where z ~ N(0,1)

=y +0{75 + 2}

=7+ (55)2 {5 + 7}
The moments of the x? distribution will now be determined.
In general, the r** moment about the origin of (Xlg)% is given by
E(L)s = L [®gavn-lemsegy

fooo x%(y—r)—le—%:vdx — Qé(u—r)r(z/gv“) )
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it follows that

Note, for notational purposes, the first four moments about the origin of the conditional

distrioution of ¢ (conditional on o2) is given by ). sy, s and puy. Also, the central

moments of ¢ given o2, is given by us, us and uy. Note also that the unconditional

moments about the origin of ¢ is given by my, my, ms and m), while, the unconditional

central moments of ¢ is given by ms, m3 and m4. We therefore have

,u’l =Y+ 240,
02

M2 = =,

psz =0

Theorem 2.6.1.1

a.)

0.

c.)

For the univariate normal model given in equation the mean (first mo-
ment about zero) of the marginal posterior distribution of ¢, i.e. p(q|y) is given
by

T 1/;1)

1 .
221(%)

E(qly) =T + 2a(vs?)?

For the univariate normal model given in equation2.2.1] the second centrall

moment of the marginal posterior distribution of ¢, i.e. p(q|y) is given by

T2 v—1
Var(qly) = (vs?) {ﬁ [Zgl + %] — 22 2152(2%))}.
For the univariate normal model given in equation [2.2.7] the third central

moment of the marginal posterior distribution of ¢, i.e. p(q|y) is given by

3

m3 = (VSZ)% F(;;
25T

)Za 1 3 _ .2 2w —17 2 -3 FQ(ugl)
(%) (v—2) (n Za( 4 )) + ZQ(V ) 1"2(%) .
2
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d.) For the univariate normal model given in equation 2.2.T], the fourth central

moment of the marginal posterior distribution of ¢, i.e. p(q|y) is given by

_ (3 622 4 (vs?)? 325 (vs?) T4 (451)  6(v—1)22 (vs)?T(42)r(45))
ma = <n_2 ot Za) -4 2°T4(2) - zzn(u_z)wfg) :

2(v=5)24 (52D (4740 (454
+ 22(v—2)12 (2%) :

Proof

The proof of Theorem 2.6.1.1 is given in Appendix A.

2.6.2 Two - Sided («, §) Tolerance Interval

Wolfinger (1998) suggested that a two - sided («, ¢) tolerance interval can also be con-
structed. This two - sided interval needs to be one - dimensional and symmetric about
the posterior mean or some other form of central tendency (Wolfinger, 1998). Wolfin-
ger (1998) also mentioned that the construction of these two - sided (a, §) tolerance
infervals are slightly more complex, since the simple procedure of computing upper
and lower limits separately and then combining them is not precisely valid. The reason
for this is that the two quantiles, i.e. ¢, and ¢,,, do not have a posterior correlation equal

to 1 (Wolfinger, 1998).

Wolfinger (1998) therefore suggested that one way of constructing a valid two - sided
(a, d) tolerance inferval, is to begin by computing the two quantities, ¢, and ¢,, given

by

1. qg:,u—z%ag,cmd

2. qu = p+ 290

These (qy, ¢.) pairs then form a sample from the bivariate posterior distribution of the

[(1;a)]th and [(lga)]th quantiles (Wolfinger, 1998). Bayesian confidence regions for these
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Figure 2.6.2.1: Constructing a Two - Sided (0.95, 0.95) Tolerance Interval for the First
Sample Given in Table 2.1.

0.0047

bivariate samples can be obtained, but are difficult to use in practice, since they are
two - dimensional ellipsoids. Wolfinger (1998) however succeeded in constructing a
fwo - sided (a, §) folerance interval that is one - dimensional and symmetric about the
mean. To obtain such an interval, Wolfinger (1998) suggested to first form a scatter plot

of q, versus q,., with g, on the vertical axis. A reference line given by

QG =—q,+2Y.

then needs to be constructed. Two additional lines then have to be drawn, one par-
allel to each axis and intersecting on the reference line. This intersection point is then
slid along the reference line until 100(1 — §)% of the (g, q,,) pairs are contained in the
half rectangle opening towards the lower right portion of the graph (Wolfinger, 1998).
The coordinates of the resulting infersection point form a two - sided («, ¢) folerance
interval of the desired form (Wolfinger, 1998). This procedure is graphically illustrated

for the first sample given in Table 2.1, in Figure 2.6.2.1.
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The scatterplot and subsequent two - sided (0.95,0.95) tolerance interval depicted in

Figure 2.6.2.1 was determined in the following way:

i) Simulate the variance component o2 using the Bayesian simulation method

described in section 2.5.

i) Given the simulated variance component o2, simulate a value for u using
equation2.4.7]
ii.) For a two - sided (0.95,0.95) tolerance interval, calculate the simulated val-

ues for gy = p — 1.960. and ¢, = 4+ 1.960. by using the simulated values for

o? and .

iV.) Repeat steps i) - i) for example ¢ = 10000 times, draw the scatterplot and
use the method proposed by Wolfinger (1998) which was discussed earlier

in this section fo obtain the fwo - sided (a = 0.95,6 = 0.95) folerance interval.

For the first sample given in Table 2.1, the two - sided (0.95, 0.95) folerance interval given
by [0.0047, 0.0093] can be interpreted as follows: If ceramic parts are manufactured
using industrial process 1, 95% of the actual flatness measurements will fall in the inferval

[0.0047, 0.0093] with probability 0.95.

2.6.3 « - Expectation Tolerance Interval

The folerance intervals discussed thus far, were « - content § - confidence tolerance
infervals. Another type of tolerance interval investigated in literature is referred to as an
a - expectation folerance interval. An « - expectation tolerance interval is an inferval

such that the average content of the interval is o (Krishnamoorthy and Mathew, 2009).

According to Wolfinger (1998), the o - expectation tolerance interval addresses re-

search question 2 (mentioned in Chapter 1) and focus on prediction of one or a
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few future observations from a process. These « - expectation tolerance intervals are
therefore also prediction intervals for future observations (Krishnamoorthy and Mathew,
2009). Wolfinger (1998) also mentioned that since these « - expectation tolerance in-
tervals focus on prediction of one or a few future observations from a process, these

intervals tend to be narrower than corresponding («, §) tolerance intervals.

To construct « - expectation tolerance intervals, Wolfinger (1998) suggested that simu-
lations be conducted from an appropriate predictive density p(y¢|y) where y; repre-

sents a future observation.

For the univariate normal model given in equation [2.2.1] the unconditional predictive
density of a future measurement from a process, i.e. p(ys|ly) can analytically be ob-

tained.

Theorem 2.6.3.1

For the univariate normal model given in equation [2.2.T] the unconditional predictive
density of a future measurement from a process follows a student ¢ - distribution with

v =n — 1 degrees of freedom with,

E(ysly) =7y .and

Var(yly) = "2 (55)

Proof

The proof of Theorem 2.6.3.1 is given in Appendix A.

The unconditional predictive distribution of y;, i.e. p(y¢|y) can also be estimated using
Monte Carlo simulation. The three methods used to estimate the predictive distribution

of a future observation will now be described.
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Method 1

As was mentioned in the prove of Theorem 2.6.3.1, it is known that the conditional

predictive density of y; given . and o2, is given by

yslu, o2 ~ N(u, o2). (2.6.5)

i) Simulate the variance component o2 using the Bayesian simulation method

described in section 2.5.

ii.) Given the simulated variance component o2, simulate a value for u using
equation2.4.7]
ii.) Substitute these simulated values for o2 and p into equation [2.6.5 and draw

the normal distribution.
iV.) Repeat steps i.) toiii.) for example ¢ = 10000 times.

V.) Using the Rao Blackwell method described in section 2.5, determine the

estimated unconditional predictive distribution of y¢|y .

The estimated unconditional predictive distribution of y¢|y, for the first sample given in
Table 2.1, constructed using method 1, is depicted in Figure 2.6.3.1.

Method 2

It was also mentioned in the proof of Theorem 2.6.3.1, that the conditional predictive

distribution of y; given o2, is given by

_ (n+1)0?
Z/f’Ug; Yy~ N(y, %) (2.6.6)
i) Simulate the variance component o2 using the Bayesian simulation method

described in section 2.5.



CHAPTER 2. SIMPLE LINEAR MODEL - UNIVARIATE NORMAL MODEL 57

Figure 2.6.3.1: Estimated Unconditional Predictive Distribution for the First Sample
Given in Table 2.1. Constructed using Method 1.
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ii.) Substitute the value for the sample mean, 7, obtained from the data, and

the simulated value for o2 intfo equation [2.6.6/and draw the normal distribu-

tion.
iii.) Repeat stepsi.) and ii.) for example ¢ = 10000 times.
iV.) Using the Rao Blackwell method described in section 2.5, determine the

estimated unconditional predictive distribution of |y .

For illustrative purposes, the estimated unconditional predictive distribution of y |y, for
the first sample given in Table 2.1, constructed using method 2, is provided in Figure

2.6.3.2.
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Figure 2.6.3.2: Estimated Unconditional Predictive Distribution for the First Sample
Given in Table 2.1. Constructed using Method 2.
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Method 3

It was mentioned earlier that for the simple linear model given in equation2.2.1], the un-

conditional predictive density of future measurements from a process can analytically

be obtained.

It was therefore proved in Theorem 2.6.3.1 that the unconditional predictive density,

i.e. p(yr|y) follows a student ¢ - distrioution with v = n — 1 degrees of freedom given by

2 %(n—l) ) 1,
(ysly) 7] i %) 2 T @6
pP\yrly) = > : =) — — 0.
d I'(%) V27 (n+1)z 2" |\ i lyy —y)? +vs?
i) Calculate both the sample mean 7, and variance s2, using the sample data.
ii.) Substitute both the sample mean and variance calculated from the sample

data into equation (derived in the prove of Theorem 2.6.3.1) and draw

the student ¢ - distributfion.
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Figure 2.6.3.3: Unconditional Predictive Distrioution p(y|y) for the First Sample Given
in Table 2.1. Constructed using Method 3.
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Using method 3, the unconditional predictive distribution, p(y¢|y). for the first sample

given in Table 2.1, is depicted in Figure 2.6.3.3.

From Figures 2.6.1.1 to 2.6.3.3 it is clear that all three methods for constructing the
predictive distribution p(y|y) are equivalent, since all three figures are for all practical

purposes the same.

To determine a two - sided «a - expectation tolerance interval using methods 1 to 3, ob-
tain the (152)™ and (1£2)" quantiles of the estimated unconditional - or unconditional

predictive densities.

For the first sample given in Table 2.1, this two - sided 0.95 - expectation tolerance
interval is given by [0.0050, 0.0090] with posterior mean equals to 0.007. From this 0.95 -
expectation tolerance interval it follows that the process will be in control if 95% or more
future flatness measurements obtained from manufactured ceramic parts (manufac-

tured using industrial process 1) will fall in the interval [0.0050, 0.0090].
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2.6.4 Fixed - in - Advance Tolerance Intervals

According to Wolfinger (1998), fixed - in - advance tolerance intervals answer research
question 3 mentioned in Chapter 1. These fixed - in - advance tolerance intervals
invert the prediction problem by considering the content of predetermined bounds

(Wolfinger, 1998).

To determine the content of a fixed - in - advance tolerance interval using the Bayesian
approach, the posterior density of the content has to be determined (Wolfinger, 1998).
If an upper fixed - in - advance limit, s, is specified for a sample with data assumed to
arise from the univariate normal model given in equation [2.2.7] then the content ¢ of

the interval [s, o] for each observation in the simulated sample is determined by

O¢

c=1-0 [3_“} (2.6.8)

where @ [-| represents a standard normal cumulative distribution function (Wolfinger,
1998). The content ¢ of the inferval [s, co] represents the fraction of process measure-
ments that lie above the fixed - in - advance preselected specification limit s. If the
content ¢ is therefore found for each observation in the simulated sample, these cal-
culated ¢ values form a sample from the posterior density of the content above a

preselected specification limit s (Wolfinger, 1998).

To determine a fixed - in - advance folerance interval for the content of the interval

[s, 00|, the following steps can be followed:

i) Simulate the variance component o2 using the Bayesian simulation method

explained in section 2.5.

ii.) Given the simulated variance component o2, simulate a value for u using
equation2.4.7]
ii.) Substitute the simulated values for o2 and p into equation 2.6.8/ and deter-

mine the content ¢ of the interval [s, oo].
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iV.) Repeat steps i.) toiii.) for example ¢ = 10000 times to form a sample from
the posterior density of the content above the fixed - in - advance upper

specification limit s.

This sample of ¢ values from the posterior density of the content can then be used to
draw a histogram. Wolfinger (1998) also mentioned that this sample of content values
can be used to determine estimates of the posterior mean, variance, quantiles or the
entire density of the confent. A 100(«)% equal tail credibility inferval can also easily
be obtained for the content of the interval [s, oo] by ranking the sample of ¢ values in
order of magnitude and then finding the 100(152)™" and 100(142)™" percentiles of the

ranked simulated ¢ values.

Using the method of Datta and Ghosh (1995), a probability matching prior for the
content ¢ given in equation 2.6.8] can also be derived. This is given in the following

theorem.

Theorem 2.6.4.1

For the balanced univariate normal model given in equation2.2.T], the prior distribution

o (6) o 07! {1 + M} ’ (2.6.9)

2
202

is a probability matching prior for the content of the interval [s, oo] given by

where ¢ {%} represents a standard normal cumulative distribution function. The prior
distribution given by
(2.6.10)

3
3
=

R
9
&
—
—_
+
“w
|
=
e

——

|
Wl

£

is also a probability matching prior for the content c.
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Proof
The proof of Theorem 2.6.4.1 is given in Appendix A.

Equations[2.6.9/and [2.6. 10 are also probability matching priors for the content ¢* given
by

oo [2]

if s is a lower specification limit.

For the probability matching prior given in equation2.6.10, the weighted Monte Carlo
method will be used to simulate from the posterior distribution. The method proposed
by Chen and Shao (1999) (See also Kim (2006)) does not require knowing the closed
form of the marginal posterior distribution of ¢, only the Kernel of the posterior distribu-
tion of (u,0?) is needed. This weighted Monte Carlo method (sampling - importance

resampling (SIR)) is especially suitable for computing Bayesian confidence intervals.

The weighted Monte Carlo algorithm aims at drawing a random sample from a target
distribution = by first drawing a sample from a proposal distribution ¢. From this, a
smaller sample is drawn with sample probabilities proportional to the importance ratios
%. In the case of the credibility intervals it is not even necessary to draw the smaller

sample. The weights (sample probabilities) are however important.

For the Jeffreys’ independence prior distribution given in equation[2.3.7],

p(:ua 0-3) &S 06_2’

the joint posterior of the parameters . and o2 is

)2 o 1)e2
Pr(u, o2ly) « (ag)_%(”+2)exp {—% {n(lﬁ(ﬂ 9 + (n 021)8 ] } . 2.6.11)

Equation[2.6.TT|represents the proposal distribution g.
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In the case of the probability matching prior given in equation[2.6.10] the joint posterior

distribution of the parameters is

Pu(p, 02Jy) o (02) 3049 {1 n M} 3 ewp{—l [n(ﬂ -7)° n (n — 1)82} } :

202 o? o?
(2.6.12)

Equation [2.6.12] represents the target distribution . It is important that ¢ is a good
approximation of «, i.e. that it does not have tails that are too thin. The sample prob-

abilities are therefore proportional to

1
0’2 — S— 2|12
= = 1 8]
and the normalized weightsforl = 1,2, . .. ,Zcon be determined by
1
- s—uM2] 2
wgy = S (2.6.13)

i 1
— s—u(0)2 2
;O’E 1(l) |:1 + ( 20-%“)) ]
Using the weighted Monte Carlo method (sampling - importance resampling method),
the fixed - in - advance tolerance inferval for the probability matching prior given in

equation can be obtfained as follows:

i) Simulate variance components o2 using the Bayesian simulation method de-
scribed in section 2.5, and, for the simulated variance components, simulate
values for the mean p using equation 2.4.1] This is done to obtain a Monte
Carlo sample {u?, 62" for I = 1. .. ¢} from the proposal distribution ¢ and to

calculate ¢; =1 — @ [3—"&1 ford =1,2,...0).

\/@
ii.) Sort {cl, [=1,2,... ,Z} to obtain the ordered values ¢y < cp) < ¢z < ... <
i) Compute the weighted functfion w() given in equation associated

with the [ ordered ¢y value, since each simulated ¢; value has an associ-

ated weight.
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Figure 2.6.4.1: Histogram of the Estimated Posterior Distribution of the Content of the
Interval [0.009, o], i.e. the Fraction of Process Measurements that Lie Above the Fixed -
in - Advance Upper Specification Limit s = 0.009 for the First Sample Given in Table 2.1.
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iV.) Sum the weights associated with each ¢ value from left to right (small to
k1

large) until > wg) = 1*70‘ Write down the corresponding c,) value and de-
=1

note it as ==, Also, obtain the sum of the weights associated with each

ko
cq) value from left to right until you get > wy = ”TO‘ Write down the corre-

=1
sponding ordered value c(,) and denote it as o

V.) The 100(«)% fixed - in - advance tolerance interval is then given by [0%7 cHTa] :

For illustrative purposes, a fixed - in - advance upper specification limit s = 0.009 was
selected for the first sample given in Table 2.1. The histogram of ¢ = 10000 simulated
values for the posterior content ¢ given in equation [2.6.8| of the interval [0.009, ], ob-

tained using ordinary Monte Carlo simulation, is depicted in Figure 2.6.4.1.

From Figure 2.6.4.1 it can be seen that the estimated posterior distribution of the con-

tent ¢ for the interval [0.009, oo] is positively skewed with a posterior median equals to
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0.0219.

The results in Table 2.3 also represent the fixed - in - advance tolerance intervals for
the first sample given in Table 2.1 with an upper specification limit of s = 0.009. The two
fixed - in - advance tolerance infervals were obtained using both the classical Bayesian
simulation method (ordinary Monte Carlo simulation) and the weighted Monte Carlo

(sampling - importance resampling) method.

Table 2.3: Fixed - in - Advance Tolerance Intervals for the First Sample Given in Table

2.1 for an Upper Specification Limit s = 0.009.

Monte Carlo Method Weighted Monte Carlo Method
Lower Limit | Upper Limit | Lower Limit Upper Limit
Observation Number 250 9750 250 9747
Sum of Weights — — 0.024891 0.974936
95% Credibility Interval | 0.004559 0.071053 0.004559 0.070902

From Table 2.3 it can be seen that the ordinary Monte Carlo method and the weighted
Monte Carlo method (used for the probability matching prior given in equation[2.6.10)
provide fixed - in - advance tolerance intervals which are for all practical purposes
the same for an upper specification limit s = 0.009. Using the results obtained from
the weighted Monte Carlo method for illustrative purposes, the 95% (o = 0.95) equal
tail credibility interval for the posterior content of the interval [0.009, o] is given by
[0.0046, 0.0709]. This means that between 0.46% and 7.09% of future ceramic parts
manufactured by process 1, will have flatness measurements above s = 0.009 with
probability 0.95. As was mentioned, the above fixed - in - advance upper specification
limit s = 0.009 was solely selected for illustrative purposes. In practice, these fixed - in -
advance upper or lower specification limits are often determined from engineering or

regulatory considerations.
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2.6.5 Tolerance Intervals for the Difference Between Quantiles

When determining tfolerance intervals for processes used in the manufacturing of prod-
ucts, the situation sometimes arise when the quantiles need to be compared. This

difference between the two o quantiles is then given by

Y=q — ¢ = (1 + 2a0:,) — (2 + 2002,) = (1 — p2) + 2a(02, — 02,) (2.6.14)

where

2

,M1|U§17y1 ~ N(yla nLll)

2

,u2|a§2,y2 ~ N (Y, ,%22)

ulsf
2 ’
Xy

2 _
0-1_

VQS%
> 7
Xvg

o2 =
=Ny — 1,
Vo = Ng — 1,

2, represents the 100(a)?" percentile of a standard normal distribution, and n; and ns

represent the samples sizes.

It is also clear that the conditional posterior distribution for (u; — pe) Will be given by

CT2 CT2
(11— p2)lo? 02, 91,95 ~ N (% — Yo, —+ + —2) : (2.6.15)
ni o

The marginal posterior distribution for the difference between the two means (1 —p2) |y

can then be obtained as follows:

V15%
2
X

i) Simulate the variance components for the two processes 031 = , and

€2

o ’;2235 using the Bayesian simulation method described in section 2.5.
v2
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Figure 2.6.5.1: Estimated Marginal Posterior Distribution of the Difference Between Two
Process Population Means (u1 — p2)|y;, y, for the Summary Data Given in Table 2.1.
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ii.) Substitute the simulated values 02, and o2, as well as the two sample means
v, and 7, into the conditional posterior distribution given in equation[2.6.1§

and draw the normal distribution.
iii.) Repeat steps i.) and ii.) for example ¢ = 10000 times.

iV.) Using the Rao Blackwell method described in section 2.5, determine the es-
timated unconditional posterior distribution for the difference between the

two population process means (g — p2).

The estimated marginal posterior distribution of the difference between the average
flatness measurements of ceramic parts produced by the two processes given in Table

2.1, is depicted in Figure 2.6.5.1.

For the estimated marginal posterior distribution given in Figure 2.6.5.1, the posterior

mean of the difference (u; — p2) is equal to 0,0012 with 95% equal tail credibility interval
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given by [0.000704, 0.0017]. Since zero does not fall in the 95% credibility interval, it can
be concluded that the average flatness measurements of ceramic parts produced by

the two processes given in Table 2.1, differ significantly with probability 0.95.

Since the conditional posterior distribution of the quantile ¢ = p + z,0- is given by

equation2.6.2] i.e.
0.2
p(qIGf,y) ~ N(y"i_ 2a0¢, f)'

it is clear that the conditional posterior distribution of the difference between two «

quantiles is given by

0'2 0'2
2102wy~ N { 01— ) o — ), 2+ 22 26.16)

where v = (q1 — q2).

The estimated marginal posterior distribution of the difference between the quantiles

v = (q1 — ¢2) can then be obtained in two ways using Bayesian simulation.

Method 1

i) Simulate the variance components for the two processes, i.e. 02 and o2,
using the Bayesian simulation method described in section 2.5.

ii.) For the simulated variance components, simulate a value for each mean

o2 a?

using p1|o?, y; ~ N(7, n%l) and ps|o?, yy ~ N (T, ,1522)

ii.) Substitute the simulated values for o2, 02, 11 and p info g1 = p1 + 240.,, ANd
g2 = p2 + za0e, AN calculated (q; — g2). Or substitute the simulated values for

02, 0%, u1 and py info equation 2.6.14|to obtain (g1 — g2).

)

iV.) Repeat steps i.) toiii.) for example ¢ = 10000 times and draw a histogram.

This histogram then represents the estimated marginal posterior distribution of the dif-

ference between the two a quantiles given by v = (¢1 —g¢2). The upper one - sided (a, 9)
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Figure 2.6.5.2: Histogram of the Estimated Marginal Posterior Distribution of the
Difference Between the Two 0.95 Quantiles v = (¢1 — ¢2) for the Data Given in Table 2.1.
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tolerance limit can then be obtained as the 100(5)** percentile of the ranked simulated

~ values.

The histogram of the estimated marginal posterior distribution of the difference be-
tween the two 0.95 quantiles v = (q1 — ¢2) is illustrated in Figure 2.6.5.2 for the summary

data of the two processes given in Table 2.1.

Method 2

i) Simulate the variance components, o2, and o2, using the same method as

described in method 1.

i) Substitute the simulated values for ¢ and ¢2,, as well as the two sample

means y, and ¥, into equation2.6.T¢ and draw the normal distribution.

iii.) Repeat steps i.) and ii.) for example ¢ = 10000 times.
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Figure 2.6.5.3: Estimated Marginal Posterior Distribution of the Difference Between the
Two 0.95 Quantiles for the Summary Data Given in Table 2.1,
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iV.) Using the Rao Blackwell method described in section 2.5, determine the
estimated marginal posterior distribution for the difference between the two

a quantiles.

Using method 2, the estimated marginal posterior distribution for the difference be-
tween the two 0.95 quantiles obtained for the summary data given in Table 2.1, is de-

picted in Figure 2.6.5.3.

For the summary data given in Table 2.1, the estimated marginal posterior distribution
of the difference between the two 0.95 quantiles i.e. v = (¢1 — ¢2) Qiven by equation
[2.6.14, has a posterior mean equals to 0.0012 and a 95% equal tail credibility interval
equals to [0.00038, 0.0020]. From both Figures 2.6.5.2 and 2.6.5.3 and the respective
95% credibility intervals, it can be seen that the two 0.95 quantiles of the flatness mea-
surements of ceramic parts produced by the two processes given in Table 2.1, differ

significantly, since zero does not fall in the 95% equal tail credibility intervals.
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Note also that both methods 1 and 2 produced equivalent estimated marginal pos-
terior distributions with 95% equal tail credibility intervals that were for all practical pur-

poses the same.

The exact moments of the difference between two a quantilesi.e. v = (g1 — ¢2) can
also be determined. By applying these central moments to Pearson curves or Cornish
- Fisher expansions, approximations of the exact marginal posterior distribution of (¢ —

¢)|y,, y, can be obtained.

The Exact Moments of v = g1 — g2

The following theorem will now be proved (for notational purposes note that the first
four moments about the origin of the conditional distribution of (¢ — ¢2) (conditional
on o2 and ¢2) is given by p), py. 13 and . Also, the central moments of (q1 — ¢»)
given o—gl and 0—52, is given by s, us and uy. Note also that the unconditional moments
about the origin of (q; — ¢») is given by m}, m,, m; and m, while the unconditional

central moments of (¢ — ¢z) is given by my, mgz and my).

Theorem 2.6.5.1

a. For the univariate normal model given in equation the mean (first mo-
ment about zero) of the marginal posterior distribution of the difference be-

tween two a quantiles, i.e. (¢1 — ¢2)|y;, Y- IS given by

(7. _ 212 D(H) 2y1 D(*2)
Elvlyy,ys] = (U1 — 2) + 24 {(V151)2 2%1,?%1) — (v253)2 2%1,(2%2)
where v = (¢1 — ¢2).
L. For the univariate normal model given in equation2.2.1] the second central

moment of the marginal posterior distribution of the difference between two

a quantiles, i.e. (g1 — ¢2)|y;, Y- 1S given by
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2A02(M)
VarGolyn.vs) = s { (o) [22 + 2] - kg )

220%(2)
—(1253) {(ﬁ) [23 + ,%2] - QFQ—(;Q)}
where v = (q1 — ¢2).

c.) For the univariate normal model given in equation [2.2.7], the third central
moment of the marginal posterior distributions of the difference between

two « quantiles, i.e. (g1 — ¢2)|yy, Yy, is given by

3 v —3 vy —1
O LILIE ){< L) |2 - 20m -1+ 20 3>Zif2<12>}

1/1—2 ni FQ(%)

3

2o (1253) 2T (22°2) 1 3 (v2—3)22T2(Y271)
_ Zalv2s) 2 {(V2_2) [E — 2220y — 7)} + =2 e z /L

22T(-3)
d.) For the univariate normal model given in equation [2.2.T], the fourth central
moment of the marginal posterior distribution of the difference between two

a quantiles, i.e. (¢1 — q2)|y;, Y- IS given by

2 vy—1 vg—3
vasy) 3, 622 4\ 622(a—1)(asd)* D (Z5— )T (Z4—)
Z{(Vd 2)(va—4) ( + ng +Za) 22nyT2 (%) (v4—2)

+ T L ) R T ST

2(vg—5)24 (vas?) T ()T (Y=2) 323 (14s2)20% (Yt 1)}

2 2 1 1 LA (P ) 4 22
+6(”131)(”232){<u1—2><u2—2> [nmz—'_ + +Z} 20 =2 L0 (P 0r-2)

I\J

—Z

o IP(M) o I 4 T2(AHr2 (2t
QQFQ(%)nz(ngQ)_ZQQFQ(%)n?(m*Q)—i_Zo‘ 2r2?71)r( Y (

Proof

The proof of Theorem 2.6.5.1 is given in Appendix A.
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2.6.6 Differences Between More Than Two a Quantiles

As was mentioned for the difference between two o quantiles, the situation may also

arise when more than two a quantiles need to be compared.

Bayesian significance testing and multiple comparisons for Markov chain Monte Carlo
outputs have been proposed by Hoshino (2008), while Ganesh (2009) proposed simul-
taneous credible intervals for small area estimation problems. Two methods as pro-
posed by Ganesh (2009) have been adapted for multiple comparisons of more than
two a quantiles and will be discussed for the univariate normal model given in equation
2.2.1l The first method is based on simulfaneous contrasts, while the second method
is based on pairwise comparisons of more than two o quantiles. The rationale behind
using simultaneous contrasts and the proposed pairwise comparisons method can be
explained as follows: Suppose the probability of making a Type | error is a. If a series
of confidence intervals are constructed, each with a probability « of indicating a dif-
ference between a pair of a quantiles if no difference exists, then the risk of making at
least one Type | error in the series of inferences will be larger that the value of a spec-
ified for a single interval (Mendenhall and Sincich, 2003). Consequently, the selected
value « is referred to as an experiment-wise error rate, rather than a comparison-wise

error rate (Mendenhall and Sincich, 2003).

2.6.6.1 Multiple Comparisons Using Simultaneous Contrasts

For Bayesian multiple comparisons using simultaneous contrasts, the main focus will
e on the construction of simultaneous 100(«)% credible intervals for all pairwise com-
parisons of a quantiles (Ganesh, 2009), where these pairwise comparisons represent

special cases of general contrasts (Mendenhall and Sincich, 2003).

For the univariate normal model given in equation|2.2. 1], it is known that the o'* quantile

of the normal distribution N (u, 02) is given by
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q =+ 2a0:

with conditional posterior distribution given by equation The o quantiles ¢4 is

therefore given by
Qo= ftd + 240:, (d=1,...,9)

with conditional posterior distributions given by

2
0-5

qdlafd,yd ~ N(Gy+ 2a0c,, —n“’) (d=1,...,9) 2.6.17)
d

It was also proved in Theorem 2.6.1.1 a.) that

r(a)
E =Y, + 2,V 52 3 2
(94lYa) = Va (Vg d) 9 F( )

d=1,...,9) (2.6.18)

(NI
w|§

and in Theorem 2.6.1.1 b.) that

LT

Var(qalyy) = 22 {<Vd83) [(Vd -2) (%)

(d=1,...,9)
(2.6.19)

ng (Vd — 2)

} L sty

For each of the g processes, simulate a ¢, value by first simulating a variance ggd using
the Bayesian simulation method described in section 2.5. Substitute the simulated o2,
value info equation [2.6.T7, determine ¢; and call it ¢j. Then use the g simulated ¢

(d=1,...,9) values to form a vector

qr

Gy

and for the g processes also determine the E(qq4|y,) and Var(qaly,) (d =1,...,g) using
equations[2.6.18land [2.6. 19 respectively.

The g expected values and variances of ¢4|ly, (d =1, ..., g) are then used to set up a

vector of expected values E(q|y) given by
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E(qi|y,)
E(q|y,)

i E(qyly,) i

and a covariance matrix Var(qly) given by

Var(qily,) 0 U 0
0 Var(gly,) 0 - 0
Var(qly) =
i 0 0 0 - Var(gly,) |

Proceed by setting up g — 1 pairwise contrasts £ each with dimension (1 x g) such that

g9
> ¢; = 0. These conftrasts are for example given by

d=1

£'1=[1 100 - 0}
Eéz{o 1 =10 - o]
E;lz{o 00 - 1 —1}

which is then used o determine

/ 2 / 2 / 2
7@ _  me {[£1<q*E(q|y>>] (b -p@w)]” g @B }

B ST 2 T | levar(q|y)lil ! Zévar(q|y)£2 ’ ! E;_lvar(q|y)£g,1

Repeat the process for example ¢ = 10000 times to obtain 10000 7 values and sort the
obtained T®) values in order of magnitude. From the sorted T®) values, obtain 7.,

the 100(a)t" percentile of the sorted T values.

For each of the g — 1 conftrasts, then determine 100(a)% simultaneous Bayesian cred-
ibility intervals using To(f). This can be done as follows using the contrasts mentioned

above:
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1) ¢ E(qly)T® + {£var(qly), T }*

2)  LE(dy) * {rar(gly)6TE )

—

g—1) E;_lE(q\y) + {E;_lvar(q\y)ﬁg_lﬂsg)}z

If for example the first 100(«)% Bayesian credibility interval does contain zero, it can
be interpreted that the two a quantiles of the first two processes, i.e. ¢ and ¢ do
not differ significantly. Similarly, if for example the second 100(a)% Bayesian credibility
interval does not contain zero, it can be interpreted that the two o quantiles of the
second and third processes, i.e. g2 and g3 do differ significantly. All remaining 100(«)%

Bayesian credibility intervals (from 3 to g — 1) are interpreted in the same way.

2.6.6.2 Multiple Comparisons Using Pairwise Differences

For Bayesian multiple comparisons using pairwise differences, the focus is essentially on
deftermining a critical value TP, ie. the 100(a)*" percentile of the estimated posterior

distribution of 7(2), where
T® = ’“{ 0~ Elaaly,)| \yd} - m{ (00— Elauly)| ryd} ford=1...g,

As was mentioned for the proposed method of multiple comparisons using simulta-
neous contrasts for the univariate normal model given in equation [2.2.7], it is known
that the d = 1,...,¢g conditional posterior distributions of the « quantiles ¢; are given
by equation [2.6.T7] It was also proved in Theorem 2.6.1.1 a.) that the unconditional
expected values E(qyly,) forthe d =1,..., g processes are given by equation[2.6.18|

Simulate a ¢4 (d = 1,...,¢g) value for each of the g processes by first simulating a vari-

ance o2, using the Bayesian simulation method described in section 2.5. Substitute the
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simulated a?d value into equation [2.6.17|and determine ¢; (d = 1,...,g). For each of
the g processes, determine [q; — E(qalyy)]|ly, (d=1,...,9).

Sort the g (g4 — E(qalyy)]|ly, (d = 1,...,g) values determined in order of magnitude,
and, by using a Bayesian version of Tukey’s method for constructing simultaneous con-

fidence inftervals, determine

7@ = " (g, — Blaalys)l|ya} =" {laa — Elaaly)lly.} (d=1.....q) (Ganesh, 2009).

The logic behind using 7 for this multiple comparisons procedure is that if a crit-

ical value is determined for the difference between two o quantiles as mg‘”{ [qd —

E(qd|yd)} |yd} - m;"{ [qd — E(qd|yd)} |yd} (this critical value implies a difference in the
respective a quantiles), then any other pair of o quantiles that differ by as much as
or more than this critical value would also imply a difference in the corresponding «

quantiles (Mendenhall and Sincich, 2003).

Repeat the process for example ¢ = 10000 times to obtain 10000 7?2 values. Sort the
T® values in order of magnitude and determine T4, the 100(a)t" percentile of the

sorted T2 values.

Determine |E(q4|y,) — E(qnly,)| where d = 1,...,9. h = 1,...,g and d < h for each
pairwise comparison of the « quantiles ¢; (d =1, ..., g) for the g processes. Remember

these E(q4ly,)'s (d =1,...,g) are determined using equation[2.6.18|

Two quantiles gy and g, (d =1,...,9. h=1,...,d. d < h) differ significantly if
|E(galya) — Eanly)| > T2
and do not differ significantly if

|E(qalyq) — E(anlyy)| < T2,
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2.6.6.3 An Example

The two multiple comparisons procedures for comparing more than two « quantiles
qa (d = 1,...,¢9) will be illustrated using the summary data of flathness measurements
obtained from aluminium parts manufactured by three processes. As mentioned, this

summary data given in Table 2.2 was obtained from Hubele, et.al. (2005).

For this example, g = 3. For all three manufacturing processes given in Table 2.2, (=
10000 variances agd (d =1,2,3) were simulated using the Bayesian simulation procedure
described in section 2.5. For each of the 10000 simulated o—gd(d = 1,2, 3) values, 10000 ¢4
(d = 1,2,3) values were simulated using equation[2.6.17} The expected values E(¢aly,)
(d =1,2,3) and variances Var(q4|y,) (d = 1,2, 3) were also determined using equations

2.6.18land2.6.19 respectively.

Results obtained from the two multiple comparisons procedure are given in Table 2.4.

Table 2.4: Results Obtained for Comparing g = 3 0.95 Quantiles ¢, (d = 1,2, 3) using

Simultaneous Contrasts and Pairwise Differences for the Summary Data Given in Table

2.2.
Simultaneous Contrasts Pairwise Differences
T\ = 5.3108 T\ =1.38 x 1074
95% Credibility Intervals obtained by Absolute Differences |E(qq|lyy) — E(qnlyy,)]
£,B(qly) £ {egvar(qw)edTS)}; ford=1,2 | obtainedford=1,2,3, h=1,2,3and d < h.
For Lower Limit Upper Limit For |E(qdlyq) — E(qnlyp)|

G —q | —7.95x107° 1.82 x 1074 Q@ — Q@ 514 x 107° < 1.38 x 10~*
g —q3 | —4.15 x 107* —1.80 x 10~ Q- q3 0.0002457 > 1.38 x 1074 *

¢ — qs 0.0002971 > 1.38 x 1074 *

Using the method of simultaneous contrasts, it can be seen from Table 2.4 that the

0.95" quantile ¢; determined for flatness measurements obtained from aluminium parts
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produced by process one does not differ significantly from the 0.95* quantile ¢, deter-
mined for manufacturing process two, since zero is contained in the 95% credibility
interval. There is however a significant difference between the 0.95" quantile ¢, and
the 0.95"" quantile ¢;3 determined for manufacturing processes two and three, since
zero is not contained in the 95% credibility interval. Using the method of pairwise differ-
ences, it can be seen from Table 2.4 that the 0.95"" quantile ¢; and the 0.95!* quantile
go determined for processes one and two respectively do not differ significantly since
|E(q1|y,) — E(g2]ys)| < Téi,)g). Similarly, it can be seen that the 0.95" quantile ¢; deter-
mined for manufacturing process three differ significantly from both the 0.95t* quantile
¢1 and the 0.95"" quantile ¢, determined for manufacturing processes one and two,

since in both cases
|E(ailyy) — E(aslys)| > Tyes and
|E(g]ys) — E(gslys)| > T .

A simulation study was also performed to check the frequentist properties of the two
Bayesian multiple comparisons procedures for differences between more than two «
quantiles gy (d =1,..., ¢). The investigation was started by simulating ¢ = 10000 data sets
for each of the three manufacturing processes given in Table 2.2. For the simulation of
the data, the summary statistics given for population 1 were taken as the population
parameters given by p; = ps = pz = 0.00045 and o? = 02 = 0% = 0.00012, with the
sample sizes for all three processes considered equal, i.e. n; = ny = n3 = 20. For each
of the 10000 data sets simulated per process, 1000 Bayesian simulations were performed
using equation [2.6.17] to obtain 1000 simulated ¢, values. For each of the 10000 data
setfs, these 1000 simulated ¢4 values were then used to obtain the Téf);)s and Téf))s values,
and in the case of the multiple comparisons procedure using simultaneous contrasts,
also the two 95% Bayesian credibility intervals. For the 10000 data sets, all significant
differences indicated between the 0.95 quanfiles ¢4 (d = 1,2, 3) were then counted for

each of the two proposed methods. Since the population parameters for all three

manufacturing processes were considered the same, frequentist properties were met
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if approximately 100(1 — 0.95)% of the 95% credibility intervals for the two contrasts (in
the case of the simultaneous contrasts method), and approximately 100(1 — 0.95)% of
the absolute differences (for the pairwise differences method), indicated differences
between the 0.95 quantiles ¢4 (d = 1,2,3). The process was also repeated for sample

sizes equal to 50 and 100. Results from the simulation study are reported in Table 2.5.

Table 2.5: Results from the Simulation Study Performed to Investigate the Frequentist

Properties of the Two Bayesian Multiple Comparisons Procedures.

Sample Simultaneous Contrasts Pairwise Differences

Sizes Percentage Differences Indicated | Percentage Differences Indicated

20 4.0 3.4
20 4.7 4.1
100 5.1 5.0

From Table 2.5 it is clear that the frequentist properties of the two proposed Bayesian
multiple comparisons procedures for comparing more than two 0.95 quantiles ¢4 (d =
1,2,3) are for all practical purposes met across the range of selected sample sizes,
since the percentage differences, indicated for both method are approximately 5%.
This is visible especially for larger sample sizes, although also acceptable for smaller

sample sizes.
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2.7 Appendix A

Proof of Theorem 2.3.1

Let t(0) = p + z,0-.

81

Transform p to t(8) and obtain the derivatives with respect to ¢(8) and 2.

Therefore

with
)
o) = |
803 o
) 0
Therefore
o Ou 1
A=100 m|=
t(0) B2 0
Now

0
o]

N[ =
q
®

—_

NEE

o

NZa

ZaM n
402 + 202

op
Oo?2

£

do2

2
[olex:

— _lza
- 2 0¢
=1
_lza
1 2 0e
0 1
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n 7% F F
N o2 203 . 11 12
Fa@)=| | =
_ Zam o n
203 4ot + 20¢ Iy P

The determinant of F(t(0),02) is given by

n?22 n? n?z2 _ n?
106 T 208 7 dob = 265
Therefore

11 12 n (%2 nZa
Ffl(e) _ F F _ 208 @<? + 1) 203

- — n?
21 22 nZq n
F F 205 o2

Therefore

FU =% (% 41) and (F) ' = 2 (% + 1)1
n 2 2
and
p(t(0)) o< hi, which is a constant since it does not contain #(8).

Also, h22 = = (i + 1) = Fy .

204 \ 2

and
1
P(o2[t(8) o< h3y o 072
Therefore, the reference prior for the ordering

{£(6),02} = p(t(0), 02) = p((0)) - p(02[t(6)) ox 072 .
In the (u, 02) parameterization this corresponds to

a(6)

p(p,02) = p(t(0),02) |5,

o1(8) H represents the jacobian of the transformation from ¢(0) to p.

where ‘ o

Since 2,

%@)) — 1, it follows that p(u, 02) o o

€

82
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Proof of Theorem 2.3.2

Let t(0) = p + 2z40..

Therefore %f) =1,and

o) _ 24
dc2 ~ 20.°

!

Therefore V,(0)F~*(0)

0.2
] 2 g
=1 = s

83
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_ _\f[ +§r% sac? Vi [Hﬁ]‘%]

n oe

[NIES

| o 2172 2402 2717
(b s hed]]

If p(u, 0%) o< o2 is considered, then

5 AN (O)p(n, o2)} + 505 {12(0)p(p, 02)} = 0.,

since

Il
3 N
3

| —
—_
+
NlSPN‘\J
—_
I

and, therefore % {"5

L
| —|
—_
_'_
“lQNM
| I
[\31)—‘
——
|
(@)

Also

Z2 -3 —_
1(0) - plpo?) = =7 (14 F] 7oz

and, therefore 52

0

RIS

Therefore

p(p, 0%) oc 022 is a probability matching prior for the ot quantile ¢ = u + z,0-..

84
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Proof of Theorem 2.6.1.1

a.) The first moment about the origin of (X%)% is obtained by considering » = 1,

therefore

G
£ <X3> T 23r(y)
it is known that

V2

=5 () i)
it can be shown that the mean (first moment about zero) of the marginal posterior

distribution of ¢ is given by

E(aly) = B |5+ (25)4H{Z + 2}

:E[g—l—z\/%%—zaag}

:E[y]th[z]E[”E} + B[z Eo.]

B

=y+0+2,Fo] since E[z]=0.

)|

— T+ 2a(vs?)iE {(

=
<o)

=

1(1/51) .
21(3)

=Y+ Za(VSZ)%

()
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b.)  The second moment about the origin of (X%)% is obtained by considering r = 2,

therefore

F(VEQ) - F(V;2)
(5 T 250

_ 1

22) =2

E(L)2 =

%

By considering the conditional posterior distrioution of ¢ (conditional on ¢2), the

E(Q‘O'S, y) =Y+ 2a0¢

and

g

3,

Var(qlo?, y) =

It is therefore known that the conditional posterior distrioution of ¢ is given by
_ o2

plalo?, y) ~ N <y + 240, 7) .

Therefore

v

- l/82 2
abxi.y ~ N(.y + 2a (X—2

N—
[
3=
<
55,
\_/

Therefore

N

Var(qly) = Var {37—1— Za (%)

} + E\2 {%Z{—Sg} .

Now,

V(M"Xg {ﬂ—l— Za <';<_525> 2} — Varxg {y} + Vm‘xg {za (1;(_?) 3 }

=Var,: {za <z;<_s;) 2}

= 22(vs*)Var,: <Xi2)

=

M=

It can also be shown that

verg () = £ [&] - {p[2]'}

=
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X2 Q%F(Z)
: r(h
1 N SR A
1 r2(2;1)

v—2 T 2rr(g)
It can therefore be shown that

— vs? 2 2/, .2 1 r2(z1)
VCW’XE |:y + Za <X_12,> :| = Za(’US ) {m — W(Q%)} .
Also,

lws| _ 1,2 A w1
EXI% |:n X%] Ll EX:% |:x2] T n (V—2)'

v

It is therefore clear that the variance of the unconditional posterior distribution of ¢ (the

second central moment of the unconditional posterior distribution of ¢) is given by

F2 v—1 V52
Var(gly) = 2vs) {75 — S b + 25 (5)
()}
22 ZgFZ v—1
- )~ HeE 4 () )

ngQ v=1
— vs?) [ig (22+1) - ECaD >] .

F2 v—1

)
= (VSQ){Z% [ﬁ - W(Q%)} +

3=
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c.)  The third moment about the origin of ( )% is obtained by considering r = 3,

)

3
21(

therefore E(X%)% =

[\
~

14
2

It is therefore also known that

E(%)? = 22

3
X 231(%)

The third moment about the origin of the conditional posterior distribution of ¢ (condi-

tional on ¢2) can in general be written as
py = pis + Bpapy + (1)),

By substituting u}, 12 and p3 into the equation for u., the third moment about the origin
of q|o2,y. is given by
py =0+ 3(Z) (T + 2002) + (T + 2402)°
3y0£ + 32”‘05 + U2 + 3Y%2q0. + Y220l + 2303
=+ 3% 20: + 37 (5 +22) 02 + (Z= + 23) o}
=7 + 3702 (55): +37 (5 +22) (55) + (5 +28) (59)2

It was already shown that

F(Q) . . 1 1 Fz(ufl)
Jrgg) Ondme = Varlaly) = (vs?) [m <Z§+ﬁ> —Za 3o ] |

D=

Za

m, = E(qly) = y+(vs®)
Also,
my = B(a) = B [§° + 37%2a(25)F +35( + 22)(25) + (2 + 23)(%5)?]

= B(5°)+37%(v5") B [(X%ﬁ} +37(L+22) (s E |35] + (=42 (s B | ()3

= T° + 37224 (vs%)2 +3P(2 + 22)(vs?) [5] + (8= 4 23)(vs?)2

It is also known that the third unconditional central moment of ¢ is given by
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-3 92 23 T(%5H) —<; 2) 2 ( 1> <32a 3) 23 T(%5%)
V' + 37 za(vs”)2 ) Ttz (wsi) (73 )) + (5 + 20 ) (s )ngp(%)
3 T34

3(1132)( 2 l>—_ SZQ(VSQ)%( 2 l) I 20 225 3(,,62\3
=2 a0 )T TS B T gy TR ) ey U 82 ()R gt
L5 37(vs?) 22 r2egh) (VS2)%,2’3 D3(Y5)
Y\ Za ey, 58y

Consider the terms that contain 72

L(*3h)

_ 92 2\1 _
37 za(vs )22%“% 0.

r(*3h)

) 2\ L
37°za(vs )22%“%)

~—
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Consider the terms that contain 7:

391+ ) (53 =30 (3422 () (3 ) +3(0s) 2 o T 800s) 2 oy =

4
2

Therefore

z 3 I(¥=2 vs2 3 r(x=, 3 3 (r=1
ms = <3Ta+zg’l>(y32>2_2érzzg))_3(y2)2 <1+Z§>Za2é(r2(g))+3(vsz)222 )

320 1 3 (,e2\3 DD 3ws?)? (1 2> ) 2y3 3 I%(45h)
N ( n +Z°‘) (vs )22%F(%) vz \n T %) 2 (%) 20 )QZO‘Q%N 3)
 B2a(vs?)2D(252) n B3 saes)ingh)  sBes)inegl) | 2ws?)iariegl
O n2En(y) 231(%) n(v—2)221(%) (v—2)22T(%) 2313()

3za(usz)%F("T_3) 23(1/52)%1“(”_3) o 3za(1/52)%(u—3)f‘(”—_3) o 3z§(u52)%(u—3)1“(”;3)
n23T(%) 22T(%) n(v—2)231(%) (v-2)23T(%)

+(”52>%z3<v—3>r<”2;3>r2<”7—1>
2313 (3)

fromD(%51) = (522)T(452)

_ 32 -T(0) | R -T(0)  Bzws)Pw-3)r(5d) | 3:3ws)I(-3)r

(
n(v—2)22T(%) (v—2)221(%) n(v—2)22T(%) (v—2)22T(%)

L )RR

2313 (%)
_3za(u52>3r("53>[ N I (oL I | PSRN BN P L B 1 N o G
T aw-2230(y) (=2)=(v=3)|+ (v-2)231(%) (v=2)=3(v=3) |+ 2319(2)
_ 32a(s)Er(gt)  (@r-mziesd)in(ge) n ()33 (-3 r(gr2 (45t
B (U—2)2%F(%) (u—2)2%r(g) 2%1"3(%)

wE e [ 5 2ee-n | Aesriegh
n(v—2) (v—2) FQ(%)

_ zalvs?) 305 1 (;_ 20 ) 2(v-3)r2(h)
T 2y {{@2) A ) | s e
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-

d.) The fourth moment about the origin of <Xi2> * is obtained by considering r = 4,

therefore

It is therefore also known that

2 2
1 _ 1 _ 1
B(E) =8 (%) = oo
The fourth moment about the origin of the conditional posterior distribution of ¢ (con-

ditional on ¢%) can in general be written as

[y = pa + A s + 6(u)) 2 + (1))
o2\ ? — 2 (o2 — 4
=3 (7) + 0+ 6(7 + 240:) (;) + (U + 240¢)

= 3% + 6( + 20200. + 220%) (L) + T + 47200 + 6722207 + 472308 + 2L

— 3% + 612% + 125242 + 622% + J* + 473200, + 6722202 + 472303 4 20

=7 + 4% 2000 + 65202 (2 + 22) + 4yza0? (2 + 22) + o <% 4%y zi)

n

=7+ 452 (r5)2 ()7 + 657 (v5) () (5 + 22) +45za(vs?)2(35)?

X2 X3

(44

n

(s ()? (& + S+ 2L)),

X2 n?
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Now

my = E(j).

Therefore

my = E(") + 4532 (vs?)2 E [(Xig)%] +67%(vs?) (L +22) E [(X—%)}

v (24 2) B [(5)] + e (& % 4 2) B[]

v—1
=7 AP () 6 () (5 2) ()
2
_ 3 /3 r(%2) 3 622 1
wpealvst)f (1 28) G + s (4 5 22 [

It is known that the fourth unconditional central moment of ¢ is given by

my = my — 4myms — 6(m))?mg — (m))*,

Now in the equation my = my, — 4m\ms — 6(m})*my — (m))*, consider the following

terms:
my
v—1 v—=3
=7yt + 4§3za(ys2)% Fl( z) + 67%(vs?) (% + Zi) (ﬁ) + 4yza(V32)% (% + zg) Fé z)
221“(%) 22T %)
622
(84541 [
4 4§3za(u32)%r(";1) 672 (vs?) | 67222 (vs?) 12§za(y32)%f‘(”;3) 4@23(1/32)%1“("7—3)
- T n(r—2) v—2 + 3 v + 3 v
22T(%) n22T (%) 22T(%)

(vs2)?

3 4 6 4 4
+<n2 + n _'_Za) (v—2)(v—4)
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4
—4myms

3 r v—3 F2 v—1
} (1/32)3%2%5;(”)){ [@12) (% —22(2v — 7)>] +22(v — 3)1“(T§))}
2

_ 4 {@—I— za(usi)%ru(gl)} 3za(us2)%3r(v?s) B zg(l/s2)%(21/3—7)£(”§3) n Zg(VSQ)%(V_sg)F2E%)F(Vgg)
221 () n(v—2)221(%) (v—2)221(%) 2313(%)

_ | z2aws)iregh) | ) saaws)iregd)  awes)ie-nregs 2:3 (vs2) 313(452)
I _4 2 2 _ 5 2 5
{y " ] { n(va)Z%F(%) (1/72)2%1“(%) + 213(3)

from (v — 3)L(¥52) = 2r(251t)

48 v ws?) I 0(U5E)  sgs(vs?) B8 (i)
(v—2)221(%) 2318 (1)

_122§(V52)2F(V;1)F(1/;3) n 423(21/—7)(1/82)2F(UT_1)F(”T_3) B 823(VS2)2F4(”T_1)
n(v—2)22I2(3) (v—2)2212(%) 22T1(%)
—6(my)*ms
— —6(vs?) |72 + 2yza(vs?)? L) + 22@32)% 1 (1 4 22) O )
« Z%F(%) o ZFQ(%) (v—2)\ n « « QFQ(%)

_ o [—o | Wraws?)I(M5L) | 22 (wshI2(45L) ! 2 22T
- _6(VS ) Y+ 93T ¥) =+ 2T2(%) * n(v—2) + w=2) QFQ(%Q)

Pl 2mE s ATt
(%) 2313 (%)

Nl pol=

_ 2 72 7222 PAADA(NY) | 2ma(vs?)PD(YE) | 25 (vs?)
= 6(”S>{n(u—2> v=2) ax(g) n(v-2)22T(%) " (v=2)2

2 (w2 (5 |z ws)M2 (5 2 (s (M)
+n(z/—2)21“2(2§) + (u—2)21“2(§) - 221“4(5)2 }

3
673 (vs?) 67222 (vs?) | 677w (YF)  12Pza(vs®)?
n(v—2) v—2) 2r2(%) n(v—2)2%

I el IO 0 G R U i )
n(u—2)2F2(§) (V—2)2F2(%) 221“4(%)
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1 3
_ 4 WPza(ws?)ID(Y5E) 67 (vsh (M) 4gEi(vs?)2D3(MF)  zi(vs?)’TA(M)
) 2I%(3) 2313() 22T4(5)

@
)
—
nlw
—~
—~
<
|
w
—

3 s _
69’ (vs?) | 69’22 (vs?) | 12Wza(vs?)PT(57) | 4z

= 2 2
My =y + 2T (y) Ty TR n22T(%) 231(%)
3, 622 4> ws)?2 12§za(usz)%F("T_3) 4yzg(2u—7)(u32)%r(”;3) _ 8gz;";(us2)%r3( v=1y
+<"2+ n T (v=2)(v—4) n(u—2)2%1“(§) * (u—2)2%r(g) 2%F3(%)
122§(V52)2F("T_1)F(”;3) 423(21/—7)(1/52)2F(”T_1)F(VT_3) 82§(V52)2F4(VT_1)
T n(—2)2712(%) + (v—2)22T2(%) - 22T4(%)

3 _ _ 3 _
_6g2(y32) 67222 (vs?) 6§2z§(u52)r2("7_1) o 12§za(u52)2f‘(”21) . 12yzg(usz)2F(”T1)

n(v=2) v=2) 202(5) n(v—2)221(%) (v—2)22T(%)

3
12ﬂzg(l/52)§I‘3(”;1) 6z§(us2)2F2(%1) 6z§(us2)2F2(”71)

— 624 (vs*)°T* (“51)

2T(3)

—~
<
|
o
Nard
N
=~
|
~
[SIN
—

1 3
Lo PRI PR e irneEh) | e
231(%) 2r2(%) 2313() 22T4(5)

47320, (vs?)
I
22 1(

2

1
INE==3) 47320, (vs?) 2T (452
) 3

vl | N

Consider the terms that contain 72 :

672 (vs?) 67°22 (vs®) 672 (vs?) 67722 (vs?) 6?2%%('/52)1_‘2(%71) o 652Z3(V52)F2(VT71) -0

n(v—2) v—2 n(v—2) (v—2) 212(%) 212(%)
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Consider the terms that contain i :

3 3
12y2a (vs?)2 F(VT%) 4yz3 (vs?)2 F(”Tf‘n’) 12720 (vs?)
3 3 -
n22T(%) 22T(%) n(v—2)2

NG| Nl
]

~< |=
t
w
—

3 3 3
L) 12g(ws?)0(ME) | 12523 (rs?)ITS(M5E)  4gEd(vs?) 203 ()
- 1 3. - 3.
%) (v=2)22T(%) 2213(%) 2213(%)

12z (vs?) A2
227

n(v=2)2

From the terms containing 7, consider the terms that contain both 3 and 23

Therefore
4y (vs?) BT (452) L R TS spER ) Iri(gY)  12pAes?) ir(gh)
251(%) (v—2)22T() 22T3(%) (v—2)27T(%)
753 (1ys2) 3 3 (v=1 723 (ys2)5 3 (L=l
12y22 (vs?)2T (T) 4yz3 (vs?)2T (T)
+ 3 - 3
22T3(%) 22T3(%)
—.3 2 3 v—3 2 3 v—3 — .3 2 3 v—1
_ Ayzg(vs®)2T(=3 + 4g23 (2v=T)(vs*)20(%52) 1223 (vs®) 2T (%5H)
- 3 3 1
221(%) (v—2)22T(%) (v—2)22T(3)
4B (us?) 3053 | 4 (v—T)(v 2)%r(%3)_1zyzg(us2)%(y—3)r(%3) ooty — (5ot
- 3 3 romI(—=) = (=3 3
231 (%) (v—2)221(%) (—2)221(%)

_ AR T | v s D) | 12 (s 2 (3 T(5?)
%

(v—2)27T(%) (v—2)23T(%) (v—2)22T(%)

N =2)+(@v—7) - 3(v-3)
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From the terms containing 7, consider those terms that contain both iy and z,, :

Therefore

3 3 3
12570 (5?) 30(452) 12520 (vs?)30(452)  122a(vs?) I0(5)

n231(%) n(v—2)231(%) n(v—2)221(%)
3 _ 3 _ 3 Y
12520 (vs?) 2T (%52) 12520 (vs?) 2T (552)  12pza(vs®)2 (v=3)I(452) e
= 3 - 3 - 3 fromI(=5=) = (7=5)T(7%~)
n23r(%) n(v—2)25 (%) n(v—2)28 (%)

2

195 (-)0(5E) 125 (vs?) B0(Y5E) 125z (vs?) 3 (v—3)D(452)
, _ o~ ,

n (v—2)n22 (%) n(v—2)221(%) n(v—2)22T(%)
12720 (v52) 3T (252) ]
— V] — (y—
(v—2)n23T(%) (v=2) (v=3)
=0

The terms containing ¥ all therefore become equal to zero.

The fourth central moment of the unconditional posterior distribution of ¢ i.e. p(q|y) is

therefore given by

_ (3 622 | a)__(ws?)? 1222 (vs?)?D(A5H0(E52) | 424 (2v-T)(vs?)?D(45H)0(452)
e = (? + n + Za) (VﬁQ)(V*4) o H(V*Q)QQI%Q(%) 2 + (V*2)22F2(§) 2
BeA(sD2A(MEY)  6R2(rsA(YE) 62 (rs?)?r2(YgY)
PT(3) n(v—2)207(%) (v—2)207(%)
6z3(1/52)2I‘4(VT*1) Zg(ys2)2p4(u74)
L C R A €Y
_ (3 622 4 (vs?)? 1222 (vs?)2r () (452) 424 (2v—T)(vs2) 2T (551 (453)
= (n_2 + n + Z@) —2)w—14) n(u—2)22f2‘2(%) 2 - | (V—2)22F2(§) 2
824 (vs?)’TH(Y51) 622 (vs®)*(v=3)L(“Z2)0(5Y) 624 (vs?)?(v=3)L(*52)I(%5H)
- 2T(E) B n(v—2)22T2(%) - (—2)22T2(%)
624 (1s2)2T4(¥=1) 4 (pg2)2D4 (2=l
+ a(221')‘4(%§ )zl 22%‘4(%() = fromT(Y51) = (433)r(%32)
_ (3 622 4 (vs?)? 24 (vs2)2T4 (25
—= (m‘i‘T‘i‘Za) (IJ72)(I/74) + 22F4(%) 2 _8+6—1

623 (vs?) T (“5)I(451) 224 (vs?)2D (452 (451)
o n(l/—2)2221“2(ﬂ) ? [2 + (V o 3)] + (,/_2)22122(%) 2 [2(27/ - 7) - 3(7/ — 3)] .
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Therefore

(vs2)? _ 3:Aws?) (MY 6(r=1)=2 (vs?) 2D (45045

— (3 4582% 4
my = (ﬁ—i_T'f_Za) v=2)(v—4) 22r4(%) n(v—2)2212(%) + (v—2)22T2(%)

2

2(v—5)z4 (vs*)’T(“3°)T(¥5)

Proof of Theorem 2.6.3.1

Let a future observation from a process be equal fo i, which follows a normal distriou-

tion with mean equal to © and variance equal to o2, i.e.

yr ~ N(p,02). 2.7.1)

Equation[2.7. T can therefore be written as

2
1 (yr—n)
1 ) L 2

f(yfm, U?) = ggme 7

Now

fluglo? y) = [7 fyslm, 02) - pluly)du.

Since

2
IS

ply ~ N(p, 2=), it follows that

,l(yf7“>2 1

2 ooz (p-p)?
Flyploy) = [7, —Lme 2ot e ml M gy

3 oo (i
— _ns 20
f—oo6 ‘

2y 1 2 — 2
_ 2y ptp?) 202 (np? —2npg+ny?) du
o2(2m)

_ a2 foo e—é{(yfc—2yfu+u2)+(nu2—2m@+7@2)}du
o2(2m) |J—o0

nd [= e 2oz L e+ =24y —20409)+ (5 +7°) } du
o2(2m) —o0 '
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Now only consider

(np? + 1 = 2y — 2npy) + (y3 + ny?)

= (n-+ 1) [ = 2L 4 (47 + )
n+1

ny 2 . ng)2

Therefore

(yp+n7)

1 . —ig{("""l) H=—pT
f(yf’(j??y) = ggrgn) f—ooe . {

2 —\2
_o  (ygt+ny)
+{y?+ny2— = }}
du

12 2
(n+1) (yp+n7) 1 | 2, —o Wgtny)
- [ - ]

1
— n2 o0 202 H n+1
= o2(2m) [foo e °F e du]

 (ypnp)?  (yy+nd)

2
1 1 |22 _(n+41)
_ _n2 202 {yf-i-ny ntl o pyt il s
= Foae [oe 2 du .

Since

_(n+1) { _ (yytny)

2
00 7 M 1 } Y/
f e 20¢ n+ du = 2= 27{ )
e (n+1)2

it follows that

r -2
1 2 —2 (yf+ny)
Wb et

2 _
flysloZ, y) = Ty L

[ <n+1>y§+n(n+1)y2<yf+ny)2}

20‘? n+1

[N

n

— €
1
o2v/2m(n+1)2

n% 20‘3 n+1

—— —16€
T
o2v/2m(n+1)2

1 ny? —Qnyf§+n§2 }

1
1 _
= —ns T (&
o2v/2m(n+1)2

St 1) [(wr-9)] .
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Therefore

As already mentioned, since it is known from equation [2.7.1] that
yrlu, 02 ~ N(u,o0?) and therefore

Eyslu, 0% = p it can also be shown that

Elyylo?] = Bz {E [yrlm, oll} = Epulozy) 1] =7 . and,

Also

Var(yslo?) = Varyuozp) {EWsli, 02)} + Epguioz,y [Var (yslu, o2)]

= Var(p) + E(0?)

It therefore follows that

yslot,y ~ N(@, <—>) .

99

(2.7.2)
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To continue,

yf|y fo yf|057y ( | y)dag

n )2
— f —6_ 2(n+1)0'g (yf_y) . k‘(a2)7%(n+1)e
0 oe 27r (n+1)2

nl oo 1 n a7 —3(n
=k [%(o?) 2exp{—m(yf—y)2}'(ag) 2 +1)6Ip{_%

V2r(n+1)2

_ kn? 00 _2\—2(n+1)—3 _1_n _ 2 1(n=1)s?
= r o (02) EIP\ "2t 1)o2 (vr =9 =3

V2r(n+1)2

1

= ¢ Jy" (o) ey { b In(yy = 5)° + (0 + 1)(n — 1)s2) | do?
= ¢ Jy7 (02 H D eap { sty nlyy = 9)° + (0 + 1)(n — 1)s?] } do?

- Cfo o;) _2n teap {_m n(yy =9+ (n+1)(n— 1)52]} do?.

It is also known that since

fooo a%"—lexp {_%} da = F(%n)(202)%n

it follows that

1 1,
— kn?2 1 2(n+1) 2
f(yf|y) N \/%(ZH)%F(in) |:n(yf*§)2+(n+1)(n71)52i|
= ﬂr(ﬂ) 2ntl) - V —00 < yr < 00
Varnanz 27 | (0t D) [y (9 —9)2+(n+1)s2] < ys
—nd 2 " V —00 <y <
T \Vern4)3 2 [ﬁ(yf—?)%-us?] —XO XY =0

whererv =n — 1 and

{(n—1)32 }%(n—l)
2
k=~ —72+—.

)

100
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Therefore, the unconditional predictive distribution p(y; | y) is given by

vs? %(nil)
{T} n n 2

p(yrly) = F(%) ’ \/%(n—i- 1)%F(2 [ﬁ(yf —y)? +vs?

N
N

(2.7.3)

N[

n

-3 i (4] [t
I3 " Vary/mr | 2 o )P

v r 1 2n — -
L) n__ .2 }2 {mm@f‘w 4+ ovs? L]
2us? 2

—5n

2n \2
2 ﬁ(yf*y)
- ré) ' _27r(n+1)1/52i| [ +121/s2 +1]

_1,

n ”(yf*@Q 2
é) ) _7r(n+1)V52] |:(n—i-1)z/s2 + 1}

This unconditional predictive distribution p(y¢|y) is in the general form of a student ¢ -

distribution with v = n — 1 degrees of freedom,

E(ysly) =y and

n

Var(ysly) = E | “20?]

— B [(n+1)y_s2}

n X2

n l/82
ey

n Xv

_ (n+lvs® 1
n (v—2)

_ (n+1)(n—1)s2 1
n (n—3)

— (n+1) [E"—l)} §2

n n—23)
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Proof of Theorem 2.6.4.1

The fixed - in - advance tolerance interval is defined as

c:l—q)[ﬂ} —1-9(6)

Oe

where ®(6) is the standard normal cumulative distrioution function and 8 = £,

€

It is therefore known that

bty = [T et

,l(S*#)Q
_ S5—h e 2 ©cc
20’? \ 21

Therefore

1(s—p)\2 1 (s—p)\2
= L. eii( =) (s—p) e 5(52)
Oe V2T 20’? V2T

__ €
where F = Vs
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Using the method of Datta and Ghosh (1995), it follows that since

2 /
FYo)=1|" sy . V,(0)F~1(0) is given by
0 .
VOO -r| L 5] v
t oe  20¢ 0 2(02)?

Therefore

N—
N|=

VVI(O)F-1(0)V(0) = F 7= (1 Tl

Now
g) — — _YOF ()
n(6) V() F-1(6)V+(6)
F”n{ 1 (s—p) }
= T and therefore
— )2
Fom {1+(320’g }
m(8) = Y and
{H(s—m} 2
20%
LCTE(S—AL)
72(0) = =
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Also
oe 1
M (O)mn(0) = — o7t 14 8]
{1-{- (52—;:?)2} 2 €
= %ﬁ and
MO (8) = Aot 1y ]
-w2]? ° 20
{1—1— 20%

2 (11 (6)7,(6)] = 0, and 5% [12(6)m,,(6)] = 0.

104

It therefore follows that equation is a probability matching prior for the fixed - in -

advance tolerance interval given in equation 2.6.8

[t can also be shown that

[V

™(0) x o [1 + %} is also a probability matching prior for the fixed - in - ad-

vance tolerance interval given in equation 2.6.8 since

O¢

mO)"(0) = —E o0 14 7]
{1—}-(32—0/:2)2} €

NI

[

—#lgnd

[

202

. 0;3 |:1 + (S_:U')Qi|_
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It therefore follows that

2 (i1 (6)7"(6)] = —[ﬁis_”ﬁr
1 (s—

= L)z , and
o]

L S
T with the result that

OO = R

a% [m(6)7™(0)] + a%g [72(6)7™(6)] = 0.

Proof of Theorem 2.6.5.1

a.) For two o quantiles ¢4 (d = 1,2) given by
G1 = p1 + 240-, QN
= 2 + 2a0¢,.
with

2
s

M1~ N(yh ) and Ha ~ N(y27 ng )

where

21 s% I/Q 2

e Xul and = XZ,Q ,

it is known that

(ql - Q2) [yl + Z\/— + Za051:| [yg + z\/— + Za052:|

= — O¢ 0—52
=Y, — Yy + z\/% 2 Jns + 200e, — Za0c,

where z ~ N (0, 1)

105
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Since it is known from the proof of Theorem 2.6.1.1 a.) that

E( ! )5 =) (fora=1,2)

2 1
Xirg 22T(%4)

and it is also known that

1 1
—_— —_— 1% S% 2 z v 3% 2 2
=) =0 =m)+ (5]) [+ =] - (3)" [F =)
it can be shown that the mean (the first moment about zero) of the marginal posterior

distribution of (¢1 — ¢2) is given by

1/152 % z 1/252 % z
E[(Ql - Q2)|"J17y2] = E[@l —Ta) + <711) [\/171 + Za] - <x%22) [\/E T ZO‘H

= E[(?l _y2) + Z:;% + 2a0¢; — Z;% - Za052]

— B~ 5)| + B|2|B| %] + B[] B0

~£|] B 7] - B[] Eo-

ﬂ

= (?71 - §2> +0+ 2z, E [051} —0— 2z, F [052}

1 1

~ (7 -%) + za{ (ms2) B()" - (stg)éE<X%2)2} |

Therefore

Bl - wlvew] = (7~ ) + 20 005 B GE) - () B ()

v—2
) — % it can easily be shown that
2

Now, since E’(i2
X )

v

NI

(7. _% 23 L(5) 2\ 5 I(*%)
E[(‘h - q2)|y17y2] = <y1 - 1/2) + za{(vlsl) in s

2
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b.) Following from the proof of Theorem 2.6.1.1 b.), it is known that

vy—2
E( ! ) T ford=1,2)

X2, 2r(4)

P(“)

l/d72 '

By considering the conditional posterior distribution of (¢ — ¢2) (conditional on both agl

and ¢2,), it follows that

E (@1 — @)|02, 02,91, Ys] = U1 — Ua) + 2al0e, — 0cy)

and
2 2 ‘731 032
var |:<QI - QQ> |U€17 0527 y17 y2j| - ni + ny

It is therefore known that the conditional posterior distribution of (¢; — ¢2) is given by
2 2 — — o2 o2
(QI - QQ)|‘7517‘75273/173/2 ~ N |:(y1 - y2) + Za(o-él - 0-82) ’ n_ll + n_;] '

Therefore

1
v1s2\ 2
(0~ @) X2 X2 v 92 ~ N{(yl ~ %) + 7 [(X)

[V
VS
]S
SY%
N——
[\

| |
2|
> |3
S|’
==
3|
> |s
S99

—

and

1 1
AT Vo832
var (1 = 42)|91, 9] = var{@l ~U2)+ % {() - (%)

"
——
+
&5
—
2|
NAR
S,
+
e

<
——
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It was also shown in Theorem 2.6.1.1 b.) that

1 2
ore, ()" =53] - (5[]} ooz

. 1) 1 _
Since E<XT> = Ty d=1,2)

vd

and

1 vy—1
E< ! )2 I g—19),

2 1
Xig 22T ()

it therefore follows that

1 %_ 1 Pty ?
W(E) N {2%1“(”,;)}

—1
1 r2(%d—)

= a2 T (%)

(d=1,2).

It can therefore be shown that

1 1
— — 1% 52 2 - 52 2
g o -n e (35)' - ()]}

_ .2 2 1 r2(4-2) 2 1 r2(x2-1)
= ZQ{<V1$1) |:(V1_2) - 2r2(4) 1 - (VZSQ) |:(V2_2) - 21“2(’2172) } }

Also

N

108
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It is therefore clear that the variance of the marginal posterior distribution of (¢; —
a2)|y,, y» (the second central moment of the marginal posterior distribution of (g1 —¢2)).

is given by

var [(¢1 — ¢2)|Y1, Yol

FZ(L*) p2(”27*1) U182 Vo 62

_ zi{(ms%) |:V11_2 - 2F2—(371)] } - zi{(ugsg) [ﬁ - 2F2—(372)] } + ;—f(ﬁ) - <y21—2)
r2(a=ty (2=t

= (UIS%){Z?M [1/11—2 - 21"2(371) i| + TLL1<V11—2>} - (V2S§>{Zi |:l/21—2 - 21"2('2/72) ] + é(ﬁ)

22r2(M-1) 22T2(2271)
- st { () [+ 4] - S - ot { s [+ 4] - )

c.) [t was shown in Theorem 2.6.1.1 ¢.) that

|
—
—~

N

N

|

w

—

3 -
1 _ Pl _
E@)_E%% (ford = 1,2).

The third moment about the origin of the conditional posterior distribution of (¢1 —

a2)|02 0%, y1,y, can in general be written as

py = 3 + Bpapy + (p1)% .

By substituting

Hll = @1 - @2) + 2a(02, — 062)'

o2

0'?1 €2
po = -+ ,and

pz =0

info the equation for /,L;,, it follows that the third moment about the origin of (¢; —

Q2)|UE21 ) 0-5227’!/15 Yo is given by
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3 2 2
= <@1 _@2) +3(§1 —§2> Za<‘7z-:1 —052) +3<y1 _yz){ L+ 62 +Z (051 _052) }

2 03 N 3
#20 (e  52) (0 = o) +2 (00 = o)

3 2 o2
= (@1 - §2> + 3(?1 - yQ) Za (‘751 - Usz) + 3(3/1 yz) + 3(91 @2)71_22

+3 (?J - yQ) 2o 31 6(@1 - yQ) 220,00, + 3(3/1 ?J2)Za‘752 + 32& n

051 052

3 2 3.3
2 0ey +3230.,02, — 2308,

2 3
g
+324 51252 —3zp22 4 353 — 3230

n9 a~ el 0&61

3 2
- (1 - %) +3(y1—yz) fa(0e = 00) +3(0 — 1) {2 + 22+ 2202 + 2202, )

2 2
ol 3 3 — _ 2 0¢ 02 0Z, Osy
+32a7 + z30d — 3202 : 6(y1 — y2> 250,02, + 324 2 — 3zg—1—

n2 ni

2

3
—32302 0., + 3230.,02

aa1

3 2
= (1-1) +3(1-%) #a(00—0n) +3(5-m) {2 (2 + L) + o2 (2+ 4)}
+o—§1 <%“ + zi) — 0'32 (%& + zi) — 6<y1 y2>z 00y — SZQJ 0'52< + z )

+3240¢,0 62( —1—2)
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3 1
v2s3\ 2 (32, _ _ v1s?\ 2
-() (5 +2) - o(m-m) 2 (%)
+3z (”1S?> 2 <V2_%> (A + 22>
X\ X2, X2, ) \ N2 o

Now my = E(u3), therefore

i () 305 5) () B() - () e()]
V1 v2
+3(7, - 72) {Vlng%) (2+2) +mstB(E) (2+2) }

3
_ _ vy 52 Vo 82 PR e =
+3 <y1 - yz) { ((V11_12)) (Zi + n%) + ((u;—Qz)) (Zi + r%) } + (V13%> QéF(Q"

1 vo—1 1 vi—1
320 28} (ms3) " HE L[ L 4 22] 4+ 820 (ms}) L B L

2%1“("71) (r2—2)

V)
VS
x|S
T
SR %
~

(NI
w

N

o
/~
x> |S
N
"‘me
N—
/N
> | S
$¥0%
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It is also known that ms = my — 3mam, — (m;))?.

Therefore

v 32 1% 82
+3(7 - 1) { S () v

3 1
2) 2 T(*%72) [ 324 3 — = \.2 2) 2 N(4) 2) 2 I(¥2)
B <V282> 2%1“(2”72) [”_2 + ZO‘} B 6<y1 B yg)za (V181> 2%1“(2%1) V2% Q%F(Q”—Q)

2

1 1
(v153) 2\ 2 (%) [ 4 2 2\ 2 T(AY) (1ps2) [ 1 9
Bty (vesd) it [+ 72 + 35 (msh) ey D el

112

1 FZ(L—l) 1 FQ(”Z—_I) (v182) (v252)
_3{252" |:<V18%> (m o 21"2('2/71) ) + (V28%> (112—2 B 21"2(%72) >:| + n1(i11—2) + n2(522—2)

1
1 2 2\ 2 T(¥5) (wesd) [ 1 2
[n—l + za] + 324 (Vlsl) 2%F("’%) =) [n—z + za}

1 r2(4-ty 1 r2(v2-1y (v1s3) (v2s3)
{8 (5 o) (s 5] i +
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_ _ FQ(L*) p2(”27*1) U2
(5= o3[ o) (s~ 50) () (- ) st

1
(v23) 2) 7 D(45) 2) 2 (%)
+n2(l/22_2)}{2a|:<yl‘91> 2%1_,(21/71)) - <V282> 2%]_"22(”72)

3
Now consider the terms that contain (gl - yQ)
<y1_y2> - (91 —y2> =0.

2
Consider the terms that contain (yl — y2>

2 1 vqi—1 1 vog—1
— — 2\ 2 (<) 2\ 2 I'(Z—-)
3(@/1 B y2> Fa [<V181> 2%r(2”71 B <V282> 2%F(2”2)]

Consider the terms that contain <y1 — y2>

V1S 1% 82 — —

3(7,- y2>{(( o) (241 )+ (z§+n—g)}—6(yl—y2>z (1/181) ;
rz(a-t . _ 2 V2 1
2] o)) of
v1s2 _ _ vos2 _ _ _ _ 1_‘2(”171)

-3 [nil ((1,11_12))] <y1 - y2> - 3[%%] <y1 - ?/2) - 3(?/1 - ?/2) 2 {<V15%> 21“2(%71) }

S 2\ 2 I 2\ 2 (2 S 2\ 22

+6(y1 _y2>za <y181) R INCY) (VQSQ) 237(12) —3<y1 —yQ)za (V282> 2r2(2) |

1
u12 )

r(3)

/-\

N

)2 F(y2 1
22r(”2)

(v
)] @

—_
/\
\/

—
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Therefore the terms containing (?1 - y2> become

v 82 S — 1% 52
3(3/1 3/2) (( 1) +3(y1 () )nf(;ll_)Q) +3<y1 y2> a((ff) +3<y1 yg) m((j;g)

1 1
— = \.2 2) 2 D(45) 2\ 2 I(*2) 2 (= _— ) (ns}) 2 (msHr2 (A1)
—6<y1—y2>za(1/151> A )<V232) F(Quz)_gza<yl_y2> (Vl_lg)+3za< y2>2r2—(”1)

2

vos _ —_\ (v 82)1_‘2(”2771) _ _ s _ Vo 52
—322< ?J2> L) 4322 (y1 _?Jz> S —3<y1 —y2>nf(i—ll)2) —3<y1 y2>n§(i—f_)2)

. _ 2 vi—1 . _ 2 1
_3<y1 - y2>362y |:<V13%) 2I§Tl2’21)):| - 3(1/1 - y2>z§ {(V232) %]

N[, 2 ey 2) 7 0(2Y)
+6<y1 - y2> “a <V181> 251(2) <V282> 251(%2)

=0.

Therefore

3 3
_ 2 2 T( ) 3za 2 2 T( ) 3za
s = <V181> 2%r(”1)[”1 T ]_ <V282> 2%r(”2)[”2 T ]

—1

3204(1/13%)@252) 3 NG

(—2)23 F(T)
1 FQ(L_I) 1 Fz(L—l) (v182) (v252)
_3{22 |:<V18%> (m - 2F2(571) > + <V28%> <1/2—2 - QFZ(%) >:| + n1(;11—2) + n2(522—2)
1 1 3
2\2 () ( 2>5r<”2;1> B 3< 2>5r3(”1;1>
x{za Rylsl) 2dreg) %) Shreg | [P\ iy

1 —1 —1 2 —
2 2 F(VIQ )F2(V22 ) 2 2 2F3(V22 )
VasSo | 1 v o vy ~al V252 3

237 (4)2r2(2)

) B2 (v159)% (vas3) T(“) [L 2}
|: T ] + (V272)2% F(UTI) n2 + “a

1
2 2 2 2 P2(A5)N(2) 2 2
—3ZQ<V181> <V282> —2r2( e )—|—3za<V131

N—

3 3 Vo — 1 vo—1
_ 2) 2 D) (324 2)2T(F) [82a 4 3] 32a(mis))(s3)2 T(H) [ 1, 2
— (1/181) %F(Qg) [ +z } (1/282) 23r(2”;)[ . +za] (,,2_12)2%2 r(é) [m+za}

3za (157 )%(Wé’%) r(4-) [
(12—2)2% r'(3)

J—

—1

135 3(,/151)(V252)2r( ) 322 <V18%> <V283>§r2(”12_1)1“1("22_1) o 322 (VQSQ)(V151)2F(V1 L
(- 2)2”(”) 2I2(%)22T(%2) (va— 2)2”(71)
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13,3 2B ICEY) g s (e ash S2CAIIAEY) g g Gasd) STOCARY) s F el ()
* (1y-2)221(2) 221(4T2(%2) *2irs(p) n1(r1-2)280(%)
+3(u1s%><u2s§>%1r<”2;1>Za B 3<u2s2><msl>2lr( 2o 3<uzs§>%Za§<”2;l> 3 zi(uls%3>%r3<”1;1>
n1(v1—2)220(%2) na(ve—2)22I0(4) na(r2—2)221(%2) 22T(4)
| 30D ST | 3 e IR | g, )3 A
2202 (4)0(3) 2IT(r2(%) 2 arra()
3
Now consider the terms containing <y1 sf) (1/233)
_3za(uls%)(ugs§)%F(VQT_l)) 3za(u1sl)(ugsz)2F(V2 1) 3za(V181)(V252)%F( _1)
nl(u1—2)2%1“(”72) (v1— 2)22r(2) (v1— 2)22F( 2)
322 (nsD) (nesd) B2zl 3zQ<ulsl><u2s2>2r<“2 ! 3za<u1s1><u282>%r2<”1;1>r<“2;1)
23T2(4)r(%2) ny(v1-2)22 (%) 23T2(%4)r(2)
=0.
Also, consider the terms containing <1/1$2> ? (1@53)
370 (152 >2<u2s2> () 32301532 (rs)D(AL)  323(nsd) 2 (s
na(va— 2)221“(”71) (12—2)22T(4) (12—2)22T(4)
+3z3(u1s%>%<u OIS Bza(ns) 2 (2s)T(UY) 3230182 (TP D23
230(4r2(%2) na(r2-2)231(%) 230(4r2(%2)
=0.
Therefore
e Bralnish) (52 +z§<ms%% <”1;3>_3za<u2s§>%r<”2;3>_zi(uzs@% (2% 3z2(u1s%>%1r(”17*1>
n23 (4 231(%) np230(%2) 231 2) (11—2)271(%)
33 0ns) BT | 3B ITCAEY)  3:(nsR)ITO(MRY)  3(nsh) Tzl (M)
28r3(4) (v2—2)22T(*2) 2573(%2) m(n-220T(4)
3(1252)3 20 r(”2 D Besd)ir s a(m?)%r (v2-1

E——" +
na(v3—2)220(12) 2373(%) 2313 (l)
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Consider terms from the first sample only

3 _ 3 _ 3 _ 3 _
BraisIN(N5) | AR0as) DY) | 3:8(asd)PD(M0) | 3:20as) T0(My)
3 3 1 3
n122T(%) 22T(4) (r1—2)220(4) 2213(4)
2\3 vi-1 3 $2Y3 3 (vi=1
3 izl(U)  Bmsd)Eri(ish)
1 3
n1(v1—2)220 (%) 22T3(%)

3 _ 3 _ 3 _ 3 _ 3 _
Bralnish) PT(I?) | a0ns)ID(MY) | 3:(nsh) PN | 2:800s]) 2000 30asd)? sl (M)

3 3 1 3 1
n1220(%) 22T(%) (11—2)220 (%) 22T3(%) n1(v1—2)220 (%)

T o

o

3 — 3 — 3 _ _
2T(U2) 323 (ns)2 (i —3)D(MU2) | 23 (11s3) 2 (n—3)D (A2 (M)

3
3za(1182) 2T (A2 (
231 (1) (1—2)221(4) 2313(4)

— 2
3
n1220(4)

23 (n153)

+

2
3
n1(1—2)22T(4)

3150 820 —3)I(A0)

from D(X2) = (a=3p(az2

o

3 _ . 3 _
-2 IN(A5S) 323 (ns})2 (n—3)I(U2

(V172)2%F(”71) (1/172)2%1‘("71)

_ 32a(m-2) (s} 20U
3
ni(v1—2)220 (%

+

B-anarHr izt 8w dza(m -4

3 3
22T3(%) n1(v1—2)22T (%)

23 (n183)

+

3 vy —3 3 L73
3za(u1s%)§F(2):| |:(I/1 _ 2) _ (Vl _ 3):| + [M} |:(]/1 — 2) — 3(1/1 — 3)

o [ nl(ule)Q%F(%) (V172)2%F(%1)

3

| A (- ()
2213(7)
_ 3z&(uls%)%r(”17*3) B (2V1—7)zg(yls§)%p(%4) Z,?;(V1S%)%(V1—3)F("1T73)F2(VIT*1)
m(n-2)28 () (m=-2271 (%) 2313(4)
_ z(ash In(a) 3 _ (nom 2 (=32 (41
N 2%(%) ny(v1-2) (r1—2) 2 ()

N

_ za(ns?)3r(sR) 1 3 2 22 (1 —3)r2 (2t
=T ol {<”12> [n_l ~al2n = 7>} e [
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Also, consider the terms for the second sample only

3 — 3 — 3 _
Bralvasd) L) 230088 P0(2) | 3:8(0s9)?D(2) 328008710 (2)
3 3 1
no22I(%2) 22T(%) (12—2)22T(%2) 2213(%22)
243 vy—1 3 2\ 3 n3 vo—1
3(v2s3)22al(Z5—) | za(res3)2I7(%—)
1 3
na(r2—2)22T() 22T3(%2)
3 _ 3 3 _
_ 32a(ms)I0(YY) 23 (1as3)PD(%2 3>+3za<u2s2>2r<“2 ) ERZACT )3r3(27Y)  3(resd) B zal(22Y)
- 3 3 1
na22I(%2) 22T() (va— 2)22F( 2) 221‘3(”72) na(r2—2)220(%2)
3 — 3 — 3 — 3 — _
_ 3za(nes)EIN(20)  AB(ws})2r(270) n 323 (1253)2 (ra—B)D(212) 23 (v2sd) 2 (2 —3)D(2270)P2(271)
- 3 3 3 3
na22(%2) 22T(%) (r2—2)221(%2) 22T3(%2)

3(1952) 3 20 (o —3)D(L2=3
i (r2s3)2 2 (V23 T(=5—) from T'(221) = (22-3)r(¥22)
na(vo—2)22 (2

_ 320 2090 iney?) | st e areas)
na(v3—2)230(2) (v2—2)25T( 2) (12—2)23T(22)

23 (vasd) ? (va—3)D (2273 2 (22)) n 3(vas?) za (va—3)I(“252)

3 3
22T3(%2) na(va—2)22T(2)

- SZQ(VQSQ)?F(VQ 3):| [ 9 ] |:Z3(I/282)§F(V2 3)] [
= (= 2) 4 (1 —3)] + [EEBEICEE 9y 43, 3
na(va— 2)2§I‘(V22) (VQ ) (VQ ) (v2 2)2§F(72) (V2 ) (VQ )

3 _ _
23 (12s3)2 (e —3)T(2)I2(2)
3
22T3(%2)

I N LN G I 2 PR N ) N (Y 1N Ll )
na(v3—2)230(2) (12—2)221(2) 231r3(%2)
_ “ralesd) () { 3 _ (nem | AEodriis 1)}
2?{‘(”72) na(2=2)  (12-2) I2(2)

 zalresd) D25 22 (1y—3)T2(2221)
E {@21—2) [i ~2a(2 - 7>] e }

2?F(”2) n2

Therefore

WIS | (3 I
BEEICTE {WQ) A = D oy
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d.) It was shown in Theorem 2.6.1.1 d.) that the fourth moment about the origin of

<X§ >§(d = 1,2) is given by
vq

NI

E( 1 ) — 1 =19

Xvy (va—2)(va—4)

The fourth moment of the conditional posterior distribution of (¢1 — ¢2)|02,02,, Y1, Ys

can then in general be written as

(g = g + Apy s+ 6(p)) 2 pe 4 (1)

o2 o2 \ 2 2

= 3(% + %) +4{ <g1 _52) + 2a (051 _052> }(0) +6{ (gl _52> + Za (081 _052)}
0'2 0'2 4
X<%+ n?) + {(yl _y2> +Za(061 _062>}

ol o2 o2 ol 2 2
o2 o2 4 3 2 2
X(%*‘%) + (?1_52) "‘4(@1_%) Za(‘fel—agg) +6( y2) <051—052>

3 4
+4 <g1 - g2> Zg (UEI - 052) + Zé <U€1 - UEZ)

302 602 o2 al 2 o2 o2 o _ ”2 02
= T 6(h,-7) (24 2) +12(y1_y2>2a<0—€1 o) (B )

4 2 2 3 o2 3
2 [ 0e; 0Z,02, 2051052 2051 . oz, 52 _ _
+6Za (n_l + na n1 - + n + +4 Y1 =Yg ] 2al|\0g — Og

4 2
+ (@1 - yz) + 6(?1 - @2> Zi [‘731 — 20,0, + 022]
+4(71 — 1) 28| 0%, — 302,00, + 302,02, — 0|

4] a4 3
—|—za{051 — 403 0., + 602 0%, — 40,02 + 052}
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4 )3 | 622 4 4 )3 | 622 4 2 2 ) 6 a a 4
:061{—%+—“+za}+052{—§+ =+ 2 TOZ00, + = 4 == 4 0z,

(1) {4 (120 58] o, [ 28] —1202 1, [ 20423 120,02 [22 422 }

2 3
+6(7-7,) { [2+:2] 402, [ L+22] gagl%zg}+<gl_%> {4:(0 —0.))
. _ 4
+<y1 —yz> :
Therefore 1, will be equal to
’_”1_5%214_%_'_4_}_”23%4&4_%4_44_6”13% stg l_i_i_i_i_'_ﬁt
Ha = X2, ni = m a X2y n3 ' n2 “a X3, X2y mnz ' ng T |
2 % 2 % 2 3 2 % 2
V1S V28 325 4 v1s v2s 3& 4
() () Ut () () ()
_ _ v182 3 Vo83 % 3 V187 v2s3 % 1 2
(o - m) g (1) [ 2] - () [+ 22 () (3) [+ 4]
1/52
)+

V)
| —|
S e

+
N
oo

w

S
x|S

[
S,
N—

N

VS



CHAPTER 2. SIMPLE LINEAR MODEL - UNIVARIATE NORMAL MODEL 120

Now m, = E(u,), therefore

mi = (7 —%)4 + (7 - 52)3{4% {(msg)%E(él)% ~ () E()(L)} }

2
o) ())& + 2]+ (o) ()
vy vy
1

1 1 1 1
“2(nst) () 28(3 ) B(L)’ }

i) ()
o)) B ) [+
1

5
wiw
wlw

22 22
sofot) (o8 o+ 0+
2 2 1 2 3 622 4
+<7/181) E(E) {n_% n_1+2a}
2)° 1\ 3, 62 4
) () ()
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9 1 1 vy —1 vo—1
_ (1s?) [ 1 9 (r283) | 1 2 2 2 2\ 2 o I(H5=) T(Z)
+6 (3/1—y2> {(1/112) |:n_1+za:| +(u2722) |:n_2+za:| _2<V151) <V252> Zaﬁr(zg)—ﬁr(z?)}

1
= vy —3 vo—1
2 2 2 2\ 2 I( ) I( )
—4ZQ<V181> <V282) e Bl B
=

=
njw

2
—4,22(1/132) <V282) S T [i—i-zz]
A ) 2iregh2ingg) Lne e

v1—2)(v2—2) | n1n2 no n1

[3 | 622 4
+(V1—2)(V1—4) _n_% + . + Zoz:|

(v283)? 3 622 4
tooem gt m T Za} :

It is also known that my is given by

my = my — dmyms — 6(m))*mg — (m))%
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Consider m,, only, therefore
4 3 1 vy—1 1 vo—1
_ _ _ —_ 2\ 2 I'(“5-) 2\ 2 (%)
(5-7) ¢ (1) () 2222 - () 2
6(v. —7 f sy [a 2 (v253) 9 2) 2 D)7 o DAY (2t
+ (?/1 - y2> (v1—2) |:n_1 —1—2’&} + (va— 2)[ +z ] - <V151> <V232> Zo‘z%r(%)z%r(’%)
- = 2 %F("lf) 3 2 21“("223) 3 2
+4<y1 B yQ) Fa (1/151) 2%1“(”71) [”_1 + ZO‘} B <V252> 2%1“(”72) ["_2 + Za}
1
_ (l/1$2) 9 5 F(U271) |:L 2:| ( 2>§ F(”lfl) (11252) |:L 2:|
35 (m0s3) dre L Tl H3 ) R e e R
2 3 Az
—422 (l/ﬁ%) (l/283> ST
2

1 3 — 1\ 1 —3
2 2) 2 2) 2 T(A)r ()
-4z (1/181) <y232) 21/1—%2

(r159)* 623 4 (vos3)? 622
o 4)[ 2 + +Zo¢} + 2= 4)[ 2 + , T2 }

|2 +22] + fashlay Ly £ 4 24 )

v1—2)(r2—2) | ning

a A\ ¢ a \3 ) %F(url) . 3 ) %F(Wl)

= (yl - y2) + 4<y1 - ?/2) Za <V151> 2%F(2%1) - 4(% - yz) Za <V232) 2%1“(2”72)
2 9 2 2

H6(7 7o) oy [+ 2] 46 - 7) 2+

ol Y2 (1 2) (g2 T D )2 T [ o

()2 () () S ) () o 8

3 1
- = 22022 3, o = = (153) N2 (1| 2
—4 (91 - yz) Za (V232> Q%F(Q%Q) [n_Q + Za] —12 (yl - y2> Zo (1/1—12) <V232) Z%F(QV—Z) [n_l + Za}

1
_ _ 2 F(Vlil) Vs
+12<y1 - yz)za <V13%> T 27) ((y; 22)) [ +2 }

I

3
= 5T vy—1 T v1—3
o) () S [

6(v153)(ves3) | 1 22z A (v1s3)? 3,622 4 (v253)?
rpadlad [ h gt e (S S e [+

v1—2)(r2—2) | nin2 ' n2 ' m
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= @1

+

— 7o) +

_ 1 1
6(y1—72)>22 (v157) + 6(71—T2)>(v2s3) + 6(y1—7a)?2a (v2s3) 12(y; —92)?23 (1153) 2 (v2s3) 2T (H—

o 1 1
4(Y,—Yo)32a (v157) 2 F(VlT)

_ 1 1
_ 4(y1 _?/2)3Za (V23§) 2 F(V2T

6(y1—72)%(v157)

1
22T(4L)

1
22T(22)

ni(v1—2)

123

+

(v1—2) na(ra—2) (v2—2) 21"(”71)1" 1%2)
2\3 v $p(r1=3 T 2\3 pova=3 T m V23 (es2) 3 (Y23
12(71—Y2)za(v157) 2 T(5 )+4(y1 Ta)2 (Vls )2T(55)  12(51—Tp)za(v2s) 21(2—)  A(H1—T2)2d (ves3) 2T (25—
3 3
n1220 (%) 22F(%1) n222 (%) 23T (12)

_ 12Tz sz DICCEY) | 1207 D ) FUCAY) | 12712 0n58) 2 (s
n1(1—2)220(12) (11-2)221(%2) na(r2-2)22T(4)

+12@1‘?2)33(1’15%)%(V25§)F(UIT_1)_122 (V151)2(V252)% (Vl_s)F(UQT_l)_‘l 4(”151)2(VZSg)%F(V12_3)F(VQT_1
(va-2)23T(% m T (Z) PIFIN(F
_12z (V131)2(V232)2F(V12I)F(Ul -3 o 4Z4(V151)2(V252)2F(V1 I)F(U1 -3
n2220 (LT () 22r (5N (%)
6(v152)(v252) (v153)? 3, 622 4 (v253)? 3 4 623 4
+(V1 21)(1’2—22) [nlnz + + + +m [n_§+n_1+zo‘} + (V2—2)(2V2—4) [n% T +ZO‘]'
Consider —4m'1m3 only, therefore
4 _ _ 9 %F(u12—1) 9 %F(u22—1)
- (yl - yz) + 2a <V131> 2%1“(”71) - <V232> z%r(%)
Za (msl)fr("g?’) 1 (:», 2 _ ) 22 (1 -3)r2 (A1)
X{ 231(%) [(ul 2) (2 =7) ) + =y
wtesirezs [ (s 22 -3)r2(t
T Ay L”“)(E - 2R =) + B
Suppose
(o) o= (02 TR L () IR _ zalms)in(asd)
a = <y1 _92> 01 = (V151) g 2 = (V252) drez) 1= —F(%)
_ za(12s3 3 (22) . . 22 (1 —3)[2(41) ) o 22 (va—3)I'2(221)
Ty T e et e
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it therefore follows that —4m’1m3 is given by

_4{a+za {bl—bg] }{cl {ﬁ (2-22@n-1) +d1] —¢ {ﬁ (2-22n-1) +d2] }

— (—4a —4z,b1 + 4Zab2) {cl [(mlz) (n% — 2221, — 7)) + d1:|

e {(Wl . (i — 2220 — 7)) + dg] }

= —4dacy |:ﬁ (-1 <2V1 - 7)) + d1:| + 4aco [ﬁ (% - 22(27/2 - 7)) + d2:|

—4Zab101 |:(1/1—1—2) <'n% — 2’2(21/1 — 7)) + d1:| + 4Zab162 |:(1/21—2) (% — Zi(QVQ - 7)) + d2:|

+4z,bycy [(V112) (n% — 2221y — 7)) + dl] — 42,byco |:(1/212) <n% — 2220y — 7)) + dQ]

4az? (2v1-7) 4az2 (2v2—7)

= _n1(11/21(i2) c1 + (v1-2) C1 — 4a61d1 + ( 2) Co — (1/ 2) Co + 40/02d2
b a2 -T), zobrerdy + 1Za by o2r21)), Azabrcad
—m( 1C1+(— 1C1 — 424016101 + —=45501C9 — (— 1C2 + 42,01 C2d2
+n1gfi2) szl —4Z‘Z‘(2V1 7) szl + 42’ab261d1 bz Cy + —4z?‘(2y2 7) bQCQ 4Zab262d2.

By substituting a, b1, ba. 1. 2, d1 and dy back, it follows that —4m'1m3 is given by

3

_12,-7,) (Za(ws'fﬂ
2 3

m1(1-2) 231(4)

3

= 471 —T2)22 (201 =7) [ za(v157) 2 T(
) += (12/1*2) ( ; ra )

w

3

_ _ za (v 52)%1‘ 18, 22 (11 —3)T2 vl — 2o (v2s2) S T(123)
(g, — 7o) (B ) (2 )>+152((y;2_y;))( )

281(%) 281 (2)
_4@17§2)z§(21/277) (V252)2F(U2 3)> — (za(uzsg)gF('j%_?))> <Z§(V2—3)F2(V22_1)>

122, oL DA za(ulsQ)%F(”lfs) 423 (201 -7) oy 1 T(A70) Y [ za(11s2) 3 T(272
B <(V131)2 . )( 3 ? >+ Z(u1—12) ((V131)2 2%“221))( Q%IF(%) :
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231(4 n
eV SE5) () (i ) ()
) )

e (o 2 () e 50) (2l

> 1 (et ZQVSQ%FV273 23 (2u0 — 1 (et ,z()él/SQ%FVQ—i3
(351 >)( L) PO ) 4 2D (4, 23 D) ) (el A
2

221(%) 271 (%2) A2 2ira)
425(1((1/252)22%1-\(1’22) 27F(V22) Fz(u )

EREICS AENUTALING SO N B (O 1S LN o) DO o T e e e i)
n1(ur?)2%F(%) (11— 2)22F(”21) 2%1‘3(”71)

+12‘?1*?2>Za<”282>3f< ) _4<@r@z>zi<vzs%>i@vﬂ)r(”g%” +4<y1—@>zg<u2s§>%3(u273)r2<%*1>r<”2%”>
712(1/2*2)2211(72) (12—2)22T(%2) 2278(%2)

—1 —3
_ 1223 (ns])’T(I)0(H)

n1 (1 72)221_‘2(”71)

424 (152 @ —DD(EDN(ASS) 428 (ns3)2 (n —3) D (A7 (A7)
(11—2)22T2 (%) 2274 ( Q)

+

SO 4z (nsD)? (vasd) F (2ue-T)D(AFN (22

1
122(2!(1/15%) (I/QSQ)?F( -
il

+ 2
n2(12=2)2°T(3)T(F) (r2=2)2°T(F)T(F)

1 3 _ _ _ 3 1
428 (1153)2 (v253) 2 (12 —3) (U DT2 (P20 (P272) | 1222 (1153) 2 (ves3) 2T (A-2)D(2)

+ PT () T e T (D)
_4z§(y15%)3(u282)%(21/1 -nr ( 5 3)F( U22_1) + 42§(V15%)%(VQS%)%(VI_ZS)FQ(Ulg_l)F(VlT_:j)F(%T_l
(1n—2)22T(F)r(Z) 23 (F)T(F
1223 (132D (245 n 428 (1253)? (22— N(22) 42 (1253)2 (2 —3) D3 (27 (272)
- :

n2(v2—2)22T2 (3

) (va— 2)22F2(V2) 22F4(V72)
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Also consider —6(m/ )?ms only, therefore

1 1 2
P . 2) 2 D(*5) _( 2>5F(”2;1>
6{ (yl y2> tZa {<V181> 2%1“("71) V252 2%1“(%2)

rz(a=t) r2(x2=1) v152) v252)
X {ch {(V15%> [V11—2 T () } + <V23%) [u21—2 - 2r2(%72) ] + nl((;11—2) + n2((322—2) :

o

Suppose
) %F(Vlfl) ) %F(VQ*I)
_ Yl _ a7 ' pr— —2 ; — —2
a = (?h y2> ;b (1/181) 22r(4) b2 (1/282) 221(%2)
_ s L (asd)
€1 = n1(1i11—2) © 2= "2(322_2)'

it therefore follows that —6(m,)?ms is given by
2
—6{a+za [1)1 — bz} } {Zi“%sg bQ} [(:22322 bQH + e +€2}
2
- —6{a2 + 220 by = by + 22 |6y — o] }{zi—(:fi) R g Ty U ez}
— _6{a2+2aza [bl bQ] +22 [bQ 2b1b2+b§] }{ 3(;’118 2203422 (”282 —22b2 4, +e2}

061/12 o po—2

:—6{a2—|—2azab1—Qazab2+z§bf—22§b1b2+ng§}{ 2 (s]) _ 22b2 422 (25 _ 2b§+61+62}

_ —6a2{z§(51152) 2b2—|— 2(1/2282 _ 2b2+61+62}
o py—2

_12G2ab1{ 1/15%2 - 2b2—|—z I/232) 2b%+€1+€2}

—|—12azab2{ i 2202 + 22 V282 — 2b2+61—|—62}
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—622b2{ Vl—f%— 2202 + 22 VQSQ)—ZQbQ—i-el—l—eg}
+12Z2b1b2{2 % 2b2+Z V282) 2b2+€1—|—62}

—6z2b2{ 1/11j1) 2b2—|— 2 V252) 2b2—|—61—|—62}

= —6a2z§(:11—i) + 6a2207 — 6a223(:22—f§2) + 6a*22b5 — 6a*e; — 6a’ey

12az3b1 1% ) + 12az3b3 12angl(:22—f%2) + 12az§blb§ — 12az,b1e1 — 12az,b1es

+12a23 by (Vls — 12a23b3by + 12a23b, (VQSQ) — 1242303 + 12az4bse1 + 12az4bsey
—62452 %0 1622t — 62402120 1 6241203 — 62202, — 62203,

+1224blb2 1/131 12Z4b362 —+ 1224b1b2 VQSQ 1224b1b3 + 12Z2b162€1 -+ 122 blbgeg

—6zf¥b§(:11—f%2) + 6220702 — GZibg(VV;—f%) + 62203 — 622b3e; — 6z2b2es.

By substituting a, by, ba, e; and ey back, it follows that —6(m))?ms is given by

vy—1

_ _ vy 82 I'?( ) V98
= —6(7, — 52?250 + 6(5, — 7)*2 (1) ety ) — 607 — )22 2

vo—1

( ) — — 1% 52 — — 14 52
(V252>2F2—()) —6(7, — »)° (nl((,ill,)Q)) —6(7, — 92)2(712((522,)2))
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vo—1

) v182 _ — 1T ) Vo8

r2 >> <n1(<i11—)2>> 126 - yQ)Za«”?S%)z 2%r(2”§)> (n2(<322—)2>)
v 4=t 2zt Uos2

1/181 3 >(V1182) + 623((1/15%)2#“1))) — 622 ((V18%> 2152(3 ))> (y;z)

rz(a=ty T2 (22 ) rza=t) vy 52
) 555 o255 )

F2 u1 1 Vos 1 I‘(Vl*l) 1 F(”Qil) U152
1/131 ol yl ><n5(522)2)> + 1224 ((1/18%)2 2%1“(2”21)) <(V23%)2 27 >(V11_12)

+12(7, —@z)za((msé)% Tz

4
-6z,

2
—622

4 913 (5 7) 2\ 1 () 4 21 D(45) 2y T2\ (v253)
~12:4((nsh H0E2 ) (s T ) 1122t (s ST ) (s 3T )

4 2y1 () 213 () 2 2y1 () LT (s
—12Za(<l/181)2 2 ((V282)2 231“3(21'22))+1zza((m$1)2 251“(2”21)) <(V282)2 221“("5)) <”1(V11—2))

9\ 1 I(*2) (v2s3 4 2\ T2(25) (v153)
((”252)22%r<2" >> (=5) - 6za<<”252) ) >_4

1—\2(@) 152 1—\2(1’2*1) Vo s2
_622((’/25@ I ) <n1((;11—)2)) - 62'3(@25%) 2r2(’2’72) ><n2((323)2))

_6@1*52)223(”15%) + 6(y1—Ta)?22 (157 )F2(V12_1) . 6(y,—T2)?22 (1253) + 6(y1—72 2ZZ(V2$§)F2(D2T_I)

v1—2 2r2(4) vo—2 2r2(22)
@ m0nsd) _ 651 _ 1200 TR ) 12, —m) s Bt
m01=2) n2(v2=2) (n-222T(%) 2715(4)
| 12(5, 7)) (12 ﬁ(vzsar(’“;l) L1201 TR e DD () 125, - y2)za<msl>2r< u-ly
(12—2)27 (%) 230(4)r2(%2) n1(v1-2)22 (%)

1201 T2)7a (15D 2 (rs)D(UFY) | 1281 T0)z <u1s2><vzs2>%r<”2;1>_12@1—@2>z§<ms%><u2s3>%r2<”1; Hrees

na(12—2)22 (L) (1 —2)221(%2) 2312(4)r(12)
L 120 T)R ) IR 12, TR ) IR | 126, yz>za<ms1><ws2>%r< D)
(12—2)221(%2) 2313(12) n1(v1-2)221(%2)
+12@1—y2>za<u252>2r< 5)  624(nsd)r2 (A n 624 (1512 TH(H7) 624 (mis?) (wasT2 (P)
ng(va— Q)QQF(?) (V172)2F2(V71) 221"4(%) (V272)2F2(V71)
4 B0 22 (B 62300 T2 () 62 (nsh)(rash)I? (1)
22I2(E)T2 () ny(v1—2)202(5) na(v2—2)202(4)
| 12 (ylsQ)z(VZSQ)zr(”l 1)r(”2T‘1 1253 (n53) (1) T3 (U5 1)F(V2T—1)+12;,«;§(1432)%(11232)%1“(7‘1)r(”27‘1
(=22l (F)I(F) 2203 ()T () (r2=2)2l ()T (F)
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12:2 (1152) 2 (vp53) 21 (U L)r(22-1)

1 3 _ —
1224 (153) 2 (v2s3) 2D (XD (2270)

+_

; . +12z (7/151)2(V252)25( 5 )F(Ugg_l
T3 (2) n1(v1—2)20(Z)0(2) na(va—2)2T ()M (22)

—1 —1 —1 —1 —1
_GzaasD)esh () | 6:a(0ash(rash 2 (K )T (27) 624008 T2(27) | 6za(vash) T (22)
I v I I I
(n—2)2I%(2) 2212(F0T2(2) (12—2)2I%(2) 2211(%2)
_ 622(nsH) ()2 (H) 622 (1s3)2 T2 (210
n1(v1—2)2I2(%2) na(re—2)2I2(22) *

Consider —(m)* only, therefore

1 1 4
o 2) 2 L) 2) 2 (%)
AG-m) e[l 2 - () 2]

Now, suppose that

1 1
o zr(a-t z (et
a = <y1 - Z/2> NCES (1/15%) i 1( z) ;b= (stg) i 1( . ),

it therefore follows that —(m))* will be

—{a + 2o b = bo] }4

= —{a4 +4a3z, [bl — bz] + 6a?z2 |:b1 — 52] +4az3 [51 — 52] + 2z, [bl - 52} }
= —a* — 4a’z, [61 - bg} — 6a%22 [bl - bz} g 4az} [51 - 52} — 25 [51 — 52]4

— —a* — 4dPz, [bl . bg} — 6a2z? [bQ — 2byby + b?] — daz? [bS — 3b%by + 3bib2 — bﬂ

ot [b‘f — 4B3by + 6L2b2 — 4by b3 + b;*}

= —at — 4a32,b) + 4a32,by — 602220 + 120222010y — 6022203 — 4az3b3 + 12a23020,

—12a23b103 + 4az3b3 — 2201 + 4220305 — 6220303 + 4220163 — 2203,
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Substitute a, by and by back, therefore —(m/)* is given by

_ _ 1A=t _ 1 (2
=~ = T)* — A0~ B (5D ) 4 - T () )
=607~ 7222 () iy ) + 120 — P2 (s 1) (002 )
—6(y; — U2)%23 <<V25%)%231))> — Ay, — V)7 ((VIS%)% ;;(1:(2;)))
12007274 (015 1y ) (Cas 120 ) 120030 (0as 1)) ()

S ) G 3 03(47) 11(
+4(y1—yz)zi<(V25§) W)‘%((Vls%)QW("l))*‘lZ <(V13%)223F : ><(V23§)2

r2(4-1) r2(2-h) 104 3 r3(227t)
624 ((n33) ey ) (28 i) + 4z§((yls%)2m> ((vos3)? 2%F3(2V22))

(77, — 77 \4 _ 4@1*@2)3%(1’15%)%1_‘(%71 47, -72)° Za(V252)2F(V2 5) 6@1*@2)22 (v1s))I? (Fg— -
¥ — 72) i) + 25r(2) or2(7)
— = 3\2,2 1 oL -1 vo—1 — = \2,2 2\2 v2—1 — = \.3 2y8 g v—1
B Y A T R R e ) IO Y 20 L el N P I K )
2r(ZT(2) 2r2(2) 23r3(4)
L 26-T0) (V152>(y232)% 2727 12, -T)2R (nsd) B (s T(Uy (Y
23T2(4)T() 23T (4)r2(3)
+4@1—@2>z§<m§>%r3<%‘1 2 s)riash +4z§<uls%>%<u2s§>%r< Hreest
2313(%2) 2211 () 2203 (T (2 oy
624 (v1s2) (s T2 (UZ)T2(1270) | 42d(m1sD) 2 (ras) ID(AZD3(27Y) 24 (asd)?T (22
- 221’*2(”1 )F2(72) + 221"(”1 )F3 ”2) - 221*4(”72)
Therefore
L, AT s T A -05) e (2D T T2 | 6(7, =) (1152)
my = (U, —Jo)" + 2rg) 2Ar(2) R ey

5@ T R0ns) | 60172 asd) | 61 —7) A (asd) 12@1—32)%3@151)%<u2s§>%r<”12 yr(22-L)

(r1—2) na(r2—2) (r2—2) ()T (Z)
— 3 v 3 v1—3 — — 3 vy —3 — — 3 12
_|_12(y1 yg)Za(Vl Herast )+4(y1 7a)? (V18§)2F( 1) 12(31—Ua)za(ves3) 20(F2 =) 4(71 )23 (ves3) 2T (P2~
m23n() 23r(4) m23T(3) RE
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120y w)m(msn(wsmn” L) 12 -T) 2 (s (v2sd) BT (2 1>+12@1—@2>za<u1 s?) %wz)r( =)
n1 (1 —2)220(2) (1 —2)221(2) na(12—2)22 (L)
L 120, 7) 3(r152)3 (ras3) D45t _12z§<uls%>3(uzs2>%r<”1‘3>r<”2—;>_4 4123 (1) 3T e e
(12—2)22T(4) m 22T (I () 22T (5P (F)
1222 (1153) % (1253) U (U T (AF2) 42 (153) % (masd) B (2 T (A
- n222T(ZOI(2) 220 (5Hr(%)

6(v152)(v252) 1 z2 | 2% 4 (v153)? 3, 622 4 (v253)* 3, 623 4
+( 1 2 +n—2+n1+2a +—( 1 |: 2+ —'I_Z :|+(I/2—2)(21/2—4) |:Tl%+ N9 +Z(X:|

V1—2)(V2—2) ning 141 2)(1/1 4) ni «
1251 -Ta)7a (8D ST +4@1—y2>zz<ms%)%<2u1—7>r<”1;3> 4@ -To)22 (D) -3y r2(azr(azs
na(v1—2)230(4) (1—2)22T(%) 2313(4)
12001 -7)2a (1253  T(252) 4@, -7) 72 (1)) # (202D (2212) +4@1—yz>zz<u253>%(uz—3)r2(”271)r<”27*3>
na(v2—2)230(22) (12—2)22T(22) 2313(12)
1222 (s 20 (AT 4 Falastn - DDA 42d (1s3)? (=303 (AT (0)
n1(v1—2)22T2(4L) (v1— 2)22F2(”1) 22r4 (41
L2 e TP a0t ash) E uar(Ap (2
m2(v2 222N (1) (12—-2)22T ()T (Z)
4 dzalnst )2 (23) B (ra—3)P (AT (27 P22 + 1222(V152>3<u252>%r< Sret)
220(F)I3(2) 22T (G (E)
azi () F () ¥ (2 —DN(AS D) +4z4<u1s1)2(u2s2)2(u1 B)I2(Urtyp(az?)p(rat
(1 —2)22T(T(Z) 22T5(Zr(2)
1222 (1es}) 20 (2T (20) 4 da(resd)® Q2 —TT (2 D272 428 (v23)2 (12 =)D (20T (222)
na(v2—2)22T2( 2) (12—2)22T2() 22I4(%2)

_ -1 S 1
_6@1752)22(21(1/18%) + 6(91—142)2%2) V152)F2(U12 ) o 6(?1*@2)223(’/255) 4 6(y1—y2)2z§(yzs§)F2(”ZT)
V1

) 21‘2(71) vo—2 2I2(%22)
60015 _ 6052 0s) _ 1201 TR0 AT | 1200, )= s ET (A
m01=2) n2(v2=2) (n-222T(%) 2715(4)
| 12(5,—70) A (159)? (s D (g ) | 20T 192 (s (2 12(,— y2>za<ms1>2r<1 )
(12—2)27 (%) 23T(4)r2(2) n1(v1-2)22 (%)
12001 T2)7a (15D 2 (rs)D(U5Y) | 1251 -T0)z <u1s2><vzs2>%r<”2;1>_12@1—@2>z2<ms%><u2s3>%r2<”1; Hrees
na(v2—2)22 1 (%) (11—2)271(*2) 2312(4)0(%2)
RECAEAE: (wsg)ﬂ“( 27125 -72)78 (es) T TR () L 1201 T)za (s s 270
(12—2)221(%2) 2313(12) n1(v1—2)221(%2)
+12@1—@)%@255)%(”2;1) 624 (mnsH2 (A1) n 624 (1512 TH(H7) 624 (mis?) (wasI2 (P)
nQ(VQ_g)Q%r(%?) (11—2)2I2(%) 2214 (4) (r2—2)2I2 (%)
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+6z3<uls%><uas§>r2<“17‘l>r2(”QT‘U _622(mnsd)PT2(A) 622 (s (esHI ()
22I2(2)I2 () ny(v1—2)202(5) na(vy—2)2I2 (4 )
+1zz:;(u152>3(u2s2>%r(”1‘1)r<”27‘1 12:30n5) B (asd) 23U hr(2 ) _|_1223(”152)%(V282)%F(T_1)F(V2 L
(1n-220(FIT(Z) 23 (%) (12220 (T (2)
1224 (n s} )2(vzs2>2r<“121>r3<”221)+12z§<u1s >3<vzs2>%r<”1 s >+12zi(ulsl>%(uzs2>% (bt
22T (I3 () n1(v1—2)20()0(%2) na(v2—2)20 (2T (Z)
624 () (s (2 +ﬁzé(ms@(uzs%)r?(%*)r?(%* 624 (v2s3)?02(27Y) +6z3(vzs3>2r4<"22—*1>
(n-2)22(3) 22 (2 (F) (12— 2)212(F) 2T1(%)
622 (s (20) 622 (nes3)2T2(227Y) @ —T) — AT, ~T5)% 20 (v152) ET (A1)
1 (v1—2)202(2) na(v3—2)2T2(2) Y1 = Y2 2312
L 4G’ za(vzsz)ar( ) _ ST A s 125, 72)222 (1 8) 2 (1253) D (AZH)P(22)
231(2) 2r2(%) M (T3
— — v 1 — 3 v1—1 1 vi—1 vo—1
_S@mP R AR P | 120w s AT (et
2(F) 22r3() 232 (4)r(2)
_ 20T st )2 (3P (U2 (25 R AEACY: N G B T R G
A rz) 23r3(%2) 2T(3)
428015 3 (1253 TP (AZHP(2TY) 628 (8D (s (U5 T2 (20) | 424 (nsd) B (asd) S D7 hre (2
* 2T3(FIN(E - 22T (T F) + 2T (%)

—1
A (ves3)Pr4 (270
v
2TH(3)

Consider the terms that contain (7, — 7,)*

(7 —¥2)* — (W, —7a)* = 0.

Consider the terms that contain (77, — 7,)?

S 1 -1 _ 1 —1 _ 1 -1 — 1 —1
AG1-72)*2a(115]) 2T (P5=)  4(H1-72) 20 (r283) 20(*2—)  4(F1—F2)%2a (157) 2T(F5 )+4(y1—y2)32a(V255) 20(%2)
1 1 1 1
22T(4L) 22T(22) 22T(4) 22T(%2)

= 0.
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Consider the ferms that contain (7, — 7,)?

6(71—7s) (v157 )+6(y1 a)?z (1/152)Jr (7, —72)? (V252)+6(y1 Yp)?22 (vas3) _ 12(31-72)%2 2(vw%)%(szQ)%F(”;l)F(”?Z )

n1(v1—2) (v1—2) na(r2—2) (r2—2) 2D (ST (2)
8@ ) AW | @)’ R D(I) 60, -5,)% R wesd) | 601 -T2 s (R 65, —7,) (s
v1—2 2r2(41) vy—2 2r2(%2) n1(v1—2)
6 —T2)%(esd) 671 —T) 22 (msHI2 (M) 4 120-%)% amsl)%(u 3)ID(ASNP(2EY)  6(5,—72) 2R (P2 (2
n2(va—2) ar2 () (N (2) 2(2)
=0.

Consider the terms that contain (yl — yg)

12(5, ~Tn)7a (112) I T(A2) | a(g,— y2>za<ulsl>2r<”1‘> 12(y, — y2>Za<u252>3r<"2;3> A7, —7,)73 (wsmr( o))

n1221(%) 250(%) np230(%2) 251(%2)
| 120Ta)7a (D) (s D25 12(7,-7)4 (ulso(uzsg)%n”;l) n 12(71-T) 2 (153) 2 (2s))T(45)
n1(r1—2)22T(%2) (1 —2)22T(2) na(r2—2)22T(4)

129, —92)72 (1) 2 (s)L(ATY) 120 T2)2a(ns) ED(ATE) | 4@, —72) 7 (D) 2 i~ )T (450

_|_

(r2—2)22T (%) n1(v1—2)230(4) (1 2)2%r( )
A -T2)2 (D) 3 (-3 D2 (U L 12 y2>za<uzs2>?r(”2 5) A@ )2 () ? (v -T2
2313(4) na(v2—2)230(22) (12—2)221(2)
AR 30252 (3T (2EP(28)  12(7,-7p)28 (D) IT(AY) RECA AL (msd)irs(at)
2313 (2) (11-2)22T(%) 2719(%)

_125,-T2)> (mslmmsgr(” Ly | 12(m,-9,)> (msl)f(vzs2>r< (27Y) 121 —7a)7a (8D I T (AL

+ v 1% 1 v
(va— 2)2zr(2 231 1)r2(72) n1(11—2)22 0 (%)
_12(yl—y2>za(ms%>%(uzs%m”l; 1>+12<yl 7o) <u1s%><uzs2)zfr("2 1)_12@1—@2>za<ms ) (vas3) 227 yr(t2 !
na(r2—2)22T(%) (v1— 2)271‘("22) 2’21“2(”1)1“(”72)
4 1201 =Tp)8 (s 3027 125, -7) 7 (12D 3 TH(TY) | 1251 —9a)7a (1 83) (n253) T2
(12—2)271(*2) 2719(%2) n1(1-2)220(%2)
L2 ygm(wsmr(”? ) 4@ -7 <u1s1>%r3< A | 12T <u1s%><uzs%>%r2<”1+1>r<”2;1)
na(v2—2)22T(%2) 2313(%) 22r2(4)r(2)

12(5,-T2)2 (ulsl)a(uzs2)r(”1 L2221 4 40T a(uzs2>%r3( 1)
230(4)r2(2) 2313(12) '
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From the terms containing (7, — 7). consider the terms that contain both (7, —7,) and

23, therefore

_ 3 -3 _ 3 -3 = 1
A1—T2)za (n1sD) 2T(A")  A(m1—92)za (v2s3) 2T(H2°)  12(51—Ta)= (1’18%)(1/232)7“”2 )
3 3
221(% 221(%2) (n— 2)27F(1/22)

—l—IQ@r@Q)Zi(VlSl) ( 151)+4(y1 7o)z (Vlsl)f(%l G 4(?1*@2)23('/15?)%(V1*3)F2(VITA)F(V1{3)

(v2—2)22T (%) (r1— 2)2?1“("21) g%pg(%)
T T)A0asd) G DAY | AT W) (a8 (AR 1205z 05D 2 ()
(v2— 2)2%1“(1/22) 271“3(1/22) (u172)2%1‘(”71)

12@17@2# ms) Uzl 12, -7): (ulsl)é(wspr(” D) w@rwza(ms )2 (vas3)M (A Lyr2 (221

+ . + ” -
2313(4L) (12—2)22T (%) 23T(4)r2(2)
+12@1f@)zz(ulsi)(uzs%)%r(”2; L) 12(5,-7)28 (ms%(vzsz)% (A 12(7, —72) 23 (vas?) T 1 (2270
(1—2)22T(22) 2312(40(%2) (12-2)22T(%3)

- 3 - _ _
_ 12(H1 %)= (V232)2F3(V22 ) A@—Ta)2 (nsh) 2T (K + 12(7, —7p)23 (157 )(V282)2F2(V12 0“2
— —

3
29T3(%2) 2313(4) 2 T2 ()r(3)

)

12(7,-T)2 (ulsl)a(u2s2)r<“1 Lzt 4 4T a(vzs2>
230(4)r2(2) 2313(12)

A7) <u1s1>%r<”17‘3 A(7, ~T2) 73 (v1 2 )2(2u1 (=2

) 12T (s (At
251(%) (m-2)28r(4) (m-2)221(4)

12(7,-7,)> <u1s1>%(uzs§>r<"1;1> 2@ TR s (esHT(UTY) 4@ —7a)7 (15t LG
(12-2)22T(%) (r2-2)22 (%) 2213(4)

+

_ 3 —1 -3 -1 — 3 -3
_4(y1—y2)z§(1/15%)2(1/1—3)F2(U12 )F(Vlz ) -+ 12(y; —72)= (V152)2F3(V12 ) o 4(y1—92)zg(’/25§)2r(u22
3 3
2313(4) 23r3(4) 231 (%)

12 -72) A (5D () T (L) | 125, -70) 78 &) was DI0(2Y) 472 (u2s2>2<2u2 TD(%=

_|_

(1n-2)231(%2) (1n—2)221(%2) (12-2)22T(%2)
4 1261-Tp) amsz)m”? . n 4@, -T2) A (1253 2 (o3 (TIPS 125, -7)= a<uz ey
(r2-2)22T(%2) 2313(%2) 2813(2)
+4(y1 Ya)z (V252)2FB(UQQ_l)—f—lQ(?l—@Q)Zg( %(V25§)F(V1T_I)F2(UQT_1)_12@1_@2)33@13%)%(V25§)F(V1T_1)F2(U2T_l)
2513(2) TR eprep) 23T (4)r2(3)
| 12(5,-7)23 (i sD) (vas) B U2(M7)p(re L 20Tk (msn(uzsa)% 2(azbyp(ret)
2312(4)r(3) 28203
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_ A7) <ulsl>2r<”l Y) | AT amsl)mul “DPME) 125 -5a)2 () B (A
221“(%1) (v1— 2)221“(”71) (ul—Q)Q%F(%)
A -T) RIS a7 B (ns) B (i —3)r2 (A (At L 2GT)H s 2)ire(azt
2%1“3(7) 2313(4) 2313(4)
— _ vy —3 — — 3 vo—3 — — 3 vo—1
_ 4(@-2)7 (V282)2F( 2r0) AL —Y2) 25 (v2s3) 2 (v —T)T () + 12(gy —7a) 23 (v253) 2T (2 —)
231(12) (12—2)221(2) (12—2)22T(22)

+

_ 3 —1 -3 _ 3 -1 — 3 -1
A1 —Ta)2d (v253) 2 (=3I ()P (%) 127, —Ta)= a(V2 5)2I3 () + A7, —72) 25 (v2s3) 2 T3 (74 —)

3 3
22T%(F) 2913(2) 2213('2)

_ BT ) | AT en DY 120 T)zh s

25T(%) (1n-2)2310(%4) (1n-2)2

S 3 —1 — 1
A7)z (s 2T () 8(71—T)2d (msl)i)’ri”(”l2 )

v 3 vy —1
2313(4L) 2313(4L) rem =TT =2 (R
—|—12(y1 Ya)Z (V151)§F3(V12 1) 4@1*@2)Z (V252)7F(V2 2 4(@1*@2)23(1’23%)%(2V2*7)F(VQT4)
271“3(7 27F(V22) (V272)2%F(V?2)
1207 —T)23 (r0s2) S T(22=1Y (T —7.)23 (1o s2) 5 3 (P2=L
+ (71 yQ)Za(V2152) ( 3 )_,_ (71 yz)za3(V252) ( P ) from(u2—3)1“("2773)=21“("2771)
(r2—2)22T (% 2513(12)
3 a0, vo— _ 3 12
) 401728 (258) " T (g 1)

_12(7,—T5) 23 (v2s3)
3
22T3(%2) 221‘3(2)

= 4G TR DT A )R ) E DAY 127 s TS
2%1“(”71) (1/1—2)2%1"(%) (V1—2)2%F("71)
_4@1—%)2}31(1’25%)%1—‘(”274) i 4@1—?2)22(”232) (w2 =TT (3 %) + 12(71—¥a)2a ( 25%)%F(V2;1)
Q%F(%) (u2—2)221“(”22) (V2—2)2%F(%2)

e EACE Er(MFE) | 4G} )2(% NG
22F(%1) (u1—2)221“(7)

-3
18

120 -T)A (5D 2 (30
(1—2)221(4)

from D(“1) = (U-2r(1az2)

S 3 -3 _ 3 _3
_4(y1—y2)Z§(V25§)2F(VQT) . 4(y1—y2)zg(V2S§)2(2V2—7)F(VQT)
3 3
22T(2) (v2-2)22T(F)

12(g1 —Y2)z a(V282)2(V2 3)F(V2 3)
(va— 2)221“(%2)

+

from (2 1) = (X273 r(222)
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3 1%
12@1—@2>z2<msl> (n1—-3)r (12

U=t A g ms)  en -t
(1—-2)231(4)

(1n—2)221(4)

_ 4(Y,—Yo) 23 (V181)2(V1 2)T(
(v1— 2)221“(’{})
vog— 3) 12@1—?2)23(1/25%)%(yz_g)p('ﬂTﬂ

3 (v253) 3 (21/2 I( + )~ (v
(r2—2)22T (%)

(v2—2)23T( %)

A —T)2

AT (r253) 3 (=T (22
(12—2)22T(%2)

(11-2)221(4) (11 =2)+ (211 = 7) = 3(n — 3)

3 L uo—3
V2 %)ir( 22 ) |:(1/2 — 2) + (2V2 - 7) - 3(7/2 - 3)}

J,). consider the terms that contain both (7; —¥,) and

From the terms containing (7,

Zo. therefore
1271 -72)2a(ns]) (A5 12(7, - y2)za(u2s2>%r(”273> | 12(7-Ta)7a (1) (vas}) T T (2
n222r( 2 n1(v1—2)2 27T r(%)

3
n1220 (%)
1/2 3
12(g, — y2)za(’/232)§F( )
na(va— 2)271“(”22)

A1) 12(5—Ta)za(ms]) 2D(HA52)

12(7; —¥2)za (v153) 2 (v2s3)I(
n1(v1—2)230(4)

+ P
na(va— 2)27F( =)
127, - y2>za(msl>§r(”1 D _ 2@ T s | 120 )% 0] (vas]) (A
n(r1—2)22 () na(v2—2)221(4) n(v1—2)2210(%2)
| 126 y2>za(ws2)7yr(”2 221y
n2(112 2)22F( 22)
3 171)

125, —Fa)za () (A7) 120~ 7o)za (15D 21 (
n(11—2)230(4) na(v1—2)221(4)

_ 120G, y2>za(u1s1>zr(”1 %)

TL122F( 3

1 _
A7) 125,-Fa)2a(v1s) 2 (vas3)T (U

na(r2—2)22T(4)

+12(y1 yz)Za(V182)2(V2sg)F(
na(v2—2)22 T (%)

2I0(27) | 12(,—T)7a (v152) (vas?

Sr2s?)  12G-7)za (s s N R G
n(11—2)2210(2)

271(%)

. 12y, — y2)za(1/232)

n222F( 2) n1(v1—2)2

-3 12(g,— y2>za(uzs2>zr(”2 5
na(vo— 2)221“(”22)

12(y; — y2)za(u252) 3 (=2
na(va—2)2 3 (% )
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— 3 -3 — 3 -3 1
_ 12(y; — y2)za(V151)2F(V1T) - 12(91_312)2'&(”15%)2“”17) . 12(7y; — y2)za(V151)2F(U1
- 3
n122F( L) ny1(v1—2)220(4) n1(v1— 2)221“(”21)

12— y2>Za<vz82>%F<”2; 2) | 12— y2>za<u2s2>2r<”2 5y | 127, y2>Za<uzs2>2r<”2 D)
n222F( 2 na(vo— 2)221“(72) na(vo— 2)22F(”22)

_ 3 -3 _ 3 _3
12(7;—95)za (1187) 20 (F5°)  12(33 —Fa)za(v187) 2T (F5)
3 3

n123 (% n1(r1-2)220(5)

_ 12(y; — yz)Za(lqsl)% (1 _3)1*(1’17*3)
n(11—2)230(L)

from D41y = (A2r(Aa-2)

3 _
12(7,-T2)2a (v25}) 25y 12(g,— yQ)za(VQsQ)zr(”2 %)
3
na23T(%2) na(va—2)22T(2)

12(7; — yz)za(’/25 )% (V2*3)F(V2773)

+ 2
n2(V272)2 F(%)

from D(¥21) = (2721 (2-2)

— — 3 v1—3 — — 3 v1—3 — — 3 v1—3
12(7,—G5)2a (1157) 2 (=20 (=) 12(5;—Fp)2a (1157) 20(F)  12(F1 —Ta)za(v157) 2 (1 —3)I(F1—)
3 3 3
n1(v1—2)220 (%) n1(11—2)22T (%) n1(v1—2)220 (%)

RE S EN O L O )\ W e AENCA 1Ly s I e AENUAE 1 T I o)
na(v2—2)23 1(22) na(v3—2)230(2) na(v2—2)23 1(22)

12@1*@2)7«@(1’13%)%1—‘(V1;3) |: ]
— v —2)—1— (v —3
nl(u1—2)2%1"(y71) ( ! ) ( ! )

3 -3
_12(y, - y2)za(l’232)2r( ) |: Vg —2)—1— (v —3 i|
TL2(V2 2)221—‘(72) ( 2 ) ( 2 )
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Consider the terms that contain (1152)2 (1,52)2, therefore

1222 (v152) % (v252) TO(AZDD(2L ) 428 (v12) 2 (v2s3) 2T(UZ2)0(227)) PREE 0L 2)3 (1p52) 2 D) 220
m 22T (T (2) 2T () m (1 —2)2°T (T (2)

(253 (1 92 R (T3t
2PN

—
<
=
|
)
=
o
O
!
~
‘T
N
—
=
PR
'\"‘15
<o

+12zé<u1s1>§<u2s§>% (MNPt 1224 (ns3) B (nasd) 203 (AZ D22t +12z3<ms1>§<ws2>% (M-byp(rasty

(1—2)2r (1 2) 2037 (2) (1 —2)20 (2T ()
+4z3<u1s%)%<u2s%>%r3( —Lyp(r2-t

2713 (7T(2)
1222 (msof(msmr( L P(27) 4z (ns2) 3 (vas3) 2T(AS2 T (22
== n1 22T (2T () - 22T (5T (2

+12z§<ms%>%<u2s2>?r< Sr(27Y)  azdnsd)? (resd) B @ - (A7 (2t
(22T (T (%) (1-2)22T (2T (Z)

824 (v152) % (vgs2) 213 (U 1)p(227L) 12zé£(u1s1>%(uzsﬁr(—*l)r(”—*1

+ 275 (T2 ) + 22l (DT D) 2 flom (1 —3)0 (452 = 20 (45—)
_123 (’/151)2(V252)% (UZ )F(V22_1) + 122 (V151)2(V252)% ( 12 I)F(%T_l
2213 (21 (2) n1(v1—2)20 ()T ()
4za(1/151)2(1/252)%1" (”1 I)F(U2T_1
t 2705 (T1(Z)
1222159 T (12R) IT(ASE(2E ) 452 (1152) 3 (v2s3) T (LSS )I(22 L)
- m220(F)0(F) 2r(F)0(F
L2 (1532 (1253 FOCASIN2EY)  azd(1s?)F (15) % (20— 7)F(”1‘3)F(”QT‘1)
n1(11—2)220 (2T (2) (r1=2)22T (T (F)
+12zg(ylsl)%(VQSQ)%F(W;)F(W;) n 1222 (1152) F (v253) 2T (U222t
(r1—2)20 (T (2) n1(v1—2)20(F)I(F)
B _1223(V132)%(yzsg)%r(”lj)r(%*l 424 (1162) 3 (52 %F(”lf)l“("?{l)
= m2?T(ZT(Z) 2T (Z
9 3 oLk v —3 vg—1 4 o3 1 u1—3 vo—1
+12za(l/1'91) (v2s3)2D(F5—)0(%%5—)  423(11s7)2 (v2s3) 2 (201 —T)T (FL =)D (F2—
n1(11—2)220 ()T (2) (r1=2)22T ()T (F )

1224 (11 52) % (v253) ¥ (11— 3P (A=2)D( 221
(11 —2)220 ()T (2)

+

from D(XA1) = (A 2)r(a2)

1222 (V151)§(V252)§(y1 3L 2’3)F(V2T*1
n1(11-2)2°T(F)0(F)

+

from D(X1) = (A22)r(Aa-2)
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1222 (152)3 (1253) % (1 — (A2t 4z 4 (1152) % (122) 3 (11— —2)P(A (et
n1(11—2)22C ()T (F) (11 —2)22T ()T (F)

12:2 (1159) 2 (1253 FD(ATITN(UY) 428 (nsd)E (vasd) B (20 - U G I )

+ n1(v1—2)22T ()T (72) (r1=2)22T (T ()

1224 (1152) 3 (v552) % (11 —3)1(L=3) 0222 N 1222 (1152) 3 (v253) 2 (11 —3)D(=2)0(22L
(r1—2)22T (T (2) n1 (11 —2)22T ()0 (Z)

_|_

3 _
1222 (v12) 3 (vas2) 21 (A2 ( 22
2

)
n1(v1i— 2)22F(”1 )FQ(?) 2 [_(Vl — 2) +1+ (1/1 — 3):|

3 1 _ _
4z4<ms%>?<uzsg>?r<”1 3>r(”2 :

— SRR ’[(V1—2)+(2y1—7)—3@1—3)}

Consider the terms that contain (11s2)2 (v,s2)?, therefore

! 1222 (v152) 2 (v253) 3 1 (YL 1>r(“2; %)

1222(1D) 2 (sd) B(UZN(ASE)  4zd(ns)? (vas)* r(azhr(ass)

T V2 1z + 1%
22T ( T (2) 227 (2L )F(%) na(v2—2)220 ()T (F)

1 3 _ _ _
428 (1153) 2 (283) 2 (o —3)T (1T (X211 (22-2)

4zd(ns) 2 (res) F (e -nD(UZHr(2)
- 2T (F)

2 2
(v2=2)22T(F)T(F)

+12z (1/181)1(1/25%)%1"( ~hr(2t) 1224 (s} )2(1/252)21“(”121)1“3(”2 1)+12zg(uls )1(1,233)% (A2l
(r2-2)20 ()L () 2L F) n2(r2=2)20 (5T
4z4(183) % (1) S 073 (2
- 2T (%)

. _12z§(u15%)%(Vgs%)%r(leil)F(ulTis _ 423('/151)%(’/252) N ) (VlTis)
= n22?T(ZOT(2) 22r(=Hr (72)
+12z (1/131)2(1/252)% (4 ) U2_3 . 423(”15%%(”25%)%(2V2_7)F(UlT_1)F(VQT_3)
12 (r2—2)2°T ()T () (r2=2)22T(F)T(F)

1 3 _ —
1224 (1152) 2 (r83) 2T (A )D(22h)

824 (v12) % (vys3) 3 (AL yr3 (221
) 3

+ 22T ()3 (22) * (va—2)20 ()T () : from (v2=3)I(*32) = 2I(*2;)
1222 (1182) 2 (v253) TIP3 (270 ) | 1222 (152) 2 (vasd) 2 D0 T2t

- 2O Z) * na(ra—2)20 (G ()
428 (153) 2 (vas}) I D(AZL)r3 (2]

T 22T ()8 (2)
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L 12:2(nsD) (s IAEHN(ASY) 4si(nsD)D (s B Az
= n22?T(ZOT(Z) 220 (5 )0(F )
+12Z (1,153)%(V2sg)%py(”1;i)r(“27*3) B 424 (1182) % (1252) 3 (20a— 7)r(”1*1)r(”27’3)
n2(12—2)220 ()T (2) (r2=2)2°T ()T ()
1220 s ETCI(RY) | 12:30n50) % () B (PR
(r2—2)20 (2T (2) ng(v2—2)2T ()T (72)
o 1220ns])2 (s IDATHNMASE) 42 (misD) 3 (resd) (AU
= 2221 (2T () 220(5H)r(F)
+12Z3(V15%)1(y252)§1‘( Hr (22— 3 _ 42&(1/15%)%(1125%)%(21/2*7)F(V1771)F(V2773)
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Therefore, the fourth central moment of the marginal posterior distribution of (¢; —

¢2)|y1, Yy, is equal to
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Chapter 3

The One - Way Random Effects Model

In this chapter, the Bayesian simulation method for determining variance components
and tolerance intervals for a one - way random effects model using a non - informative
Jeffreys’ prior distribution will be reviewed. The method was originally proposed by
Wolfinger (1998). In addition to the simulation method proposed by Wolfinger (1998)
for obfaining Bayesian tolerance intervals, an alternative Bayesian simulation method
for obtaining the mentioned Bayesian tolerance intervals will also be discussed. The
method proposed by Wolfinger (1998) and the alternative method will be illustrated

using a process for the manufacturing of medicinal tablets in small batches.

3.1 Introduction

When discussing point estimation for the percentiles of y;; when sampling takes place
from various batches of some material, Fertig and Mahn (1974) provided a motivation
for deriving one - sided tolerance limits for the one - way random effects model given
by

Yij = P+ a; + €5 @G.1.D

146
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where
i1=1,...,b
ji=1,... k

W is a fixed target value,
a; ~ N(0,0%) and
Eig ~ N(O, 0'3)

It however appears that Lemon (1977) was the first fo attempt to formally derive a
lower tolerance limit for the distribution of y;; ~ N(u,02 + ¢2) and thus the random
effects model given in equation (Krishnamoorthy and Mathew, 2009). Mee and
Owen (1983) pointed out that the tolerance limit determined by Lemon (1977) was
quite conservative and proceeded to derive a less conservative tolerance limit using
the Satterthwaite approximation. Avoiding the Satfterthwaite approximation, Vangel
(1992) succeeded in determining a less conservative tolerance limit compared to the
tolerance limit proposed by Mee and Owen (1983). Later on, Krishnamoorthy and
Mathew (2004) derived a lower folerance limit for y;; ~ N(u, 02 + o2). Krishnamoorthy
and Mathew (2004) first defined a generalized pivotal quantity which is a function of
the underlying random variables and the corresponding observed values, and then
determined the lower tolerance limit using the generalized confidence interval idea
(Krishnamoorthy and Mathew, 2009). Chen and Harris (2006) more recently computed

tolerance intervals using a proposed numerical approach.

Mee (1984a) extended the Mee and Owen (1983) approach for determining a one -
sided tolerance limit for the random effects model given in equation[3.1.T]to also arrive
at a two - sided tolerance interval for y;; ~ N(u, 02 + o), also using the Satterthwaite
approximation. Bechman and Tietjen (1989) also derived a two - sided tolerance inter-
val after replacing some unknown parameter by some upper bound (Krishnamoorthy

and Mathew, 2009). Using the generalized confidence interval idea, Liao and lyer
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(2004) and Liao, Lin and lyer (2005) derived approximate two - sided tolerance inter-
vals after deriving two slightly different margin of error statistics. The approximation
used in Lioo, Lin and lyer (2005) seems to be an improvement over the approximation
proposed by Liao and lyer (2004) (Krishnamoorthy and Mathew, 2009). Krishnamoor-
thy and Mathew (2009) also mentioned that even though Lico, Lin and lyer (2005)
succeeded in eventudlly using generalized confidence intervals for a suitable linear
combination of the variance components 2 and o2, the proposed approach is not a
straightforward application of the generalized confidence interval idea, since the two
- sided tolerance interval problem does not reduce to a confidence interval problem

concerning percentiles.

As was mentioned in Chapter 1, an a - expectation tolerance interval is an interval
where « represents the expected coverage of the inferval and is also a prediction
interval for a future observation. Wilks (1941), Paulson (1943) and Guttman (1970) de-
rived such intervals for univariate normal distributions (Krishnamoorthy and Mathew,
2009). Mee (1984qa) derived an « - expectation tolerance interval for the balanced
random effects model in a similar manner as the derivation of the («, §) one - sided tol-
erance interval proposed by Mee and Owen (1983). Like Mee and Owen (1983), Mee
(19840) also used the Satterthwaite approximation for deriving this a - expectation tol-
erance interval (Krishnamoorthy and Mathew, 2009). Lin and Liao (2006) also derived
a - expectation tolerance intervals for a general mixed model with balanced data
which can also be adopted for the random effects model given in equation[3.1.7] For
a general random effects model with balanced data, Lin and Liao (2008) also derived

simultaneous prediction intervals (Krishnamoorthy and Mathew, 2009).

The above authors have considered the derivation of tolerance intervals for the ran-
dom effects model from a frequentist perspective. For the one - way random effects
model given in equation [3.1.T] tolerance intervals can also be determined using the

Bayesian approach.
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3.2 The Bayesian Approach

When prior information is used on a parameter space, the term Bayesian is used to
describe the approach. In the investigation of a stafistical quandary, Bayes’s theorem
can conseqguently improvise the situation through the use of this prior information. If,
however, the use of prior information is rejected (as in the “objectivist” school), then
the term frequentist describes the approach. In this case, probability is interpreted ex-

clusively related to comparative frequencies in major reproduction (Aitchison, 1964).

As argued by Aitchison (1964), the frequentist assertion is an intricate one, with nu-
merous mathematical complexities. According to Aitchison (1964), the associated
frequentist inferpretation concerning tolerance regions is commonly misunderstood.
Bayesian formulations are straightforward and seem more appropriate for use in tol-
erance regions. See Aitchison (1964) for an in - depth comparative discussion on the

two approaches, with an accompanying illustrative example.

As mentioned, contrary to the frequentist method, Bayesian formulation requires the
additional notion of a prior probability density p(f) on the parameter space. The
prior density signifies the user’s prior beliefs (based on experience) or a suitable, ra-
tional form of weighting over the feasible parameters. Aitchison (1964) states that the
Bayesian then bases his subsequent actions exclusively on the posterior distribution

(obtained using the prior density and the likelihood) and the resulting consequences.

The methodology for determining Bayesian tolerance intervals for the one - way ran-
dom effects model has originally been proposed by Wolfinger (1998) using both infor-
mative and non - informative prior distributions. Wolfinger (1998) also provided rela-

tionships with frequentist methodologies.

For the remainder of this chapter, the Bayesian method as proposed by Wolfinger
(1998) for determining tolerance intervals for the one - way random effects model

using a non - informative prior distribution will be discussed. The methodology pro-
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posed by Wolfinger (1998) will be illustrated using an example for the manufacturing of

medical tablets.

3.3 The Variance Component Model

Minimum variance unbiased estimators (MVUE’s) are used to estimate variances when
balanced data is considered. For unbalanced data, however, such estimators do not
exist. Unbalanced data could be a result of spoiled samples, missing data, different
batches having different sampling costs or poorly designed experiments (Chaloner,
1987). A variety of estimators, such as maximum likelihood estimators (MLE’s), min-
imum norm quadratic unbiased estimators (MINQUE’s) and numerous variations to
these methods (see Searle (1979)), have been suggested. These estimators were stud-
ied by Swallow and Monahan (1984), but the Bayesian estimators were not considered

as an alternative until the comparative study by Chaloner (1987).

Chaloner (1987) also reasoned that the Bayesian approach had several advantages
over the classical methods. These advantages include always finding non - negative
estimates for variances, non - empty highest posterior density regions and the entire

posterior probability distribution can be reported at any one time.

The Bayesian method proposed by Wolfinger (1998) for estimating variaonce compo-
nents and tolerance intervals for a one - way random effects model can be illustrated
using the random effects model given in equation[3.T.Tjand represented by

Yig = P+ i + &y
where y;; refers to ji" measurement for the ith batch (i = 1,...,b, j = 1,...,k), the
overall mean is modeled by 1, a; denotfes the random effects factor and finally ¢;; is
the experimental error involved in the process. The random effects parameter and the

error component both follow normal distributions with means equal to 0 and variances

o2 and o2 respectively.



CHAPTER 3. THE ONE - WAY RANDOM EFFECTS MODEL 1561

3.4 The Prior Distribution

In Chapter 1 it was mentioned that the choice of a prior distribution is a controver-
sial and much criticized step in any Bayesian analysis, since the prior distribution p(0)
is specified by the analyst. For the one - way random effects model given in equa-
tion 3.1.1], it was therefore decided to follow Wolfinger (1998) and also use the non -

informative Jeffreys’ reference prior given by

p(p,02,02) < 0-%(0? + ko?)™* Q4.1

a’ e

This non - informative prior distribution is constructed to be invariant o reparameteri-
zation of the variance components (Wolfinger, 1998). More general discussions on non
- informative prior distributions for the one - way random effects model can be found

in Box and Tiao (1973) and Chaloner (1987).

3.5 The Posterior Distribution

Using Bayes’s theorem, the posterior distribution of the unknown parameters is ob-
tained by multiplying the likelihood function with the prior distribution given in equation
[3.4.1] For the balanced one - way random effects model given in equation 3.1.1] the
likelihood function of the unknown parameters, i, 02, 02 and a; (i = 1,...,b) is given by

N 1 L
L(, 07,02, aily) o (;) ’ ew{—f‘zzzm —p— ai)z}
=1

3

1\ 1 <
X(;) exp{—rﬂZa?}. 3.5.1

After multiplying the likelihood function with the prior distribution, the joint posterior

distribution of the unknown parameters i, 02, 02 and a; is given by
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N RN
plp, 0%, 02, aily) o (;) exp{—T‘ZZZ(yw — = a;)?

1yzb 1 _ -
X (0—2) exp{—za2 Za?}ae (0?2 + ko2t (352

@ i=1

To obtain the posterior distribution of 1, o2 and o2, equation [3.5.2] is integrated with

respect to q;. In other words,

oo

p(p, o2, 02ly) =/ p(p, 02,02, a:]y)da

o ]

where

/

a':|:a1 as ... ab]-

After integrating equation [3.5.2) with respect to a and completing the square, the joint

posterior distribution of 1, o2 and o2 is given by
— (1 +2) —2(v2+3)
pla.ototly) o (02) (o2 ko) T

- 2
> €.Tp{—% |:bk<y ,LL) + VoM + V1m1:| } (353)

02 + ko? 0?2 + ko? o?
where
o2 >0
o2 >0
V= b(k? — 1),
Vo = b— 1,
bk

vimy = Y,y (yi; — 7;)*, and

i=1j=1

b
vamy = kY (Y, —7.)
i=1
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wherey = Z Y agndy = Z Z % Also, vym; represents the observed sum of squares
i=1j=
within bo’rches (SSE), while vramqy represents the observed sum of squares between

batches (SSA).

From the joint posterior distriobution given in equation and the joint posterior dis-
tribution given in equation [3.5.3] the following conditional posterior distributions of the

unknown parameters can also be obtained.

Theorem 3.5.1

For the balanced random effects model given in equation [8.1.T], the conditional pos-

terior distribution of u, given the variance components, is normal with mean

E(M‘Uga ‘7527 y) =Y.

and variance

Var(ulo?,02,y) = 4 (02 + ka?) .

Therefore

1
p(plol, o2, y) ~ N(y ,bk(a + ko )) (3.5.4)

Theorem 3.5.2

The joint posterior distribution of the variance components for the balanced random

effects model given in equation[3.1.7] is given by

—1(1+2) —1(n+2) 1 Vo vm
2) 2 2 2) 2 4 2102 1M1
plod.otly) ~ (o2) (o2 + ko) xe:cp{ 2{ + 2 H (35.5)

2 2
0?2+ ko? 2

where ¢2 > 0,02 > 0.
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Theorem 3.5.3

Given the variance components, the posterior distribution of the random effects a;

(i = 1,...,b) for the balanced random effects model given in equation 3.1.7], is given

by
ko? o202 ko?
2 2 a — — e”a 2 a .
plailog, 02, y) ~ N([m} . —7.), o2 + ko? [Us + 5 D fori=1,...,0b.

3.5.6)

The proves of Theorems 3.5.1 - 3.5.3 have been derived previously. For more detaqils per-
taining these mathematical expressions, see Box and Tiao (1973) and Searle, Casella

and McCullough (1992).

3.6 Bayesian Simulation

It was mentioned in Chapter 2, that for the balanced univariate normal model, the
unconditional posterior distributions of the unknown parameters can be obtained an-
alytically, since the derivations were not that complex . Wolfinger (1998) mentioned
however that for the balanced one - way random effects model, the analytical deriva-
tions of unconditional posterior densities for the unknown parameters pu, o2, o2, a;

(i = 1,...,b) and posterior densities of quantiles in order fo constfruct tolerance lim-

its, appear to be formidable.

It was therefore decided to follow Wolfinger (1998) and also use a straightforward,
flexible and economical Bayesian simulation method to obtain these unconditional
posterior densities and to consfruct approximate tolerance intervals of varying types.
The Bayesian method proposed for the balanced one - way random effects model
given in equation 3.1.7] will now be illustrated using the following simulated data set

pertaining to the manufacturing of pills (medicinal tablets).
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The simulated data in Table 3.1 represents the amount of milligrams of active drug per
manufactured tablet from a factory manufacturing tablets in very small batches. A
small batch in this instance is likely to represent a weekly or monthly intake of tablets
for an individual patient. The data are assumed to arise from a normal distribution
with unknown parameters, but it has more structure than a simple random sample,
because it is clustered in fifteen bafches and each batch contains ten tablets. A
lower specification limit s = 150.30 mg is specified for the medicinal tablets data given

in Table 3.1.

Table 3.1: Amount of Active Drug per Tablet Measured in Milligrams.

Batch Measurements
1 150.52 | 150.39 | 150.31 | 150.49 | 150.47 | 150.67 | 150.17 | 150.45 | 150.42 | 150.37
2 150.35 | 150.47 | 150.72 | 150.56 | 150.53 | 150.62 | 150.60 | 150.52 | 150.51 | 150.63
3 150.48 | 150.79 | 150.63 | 150.46 | 150.71 | 150.67 | 150.70 | 150.48 | 150.48 | 150.58
4 150.41 | 150.45 | 150.40 | 150.33 | 150.24 | 150.39 | 150.28 | 150.36 | 150.27 | 150.33
) 150.58 | 150.54 | 150.30 | 150.54 | 150.50 | 150.32 | 150.58 | 150.46 | 150.41 | 150.49
6 150.49 | 150.83 | 150.66 | 150.63 | 150.72 | 150.79 | 150.64 | 150.62 | 150.71 | 150.73
7 150.33 | 150.44 | 150.48 | 150.34 | 150.50 | 150.42 | 150.37 | 150.54 | 150.39 | 150.52
8 150.39 | 150.52 | 150.35 | 150.52 | 150.47 | 150.54 | 150.51 | 150.37 | 150.54 | 150.53
9 150.64 | 150.78 | 150.51 | 150.69 | 150.51 | 150.47 | 150.60 | 150.50 | 150.69 | 150.72
10 150.61 | 150.49 | 150.60 | 150.50 | 150.68 | 150.56 | 150.59 | 150.73 | 150.62 | 150.62
11 150.48 | 150.25 | 150.49 | 150.43 | 150.40 | 150.44 | 150.31 | 150.36 | 150.30 | 150.40
12 150.35 | 150.41 | 150.36 | 150.39 | 150.34 | 150.37 | 150.51 | 150.32 | 150.25 | 150.32
13 150.54 | 150.67 | 150.57 | 150.45 | 150.57 | 150.48 | 150.39 | 150.38 | 150.67 | 150.42
14 150.41 | 150.54 | 150.57 | 150.73 | 150.47 | 150.72 | 150.72 | 150.49 | 150.66 | 150.58
15 150.60 | 150.45 | 150.66 | 150.72 | 150.45 | 150.51 | 150.69 | 150.62 | 150.55 | 150.45

The selected lower specification limit s = 150.30 mg can for example indicate the min-
imum amount of active ingredient that has to be taken per dose to render the medi-

cation effective. The data and above limit are selected solely for illustrative purposes.
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In practice, fixed - in - advance limits are often determined fromn medical or regulatory
considerations. See for example Wolfinger (1998). Based on the data, the quantities
needed for the simulation procedure areb=15,k=10,v1 =bk—1) =135, 1, =b—1=

14,5 = 150.5076, vymy = Z Z (yij —7.)% = 1.26552 and vymy = kZ( 7 )% = 1.469816.
i=1j5= =1

Similar to what was illustrated in Chapter 2, Markov chain Monte Carlo (MCMC) simu-
lation will also be used to obtain random samples from the joint posterior distribution of
the unknown model parameters using a computer random number generator. These
simulated samples will represent samples from the conditional posterior distribution of
the unknown parameter p, i.e. p(ulo?, o2, y), the joint posterior distribution of the un-
known variance components o2 and o2, i.e. p(o2,02|y) and the conditional posterior

distribution of the random effects parameter a; (i = 1,...,b),i.e. p(a;|o2, 02, y).

Estimated marginal posterior distributions for the unknown parameters o2, 02, 1 and a;

are simulated as follows:
a.)  Simulation of 02 and o2

For the balanced one - way random effects model under the Jeffreys’ non - informative
prior given in equation Wolfinger (1998) mentioned that p(o2, 02|y) can be written
directly as the product of two inverted gamma distributions given by

o? @, %ZZ(W ~7.)°

b

Wi —7.)?

b—1

k
I
a—i—ka — ,2j xIG

plol, ofly) x IG

where b refers to the number of batches, k£ denotes the number of observations con-
tained within each batch, 7; represents the average of the i** batch and 3 refers to
the overall mean of the entire sample. Wolfinger (1998) therefore mentioned that one
independently draws (o2 + ko2) and o2 from the inverted gamma densities fo sample

from p(o2,02y). Therefore, X4 follows a chi - squore distribution with 11 = b(k — 1)

degrees of freedom, i.e. 4+ ~ x2 where vym; = Z Z (yi; — U )*
€ 1=15=
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From this it follows that the unknown variance component o2 can easily be simulated

using the x2 ' distribution by obtaining

2 vimi
5.
€ Xy

To simulate (a? + /mg) we also know that 0317232 follows a chi - square distribution with

vy = b — 1 degrees of freedom. It is therefore known that

voma ., 42
o2+ko? XVQ

b
where vomy = kY (7, — 7 )%
=1

A simulated value of (o2 + ko2) can therefore be obtained from the relationship

(02 + ka?) ~ ”;222 :

To obtain o2, one therefore has to calculate

2 (02+k02)—02
O-a — £ ka £ .

To ensure that only positive values for the variance components are obtained, the

simulated variance components are kept only if

2 2y 2
o2 = Ztho)=os ¢, o,

in other words, if

0%y = (a? + kaﬁ) > ag .

Repeat the process for example ¢ = 10000 times, retain only the positive pairs of vari-
ance components, and draw histograms of o2 and ¢2. The histograms will represent

the estimated marginal posterior distributions p(o2|y) and p(a2|y).

For the data given in Table 3.1, the histograms of the estimated marginal posterior dis-
tributions of the unknown variance components i.e. p(o2|y) and p(o?|y) are depicted

in Figures 3.6.1 and 3.6.2 respectively.

Vi
x2, = 3 22 where z; ~ N(0,1)
=1
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Figure 3.6.1: Histogram of the Estimated Marginal Posterior Distribution of o2 for the
Data Given in Table 3.1.
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From Figure 3.6.1 it can be seen that the histogram of the estimated marginal poste-
rior distribution of the batch variance component o2 is relatively skew due to the low
number of degrees of freedom v, = 15 — 1 = 14 associated with o2, The 95% equal
tail credibility interval of o2 can also be determined by ranking the retained simulated
values for 2 and obtaining the 2.5"* and 97.5t" percentiles of the ranked simulated val-
ues. For the data given in Table 3.1, the 95% equal tail credibility interval of the batch

variance component o2 is given by [0.0046 , 0.0249)].

It can be seen from Figure 3.6.2 that the histogram of the estimated marginal posterior
distribution of the residual varionce component for the medicinal tablets data given
in Table 3.1 is fairly symmetrical. This is due to the high number of degrees of freedom
associated with ¢2. Remember that for the medicinal tablets data given in Table 3.1,
there were 15 batches with observations from 10 tablets per batch. The number of
degrees of freedom v, is therefore equal to v; = 15(10 — 1) = 135. The 95% equal tail

credibility intferval is determined in the same way as for the batch variance compo-
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Figure 3.6.2: Histogram of the Estimated Marginal Posterior Distribution of the Residual
Variance Component o2 for the Data Given in Table 3.1.
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nent and is equal to [0.0075, 0.0121].
b.) Simulation of the target value n

By substituting each of the simulated and retained pairs of variance components, i.e.
02 and ¢2 info equation [3.5.4) and then drawing a value x from the normal distribu-
fion given in equation [3.5.4] values of the target value n can be simulated. There will
therefore be one simulated value p for each pair of retained simulated variance com-
ponents. The resulting set of simulated . values can then be displayed in a histogram.
This histogram will represent the estimated marginal posterior distribution of the target

value p.

The estimated marginal posterior distribution of x can also be determined using the
Rao Blackwell method described in section 2.5. For each pair of simulated variance
components, the normal distribution given in equation 3.5.4 is therefore drawn. As

mentioned, this process is repeated for example ¢ times, i.e. once for each pair of
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Figure 3.6.3: Histogram of - and Estimated Marginal Posterior Distribution of the Target
Value p for the Medicinal Tablets Data Given in Table 3.1.
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simulated retained variance components. The average distribution of these ¢ normal

distributions will then represent the estimated unconditional posterior distribution of u,

Le. p(uly).

For the medicinal tablets data given in Table 3.1, the histogram of the estimated
marginal posterior distribution of the target value p is illustrated in Figure 3.6.3. Also
depicted in Figure 3.6.3 is the estimated marginal posterior distribution of ;. obtained
using the Rao Blackwell method described in section 2.5. This estimated marginal pos-

terior distribution p(u|y) is represented by the solid line.

The 95% equal tail credibility interval for the estimated marginal posterior distribution
of the fixed target value p is [150.4516, 150.5640] for the medicinal tablets data given
in Table 3.1. This 95% credibility interval is also obtained by finding the 2.5* and 97.5t"

percentiles of the ranked simulated . values.
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c.) Simulation of the random (batch) effects a; (i = 1,...,b)

161

To obtain the posterior distribution of a; (i = 1,...,b) given the variance components

oc2ando?,a; (i = 1,...,b) values can be simulated from the normal distribution given in

equation[3.5.4, Equation[3.5.§ can also easily be rewritten as follows: Wolfinger (1998)

and others have shown that the conditional posterior density of a; (conditional on p,

o2, 02 and the data) follows a normal distribution with

2

E<az‘|027037ﬂay): [%} @l—,u) (221,,[))

and
2 2 .
Var (a;log, 02, 1,y) = 73 (i=1,....b).

It is also known from equation [3.5.4 that

p(lo, 0%, y) ~ N (7., i (02 + ko?)).

It therefore follows that

E(aiyggage??y) - [Uglf]:og] (@Z - @) (Z — 1, ey b)

andfori=1,...,b

Var(a;lo?,02,y) = E, [Var(aﬂag,af,,u,y)} + Var, [E(ai\og,ag,,u,yﬂ

oot [_ko? 17 (o2+kod)
o2+ko? o2+ko? bk

_ ool kD (i
" o2+ko? b o2+ko?
__oa 2y kod

= Ttho? [Ua + 3

Fori=1,...,b, the posterior distribution of a; is therefore given by

ko? o? ko?
p(aiyo—gaagvy) ~ N<|i—a‘| (gz _y..)7 s |:Ug + ba:|> .

2 2 2 2
02+ ko? 02+ ko?

3.6.1)
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Figure 3.6.4: Estimated Marginal Posterior Distributions p(a;|y) (i = 1,...,15) of the
Random (Batch) Effects for the Medicinal Tablets Data Given in Table 3.1.

12

The estimated marginal posterior distributions of the random (batch) effects p(a;|y)

(i =1,...,b) can then be simulated using equation [3.6.T] as follows:

i) For each of the Zpairs of retained, simulated variance components o2 and

o2, draw the conditional posterior normal distrioutions given in equation

B.6.1

ii.) Using the Rao Blackwell argument described in section 2.5, the estimated
marginal posterior distributions of the random effects a; (¢ = 1,...,b), i.e.
plaily) are then obtained as the average distributions of the ¢ conditional

posterior distributions.

For the medicinal tablets data given in Table 3.1, the estimated marginal posterior
distributions of the random effects parameters a; i = 1,...,15) are depicted in Figure

3.64.
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3.7 Tolerance Intervals

As was mentioned in Chapters 1 and 2, tolerance intervals address the statistical probo-
lem of inference about the quantiles of a probability distribution assumed to ade-

quately describe a process (Wolfinger, 1998).

There is a profound record of more that 70 years in consfructing tolerance intervals
( see for example Wilks (1941) and Wald (1942)). In - depth reviews are available by
Guttman (1970), Zacks (1971), Miller (1989) and Hahn and Meeker (1991). Even though
significant progress has been made on studies concerning tolerance intervals, most
of the previous work cannot be applied directly to the medicinal tablets data given
in Table 3.1, since the medicinal tablets data display variability between and within
batches of manufactured tablets (Wolfinger, 1998). The random effects model given
in equation will therefore also be used to estimate the three commonly used

tolerance intervals proposed by Wolfinger (1998) and described in detail in Chapter 1.

The three initial questions posed by Wolfinger (1998) and given in Chapter 1 are an-
swered by these three types of tolerance intervals respectively. Cases that entail long
- run prediction classically make use of («,d) tolerance intervals, where inference is
made on the genuine quantiles of the assumed principal distribution. Given a sam-
ple of measurements, manufacturers are able to apply the («,d) tolerance interval
method to forecast future performance of produced products. Taking « = 0.90 and
d = 0.95 for the medicinal fablets data, a lower («, §) tolerance limit called the Bayesian
"B - basis” interval, is obtained (Wolfinger, 1998). Wolfinger (1998) also stated that this
interval of interest can classically be interpreted as a lower 95% confidence limit on

the tenth percentile of the population of medicinal fablet measurements.

In comparison, a - expectation tolerance intervals have a fendency to be more con-
stricted, since these intervals focus on prediction of future observations. As an exam-

ple, Wolfinger (1998) explains that an aircraft manufacturer would be able to construct
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a 0.95 - expectation interval for the next component used by analyzing measurements

made on previous components.

Setting predetermined bounds and regarding the content therein, inverts the predic-
tion problem. These intervals refer to the fixed - in - advance tolerance intervals men-
tfioned and can be applied in the evaluation of the amount of active ingredient in

manufactured medicinal tablefts.

3.7.1 One - Sided («, d) Tolerance Intervals

A lower (a, ) one - sided tolerance limit is a limit such that 100(«a)% of a population of
an underlying random variable is greater than the lower (a, d) one - sided tolerance
limit with 100(0)% confidence (Jandrell and van der Merwe, 2007). As mentioned, a
therefore represents the content (the proportion to be contained by the interval) and

0 represents the confidence (reliability of the interval).

According to Wolfinger (1998), the lower (a, §) one - sided ftolerance limit for the ran-
dom effects model given in equation represents the (1 — 6)*" sample quantile ob-
tained from the marginal posterior distribution of the (1—a'*) quantile ¢ of a N (u, o2 +02)

distribution (i.e. a quantile of a quantile), where ¢ is given by

g =p— 2402 +02)z (3.7.1)

and z, denotes the ot quantile of the standard normal distribution.

Therefore, in order to construct the lower one - sided («, §) tolerance limit for the bal-
anced random effects model given in equation [3.1.1] the marginal posterior distribu-
tion of ¢, which represents the (1 — «)** quantile of the N(u,0? + 02) distrioution, must
be estimated. Two methods, both utilizihg Bayesian simulation, can be used to obtain
the mentioned marginal posterior density of ¢q. Method 1 was proposed by Wolfinger

(1998).
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Method 1

i) Simulate a pair of variance components (o2, 02) subject to the condition

that (02 + ko2) > o2 using the Bayesian simulation method described in sec-

tion 3.6.

ii.) If the condition stated in i.) is met, substitute the simulated pair of variance

components into equation and simulate p using equation[3.5.4]

i) Use the simulated variance components o2 and o2, as well as the simulated
target value u, and calculate ¢ = p — z4(02 + 02)2 where z, represents the

ot quantile of a standard normal distribution.

iV.) Repeat steps i.) - iii.) for example ¢ = 10000 times and draw the histogram of
the simulated ¢ values. This histogram will represent the estimated marginal

posterior density of ¢, i.e. p(qly).

To illustrate the use of method 1, the lower (a = 0.90,6 = 0.95) one - sided tolerance
limit was determined for the medicinal tablets data given in Table 3.1, with z59 = 1.282.
This resulting histogram representing the estimated marginal posterior distribution of the

(1 —0.9)" quantile of the N(u,o? + ¢2) distribution is depicted in Figure 3.7.1.

According to Wolfinger (1998) the histogram illustrated in Figure 3.7.1 portrays data on
the amount of active ingredient present in medicinal tablets manufactured in future
batches. The Bayesian, "B - basis”, lower (« = 0.90,5 = 0.95) one - sided tolerance
limit equal to 150.2588 mg is indicated by the vertical reference line and marks the 5"
percentile of the estimated marginal posterior distribution of ¢. Using method 1, this
Bayesian, "B - basis” lower tolerance limit which is equal to 150.2588 mg represents the
value of which 90% of unknown future amounts of active ingredient will be greater

than with probability 0.95.



CHAPTER 3. THE ONE - WAY RANDOM EFFECTS MODEL 166

Figure 3.7.1: Histogram of the Estimated Marginal Posterior Distribution of the
(1 —0.9)"" Quantile of N(u, o2 + ¢2) for the Medicinal Tablets Data Given in Table 3.1.
Obtained using Method 1 as Proposed by Wolfinger (1998).
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Method 2

Since it is known that

Myggaggay ~ N (@ s O—E—

it follows that

1 2 k 2
glo?, o2y ~ N (@._ — 2 (02 +0%)7 ”—”> (3.7.2)
where z, represents the o' quantile of a standard normal distribution.

The estimated marginal posterior density of ¢, i.e. p(q|y) can therefore be simulated as

follows:

i) Simulate a pair of variance components (o2, 02) using the Bayesian simula-

a’ e

tion method described in section 3.6 and check that the condition (o2 +

ko?) > o is being met,
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ii.) If the condition stated in i.) is met, substitute the simulated pair of variance
components info equation and simulate a value ¢ from this normal

distribution.

i) Repeat stepsi.) and ii.) for example ¢ = 10000 times and draw the histogram

representing the estimated marginal posterior distribution of ¢.

As an alternative to simulating ¢ from equation mentioned in step ii.), the normal
distribution given in equation 3.7.2] can also be drawn after substitution of the sim-
ulated variaonce components. Step i.) and the alternative to step ii.) can also be
repeated for example ¢ = 10000 times. Using the Rao Blackwell argument described in
section 2.5, the estimated marginal posterior distribution of ¢ can then be determined

by averaging the ¢ conditionall posterior distributions of ¢ given in equation m

Using method 2, the lower (a = 0.90,6 = 0.95) one - sided tolerance limit was deter-
mined for the medicinal tablets data given in Table 3.1. Figure 3.7.2 represents the
histogram of the estimated marginal posterior distribution of ¢, the (1 — 0.9)** quantile
of the N(u, 0% + ¢2) distribution, while the estimated marginal posterior distribution of ¢,

i.e. p(qly) obtained using the alternative to step ii.), is depicted in Figure 3.7.3.

Similar to Figure 3.7.1, the histogram and estimated marginal posterior distribution dis-
played in Figures 3.7.2 and 3.7.3 respectively also represent data on the amount of
active ingredient present in medicinal tablets manufactured in future batches. Using
method 2, the Bayesian "B - basis” lower (a = 0.90,§ = 0.95) one - sided tolerance limit is
equal to 150.2583 mg. This lower (a = 0.90, 6 = 0.95) one - sided tolerance limit also rep-
resents the 5t percentile of the estimated marginal posterior distribution of ¢, and, is
indicated by the vertical reference line depicted in Figure 3.7.2. The Bayesian "B - ba-
sis” lower (a« = 0.90,6 = 0.95) one - sided folerance limit obtained using method 2, is for
all practical purposes the same as the lower (a = 0.90,6 = 0.95) one - sided tolerance
limit obtained using method 1 as proposed by Wolfinger (1998). The interpretation is

also the same.
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Figure 3.7.2: Histogram of the Estimated Marginal Posterior Distribution of the
(1 —0.9)"" Quantile of N(u, o2 + ¢2) for the Medicinal Tablets Data Given in Table 3.1.
Obtained using Method 2.
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Although not given here, the upper («, ) one - sided folerance interval can also be
determined easily for the balanced one - way random effects model given in equation

[B.T.1] This is done by replacing equation[3.7.1 with

S

¢=p+z (02 +07)

for method 1, and replacing equation [3.7.2) with

1
diot oty ~ N (3.4 202 4 02)

02 + ko2
bk

for method 2. Both methods 1T and 2 are then applied in the same way as already
discussed. It must be noted also that the interpretation for the upper («, §) one - sided
tolerance limit is slightly different. In this case, the upper («,d) one - sided tolerance
limit will represent the value of which 100(«)% of unknown future measurements will be

less than with probability 4.
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Figure 3.7.3: Estimated Marginal Posterior Distribution of the (1 — 0.9)"* Quantile of
N(p, 02 + o2) for the Medicinal Tablets Data Given in Table 3.1. Obtained using the
Alternative to Step ii.) of Method 2.
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3.7.2 Two - Sided (a, §) Tolerance Interval

Similar to the univariate normal model discussed in Chapter 2, two - sided («, ) tol-
erance intervals can also be constructed for the balanced one - way random ef-
fects model given in equation 3.T.T] Wolfinger (1998), as well as Krishnamoorthy and
Mathew (2009), mentioned that the Bayesian approach for the computation of these
two - sided (a, §) tolerance intervals is not that straightforward, but can numerically be

obtained by performing Bayesian simulation.

For the construction of these two - sided («,d) tolerance intervals, Wolfinger (1998)

suggested to still begin by computing the two quantiles ¢, and ¢,, given by
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1
1. e = p — 2150 (02 +07)*, and

N

2. QU:M+ZHT°‘ (0-52_’_02)

where Z1ta represents the (1£2)" quantile of a standard normal distribution. These
(qe, q) Pairs form a sample from the bivariate posterior distribution of the [@rh and
[@} " quantiles (Wolfinger, 1998). According to Lee (1997), the Bayesian confidence
regions for these bivariate samples usually tfake the form of highest posterior density re-
gions, which according to Wolfinger (1998), are difficult to use in practice, since these
regions are typically two - dimensional ellipsoids. Wolfinger (1998) also mentioned that
the simple procedure of computing upper and lower limits separately on then just
combining them is not valid, since the two quantiles do not have a posterior correla-

tion equal to 1.

Wolfinger (1998) therefore suggested that a valid two - sided («a, §) tolerance interval

be consfructed as follows:

i) Simulate the variance components o2 and o2 using the Bayesian simulation
method explained in section 3.6, subject to the condition that (o2 + ko?2) >

2
oz

ii.) If the condition stated in i.) is met, substitute the simulated retained pair of
variance components into equation [3.5.4to simulate a value for the farget

value pu.

iii.) Using the retained simulated pair of variance components and the target

1 1
value p, simulate values for ¢y = p—z1ta (02 + 02)2 and g, = p+z1a (02 +02)2.
2 2

iV.) Repeat steps i.) toiii.) for example ¢ = 10000 fimes and plot a scatterplot of

the ¢, and ¢, simulated values with ¢, plofted on the vertical axis.

V.) For the simulated ¢, and ¢, values, construct a reference line given by ¢, =

—qu + 2y and draw the reference line on the scatterplof. Two additional
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Figure 3.7.4: Constructing a Two - Sided (0.90, 0.95) Tolerance Interval for the
Medicinal Tablets Data Given in Table 3.1.
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lines also have to be drawn, one parallel to each axis and intersecting on

the reference line.

vi.) Slide the intersection point along the reference line until 100(1 — §)% of the
(qe, q) PQirs are contained in the half rectangle opening towards the lower
right portfion of the graph. The coordinates of the resulting intersection point

then form a two - sided («, §) tolerance interval of the desired form.

In Figure 3.7.4, this procedure as proposed by Wolfinger (1998) is graphically illustrated
for a two - sided (a = 0.90,6 = 0.95) tolerance inferval, determined for the medicinal

tablets data given in Table 3.1, where 214090 used for determining the ¢, and ¢, values,

was equal to 1.645.

For the medicinal tablets data given in Table 3.1, the two - sided (« = 0.90,6 = 0.95) tol-

erance interval can be interpreted as follows: If medicinal tablets are manufactured,
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90% of the amount of active ingredient present in the manufactured medicinal tablets

will have a weight between 150.2404 mg and 150.7743 mg with probability 0.95.

The one - and two - sided («, d) tolerance intervals covered thus far, apply to obser-
vations from new batches only. Alithough not covered here, Wolfinger (1998) also indi-
cated that if inference is required from the " (i = 1,...,b) batch, . can be replaced
with u + a; as the normal mean when computing quantiles. Similarly, Wolfinger (1998)
suggested that o2 + o2 should be replaced with either o2 or o2 if inference is required
for hypothetical measurements involving just either the between - or within batch vari-

ance.

3.7.3 « - Expectation Tolerance Interval

It was mentioned in Chapter 2, that according to Wolfinger (1998), « - expectation
tolerance intervals focus on the prediction of one or a few future observations from
a process. Krishnamoorthy and Mathew (2009) therefore also call these « - expec-
tation tolerance intervals prediction intervals of future observations, and, mentioned
that these intervals are intervals such that their average content is a. Since these «a
- expectation tolerance intervals focus on prediction of one or a few future observa-
tions from a process, Wolfinger (1998) indicated that these intervals will be narrower

than corresponding («, §) tolerance infervals.

To construct an « - expectation tolerance interval for the balanced one - way random
effects model given in equation [3.1.7], Wolfinger (1998) suggested that simulations be
conducted from an appropriate predictive distribution p(y¢|y) where y; represents a

future observation from a new or unknown batch.

Two methods, both utilizihng Bayesian simulation, can be used to construct these « -

expectation tolerance intervals. Method 1 was proposed by Wolfinger (1998).
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Method 1

i) Simulate a pair of variance components (o2, 02) subject to the condition

that (02 + ko2) > o2 using the Bayesian simulation method described in sec-

tion 3.6.

ii.) If the condition stated in i.) is met, substitute the simulated retained pair of
variance components into the normal distribution given in equation

and simulate a value p from this normal distribution.

i) Substitute the simulated variance components o2 and o2, as well as the sim-
ulated value for p info the conditional posterior of yf|,u,crg,ag, which ac-
cording to Wolfinger (1998), is given by y¢|u, 02,02 ~ N(u,02 + 02). Simulate
a future observation from a new or unknown batch y; from this normal dis-

tribution.

iV.) Repeat steps i.) toiii.) for example ¢ = 10000 times and draw a histogram of
the simulated y values. This histogram represents an estimate of the uncon-

difional predictive distriobution p(y¢|y).

Using method 1 as proposed by Wolfinger (1998), the histogram of the estimated
unconditional predictive distribution was determined for the medicinal tablets data
given in Table 3.1 and is provided in Figure 3.7.5. Wolfinger (1998) used a smoothing
procedure to obtain the smooth curve also depicted in Figure 3.7.5. The two verti-
cal reference lines indicate the 2.5 and 97.5" percentiles which also represents the

estimated Bayesian a = 0.95 - expectation tolerance interval.

This 95% equal tail credibility interval representing the o = 0.95 - expectation tolerance
interval for the medicinal tablets data given in Table 3.1, is equal to [150.2179, 150.7993]
and can easily be determined by ranking the simulated y¢ values in order of magni-

tude and then finding the 2.5"* and 97.5!" percentiles of the ranked simulated ys values.
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Figure 3.7.5: Histogram and Smooth Curve of the Estimated Unconditional Predictive
Distribution for the Medicinal Tablets Data Given in Table 3.1. Obtained using Method
1.

12

S

10} 7[7‘ K 1

o

o 1
149.8 150 150.2 150.4 150.6 150.8 151 151.2 151.4

0.95 - Expectation Tolerance Interval: [150.2179, 150.7993]

Method 2

It was mentioned earlier that in order to obtain the « - expectation tolerance interval,
the predictive density of a future observation fromm a new or unknown batch needs to

be deftermined.

According to Wolfinger (1998), the conditional predictive density is given by
yrlp, 02,05 ~ N(p, 02 +07) .

It was also given in equation [3.5.4] that the conditional posterior distribution of the tar-

get value p is given by

2412
plo?, o2,y ~ N(j_, =iy |
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Now

E(yslp, ai,07,02) = i+ a;
and

Var(ys|u,a;,02,0%) = o2
Since

it follows that

E(yslp,07,02) = p+ E(a;) = p
and

2 | _ 2 2
W, a;,02,02)| =02+ o5

Var(yslu, o3, 02) = E,, Va?“(yfz-m?ai,af,aﬁ)} + Var,, [E(yfi
Also,

E(yslol,02,y) = E(ulo?,02,y) = 7.
and
Var(yslod.o2.) = B | Varluglu.o2,02) | + Var, | el o2, 02
(o2 thod)

=0+ o2 +

Therefore, the conditional predictive density of y, is given by

MﬁﬁwNN@ﬂﬁ+ﬁ+@ﬁf@> (3.7.3)

To simulate the estimated unconditional predictive distribution p(y¢|y). and, hence de-

termine the a - expectation tolerance interval, the following steps should be followed.
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Figure 3.7.6: Estimated Unconditional Predictive Distribution p(y|y) for the Medicinal

ii.)

ii.)

Tablets Data Given in Table 3.1. Obtained using Method 2.
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0.95 - Expectation Tolerance Interval: [150.2174 , 150.7962]

Simulate a pair of variance components (02, 02) subject to the condition

that (02 + ko2) > o2 using the Bayesian simulation procedure discussed in

section 3.6.

If the condition stated in i.) is met, substitute the simulated retained pair
of variance components o2 and o2, as well as the sample mean 7 into

equation[3.7.3] simulate a value y;, and draw the normail distribution.,

Repeat steps i.) and ii.) for example ¢ = 10000 times and obtain the aver-
age density curve using the Rao Blackwell argument described in section
2.5. This average density curve represents an estimate of the unconditional

predictive distribution p(y¢|y).

The estimated unconditional predictive distribution was determined for the medicinal

tablets data given in Table 3.1 using method 2, and is depicted in Figure 3.7.6.



CHAPTER 3. THE ONE - WAY RANDOM EFFECTS MODEL 177

From both Figures 3.7.5 and 3.7.6 it can be seen that methods 1 and 2 are equivalent
methods for estimating the unconditional predictive distribution p(ys | y). since the two
figures are for all practical purposes the same. The 95% equal tail credibility interval was
also obtained for the estimated unconditional predictive density given in Figure 3.7.6.
The two vertical reference lines depicted in Figure 3.7.6 represents the 2.5t" and 97.5"
percentiles or mentioned 95% equal tail credibility interval. This 95% equal tail credibility
interval is in fact the a = 0.95 - expectation tolerance interval and is obtained in a
similar way as the a = 0.95 - expectation tolerance interval obtained using method
1. Using method 2, the a = 0.95 - expectation tolerance interval was determined
for the medicinal tablets data given in Table 3.1, and is equal to [150.2174, 150.7962].
This estimated o = 0.95 - expectation tolerance interval is for all practical purposes the
same as the interval estimated using method 1, and, can be interpreted as follows: The
process manufacturing the small batches of medicinal tablets will be in control if 95%
or more future medicinal fablets manufactured have an amount of active ingredient

weighing between 150.2174 mg and 150.7962 mg.

Since Wolfinger (1998) mentioned that the a = 0.95 - expectation tolerance interval
focus on prediction of one or a few future observations from a process, and as a result,
tfend to be narrower than the corresponding («, §) tolerance intervals, the (o = 0.95, =
0.95) two - sided tolerance interval, (o = 0.95,§ = 0.95) one - sided lower tolerance limit
and the lower one - sided a = 0.95 - expectation tolerance limit were determined
for the medicinal tablets data given in Table 3.1. These results are for comparative

purposes given in Table 3.2.

Table 3.2: Comparative Results Between (0.95,0.95) Tolerance Intervals and 0.95 -
Expectation Tolerance Intervals for the Medicinal Tablets Data Given in Table 3.1.

(v =10.95,6 = 0.95) a=0.95
Tolerance Intervals | Expectation Tolerance Intervals
Two Sided 150.1873 — 150.8291 150.2174 — 150.7962
One - Sided (Lower limit) 150.2585 150.2670
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From Table 3.2 it is clear that the one - sided lower o = 0.95 - expectation tolerance
limit is larger than the corresponding one - sided (o« = 0.95,6 = 0.95) lower tolerance
limit. It can also be seen that the two - sided a = 0.95 - expectation tolerance interval
is narrower than the corresponding (a = 0.95,0 = 0.95) fwo - sided folerance interval.
It is therefore evident that « - expectation tolerance intervals are narrower than the

corresponding («, §) tolerance intervals.

Although not given here, Wolfinger (1998) also indicated that similar to the (a, d) toler-
ance intervals, different predictive densities can also be analyzed in the same way by
simply adjusting the expressions used for the mean and variance parameters during

the calculations.

3.7.4 Fixed - in - Advance Tolerance Intervals

According to Wolfinger (1998), fixed - in - advance tolerance intervals invert the pre-
diction problem by considering the content of predetermined bounds. These fixed -
in - advance tolerance intervals therefore answer research question 3 as proposed by

Wolfinger (1998) and given in Chapter 1.

To determine the content of a fixed - in - advance tolerance interval using the Bayesian
approach, the posterior density of the content has to be determined (Wolfinger, 1998).
If a lower fixed - in - advance limit, s, is specified for a sample with data assumed to
arise from the balanced one - way random effects model given in equation 3.1.7]
the content ¢ of the interval [s,co] for each observation in the sample of simulated

parameters (u, 02, 02) is determined by

1 _ S—1
c=1 @{m] .

Since a lower fixed - in - advance limit s is selected, the main focus will be on the

content of the interval [—o0, s], and thus, the content less than the specified lower
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specification limit s. The confent of the inferval [—oco, s] can therefore be determined

by calculating

* S—H

ol
(03+02)2

where @[] represents a standard normal cumulative distribution function (Wolfinger,
1998). As just mentioned, remember, the content ¢* of the inferval [—oo, s] represents
the fraction of process measurements that lie below a preselected fixed - in - advance
lower specification limit s. If the content ¢* is therefore found for each observation in
the sample of simulated parameters, these calculated ¢* values form a sample from
the posterior density of the content below the preselected specification limit s (Wolfin-

ger, 1998).

To determine a fixed - in - advance tolerance interval for the content of the interval

[—00, s], The following steps can be followed:

i) Simulate a pair of variance components (o2 and ¢2) using the Bayesian sim-
ulation method discussed in section 3.6. Retain only those pairs of variance

components that meet the condition stating that (o2 + ko2) > o2,

ii.) If the condition stated in i.) is met, substitute the simulated retained pair of
variance components into the normal distribution given in equation

and simulate a value p from this normal distribution.

i) Substitute the simulated variance components o2 and o2, as well as the sim-

ulated value for u, into the formula for the content of the interval [—oo, 5]

s—p

1
i * _ s—p _ [©3+eD)2Z 1 122
given by ¢* = @ [(ggwg)%} = [ = 2 dz.

iV.) Repeat the simulation process explained in steps i.) to iii.) for example
¢ = 10000 times and draw a histogram representing the estimated poste-
rior distribution of the content ¢* below the preselected specification limit

S.
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Figure 3.7.7: Histogram of the Estimated Posterior Distribution of the Content of the
Interval [—o0, 150.30 mg], i.e. the Fraction of Medicinal Tablets Containing an Amount
of Active Ingredient Less than the Preselected Fixed - in - Advance Lower
Specification Limit s = 150.30 mg for the Data Given in Table 3.1.

12
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95% Fixed - in - Advance Tolerance Interval: [0.0262, 0.1754]

A 100(a)% equal tail credibility interval can also easily be determined for the content of
the interval [—oo, s] by ranking the sample of ¢* values in order of magnitude and then
finding the 100(152)" and 100(142)™" percentiles of the ranked simulated ¢* values.
This 100(a)% equal tail credibility interval represents the fixed - in - advance tolerance

interval of the content below a preselected specification limit s.

For illustrative purposes, a fixed - in - advance lower specification limit s = 150.30 mg
was selected for the medicinal tablets data given in Table 3.1. The selected lower
specification limit s = 150.30 mg can for example indicate the minimum amount of ac-
tive ingredient that has to be taken per dose to render the medication effective. The
histogram of the sample of ¢ = 10000 simulated ¢* values from the posterior distribution
of the content of the inferval [—co, s] obtained using ordinary Monte Carlo simulation,

is depicted in Figure 3.7.7.
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From Figure 3.7.7 it can be seen that the posterior content of the interval [—oo, s] is
positively skewed. Also, the 95% equal tail credibility interval or fixed - in - advance
tolerance interval of the posterior content of the interval [—co, s = 150.30] is equal to
[0.0262, 0.1754]. This means that between 2.62% and 17.54% of medicinal tablets man-
ufactured in future batches, will contain an amount of active ingredient less than the
specified preselected limit s = 150.30 mg. In other words, of future medicinal tablets
manufactured in small batches, between 2.62% and 17.54% of the tablets will be inef-

fective as treatment.

Remember, this preselected lower specification limit s = 150.30 mg was selected for

illustrative purposes only.



Chapter 4

The Balanced One - Way Random Effects

Model Continued

In this chapter, the Bayesian simulation method for determining tolerance intervals
originally proposed by Wolfinger (1998) and discussed in Chapter 3, will be extended
to include Bayesian tolerance intervals for averages of observations from new or un-
known batches in the case of the balanced one - way random effects model. It
will also be shown, that although the non - informative Jeffreys’ prior used in Chap-
tfer 3 is not a reference - nor probability matching prior for the ot quantile ¢ of the
N(u, 02 + o2) distribution, it is however both a reference - and probability matching
prior for the ot quantile § of the distribution of averages of observations from new or
unknown batches. An extensive simulation study using two methods will follow to in-
vestigate what kind of frequentist properties the Bayesian interval for ¢ have under the
mentioned probability matching prior. For both these simulation methods, the mean
and variance of the posterior distribution of ¢ will also be derived theoretically. In addi-
tion, it will also be shown that a proposed prior distribution for the content of the fixed
- in - advance tolerance interval, is a probability matching prior. For this proposed
probability matching prior, the posterior distribution of the content and subsequent
fixed - in - advance tolerance interval will be determined using the weighted Monte

Carlo method. The Bayesian simulation method for obtaining tolerance intervals for

182
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averages of observation from new or unknown batches will be illustrated using the

simulated medicinal tablets data presented in Chapter 3.

Parts of this chapter have been published as a fechnical report. For more details, see

van der Merwe and Hugo (2008).

4.1 Introduction

In the previous chapter, a simulation based approach originally proposed by Wolfinger
(1998), was presented for determining Bayesian tolerance intervals in the case of a
balanced one - way random effects model. In this chapter, the Bayesian simulation
method will be extended to include tolerance intervals for averages of observations
from new or unknown batches or groups. A reference prior and a probability matching
prior will also be derived for the ot quantile, while a probability matching prior will be

derived for the content of the interval [s, .

To illustrate how and when these tolerance intervals will be used, consider a factory
which manufactures medicinal tablets in very small batches. As mentioned in Chapter
3, asmall batch in this instance is likely to be a weekly or monthly intake of tablets for an
individual patient. The interest is in whether the patient gets on average the required
dosage of the active ingredient from the batch in the specified time, given that each
patient must get an average dosage of at least s. The question therefore is whether

the process is capable of producing to this specification.
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4.2 Non - Informative Priors in the Case of Averages of Observations from
New or Unknown Batches for the Balanced One - Way Random Effects

Model

As before, the one - way random effects model can be described as follows:
Yij = 1+ a; + &

where (i = 1,...,band j = 1,...,k). AlsO, y;;. . a; (i = 1,...,b) and g;; are defined
as given in section 3.3, and the a;'s and ¢;;’s are mutually independent normally dis-

tributed random variables with E(a;) = E(e;;) = 0 and variances o2 and o2 respectively,

It can easily be shown that the predictive density of the average of k future observao-
tions ys1,yr2, - ..,y from a new or unknown batch, given the variance components, is

normally distributed with mean

E (yf‘,ua 0-527 O-g) = U
and variance

2 2
_ Octkog

Var (yf |:u7 U?? 0-2) k
L&
wherey, = Enyj .
Jj=1

In what follows, non - informative priors for

2 2
§= i+ 20y 2700 Zk"“ 4.2.1

will be considered where z, denotes the 100(a)* percentile of a standard normal dis-
tribution. Equation denotes the o quantile of the distribution for the average of

future data from new or unknown bafches.

To obtain the posterior distribution of g, the non - informative prior distribution given by

p(p,02,00) oo ? (o2 + k:az)_l (4.2.2)
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will be used. In the next section (Theorem 4.3.1) it will be proved that equation is

a probability matching prior as well as a reference prior for the parameter q.

Wolfinger (1998) also used this non - informative prior to obtain posterior distributions
of variance components and tolerance intervals for individual observations. Equation

is however not a probability matching prior or a reference prior for the parameter

q = p+ 2a\/02 + 0%

which represents the ot quantile of the distribution for a single (individual) observation

from a new or unknown batch.

4.3 Reference and Probability Matching Priors

It will now be proved that the non - informative prior distribution given in equation4.2.2]

is a probability matching prior as well as a reference prior for the o quantile § given

in equation[4.2.7]

Theorem 4.3.1

For the balanced one - way random effects model given in equation [3.1.T], the prior

gr-a

distrioution p (u,02,02) < 022 (02 + /mg)‘l is a probability matching prior as well as a

reference prior for the ot quantile given by

~ o2+ko?
q=p+t 2\ 5"

of the distribution of the average of future data from new or unknown batches.
Proof

The proof of Theorem 4.3.1 is given in Appendix B.
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4.4 Calculation of the Tabulated Values (Coverage, Interval Length and

Standard Deviation)

The question also arises as to what kind of frequentist coverage probabilities the Bayesian
Interval for ¢ under the non - informative prior given in equation [4.2.2] will have. Exten-
sive numerical computations will be conducted in order to evaluate the procedure.
The layout used will be similar to that of Krishnamoorthy and Mathew (2004) and Chen
and Harris (2006). Data will be generated from the balanced one - way normal ran-
dom effects model. Each design will be specified by the number of groups (batches)

(), the sample size per group (k), as well as the infraclass correlation coefficient

2
9a

P= o5e2

To simplify the designs, it was decided to use =0 and o2 + o2 = 1.

Recall from Theorem 3.5.2 that, under the non - informative prior distribution given in

equation4.2.2], the joint posterior distribution of the variance components is given by

1 1
9 9 2\~ 30142) (2 | g 2y =501+2) L vemy vimy 441
p (02, 02ly) o« (02) (02 + ko?) e:cp{ 5 Lg ot + : }} “4.4.1)

where vy, 1o, vymy, vama, §; and 7 are defined as given in equation[3.5.3and

’

Yy = [yn, Y12, - -+ Y1k, Y21, - -+, ybk] .

Also recall from Theorem 3.5.1 that the target value p, given the variance components,

follows a normal distribution given by

2 2
lea) . (4.4.2)

2 2 =
~ N
M|0a70€,y (y> kb

Two simulation methods can now be used to obtain the 95% equal tail credibility inter-

val of the parameter gq.
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Method 1

ii.)

i)

Method 2

Since the variance component parameter in ¢ given in equation is
of the form o2 + ko2, it follows from section 3.6, that given the data, o2 +
ko? = 252 where § ~ x2,. This therefore implies that 2 + ko2 can easily be

simulated using the mentioned x2, distribution.’

Given the simulated function of variance components, the target value

can be simulated easily using equation[4.4.2]

Substitute the simulated function of variance components (o2 + ka?) as well

as the simulated target value p into equation4.2.Tjand obtain g.

From equation[4.4.7]it is clear that

ii.)

i)

iv.)

V.)

o2 can be simulated using a 2, distribution since o2 = X where 7 ~ x2,.
This was described in more detail in section 3.6.

Simulate o2 by first simulating (o2 + ko2) using step i.) explained in method 1.
Calculate o2 = W The two simulated variance components o2 and

o2 are only retained if (o2 + ko?2) > o2.

Substitute the retained simulated variance components info equation4.4.2]

and simulate a value pu.

Substitute the simulated retained variance components ¢2 and o2, as well

as the simulated target value ., into equation and obtain g.

1Since we are simulating a function of the two variance components (o2 + ko2), it is not necessary to check the
condition stating that (o2 + ka?2) > o2 mentioned in Chapter 3, section 3.6.
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For each design, a data set consisting of 1000 entries will be generated. For each
data set with each different infraclass correlation p, 1000 Bayesian simulations will be
conducted to obtain the posterior distribution of ¢ and the estimated 95% credibility
inferval. The estimated coverage rate will be the proportion of the 1000 credibility
intervals that contain the frue parameter ¢ obtained using 1 = 0 and p given for each
design. For the simulation study, since it is considered that o2 + 02 = 1, it follows that
the intraclass correlation coefficient p = 02, and, 02 = 1 — o2. It therefore follows that
the true population parameter g which will be used, be equal to ¢ = z, W since
uw = 0. It is expected however that method 2 will produce conservative results for low
values of p. This partficularly means that it is expected that method 2 will produce wider
95% equal tail credibility infervals for ¢ than that of method 1, resulting in coverage
probabilities above the nominal confidence of 0.95. One possible reason for this stems
from the fact that for method 2, the condition stating that (62 + ko2) > o2 has to be
met. If this condition is not met, the particular pair of variance components o2 and o2

is disregarded, resulting in a possible artificial inflation of the posterior variance of g.

The simulation results for the two methods are presented in Table 4.1 for the 90" per-
centile (i.e. z, = 1.282) and for a nominal confidence level of 0.95. The upper tabulated
value represents the estimated coverage rate, while the two lower values represent

the average length and standard deviation of the credibility intervals.
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Table 4.1: Coverage Rate of the 95% Credibility Intervals for g using the Two Described

Methods and Different Values of p, b and k.

(b, p Method] Method 2 (b, k) p Method 1 Method 2

(3, 0.9560 1.000 (7,2) 0.9330 0.9920
4.9512 7.5516 1.8345 2.1936

2.9817 4.1246 0.5743 0.4654

0.1 0.9460 0.9980 0.1 0.9520 0.9960
5.2808 7.2942 1.9241 2.2070

4.9360 4.0865 0.5576 0.4708

0.25 0.9560 0.9970 0.25 0.9470 0.9920
5.3993 7.2430 2.0170 2.2512

3.3787 3.5971 0.5970 0.5294

0.5 0.9500 0.9940 0.5 0.9430 0.9870
6.2127 7.1352 2.2446 2.3554

4.0415 3.5635 0.6671 0.5942

0.75 0.9510 0.9920 0.75 0.9570 0.9620
6.3714 7.2404 2.4854 2.4568

3.9205 3.8395 0.7422 0.7079

0.85 0.9510 0.9820 0.85 0.9610 0.9570
6.7922 7.0404 2.5253 2.5611

3.9560 3.9252 0.7491 0.7300

0.95 0.9600 0.9590 0.95 0.9500 0.9500
6.8116 7.0063 2.5695 2.5425

3.9474 4.6171 0.7699 0.7563
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Table 4.1: Continued
(b, k) p Method 1 | Method 2 b, k) p Method 1 | Method 2

(10,2) 0.9390 0.9950 3,4 0.9600 0.9990
1.4270 1.6515 3.5400 5.0689
0.3578 0.3012 2.1935 1.8342
0.1 0.9490 0.9910 0.1 0.9480 0.9990
1.5268 1.6911 4.0333 5.1480
0.3675 0.3287 2.6066 1.7524
0.25 0.9430 0.9850 0.25 0.9510 0.9990
1.6051 1.7286 4.4768 5.3855
0.3949 0.3530 2.4970 2.2549
0.5 0.9500 0.9570 0.5 0.9480 0.9970
1.8022 1.8137 5.4321 5.8633
0.4273 0.4010 3.0408 3.1380
0.75 0.9430 0.9480 0.75 0.9650 0.9920
1.9088 1.9021 6.4419 7.2404
0.4823 0.4631 3.6868 3.8395
0.85 0.9440 0.9410 0.85 0.9420 0.9820
1.9708 1.9487 6.5257 7.0404
0.4885 0.4699 3.7835 3.9252
0.95 0.9500 0.9460 0.95 0.9600 0.9530
2.0415 2.0017 6.8116 6.9577

0.5110 0.5043 3.9474 5.13
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Table 4.1: Continued
(b, k p Method 1 | Method 2 b, k) p Method 1 | Method 2

(6,4 0.9440 0.9990 4,5 0.9460 0.9990
1.4615 1.7739 1.9690 2.5668

0.5096 0.3559 0.8921 0.6087

0.1 0.9470 0.9980 0.1 0.9430 0.9980

1.6422 1.8684 2.2805 2.7247

0.5358 0.4035 1.0199 0.7596

0.25 0.9410 0.9890 0.25 0.9570 0.9950

1.8996 2.0388 2.7712 3.0131

0.6377 0.5720 1.2115 1.0652

0.5 0.9390 0.9690 0.5 0.9510 0.9850

2.2494 2.3492 3.3704 3.5433

0.7513 0.7241 1.4375 1.3886

0.75 0.9530 0.9620 0.75 0.9530 0.9580

2.6595 2.6400 3.9224 3.9334

0.9053 0.8514 1.6332 1.7647

0.85 0.9440 0.9460 0.85 0.9540 0.9530

2.7523 2.7207 3.9953 4.0710

0.9193 0.9247 1.8138 1.7110

0.95 0.9450 0.9650 0.95 0.9600 0.9430

2.8461 2.9055 4.2436 4.2687

0.9785 0.9357 1.7574 1.8578
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Table 4.1: Continued
(b, k p Method 1 | Method 2 (b, k) p Method 1 | Method 2

(5,6 0.9480 1.0000 (3,10) 0.9520 1.0000
1.4116 1.7451 2.2078 3.1410

0.5566 0.3435 1.3741 0.9813

0.1 0.9430 0.9960 0.1 0.9490 1.0000

1.6980 1.8980 3.0747 3.5913

0.6650 0.4983 1.7360 1.5233

0.25 0.9420 0.9810 0.25 0.9300 1.0000

2.1139 2.1739 4.0571 4.4777

0.7846 0.6887 5.3558 7.6003

0.5 0.9340 0.9670 0.5 0.9490 0.9870

2.6072 2.6372 5.0036 5.2867

1.0219 0.8954 2.9980 3.1010

0.75 0.9510 0.9480 0.75 0.9480 0.9670

3.0011 3.0279 3.0180 6.1292

1.0851 1.0989 3.5878 6.4635

0.85 0.9470 0.9530 0.85 0.9440 0.9580

3.2044 3.2437 6.3749 6.5916

1.1928 1.1577 4.1076 3.7769

0.95 0.9470 0.9380 0.95 0.9510 0.9440

3.3422 3.3378 6.9328 6.7823

1.2384 1.1952 3.9474 4.0250
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Table 4.1: Continued
(b, k) p Method 1 | Method 2 (b, k) p Method 1 | Method 2

(10,10) 0.9480 0.9950 (15,10) 0.9450 0.9990
0.6583 0.7268 0.5105 0.5571

0.1590 0.1069 0.1001 0.0765

0.1 0.9550 0.9840 0.1 0.9460 0.9670

0.8846 0.9120 0.7025 0.7140

0.2094 0.1969 0.1428 0.1308

0.25 0.9400 0.9550 0.25 0.9510 0.9630

1.1709 1.1747 0.9250 0.9232

0.2871 0.2853 0.1781 0.1811

0.5 0.9420 0.9510 0.5 0.9410 0.9460

1.5250 1.5259 1.2045 1.1262

0.3813 0.3716 0.2365 0.2460

0.75 0.9500 0.9460 0.75 0.9510 0.9530

1.7995 1.8091 1.4288 1.4445

0.4335 0.4652 0.2952 0.2782

0.85 0.9550 0.9550 0.85 0.9470 0.9500

1.9214 1.8994 1.5071 1.5216

0.4788 0.4712 0.2964 0.3100

0.95 0.9500 0.9510 0.95 0.9520 0.9390

1.9886 2.0223 1.5707 1.5834

0.5099 0.4900 0.3038 0.3150
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Table 4.1: Continued
(b, k) p Method 1 | Method 2 (b, k) p Method 1 | Method 2

(35,25) 0.9440 0.9910 (3,200) 0.9530 1.0000
0.2100 0.2100 0.4901 0.7007

0.0288 0.0235 0.3095 0.2214

0.1 0.9400 0.9370 0.1 0.9370 0.9390

0.3877 0.3839 2.3148 2.2731

0.0527 0.0518 1.4280 1.3512

0.25 0.9630 0.9450 0.25 0.9370 0.9490

0.5539 0.5554 3.4424 3.5190

0.0741 0.0775 2.0432 2.5949

0.5 0.9450 0.9450 0.5 0.9420 0.9430

0.7551 0.7546 4.9074 4.9722

0.1049 0.0998 3.1825 3.2106

0.75 0.9450 0.9490 0.75 0.9490 0.9530

0.9139 0.9146 5.8988 6.1695

0.1210 0.1208 3.4861 3.9086

0.85 0.9460 0.9500 0.85 0.9440 0.9450

0.9721 0.9683 6.3450 6.5919

0.1289 0.1291 3.8942 4.8099

0.95 0.9450 0.9500 0.95 0.9430 0.9510

1.0191 1.0171 6.7827 6.7776

0.1348 0.1360 4.6001 4.8793
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Table 4.1: Continued

(b, k) p | Method 1 | Method 2
(10, 200) 0.9580 0.9970
0.1446 0.1639
0.0356 0.0230

0.1 0.9500 0.9610
0.6676 0.6625
0.1624 0.1573

0.25 0.9440 0.9520
1.0295 1.0477
0.2610 0.2520

0.5 0.9610 0.9470
1.4495 1.4437
0.3465 0.3479

0.75 |  0.9500 0.9590
1.7727 1.7639
0.4157 0.4461

0.85 | 0.9390 0.9420
1.8588 1.8786
0.4785 0.4817

0.95 0.9540 0.9460
1.9746 2.0076
0.4989 0.4917

195

The simulation results substantiate what was expected. The second method is con-

servative for low values of p, with large average interval lenghts, particularly for smaill

values of b and k. It is clear that the coverage of the first method is near the nomi-

nal confidence of 0.95 uniformly across the range of selected values for p, b and k .

Note that the coverage probabilities, interval widths and standard deviations for the

two methods are close to each other for large values of p. In the next section more

theoretical results of the distribution of ¢ will be derived.
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4.5 Theoretical Results for the Posterior Distribution of g

It was stated in Chapter 2 that Wolfinger (1998) mentioned that the analytical deriva-
tions of exact unconditional posterior densities for the unknown parameters y, o2, o2,
a; G =1,...,b) and exact posterior densities of quantiles to construct tolerance inter-
vals for the balanced one - way random effects model appeared to be formidable.
The same can be said about the analytical derivations of the quantiles in the case of

averages of observations from new or unknown batches for the random effects model

given in equation[3.1.7]

It is however possible to obtain exact moments for the quantiles in the case of aver-
ages of observations from new or unknown batches. In what follows, the exact first

moment about zero and second cenfral moment, i.e. the mean and variance, of

the posterior distribution of ¢ = u + 2z, m will be determined analytically for both
methods 1 and 2.

Theorem 4.5.1

i) The mean and variance of the posterior distribution of ¢ = p + 2,1/ = ”“’ in

the case of method 1, is

E(@ly) =7 + 20 (voma)} Aed and

r2
2

V2 1
Var(qly) = bklg/;nQQ = ng{ - 2F2 ))}

ii.) The mean and the variance for the posterior distribution of ¢ = p+2z41/ "2+—k’“’3

in the case of method 2 is

— vomn llePrFl, V<U m72
R e

vy mo
voma PT{FV2*17V1<V2 1m1}

Var(?ﬂy) = bk(r2—2) Pr{F,,Q vy <2 }
El ml

k vo—2 2[‘2(”72)

vy mo —1\12 vy mo
I L
[0
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where I, ,, represents an F - distribution with v, and v, degrees of freedom.

Pr stands for probability.

Proof
The proof of Theorem 4.5.1 is given in Appendix B.

The third and fourth central moments of ¢ can also be derived although it is not given
here. By applying these moments to Pearson curves or Cornish - Fisher expansions,
approximations of the exact posterior distribution of ¢ can be obtained. In section
4.6, the two Bayesian simulation methods for obtaining posterior distributions of ¢ =

2 2
oi+ko2

W+ 2o — will be applied fo a real problem.

4.6 An Example

The data used for the example is the same data set used to illustrate the methods
proposed by Wolfinger (1998) for determining Bayesian tolerance intervals for the bal-
anced one - way random effects model discussed in Chapter 3. The data was origi-
nally presented in Table 3.1. Recall that the data are assumed to arise from a normal
distribution with unknown parameters, but it has more structure than a simple random
sample because it is clustered in fiffeen batches and each batch contains ten tablets.
As mentioned, the random effects model given in equation[3.T. T will also be used and

is given by

Yij = P+ Qi + Eij

i=1,....,bandj=1,...,k

where y;;, 1. a; and ¢;; are defined as in Chapter 3.
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4.6.1 One - Sided («, d) Tolerance Intervals

It was already mentioned in section 4.2 that the o'* quantile of the average of obser-
vations from new or unknown batches in the case of the balanced one - way random

effects model, is given by
(02 + ko7)

it
q=p+z -

where z, represents the 100(a)* percentile of a standard normal distribution (see equa-

tion[4.2.11

It was also mentioned in section 4.4 that the ¢ values can be simulated using two
Bayesian simulation procedures. Method 1, directly simulated (02 + ko2), while method
2, simulated first o2 and then o2, For the second method, the condition that (02 + ko2) >
o2 had to be met in order to retain the two simulated variance components. If this con-
dition was not met, the two simulated variance components were disregarded and a
new pair simulated under the same condition. For both methods the simulation pro-
cedure was repeated for example ¢ = 10000 times. Also, for both methods, histograms
depicting the estimated marginal posterior distributions p(gly). can be produced. Sim-
ilarly, a one - sided lower («, d) tolerance interval can also be constructed using both

methods.

In order to construct a lower one - sided («,d) tolerance limit, Wolfinger (1998) sug-
gested that the marginal posterior distribution of g, which represents the (1 —a)* quan-
tile of the distribution of averages of observations from new or unknown batches, be
estimated. For the construction of the lower one - sided («, ) tolerance limit, g is given

by
(02 4 ko?)

q:/J_Za k

where z, represents the 100(a)™* percentile of a standard normal distribution. Methods

1 and 2 can be applied in the following way:
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ii.)

iii.)

iv.)

V.)

For method 1, simulate (02 + ko?) using the Bayesian simulation procedure
described in method 1. For method 2, simulate a pair of varionce compo-
nents o2 and o2 using the Bayesian simulation procedure discussed in section
3.6 of Chapter 3, ensuring that the condition stating that (o2 + ko2) > o2, is

met.

Given either (02 + ko?) as simulated using method 1 or the pair of vari-

ance components o2 and o2 simulated using method 2, the conditional

posterior distribution of ¢ can be simulated from a normal distribution with
2 2 _ = (02+kao2) : .

mean equals o E(qlo;,0Z,y) = ¥ — za\/ 5 and variance given by

2 k 2
V(M‘(EﬂO’g,O’g,y) = W'

Substitute the variance components and sample mean of the data, 7, into
the normal distribution given in step ii.) above, and, draw the normal distri-

bution.

Repeat steps i.) toiii.) for example ¢ = 10000 times, each time drawing the

normal distribution.

Using the Rao Blackwell argument explained in section 2.5, the estimated
marginal posterior distribution of ¢, i.e. p(qly) can be obtained by averaging

the p(glo2, o2, y) distributions over the ¢ repetitions.

The two estimated marginal posterior distributions of ¢ = u — 20.95\/“327'“’3 obtained

using methods 1 and 2, are displayed in Figures 4.6.1 and 4.6.2 respectively. For both

figures zp95 = 1.645 and ¢ = 10000 simulations were run.

Also, for both methods, the one - sided (a = 0.95,6 = 0.95) lower tolerance limits can be

determined easily by ranking the simulated ¢ values in order of magnitude, and finding

the 100(1 — 0.95)*" percentile of the ranked simulated g values. For both methods 1 and

2, the lower one - sided (a = 0.95,0 = 0.95) tolerance limits were equal to 150.3931 mg.



CHAPTER 4. THE BALANCED ONE - WAY RANDOM EFFECTS MODEL CONTINUED 200

Figure 4.6.1: Estimated Marginal Posterior Distribution of the (1 — 0.95)** Quantile g for
the Distribution of the Average of Observations frorn New or Unknown Batches for the
Medicinal Tablets Data Given in Table 3.1. Method 1 was used.

10

9k .

o L I 1 I L 1
150 1501 150.2 150.3 150.4 150.5 150.6 150.7

Lower One - Sided (0.95,0.95) Tolerance Limit: 150.3931

The one - sided (o = 0.95,§ = 0.95) lower tolerance limits for both methods equal to
150.3931 mg represents the milligrams of active ingredient of which 95% of unknown fu-
ture averages of manufactured batches of tablets will be greater than with probability

0.95.

From both Figures 4.6.1 and 4.6.2, as well as the two one - sided (a = 0.95,6 = 0.95)
lower tolerance limits obtained, it is clear that there is not much to choose between

the two methods for obtaining the posterior distribution of

~ o2+ko2
q=HW— 2095\ —F

This can be explained using the results obtained from the simulation study conducted

in section 4.4 and given in Table 4.1. For the medicinal tablets data given in Table 3.1,
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Figure 4.6.2: Estimated Marginal Posterior Distribution of the (1 — 0.95)** Quantile g for
the Distribution of the Average of Observations frorn New or Unknown Batches for the
Medicinal Tablets Data Given in Table 3.1. Method 2 was used.

10

9k .

o L I 1 I L 1
150 1501 150.2 150.3 150.4 150.5 150.6 150.7

Lower One - Sided (0.95,0.95) Tolerance Limit: 150.3931

the estimated intraclass correlation coefficient is equal to

~2
=79 — 05049

~9 | =2
o5+ 02

which is quite large. The above results were thus expected.

4.6.2 Two - sided («, d) Tolerance Interval

In order to construct a two - sided («, §) tfolerance interval for the average of observa-
tions fromn new or unknown batches in the case of the balanced one - way random
effects model, the two quantiles ¢, and ¢, need to be determined. The two quantiles

ge And g, are determined by calculating
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~ 2 2
1. qu:u—l—zwa\/%,cnd
2
~ 2 kQ
o B = 1 — 71z HRE

where Zita represents the 100(1£2)"" percentile of a standard normal distribution. Re-
member, as Wolfinger (1998) indicated, these (¢, ¢,) pairs form a sample from the
bivariate posterior distribution of the [@}th and [@}th quantiles, with the highest
posterior density region typically forming a two - dimensional ellipsoid, since the two

quantiles ¢; and ¢, do not have a posterior correlation equal to 1.

Following Wolfinger (1998), it is therefore suggested that a valid two - sided («, §) tol-
erance interval for the average of observations from new or unknown batches in the

case of the balanced one - way random effects model be constructed as follows:

i) Simulate (o2+ka?) using the Bayesian simulation method described in method
1, or using method 2, simulate a pair of variance components o2 and o2 us-
ing the Bayesian simulation technique explained in section 3.6, ensuring that
the condition stating that (o2 + ko2) > o2 is met. It should be remembered
that if the above condition is not met, the simulated pair of variance com-

ponents be disregarded and a new pair be simulated.

i) Substitute the retained simulated pair of variance components or (o2 + ko?)

into equation[4.4.2]to simulate a value for the target value p.

ii.) Using the simulated retained pair of variance components o2 and o2 or (o2 +

ko2) and the target value u, simulate the values for gy = p— z1.a / 2% and
2
Gu =+ 2110 \/ %-
2

iV.) Repeat steps i.) toiii.) for example ¢ = 10000 times and plot a scatterplot of

the ¢, and g, simulated values with g, plotted on the vertical axis.

V.) For the simulated ¢, and ¢, values, construct a reference line given by ¢, =

—qu + 2y and draw the reference line on the scatterploft.
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Figure 4.6.3: Construction of a Two - Sided (0.95,0.95) Tolerance Interval for the
Average of Observations from New or Unknown Batches for the Medicinal Tablets
Data Given in Table 3.1.

150.5

Reference Line

180.4

180.35

1650.2424

1502 : AL 4 R
150.1 |-
150k

1499

149.8

150.7723 +
150.5 15lIIIE ‘IEII],? 15lI],Ei 15ID =] 15I1 151.1
vi.) Construct two additional lines, one parallel to each axis and intersecting on

the reference line. This intersection point is then slid along the reference line
until 100(1—46)% of the (qr, ¢..) Pairs are contained in the half rectangle open-
ing tfowards the lower right portion of the graph. The resulting coordinates
of this intersection point will then form a two - sided («a, d) folerance interval

of the desired form.

This procedure as proposed by Wolfinger (1998) is graphically illustrated in Figure 4.6.3
for a two - sided (a« = 0.95,6 = 0.95) tolerance interval constructed for the medicinal

tablets data given in Table 3.1, where 214095 used for determining the ¢, and ¢, values,

is equal to 1.96.

The two - sided (a = 0.95,6 = 0.95) tolerance interval for the average of observations
from new or unknown batches is equal to [150.2424 , 150.7723] and, can be interpreted

as follows: If medicinal tablets are manufactured, 95% of the average weights of the
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active ingredient present in new or unknown batches will fall between 150.2424 mg

and 150.7723 mg with probability 0.95.

4.6.3 « - Expectation Tolerance Interval

It was already mentioned in section 4.2 that the predictive distribution of the average
of k future observations yy, ...y from a new or unknown batch, given the variance
components, follows a normal distribution given by

_ o? —|—/€02
p(yf.|‘72a‘73ay) ~ N(/ua ST)

k
where i, = > yy,.
j=1

In order to construct an a - expectation tolerance interval for the average of fu-
ture observations from new or unknown batches in the case of the random effects
model, simulations need 1o be conducted from an appropriate predictive distribution
p(yyly). where y; represents the average of future observations from new or unknown

batches. Following Wolfinger (1998), the Bayesian simulation procedure proposed is as

follows:

i) Simulate (o2 +ka?) using the Bayesian simulation method described in method
1, or simulate a pair of variance components o2 and o2 subject to the condi-
tion stating that (o2 + ka?) > o2 as explained in section 3.6. This condition will
ensure that o2 is positive. If this condition is not met, disregard the simulated
pair of varionce components and simulate a new pair.

ii.) Substitute either the retained pair of variance components o2 and ¢? ob-

tained using method 2 discussed in section 4.4, or (02 + ko?) simulated using
method 1 also discussed in section 4.4, into equation4.4.2)to simulate a tar-

get value pu.



CHAPTER 4. THE BALANCED ONE - WAY RANDOM EFFECTS MODEL CONTINUED 205

ii.) Substitute the simulated variance components o2 and o2 or (o2 + ko?2), as
well as the target value u, info the predictive distribution of the average
of future observations from new or unknown batches given above and in
section 4.2. Simulate a 7, value from this normal distribution, and draw the

normal distribution given above.

iV.) Repeat steps i) to iii.) for example ¢ = 10000 times and obtain the aver-
age conditional predictive distribution using the Rao Blackwell argument
discussed in section 2.5. This average distribution represents an estimate of
the unconditional predictive distribution of the average of future observa-

tions from new or unknown batfches p(y; [y).

Using method 1 discussed in section 4.4, the estimated unconditional predictive distri-
bution of the average of future measurements from new or unknown batfches p(7; |y)
was determined for the medicinal tablets data given in Table 3.1, and, is depicted in
Figure 4.6.4. The two vertical lines also depicted in Figure 4.6.4 represents the 2.5t and
97.5t" percentiles of the estimated unconditional predictive distribution of the average
of future observations from new or unknown batches, and in fact, represent the esti-
mated a = 0.95 - expectation tolerance interval for this average of future observations

from new or unknown batches.

The estimated a = 0.95 - expectation tolerance interval is equal to [150.2775, 150.7361]
for the medicinal tablets data given in Table 3.1 and can be interpreted as follows: The
process used for manufacturing the small batches of medicinal tablets will be in control
if 95% of the average weights of the active ingredient present in tablets manufactured

in new or unknown batches, is between 150.2775 mg and 150.7361 mg.
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Figure 4.6.4: Estimated Unconditional Predictive Distribution of the Average Weights
of the Amount of Active Ingredient Present in Newly Manufactured or Unknown
Batches for the Medicinal Tablets Data Given in Table 3.1. Obtained using Method 1.

4

1.5 —

- A

o I 1 I L I
150 1501 150.2 150.3 150.4 150.5 150.6 150.7 150.5 150.9 151

0.95 - Expectation Tolerance Interval: [150.2775, 150.7361]

4.6.4 Probability Matching Prior for the Content ¢ of the Fixed - in - Advance

Tolerance Interval

Wolfinger (1998) mentioned that the content of a Bayesian fixed - in - advance toler-
ance interval is determined by constructing the posterior distribution of this content. As
an example, suppose that an upper fixed - in - advance limit s is specified for averages

of data assuming to arise from new batches. Then
S5— K

o2+ko?
k

must be computed, where as mentioned, @[] represents a standard normal cumula-

c=1-—-9o

tive distribution function.
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The following theorem can now be proved.

Theorem 4.6.1

For the balanced one - way random effect model, the prior distribution

- -3 k(s —w)? | ?
2 9 2 ( 2 2\~
m(p,02,07) < 0% (o2 + ko?) {1 + 02 T ho?) “4.6.1)

is a probability matching prior for the content ¢ given by

of a fixed - in - advance tolerance interval, where ® ! i 4 ] represents the standard

\/ a? +ko‘%
k

normal cumulative distribution function.

Proof

The proof of Theorem 4.6.1 is given in Appendix B.

Equation [4.6.1| is also a probability matching prior for 1 — &

ps ] if sis a lower

\/ Ug +ko'g
k

specification limit.

4.6.4.1 The Weighted Monte Carlo Method

In this section a weighted Monte Carlo method is described which will be used to
simulate from the posterior distribution in the case of the probability matching prior
given in equation4.6.T] As mentioned, this method is especially suitable for computing
Bayesian confidence intervals. Chen and Shao’s (1999) method (See also Kim (2006))
does not require knowing the closed form of the marginal posterior distribution of ¢,

only the kernel of the posterior distribution of (i, 02, 02) is needed.

a’ v e
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The weighted Monte Carlo (sampling - importance resampling (SIR)) algorithm aims
at drawing a random sample from a target distribution = by first drawing a sample
from a proposal distribution ~, and from this a smaller sample is drawn with sample
probabilities proportional to the importance ratios g As also mentioned before, in the
case of the credibility intervals it is not even necessary to draw the smaller sample. The

weights (sample probabilities) are however important.
For the non - informative prior distribution given in equation[4.2.2] i.e.

pr(p, 05,02) o< 0% (02 + ko)™

the joint posterior distrioution of the unknown parameters 1, 02 and o2 is given by
1w 1,
pr(, 02, 02ly) o< (02) 2" (o2 4 ko2) =Y

X exp{ 3 {kb(ﬂ v + mim + el ]} ) 4.6.2)

2 2 2 2 2
o2+ ko2 lop- o2+ ko2

Equation represents the proposal distribution .

In the case of the probability matching prior given by

k(s — p)? }

2 —2( 2 o
Pm (,u, 04, 0;) X 0, (Ua+kga> 2{1+ 2(02 + ko?)

and provided in equation |4.6. 1|, the joint posterior distribution of the unknown param-

eters u, 02 and o2 is given by

N |=

1w 5— a
P 02, 02ly) o (02) 20 (02 4+ ko) 20 {1+ S

X exp{ B [kb(ﬂ 9’ + e + v2mm ]} . 4.6.3)

2 2 2 2 2
02+ ko? lop 02+ ko?

Equation represents the target distribution . It is important that v is a good ap-
proximation of =, i.e. that it does not have tails that are too thin. The sample probabili-

ties are therefore proportional to

2

_1
™ pM(uaaaa 5) 2 2 -1 k(S_N>2 ?
2 _PM\PhPar¥e) k )1 MR
T palmotion) TR T g
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with the resulting normalized weights fori = 1,2,... ,Zgiven by

1 2 -1
21 20)\ " 2 k(s—p® 2
<05( ) + k’O'a( )> {1 + 2<ag(z)+k02<l)) }

Wy = — . ) 4.6.4)
Y -1 -
2(1) 2(1) 2 F(s—n®)
lzzl (O-E + ko-(z > {1 + 2(03(1)+k03<l))

Using the weighted Monte Carlo method (sampling - importance resampling method),

[NIES

the fixed - in - advance tolerance inferval for the probability matching prior given in

equation can be obtained as follows:

Step 1

Using the Bayesian simulation method described in method 1 given in section 4.4, ob-
tain a Monte Carlo sample {(u(l), (240D 1=1,..., 27} from the proposal distribu-

fion v and calculate the content ¢* of the interval |-, s| given by

=3 |—=C | (forl=1,2,...,0,

\/<ag+koa><l>
k

since the main focus will be on the content less than the specified lower specification

limit s.
Step 2

Sort the Z{c;‘ ,1=1,2,... ,27} values to obtain the ordered values

SCZ‘2)§...<C*N.

() ()

Step 3

Each simulated ¢; (I = 1,2,...,¢) value has an associated weight. Therefore compute

the weighted function w(;) associated with each of the " ordered C>(kl) values using

equation4.6.4,
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Step 4

Sum the weights associated with each c’(*l)volue from left to right (small to large) until

1—a

k (o]
iw(l) = 152, Write down the corresponding ordered ¢(y,) VOlue and denoteitas ¢z,
I=1

Also, obtain the sum of the weights associated with each C>(kl) value from left to right

k
until you get ) wy = 32 Write down the corresponding ordered value ¢, , and
) 2 (k2)

=1
14+

denoteitasc* = .

Step 5

The 100(«)% Bayesian confidence interval or 100(a)% Bayesian fixed - in - advance

' . . l—a 1+a
tolerance inferval is then given by [C*T , 2 } .

As mentioned, for the medicinal tablets data given in Table 3.1, the lower specification
limit selected was s = 150.30 mg. Since we consider a lower specification limit, the
fixed - in - advance tolerance interval in this case estimates the proportion of batches
not meeting the minimum average dose specification. This therefore represents the
proportion of batches with an average weight of the active ingredient that is below
the minimum specified limit of 150.30 mg. Since the average content of these batches
is below the minimum, this proportion of batches will not be effective as treatment. The
posterior distribution of the content of the interval [—oo, s = 150.30] was determined for

the medicinal tablets data given in Table 3.1 and is depicted in Figure 4.6.5.

From Figure 4.6.5 it can be seen that the posterior distribution of the content of the
interval [—oo, s = 150.30 m@] is positively skewed. Also, for illustrative purposes, using
the results obtained from the weighted Monte Carlo method, the 95% equal tail cred-
ibility interval of the posterior distribution of the content of the inferval [—oo, s = 150.30
mg] obtained for the average active ingredient weight of manufactured tablets from
new or unknown batches, is given by [0.001736, 0.13337]. This 95% equal tail credibility

inferval, also represents the 95% fixed - in - advance tolerance interval.
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Figure 4.6.5: Histogram of the Posterior Distribution of the Content of the Interval
[—00,150.30], i.e. the Proportion of Batches with an Average Active Ingredient Weight
that is Below the Specified Fixed - in - Advance Lower Limit s = 150.30 mg for the
Medicinal Tablets Data Given in Table 3.1.

2500
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1500 — —

1000 —

S00 —

L L
o 0.0s o1 0.15 0z 0.25 [HRC] 0.35

95% Fixed - in - Advance Tolerance Interval: [0.001768, 0.135048]

Comparative results obtained using the ordinary Monte Carlo method and weighted
Monte Carlo method for obtaining the fixed - in - advance tolerance interval for av-
erages of observations from new or unknown batches using a lower specification limit

s = 150.30 mg, is provided in Table 4.2.

Table 4.2: Fixed - in - Advanced Tolerance Intervals for Averages of Observations from

New or Unknown Batches for a Lower Specification Limit s = 150.30 mg.

Monte Carlo Method Weighted Monte Carlo Method
Lower Limit Upper Limit Lower Limit Upper Limit
Observation Number 250 9750 246 9737
Sum of Weights - - 0.02495 0.97498
95% Credibility Interval 0.001768 0.135048 0.001736 0.13337




CHAPTER 4. THE BALANCED ONE - WAY RANDOM EFFECTS MODEL CONTINUED 212

From Table 4.2 it can be seen that the ordinary Monte Carlo method and the weighted
Monte Carlo method provide similar fixed - in - advanced tolerance intervals for a
lower specification limit s = 150.30 mg. Using results obtained for the weighted Monte
Carlo method, it can therefore be interpreted that with 95% confidence, between
0.1736% and 13.337% of the batches manufactured will on average not contain suffi-
cient active ingredient to render the drug effective. As mentioned, this lower specifi-

cation limit s = 150.30 mg was selected for illustrative purposes only.



CHAPTER 4. THE BALANCED ONE - WAY RANDOM EFFECTS MODEL CONTINUED 213

4.7 Appendix B

Proof of Theorem 4.3.1

Probability Matching Prior

It is well known that for the balanced random effects model, the Fisher information

matrix for the parameters y, 02 and o2 is given by

e A 0
Flpogo?)=Fla) = | o o s 4.7.1)
bk b(k—1) b
0 ozmen? 20027 T 20rhed?

with its inverse given by

ST 0 0
_ 1/~ 24 (k—1 a§+kag 2+ Ug 2 —2(o2 2
F 1(:“’70-270-3> =F 1(/"”) = 0 {( )<bk2(k71)) ( ) } b]j&i%) 4.7.2)
—2(o2)° ~2(o2)’
0 bE(k—1) b(k—1)
Define t(f) = § = 1 + 2o/ ZE% |
Now
ot(p) _
o =1,
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where
- (a?-i—kag)% 1.9 —%
m(p) = (k)3 ( +§Za)

The prior distribution p(ft) = p (1, 02, 02) is a probability matching prior if the following

a’ ~ e

differential equation is satisfied:

MHmmp(@} | Hm(@p(@)} | Hns(@pln)}t
7715#1)# + ma’:—;u + 7735‘17210# —0.

Now, take p(ft) x 072 (02 + ko2) ™", then

) o{m (gip(ﬂ)} -0,

b) H{ma(p(}t _

dc2
and

o) 8{n3(8[:;—)§)(ﬁ)} —0.

[t therefore follows that

Hm@p@} | Hme(@p(@}t | oH{ns(Wp(R)} _
mgupu + nzg;gpu + 7735;;# —0.

If we take z = 1, then p(u, 02, 02) o< 0-2(02 + ko?)~! is a probability - matching prior for

~ 21 ko2
the parameter G = i + zq\/ 5%,



CHAPTER 4. THE BALANCED ONE - WAY RANDOM EFFECTS MODEL CONTINUED 215

Reference Prior

In the case of the reference prior, the Fisher information matrix for the parameters ¢(f),
vand o2, where v = % and (i) = § = p1+ za/ Z52% must first be obtained. This will be
done in two stages. In the first stage the Fisher information matrix for 1, v and 2 will be

derived and in the second stage., it will be derived for t(f1), v and o2,

Let

2 2 2
A= 88(“"’“"’;) where v = % and 02 = vo
w,v,02) o a

£

2
e

then
1 0 O 1 0 0
A=10 o2 v A=10 o 0
0 0 1 0 v 1
and

F(u,v,0%) = AF(j1,0%,02)A

a’ e

For the Fisher information matrix, F(u,v,0?), as defined in equation [4.7.2], o2 must be

substituted by vo?.

Therefore
I bk
10 0| | = 0 0 1 0 0
Fluv,020) =10 o2 v 0 sptrer  TRTER 0 o2 0
bk b(k—1) b
001 0 serrarme 20 taemEammre | L0 v
[ bk
o2(1+kv) 0 0
_ 0 bk bk
2(1+kv)? 2(02)(1+kv)
0 bk b

2(c2)(1+kv) 2(02)?
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The Fisher information matrix for the parameters t(f1), v, o2 is therefore given by

Fii Fig
F(t(,v,02) = A/F(Ma v, 03);1 = | Far Fao
Fs1 P
where
bk
F11 — m ’

[N

F12 = F22 = —lza (0'2)_ bk?%<1 + kV)_% ’

2 £

NI

F13 = F31 = —%Za (O'g)_% bk%“_ + kV)_

Fog = Fyp = 10k (02) " (1 + k)~ (322 + 1) ,

Fis
Fs
Fs
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F22 = %b/{?Q(l + kV)_Q (%Zi + 1)

= 3b(02) 7% (325 + k) .
Consider the submatrix

~ F22 F23

F =
F32 F33

The inverse of this submatrix is

2(k+322)(1+kv)®>  —2(02)(1+kv)

1= bk2(k—1)(522+1) bk(k—1)
—2(a2)(14kv) 2(c2)?
bk(k—1) b(k—1)
Now
| P
h=Fus=Fnu— | Fy Fs |F
Iy

@ (322+1)

— bk { (k) ? {Zz _ (k+%z§>} 0 } i
Js(1+ky) o2 oy —
(02)2k2 (k=1) Py

bk 1 9 (k+322)
e {1 T 35D [Za - (;szﬁ)] } '

Note, h; does not contain ¢(f).

Also
- -1

Fll F12 Hll ng

H —_= =
F21 F22 H21 H22
Fll F12 1 F13

= = Fas Fs Fzp | -

F21 F22 F23
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Therefore
Hoyy — bk2(§22+1) 2(02)2 b2k2(L22+1)2
27 04k bkt 122) 022 (1+kw)?
_ bk2(122+1) 1— 122+1)2 3
2(1+kv)2 (k+122) 2
and

hy = 1b(0?)2(k + 322) .

From this it follows that

p(t(f)) o h% = 1 (because h; does not contain t(i)),

PUIt() o b = (1+ k)~

and

plo|t(), v) o< b = (02)7".

The reference prior relative to the ordered parameterization (t(f1), v, o2) is therefore
given by

p(t(R), v, 02) = p(t(R))p(v[t(i2))p(o2|t(fr), v)

x (14 kv) o2,

3

Now.
t(/fl') = U+ 2o 05(1];1—191/)
_ 2 ,
o =1 v=72%and g5 =
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From this it follows that the reference prior of the (t(f1), 02, 02) parameterization is given

yYarsYe

by
p(t(Rr), 02, 02) o< (1 + k) 'o (072 4.7.3)

—1
2 2. 2 —2
= (UE—FkZ—g'UE) (62%).
-1 _
= (62 +ko?) o 2.
In a similar manner it can also be shown that equation[4.7.3]is also a reference prior for

the ordered parameterization (i, 02, 02).

Proof of Theorem 4.5.1

For Method 1
Since o2, 02,y ~ N(j_ ;ﬂ) the posterior distribution of ¢ = i + 241/ ﬁ*—,f"‘%
o2+ko?

2
conditional on ¢2 and o2, is normal with mean y  + 2,4/ 222 22+k7: nd variance .

Since

vam2 2
o2+ko? ™~ X, and

E{ () } = (<22+) ) it follows that

1
B(ily) = 7. + 2 (om2) B (1)

-

T

L~

Vo — )
2

(%)

=y + zaé(wmz)%

[\
Dol

Also

Var(dly, o2 + ko) =

and
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Var(qly) = E{Var(qly,o? + ko?} + Var { E(qly, o2 + ko?)} .
Now
E{Var(qly,o? + ko?)} = ;- E(0? + ko?)
and
Var{E(qly,o? + ko?)} = Var {y,, + 2o/ %}
= %var{ /o +ka2} .

Further
Var{\/m}:E{( a§+ka§)2}—{E<\/m>}2.
Now

and

2 1 vo—1 2
/o2 2\ |7 ) (em2)2T(Z5)
E{< U€+kaa)} _{ () }

_ (rama)T2 (2
2T (2)

Therefore, it follows that

2 (vam2)T2(Y27 1)

Var (Blaly.o? + kol)} = 3 { s - L2 |

and

Vorn Zi” m F2(V27*1)
Var(dly) = g% + =5 {ygl—z eIy } '
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For Method 2

In Box and Tiao (1973) it is proved that for method 2

m
5 { () } = () " TP i
— 12
o2+ko? voma (%) PT{FVQ,VI <2 }

where F,, ,,represents an F - distribution with v, and v, degrees of freedom.

From this it follows that

2 m2

- (Vz Ly PrqFuy—1,, <y m
E (m) - ( g 2) FF(VQ) {P:{I;zﬁl”ljm:} 1}

and

va m2
2 PT{FIJ2 1y1<V2 lml}
vo—2 '

Pr{F,,Q,V1<mf}

E(c? + ko?) = <"2m2

Also

r(e-t 1)Pr{Fy2 1 <22+ "‘2}

1
B@y) =5+ 2 (52)" Ty — o fa,em)

and

vy mg
Pr {FVQ L <355=7 1m1}

Pr{Fu, <22}

2

2 Pr {Fl, 1y <—2= m2} r2(¥2-1) [Pr{F,, 1w <”—2@H

+Za1/2mz 1 2~ 1 Svg—1mg _ 12’2 2 Y1 S vg—1 my

k -2 272 povy .
(r2—2) PT{FV27U1<m1} 212 ( 2 ) PT{FD2,V1<m73}

Var(qly) = 5,25

Proof of Theorem 4.6.1

The content ¢ of the interval [s, oo] is defined as

c=1-0 || 1o 00

\/ a?«kko’%
k

where ¢ [S“] represents the standard normal cumulative distribution function.

\/ o'gﬁ»kcrg
k

Now
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Using the method of Datta and Ghosh (19995), it follows that

V(0)F (1,02, 0%) = f l i (oniied) }

and

(SIS

, 1 024 ko? s—1)2
{VIO)F (1,02, 0)Vu(0)}* = f { et 4+ gt |
where F~1(u,02,02) is given in equation[4.7.2]

Therefore

0) — V:s(G)Ffl(#,a?l,ag)Vt(e) :{ 0 0 o ]
o) {VQ(G)F‘I(u,ag,ag)vt(o)}% m(6) n2(0) ns(0)

where

=

U?-{—kag Ug-i—kog s—p)?
m(0) = = { bk +(25)}
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N

s—p)(o2+ko? 24+ko? s
7M®=(”ﬁ+){'& +%?}
and

n3(6) =0.

N

The prior 7y (11, 02, 02) o o-2(02 + ko?) ™2 {1 + %}7

is a probability matching prior since
0 2
ou { 771(0) (:u’ O s) }

_ 1 _ k(s—p)? -1
= & { ()02 407 |1+ iy | }

_ 1 — K(s—)? |2 k(s—
= oA (R)i(0r + o) {1+ L A

—2(1 1/ 2 | 9\-2 B(s—w? |77
=0 ()2 (07 + 03) {14‘@} k(s — )

agg{ 172(0) (M, Oas 52) }

! _ -1
= 23 {(s — o *(bk) "2 [(02 + ko?) + k<52u>2] }
= —02(bk) (0% + ko?) 2 {1+ G k(s — )
Also

5%{%@)(%%79}20

Therefore

a%{mo) (4. % 3}+a+ig{n2<e> (4. % 3>}+£ {773(9) (

2
/’1/70.(],7 £
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Chapter 5

Student t - Distributed Measurement Error

Model

In Chapter 5, the simulation of variance components and quantiles used for the esti-
mation of tolerance intervals will be considered for the balanced one - way random
effects model with errors not of the usual N(0,02) form. Rather, the assumption of
Gaussian errors will be relaxed in the direction of the student t - distribution family. A
non - informative prior distribution is proposed for the location and variance parame-
ters while a normal prior distribution is proposed for the random effects parameter. It
was also decided to use a fruncated exponential prior distribution for the degrees of
freedom. A prior distribution proportional to a gamma distribution was also proposed
for \i;. For iron data originally presented by Wilson Hamada and Xu (2004), the Gibbs
sampler will be used to obtain marginal posterior distributions for the unknown param-
eters using different degrees of freedom. This is followed by the determination of the
three kinds of tolerance intervals originally proposed by Wolfinger (1998). In addition,
the student t - distributed measurement error model will be used for the detection of

possible outlying part measurements, using the scale parameter logio(\ij).

Parts of this chapter have been published in the South - African Statistical Journal. For

more details see Hugo and van der Merwe (2009).

224
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5.1 Introduction

It was mentioned in Chapter 1 that manufacturers are frequently required to verify that
products meet certain specifications (Hahn, 1982). A standard approach to the prob-
lem would then be to compare for example measurements from a sample of parts,
to a certain specification. Inferences can then be made from these results about the
entire population of parts (Wilson, Hamada and Xu, 2004). The situation may however
sometimes arise when for example it may seem that specifications are not being met,
when in fact they are. This usually occurs when the available data is subject to mea-
surement error (Hahn, 1982). It is therefore important to account for the measurement
system being used to characterize production performance based on, for example,

this available sample of parts (Wilson, Hamada and Xu, 2004).

Wilson, Hamada and Xu (2004) recently investigated such a case by considering the
assessment of a manufacturing process’s performance when the sample of parts pro-
duced by the process was measured with error, and as a result, would generate mea-
surement errors not of the standard N (0, 02) form. Wilson et. al. (2004) firstly provided
the standard Bayesian formulation of the one - way variance component model using
a normal prior on u, an inverse gamma (IG) prior on ¢2, and the uniform shrinkage
prior proposed by Daniels (1999), on o2 given 2. The authors also illustrated a model
where the error variance was assumed to be proportional to the frue part value. They
modeled the measurements as N (z;, (pz;)?), with p unknown. The priors proposed for
p and o2 were normal and inverse gamma (IG) respectively, while the prior distribu-
fion assumed for p, was a gamma distribution. The authors then illustrated a model
where the measurement errors followed a log - normal distribution. For this model the
authors used the same prior distributions as for the standard Bayesian model men-
fioned above. In addition to these, the authors showed how to handle censored data
using a truncated normal distribution, calculated tolerance intervals for the parts distri-
bution to assess the manufacturing process’s performance, and, deftermined release

specifications based on the producer’s risk (probability of rejecting a good part) and
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consumer’s risk (probability of accepting a bad part).

To illustrate how a process’s performance can be assessed when a sample of parts
produced by a process is measured with error, consider the following example from
a new manufacturing process. The data in Table 5.1 was obtained from a new man-
ufacturing process and represents measurements of iron concentration in parts per
million (ppm) (Wilson, Hamanda and Xu, 2004). Each row of Table 5.1 represents two
measurements of the same part determined by emission spectroscopy. According to
Wilson, Haomada and Xu (2004), a part is considered to be acceptable if it has under
225 ppm (parts per million) of iron. The engineers involved in the process are inter-
ested in understanding production characteristics while the chemists, who measure
the parts, are interested in understanding the measurements system (Wilson, Hamada

and Xu, 2004).
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Table 5.1: Measurements of Iron in Parts per Million (ppm) Determined by Emission

Spectroscopy. (A Part with Under 225 ppm of Iron is Acceptable).

Part | Measurement 1 | Measurement 2
1 206 258
2 181 197
3 185 162
4 195 195
9 170.5 143.8
6 193.8 224.8
7 244.8 217
8 191.5 196.8
9 209.3 189.5
10 134.5 143.8
11 223.8 198.5
12 103 129.3
13 99.7 201.8
14 137.5 119.8
15 144.5 130
16 159 166.5
17 140.5 138
18 207 230
19 195.5 190.5
20 142.3 163.8
21 74.3 86.5
22 439.5 211.5
23 130.3 114
24 99.7 201.8

Wilson, Homada and Xu (2004) suggested that a one - way model be used which is
mathematically given by

Yij = Ti + €45 ®G.1.D
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where y;; represents the j'* measurement on the it part, z; is the frue value for the
it part and ¢;; is the measurement error associated with the ;¢ measurement of the
ith part. The real interest is in z; and ei; separately, but what is observed, are the
y;js. A variety of issues can be addressed if it is possible to estimate the distributions
of z; and ¢;;. These include many of the common ways of characterizing production
performance. Specifically, Wilson, Hamada and Xu (2004) mentioned some of these
common ways, if for example parts with an upper specification limit U are considered.
These include the proportion of parts meeting the specification, as one measure of
production performance. Another measure of production performance uses partficu-
lar quantiles which summarizes the whole production distribution (i.e. the distribution
of x) (Wilson, Hamada and Xu, 2004). According to Wilson et. al. (2004) a related
issue is the sefting of release or test specifications. For example, in deciding to ac-
cept a part or not, one needs to account for the measurement error. According to
Wilson et. al. (2004), a typical approach is to tighten the specification U, to a release
specification U,., where the selection of U, depends on the trade off that needs to be
made between two types of errors, a good part can be rejected or a bad part can
be accepted. The probabilities of these events are known as the producer’s - and

consumer’s risks respectively, and are given by
P(x <Uly>U,) and P(x > Uly < U,)

(Wilson, Hamada and Xu, 2004).

The novel features of the above example arise because the measurement system can-
not be characterized in the traditional way, i.e., as following a N (0, ¢2) distribution for
eij. Rather, the measurement system may not be normally distributed and may have
for example a multiplicative (or different) structure for the variance (Wilson, Hamada
and Xu, 2004). The remainder of this chapter will be dedicated to the characteriza-
tion of the measurement system in Table 5.1 using a student ¢ - distribution. To be more

specific the principle purpose of the rest of this chapter is fo specify a Bayesian model
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for the data given in Table 5.1, and, to study the effect of departure from the usual
model which assumes that ¢;; ~ N(0,02). This is followed by the computational meth-
ods for implementing the Bayesian approach. The Bayesian method is then applied to
the data given in Table 5.1, and to conclude, Bayesian tolerance infervals in the case

where the residuals follow a student ¢ - distribution will then be provided.

5.2 A Bayesian Procedure for the Student ¢ - Distributed Measurement Error

Model

Casual inspection of the residuals obtained for the iron data given in Table 5.1, has
revealed that the underlying distribution is symmmetrical, but with heavy tails. It is there-
fore feasible 1o replace the normal distribution with some other distribution which is
also symmetric, behaves like the normal distribution in the central area, but has heav-
ier tails (Bernardo and Smith, 1994 and Tsiamyrtzis, 2000). Therefore, o accommodate
for the possibility of outlying measurements, the assumption of Gaussian errors will be

relaxed in the direction of the student ¢ - distributed family.

Consider the series of independent errors e;|02, Xi; ~ N(0, %) fori =1,...,band j =
1,...,k. By placing a prior distrioution on A;;, enables a wide variety of model error
densities f(e;;|0%) to emerge as scale mixtures of normal distributions, i.e. f(eijl0?) =
Jo7 p(eijlo2, Mij)p(Xij)dAi; (Andrews and Mallows (1974), Carlin and Polson (1991) and

Wakefield et. al. (1994)). The following theorems can now be proved.

Theorem 5.2.1

If the errors for the one - way varionce component model given by equation are

assumed to be independently student ¢ - distributed, and if

(€ij|)\ij,0'§) ~ N(O,J—) for: = ,...,b,j = 1,...,]{30nd where V>\ij ~ X,z/,
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then
Mo 0?) = () b eap[ Ly, 2 5.2.1
FleijlAig, 02) = (27703) ea:p[ag ijgij]' 6.2.1
Also, if we define
’3:{511 €12 -~ €1k €21 €22 - 5bl~c] and
A:{)\n A2 o0 A Ao Agg e )\bk}’
then
bk b
et () TlDer [ 5350 622
i=1j5=1 =1 j=1
Proof

The proof of Theorem 5.2.1 is given in Appendix C.

Theorem 5.2.2

If it is supposed that v\;; ~ x2fori=1,...,band j =1,...,k then

p(Aj) = ——A2" e for A > 0. (5.2.3)

Proof
The proof of Theorem 5.2.2 is given in Appendix C.

Theorem 5.2.3

If the conditional density of ;5| \;;, 02 is given as in equation|5.2.1, the conditional den-
sity of |, 02 is given as in equation |5.2.2|and the density of )\;; is given as in equation
5.2.3, then the conditional density of £;;|02 is represented by a univariate ¢ - distrioution

with v degrees of freedom given by

vp L 132 -l
V2 F[Q(V—f—l)] (03)2 {V+ 1 2} 3 (v+1)

p<€’l]|0-§) = 1 ;523 (5.2.4)
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and the joint density of e|o? follows a multivariate ¢ - distribution given by

bk
yzvbk{F [%(1/ + 1)} } b Lw+1)

(mo2)1* 1 (5) Hﬁ {” i oizggj} - (5.2.5)

bk
} i=1j=1

p(elo?) =

[NJAN

Proof
The proof of Theorem 5.2.3 is given in Appendix C.

Now, reconsider equation[6.2.2 and define

M1 0 0 0
0 Ao O 0
H=1 0 0 M3 0
0O 0 0 ... \m

We can therefore write equation [5.2.2in matrix notation as follows:

L \¥
pelro?) = (575)

For this example, it is assumed that vA;; ~ x2 so that g;j|02 ~ ¢,(0,02), i.e. representing

H‘ ? eap {%E/He} . (5.2.6)

a student ¢ - distribution with mean 0, variance ¢2? and degrees of freedom v.

Now, the random effects model defined in equation[5.1.T|can be written as
yij:/L‘i‘ai‘i‘éfij fO’f’ i:17...,b,j:1,...,]€ (527)

where y;; represents the j'* measured value on the it*part, p is the overall mean, a;

represents the row or part effect (random effect) where a;|02 ~ N(0,02), and, e;; repre-

sents the measurement error for the j** measurements on the it* part, where as men-

tioned,
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In matrix notation the random effects model given in equation[5.2.7jcan be written as

y=uj+Za+e (5.2.8)
where
J=1111 --- 1 Twi’rh dimension (bk x 1),
a = :a1 ay as --- ab]ondawN(O,JEIb),
Y= :’yn Yiz o Yk Y21 Y22 o Yek |

and for the example given in Table 5.1, b = 24 and k = 2.
Also,
121 :b<k'—1),7/2:b—1,

b k
vimy =y (yi; — ¥;.)% and.,

i=1j=1

b
vomg = kY (¥, —7.)°
i=1

where

Z=0L®3

where I, ® j denotes the Kronecker product of the matrices I, and j with I, represent-

ing a (b x b) identity matrix and 3 a (k x 1) vector of ones.
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Z is therefore equal to

(100 - 0]
100 --- 0
010 -0
Z=1010 ---0
000 --- 1
(000 -+ 1

Now, since € = y—puj — Za and the jacobian of the fransformation form e to y is g—; =1,

it follows from equation [5.2.4 that the distribution of y is given by

1\ s 1 . : .
L(ylu,a,/\,af)=< ) ‘H e:vp{— (y—uJ—Za)H(y—m—Za)}.(5.2.9)

2 2
2o 20

Equation [6.2.9is known as the likelihood function, and, can be regarded as the func-
tion through which the data y modifies prior knowledge of the unknown parameters

(Box and Tiao, 1973).

5.3 The Prior Distribution

It was mentioned in Chapter 1, that an integral part of traditional Bayesian analy-
sis is the assignment of prior distributions to the unknown parameters in the model
(van der Merwe, Pretorius, Hugo and Zellner, 2001). The choice of a prior distribution
is a very difficult and conftroversial step in any Bayesian analysis, since the information
contained in the prior distribution, which is supposed to represent what is known about
the unknown parameters before the data is available, is combined with the informa-
tion supplied by the data, through the likelihood function, to form the joint posterior
distribution of the parameters given the data (Box and Tiao, 1973 and Gianola and

Fernando, 1986).
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It must also be reiterated that two types of prior information are distinguished: Data
based and non - data based. Data based prior information is obtained in a scientific
manner from prior experimentation, while non - data based prior information is based
on subjective personal opinions or beliefs and theoretical considerations. It seems to
be the use of non - data based prior information to which orthodox frequentists object

(Carriquiry, 1989).

The choice of a prior distribution can either express prior ignorance or prior belief.
One can therefore either choose a non - informative prior distribution, having a “flat”
probability density function, or a prior distribution assigning probability one to a single
value (Carriquiry, 1989). In problems of scientific inference it is usually better, if at all
possible, to let the data “speak for itself”. Box and Tiao (1973) therefore pointed out
that it is usually betfter to conduct the analysis as if a state of relative ignorance existed,

and thus recommended the use of non - informative prior distributions.

For the prior distribution of the parameters p, 02, o2, it is assumed that little is known
about these parameters initially. It was decided to use non - informative prior distribu-

tion to represent these parameters i.e.

p(p,0q,0%) <o to,
Since p(02) o o, 2 will result in improper posterior distributions, it was suggested by Gel-
man (2006) to use a uniform density on o, which is equivalent to p(a2) x o, ! This
density can be interpreted as a limit of the half ¢ - family on ¢,, when the scale ap-

proaches infinity (and any value of the degrees of freedom).

Another non - informative prior distribution sometimes proposed in Bayesian literature,
is uniform on ¢2. According to Gelman (2006), this is not recommended as it seems
to have a miscalibration towards higher values, and, also requires b > 4 groups for a

proper posterior distribution.
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For the random effects a, a normal prior distribution given by

pla) = (ﬁ)

will be used.

b
1 !
eTp —ma a

N

It was also decided that the prior distribution of the parameters \;; fori =1,...,b and

j=1,...,kbetaken as

v Ty— Lo .
p(Nij) = #(V)Afj 1exp(—%)\iju), where v );; follows a gamma distribution.
2
b k
Since p(A) = [ [I1p(Xi;). the prior distribution of X is therefore given as
i=1j=1

p(A) = an A ean(—3A)

i=1j=

yf'/bk —1 1 b k
=¥ H H )\ ea:p(—§uzlzl>\ij) .
i=15=

i g

The joint prior distribution of the parameters (i, 02, 02, a and ) is then given by

1
1p
o2 L 2 1,
p(p, 02,02, a,\) o o <2mg) emp(—maa)

kaH)‘ exp ——VZZ)\Z‘]‘)- b.3.1

This completes the prior specification for the random effects model given in equation
0.2./|, if the degrees of freedom v is held fixed. A prior distribution for v will later be

selected and v will also be simulated.
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5.4 The Posterior Distribution

Given the likelihood function and the prior distributions, the joint posterior density of

the unknown parameters can always be determined.

Bayes’s theorem states that for data y and unknowns «,

p(Y|y) o< L(y|¥)p(7)-

This implies that the prior information about «, as described by the prior density p(v).
is updated by the information contained in the data, as described by the likelihood
or the joint density of the data L(ylv). to yield the joint posterior of 4 given by p(v|y)
(Wilson et. al., 2004).

For this problem, v = (1, 02,02, a, X\) and the joint posterior density of ~ is therefore given

a'Yer

by

p(p, 02,02, a,\) « Likelihood function x Prior distrioutions

a'Yer

o< (ﬁ)ﬂk‘H aexp{—ﬁ(y —puj — Za) H(y — pj — Za,)}gj
1 b 1, VbR
(27“73) exp(— om0z a,) 2§bk[ ]bk Hjl_[f ea:p( ;;)\”> 4.1

where H is defined as in equation[5.2.§and y, 3, a and Z defined as in equation[5.2.8]

N |=

l\?lt

From the joint posterior distribution given in equation the conditional densities can

be defermined.



CHAPTER 5. STUDENT T - DISTRIBUTED MEASUREMENT ERROR MODEL 237

5.5 Bayesian Computation

To make appropriate inferences in a Bayesian analysis, the marginal posterior distribu-
tions and predictive densities are needed. Due to the complexity of the joint posterior
distribution however, it is impossible to obtain these marginal posterior densities ana-
lytically. It is also very difficult to obtain these marginal posterior densities numerically,
due to the high number of unknowns (van der Merwe, Pretorius and Meyer, 2003). It
is therefore recommended that a Monte Carlo simulation procedure be used to es-
timate these marginal posterior densities of the unknown parameters and predictive

densities of future observations.

In recent years, statfisticians have been increasingly drawn to Markov chain Monte
Carlo (MCMC) simulation fo examine more complex systems than would otherwise be

possible (Chib and Greenberg, 1995).

It was mentioned in Chapter 1, that to explain Markov chain Monte Carlo simulation,
suppose a sample needs o be generated from a posterior distribution p(u|y) for u €
T C Rk, but it cannot be done directly. The key to Markov chain simulation is then to
create a Markov process whose stationary distribution is a specified p(u|y) and run the
simulation long enough so that the distribution of the current draws is close enough
to the stationary distribution. Once the simulation algorithm has been implemented,

sufficient iterations should be performed until convergence has been approximated.

It was also mentioned in Chapter 1, that Metropolis together with Rosenbluth, Rosen-
bluth, Teller and Teller (1953), developed the Metropolis-Hastings (M-H) algorithm which
was later generalized by Hastings (1970). Although the M-H algorithm has been used
extensively in physics, it was little known to statisticians until recently, despite the pa-
per by Hastings (Chib and Greenberg, 1995). The Metropolis-Hastings algorithm is ex-
fremely useful and versatile and applications are steadily appearing in literature (Chib

and Greenberg, 1995).
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The Gibbs sampling algorithm, a special case of the Metropolis-Hastings algorithm, is
one of the best known Markov chain Monte Carlo methods (Chib and Greenberg,

1995) and will be discussed in the following section.

5.5.1 The Gibbs Sampler

Gibbs sampling is a numerical integration method for generating random variables
from a (marginal) distribution indirectly, without having to calculate the density. This
technique is based only on elementary properties of Markov chains (Casella and

George, 1990).

Consider the following example: Suppose we are given a joint density function f(w, z,y, z)
and we want tfo obtain the characteristics, such as the mean and variance, of the

marginal density
fw)= [ [ [ flw,z,y, z)dxdyd:z.

The most natural approach would be to calculate f(w) analytically or even numeri-
cally, and then use this result to obtain the desired characteristics such as the mean
and variance. However, there are some cases where the marginal distribution f(w)
of the density function f(w,z,y,z) cannot be readily calculated. In these cases an

alternative approach is provided by Giblbs sampling.
The Gibbs sampler allows us to effectively simulate a random sample
W,y Wy ~ f(w)

without requiring f(w). By simulating a large enough sample, the mean, variance or
any other characteristics of f(w) can be calculated to any desired degree of accu-

racy.
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This characteristic can easily be proved by the fact that

lim %ilwl = [T wf(w)dw = E(w).

— .
TLOO,Lf

Thus, by taking the sample size (n) large enough, any degree of accuracy can be

obtained.

The Giblbs sampler is therefore a method for generating a sample from f(w) in an indi-
rect way, by sampling from the conditional distributions f(w|z, y, z). f(z|w,y, 2). f(y|w, z, 2)
and f(z|w,z,y) which are offen known in linear statistical models. It is therefore possi-
ble to generate samples from these conditional distributions given the specified values

of the conditioning variables (Casella and George, 1990).
The Gibbs sampler generates a random sample indirectly as follows:

The initial values X(© = z©), y(©) = 4(©), z(0) = ) gre specified and the rest of the
Gibbs sequence of random variables are obtained iteratively by alternately generat-

ing values in the following way:
Draw

w® from f(w]z®, y© 2)
then

2 from f(xjw®, y© 20),
also draw

y D from f(y|lw®, M 20)
and lastly

2 from f(z|w®, 2y D)

to complete one iteration of the scheme. At the p*" iteration we draw
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w® from f(w|x(p_1), y®P=1), Z(p—l))
then

2® from f(x]w(p), y®= 1)),
then

y® from f(y\w(p), x®) (P=1)
and lastly

2) from f(z|w®, 2@ 4P)),

Geman and Geman (1984) have shown that under fairly general conditions, the distri-
bution of w® converges to f(w) (the frue marginal distribution of w) as p approaches
infinity. Thus, the value w® can be regarded as a simulated observation from f(w)
if p is large enough. By repeating the Giblbs sequence np times, the Giblbs sampler

generates n observations

WP P,

Therefore, the Gibbs sampler can generate n realized values of the random variable
w®) if the Gibbs sequence is repeated n times. If the repetitions are independent, us-
ing predetermined initial values z(©, y(© and z(© for each sequence, the final values
will be independent. Thus, by simulating a large enough sample, characteristics such
as the mean and variance of f(w) can be determined to any desired degree of ac-
curacy (van der Merwe and Botha, 1993). Characteristics of f(z). f(y) and f(z) can

be obtained in a similar way.

By looking at the above statements, one can see that the Gibbs sampler is relatively
easy to implement and subsequently has had an immense impact on Bayesian statis-

tics.
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For the random effects model given in equation and the data given in Table 5.1,
the Gibbs sampler will succeed, because the problem of dealing simultaneously with
a large number of infricately related unknown parameters is reduced into a much
simpler problem of dealing with one unknown quantity at a fime, sampling each from

its full conditional posterior distribution (Gilks, Thomas and Spiegelhalter, 1994).

As was mentioned above, one issue however with Gibbs sampling, referred to as the
convergence of the Gibbs sampler, is whether the draws are approximately a ran-
dom sample from the posterior distribution (Wilson, Hamada and Xu, 2004). By running
the Gibbs sampler however a number of times and then discarding the draws ob-
tained, also known as the burn - in period, the impact of initially chosen values are
decreased. Also, by retaining every pt* draw, dependence between draws can be
reduced (Wilson, Hamada and Xu, 2004). The Gibbs sampler on the other hand also
has an advantage when calculating quality characteristics, since an approximate
randomly selected sample from the posterior densities of the unknown parameters is
obtained after running the Gibbs sampler np fimes. This sample can then be used in
a straightforward way to calculate a distribution for a particular characteristic (Wilson,

Hamada and Xu, 2004).

5.6 Conditional Posterior Distributions

As mentioned, to implement the Gibbs sampler, the full conditional posterior distribu-

tions of the unknown parameters are needed.

The following theorems can now be proved.
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Theorem 5.6.1

For the random effects model given in equation with joint posterior distribution
given by equation[5.4.1] the conditional posterior distribution of y is given by

1. -1 . , -1
p(uly, 0, H,a) ~ N((—Qj Hj) —j H(y - Za), 02(j Hj) ) (5.6.1)
UE UE

where H is defined as in equation[5.2.§/and y., a and Z defined as in equation[5.2.8]
Proof

The proof of Theorem 5.6.1 is given in Appendix C.

Theorem 5.6.2

For the random effects model given in equation [6.2.7] with joint posterior distribution
given by equation[5.4.T], the conditional posterior distribution of the vector of random

effects a is given by

1 ’ 1 -1 1 ’ 1 ’ 1 -1
plalu, 0%, 0%, H,y) ~ N((—zz HZ+—5) (2 Hy'), (2 HZ+ 1) )
0-5 O-(l 0’6 06 0-(1

(5.6.2)

where y* = y — puj, H is defined as in equation and a, y and Z defined as in

equation[5.2.8|
Proof

The proof of Theorem 5.6.2 is given in Appendix C.
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Theorem 5.6.3

The conditional posterior distribution of o2 for the random effects model given by equa-
tion[5.2.7] with joint posterior distribution given by equation [5.4.1], is given by

1

plo?lu a,0%, H,y) o (02) 3 Deap] -
UE

a’

(y — pj — Za) H(y — pj — Za)} (5.6.3)

which is in the general form of an inverse gamma distribution where H is defined as in

equation[5.2.§and a, y and Z defined as in equation[5.2.8
Proof

The proof of Theorem 5.6.3 is given in Appendix C.

Theorem 5.6.4

For the random effects model given in equation [6.2.7] with joint posterior distribution

given by equation|5.4.1], the conditional posterior distribution of o2 is given by

p(ola,y) o (02) Peap| —5a'a} (5.6

2
202

which is in the general form of an inverse gamma distribution where a is defined as in

equation[5.2.8]
Proof

The proof of Theorem 5.6.4 is given in Appendix C.
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Theorem 5.6.5

For the random effects model given in equation [5.2.7] with joint posterior distribution

given by equation[5.4.1}, the conditional posterior distribution of A;; is given by

Lw+1)—1 1 1
p(Nijly, @, p, 02, 07) o )\1'2]‘( o exp{_i)‘ij [V + ;(yij o ai)Q} } (8.6.9)

which is in the general form of a gamma distribution where y and a are defined as in

equation.2.8,i=1,...,bandj =1,... k.
Proof

The proof of Theorem 5.6.5 is given in Appendix C.

5.7 Marginal Posterior Distributions

As mentioned, Markov chain Monte Carlo simulation methods can be used to ob-
tain the random samples from the joint posterior distribution. It was also mentioned
that one of the best known MCMC methods, is the Gibls sampler, which consists of
repeated cycles of draws from the full conditional posterior distribution. The Giblbs
sampler however has a principle requirement that all conditional posterior densities

must be available in the sense that random variates can be generated from them.

To implement the Gibbs sampling procedure, random numbers have to be generated
from the required posterior distributions. The Giblbs sampling procedure for the random

effects model given in equation[5.2.7]can be implemented as follows:

i) Start the iterative process for the burn - in period by specifying initial values
for v (which is held fixed), 02, 62, a® and A, These preselected values
and vectors are then used to draw p(Y, the first value of y, from a normal

distribution given by uly, o2, a, H ~ N((j’Hj)—lj’H(y ~ Za), ag(j’Hj)—l)
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i)

ii.)

iv.)

V.)

where H is defined as in equation|5.2.6]!

The preselected values o2, a© and A© are then used together with the
first simulated value for pi.e. pM, to draw 03(1) from the conditional posterior
density of o2|u,a, H,y by simulating » = @=#i=2a) Hly-1i=2a) trom g chi -

square distribution with bk degrees of freedom, and, then by calculating

. / .
o2 — W—pi=Za) H(y—pj=Z2a) \, pore X%, s mentioned.

3 T

By now, using the preselected values for a and A, together with the first simu-

lated values xMand o2, #21 can be drawn from the conditional posterior

/

density of o2|u, 02, a, H,y by simulating § = 22 from a chi - square distribu-

2
Ta

tion with b — 1 degrees of freedom, and, then by obtaining o2 = “;“ where,

as mentioned, 6 ~ x7_,.

If the preselected values for A are now used together with the first simulated
values 1, o2V and o2V, the vector aVcan be drawn using the normal

distribution given by

/ -1 / ’ -1
p(alp, 02,02, H,y) ~ N [((}22 HZ+51) (LZHy), (L2 HZ+ 51, ]
derived in Theorem 5.6.2.

These simulated values V), o2V, 21 and the vector oM are then used

to draw the AS) G=1,...,b, 7 = 1,...,k) values used to set up the matrix

H defined in equation |5.2.6, These /\8.) values can be simulated using the

conditional posterior density p(\;;|u, 02,02, a, H,y) by simulating w = \;; |v +

errar

%(yij —p—a;)?| from a chi- square distribution with v+1 degrees of freedom,

and, then by obtaining A;; = w where w ~ x2, ; as mentioned.
y+a%(yij_ﬂ_ai)2j|

This completes one iteration of the Gibbs sampler, and as a result, the first simulated

2(1)

values for u1, o2, 02, a and A or in other words, u, 62, 521 4@ and A® respectively

were obtained. These values are then used as initial values for the second iteration of

'Remember all the Aijvalues (i = 1,...,b, j = 1,..., k) down the main diagonal of H can for example be taken

as chi - square random values with v = 5 degrees of freedom.
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the Gibbs sampling algorithm. For the burn - in period, np values are simulated and
every pt" value retained, meaning that we will have n retained, simulated values. Of
these, the first n — 1 retained values are disregarded, and the values simulated and
retained on the npt" iteration are used as starting values for the Gibbs sampler which
is used to simulate the random effects and variance components. The Giblbs sampler
is then run ¢p times to obtain the estimated marginal posterior densities (estimated
unconditional posterior densities) (uly), (o2|y). (¢2|y). (aly) and (Aly) using the same

method as described above.

5.8 A Prior Distribution for the Degrees of Freedom v

In the previous sections, the Bayesian approach to variance component - and random
effects estimation for the random effects model given in equation[5.2.7)was considered
for the case where the degrees of freedom v was taken as a fixed value, and, prior

distributions were defined for ., 02, 02, a and X to obtain the joint prior distribution given

in equation5.3.7]

The random effects model given in equation will now be reconsidered for the
case where the degrees of freedom v is not held fixed. This implies that a prior distribu-

tion for the degrees of freedom v will also have to be specified.

As prior distribution for the degrees of freedom v, it was suggested by Sahu, Dey and

Branco (2003) that a fruncated (v > 2) exponential distribution given by

p(v) = &exp(—&v)  forv > 2 %.8.1

be used with parameter £ = 0.1. This truncation ensures the finiteness of the mean and
variance of the associated t - error distrioution. For further details on this, see Sahu,

Dey and Branco (2003).
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Also, since the parameter ¢ = 0.1, it implies that the expected value of v is given by

E(v) =2 = 10.

1
3

The joint prior distribution of the parameters (i, 02,02, a, A, v) is then obtained by mul-
tiplying the joint prior distribution of the parameters (u, 02, 02, a, X) given by equation
with the prior distribution of v given by equation [6.8.1] The joint prior distribution

of the parameters (u, 02,02, a, A, v) is then given by

ib
2 2 -2 1 17
P(M,0570a7aa)\a V) X 0o, <27mg) exp(%wga a’)

7ubk bk
kaH/\ . 16”(‘%”22%’)56@(—@) 5.8.2)

2””“[ %] i=1j=1 i=1 j—=1

To obtain the joint posterior distribution, as mentioned, the likelihood function given by
equation [6.2.9 has to be multiplied with the joint prior distribution given by equation
[6.8.2] The joint posterior density is then given by

p(p, 02,02, a, A\ v|y)

1ok 1
(ﬁ) ‘H ea:p{ﬁ(y—uj—Za)H(y—uj—Za)}UQQ(ﬁ)

£

N[

b
emp{ Tl a}

—{HH/\ - 1}6$p<_%Vzb:Zk:)\ij) Sexp(—Ev) (5.8.3)

2"bk [F(%)] i=1j=1 i=1 j=1

where H is defined as in equation[5.2.4§/and y, 5, w and Z defined as in equation[5.2.8]

From the joint posterior distribution given in equation [5.8.3] the conditional posterior

distribution of v can now be obtained.
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Theorem 5.8.1

For the joint posterior distribution given in equation [6.8.3] the conditional posterior dis-

fribution of v|y, A;; is given by

ﬂ/bk 1 bk
p(v|y, Aij) o< : kaHA exp{u(—§ZZ>\ij + 5)} forv>2 (5.8.4)

i=1 j=1

where y is defined as in equation[5.2.§

The condifional posterior distribution of v|y, A;;, is not in the general form of a known

continuous distribution, and as a result, cannot be simulated directly.
Proof
The proof of Theorem 5.8.1 is given in Appendix C.

As mentioned, equation[5.8.4/does not correspond to any common distribution, hence
only the kernel of the density is available. Geweke (2005) used a metropolis within
Gibbs step to generate random numbers from equation [5.8.4 As candidate density
he used a univariate normal distribution, with mean at the mode v of p(v|y,A) and
precision equal to —d%ogp(u]y,)\)}du?‘u = v. This method is also used in the Bayesian
Analysis Computation and Communication (BACC) software for models with student
t - distributions. It is however recommended that the rejection sampling method as
discussed by Rice (1995) be used whereby a known distribution is fitted over the un-
known distribution given in equation [5.8.4] In order for the rejection method to be
computationally efficient, it was decided to use as candidate function also a normal
distribution. As will be seen later, the normal distribution fitted p(v|y, A) so well that v

could be simulate directly from it.

Remember, to simulate v from this normal distribution, the Giblbs sampling procedure
is run in the same way as described earlier, with the only difference being that v is now

also drawn using this mentioned normal distribution. It must be noted however, that
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since the posterior density of v is now continuous, a drawn value of v may not always
be a whole number. Since v represents the degrees of freedom, the simulated value
for v therefore has to be rounded off fo the nearest whole number before substitution
into the Gibbs sampling algorithm discussed earlier. Also, remember to start the burn
- in period by still specifying an initial value for the degrees of freedom v, as men-
tioned in step i.) of the Gibbs sampling algorithm, on the first iteration. The degrees of
freedom is then simulated using the normal distribution mentioned in the next section.
This simulated degrees of freedom value v then simply replaces the fixed degrees of
freedom value v in step i.) of the Giblbs sampling algorithm from the second iteration

onwards.

5.9 Results and Discussions

Recall that the data provided in Table 5.1 comes from a new manufacturing process
and each row of Table 5.1 represents two measurements of iron concentration. Also
recall that the two iron concentrations measured on the same part were determined
by emission spectroscopy. If a part had a measurement of under 225 ppm of iron, it

was considered to be acceptable (Wilson, Hamada and Xu, 2004).

Since the full conditional posterior distributions of the unknown parameters have been
determined, the Gibbs sampler can now be implemented to obtain the estimated
marginal posterior distributions of the random effects and variance components. MATH-

WORKS MATLAB will be used to do the simulations for the Gibls sampler.

The iteration process for the burn - in period was started by specifying inifial values for
o2 = m; = 1721.3285 and 62”) = L(my — my) = 1693.6653. Also, with these preselected
values, a®) was determined as follows: For part 1, the average were obtained for
measurement 1 and measurement 2. The average of all the observations, (), were

then subtracted from this average. Therefore a, for example was determined as a; =
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(M) — 175.37 = 56.63. This was also repeated for the remaining 23 parts. The

preselected values used for a(®) were determined and is given by

a(o):[56.63 13.63 —1.87 19.63 —18.22 33.93 55.53 18.78 24.03 —36.22 35.78

—59.22 —-24.62 —46.72 —-38.12 -12.62 —-36.12 43.13 17.63 —22.32 —94.97

150.13 —53.22 —24.62

Also, A was taken as a vector of 48 chi - square random values with v = 5 degrees
of freedom each. These preselected values were substituted into the full conditional
posterior densities of the unknown parameters to draw v (if v was simulated?), u(,
o2 52W ¢ and AW, The full conditional posterior distributions were updated after
every iteration. The results from the burn - in period were obtained affer running the
procedure 30000 times. Every 10" value for v, u, 02, 02, a and X were stored, mean-
ing that 3000 values were stored for each of the unknown parameters. Of these 3000
stored combinations, the first 2999 stored combinations were disregarded and the val-
ues stored on the 30000t iteration, i.e. 1/(3000), ;,(3000) ;2(3000) ;2(3000) " (3000) g A(3000),

were used as starfing values for the Giblbs sampling procedure.

The new starting values obtained from the burn - in period were then substituted info
the full conditional posterior distributions and the Gibbs sampling procedure was run
?p = 100000 times. Again, every p = 10* sample was saved, meaning that the total
number of samples saved was ¢ =10000. Also, the full conditional posterior distributions
were updated after every iteration. These results obtained from the Giblbs sampler
were then used to obtain the histograms of the estimated marginal posterior distri-
butions p(v|y), p(uly). p(e?|y). p(o2ly) and for example p(Ax|y)3. Estimates from the
marginal posterior densities of functions of the variance components such as the to-

. . [l 2 Il [l
tal variance o2 + o2 and variance ratio i “= could also easily be obtained. These

oZ+o3)

estimated marginal posterior distributions are displayed in Figures 5.9.2 - 5.9.7.

2y was not simulated in the case of the joint posterior distribution given by equoﬂon The Gibbs sampler was
then run using fixed values for v, for example v = 5 or v = 10 efc.

3The marginal posterior distributions for p(Aily) Vi=1,...,24 can also easily be obtained. i = 20 was selected for
illustrative purpose only.



CHAPTER 5. STUDENT T - DISTRIBUTED MEASUREMENT ERROR MODEL 251

Figure 5.9.1: Unknown Conditional Posterior Distribution of the Degrees of Freedom v
and a Normal Distribution.
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Different starting values for the variance components were also considered for the
iteration process for the burn - in period. For example, for cr?(‘”, 500 and 2500 were
used, while 400 and 2400 were used for 02“)). Also, instead of simulatfing 48 different
x2 values for \;; i = 1,...,24, 5 = 1,2), all /\;js were considered to be equal to 5, the
expected value of this x2 distribution. The estimated marginal posterior distributions
obtained from the Giblbs sampler were however for all practical purposes the same as

those illustrated.

From Figure 5.9.1 it can be seen that the conditional posterior distrioution of v ap-
pears to be symmetrical and bell shaped. As mentioned, it was decided to fit a nor-
mal distribution over it, with mean and varionce equal to E(v|A,y) and Var(v|\,y) =
E [(1/|)\, y)z} —F [(y[)\, y)} ’ respectively. Remember also, that as mentioned, this normal
distribution (illustrated by the solid line in Figure 5.9.1) fitted p(v|y, A) so well, that as a
result, the rejection sampling method as proposed by Rice (1995) was not used and v

was simulated directly from this normal distribution.
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Figure 5.9.2: Histogram of the Estimated Marginal Posterior Distribution of .
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From Figure 5.9.1 it is clear that the posterior mode is equal to 3, indicating that the
most frequently used degrees of freedom fo simulate the variaonce components and
random effects with, was 3. The low number of degrees of freedom is also an indication
that a student ¢ - distribution will fit the measurement errors better than the normal

distribution.

As expected, the histogram of the estimated marginal posterior distribution of n (Figure
5.9.2), obtained using the student ¢ - measurement error model, is symmetrical due
to the fact that the conditional posterior distribution of p (equation is normal.
Figure 5.9.2 also compares well with the posterior distributions of the production mean
obtained using the normal multiplicative measurement error model, the log - normal
measurement error model and the censored data multiplicative measurement error

model which were illustrated in Figure 2 of Wilson et. al. (2004).

It should be noted that the histogram of the estimated marginal posterior distribution

of 2 is usually symmetrical or fairly symmetrical due to the high number of degrees
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Figure 5.9.3: Histogram of the Estimated Marginal Posterior Distrioution of 2.
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Figure 5.9.4: Histogram of the Estimated Marginal Posterior Distribution of o2.
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Figure 5.9.5: Histogram of the Estimated Marginal Posterior Distrioution of (o2 + ¢2).
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Figure 5.9.6: Histogram of the Estimated Marginal Posterior Distribution of 4 o
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Figure 5.9.7: Histogram of the Estimated Marginal Posterior Distribution of A for the 20"
Day.
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of freedom associated with o2. If Figure 5.9.3 is however considered, it can be seen
that the histogram is relatively positively skewed. The reason for this is the low number
of degrees of freedom associated with o2 i.e. b(k — 1) = 24 which is due to the smalll

number of 24 selected parts with only 2 measurement per part.

The histogram of the estimated marginal posterior distribution of o2 depicted in Figure
5.9.4 is similar to the graphs of the posterior distributions of the production variance
displayed by Wilson et. al. (2004) (Figure 2) for the normal -, multiplicative -, and log -

normal measurement error cases.

For comparative purposes the above simulations were also repeated for cases where
the degrees of freedom were held fixed at 3, 5, 10, 15, 20, 25 and 30 and for the case
where the residuals were considered to be random N(0,¢2) variables. In Table 5.2
the estimated posterior median values for the variance components, functions of the

variance components and Ay are given.
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Table 5.2: Estimated Posterior Median Values for Variance Components, Functions of

Variance Components and Ag.

Posterior Median for | v Simulated v=3 v=>5 v=10 v=15
m 174.9342 175.1402 175.0101 175.1528 175.2785
o? 2394.9 2393.5 2168.9 2024.5 1935.9
o2 1678.4 1676.4 1666.9 1699.3 1720.5
o2+ o2 4272.4 4310.1 4011.3 3863.4 3802.5
% 0.5849 0.5855 0.5598 0.5390 0.5228
A20 0.9930 1.0052 0.9865 0.9936 0.9953
Posterior Median for v =20 v =25 v =30 gij ~ N(0,02)
m 175.3668 175.4160 175.1960 175.1925
o2 1911.7 1893.5 1902.2 1823.3
o2 1716.1 1720.2 1719.8 1730.7
02 + o2 3739.5 3728.0 3720.9 3659.7
I 0.5218 0.5171 0.5172 0.5071
A20 0.9954 0.9976 0.9996 -

Comparing the results presented in Table 5.2 reveal that the target value p, remains
more or less constant for all cases mentioned. The same applies to the variance com-
ponent measuring the between parts variation, 2. This would be expected since
neither u nor o2 directly depends on the degrees of freedom v. Even though the simu-
lationof A\;; (i =1,...,b,j =1,..., k) depends on the degrees of freedom, the posterior
median values for Ay, remained approximately the same for all the cases mentioned
in Table 6.2. Also, recall that when v was simulated, the estimated posterior mode
of the estimated marginal posterior distribution of v was equal to 3, indicating that

the most frequently used degrees of freedom was 3. From Table 5.2 it is therefore ev-

ident that as the degrees of freedom increase and the student ¢ - distributions thus
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approaches a normal distribution, the estimated posterior median values for o2 de-
crease and approach the estimated posterior median value of ¢2 for the case where
neither v nor X is present i.e. where it is assumed that the residuals follow a N(0,02)
distribution. The same can be seen for the estimated posterior median values for the

total variance, (o2 + ¢7). and the variance ratio, ¢

2
206 2
o¢ +Ua)

This is also expected since

both these quantities are functions of the error variance component, o2.

By considering Table 5.3, it can be seen that the estimated interval width for the lo-
cation parameter i decreases generally as the degrees of freedom increase and the
student ¢ - distribution thus approach a normal distribution. This is to be expected since
the student ¢ - distribution has heavier tails than a normal distribution. The same can

be seen for 02, (62 + 02) 7 and Ag. Although the interval width also decrease

o?
A CeEv

slightly for o2, this decrease is not as dramatic as for 2.

Table 5.3: 95% Equal Tail Credibility Intervals and Interval Widths of Quantities of

Interest.
Quantity of v - simulated v=3 v=>5
Interest 95% ClI Width 95% ClI Width 95% ClI Width
149.6802 150.8202 150.919
[ _ _ _
200.6703 50.99 200.0941 49.2738 199.0883 48.1693
1035.0 1080.3 1031.8
o2 - - -
5338.7 4303.7 5587.4 4507.1 4542.1 3510.3
536.5785 298.4185 543.4245
o2 - - -
5298.0 4761.42 4662.8 4364.4 5105.8 4562.38
2467.6 2334.2 2424.2
02+ o2 - - -
8622.6 6155 8141.0 5806.8 7820.6 5396.4
0.2434 0.2650 0.2376
0.8661 0.6227 0.9268 0.6618 0.8557 0.6181
0.1288 0.1453 0.2289
A20 - - -
3.4817 3.3529 3.4058 3.2604 2.7097 2.4808




CHAPTER 5. STUDENT T - DISTRIBUTED MEASUREMENT ERROR MODEL

258

Quantity of v=10 v=15 v=20
Interest 95% Cl Width 95% Cl Width 95% Cl Width
151.5970 152.217 152.0222
m — — —
198.7091 47.1121 197.9371 45.72 197.8950 45.873
1021.7 1038.09 1036.1
o? - - -
3905.2 2883.5 3688.0 2649.1 3558.4 2522.3
556.6503 568.2349 567.6030
o2 - . .
4984.9 4428.3 4965.0 4396.8 5039.9 4472.297
2422.4 2449.1 2444.7
Ug + 02 - —
7209.7 4787.3 7036.9 4587.8 7062.6 4617.9
0.2341 0.2302 0.2319
| 0.8407 0.6066 0.8303 0.6 0.8336 0.6017
0.3652 0.4468 0.5026
A20 - - -
2.1343 1.7691 1.8771 1.4303 1.7338 1.2312
Quantity of v =25 v =30 gij ~ N(0,02)
Interest 95% ClI Width 95% CI Width 95% ClI Width
152.3915 151.5411 152.69
m — _ _
198.48 46.09 197.669 46.13 198.099 45.41
1050.1 1039.6 1058.9
o2 - . -
3528.0 2477.9 3467.5 2427.9 3292.3 2233.4
553.369 581.535 574.825
o2 - - -
4860.2 4306.831 4971.8 4390.27 4790.7 4215.88
2463.4 2475.6 2475.1
(752 + JZ - - —
6962.3 4498.9 7027.2 4551.6 6773.9 4298.8
0.232 0.2274 0.2325
2
agiacrg o B B
0.83 0.5980 0.8367 0.5993 0.8224 0.5899
0.5432 0.5729 —
A20 - - -
1.6625 1.1193 1.6027 1.0598 - -
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In the next section, tolerance intervals will be determined for the balanced one - way

random effects model with stfudent ¢ - distributed measurement errors.

5.10 Tolerance Intervals

It was mentioned in previous chapters that in any production process, designers will
specify tolerances for various characteristics. These characteristics are based on con-
siderations of requirements for fit or function, in use, or in subsequent levels of assembly.
The dimensions within which a produced part should fall in order to be acceptable,
is a typical example (Easterling, Johnson, Bement and Nachtsheim, 1991). To protect
against measurement error and to keep the production facility on its toes, designers
sometimes specify tolerance limits with an interval width less than the width of the frue
required tolerance limits. Since these ad hoc tolerances may impose undue costs due
to scrap or rework, it is desirable to take a more systematic look at the determination
of folerances, taking measurement error into account (Easterling, Johnson, Bement

and Nachtsheim, 1991).

Based on this information, and, since the Bayesian model has been specified and the
variance components and random effects have been determined, the three impor-
tant research questions proposed by Wolfinger (1998) and stated in Chapter 1, can

now be investigated for the data given in Table 5.1.

These three questions, and many similar ones, can be addressed by the three Bayesian
tolerance infervals proposed by Wolfinger (1998) which allow inference about the
quantiles of a probability distribution that is assumed to adequately describe a pro-

cess (Wolfinger, 1998).

To reiterate, all three kinds of tolerance intervals can take the following forms: lower

limit (t¢, 00), an upper limit (oo, t,,), Or a two - sided limit (¢, t,). For further details about
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confidence intervals and folerance limits, see previous chapters as well as Hahn and

Meeker (1991) and Wolfinger (1998).

A simulation based approach will now be presented for determining Bayesian toler-
ance intervals for the one - way variance component model given in equation
with student ¢ - distributed measurement errors. The procedure will then be applied
to the data given in Table 5.1. Since theorems proved for determining the « - expec-
tation tolerance interval will also be used for the determination of the (a, §) tolerance

intervals, the a - expectation tolerance interval will be discussed first.

5.10.1 « - Expectation Tolerance Intervals

According to Wolfinger (1998), the « - expectation tolerance interval addresses re-
search question 2 and focuses on prediction of one or a few future observations from

the process.

By using the results given in equations[5.6.1]- as well as equation the follow-

ing theorems can now be proved.

Theorem 5.10.1.1

The predictive distrioution of the average of £* future measurements (y¢1, yr2 ..., yri+)
for a new or unknown part, given the variance components o2 and o2, A+ (j* =

1,...,k*) and p, is normally distributed with mean

E(@f’ﬂ7037027/\f1;~--7/\fk*)ZM 4101

and variance

1
Var(li 02,00 A1, Ape) = 75 > ~— + 04 (5.10.2)

gr-a’
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Proof
The proof of Theorem 5.10.1.1 is given in Appendix C.

Theorem 5.10.1.2

The predictive distribution of the average of k* future measurements (g;1, iz, - - -, Yik*)
for a specific part (it part) or a new part similar to the given specific part, given the
variance components o2 and o2, and, Ai11, Ai12, - - -, Aitks Aial, Ni22, - - -, iz O well as g,
is normally distributed with mean

Bty aiy Nany - -+ Mok 02,0%) = pu+a (6.10.3)

gr7a

and variance

k* k*
_ 1 1
Var(§i|m, ai, M1, - - - Nigge, 02, 02) = o¢ {p E -+ (1—p) g 3 } (5.10.4)
J

R o)
where p = 0.5.
Proof
The proof of Theorem 5.10.1.2 is given in Appendix C.

To be able to provide comparative results with results obtained by Wilson et. al. (2004),
all future posterior distributions and tolerance intervals will be based on a N(u, 02) dis-
fribution which represents the variation amongst the parts. Figure 5.10.1 represents
the unconditional predictive parts distribution z, which conditional on yu, 2, ¢2 and

indirectly conditional on a and X, is distributed N (y, o2).

The Bayesian simulation procedure used for obtaining Figure 5.10.1 was performed in

the following way.

i) By using the Gibbs sampling procedure discussed in section 5.7, the vari-
ance components and random effects were generated from the joint pos-

terior distribution in the case where the degrees of freedom was simulated.
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Figure 5.10.1: Estimated Unconditional Predictive Part Distribution, z, if v is Simulated.
Determined for the Iron Data Given in Table 5.1.
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This was also done for the cases where the degrees of freedom were held

fixed.

i) For each of the ¢ = 10000 sets of simulated values for 1, o2, 02, a. A and v
(if v is also simulated), the conditional predictive part distribution, which is

normally distributed with mean ;. and variance o2, was determined.

iii.) Using the Rao Blackwell argument discussed in section 2.5 (see Gelfand and
Smith, 1991), the unconditional predictive part distribution was obtained by
averaging the conditional predictive part distributions over the ¢ = 10000

repetitions.

For comparative purposes, the median values and 95% upper prediction limits for the
predictive part distribution, forv =3, v =5, v =10, v =15, v =20, v = 25, v = 30, v

simulated and the case where ¢;; ~ N(0,02) are given in Table 5.4.
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Table 5.4: Median Values and 95% Upper Prediction Limits of the Predictive Part

Distribution Determined for the Iron Data Given in Table 5.1.

Degrees of Freedom | Median | 95% Upper Prediction Limit
v simulated 174.5121 254.5517
v=3 175.3703 253.7655
v=>5 175.1837 252.9174
v =10 175.9202 253.4124
v=15 175.1280 252.7596
v =20 175.0276 252.6984
v=25 175.4042 253.3415
v =30 175.8456 254.0012
€ij ~ N(0,02) 175.0278 254.8190

For illustrative purposes, using results obtained if the degrees of freedom v is simulated,

it follows that the process is in control if 95% or more of the parts have iron concentra-

tion measurements that fall below 254.5517 ppm.

5.10.2 One - Sided («, d) Tolerance Intervals

Assuming that a process is in a state of control, research question 1 can be addressed

by the («,d) tolerance infervals. As mentioned, these («,d) tolerance intervals are

typically applied in cases requiring long - run prediction about numerous observations

from this in - control process, and, inference is based on the actual quantiles of the

assumed underlying probability distribution (Wolfinger, 1998). Based on an available

sample of measurements, manufacturers often use these («, d) tolerance intervals to

predict the future performance of a product (Wolfinger, 1998).
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To construct one - sided («,§) tolerance intervals, the estimated marginal posterior
distribution of ¢* must be obtained. In this case, it represents the estimated marginal

posterior distribution of the (1 — a)** quantile of the

G* )\in*

k* k*
N{(u +a;), ’:422 [p > A; +(1—=p) > 4 } } distribution derived in Theorem 5.10.1.2.
j*:1 1 j*:1

The average of future data of the it part or a part similar to the i** part is described
by this distribution. The Bayesian simulation procedure for obtaining the posterior distri-

bution of ¢* can be performed as follows:

i) Use the Gibbs sampling procedure described in section 5.7 to generate the
variance components o2 and ¢2, 1, A and the random effects a (as well as
v if v is simulated) from the joint posterior distribution for the cases where v

were held fixed and for the case where v was simulated.

ii.) For the retained Giblbs simulated values of u, 02, o2, A and a (as well as v if v

is simulated), determine

1

0'2 L K ’

¢ = (u+a;)— za{_k? {p} :IA: +(1-p) Zﬁl } } .
]*: J*:

j* i25%
Remember, since k = 2 measurements were taken on the same part, ¢*

needs to be determined twice, once for each \;; for j = 1,2.

iii.) Repeat steps i.) and ii.) ¢ = 10000 times to obtain the histogram of the esti-
mated marginal posterior distribution of the (1 — «)** quantile of the normal

distribution derived in Theorem 5.10.1.2.

For comparative purposes, the histogram of the estimated marginal posterior distribu-
tion of the 0.95* quantile of the part distribution, is displayed in Figure 5.10.2 for the
data given in Table 5.1. The histogram displayed in Figure 5.10.2 was obtained for the

case where v was simulated, by calculating

q, = p + 1.6450,
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using the Gibbs sampled values for p and ¢2. The (0.95,0.95) one - sided upper toler-
ance bound can then easily be obtained by ranking the simulated g, values in order
of magnitude and obtaining the 95 percentile of these ranked simulated values. The
(0.95,0.95) one - sided upper tolerance bounds forv =3, v =5, v = 10, v = 15, v = 20,
v =25, v = 30, v simulated and the case where ¢;; ~ N(0,02), are given for compara-

tive purposes in Table 5.5.

Table 5.5: 95% Upper Credibility Limits of the 0.95"* Quantiles of the Part Distributions
Determined for the Iron Data Given in Table 5.1.

Case Upper Credibility Limits
v simulated 291.9719

v=3 291.4412

v=2> 290.0369

v =10 289.5633

v=15 288.5418

v =20 289.1931

v =25 288.7837

v =30 287.7826
eij ~ N(0,02) 287.8199

From Table 5.5 it can be seen that the upper 95% credibility limit for the normally dis-
fributed errors is only somewhat smaller than the corresponding 95% credibility limits for
the student ¢ - distributed measurement errors with simulated degrees of freedom and
degrees of freedom less than 25. Also, the histogram depicted in Figure 5.10.2 com-
pares well with the posterior distributions of the 0.95 quanftile of the part distribution
(especially the normal and log - normal measurement error models) given in Figure 3
on page 200 of Wilson et. al. (2004). According to Wilson, Homada and Xu (2004),
the 95% upper tolerance bound to contain 95% of the population is 286.7 for the nor-

mal model, 277.6 for the log - normal model and 305.3 for the censored normal model.
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Figure 5.10.2: Histogram of the Estimated Marginal Posterior Distribution of the 0.95"
Quantile of the Part Distribution for the Data Given in Table 5.1.
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Upper (0.95,0.95) One - Sided Tolerance Limit: 291.9719

These authors also mentioned that the upper tolerance bound for the censored nor-
mal model will be higher, since the distribution for this model is sommewhat wider due
to the additional uncertainty infroduced when exact measurements are not made.
If the upper one - sided (0.95,0.95) tolerance limits for the true part measurement are
compared to these results obtained by Wilson, Homada and Xu (2004), it can be seen
that for the case assuming that v is simulated, 291.9719 compares well with the above
mentioned results by Wilson, et.al. (2004). Also, by considering Table 5.5, it can be seen
that the results obtained for the different degrees of freedom used, also compare well
with these results. For illustrative purposes using the case where v was simulated, the
upper one - sided (0.95,0.95) tolerance limit equals to 291.9719 can be interpreted as
follows: 95% of frue emission spectroscopy values of iron in parts per million will fall

below 291.9719 with probability 0.95.
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Also, the histograms of the estimated marginal posterior distributions of

N

o K K 1
1. g = (u+a;) — 1.96{k;2 Py A:J_* +(1—p) > Ai;j* } and
L j*=1 J*=1 ]

N =

2 F k* T
2. %—Owﬂw+l%{§zpZAﬁ+%LﬂﬁZAj*},
L j*=1""" jr=1""

e (120.95) 1" , o2 &
which in this case represent the [T} quantiles of the N'q (u+ai), == |p >- +
=1

X1

Ao+

k:*
(1—p) > ] } distribution derived in Theorem 5.10.2, as well as
7*=1

k* 2
3 qg_u—196{;§ > )\1] +a§} and
=1
k* 3
2 2
4 QZ:M+196{,:§2 ZA;.*+03}
j*zl J

th k*
which in this case represent the [HE‘%%} quantiles of the N(,u, ;—22 > Afl* + ag> dis-
j*zl J

fribution derived in Theorem 5.10.1.1, can also easily be determined by using steps i.)
toiii.) described for the simulation procedure. Remember that for 1. and 2. above, ¢;
and ¢; need to be determined twice, once for each \;; for j = 1,2. Also, for 3. and 4.
above, Ay« (7 = 1,...,k*) are simulafed from the prior distrioution of A, since a future

observation for any new or unknown part is simulated.

For illustrative purposes, Figure 5.10.3, displays the histograms of the estimated marginal

posterior distributions of 5. and 6. below, where

%
5. q; = | — 1.96{02} and

1
6. @=M+L%{ﬁ},
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Figure 5.10.3: Histograms of the Estimated Marginal Posterior Distributions of the
th
[%} Quantiles of the Part Distribution for the Data Given in Table 5.1.
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which in this case represent respectively the (1:=32)t and (£322)!h quantiles of the

part distribution for the iron data given in Table 5.1.

5.10.3 Two - Sided («a, J) Tolerance Intervals

It was already mentioned that the construction of two - sided («a, d) tolerance intervals
are more complex than the construction of one - sided («, §) tolerance intervals. Since
the posterior correlation between ¢; and ¢; determined in section 5.10.2 is not equal
fo 1, the ¢; and ¢; values can also not just be combined for defermining a valid two -
sided (a, 0) tolerance interval for the student ¢ - distributed measurement error model.

Instead, the method as proposed by Wolfinger (1998) should also be used.

It is therefore suggested (see Wolfinger, 1998) that a valid two - sided («, §) tolerance
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interval for the student ¢ - distributed measurement error model can be determined by

computing the two quantiles

3
qQ =pu— z%a{ag} and

1
2
QZ:lH'Zl;a{Ug} :

These (q;,q;;) pairs then form a sample from the bivariate posterior distribution of the

th th
[@} and {@} quantiles of the true part distribution.

In order to obtain a valid two - sided («, §) tolerance interval that is one - dimensional
and symmetric about the posterior mean, Wolfinger (1998) suggested to first form a
scatter plot of ¢; versus ¢, with ¢; plotted on the vertical axis. Then as menfioned

previously, proceed by constructing the reference line given by

@ =—q,+2y. .

Two additional lines are then drawn, one parallel to each axis and intersecting on the
reference line. This intersecting point is then slid along the reference line until 100(1-4§)%
of the (¢}, ¢;;) pairs are contained in the half - rectangle opening towards the lower
right portfion of the graph. The coordinates of the resulting intersection point form a
two - sided (a, ) tolerance interval of the desired form. In Figure 5.10.4 this procedure
is graphically illustrated for the construction of a valid two - sided (0.90, 0.95) tolerance
inferval for the part distribution of the data given in Table 5.1 for the case where v was

simulated.

In Table 5.6, the two - sided (0.90, 0.95) tolerance intervals determined for the part dis-
fribution of the data given in Table 5.1, are givenforv =3, v =5, v =10, v = 15, v = 20,

v =25, v = 30, v simulated and the case where ¢;; ~ N(0,02).
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Figure 5.10.4: Constructing a Two - Sided (0.90, 0.95) Tolerance Interval for the Part
Distribution of the Data Given in Table 5.1.
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Table 5.6: Two - Sided (0.90, 0.95) Tolerance Intervals for Different Cases for the Data
Given in Table 5.1.

Case Average of ¢ Unknown or Future Parts | Inferval Width
v simulated 74.5261 — 275.6618 201.1357

v=3 75.5734 — 274.4092 198.8358

V=25 75.5011 — 274.2497 198.7486

v=10 76.5824 — 273.9850 197.4025

v=15 76.8208 — 274.1172 197.2964

v =20 76.8048 — 273.4648 196.6600

v=25 77.5064 — 273.2710 195.7646

v =30 76.6002 — 273.2897 196.6895
eij ~ N(0,02) 78.4079 — 272.0621 193.6542

For illustrative purposes, the two - sided (0.90,0.95) tolerance interval for the part dis-
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fribution with v simulated, given by [74.5261 — 275.6618], can be interpreted as follows:
90% of emission spectroscopy true values of iron in parts per million will fall in the interval

[74.5261, 275.6618] with probability 0.95.

Although not given here, two - sided (0.90,0.95) tolerance intervals can also be con-

[k e
structed for the quantiles of the N { (1 + a;), 75 [p S+ (1-p) > %] distri-
=1 =1

pyps
bution derived in Theorem 5.10.1.2 using 1. and 2. in section 5.10.2, or for the quantiles

ofTheN(u, -

2
£

k*
el ﬁ + aﬁ) distribution derived in Theorem 5.10.1.1 using 3. and 4.
*—=1 J

2
J*=
given in section 5.10.2.

5.10.4 Fixed - in - Advanced Tolerance Intervals

As mentioned before, fixed - in - advance tolerance intervals invert the prediction
problem by considering the content of predetermined bounds, and according to

Wolfinger (1998), answer research question 3 mentioned in Chapter 1.

To determine the content of a fixed - in - advance tolerance interval, the posterior
distribution of the content has to be determined. For example, suppose an upper
fixed - in - advance limit s is specified for data assumed to arise from a new batch.
Then for the average of k* future measurements on the " part or future part similar to

the it" part, compute

(5.10.5)

where ¢* has to be determined k times, once for each \;; for j = 1,..., k. Also, for the

frue part measurements, compute

c*:1_q>[5_“]. (5.10.6)
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It must be noted that for both of the above cases, ®|-] represents the standard nor-
mal cumulative distribution function. As mentioned previously, the simulated ¢* values

represent a sample from the posterior distributions of the content of the interval [s, co].

To illustrate, suppose that a lower fixed - in - advance limit of s = 225 ppm is speci-
fied for the data given in Table 5.1. This limit is selected, since according to Wilson,
Hamada and Xu (2004), a part is considered to be acceptable if it has under 225 ppm
of iron. By selecting s = 225 as lower fixed - in - advance limit, the content of the inter-
val (225, 00) is determined for each observation in the sample of simulated parameter
values. In other words, the posterior distribution of the proportion of parts produced by

the process that is not acceptable, is estimated.

Using equations [5.10.4, the histogram of the sample of simulated ¢* values from the
posterior distribution of the content of the interval [225, oo] for the part distribution, with
v simulated, is displayed in Figure 5.10.5. Figure 5.10.5 therefore represents the esti-
mated posterior distribution of the content above the preselected specification limit

s = 225 ppm.

From Figure 5.10.5 it can be seen that the posterior contents are positively skewed
and has a posterior median equals to 0.1268. This means that if the degrees of free-
dom v is simulated, on average 12.68% unacceptable parts will be produced by the

manufacturing process with probability 0.95.

For comparative purposes, the posterior median values and 95% equal tail credibility
intervals for the content of the interval [225,00] for a fixed - in - advance lower limit
s = 225 ppm of iron, for the part distribution are given in Table 5.7 for the cases where
v=3,v=5rv=10,v =15 v =20, v = 25, v = 30, v simulated and the case where

Eij ~ N(O, 0'?)
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Figure 5.10.5: Histogram of the Estimated Posterior Distribution of the Content of the
Interval [225,00] for a Fixed - in - Advance Lower Limit s = 225 ppm of Iron for the Part
Distrioution with v Simulated. Determined for the Data Given in Table 5.1.
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Table 5.7: Posterior Median Values and 95% Equal Tail Credibility Intervals of the
Content of the Inferval [225,00] for a Fixed - in - Advanced Lower Limit s = 225 ppm of

Iron for Different Cases for the Data Given in Table 5.1.

Case Median | 95% Equal Tail Credibility Interval | Interval Width
v simulated 0.1268 0.0106 — 0.3237 0.3131
v=3 0.1264 0.0091 — 0.3236 0.3145
v=>5 0.1267 0.0099 — 0.3146 0.3047
v=10 0.1283 0.0122 — 0.3160 0.3039
v=15 0.1303 0.0138 — 0.3104 0.2967
v =20 0.1290 0.0133 — 0.3133 0.3001
v =25 0.12.96 0.0134 — 0.3144 0.3011
v =230 0.1279 0.0148 — 0.3077 0.2928
Eij ~ N(0,02) | 0.1286 0.0123 — 0.3096 0.2973
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From Table 5.7 it can be seen that the 95% credibility intervals of the content of the
interval [225, oo] for a fixed - in - advance lower limit s = 225 ppm of iron for the part
distribution tend to be narrower and the posterior median values appear to be slightly
higher as the degrees of freedom increase. Although these mentioned median values
given in Table 5.7 generally appear to increase as the degrees of freedom increase,
they are also for all practical purposes the same. Also, using equation 5.10.5, the
fixed - in - advance tolerance interval for the content of the inferval [225, o] for the
average of k* measurements on the it* part or a similar future part can be determined,

although it in not given here.

5.11 Checking for Outliers

In the previous sections, the assumption of Gaussian errors was relaxed in the direc-
tion of the student ¢ - family o accommodate for the possibility of outlying part mea-
surements. If present, these possible outlying part measurements generated by the
balanced one - way random effects model given in equation [5.2.7] will have unex-
pectedly large random errors (g;;s), and as a result, are thus considered outliers, since
Chaloner and Brant (1988) defined outliers in linear models as observations with sur-

prisingly large realized absolute errors.

The identification of outliers is an important problem, since according to Barnett and
Lewis (1994), in almost every real data set observations will be found which differ so
much from the other observations that some abnormal source of error, not contem-
plated in the theory, can be inferred. Although surveys from 18 century statistical
literature have indicated awareness of the outlier problem, it was not until the 1850°s
that first attempts to develop statistically objective methods for dealing with outliers
were reported (Meiring, van der Merwe and Viljoen, 1998). Even though since then

there were many contributors investigating the topic, it was not until the early 1960°s
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that the first mathematical attempts to treat the outlier problem were published by

Srikantan (1961) and Ferguson (1961).

Later on, authors such as Box and Tiao (1968), Abraham and Box (1978), Guttman, Dut-
ter and Freeman (1978) and Freeman (1980) defined outliers as arising from a separate,
expanded model. These authors all employed a Bayesian approach to outlier detec-
tion. The method proposed by Chaloner and Brant (1988) however defined outliers
as arising form the model under consideration, rather than arising from an expanded

model as previously proposed.

Guttman (1973) also presented a Bayesian approach to the identification of a sin-
gle outlier in multivariate normal distributions, while Weisberg (1985) utilized standard-
ized residuals based on a student ¢ - distribution. Weisberg (1985) used the Bonfer-
roni inequality to provide critical values. Geisser (1987) on the other hand, suggested
a Bayesian predictive method based on the predictive distribution p(y;|y;)) which
he recommended for regression problems where p(y;|y(;)) had different scale factors.
Geisser (1987) showed algebraically that in the case of linear models using non - infor-
mative prior distributions, his proposed predictive discordancy diagnostics were closely
related to standardized residuals. He obtained p - values from the outlier tests based on
comparing these external standardized residuals to their student ¢ - distribution, without
using the Bonferroni inequality. Other related more general conditional predictive dis-
cordancy diagnostics were also suggested and discussed by Geisser (1987). For more
information, see Geisser (1980), (1987), (1988a) and (1988b). Kass and Raftery (1995)
also proposed a Bayesian method for outlier detection based on prior and posterior
odds, while Varbanov (1996), used Markov chain Monte Carlo simulation to obtain

posterior probabilities used for declaring the it* observation an outlier.

As was mentioned, the principle aim of the remainder of this section is the detection
of outlying part measurements utilizing the mentioned student ¢ - distributed measure-

ment error model.
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According to Wakefield etf. al. (1994) the scale parameter \;; or logip(Ai;) serve as
a good indicator to detect outlying part measurements, since there is a \;; for each
measurement on each part. The prior expectation of logio(Ai;) is 0, so that a logio(Aij)-
value substantially below zero, indicates that the j*» measurement on the it part
is likely to be an outlier (van der Merwe and du Plessis, 1996). Interval estimates of

logio(Xi;j) can also easily be constructed.

In Tables 5.8 and 5.9 the 90% equal tail credibility infervals of X;; and logio(Ai;) (for
j = 1,2) are given for the j* measurement on the i part for the case where v was
simulated. By considering both Tables 5.8 and 5.9, it can be seen that the first mea-
surement of part 22 can be considered an outlying observation, since both the upper
and lower limits of the 90% equal tail credibility interval of logio(Ai=22=1) is below zero.
As a result, zero is therefore not contained in the interval. This is to be expected since
the first measurements of part 22 i.e. 439.5, is substantially larger than the rest of the ob-
servations given in Table 5.1. All other 90% equal fail credibility intervals for logio(As;) (for
j = 1,2) covered zero, resulting in none of the other measurements to be considered

as possible outliers.
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Table 5.8: 90% Equal Tail Credibility Intervals for A\;; and logio(Ai1) for the Case where v

was Simulated for the First Measurement of the Data Given in Table 5.1.

Part Number il log1o(Ai1)
1 0.2104 — 2.9213 —0.677 — 0.4656
2 0.2140 — 2.9630 —0.6696 — 0.4717
3 0.2047 — 3.0019 —0.6889 — 0.4774
4 0.1998 — 2.971 —0.6994 — 0.4729
b) 0.2041 — 2.9791 —0.6902 — 0.4741
6 0.2091 — 3.0294 —0.6796 — 0.4814
7 0.1704 — 2.6145 —0.7685 — 0.4174
8 0.2034 — 2.9875 —0.6916 — 0.4753
9 0.1987 — 2.8872 —0.7018 — 0.4605
10 0.2053 — 2.9108 —0.6876 — 0.464
11 0.1782 — 2.751 —0.7491 — 0.4395
12 0.1786 — 2.577 —0.7481 — 0.4111
13 0.1248 — 2.1969 —0.9038 — 0.3418
14 0.1984 — 2.9595 —0.7025 — 0.4712
15 0.2047 — 2.9528 —0.6889 — 0.4702
16 0.2095 — 2.9632 —0.6788 — 0.4718
17 0.1985 — 2.9585 —0.7022 — 0.4711
18 0.2024 — 3.0077 —0.6938 — 0.4782
19 0.2079 — 2.9697 —0.6821 — 0.4727
20 0.1934 — 2.8861 —0.7135 — 0.4603
21 0.1584 — 2.5484 —0.8002 — 0.4063
22 0.0337 — 0.8379 | —1.4724 — —0.0768
23 0.191 — 2.928 —0.719 — 0.4666
24 0.1383 — 2.3124 —0.8592 — 0.3641
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Table 5.9: 90% Equal Tail Credibility Intervals for ;2 and logio(Ai2) for the Case where v

was Simulated for the Second Measurement of the Data Given in Table 5.1.

Part Number Ao logio(Niz)
1 0.14726 — 2.5009 | —0.8309 — 0.3981
2 0.2109 — 2.9867 | —0.6759 — 0.4752
3 0.2046 — 3.0226 | —0.6891 — 0.4804
4 0.2045 — 3.0174 | —0.6893 — 0.4796
5 0.2000 — 2.8625 —0.699 — 0.4567
6 0.1834 — 2.7852 | —0.7366 — 0.4449
7 0.1942 — 2.9645 —0.7118 — 0.4704
8 0.2072 — 2.9645 —0.6836 — 0.472
9 0.2124 — 3.0061 —0.6728 — 0.478
10 0.2037 — 2.9831 —0.691 — 0.4747
11 0.2073 — 2.8716 | —0.6834 — 0.4581
12 0.2115 — 2.8525 —0.6747 — 0.4552
13 0.1623 — 2.7152 | —0.7897 — 0.4338
14 0.1847 — 2.8386 | —0.7335 — 0.4531
15 0.1951 — 2.8532 | —0.7097 — 0.4553
16 0.2081 — 3.0224 | —0.6817 — 0.4809
17 0.1996 — 2.9745 | —0.6998 — 0.4734
18 0.1896 — 2.8209 | —0.7222 — 0.4504
19 0.1993 — 29732 | —0.7005 — 0.4732
20 0.2183 — 2.9522 | —0.6609 — 0.4701
21 0.1686 — 2.6414 | —0.7731 — 0.4218
22 0.1292 — 2.5478 | —0.8887 — 0.4062
23 0.1767 — 2.6822 | —0.7528 — 0.4285
24 0.1571 — 2.6094 | —0.8038 — 0.4156
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5.12 Appendix C

Definition of the Student ¢ - Distribution

Let Z be a standard normal random variable and let x2 be an independent chi -

square random variable with v degrees of freedom. The random variable

_ Z
t= TZ
is then said to follow a student ¢ - distribution with v degrees of freedom and density

function given by:

r[z] 2\
f(t)zr(g)\/ﬁ<1+7> for —oo < t < 0.

(Milton and Arnold, 1990)

Proof of Theorem 5.2.1

If x ~ N(u,?) then it follows from a normal density that

o) = () e -3(22)]

Therefore, if ¢ ~ N (0, 02) it follows that

f(elo?) = (2;0?)%6@[_%("%)2}

and

2
Now, if £ ~ N(0, 3=),
ij



CHAPTER 5. STUDENT T - DISTRIBUTED MEASUREMENT ERROR MODEL 280

N |+

1 2
2
fleiloZ, Nig) = ( 152) 69019[— ( - ) ]
2rx= Xij

= (2 > )\Qexp[ 2(172/\ i€; }

and
1 : 1 e 2

(e|A, 02) 11313‘1;[1< ) ea:p[_ﬁ(\/a%]) ]
<2w02) : ZIEIIJH Ajexp __%i_zb:l]i <J;/;>2]

Proof of Theorem 5.2.2

Since it is assumed that v;; ~ x2 it is known that

1,1 _1,3..
p(]/)\w) = %(V)\U>2 16 2 >\z] .

[SIN

Lety = v\, then

ply) = )y%“ew for y>0,2>0. (5.12.1)

Also, let x = ¥
theny =vzx .
To obtain the distribution of z, the following fransformation from y to « has to be made.

To do the transformation, first obtain the jacobian of the transformation from y to x

which is given by
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J(ly —x) =

SN
I
<

therefore

p(x) = Q%F(Z)mﬁ e 2V J(y — ZB)‘
2
_ I/%_l ly1 —Llug
= Q%F(%>[E2 e 2"y
- st
2
gy e
V%V
1 1
= ml’QVl@?ME fOTiC > 0.
2 =z
2

i — — .
Sincex =Y andy = v,

it can easily be shown that

Proof of Theorem 5.2.3

From equation[5.2.1] the conditional density of ¢;;|A;;, o2 is given by

p(eij|Nij, 02) = (2 02> A%xp{ é)\ijefj} :
Now, the conditional density of ¢;;|¢ can be written as

5w|‘7 fo 6l]|)‘w e) (Aij)ONij -

From equation [5.2.3, it follows that p(\;;) = -~

281

(5.12.2)
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Therefore

= (L) foo)\%%yflex — s Niied — vl ) ON;
= \2n02) 2Er(g)Jo N P\~ 2525 — 2PN | O

Consider the integral
2 (v+1)— 1 Ezzj
f /\ a,‘p —§>\2‘j (V + a_§> a>\2] ,and,
€2,
oty = 1 (v+ ).
It then follows that
52. -1
>\ij = 2y <V + O%) .

The jacobian of the transformation from A;; fo y is

2

-1
IOy —y) =22 =2(v+%)  ond

€

the integral can therefore be written as

52. -1 52. 52. -1
exp —y(u—i—ﬁ) <V+ U—g) ~2(V—|— 0—5) oy

5 Lw+1)-1

|+ 3)7

_ -2<y+ i>1] Lw+1)-1 | 2<V+ Z_Z2J,>1/°°y2(y+1 e Yy. (5.12.3)
0
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Since [y D-levgy =T [%(u + 1)] , equation 5.12.3 can be written as

e2. -1 %(V+1)_1 e2. -1
{2<u+ﬁ> } 2(v+ ) T[iw+1)

3 v 2\ —5(+1)
p(eijlo?) <2Tf102> 2 g%uﬁ(ﬂ)ﬁwl) (V + 2_5) 2 F[%(V + 1)]
2
2 2\ —5(v+1)
] (o) gt ()
2 3 v 2 _l(V+1)
=v2Y F[%(V—i- 1)} <%) ’ (ﬂ;?> . 2% ) .F<_1%) .23 .95 . (1/+ %g) :

To show that equation[5.2.4)is in the general form of a univariate ¢ - distribution, consider

the following:

Since (g5 \ij, 02) ~ N (0, ;’—2) and if the standardized case where o2 = 1 (See definition
of student ¢ - distribution) is considered, then
(ei|Aij, 1) ~ N (0, 5-) -

Therefore

v2¥T | 5 (v+1) 2\ —5(v+1)
plegle? =1) = — L (v + %)

(1)

) —%(V—i—l)
el
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V%”I‘[%(V-H)} [ 2 :|—5(V+1)
— L 1
2

= 1+ Sy
(m2r(%) ( V)
Vl,, e _1l
(m)2r(%) g
F[%(u+1)}

[ 2 } f%(wrl)

1—}-% fOf—OO<€Z'j<OO

(m)r(3)
which is in the stfandardized form of a univariate ¢ - distribution (See definition of the

student ¢ - distribution).

The joint density of the errors is therefore given by

p(elo?) = [T [Tpleslo?)

which is in the general form of a multivariate ¢ - distribution.

Proof of Theorem 5.6.1

To obtain the conditional posterior distribution of x, only consider the parts in the joint
posterior distribution given in equation [6.4.7] that contains i, and then complete the

square with respect to u.
Therefore consider
sy —pj — Za) H(y — pj — Za)

= (Y —ng) H(y — nj) wherey=y—Za
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— 5 (9 HY — ¥ Hyig — (1) HY + (13) Hpig)
= (5 HY — 205 Hy + %5 Hj)
Now consider

2 Hjw® —2p55 H(y — Za)

’

o/ '/

/ . _1 o, . -/ . _1
= {u - ((%J HJ) 52J H(y - Za)} 523 Hip’ {u - (éj HJ) 52J H(y — Za)

’
o’ -/

B [%J H(y — Za)] (Ui?j'Hj)_l [%J H(y - Za)}

€

’

, . -1 o N . o/ . -1
om0 0 0] 53 - (39

23 H(y — Za)}
1 2 1 . -1
- [g] H(y — Za)] <U_g.7 HJ)
since [%j/H(y — Za)} is a scalar.
/ -1 ’
It therefore follows that since {N = (%g Hj) %j H(y — Za)] is also a scalar,

!

./

’ . -1 ./ ./ . ./ . -1
{u - (%33' HJ) oJ H(y — Za)} 2J Hj {u - <g_lg.7 HJ) 2d H(y — Za)}
1 2 1 . -1
- [0—33 H(y — Za)] (0—3.7 HJ)
1 . -1 1 2 1 . 1 . -1 1 2
= |n- (0—33 HJ) s2d H(y — Za)| 523 Hj — (,,—33 HJ) [U_g] H(y — Za)
From this it thus follows that the conditional posterior distribution of u is given by

/ . -1 N . o\
p(uly, o2, H,a) ~ N((%gj HJ) s2J H(y — Za), 02(j Hj) 1)

285
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Proof of Theorem 5.6.2

To obtain the conditional posterior distribution of the vector of random effects a, only
consider the parts in the joint posterior distribution given in equation that contains

a, and, then complete the square with respect to a.
Therefore consider

2y —pj—Za)H(y — pj — Za) + j;a'a

= 5 (y* — Za) H(y* — Za) + ja'a  wherey* =y —uj

= U—lg(y*'Hy* —y*HZa —a'Z Hy* + aZ' HZa) + %a/a

= y"Hy* — Gy HZa— ;a7 HZy* + sa/Z HZa+ j;d'a
= Ly*Hy* —2%a' Z Hy*+ 5d' 2 HZa + Laa

2
Og

=a (U—IQZ'HZ + %Ib)a —2%ad' Z' Hy*+ U—lzy*/Hy*

_ [a—(éZ/HZ—kéIb)_l (éz’m;*)} (U—IEZ'HZJr%Ib) [a— <U—1?Z’HZ+UigIb)_1<J—1EZ'Hy*)].

From the above, it follows that the conditional posterior distribution of a is given by:

-1 -1
plalu, 02, 0%, H,y) ~ N((Uigz’HZ +20) (L2Hy), (47 HZ+41) >
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Proof of Theorem 5.6.3

To obtain the conditional posterior distribution of the error variance component o2,
only consider the parts in the joint posterior distribution given in equation that

contains o2.
Therefore, the conditional posterior distribution of 2 is given by:

2 2 1 %bk
plolp, a, 05, H,y) o <p>

ngexp(—ﬁ(y —uj —Za) H(y — uj — Za))
) 1bk+1 . ) , )
= (p) ewp(—@(y—uJ—Za) H(y—uJ—Za)>

) 1 (bk+2) ) ) , )
= (p) exp(—@(y—w —Za) H(y — pj —Za)>

This is in the general form of an inverse gamma distribution

Proof of Theorem 5.6.4

To obtain the conditional posterior distribution of the parts variance component o2,
only consider the parts in the joint posterior distribution given in equation that

contains o2.

Therefore the conditional posterior distribution of o2 is given by:

p(o?la,y) o (aﬁ)ﬁbexp(—#a/a)

This conditional posterior density of o2 is also in the general form of an inverse gamma

distribution.
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Proof of Theorem 5.6.5

The conditional posterior distribution of A;; (fori=1,...,b,j =1,...,k) is given by:

1y
p(Nijly, @, i, 02, 07) )\2%19( o7 5oz Nij (Vi — 10— az‘)2>)\fj 690]?(—%”)\@']')

— )\fj(yﬂ) e:z:p{ I [l/ + = (yl] w— ai)Q}} .

This conditional posterior distrioution of \;; is in the general form of a gamma distribu-

tion.

Proof of Theorem 5.8.1

To obtain the conditional posterior distribution of v, only consider the parts in the joint
posterior distribution given in equation[5.8.3]that contains v. Therefore, the conditional

posterior distribution of v, is given by

p(’/’ya )\Z]) X V—?U__)\,?jyile.fp{—%l/)\i]’} . €€$p<—€7/)

1

o+ [r(s)
= — p2” f)\fj’/ exp{ SV}
o [r(s)

_ o vde yavel { (_1)\‘,_ )}
=T TNij 1AR4 5 N\ij § :
o [r(y)
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Therefore

i=1j=1232" v

p(v|ly, A) x ﬁ ﬁﬁx\él’_lexp —v %/\ij +¢&
Flre]

Lvbk

. bk
:ﬁ]—[ Hf)\ e.a:p{—l/(%zz}\ij—l—{)}
9gvbk 1—\(%) i=1j5= i=1j5=1

Lobk bk
:LMH H@\ exp{—v(%z:lZ)\ij—i—ﬁ)}

28 |p(3)| == —1j=1

Lobk bk
o LMH H)\ GIp{—V<%22)\ij —|—§>}

2%ubkz [F(%)] 1=17= =1j=1

which is in the general form of an unknown distribution.

Proof of Theorem 5.10.1.1

Future measurements are generate by the same model as defined in equation

i.e.

yrj=wn+ap+ep-forj =12 k"

when g;;|A s ~ N(0, = Y =).

k,*
From this, it follows that 7, = 2= >~ y;+ Is normally distributed with mean
j=1

E(yf|/l’7af70'g,0'g,)\fl7 .. ‘7)‘fk*) =pu+ays

and

k*
Var<gf‘,u7 af, 0527 027 )‘fla ce 7)‘fk*) = #Zvar(yfj*)
j=1
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Since ay ~ N(0,02) it follows that

E@fm,af,ag,ag, Afly ooy Afpr) = [

and

k*
— 0.2
Var(gglu, 02,00, 15 M) = 75 leflj* + g
]:
when

1, 1,
p(Agjr) = 25 A% Yexp(—LAs;-v) (See the prior distribution of A; in section 5.3).

Proof of Theorem 5.10.1.2

Future measurements for the it part are generated by the model
{Jij* = W+ a; + €+ forj* = 1,...71{3*
where

e ~ PN, 550 + (1= pIN(0,520)  forj* =1,k

7 Ao

—_— k*
From this if follows that ¢, = ki >~ Bij~ is normally distributed with mean
i =1

E@z‘-‘ﬂa@i, Aills - -+ Nigke, 02, 02) = L+ a;

and variance

_ 5 k* k*
Var(?/i-':uﬂ Qj, >\7L117 R Ai?k*a U?a Ug) = 15762 {p Z Aiij* + (1 - p) Z Aiij* } '
= =

For this specific case p = % therefore

=1

k* k*
— 2
~ 2 2y _ O 1 1
VCZT’(yi,LU,CLi,)\iH, .. '7)\1'216*70—570@) = 2];2 { 1)\‘ ” + Z Py } .
Jr=
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Also

paly, @, 02,02) o MG e {—%An [v + oz (yn —p— aﬂ }
and

paly, a2 02) o A eap {3 [+ e — - 2]}

See equation[5.6.9



Chapter 6

Two - Factor Nested Random Effects Model

In this chapter, the unique and flexible Bayesian simulation method for determining
tolerance intervals originally proposed by Wolfinger (1998) and discussed in Chapters
3 and 4 will be adapted to derive Bayesian tolerance intervals for a balanced fwo -
factor nested random effects model. The proposed Bayesian method will be illustrated
using data obtained from Laubscher (1996), originally collected at SANS Fibres (Pty.)
Ltd. South - Africa. In addition, it will also be shown that the proposed non - informative
prior distribution is a probability matching prior for the ot quantile of the distribution of
averages of k future packages with r samples per packages from any new or unknown
day. It will also be shown that a proposed prior distribution for the content of the fixed

- in - advance folerance interval, is also a probability matching prior.

Parts of this chapter have been published in Test. For more details see van der Merwe
and Hugo (2007). The example and proposed model have also been adopted for
use by Krishnamoorthy and Mathew (2009) for publication in their book on statistical
tolerance regions. For more details see Krishnamoorthy and Mathew (2009), Chapter

11, sections 11.3and 11.4.

292
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6.1 Introduction

It was mentioned in Chapter 1 that in order to support the economic objectives and
profitability of a firm, more tools are needed by quality engineers to cope with the
rapidly changing manufacturing environment and to meet the intense international
competition (Black Nembhard and Valverde - Vientura, 2003). Statistical quality con-
trol has therefore become the new fashion and a very important requirement of mod-
ern process improvement techniques (htfp://www.quality-one.com). As a result, well
known companies such as Motorola, Allied Signal and General Electric have moved to
make use of for example, the six sigma (60) quality improvement strategy (http://www.quality-

one.com).

The logic behind the six sigma principle is relatively simple, since it is known that a
large group of any population (process, analysis, etc.) cluster around the middle and
form what is referred to as a bell shaped curve. Six sigma represents six standard
deviations (sigma is the Greek letter used to represent the population standard devia-
tion) from the middle of this bell shaped curve, three standard deviations above and
three standard deviations below the middle. Also, from the empirical rule of statis-
fics it is well known that six standard deviations, three each side of the mean, cover
approximately 99.73% of the population (http://www.freequality.org/documents/six-
Sigma/and http://www. en.wikipedia.org/wiki/69-95-99.7_rule).

Six sigma is a tferm coined by Motorola and emphasizes the improvement of a pro-
cess for the purpose of reducing variability and thus making general improvements
(http://www.quality-one.com). In general, the six sigmma methodology provides the
techniques and tools to improve the capability and reduce the defects in any process
and is instrumental in the construction of control charts, a primary tool of statistical

process control (http://www.sixsigmatutorial.com/Six-Sigma/Six-Sigma-Tutorial.aspx).

Statistical process control (SPC) is one of the most powerful tools used for a continu-

ous process improvement scheme (Reneau and Kinsel, 2001). Statistical techniques
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are used in SPC to measure and analyze the variation in a process by means of as
mentioned in chapter 1, a pair of control charts - one for the average and one for
the variation, each with its own 30 control limits (Laubscher, 1996). Since these stan-
dard Shewhart variable control charts only allow for within sample variation, different

models allowing for more sources of variation may provide more satisfactory results.

Since the quality of a manufactured item is a function of the sources of variation in
the manufacturing process, estimating variance components can present a method
for evaluating the observed process variation. In this chapter, a situation is therefore
analyzed where replicate observations are obtained from a number of random sam-
ples taken daily from a process. This allows for substantial day - to - day and within day

variation.

According to Laubscher (1996), a typical observations (the t** where t = 1, ..., r) from
the jt* (j = 1,...,k) package sampled on day i (i = 1,...,b) using the sampling pro-
cedure described above, is denoted by y;;;. Laubscher (1996) also suggested that a
classical analysis of variance model providing for an overall target value, for main and
possibly interaction effects as well as some unexplained residual variation, could be
used fo explain the variation observed in a response such as y;;;. Both “packages”
and “days” can be considered random factors with packages hierarchically nested
within days (Laubscher, 1996). A two - way nested ANOVA is therefore suggested,
since this model allows for day - to - day and package - to - package variation (Nefer,

Wasserman and Kutner, 1985, and Laubscher, 1996).

Once the appropriate variance components model has been specified, the manufac-
turing process’s performance can be assessed in order to identify possible problems.
The identification of these possible problems is in line with the principles of sound data
analysis, since further progress on the path of continuous quality improvement can
only be expected once these problems have been identified (Laubscher, 1996). The
procedure for evaluating the appropriateness of the selected variance components

model and its subsequents application for statistical process control using Shewhart
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variable control charts, is summarized in Laubscher (1996). For more details see Laub-
scher (1996). As mentioned in Chapter 1, the Bayesian approach however also serves
as a possible alternative approach to be utilized for statistical process control by an-

swering the three research questions proposed by Wolfinger (1998).

For both conceptual and practical reasons, hierarchical models are central to modern
Bayesian statistics and full Bayesian analyses of hierarchical models have been con-
sidered by various authors including Hill (1965), Tiao and Tan (1965), Stone and Springer
(1965), Portnoy (1971), Box and Tiao (1973), Carlin and Louis (1996) van Dyk and Meng
(2001), Gelman et. al. (2003) and Browne and Draper (2006) (Gelman, 2006). The
three research questions proposed by Wolfinger (1998) can be answered by obtaining
the three different Bayesian tolerance intervals, also proposed by Wolfinger (1998) and
described in Chapter 1. These tolerance intervals thus provide a full Bayesian solution

to quality management using statistical process conftrol.

Although some research have been done, there do not appear to be many papers
on quality control from a Bayesian point of view. The Bayesian approach to control-
ling processes for the production of only small numbers of items has been developed
by Woodward and Naylor (1993), while Arnold (1990), developed an economic X -
chart for the joint control of the means of independent quality characteristics (van der
Merwe and Hugo, 2007). The first application of the Bayesian paradigm to tolerance
intervals specifically, was due to Aitchison (1964, 1966) and Aitchison and Dunsmore
(1975). These authors also presented arguments in favour of the Bayesian approach

as apposed to classical frequentist methods (van der Merwe and Hugo, 2007).

In the subsequent sections, the Bayesian approach to variance component and tol-
erance interval estimation will be discussed for the balanced two - factor nested ran-
dom effects model. The proposed methods will be illustrated using a data set originally
presented in a paper by Prof. Nico F. Laubscher (see Laubscher, 1996) and is from a
continuous process for sampling spun yarn at SANS Fibers (Pty.) Ltd. South Africa. For

the data, variance components, credibility intervals, (a, ) one - and two - sided toler-
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ance intervals, a - expectation tolerance intervals and fixed - in - advance tolerance

infervals will be determined.

6.2 The Data

In 1995 certain statistical process control procedures had to be set up in a new plant
of the Bellville works of SANS Fibres (Pty.) Ltd. South Africa, a company manufacturing
continuous filament polyester and nylon yarns. It was a continuous process on which
various physical properties of the continuously manufactured synthetic yarn had to be
monitored. Daily samples of k = 8 packages of yarn were sampled per machine and
various physical properties of the yarn were replicated in the laboratory by analyzing
r = 5 samples per package. For illustrative purposes, a section of the data is provided
in Table 6.1. The data given in Table 6.1 represents the yarn property of extension (the
percentage increase in length before breaking). The complete data set is given in
Table D1 in Appendix D. Packages with yarn sampled for the first b = 15 days of January
1995 were selected as review data to determine statistical process control limits for
future use in monitoring the process. The data used have been made available by
Prof. Nico F. Laubscher, Company Statistician at the time of data collection at SANS

Fiores (Pty.) Ltd., with permission of SANS Fibres (Pty.) Ltd.
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Table 6.1: The Physical Property of “Extension” of a Synthetic Yarn, Measured over the

First 15 Consecutive Days of January 1995,

Daily Daily
Day | Packages | Extension | Average Day | Packages | Extension | Average

1 1 20.30* 10 5 19.31
1 2 20.06 10 6 19.86
1 3 20.48 10 7 19.00
1 4 19.22 10 8 19.81 19.85**
1 5 19.16
1 6 19.94
1 7 20.69
1 8 19.02 19.86 15 1 22.48

15 2 21.65

15 3 22.00

15 4 22.71
10 1 20.99 15 5 22.28
10 2 20.53 15 6 21.38
10 3 19.37 15 7 21.35
10 4 19.93 15 8 22.43 22.04

* Average of 5 samples selected from the first packages of day 1.

** Daily average of 8 packages for day 10.

It is clear from the example that the variation observed could possibly be explained

by several components such as a “between” days (day - to - day) component, a

“within” days (packages - to - packages) component and a residual component. The

latter may consist of several lurking components such as sampling variation as well as

sample - to - sample (within packages) variation and experimental error (Laubscher,

1996). These sources of variation should be incorporated into a suitable model. In this

chapter, the emphasis will be placed on the proper analysis of a feasible model for

the situation where nested sampling occurs. The results can readily be extended to
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more complicated analysis of variance type of models within this context (e.g. more

factors with more involved nesting).

To start analyzing the data it is important to know what it means when it is said that
a process is in control. In this respect, Laubscher (1996) quoted Shewhart (1931) as
follows: *... a phenomenon will be said fo be confrolled when, through the use of
past experience, we can predict, af least within limits, how the phenomenon may be
expected to vary in future. Here it is understood that prediction within limits means that
we can state, at least approximately, the probability that the observed phenomenon

will fall within the given limifs.”

How does one use “past experience” to be in a position to claim (with associated
probability) that a process response is within predicted limits? This in only possible by
using past data as guidance on the selection of a model and to derive the prediction
formula and the associated probability for predictions from that model (Laubscher,
1996). This means that the choice of model for process control is vital and without it
No serious statistical analysis can be undertaken (Laubscher, 1996). Since the pack-
ages were nested within days, the model chosen was as mentioned previously, the

balanced two - factor nested random effects model.

The flexibility and unique features of the Bayesian simulation method for the construc-
tion of tolerance intervals, originally proposed by Wolfinger (1998), will in the sulbse-
quent sections be extended for determining Bayesian tolerance intervals in the case

of this mentioned balanced two - factor nested random effects model.
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6.3 The Balanced Two - Factor Nested Random Effects Model

As mentioned, since the data given in Table 6.1 constitute replicate observations ob-
tained from a number of random packages of spun yarn sampled daily per machine,
with the random factor “packages” hierarchically nested within the random factor
“days”, it was suggested by Laubscher (1996) that a balanced two - factor nested
random effects model be used to analyze the data. This balanced two - factor nested

random effects model is given by

Yijt = P+ di + pij + €ije 6.3.1)

where (i = 1,...,b), (j = 1,...,k), (t = 1,...,7), yi;: represents the observations (per-
centage increase in length of synthetic yarn before breaking), p is @ commmon loca-
fion parameter (the grand mean), d;, p;; and ¢;;; are three different kinds of random
effects (days, packages within days and residual). It is further assumed that the ran-
dom effects (d;, p;, €i5¢) are all independent and that d; ~ N(0,03). pi; ~ N(0,07) and
eijt ~ N (0, 02). The three different random effects can be interpreted as follows: d; (for
i =1,...,b) represents the days effect, p;; (fori =1,...,b, j = 1,...,k) represents the
packages within days effectsand ¢;; (fori =1,...,b,j=1,..., k. t =1,...,r) represents

the measurement error of the t** measurement on the j** package sampled on day i.

The balanced two - factor nested random effects model given in equation 6.3.1 can

also be written in matrix notation as follows:

y=pX + Ziuy + Zouy + € (6.3.2)
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where
Y= [ylll Y Y12 o Yize o Yike o Ybkr
X:[l 1 .- 1} (1 x bkr) .

W represents the grand mean,

’

U, = dl d2 Ce db :| (]_ X b) ,
U2 = | pun P12 -+ Pk - pbk} (1 x bk)
g = €11 **° €11r €121 - €190 ' Elkr ' Ebkr (1 X bk:?“) ,
1 0 0
1 0 0
Lery  Oger) 0
0 1 0
0 1 - 0
A _
(bkrxb) , , , ,and
0 Lum 0
0 0 1
0 0 1
00 .
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1 0 0 0
1 0 0 0
Iy O 0 0
0 1 0 0
0 1 0 0
0 1py O 0
Za _
wersoky — | 00 1 -0
0 0 1¢ 0
0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 Ly
Also

s = S g — T)? = S35~ LS

t=1j=1i=1 t=1j=1i=1 i=1j=1
bk

b
Vo = TEZ(% -7, = %Z nyj - ﬁny ,and

i=1j=1 i=1j5=1 =1
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b
V3mg = iny - ﬁ?ﬂ = Tk;@i.. -7.)°.

Remember also, v1m; represents the sum of squares for error (SSE), vams represents
the sum of squares of packages within days (SSP) and v3mg represents the sum of

squares for days (SSD).

Consider again the balanced two - factor nested random effects model given in

equation 6.3.2, i.e.
Yy =puX + Ziuy + Zouy + €

where e, uy and u; are independently normally distributed as € ~ N(0,02Iy,), uy ~

N(O, szbk) and uy ~ N(O, 0’3[1)).

6.4 The Bayesian Method

Since the balanced two - factor nested random effects model given in equation 6.3.2
has been specified, the Bayesiaon method for variance component estimation will now

be discussed.

6.4.1 The Likelihood Function

In maftrix notation, the likelihood function of the balanced two - factor nested random

effects model given in equation 6.3.2, is given by

Lp, o2, 0]2,, o3, ut, usly)

/

X (U?>_;bkrexp{—é <y—[1,X—Z1’U,1 —Z2U2> (y—,uX—Zl'u,l _Z2u2> }

1

<o§>5b’“ewp{—2iu;uz}(a§)5bexp{—@u1u1} . 6.4.1)
d



CHAPTER 6. TWO - FACTOR NESTED RANDOM EFFECTS MODEL 303

Equation 6.4.1, as mentioned, is known as the likelihood function and can be regarded
as the function through which the data y modifies prior knowledge of the unknown

parameters (Box and Tiao, 1973).

Now, by using the results given in Box and Tiao (1973), the integrated likelihood function

is given by

L(p,02,02,03y)

b

kY @ )2
o (02)7 3 (024r07) 2" (02 +rol+kro}) _é(wmew{_% [<o§iiog+kwg)+ (agi’?igﬁmo?l] }
o (02)72" (02 + r02) 32 (02 + 102 + kro3) "3t
Ir bkr(y —p)? Vsis VsMey vimy
— + + 2R a2
ezvp{ 2 [(03 +rok 4 kroj) * (02 +ro2+kroy) (02 +ro?) o2 ¢ )

The parameters 6y = o? + ro. + kroj. 61 = 02 + ro2 and 6, = o2, are subject to the

constraint
C:0<0,<0; <0y <

to ensure that only positive variance components are obtained.

6.4.2 The Prior Distribution

It was mentioned in Chapters 1 and 2 that the determination of reasonable non -
informative priors in multiparameter problems are not easy. The determination of rea-
sonable non - informative prior distributions is however important, since the use of prior

information is one of the main advantages of the Bayesian approach.

For parameters about which not much is known beyond the data included in the anal-

ysis, non - informative prior distributions intend to allow Bayesian inference (Gelman,
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2006). Over the years, various justifications and interpretations of non - informative
prior distribution have been proposed (Gelman, 2006). Some of these mentioned by
Gelman (2006). included invariance (Jeffreys’, 196 1), maximum entropy (Jaynes, 1983)
and agreement with classical estimators (Box and Tiao, 1973 and Meng and Zaslavsky,
2002). Bernardo (1979) also considered non - informative priors as reference models to
be used in place of proper, informative prior distributions as a standard of comparison

or starting point (Gelman, 2006).

In a study reviewing the extensive literature in the course of comparing Bayesian and
non - Bayesian inference for hierarchical models, Browne and Draper (2006) also con-
sidered different prior distributions for the concerned variance parameters (see also
Gelman, 2006). For a simple two - level model with group level effects a; where
aj ~ N(0,02) for j = 1,...,k, Gelman (2006) mentioned that various non - informa-
tive prior distributions have been suggested for the parameter ¢2. Some of these in-
clude an improper uniform density on o, (Gelman et.al., 2003), proper distributions
such as p(o2) ~ IG(0.001,0.001) (Spiegelhalter et.al. 1994, 2003), and distributions that
depended on the data - level variance (Box and Tiao, 1973). It is important to note
also that Gelman (2006) mentioned that especially for models where the number of
groups k is smalll, or where the group - level variance o2 is close to zero, the choice
of a non - informative prior distribution can have a dramatic effect on the inference.
Various other prior distributions have also been suggested which do not form part of

the scope of this research. For more information, see Gelman (2006).

For the balanced two - factor nested random effects model given in equation 6.3.1,
it was decided to follow Box and Tiao (1973) and also use the non - informative prior

distribution given by

p(p,02,05,03) < 02 (02 +ro)) " (02 + 1o, + krog) " 6.4.3)

In a later section it will be shown that the predictive density of the average of k* fu-

ture packages with »* samples per package from a new or unknown day, given the
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variance components, follows a normal distribution given by
2 * 2 * ok 2
_ 2 92 92 oZ+rtos+kTr*o
y;|”7 Oc» Jp) Oq ™~ N(M? #)

where y3., represents a new observation generated by the model 3, = p + dy +
pi; + €556 With f representing a new or unknown day, j = 1,...,k* and t = 1,... 7%,
/r,* k*
—% 1 —% 1 —x
Y. = thlyfjt and ¥y = i+ Y1i
— j:

If &* = k and r* = r as defined in equation 6.3.1, it follows that the a!* quantile of the

above normal distribution given by
2 2 2
_ 2 92 9 oz+rostkro
yf..luaaa70p70d NN(M) ],fr d)

can be written as

2 2 /{3 2
q= -+ za\/% + mé’ oy 6.4.0)
T

where z, denotes the 100(a)* percentile of a standard normal distribution. It will now
be proved that the non - informative prior distribution given in equation 6.4.3 is also a

probability matching prior for the ot quantile given in equation 6.4.4.

Theorem 6.4.2.1

For the balanced two - factor nested random effects model given in equation 6.3.1,

the non - informative prior distribution given by

pp, o2, a}%, 02) x o-%(0? + 7“05)_1(052 + raﬁ + kro2)™!

is a probability matching prior for

o24ro2+kro?
q=p+ 2q \/ . lfr <,
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the o' quantile of the normall distribution given by
y U§+TU;2,+1€7"02
Ur.ln,02, 00,05 ~ N(M, k—d) .

Proof

The proof of Theorem 6.4.2.1 is given in Appendix D.

6.4.3 The Joint Posterior Distribution

The joint posterior distribution for the balanced two - factor nested random effects
model given in equation[6.3.T|can be determined by multiplying the likelihood function
given in equation with the non - informative prior distribution given in equation

[6.4.3] The joint posterior distribution for the unknown parameters is then given by

p(:u’ 0-37 0-‘1277 0-37 Uy, ’U,2|y)

o L(p, 02, 07,05, w1, ua|y)p(p, 02, 07, 03)

’ —5bk ’
X (Ug)ébkr@l’?{—é(y—ﬂX—Zlul—Zﬂla) (y—MX—Zlul—Zzu2)}>< (UL%) ’ exp{—ﬁung}

1y\-3zb 1
X (—) ’ exp{—T‘?lulul} x (02) o2 +rop) (o2 + 1o, + kray) ! 6.4.5)
where y, X, u, u1, ua, €, Z1, Z» are defined as given in equation[6.3.2] Also, remember

up ~ N(O,USI{,), Uy ~ N(O, Uzlbk) and e ~ N(07Ug2[bkr)-

From the joint posterior distribution given in equation [6.4.5 the conditional posterior
distributions of the unknown parameters and varionce components can now be de-

termined.
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6.4.4 The Conditional Posterior Distributions

Since the joint posterior distribution of the unknown parameters and variance compo-

nents has been determined, the following theorems can now be proved.

Theorem 6.4.4.1

For the two - factor nested random effects model given in equation [6.3.2] the condi-

tional posterior distribution of us|u, 02, 03,03, w1,y is normally distributed with
E(ug|p, 02,072,035, u1,y) = D~'C, and

Var(us|p, 02,02, 05,u1,y) = D!

where

D_l = <—J§Ug )Ibk ,

2 2
oztrog

C = Zyywherey =y — uX — Ziu;, and, where y, X, u1, ug, Z; and Z, are defined
asinf6.3.2

Proof
The proof of Theorem 6.4.4.1 is given in Appendix D.

Theorem 6.4.4.2

The conditional posterior distribution of d;|oZ, 07,03,y (fori = 1,...,b) for the balanced

two - factor nested random effects model follows a normal distribution with

12 2 2 . rkag _
E(dz‘o-sa 0p7 O-dJ y) - Ug+TU%+kTU§ yZ

and

0'(21 (o'g +r0'127)

2 2 2 _
Var(diloz,0,,04,Y) = 55 carmar -



CHAPTER 6. TWO - FACTOR NESTED RANDOM EFFECTS MODEL 308

It therefore follows that

2 2(,2 2

rko? . o(0Z + T’O'p)
2 2 2Yi0 5 2 2
o2 +roy+krog”" o +rop + krog

) forio=1,...,b.
6.4.6)

(d |057 p70-27y) ~ N(

Proof
The proof of Theorem 6.4.4.2 is given in Appendix D.

Theorem 6.4.4.3

For the balanced two - factor nested random effects model given in equation

the conditional posterior distribution of u|o2, o ad, y is normally distributed with

E(ulo?,05,05,y) =17,

and variance

a?+ra’2+kra2
VCZ?”(IU‘O'E, paagay) = b’:;rd
ie.
2 2 2
9 _ Ug—i-T’Up—i-krad
(/“L|O-€7 p70d7y) ~ N(yu bl . (647)
Proof

The proof of Theorem 6.4.4.3 is given in Appendix D.

Theorem 6.4.4.4

The joint posterior distribution of the variance components o2, o2, 03, for the balanced

two - factor nested random effects model given in equation[6.3.2] is given by

Plo?, % 03ly) o (02)7 302 (02 4 702) 504D (02 4 702 + ko) 5+

% emp{—l [( v3ms Lo teme U1m1]} 6.4.8)

2L(024ro2 + kro3) = (o2 + ro?) o2
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subject to the constraint stating that

0<by <O <by<c0 6.4.9)

where 0, = 02,0, = 02 +ro2, and 0y = o2 + ro), + kroj .
Proof
The proof of Theorem 6.4.4.4 is given in Appendix D.

Theorem 6.4.4.5

For the balanced two - factor nested random effects model given in equation
the conditional posterior distribution of (u + d;)|o2,07, 05,y (for i = 1,...,b) is normally

distributed with mean given by

kro? _ o2+ro2  _
E{(u + di)lo2, 05,03, y} = ootV T st U

024rol+kro? o2+ro}+kro?

and variance given by

o2+4ro2 o24ro24bkro?
Var{(,u—l—d,-)|a2 o2 ag,y}: CRRAd [5 2 |

€7 p? o2+ro}+kro? bkr

Therefore,

p((ﬂ+dz)|037 0-27 0-27 y> ~

2 2 2 2 2 2 2 2
< kro? _ o +ro, o +ro, o +ro, + bk‘rad}
2..

o2 +ro’+ kro? o2 +ro’+ kro? Yoor o +ro?+ kro? bkr

(6.4.10)

Proof

The proof of Theorem 6.4.4.5 is given in Appendix D.



CHAPTER 6. TWO - FACTOR NESTED RANDOM EFFECTS MODEL 310

6.4.5 Marginal Posterior Distributions

Similar to the balanced one - way random effects model discussed in Chapter 3, an-
alytfical derivations of unconditional posterior densities of the unknown parameters p,
o2, af,, ag, u1, ue ANd posterior densities of quantiles in order to construct tolerance
intervals, appear to be a daunting task, due to the complexity of the balanced two -
factor nested random effects model. It was therefore decided to extend the straight-
forward Bayesian simulation method proposed by Wolfinger (1998) for the balanced
one - way random effects model, in order to also estimate marginal posterior distri-
butions of unknown parameters and quantiles for the balanced two - factor nested
random effects model. The proposed Bayesian method will be illustrated for the bal-

anced two - factor nested random effects model using the data provided in Table 6.1

(the complete data set is provided in Table D1 as part of Appendix D.)

Similar to what was illustrated in Chapters 2, 3 and 4, Markov chain Monte Carlo
(MCMOQC) simulation will also be used to obtain random samples from the joint poste-
rior distribution of the unknown model parameters using a computer random number
generator. Remember, these simulated samples will also represent samples from the
marginal posterior distributions of the unknown model parameters and variance com-

ponents, equivalent to what was indicated in Chapter 3.

Estimated marginal posterior distributions of the unknown parameters o2, 07, o5 and p,

are simulated as follows:
a.)  Simulation of the variance components o2, o2 and o3.

If the constraint given in equation did not apply, the posterior distributions of
0y = 02,01 = o2 +ro; and 0y = o2 +roa+kro;; would be independent, each proportional

to an inverse gamma distribution. That is
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2
B~ X , and

~ V2
0o XVB !

with the joint posterior distribution of 65, 6; and 6y, being the product of these three
inverse gamma distributions. Note however that the restrictions given in equation 6.4.9
do apply. Nevertheless, using a rejection sampling procedure (see Guttman and Men-
zefricke, 2003), it is straight forward to generate samples from the joint posterior distri-

bution of o2, o2 and ¢3. This is done as follows:

i) Simulate ”10*2”1 from a chi - square distribution with v; degrees of freedom.

Then determine o2 by calculating 6, = 02 = ”;";1 where for the data given

inTable 6.1, b =15,k =8,r=5and v; = bk(r — 1) = 480. Also

vimy = zlzlz@m 7,;;.)% = 390.6720.
=17

i) Simulate Z’QTTQ from a chi - square distribution with v, degrees of freedom

and determine 6, = (o2 + ro2) = “2, where for the data given in Table 6.1,
v
b k
vy = b(k —1) =105 and vamg =7y > (7. — 7:.)* = 132.6570.
i=1j=1

— (1—o2)

Then determine a

i) Simulate =52 from a chi - square distribution with v3 degrees of freedom

and determine 6y = (o2 + roj, + kroj) = 5%, where vy = (b — 1) = 14,

v3

b
vsms =1k (¥, —7. )% = 5(8)[(19.86 —20.96)% +. ..+ (22.04 — 20.96)?] = 395.4342
=1

r b
andy =1 Z > yijt = 20.96 for the data provided in Table 6.1.

t=1j=1i=1

(fo—02 —rof,)

Then determine o2 = :
s
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iv.) If the constraint given in equation is met, retain the set of simulated
variance components. A set of variance components not obeying the re-
stricted parameter space given in equation[6.4.9, should be disregarded as

some of the simulated varionce components may be negative.

V.) Repeat steps i) toiv.) for example ¢ = 10000 times, retaining only the per-
missible sets of variance components. Steps i.) to iv.) can also be repeated
until for example ¢ = 10000 permissible sets of variance components are ob-

tained.

In Figures 6.4.1, 6.4.2 and 6.4.3, histograms of the estimated marginal posterior distribu-
tions of the variance components p(a2|y). p(o3ly) and p(oj|y), are illustrated. Posterior

medians and 95% equal tail credibility intervals are also given.

As is often the case, the posterior distributions of o2 is symmmetrical or fairly symmetrical.
The reason for this is the large number of degrees of freedom vy = bk(r — 1) = 480 Asso-
ciated with the residual (error) variance. This is also the case for o2 where v, = b(k—1) =
105. The posterior distribution of o2 on the other hand, is quite skew, and, the 95% credi-
bility interval wide, which is a definite indication of the uncertainty associated with the
between - days variance. From Figure 6.4.3 it is also clear that there is large “day -
to - day” (between - days variation). The number of degrees of freedom associated
with o2 is also quite small (v3 = b — 1 = 14). The 95% equal tail credibility intervals for
the variance components o2, o2 and o7 were obtained by finding the 2.5 and 97.5

percentiles of the respective ranked simulated variance component values.
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Figure 6.4.1: Histogram of the Estimated Marginal Posterior Distribution of o2 - Error
Variance.
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95% Credibility Interval: [0.7212, 0.9229]

b.) Simulation of the target value L.

The estimated marginal posterior distribution of the target value p can be simulated as

follows:

Substitute each of the simulated and retained setfs of variance components o2, o2
and o7 into equation . Then draw a value p from this normal distribution given in
equation[6.4.7] There will therefore be one simulated x value for each set of retained
simulated variance components. This resulting set of simulated p values can then be
used to plot a histogram. This histogram will represent the estimated marginal posterior

distribution of uly.

Values for the target value i can also be determined by only simulating 6y = (o2 +ro§ +
kro2) and substituting the simulated 6, values into equation|6.4.7, For each simulated

6y, a value p is then simulated from equation(6.4.7] As was seen in Chapter 4, this would
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Figure 6.4.2: Histogram of the Estimated Marginal Posterior Distribution of ag -
Variance Between Packages Within Days.
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be the preferred method, since only 6, is simulated, and as a result, it is not necessary to
disregard simulated sets of variance components not satisfying the constraint stated in
equation[6.4.9 Although not given here, the marginal posterior distribution of u|y can
also be determined using the Rao Blackwell method described in section 2.5. For each
simulated 6y, the normal distribution given in equation is drawn. If this process is
for example repeated ¢ = 10000 times, the estimated marginal posterior distribution of
uly would be represented by the average distribution of these ¢ = 10000 conditional

posterior distributions of ulo?, o2, 02, y.

o) p?

In Figure 6.4.4 the histogram of the estimated marginal posterior distribution of uly is
depicted for the data given in Table 6.1 with 3 = 20.96 as mentioned. The posterior
mean and 95% equal tail credibility interval is also given. The 95% credibility interval
was obtained by determining the 2.5"* and 97.5'" percentiles of the ranked simulated

u values.
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Figure 6.4.3: Histogram of the Estimated Marginal Posterior Distribution of o2 -
Variance Between Days.
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Although not given here, the estimated marginal posterior distrioutions of the day ef-
fects d; (fori =1,...,b) can also easily be obtained. This can be done by simulating the
separate variance components o2, o2 and o3, and only retaining the sets satisfying the
constraint stated in equation [6.4.9] The simulated retained sets of variance compo-
nents are then substituted info equation and then a normal distribution is drawn
foreach d; (i = 1,...,b). If the process is for example repeated ¢ = 10000 times, the
marginal posterior distribution of each d; (i = 1,...,b) can easily be obtained using the

Rao Blackwell method discussed in section 2.5.
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Figure 6.4.4: Histogram of the Estimated Marginal Posterior Distribution of .
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6.5 Tolerance Intervals

The tolerance interval problem has been well investigated in the case of the one -
way random effects model (Fonseca et. al., 2007). Limited results are however avail-
able for more general mixed and random effects models (Fonseca, et. al., 2007).
Assuming that the variance components were known, Bagui, Bhaumik and Parnes
(1996) attempted to construct upper one - sided tolerance limits for general unbal-
anced random effects models with more than two variance components (see also
Krishnamoorthy and Mathew, 2009). It was however pointed out by Smith (2002) and
Krishnamoorthy and Mathew (2009) that these resulting tolerance limits have actual
confidence levels quite different from the assumed nominal level. Under a two - way

crossed classification model with interaction, random effects and with unbalanced
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data, Smith (2002) also addressed the computation of one - sided tolerance limits (see
also Krishnamoorthy and Mathew, 2009). Fonseca et. al. (2007), also derived toler-
ance infervals for the two - way nested model with mixed effects or random effects.
These authors used the generalized confidence interval idea by Krishnamoorthy and
Mathew (2004) and the tolerance interval idea by Weerahandi (1993) in order to de-
velop their mentioned tolerance intervals. Krishnamoorthy and Mathew (2009) also
derived one - sided and two - sided tolerance intervals in a very general setting appli-

cable to mixed and random effects models with balanced data.

The purpose of the remainder of this chapter is to present Bayesian tolerance intervals
for the balanced two - factor nested random effects model given in equation [6.3.2]
Using Bayesian simulation, the procedure will be applied to the data given in Table
6.1. Since theorems proved for determining the « - expectation tolerance interval will
also be used for determining the one - and two - sided («, §) tolerance intervals, the «

- expectation tolerance interval will be discussed first.

6.5.1 « - Expectation Tolerance Intervals

As mentioned, according to Wolfinger (1998), research question 2 mentioned in Chap-
ter 1 is addressed by the « - expectation tolerance interval, since these intervals focus

on prediction of one or a few future observations from a process.

By using the results proved in Theorems 6.4.4.2, 6.4.4.3 and 6.4.4.5, the following theo-

rems can now be proved.
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Theorem 6.5.1.1

The predictive density of the average of k* future packages with r* samples per pack-
ages from a specific day (i** day) given the variance components, is normally dis-
tributed with mean

2 2
o; +ro,

« kro? _
E(; ly.03,0,,02) = ! 7. 6.5.1)

.+
o2 +ro’+ kro? Yi. 02 + 1o+ kroj

and variance

Var(@;klya Usa 012;7 0'?) =

P
bkr

o2 +r*o? o2 +ro? o2+ ro? + bkro?
i P P
k*r* 02+ ro2 + kro}

} (652

Proof

The proof of Theorem 6.5.1.1 is given in Appendix D.

Theorem 6.5.1.2

The predictive density of the average of k* future packages with »* samples per pack-
age from a new unknown day, given the variance components, is normally distriouted
with mean

E(;.ly,05,00.02) =7 6.5.3)

and variance

2 * 2 .k 2 2 2 2
o: + 1o, +k*'r*oy ol +ro, + krog

o T ke

Var(y;.ly,05,05,07) = 6.5.4)

pr e

Proof

The proof of Theorem 6.5.1.2 is given in Appendix D.
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Figure 6.5.1: Estimated Unconditional Predictive Distributions:

Estimated Unconditional Predictive Distribution of the Average of k* Pack-
ages, r* Replicates of Any Future Day p(y}__\y). For k* =8 and r* = 5.

Estimated Unconditional Predictive Distribution of the Average of k* Pack-
ages, r* Replicates of the it* Day (Specific Day - 10t* Day). For k* =8, r* =5
and ¢ = 10.
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95% Credibility Interval for p(y; |y): [19.41, 20.40]

95% Credibility Interval for p(y} |y): [19.09, 22.82]
For illustratfive purposes, the estimated unconditional predictive distrioutions of 37 (i =
10) i.e. for the tenth day, and y;” i.e. a new or unknown day, for k* = 8 packages
per day and r* = 5 samples per package are depicted in Figure 6.5.1. The 95% equal
tail credibility intervals are given in Table 6.2 and are the so called Bayesian 0.95 -
expectation tolerance limits. Figure 6.5.1 was obtained for the spun yarn data given in

Table 6.1.
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The Bayesian simulation procedure for obtaining Figure 6.5.1 was performed in the fol-

lowing way:

ii.)

iii.)

By using the rejection sampling procedure as described in section 6.4.5, the

variance components were generated from their joint posterior distribution.

For each set of simulated values (o2, 02, o), the conditional predictive distri-
butions p(7; |03,02,02,y) and p@;_\ag, o2, 02,y) are normally distributed (see
Theorems 6.5.1.1 and 6.5.1.2). Substitute the simulated set of variance com-
ponents into the two normal distributions given in Theorems 6.5.1.1 and 6.5.1.2,

and, draw the two normal distributions.

Steps i.) and ii.) were repeated ¢ times. As mentioned for this example,
¢ was taken as 10000. Using the Rao Blackwell argument (see Gelfand and
Smith 1991), the estimated unconditional predictive distributions p(y; |y) and
p(¥}.ly) were obtained by averaging the conditional predictive distrioutions

over the ¢ repetitions.

As described above, the predictive distributions were obtained through Monte Carlo

simulations where independent samples were obtained from the joint posterior distri-

bution.

For comparative purposes, the estimated mean values and 95% equal tail credibility

intervals for both p(y; |y) (for i = 10) and p(y} |y) are givenin Table 6.2.
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Table 6.2: Estimated Mean Values and 95% Equal Tail Credibility Intervals for the Two
Estimated Unconditional Predictive Distributions Depicted in Figure 6.5.1. Obtained for

the Spun Yarn Data Given in Table 6.1.

95% Equal Tail
Day Mean | Credibility Interval

p(¥;.ly)
(fori=10) | 19.90 [19.41, 20.40]
p(¥;.ly) | 20.96 [19.09, 22.82]

Remember, as mentioned, the 95% equal tail credibility intervals given in Table 6.2, re-
spectively represent the Bayesian 0.95 - expectation tolerance intervals for both p(y; |y)

(for i = 10) and p(¥}_|y).

The Bayesian 0.95 - expectation tolerance interval (95% credibility interval) for V.. the
average of k* = 8 future packages with »* = 5 samples per package, sampled on any

unknown or future day, is equal to [19.09, 22.82]. Laubscher (1996) calculated

b
ST} = |71 L — 7.0 = /s = 0.8403
1=

and used a bias correcting constant Cy = 0.9823. The classical 95% limits are given by

Sy o
7. +t0.025:6-1 (g—ﬁ) . NOW tg.095,14 = 2.145,7 = 20.96 and the classical limits are therefore

equal fo [19.12, 22.79], which are for all practical purposes equal to the Bayesian 0.95 -

expectation tolerance limits.

Since the 95% Bayesian prediction interval for the 10t day is [19.41, 20.40], it follows that
if further sample means are obtained for the 10t day or for any future day similar to
the 10t day from, k* = 8 packages and r* = 5 samples per packages, the process is in
control if 95% or more of these sample means fall within these specified Bayesian 0.95 -

expectation tolerance interval limits.

From this comparison, the question may also arise as to what kind of frequentist cov-

erage properties the Bayesian interval under the probability matching prior given in
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equation[6.4.3 will have. This was investigated briefly by simulating 1000 data sets with
the same structure as the spun yard data given in Table 6.1. The estimated confidence
coefficient was calculated as the percentage of intervals that contained the true pre-
dictive value. The coverage percentage in the case of the 95% prediction interval was

95.2%. For the simulation study, 7} was simulated from the following normail distribution:
U5 |, 02,00, 05,y ~ N(20.96, 0.706085)

where

T 11, 02,0205y ~ N(u, 1% + 2 + 03)

with k* = 8, r* = 5 and since the 1000 simulated data sets have the same structure as

the data given in Table 6.1, 02 = 0.8139, o = 0.0899, 0 = 0.6745 and p = 20.96.

These values for o2, 02 and o can be calculated as follows: In section 6.4.5 it was

shown that vym; = 390.6720, vame = 132.6570 and v3ms = 395.4343.

Also, since vy = bk(r — 1) = 15(8)(5b — 1) = 480, v, = b(k — 1) = 15(8 — 1) = 105 and

v3 = (b—1) =15—1 = 14 it can therefore be shown that

vimy _ 390.6720 _
o= i = 0.8139,

_ vemg __ 132.6570 __

m3 = Vsy?;”bs _ % = 28.2453.

Now, E(m1) = 0 = o2 (see Laubscher, 1996) and therefore o2 was taken to be equal

1o 0.8139. Similarly
E(mg) = 0y = (0% 4+ roj) = 1.2634.
Therefore

o2 = 1(61 — 02) = £(1.2634 — 0.8139) = 0.0899.
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Also, E(ms) = 0y = (02 + ro2 + kroj) = 28.2453.
Therefore

o2 = %(90 —02—ro?) =

2) = 55;128.2453 — 0.8139 — 5(0.0899)] = 15[28.2453 — 0.8139 — 0.4495] =

0.6745.

6.5.2 One - Sided («, §) Tolerance Intervals

Since it was proved in Theorem 6.5.1.2 that

2 * 2 * % 2
_ 2 9 9 oZ+r*o,+k*r*oy
yf|ﬂa O¢, O-p7 04> Yy~ N(Mv . kir* )

for the construction of lower one - sided («, §) tolerance limits, the estimated marginal
posterior density of ¢* must therefore be obtained, which in this case represents the

2 * 2 * % 2
oitrro,+k*r*oy
k‘*?”*

(1 - a)hquantile of the N(u, ) distribution.

This distribution describes the averages of future data from new or unknown days.
The Bayesian simulation procedure for obtaining the posterior distribution of ¢* can be

performed in the following way:

i) The rejection sampling procedure described in section 6.4.5 can be used
to generate the variance components. In Chapter 4 it was however also
mentioned that if the separate variance components are not needed, it
is preferable to simulate functions of the variance components. For the
balanced two - way nested random effects model given in equation [6.3.2]
it is not necessary to check that the constraint given in equation [6.4.9] is
met. The implication of this is that no set of simulated variance components
will be disregarded. For the balanced two - factor nested random effects
model given in equation , 0o = (02 + ro2 + kro3) can therefore be simu-

lated directly using the method described in section 6.4.5.
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ii.)

ii.)

iv.)

Substitute the simulated 6y = (02 + mﬁ + kro?) into the normal distribution
given by

2 2 2
2 2 2 _ g, —I-’I’O' —I-kT'O'd
M‘Uavapva—dayNN<y...7 = bZr

and simulate a value for p.

If t* = k and r* = r, then substitute the simulated values for . and 6, info the
equation for ¢ given by

02+r02+kr03
g ==z T

where z,represents the o quantile of a standard normal distribution.

If either k* # k or r* # r or both k* # k and r* # r, then simulate the
separate variance components and . as described in section 6.4.5 ensuring
that the constraint given in equation [6.4.9]is met. If this constraint is not met,
disregard this simulated set of variance components and p. Substitute the
retained simulated variance components o2, o2 and o} together with the

simulated target value u intfo the equation for ¢*given by

2 * 2 * % 2
x oitrio,+k*rroy
—M—Za{T

where z, represents the ot quantile of a standard normal distribution.

Repeat steps i.) toiii.) for example ¢ = 10000 times and draw the histogram.

This histogram represents the estimated marginal posterior distribution of ¢|y.

Although not given here, the Rao Blackwell method described in section 2.5 can also

be used to obtain the estimated marginal posterior distributions of the (1 —«)* quantile

of the N(M,

o? +r*og+k*r*a§
k*r*

) distribution. It must also be noted that upper one - sided

(o, 0) tolerance limits can also be constructed for ¢ or ¢, by first determining estimated

marginal posterior distributions for

2 * 2 * % 2 2 2 2
oitrro,+k*rroy oit+rop+kroy

Q@ = M+2a{T} and ¢, = H+%{T}:
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Figure 6.5.2: Histogram of the Estimated Marginal Posterior Distribution of the
(1 —0.90)" Quantile q.
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(0.90,0.95) Lower One - Sided Tolerance Limit: 19.2311

. 2 * 2 fo* e * 2 2 2 k 2
where ¢ and ¢, represent the o quantiles of the N(u, m) and N(u, getropthroy

k*r kr

distributions respectively.

Figure 6.5.2 plotfs the histogram of the estimated marginal posterior distribution of ¢,
which in this case represents the (1 —0.90)"* quantile (or tenth percentile) of the normall
kr

distribution given by N(u, M)

For the histogram depicted in Figure 6.5.2, the lower one - sided (0.90, 0.95) tolerance
limit is equal o 19.2311. The value 19.2311 therefore represents the estimated (1 — 0.95)"
quantile (or fifth percentile) of the marginal posterior distribution of ¢, thus indicating
the Bayesian "B - basis” (0.90,0.95) lower folerance limit. The Bayesian "B - basis” lower
(0.90,0.95) tolerance limit equails to 19.2311 represents the extension value of which 90%
of the average extensions of k = 8 future packages with » = 5 samples per package

from a new or unknown day will be greater than with probability 0.95.

)
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Figure 6.5.3: Histograms of the Estimated Marginal Posterior Distributions of the

r th
% Quantiles ¢; and ¢, for the Data Given in Table 6.1.
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In Figure 6.5.3 the histograms of the estimated marginal posterior distributions of

0'2 0'2 0'2 3
a) a = p - 1.645{ L and
21 02 24y 2
b.) g = p+1.645{ L2,

th
representing the [(lig'go)} quantiles, are displayed.

The 95% credibility interval of the estimated marginal posterior distribution of ¢, is equal
to [18.6112, 20.0924], while the 95% credibility intferval of the estimated marginal poste-

rior distribution of ¢, is equal to [21.8179, 23.3036].
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6.5.3 Two - Sided («, ) Tolerance Intervals

As mentioned by Wolfinger (1998) and also in the previous chapters, the construction
of two - sided («, §) tolerance intervals is slightly more complex. The simple procedure
of computing upper and lower limits separately and then combining them is not pre-
cisely valid, since as mentioned, the two quantiles do not have a posterior correlation
of 1. According to Wolfinger (1998), one way of constructing a valid two - sided («, 9)

folerance interval, is o begin by computing the two quantiles g; and g;; given by

e O (6.5.5)
and
o+’ + k*rro2y 1
A O 6.5.6)

th
where Z1ta represents the (HTO“) quantile of a standard normal distribution.

For the balanced two - factor nested random effects model given in equation [6.3.2]
the pairs (g7, g;;) form a sample from the bivariate posterior distrioution of the (1%"‘)“1
and (2)!% quantiles (Wolfinger, 1998). Bayesian confidence regions can be obtained
for these bivariate samples, but as mentioned, are difficult to use in practice since
they are two - dimensional ellipsoids. It was already mentioned that Wolfinger (1998)
succeeded in consfructing a two - sided interval that is one - dimensional and sym-
metric about the mean. To obtain such an interval, first form a scafterplot of g versus
q;. with g plofted on the vertical axis, and g¢; plofted on the horizontal axis. Then, as
mentioned, construct the reference line given by ¢ = —¢; + 2y, and draw two ad-
ditional lines, one parallel to each axis and intersecting on the reference line. Slide
this intersection point along the reference line until 100(1 — §)% of the observations are
contained in the half - rectangle opening towards the lower right portion of the graph.
The coordinates of the resulting intersection point form a two - sided tolerance interval
of the desired form. This procedure is illustrated graphically in Figure 6.5.4 for the spun

yarn data given in Table 6.1.
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Figure 6.5.4: Construction of a Two - Sided (0.90, 0.95) Tolerance Interval in the Case of
y}. for the Spun Yarn Data Given in Table 6.1.
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The (152)™ and (142)™" quantiles given by g and g;; respectively, which are needed for
the construction of the scatter plot and subsequent two - sided (0.90,0.95) tolerance

interval depicted in Figure 6.5.4, can be determined as follows:

i) Simulate the variance components o2, o3 and o7 as well as the target value
wu, or, simulate 6, and the target value p using the method described for
simulating ¢*or ¢ for the one - sided (a, §) tolerance limit described in section

6.5.2.

ii.) Substitute either the simulated variance components and the target value

p or the simulated 6y and target value p into both equations[6.5.5 and[6.5.4

to obtain a (g;, ¢;;) pair.
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i) Repeat steps i.) and ii.) for example ¢ = 10000 times and draw the scatter
plot. Proceed to construct the two - sided (0.90, 0.95) tolerance interval using

the method described above.

From Figure 6.5.4 it can be seen that the estimated two - sided (0.90,0.95) tolerance
interval is equal to [19.1246, 22.7894]. This estimated Bayesian two - sided (0.90,0.95)
tolerance interval can be interpreted as follows: If k = 8 future packages of spun yarn
with r = 5 samples per packages from a new or unknown day are selected, 90% of the

average extensions will fall in the interval [19.1246 , 22.7894] with probability 0.95.

The one - and two - sided («, §) tolerance intervals described above, apply to aver-
ages of observations from new or unknown days. If inference is desired for the average
of future observations from a specific day, say the it* day, then the marginal posterior
distribution of the (1 — a) quantiles of the N(u +d, ”,j—”) distribution must be es-
fimated. Remember also that it was shown in Theorem 6.4.4.5 that the condifional
posterior distribution of (u+ d;). given the variance components, is normally distributed

with mean equals to

kro? _ o24re2  _
B+ iy 02,3 08) = sretetbinl + b

o2+roi+kro; o2+roi+kro]

and varionce equals to

202 202 2
. 2 2 2\ _ o;+roy; oZ+ro,+bkroy
Var <(M + dl) ’y’ Ocs Op; Ud) T o24roitkrol { bkr '

6.5.4 Fixed - in - Advance Tolerance Intervals

Finally, fo determine the content of a fixed - in - advance tolerance interval, the pos-
terior distribution of this content has to be determined. For example, suppose that a

lower fixed - in - advance limit of s is specified for data assumed to arise from a new
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batch. Therefore, for the balanced two - factor nested random effects model given in

equation(6.3.2, compute the content ¢* of the interval [s, co] given by

2 * 2 sk <2\ 1
(6247 Up—l—krad)Z

where ®[:] represents the standard normal cumulative distribution function which is

given by

where

% (o24r*a2+k*r*a?) _%
st = (s — ) { I

Thus, a content ¢* is found for each average of future observations from a new or un-
known day, and these ¢* values therefore form a sample from the posterior distribution

of this content.

To determine a fixed - in - advance tolerance interval for the content ¢* of the interval

[s, 00|, the following steps can be followed.

i) Simulate the variance components o2, o2 and o7 as well as the target value
W, or, simulate 6y, and the target value p using the method described for
simulating g*or ¢ for the one - sided («,d) tolerance interval described in

section 6.5.2.

ii.) Depending on the situations mentioned in section 6.5.2, either substitute the
simulated variance components and the target value p, or the simulated 6,

and the target value p, info equation fo obtain a confent ¢*.

iii.) Repeat steps i) and ii.) for example ¢ = 10000 times and draw a histogram.
This histogram represents the estimated posterior distribution of the content

c* above the preselected specification limit s.
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Figure 6.5.5: Histogram of the Estimated Posterior Content of the Interval [19.0, oo] in
the Case of 7} , Determined for the Spun Yarn Data Given in Table 6.1.
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95% Fixed - in - Advance Tolerance Interval: [0.9083, 0.9995]

A 100(a)% equal tail credibility interval can also easily be determined for the content ¢*
of the interval [s, co] by ranking the sample of ¢* values in order of magnitude and then
finding the 100(152)" and 100(142)" percentiles of the ranked simulated ¢* values. Re-
member, this 100(a)% equal tail credibility interval represents the fixed - in - advance
tolerance interval for the content of the inferval [s, oo] i.e. the content above a prese-

lected specification limit s.

For illustrative purposes, the histogram of the estimated posterior content of the interval
[19.0, 00| for a fixed - in - advance lower specification limit s = 19.0, is given in Figure
6.5.5 for the spun yarn data given in Table 6.1. It must be mentioned that this lower

specification limit s = 19.0 was selected solely for illustrative purposes.

From Figure 6.5.5 it can be seen that the histogram of the esfimated posterior confents
c* of the interval [19.0, o] is negatively skewed and varies from 0.7 to 1 with a median

equals to 0.9885. The 100(0.95)% Bayesian fixed - in - advance tolerance interval, is
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equal fo [0.9083, 0.9995] and can be interpreted as follows: For the spun yarn data
given in Table 6.1, if k* = k = 8 packages with »* = r = 5 samples per package
from a new or unknown day are selected, between 90.83% and 99.95% of the average

extensions will fall in the interval [19.0, co] with probability 0.95.

In section 4.6.4, a probability matching prior was proposed for the fixed - in - advance
tolerance infterval for averages of observations from new or unknown batches in the
case of the balanced one - way random effects model. If k* = k and »* = r (as defined

in equations[6.3.Tand[6.3.2), it can also be shown that for the average of k packages

with r samples per packages from a new or unknown day, the prior distributions

1
2 92 9 —2(. 9 2\—1/ 2 2 2\—2 (s—p)%kr 2
7Ta(lua 0250y, Ud) X 0, (Ua + Tgp) (Ua + ro, + k?TO'd) ? {1 + 2(c2+ro2+kro?)

and

N[

2 2 9 —2/ 2 N —1/,-2 2 2\ 3 (s—p)%kr B
7Tb(/% Ocs0p Ud) X O (Us + 7"0'p) (Us + ro, + k?“O'd> 2 {1 + 2(024ro2+kro3)

are probability matching priors for the contents ¢ of the inferval [s, oo] where c is given
by
e 1-® [% and

(U?—&-rog—&—knfﬁ)%

®[-] represents a standard normal cumulative distribution function.
The following theorem can now be proved.

Theorem 6.5.4.1

For the average of k* = k packages with r* = r samples per package from a new or

unknown day, the prior distributions given by

(s — p)?kr
2(02 +ro + kroj)

e “p

}é 6.5.8)

Ta(p, 02,02, 03) 0'6_2(U?+TUZ2))_1(US—I—T’J;-}-I{ITO'ﬁ)_%{1—|—

and

g p?

(s — p)?kr }—é
2(02 4 rok + kro})
(6.5.9)

mo(11,02, 0%, 03) oc 072 (0% +r02) (07 4 1ol krod) {14
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are probability matching priors for the contents ¢ of the interval [s, co] given by

c:l—(ID[( (s = ) (kr): )%], (6.5.10)

o +rol+ kro
where @[] represents a standard normal cumulative distribution function.
Proof
The proof of Theorem 6.5.4.1 is given in Appendix D.

Although not given here, for the probability matching prior given in equation
for example, the fixed - in - advance tolerance interval can also be determined for
the content ¢ given in equation using the weighted Monte Carlo (sampling -

importance resampling) method.

For this probability matching prior given in equation [6.5.9] the proposal distribution is

therefore given by

Pr(p, 02,00, 03ly) o< (02) 72 (02 4 702) 2022 (02 + rop + krog) 2o+

o2+ro2+kras) (02+roi+kros) aZ+tral) o2

exp{—% [( bkr (g, —p)? 4 v3ms + ( vomy 4 V1m1] } )
while the target distribution is given by

1
—iw —Lw —1w s—p)2kr T2
Po(p1,02, 02, 03]y) o (02) 30 (024r02) 50D (02 by hrod) e {1 o

er 1 bkr (g —p)? 4 v3ms3 4o ema 4 v
p 2 | (02+ro3+kro?) (02+roi+kro?) (024r02) o2 '

Also, the resulting normalized weights fori =1,2,... Iis given by

_1
2(¢ 200 2(0)y— 1 s—u(0)2g 2
(02 +rop ) hral?) 2{1+ O 2 }
I/I/l _ 2(og +rop U+ ro, )

- _1

t _1 (02 } 2
2(¢) 2(¢) 2(¢) (s—p'\*))2kr
o +ro +kro 249 14

121( N P d ) { Q(Jg(z)+rag(e)+krai(z>)

The simulation procedure is further similarly applied to the weighted Monte Carlo (sam-

pling - importance resampling) methods described in both sections 2.6.4 and 4.6.4.1.
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The situation is sonewhat more complex for unbalanced mixed linear models. Given
the variance components, the fixed effects, random effects and predictive densities
are sfill normally distributed. It is therefore recommmended that the best way to derive
a joint prior for the variance components is to use the method of Wolfinger and Kass
(2000). These authors calculated the square root of the determinant of the Fisher infor-
mation matrix, i.e. Jeffreys’ rule, where the calculations are based on the likelihood of
the variance components alone. The resulting prior therefore becomes a special case

of that of Berger and Bernardo (1992¢).

Since the posterior distribution of the variance components will not be proportional
to the product of inverse gamma distribution, MCMC procedures should be used to
generate samples from the joint posterior of the variance components. The indepen-

dence chain algorithm (Tierney, 1994) is one such procedure that can be used.
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6.6 Appendix D

Table D1: The Physical Property of "Extension” of a Synthetic Yarn, Measured over 15
Consecutive Days of January, 1995. Eight Packages of Yarn were Sampled Each Day
and Each Measurement Represents the Average of Five Replicate Samples per
Package. Data Collected by Prof. N.F. Laubscher at SANS Fibres (Pty.) Ltd.

Daily
Day | Package | Extension | Average
1 1 20.30
1 2 20.06
1 3 20.48
1 4 19.22
1 9 19.16
1 6 19.94
1 7 20.69
1 8 19.02 19.86
2 1 21.91
2 2 21.68
2 3 22.09
2 4 22.39
2 ) 21.56
2 6 22.38
2 7 21.82
2 8 21.90 21.97
3 1 22.29
3 2 21.19
3 3 21.90
3 4 21.70
3 9 21.69
3 6 21.65
3 7 21.85
3 8 21.50 21.72
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Table D1: Continued

O
]
<

Package

Extension

Daily
Average

1

20.86

21.12

20.20

20.36

20.64

19.85

19.72

20.33

20.39

20.48

20.43

20.07

19.69

20.60

20.49

20.46

19.74

20.25

21.79

21.65

21.75

21.94

21.77

22.17

21.67

(=21 I =>N BN >IN BN e> N B> I e N B NI I e N IO 0 RG2S G2 B I S ) S I S B S R S N e N SRS

O | N[O | Tk W N |00 N || W | N[00 N[0 |0 W N

21.51

21.78
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Table D1: Continued

O
]
<

Package

Extension

Daily
Average

1

21.52

20.44

20.88

20.13

20.64

20.58

20.50

20.71

20.68

22.09

20.71

20.68

20.67

20.67

20.98

20.94

21.13

20.98

19.19

19.84

19.95

20.25

21.60

19.65

20.77

O | © | © | O | V| | ©|© | ||| |[0|0WW|O0|0WW|N|N [N |V ||| |3

O | N[O | Tk W N |00 N || W | N[00 N[0 |0 W N

20.37

20.20
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Table D1: Continued

Daily
Day | Package | Extension | Average
10 1 20.99
10 2 20.53
10 3 19.37
10 4 19.93
10 ) 19.31
10 6 19.86
10 7 19.00
10 8 19.81 19.85
11 1 21.47
11 2 20.42
11 3 20.61
11 4 19.91
11 ) 19.86
11 6 20.57
11 7 20.61
11 8 19.37 20.35
12 1 19.22
12 2 20.59
12 3 20.68
12 4 20.23
12 5 20.93
12 6 20.98
12 7 20.69
12 8 20.46 20.47
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Table D1: Continued

Daily
Day | Package | Extension | Average
13 1 21.58
13 2 22.27
13 3 21.52
13 4 22.62
13 ) 21.73
13 6 21.80
13 7 22.00
13 8 21.53 21.88
14 1 22.31
14 2 21.84
14 3 22.29
14 4 22.38
14 ) 22.40
14 6 21.60
14 7 22.14
14 8 20.94 21.99
15 1 22.48
15 2 21.65
15 3 22.00
15 4 22.71
15 ) 22.28
15 6 21.38
15 7 21.35
15 8 22.43 22.04
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Proof of Theorem 6.4.2.1

Firstly we will briefly review the theory of the probability matching prior. Datta and
Ghosh (1995) derived the differential equation that a prior must satisfy it the posterior
probability of a one sided credibility inferval for a parametric function and its frequen-
tist probability agree up to O(n~!) where n is the sample size. They proved that the
agreement between the posterior probability and the frequentist probability holds if

and only if
3 5 (na(6)r(8)} =0

where p(0) is the probability matching prior for 6, the vector of unknown parameters.

Also
) ) ’
vV, = a—glt(e), . Et(@)
and
n(0) = ( WO — [,(8),...,1.(0)] .

\/v F-1(0)V(6)

It is clear that ' (0)F(6)n(8) = 1 for all @ where F~1(0) is the inverse of F(8), the Fisher

Information matrix of 8. Also, t(0) is the parameter of inferest.

For the balanced two - factor nested random effects model given in equation 6.3.1, it

was mentioned that the integrated likelihood function was given by

L, 02,07, 03ly) o< (02) 72 (02 + 07)#*(02 + 1oy + krog) 20+

b
) krzl(m..—uﬁ
1 i= vama vimy
erp 2 | (024+r02+kro3) + (02+ra2) + o2 '

Now
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(v34+1) /WZ(yz —p)?
In(L) = —%in(0?) — %in(o? + ro)) — 5= s 1n (02 + ro; + kroj) — —(U;jrm%rkw 5
d
rvam2 _ bimag
2(02+ra2) 202

For the two - factor nested random effects model, the Fisher Information matrix is given

by
Fll F12 F13 F14
9 FQl F22 F23 F24
(6 057 P Ud) =
F31 F32 F33 F34
i F41 F42 F43 F44 i
where
& b
2 b, —
oin(L) lel( ®)
o (U2+ra2+kr03)
b
2kr >y, —2krbu
_ i=1
T 2(024rol+kroy)
Also
9%In(L) __ —2krb
(Ouw)? — 2(024roi+krol)

Therefore Fy; = —E{ 82["(”}

(Op)?
_ bkr
" (02+roi+kro?)
(v3+1)kr
~ (02+roitkral) "
Similarly
> 2
kr Y, —
aln(L) . v o (V3+1) + igl(yzu /") + V2mo _|_ vimi
dc2 202 2(02+ra?) 2(c2+ro2+kro?) 2(c2+ro2+kro3)? 2(02+ra2)? 2(02)2
Therefore

b
. 5 9 ) 2 kTZ (.. —)?
Tar =4 (%) +2 () + P ) e oy

o2+rol+kro} (02+r02+kra2)3  (02+r02)3
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Iy, is therefore equals to

2 n
ek

va(o2+ro?)

342

V102

" Vo (v3+1) ( 1 )2 n (k1) (=)b(02+ro2+kro?)

T 2(62)2 2(02+ra2)? T2 o2+ro}+kros (02+ro2+kros)?

Therefore 5, = %{ @7 T e T (02+7(nz32:1k)md)2} ‘

= o))’

and
29 2
kr 7. —
dln(L) Z) T N CZER)) r + z‘gl(yzu ") + rUIMo
9oz 2 (02+ro}) 2 (o2+roi+kros) 2(c2+ro2+kro3)? 2(02+ra2)?
Therefore
kr3 b 7 2
r -
Pinl) _ oy Gt 2 I N
(062)2 7 2 (o 2+7‘02) (02+ro2+kro?)? (02+ro2+kro?)3 (024ra2)3
Now
_ 8%in(L)
F33 - _E|: (902)2
3p( LY (52 g2 2
__w r2 _ (vst+l) 2 4 krob(g-) (o2 +rop+krog) + r?vy(o24ro?)
T 2 (024ra})? 2 (o2+rol+krol)? (c2+rol+kro?)? (02+ra3)3
— __wr? (vs+1)r?
therefore F33 = o2 trol)? + 36 Trrol k)7
Similarly
29 2
k 7. —
on(L) _ _ kst (kr) g,l(y@“ 1)
do3  — 2(cZ+ro+kro?) 2(c2+ro2+kro3)?
Therefore
kr)3 b 7 2
82ln(L) - (l/3+1)(k7‘)2 _ ( T) lgl(yz_lu“)
(002)2 7 2(02+ro2+kro2)? (02+ro2+kro2)3 *

Now

, and

(02)%"
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2 n
Fiy = —E{%U;)@}

. (v3+1)(kr)? (kr)3b($)(ag+rag+krag)
T 2(02+ro2+kro?)? (02+r02+kro?)3
(v3+1)(kr)?
T 2(02+r02+kro?)?

Also Fio = Fy1 =0, Fi3=F31 =0, and Fiy = F4 = 0.

Now
2 ¢ 2
kr Yi —
(L) _ vy r + (v3+1)r o 12::1( e __rvomg
do2do? 2 (02+4ro2)? 2(024ro2+kro2)? (02+ro2+kro?)3 (02+ra2)3
Therefore
92In(L)

F3=—-F [aag%g

_ vor . (v3+1)r + rb(ag—l—rag-l—krag)Q 7‘1/2(0?-‘,—7’012,)

T 2(024ra2)? 2(c2+ro2+kro3)? (02+rod+kro?)3 (02+r02)3

_ Ty (v3+1)r _

T 2(02+4ro?)? + 2(c2+ro2+kro2)2 Iz .
Also

2 & 2
kr Yi —

Pin(L) _  (stl)(kr) (k)" 22 @ =1)
002002~ 2(c2+ro2+kro2)? (02+ro2+kro?)3 *
Therefore

o in(L) | (v3+1)(kr) _
Fip=—-F |:803803 T 2(02+rod+krol)? Fy,and
similarly

. in(L) | _ (v3+1)kr? o
g =—F |:60380127 T 2(024rod+krol)? I

Therefore, the Fisher information matrix can e written as

F, 0 0 O
0 Iy Fy Fu
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Foyy Fayy Fyy
with F* = | [y, F33 Fyy
Fyo Fy3 Fuy

F'0 0 0

0 F22 F23 F24
Now, it is clear that F~1 =
0 F32 F33 F34

0 F42 F43 F44

Ug—f—rag—l—krag

with FH = (F) ™ = ==

. 0—3 -H“Jg +k7‘a§
bkr

F22 F23 F24

x—1 1
Also, F = TFF F32 F33 F34

F42 F43 F44

where |F*|

= (—1)1+1 [F33F44 — ng} + (—1)1+2 [F32F44 — F42F34] + (—1)1+3 [F32F43 — F42F33}

2
_ vor2 + (V3+1)7"2 (V3+1)(kr)2 N (1/3+1)kr2
2(02+ro2)? 2(024rod+kro2)? | | 2(02+ro2+kro?)? 2(024ro2+kro2)?

i rvo + (v3+1)r (v3+1)(kr)?2 i (v3+1)(kr) (v3+1)kr?
2(024ra2)? 2(c2+ro2+kro2)? | | 2(c2+ro2+kro3)? 2(c2+ro2+kro2)? | | 2(c2+ro2+kro2)?

+ U + (v3+1)r (v3+1)kr? . (v3+1)(kr) V72 + (v3+1)r?
2(024ra2)? ' 2(02+ro2+kro?)? | | 2(024roi+krol)? 2(024rod+kro2)? | | 2(02+r02)? ' 2(024roi+krol)?

. viva(v3+1)k3rs
T 8(02)%(02+r0})? (o2 +r0%+k7"03)2 '

Also

J}
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for = (~1)"*1 | Fyg Fuy — F3|

2
o vor2 + (v3+1)r? (v3+1)(kr)? . (v3+1)kr?
T | 2(6%+ra2)? 2(02+r02+kro3)? | | 2(02+ro2+kro3)? 2(c2+ro2+kro3)?

o vo(v3+1)k2rt
T A(o24rod)?(o2+roi+kre)?

hFPWﬂ%M—MM}

_ Uy + (v3+1)r (v3+1)(kr)? . (v3+1)(kr) (v3+1)kr?
o 2(02+r02)? ' 2(c2+ro2+kro2)? | | 2(c2+ro2+kro?)? 2(

o2+ro3+kro?)? | | 2(024rod+kro)?

_ E2r3uo (v3+1)
T 4(o2+ro2)?(c2+ro+kro3)?

Joa = (—1)1F3 [F32F43 — F42F33}

2(c2+ro2+kro3)? 2(02+ro2+kro3)? | | 2(02+r02)2  2(02+rol+kro3)?

o rUo + (v3+1)r (v3+1)kr? i (v3+1)(kr) vor? (v3+1)r2
| 2(02+ra2)? ' 2(02+rod+kros)?

=0

fos = (~1)*2| Py Fuy — F|

v v )2 v 2 ()2
= [2(5?)2 + 2(a§fmg)2 + 5 (v3+1) ] [ (v3+1)(kr) ] _ [ (v3+1)2(kr)

02+roZ+kro’)? | | 2(024rod+kros)? 4(o2+rog+kros)t

. v1 (v3+1)k2r?
T A(02)?(02+r0o2+kro?)

+ vo (v3+1)k2r2
2 4(o2+ro2)?(c2+ro2+kro2)?

ﬁﬁhwﬂM%—m&}

_ v v (v3+1) (vs+1)kr?
- _{ [2(0?)2 + 2(03—}—27‘012,)2 + 2(a§+r;§+kra§)2] [ ; ]

2(c2+ro2+kro2)?

o2 —i—rag—i—krag)z

_ (v3+1)(kr) TV + (vs+1)r
2(c24ro2+kro2)? | | 2(02+ro2)? 2(

N v1(v3+1)kr?
T A02)%(02+ro2+krol)?
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Jaa = (—1)3T3 [F22F33 — F322i|

_ (v3+1)
- |: 2(02)2 + (02+r02)2 + (o§+r§§+kra§)2] [

2
(vst1)r
[2(02+r02)2 + 2(02+r22+krad) ]

_ 1/11/27"2 + V1(l/3+1)1”2
T 4(02)2(02+ra2)? 4(0’3)2(03+TU%+]€T0'3)2 '
Therefore

g1 _ (o2tropthrod)
bkr

22 faz _ 2(02)? _ 2(02)?

2(c2+ro2+kro2)?

| F*| vi  bk(r-1) °
23— faz —2(02)> _ —2(02)’
T|F*| T wir T bkr(r—1) ¢
F¥—F2—0.

33 f33 72{V1(0?+T0£)2+V2(0?)2}
= [F] — vivor? '
34— fsa —2(024r07)?

T|FE| T vokr?

" Fas 72{VQ(U?+TU%+I€TO’3)2+(V3+1)(O’?+T0'127)2}

PR == va(vs+1)k2r2
2 2 2
] o oZ+rofitkro;
Now define t(0) = p + z4\/ ——=

therefore t(8) = 1+ 2o ()2 (02 + ro’ + kro3)s .

It therefore follows that

2 = 20(E)2(3) (02 + 102 + krod) 2,

ryl 1
507 = za(E)2(%)(a§ —1—7’02 + kro?)~2 ,and

346
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7 = za(kr)%(%)(ag +ro; + krafl)_% .

vi(6) = | 20 TOREOREC | ona

V;(G)F_1(9> _ {315(9 Jals! [3502) F22 6(‘;(;2 F32i| |: o F23 59%) 33 + %Z)F%S

2
do3

[210) s 1 2101 ] } |

Also

2 2 2
oztro,+kro;

ot(6) 11 _
B = - ,and

ot(e )F22Jr Bt( )F32

do2

1

1 1 ( 2(c2)? r 2(02)?
= 2a(E)E )02 + 102 + ko) E (AL ) + z(f) 2l

.
(3)(02 4+ ro2 + kroj) 2 <bkr(ri1)>

1
2

Now ( )F23 + ( )F33 C(;Z)F43
d

Yo sy L _1f =243V U§+r02 24y 0'32
= o) (o r o) (2 ) o () (oo (L))

V1VoT?

— 0'2 7'0'2 2
—i—za(kr)%(%)(af + 1"012, + k?‘oﬁ)*% (—2( = trop) )

vokr?

= z4(02 + ng + krag)—l{*b(kfl)(U?)erk(rfl)(ongmg) b(k—1)(c2)— bk(r 1)(c2 +mp)}

b2E3 5 (k—1)(r—1) Bk 03 (k1) (1)

=0.
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And

Ot(6) 34 | 0t(0) a4
8012, F2% 4+ 80’3 F

ry L _1 [ =2(c%+ro2)?
= 2a(E)3(3)(02 + o2 + ko) % (HZES)
29 va(024ra2+kro2)?2+(v3+1) (02 +ro2)?
+za(7’k)5(§)(052+r0§+k7’02)_5( { et p+u2(u§)+$1(czij Joet77) })

0'2 ,,,,0.2 7"0'2 2
= 2a(rk) 3 (5)(07 + 72 + ko) 3 (g

_ za(og-i—rag-i-krag)%
bk%r%
Therefore
3

’ -1 _ | o%+rol+kro? 2o (02 +ral+kro2)2
Vil0)F7(0) = | === 0 0 i -
and

2 2 2 2 2 2

’ 1 _ oi+trogtkrog 9 (0z+ros+kroy)

V{(O)FH(0)V(0) = bl + Z Skt
. U?-{—ra?,-‘,—kro?i 1.9
Dr L+525]

Therefore

[N

VIO F(0)V.(0) = TR [y 2]t

(bkr) 3

Now

Yoy VU(O)F1(6)
n(0) = VYV (O)F-1(0)V(6)

= m(0) m(0) mO) m(©) |
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where
(U?+7'o%+kras)
no=-——
(o‘€+rap+klrad)2 |:1+%Zgi|
(bk:'r‘)f

1 1
o2+4ro2+kro2)2 2
_ (o2 p d) 1 + %22

- (bkr) 3
772(0) = 773(0) =0, and

3
zZa (03+T02+kr0'3) 2

m(6) =

1 I
202 2y3 2
+roi+kr 2
e ko) ” [H%Z&]

111
b2k2r2

1

2a(02+ra2+kra?) 1 T2

e e ] 4 52«2
b2 kr

349

The prior distrioution p(0) = p(u, 02, 07, 07) is a probability matching prior if the following

differential equation is safisfied:

3{n1(g;p(9)} + 6{772((9?;(0)} + 3{773((96;)5(9)} + 8{n3§d<90)§p(9)} —0.

Now if p(0) x o *(02 +ro;) ' (02 + 1o} + kroj) ™!
then
%}f”e)} = 0 (since it does not contain )

6{772(+‘)2p(9)} = 0 (since 12(0) = 0),

‘3’{7’3(+‘)§p(9)} = 0 (since n3(0) = 0), and

1
-2, 2 2\—1 -2
Ons(0)p(0)} Vi

= — i i in 52
90— 9o = 0 (since it does not contain o7).

It therefore follows that the prior distribution

p(p,02,0,,04) o< 0% (02 +roy) =02 + 1oy, + krog) ™!
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given by equation 6.4.3 is a probability matching prior for

(02+r02+kr03)
g = pi+ 2y SEOEOD)

the o quantile of the normal distribution given by

2 2 2
_ 2 9 9 (o2+rop+kros)
yf”|,u,05,ap,0d NN(M? . ]:T '

Proof of Theorem 6.4.4.1

To determine the conditional posterior distribution of us|u, 02,02, 03, u1, only consider
the terms in the joint posterior distribution given in equation 6.4.5 that contain u., there-

fore only consider the exponent
exp{—% [Uig(y — 1 X — Zyuy — Zows) (y — pX — Zywy — Zous) + %Ulguz} } :

Now complete the square with respect to us.

Therefore

5= Uig(y —uX — Ziuy — Zowy) (y — uX — Ziuy — Zouy) + O_i%u;ug
= 53U — Zous) (¥ — Zous) + fgulzuz

wherey =y — uX — Zyuy .

Therefore

5= %@lﬂ — 22Uy 7oy + Uy Dy Totis) + Uigulzug

Now consider

o 1 ’ ! / !~ 1 ’
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=y | 52575 — Ll us — 20, 1 24

= uyDuy — 2u,C
where D = [J—ngéZQ + %%Ibk} ,C = #Zé@ andy =y — uX — Ziu, .
Therefore
5= (us— D7'C)' D(uy — D7'C) - CD™'C.

From 5 it therefore follows that

uslp, 0%, 0% 0% uy ~ N(D7'C,D™)

erYps

where

—1
- | 1
= _ag]bk + Uglbk}
1 -1
— | 1
| o2 + 012,} [bk
ro2+4o2 -1
_ p 9
— 03012) Ibk
2 2
_ 9:9%
- Tag—l-ag][bk

351
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Proof of Theorem 6.4.4.2

In order to obtain the conditional posterior distribution of . |u, 02,02, o3, the joint pos-
terior distribution has to be infegrated with respect 1o u, (i.e. infegrate u, out of the

joint posterior distribution), therefore

-/

[ / -1 /o~ ’
p(p, 02,00, 05, wily) oc [~ GZUP{—% Uy — (%gZQZz + U%Q)Ibk) UngQy {%gzz% + U%%fbk]

_ L
” (ZZQ+ Ibk> 125 }du2

x ‘D‘ exp{——[ @ﬂ C'D- 10]}
where D, y, C is defined as in Theorem 6.4.4.1.

Therefore, after integrating us out, the joint posterior distrioution p(u, 02, o p, o2, ui|y) can

be written as

[SII=

1 b 5bk B B
P 02,02, 0% wily) o< (02) 0D (5) 7 ()T (02) 1<a§+m§>1

—1
C- }
20d ulul

6.6.1)

(02 4+ 1o, + krog)~" x e:r;p{

By only considering the parts in the joint posterior distribution that contains w;, the
conditional posterior distribution of u; given u, and the variaonce components, can be

written as
(’U,1|[,L, Uav 27 0-6217 y) X exp{_% [%g'ﬂ + %u/lul - C/Dilc} } .
€ d
Now, complete the square with respect to u; in the exponent. Therefore, first consider

/ 2~ 0302 !~
1C'D7C = 4(3) 9 (5 220

2

o ~! I~
_ p
- 20§(U§+r02)y Z2Z?y '
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Also, g: Yy — NX — Zlul = 5 — Z1u1
wherei:y—uX.
Now consider the exponent

1 ~~ 11 1.,
_Eyy‘i‘iCD C—ﬁulul

= 202 (y ZﬂL1) |:]bkr_ (02+T02)ZQZ](y Ziuy) — 1;1;51

= _é{ﬂ |:[bkr - (o 2+r02)ZZZ:| 2'Ll’lZ/ [[bkr - (02+r02)ZQZ:|

0\ 2 Bty — g 222 Zlul} —

Let 5 = ul{ 2, (I — 22 2223 1 + 5 sz}ul —2u, 57, (T — r gy 2270 ) U -

Also,let D = 52,7, — 2 2,222,2: + 551y .and

o? [(UQHUQ)]
C = ULSZIIL (Ibkr - (02+T02)ZQZ )g '
Therefore

s=(u; — D 'C)D(u; — D 'C)-C'D'C.

Now
D [b 02 (02+T02)Ib + [b
Therefore

€

_(rk _ k:TQUg 1
D= <02 o2(o2+ra2) + o2 Iy

rk(024rol)os—kr?oloi+02(024ro?) I
02(02+ro2)o; b
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rko2o%+rlkolos—kriozoi+(o2)?+roZo?) I
02(02+ro2)o3 b

<rka§o§+( 2)2+ro2o2 )>Ib

02(02+ro})o]

a?(o 2+r02+k7‘0d)1
o2(02+ro2)o3 b

(02+ro2+kro?)
03(03+TU%) b

Therefore
2 2 2
2 2\ _ -1 _ oalo2+tra})
Var(w|pu, o2, o 0,,05)=D"" = @2 o2 thran b -
Also

/ o2 I\ <
C = aing (]ka — Ung—Z;U%ZQZ2>y

— gngiﬂ (02+TUZ)Z Z2Z2y
roror 0 0 0
0.2
= %21 (y - ,UX) (Ugim2) Z (y /LX)
00 0 - roror
(bxbk)
U1 Y11.
r r r --- 0 00
Yo.. o2 L L Y12
:o_lg{ : _TkMX}_O'g(O'giT‘O%) : : : : : : { : —T/LX}
l 000 - rrr - l
I Yy | (bxbk) I Yok |
Y. Y1

r y2.. o2r3k gQ-.
:O'_Ig{ ) _MX}_US(U%+TU;27){ ) _,UX}
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Yy — 1
ek Yo — H
- o@—i—rag .
| Ub. — 1
Therefore

E(uilp, 02,0705, y) = D™'C

Yi. — 1
o rko? y2.. —H
- Ug—i-rag—i-kradﬁ
| Up. K]
Since u; = { di dy -+ dy ] it follows that
rko? _ .
E(di|o?,07,05,y) = Trror ozl (SiNCe E(p) = 0), and
o2(a24ro?)
VCLT’(CZAO'EQ, 0—]37 0—37 y) = Ugd-l——raf,—kszag .
Proof of Theorem 6.4.4.3

To obtain the conditional posterior distribution of i given the varionce components,
first integrate w, out of the joint posterior distribution given in equation[6.6.7] It can be
shown that after integrating w; out of equation|6.6. 1], the joint posterior distribution can

be written as

P, 02,02, 03ly) o (02)72" (02 + rop) 27702 + 107 + kroj) 2 0atD

X exp _1|: bkr@ — ,LL)2 V3ms VoMo +U1m1:|
2L(02 + 102+ kro?) (02 + 7102+ kro3) (02 +7102) o2
6.6.2)

(See also Box and Tiao p.278).
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From equation [6.6.2], it immediately follows that
E(plo?,02,0%,y) =7_.and

2 2 2
2 _ (oZ+rojtkrog)
V(lT(,U/‘O'E, paaday) - bkr

Proof of Theorem 6.4.4.4

To obtain the joint posterior distribution of the variance components, infegrate p out

of equation[6.6.2]
Therefore

p<0g27 paad’y> f p(,u70-57 p7ad|y)

o (02)"z(1+2) o +ro) —3(242) ol +ro) + krog —5(vat2)
g

_ 1 v3ms v2ma V1M1
Xea:p{ 2 |:(U§+rag+kr03) + (02+ra2) + o2 ]} )

Proof of Theorem 6.4.4.5

In Theorem 6.4.4.2 it was proved that

dilu, 0%, o p 2 g2 y followed a normal distribution with mean

2
kroj

E(di|p,02,03,05,y) = W(yz — 1)

and variance

0(21 (o2 +r0127)

2 2 —
V(ZT(d |,uaaa7 p70d7y) - (Ug_,_,«og_,_krgg) '
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Therefore

kro? _
E{(,u+d ), o2, p,Ug,y} = W(ﬂi.. — )+ p

k'raft T+ U? —i—rag [
(02+ro3+kro?)

T (02+roitkro?) Yi.
and

Jfl (02 —H‘Ug)

VO”"{(M+d)|NaUea andZ,y} = (Z+roitkrad) *

Also, (i + d;)|p, o2 o2,y follows a normal distribution.

€ pa

Since plo?, o ad, y is normally distributed with mean

(:u|0-57 pao-gay) = y .and

varionce

2 2 2
oztro,+kroj

VCL?”(,LL‘O'E, p7037y> - bkr
it follows that (. + d;)|oZ, 02, 03, y is also normally distributed with mean equals to

2 2
— o;+roy; —

rko?
E{(,LL + d )|U€7 p? 0-5217 y} (0-2+To-2jk7.o-d)y .. + (U§+TU§+I€T‘03) y

and variance

o2(02+ro2) (02+r02)

V(IT{(,M +d; )|Us7 p?o-c%?y} = (02+ro2+kro3) + (o 2+r02+kr02)2 VCLT(,M|O'€, P’szl’y)

_ 0%(024rol) + (02+r02)? (02+ro2+kro?)
" (02+roitkro?) (02+roi+kro?)? bkr
O'd( o2+4ro? ) (Ug+r0’£)2

- (0'2+7‘0'2+k7'0'd) + bkr(o2+rod+kro?)

2 2 20 2
_ () [ o (ot
o2+roi+kro? |7 d bkr

G —i—ro%) o2 —Hﬂag—i—bkrag
T o2 +ro§+k'ra§ bkr
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Proof of Theorem 6.5.1.1

The new observations are generated by the model Y =pn+di+piy+eigj=1... k"

andt=1,...,r*

where d; ~ N(0,07), pij ~ N(0,07) and ;;; ~ N(0,02) .

Now 7;; = %i i ANA T |, di, pij, 02 ~ N (0 + di + pyj, ;’—g) .
Also 75 |, di, 02,07 ~ N+ d;, % % +07) .since p; ~ N(0,07).

k*
Further, 77 = = >, and, therefore
j=1

2

ylj ’/,L,dw()' 0 ~ N(M"‘dza k*r* + Z_f:).

It was shown in Theorem 6.4.4.5 that the posterior distribution of (u + d;)|o2, p,afl,y

followed a normal distribution with mean

(ag—l—rag) _

kro? _
E{ (lu +d; )|057 Op> Ud7 y} (02+r02$krgd)yl + (o§+ro§+krag)ym

and variance

2.2 2 2 2
2 . (oz+roy) (0z+roy+bkro])
VGT{(,M +di )|057 Op> 94 y} " (02+roi+kro?) bkr '

It therefore follows that

;o |a€, 0, 03, y is normally distributed with mean

| _ kro2 T+ (02+4r02)  _
yl 057 P’ oY) = (a'ngra'ngkrag)yiu (02+ro2+kro?) Y.

and variance

oz +r*a2 (02+r02) { o24rol+bkro? }

2 — p
Var <y2 |U€7 OpsOds y) + (02+ro2+kro?) bkr
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Proof of Theorem 6.5.1.2

In Theorem 6.5.1.1 it was assumed that d; is known and it was therefore shown that
p(@jﬂ]u,af,aﬁ,afhy) ~ N(u +di, 2= Z—p> ,
Also, d; ~ N(0,02) .

Since d; is not known (the day is unknown), it has to be integrated out. Also, the

unknown day will be denoted by f.

Therefore
2 2 o2 | o3 2
(yf ‘,U/,O'E, paaduy> ~ N(,LL7 ﬁ + k_f +O'd> .
According to Theorem 6.4.4.3, the posterior distribution of u given the variance com-
ponents is normally distributed with mean
E(ulo?, 05,05, y) =7..

and variance

2 2 2
2 _ oztrogtkro;
VCLT’<,LL‘O'€, p7 adu y) - bkr

It therefore follows that the predictive distribution of the mean of £* future packages
with r*observations per package from a new or unknown day, is normally distributed
with mean

(yf |U€, Op» 05217 y) =Y.
and variance

2 2 2 2 2
2 o o, 2 05+T0p+kTUd
Var(y; lo?,00,05,y) = 5= + 3% + o5 + bk

0'3 —l—’/‘*ag—&-k*r*afl + 03 +r0§+kra§
k*r* bkr
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Proof of Theorem 6.5.4.1

a.)  Forthe prior distribution given in equation

For the prior distribution given by

2 2 2 —2( .2 2\—1( 2 2 2\y—1 (s—u)2kr 2
Ta(p, 02,05, 04) < o (02 +ro,) o2 +ro, + krog) > {1 t et oz ki)

for the balanced two - factor nested random effects model given in equation
determine the Fisher information matrix and its inverse using the method described in

the proof of Theorem 6.4.2.1.

Now, define

tO)=c=1- [—““)(’”)2 )%} —1-d [e]

(Ug—l—rag-l—krag
where
olo| — ¢ _c=wen? |
(02+ro2 +kro?) 2
Further

210 _ ¢(g (kr)®

3 PP —
O (02+rod+krol)2

Gt = 1(O)(%)

N =

(02 + 7102+ kro3) "2 (s — ),

3
2

85’((3) = f(0) <k§2r >(0§ +ro; + kro2)~%(s — p) . and

3
o0 1(6)0 (02 403 + ko) 3o 1)

where

67%“2
f(0) =~
Now

V,(0) = | 20 216 9ue) 20 | and

op o2 do2 o3
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Vi(0)F~1(6)

_ | 9t®) 11 ) 0L(8) 122 | 9t(6) 132 (6) 1723 | 0t(0) 1733 | 9t(O) 143 ()
_WWF{MF+%ﬁ}{.F+ VP 1 2O pis L [0

where
FU— U?+ra’%+kro’3 . ongrongkroﬁ
(v3+1)kr bkr
22 _ 2(02) _ 2(2)?
B = vi bk(r—1) '
F32 — z2(02)? _ —2(02)?
vik bkr(r—1) *

o3 2{v1(024702)2412(02)? }

- V1T
—2(02+4r02)?
F34 — (V2kr2 p)
i 2{uz(a§+m§+km§)2+(u3+1)(a§+m§,)2} g
B vo(v3+1)k2r? ~an
F F21 0, F13 F31 =0, F14 F41 0 F24
Also,
1
ot(6) 11 _ (kr)2 (02+ro2+kro?)
6# F - f(e) (U?—H‘U%—i—kra?i)% bkr
(U§+TU2+]€TU2)%
1(6) b(kr)2
852)F22 + ( )F32

o

2(0.2)2

1
:f(O)(kT%<02+raz+kra§> (s— u)bk(r 1

=0.

—/(0)

= F2 =9,

1 3
k2r2
2

(Jg +ro§ +kr03) -

[SJIe]

Bad

(s—mp)

361

34 9 )F44}]

2(c2)*

bkr(r—1)
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Also,

0t(0)

e ( ) F3 4 3t(0) 43

F23 +

(a —i—?“a —i—/{:ro)

I

(O’ +7"0 —|—er>

i) e
i) e

— £(0)(kr)? (o—g +ro?+ kro )

(0’3 +ro; + kro

= f(e)(kr)% <g§ + rag + kro

= f(e)(kr)% <g§ + raf, + kro

=0.

Now, a;gg) F34 4 6(;((762?) 44
P d

1 3
k2r2
2

/(6)

8 -3 vo(024ra2+kro2)2+4b(o2+ro2)?
%—]6(49)(’")2 (a +ro) +krad> “(s —M){2[ 2(02 4702 +kro?)2 +b(o2 +ro2)?

— /()

-3 —2(624rc2)2
<O’§ + TUIQ, + kr03> ’ (s — M){—2( 417)

3
(o2 +7’012) +kro2) "2 (s—p) (02 +r012))2

362

w\w

202)?
bkr bkr(r—1)

w\w

2{1/1 (02+r02)2+va(o )2}

v1voT?
_3
2 2(02+r02)2
T Ugkr?
_3
2 —(a2)® + vi(o2+rap)®+2(02)®  (02+rop)?
bkr(r—1) Vivar var
_3
2 —(02)2 " v1(02+102)%+1a(02)? _ (02+4702)?
vir vivar vor
3
2 ] —ua(0 +ui(o2trop)  va(02)* ~vi (o2 +rap)
vivaT

vokr?

}

vobk?2r?

|

(02 +TUI27+kTUc2l) -3 (s—p) {l/2 (o2 +r012,+k7°0§)2+b(0§ +r0;2))2 }

1 1
vok2r2

f(O) (Ug—l—rag—l—krag)% (s—u) .

T 1
bk2r2

Therefore

f(6)

From this, if follows that

(02+ro2+kro?) 3
- 1
b(kr)2

+/(0)

1 1
vobk21r2

1
(o2 +ro§+kra§) 2(s—p)

0 T
b(kr)2

0
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V;(0>F_1(0>Vt<0) = f2(0>{% + Qb(agj—(:agﬁkrad)} )

Therefore

1

VYV (0)F1(0)V,(0) = f (0>i{1 + —2<Ug(i25§fk’"mg)}

1
b2

Now

___verle  _
0 = e oo [?71(9) 12(0) n3(0) n4(9)}

where

1
o2+4ro2+kro2)2
m(0) = o
1 2
(s—p)%kr
(bkr)j {1+2(Ug+7’o‘12)+kr(r(21) }

72(0) = 13(0) = 0, and

[N

1
024ro24+kro2)2 (s—
774(0) — ( £ p d) ( /u’)
1 2
(s—p)%kr
bl _ s—pw)%kr
(bk?“) {1+2(0‘g+7’012)+k1"0'(21) }

For the prior distribution 7, (6) to be a probability matching prior, the differential equa-

Dl

tion

S {m@r©)} + 55 {m@)mO)} + 5 {mEm6)} + 5 {mEr©)} —0  ©63

€

must be satisfied.

Therefore, the prior distribution

1
_ 2 92 9 —9/,2 2\ —1( -2 2 2\—1 (s—p)kr 2
7a(0) = 7o (1, 02, o, 03) x o *(02 + rap) (02 + ro, + kroj)z |1+ Tt thrad)

will be a probability matching prior since
2{mOm0)} =0,
522 {m(0)7(8)} = 0.,

3%3{773(9)%(0)} =0,and
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3%{774(9)%(9)} =0.

The differential equation [6.6.3]is therefore satisfied.

b.)  For the prior distribution given in equation

The prior distribution

N|=

m(0) = m(p, 02,07,03) < o7 (0% +rop) ok 4+ ro) + kro2)~: [1 + —Q(Ug(ilﬁéik;m@] _

will also be a probability matching prior, since

m(0)7(0)

o=

1
(02 +rag +kro?)2

a 2/ 2 2MN—1( 2 2 -3 (s—p)2kr -
— T {05 (02 +ro)) " (o2 +rof+krog) 2|1+ 22 +ro2thrad)
1 s—p)2kr -
(bkr)2 {1+%}
(UE+T‘Up+k‘T'Ud)

|

=0 (02 +ro)) o+ ro) + kro2) = (bkr) "z |1+ —Q(Uz(zgz)ik;:mg)
€ P i

Also,

2 {m©)m(0)}

=22 2\—1( -2 2 2\—1 -1 (s—p)%kr -2 2(s—p)
=o0.°(0Z + rap) (o + ro, + krog) = (bkr)~=2 (14 5

(02+ro2+kro?) 2(c2+ro2+kro?)

_ 2/ 2 2-1/ 2 2 22 _1 (s — p)%kr
= 0c {0z +roy) oz Froy tkroy) T (bkr) 2 [1+ 2(02 +ro? + kro}

)] _2(5—,u)kr :
6.6.4)

Now, 14(6)m,(6)

VI

0'2 7'0'2 TU2 3 S— S— T N
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} , o24ro2+kro;
(bkr)Z { 14— 3=r)kr

|
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Also

32 {m(0)m(0)}

1 —2
= —0 (02 4+ ro)) " (bkr) "z [(052 + 1o} + krog) 4 3(s — u)kr} kr(s — u)

-9/ 2 2N—1/_2 2 2\ —2 1 (s — p)%kr
— —0 (02 +102) (02 + 10> + kro2) 2 (bkr) 3 [1 S B e

)}_2(5 — wkr.
(6.6.5)

Furthermore 72(6) = n3(0) =0 .

Now, although equation [6.6.5] is negative, both equations [6.6.4] and [6.6.5 have the
same absolute value. The differential equation given in equation [6.6.3 will there also

be satisfied indicating that

[NIES

3 s—u)2kr B
m(0) = m(p, 02,07, 05) < 0 (02 + o)) HoZ +ro; + krog) 2 [1 + 2(U§(+r5£+kkrcr§)]

is also a probability matching prior for the contents ¢ of the interval [s, oc.



Chapter 7

Conclusions and Future Research

7.1 Conclusions

In this thesis, a full Bayesian solution to variance component and tolerance interval
estimation were provided for various variance component models. By applying the
simulation based approach originally presented by Wolfinger (1998) for determining
Bayesian tolerance intervals, the flexible and unique features of the Bayesian simula-
tion method were illustrated, since it could easily be applied to models with one or

several variance components.

More specifically, in Chapter 2, exact and estimated marginal posterior distributions
were provided for the location and variance parameters of a univariate normal model.
In addition, exact moments were also derived for the o' quantile ¢ of a N(u, 02) distri-
bution and the difference between two o quantiles. For this model, tolerance intervals
were determined using two Bayesian simulation methods. It was also shown that the
Jeffreys’ independence prior was both a reference - and probability matching prior
for the o'* quantile ¢ of a N(u, o2) distribution, and, that the proposed prior distribution
for the content of the fixed - in - advance tolerance interval was also a probability

martching prior. The posterior density of the content could easily be obtained using
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two Bayesian simulation methods which provided equivalent results. For the univari-
ate normal model, it was shown that two or more o quantiles could be compared
with relative ease. A simulatfion study also revealed that the two Bayesian multiple
comparisons procedures for comparing more than two 0.95 quantiles performed well
across the range of selected sample sizes, since the percentage differences indicated
for both methods (for each sample size) were approximately 5%, thereby meeting the

frequentist property.

In Chapter 3, the Bayesian simulation method for obtaining estimated marginal poste-
rior distributions of unknown model parameters and quantiles for obtaining tolerance
intervals originally proposed by Wolfinger (1998) for the balanced one - way random
effects model, were reviewed. The specific model reviewed used a non - informative
prior distribution and was successfully implemented using an example where medic-
inal tablets were manufactured in small batches. Following Chapter 3, the theory
and results originally presented by Wolfinger (1998) were extended in Chapter 4, to
include the estimation of marginal posterior distributions of quantiles and subsequent
tolerance intervals for averages of observations from new or unknown batches. A ref-
erence - and probability matching prior have been derived for the ot quantile of the
distribution of averages of observations from new or unknown batches, which is then
used to obtain the (a, ) one - and two - sided tolerance intervals. Also, a probability
matching prior has been derived for the content of the fixed - in - advance tolerance
inferval. Using two simulafion methods (method 1 simulated a function of the varionce
componentsi.e. (o2 + ko?2) while method 2 simulated the variance components sepa-
rately and retained only the simulated pairs that met the condition (o2 + ko?) > 02) an
extensive numerical experiment was performed to investigate the frequentist proper-
ties of Bayesian inference based on the non - informative priors. The simulation results
substantiated what was expected. The second method was conservative for low val-
ues of the infraclass correlation p, with large average interval lenghts, particularly for

small values of b and k. The coverage of the first method on the other hand was near
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the nominal confidence of 0.95 uniformly across the range of p, b and k values. For
large values of p, the coverage probabilities, average inferval lengths and standard
deviations of the two methods were close to each other. As in Chapter 3, the medici-
nal tablets data was used 1o illustrate the unique features and flexibility of the Bayesian

simulation method for obtaining variance components and tolerance intervals.

Although the standard one - way variance components model has been studied
widely, few authors have investigated the model in cases where the measurement
error model do not have the standard N(0,02) form. In Chapter 5 it was shown that
the balanced one - way random effects model can be extended to the case where
the measurement error model has a student ¢ - distributional form. The Bayesian ap-
proach had several advantages for this type of problem, since a prior distribution could
for example either not be specified, or be specified for the degrees of freedom. This
provided the flexibility to fit non - standard measurement systemn models and gener-
ate analyses quickly, using in this case an adaptive Monte Carlo technique known as
the Gibbs sampler. Similar to ordinary Monte Carlo tfechniques, the Gibbs sampler is
notable for its ease of implementation to a wide variety of models. The conceptional
simplicity of the approach, together with the use of MATHWORKS MATLAB, made it
easy to write or change the necessary programs to handle different estimating profbo-
lems. Competitive results when compared to results obtained by Wilson, Haomada
and Xu (2004), could therefore be obtained easily for tolerance intervals using the iron
data givenin Table 5.1, without using sophisticated numerical techniques. The ultimate
value of the Gibbs sampler can therefore be found in its practical potential. Although
it was pointed out that Gibbs sampling produce dependent draws from the joint pos-
terior density, Wilson, Hamada and Xu (2004) and others indicated that dependence
between draws can be reduced by only retaining every pt* draw. For the data given
in Table 5.1, every 10" draw was retained. Following the estimation of the tolerance in-
tervals, the student - ¢ distributed measurement error model was also successfully used

in the identification of a possible outlying observation. In this chapter, the flexibility of
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Bayesian simulation methods for estimating variance components and tolerance inter-
vals were therefore illustrated for the balanced one - way random effects model with

student ¢ - distributed measurement errors.

In Chapter 6, the simulation - based approach for determining Bayesian tolerance in-
tervals originally presented by Wolfinger (1998) for the balanced one - way random ef-
fects model, were extended from the two variance component random effects model
to the three variance component balanced two - way nested random effects model.
If ¥ = k and r* = r, a probability matching prior has also successfully been derived
for the ot" quantiles of the distribution of the average of k* future packages with r*
samples per package from a new or unknown day. Similarly, if £* = k and r* = r, it was
shown that two prior distributions proposed for the content of a fixed - in - advance
tolerance interval for the distribution of the average of k* packages with r*samples
per package from a new or unknown day, were both also meeting the probability
matching criteria. It was also shown that the Bayesian 0.95 - expectation tolerance
interval obtained for the spun yarn data given in Table 6.1, were for all practical pur-
poses equal to the classical 95% interval limits determined by Laubscher (1996). Under
the probability matching prior given in equation [6.4.3], the frequentist coverage prop-
erties for the 95% prediction interval were also met, since the coverage percentage for
the Bayesian 95% predictions interval was equal to 95.2%. For the above balanced two
- factor nested random effects model, varionce components and tolerance intervals

were obtained using Monte Carlo simulation.

On a general note, it was also illustrated that the use of the Bayesian simulation method
for obtaining posterior distributions of quantiles and subsequent tolerance intervals,
provided final results in terms of common statistics and histograms, thus providing a
straightforward means of communication to investigators. Also notable is the fact that
the same analysis strategy can be used for the estimation of all three kinds of tolerance
infervals. In contrast, the frequentist analysis, as pointed out by Wolfinger (1998), dif-

fers depending on the kind of tolerance interval and model under consideration, and,
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can become quite complex, even for balanced one - way random effects models.

7.2 Future Research

In this thesis, the estimation of variaonce components and tolerance intervals have
been discussed for the balanced univariate normal model, the balanced one - way
random effects model with standard and non - standard measurement errors and the
balanced two - factor nested random effects model. For some models, reference and
probability matching priors have also been derived for quantiles and the content of
predetermined bounds. The work is ongoing and several problems still need to be
addressed. For example, the Bayesian simulation method discussed for the balanced
two - factor nested random effects model can be extended to include models with
more random effects and interaction as well as higher order models with unbalanced
data sets. Tolerance intervals can in future research also be estimated for higher or-
der models with non - stfandard measurement errors. Further work also needs to be
done on the development of procedures for comparing two or more « quantiles using
models with non - standard measurement errors or higher order models. According
to Krishnamoorthy and Mathew (2009), the problem of constructing tolerance inter-
vals for discrete distributions have not received much attention, and as a result, the
construction of Bayesian tolerance intervals based on discrete distributions, such as
binomial or poisson distributions, also provide a topic for future research. The Dirichlet
process priors can in future research also be used to provide non - parametric Bayes
estimates for the random effects and variance components. As also suggested by
Wolfinger (1998), applying the Bayesian simulation method o process capability anal-
ysis, by considering for example process capability indexes in mixed model setfings,

also provide a promising topic for future research.

It is hoped that the Bayesian simulation methods and other information provided in

this thesis will significantly contribute towards variance component estimation and the
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determination of tolerance intervals, since it is an important ingredient in the design

and production of high quality, high reliability production processes.
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List of Algorithms

Selective Algorithms from Chapter 2

2.1 Simulation of the Variance Component and the Mean: Population 1

clear
clc

randn('seed',sum(100*clock)) ;
rand('seed',6 sum(100*clock)) ;

%i=input ('HOW MANY SIMULATIONS DO YOU WANT TO RUN ... ')
i=10000;

%S=input ('WHAT IS THE STANDARD DEVIATION OF THE SAMPLE? ... ');
S=0.000986;

%$BARX=input ('WHAT IS THE MEAN OF THE SAMPLE? ... ');
BARX=0.0070;

%n=input ('GIVE THE NUMBER OF MEASUREMENTS (i.e. THE SAMPLE SIZE) ... ');
n=36;

v=(n-1);
VSSOR= (v* (S%2)) ;

SIG=1(];
SQRTSIG=[];
MU= [] ;

for k=1:1i
k

% Simulate variance
Zl=randn([v,1]1);
z2=(21.72);

Z=sum(2z2) ;

SIG1=VSSQR/Z;
SQRTSIG1=(VSSQR/Z) " (0.5);
SQRTSIG= [SQRTSIG SQRTSIG1] ;
SIG=[SIG SIG1];

% Simulate mean
Z3=randn([1,1]);
Z4=sqrt (SIG1l/n) ;
MU1=23*%Z4 + BARX;
MU= [MU MU1] ;

end;

figure(1)
hist (SIG,20)

figure(2)
hist (MU, 20)

A=sort (SIG);
LLSIG=A(250)
ULSIG=A(9750)
B=sort (MU) ;
LLMU=B (250)
ULMU=B (9750)

save C:\Varcomp SQRTSIG SIG MU
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2.2 Simulation of the Variance Components and means: Population 1 and 2

clear
cle

randn('seed',sum(100*clock)) ;
rand('seed',sum(100*clock)) ;

$i=input ('HOW MANY SIMULATIONS DO YOU WANT TO RUN ... ');
1i=10000;

%$Sl=input ('WHAT IS THE STANDARD DEVIATION OF THE FIRST SAMPLE? ... ');
S1=0.000986;

%$S2=input ('WHAT IS THE STANDARD DEVIATION OF THE SECOND SAMPLE? ... ');
S2=0.000981;

$BARX1l=input ('WHAT IS THE MEAN OF THE FIRST SAMPLE? ... ');
BARX1=0.0070;

$BARX2=1input ('WHAT IS THE MEAN OF THE SECOND SAMPLE? ... ');
BARX2=0.0058;

$nl=input ('GIVE THE NUMBER OF MEASUREMENTS OF THE FIRST SAMPLE ... ');
nl=36;

$n2=input ('GIVE THE NUMBER OF MEASUREMENTS OF THE SECOND SAMPLE ... ');

n2=27;
vli=(nl-1);
v2=(n2-1);

VSSQR1=(v1l* (S172)) ;
VSSQR2=(v2* (S272)) ;
SIG1l=1I[];

SIG2=1[];
SQRTSIG1=[];
SQRTSIG2=[] ;
MU1l=[];

MU2=[] ;

for k=1:i
k

R R iR SRRt At A A R R e A et Rt R R ettt L]
% Simulations for population 1

%Simulate the variance
Zll=randn([v1,1]);
Z21=(211.72);

Zl=sum(z21) ;

SIG11=VSSQR1/2Z1;
SQRTSIG11=(VSSQR1/Z1)"(0.5);
SQRTSIG1l=[SQRTSIG1 SQRTSIG1l1] ;
SIG1l=[SIG1l SIG1l1l];

%$Simulate the mean
z3l=randn([1,1]);
Z4l=sqgrt (SIG11l/nl) ;
MU11=231*Z41 + BARX1;
MU1l=[MU1 MU11] ;

AR S A A A A A A R AR A R A R A A A A A A A A S A A A R R A R AR AR A R R R R R R R e R e A e R e Rt R s e T Y
% Simulations for population 2

$Simulate the variance
Zl2=randn([v2,1]);
Z22=(212.%2);
Z2=sum(Zz22) ;
SIG12=VSSQR2/Z2;
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SQRTSIG12=(VSSQR2/22) " (0.5) ;
SQRTSIG2=[SQRTSIG2 SQRTSIG12];
SIG2=[SIG2 SIG12];

% Simulate the mean
Z32=randn([1,1]);
Z42=sqrt (SIG1l2/n2);
MU12=2Z32*Z42 + BARX2;
MU2=[MU2 MU12];

R e R e e R R e e e R R R e e R R A A R R R R A SR R S A A R AL 1
end;

figure (1)
hist (SIG1)

figure(2)
hist (MU1)

figure(3)
hist (SIG2)

figure(4)
hist (MU2)

Al=sort (SIG1) ;
LLSIG1=Al(250)
ULSIG1=A1(9750)

Bl=sort (MU1) ;
LLMU1=B1(250)
ULMU1=B1(9750)

A2=s0rt (SIG2) ;
LLSIG2=A2(250)
ULSIG2=A2(9750)

B2=sort (MU2) ;
LLMU2=B2 (250)
ULMU2=B2 (9750)

save C:\Varcomp2 SQRTSIGl SIGl MUl SQRTSIG2 SIG2 MU2
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23 Simulation of Unconditional Posterior Distributions (1. | y) and (o2 | y)
clear
clc

randn('seed',sum(100*clock)) ;
rand('seed',sum(100*clock)) ;

load c:\Varcomp $Simulated variance components

$i=input ('HOW MANY SIMULATIONS DO YOU WANT TO RUN ... ')
1=10000;

%$S=input ('WHAT IS THE STANDARD DEVIATION OF THE SAMPLE? ... ');
S=0.000986;

%$BARX=input ('WHAT IS THE MEAN OF THE SAMPLE? ... ');
BARY=0.0070;

$n=input ('GIVE THE NUMBER OF MEASUREMENTS (i.e. THE SAMPLE SIZE) ... ');
n=36;

v=(n-1);

VSSQR= (v* (8%2)) ;

St E AR R AR A R R R A R R R R A R A A R R A R A R A R R R R R R R R e R Rt R R R AR LS S SR L R Y
$Estimated unconditional posterior density of MU (MU/y): Rao Blackwell Method

X1=1[1;

A=[];

KK=0;

B=BARY-0.001:0.00001:BARY+0.001;

D=[zeros (1, (max(size(B))))1;

for i=1l:max(size(SIG))
i

SIG1=SIG(i);

GEMID=BARY;

VARIAN=SIGl/n;

Al=(exp(-0.5* ( (B-GEMID) ."2) /VARIAN) ) / (sqrt (2*pi) *sqrt (VARIAN) ) ;
X1ll=(randn(1l, 1) *sqrt (VARIAN) ) +GEMID;

D= [D+Al] ;
X1=([X1 X11];
KK=KK+1;

end;

figure (1)

E1=D'/KK;

G1=E1l/(sum(D)) ;

plot (B,E1) ;

$plot (B,G1) ;

AR AR AR A AR R A AR A AR A AR A A R A AR R A R R R R R e et e s R e R L A
%$Unconditional Posterior Density of MU using the Student-t distribution

TDIST=1[];

T1=((VSSQR/2) " (v/2));

T2=1/gamma (v/2) ;
T3=((T1*T2)*(n"0.5))/((2*pi)*0.5);

392
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T4=gamma (n/2) ;

for U=BARY-0.001:0.00001:BARY+0.001;
TS=n* ( (U-GEMID) “2) ;
T6=(2/(T5+VSSQR) ) " (n/2) ;
tdist=T3*T4*T6;
TDIST=[TDIST, tdist] ;

end;

UU=BARY-0.001:0.00001:BARY+0.001;

figure(2)
plot (UU, TDIST) ;

R R R R et Rt R e e R St TR e S A R s 1]
$Unconditional posterior distribution of the variance: Inverse Gamma Distribution
INGAM=[] ;

G1=((VSSQR/2) " (v/2));
G2=1/gamma (v/2) ;

for IG=0:0.000000001:0.000003
G3=IG" ((-0.5)*(n+1));
Ga=exp((-0.5*VSSQR) /IG) ;
ingam=G1*G2*G3*G4;
INGAM= [INGAM ingam] ;

end;

IGG=0:0.000000001:0.000003;

figure(3)
plot (IGG, INGAM) ;

E e Rt e e e A A e e e T R e
SXl=sort(X1) ;

POINT=mean (X1)

LOWER=SX1 (250)

UPPER=SX1(9750)

¢$save c:\Postdist X1 E1 Gl TDIST INGAM POINT LOWER UPPER
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24 Simulation of Marginal Posterior Distribution of ¢

clear
cle

randn('seed',sum(100*clock)) ;
rand('seed',sum(100*clock)) ;

$Plot the distribution of the quantile g by using the Rau Blackwell Method.
load c:\Varcomp

X1=1[1;

A=[];

Q=1[1;

KK=0;
ZB=1.645;
‘BARX=0.0070;
n=36;

B=BARX-0.004:0.00001:BARX+0.0005; $For lower limit
%¥B=BARX-0.0005:0.00001:BARX+0.004; $For upper limit

D= [zeros (1, (max(size(B))))];

for i=l:max(size(SIG))
i

mul=MU (i) ;
SIG1=SIG(1i);

Ql=mul- (ZB* (sgrt (SIG1l))) ; $For lower limit
$Ql=mul+ (ZB* (sqgrt (SIG1))) ; $For upper limit

Q=[Q Q1] ;
GEMID=BARX- (ZB*sqgrt (SIG1)) ; $For lower limit
%GEMID=BARX+ (ZB*sqrt (SIG1)) ; $For upper limit

VARIAN=SIGl/n;
Al=(exp(-0.5% ((B-GEMID) ."2) /VARIAN) )/ (sqrt (2*pi) *sqrt (VARIAN) ) ;
X1ll=(randn(1, 1) *sqgrt (VARIAN) ) +GEMID;

D= [D+A1l] ;
X1=[X1 X11];
KK=KK+1;

end;

figure (1)
E1l=D'/KK;
G1l=E1/(sum(D)) ;
plot (B,E1l) ;

figure(2)
hist (Q,20)

esort=sort (Q) ;

percel = prctile(esort,2.5)
perce2 = prctile(esort,97.5)
perce3 = prctile(esort,5)

$perce3 = prctile(esort, 95)

save c:\BetgamlL X1 E1 Gl Q B
$save c:\BetgamlU X1 E1 G1 Q B
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2.5 Simulation of the Predictive Distribution

clear
clc

randn('seed',sum(100*clock)) ;
rand('seed',6sum(100*clock)) ;

load c:\Varcomp

%i=input ('HOW MANY SIMULATIONS DO YOU WANT TO RUN ... ')

i=10000;

$S=input ('WHAT IS THE STANDARD DEVIATION OF THE SAMPLE? ... ');
$=0.000986;

$BARX=input ( 'WHAT IS THE MEAN OF THE SAMPLE? ... ');

BARY=0.0070;

$n=input ('GIVE THE NUMBER OF MEASUREMENTS (i.e. THE SAMPLE SIZE) ... ');
n=36;

v=(n-1);

VSSQR=(v* (8%2)) ;

AR A AR AR A A AR AR A A AR AR £ R AR R R A A R L A A T Y
%$Plot the alpha expectation tolerance interval for Yf using the Rao Blackwell method
%¥i.e N(MU, SIG)

X1=1[1;
A=[];
KK=0;

B=BARY-0.004:0.00001:BARY+0.004;
D=[zeros (1, (max(size(B))))];

for i=l:max(size (SIG))
i

SIG1=SIG(1i);
GEMID=MU (i) ;

VARIAN=SIGI;
Al=(exp(-0.5*((B-GEMID) ."2) /VARIAN) )/ (sqrt (2*pi) *sqrt (VARIAN) ) ;
X1l=(randn(1,1) *sqrt (VARIAN) ) +GEMID;

D= [D+A1l] ;
X1l=[X1 X11];
KK=KK+1;

end;

figure (1)
E1=D'/KK;
Gl=El/ (sum(D)) ;
plot (B,E1) ;
splot (B,G1) ;

A AR AR AR A A A AR AR AR AR AR R R A R E R R Rt e e R R AT IR TR PP PR PP PR
%$Plot the alpha expectation tolerance interval for Yf using the Rao Blackwell
$method i.e N(BARY, ((n+l)/n)*SIG)

XX=1[1;
AA=[];
KKK=0;

B1=BARY-0.004:0.00001:BARY+0.004;
Dl=[zeros (1, (max(size(B1))))]1;

for j=1l:max(size(SIG))
J
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SIG11=SIG(]);
GEMID1=BARY;

VARIAN1=SIG1l1l;

AAl=(exp(-0.5*%((B1-GEMID1) ."2) /VARIAN1) )/ (sqrt (2*pi) *sqrt (VARIAN1) ) ;
XX1l=(randn(1, 1) *sgrt (VARIAN1) ) +GEMID1;

D1=[D1+AAl];
XX=[XX XX1];
KKK=KKK+1;

end;

figure(2)
EE1=D1'/KKK;
GG1=EE1l/ (sum(D1)) ;
plot (B1,EEl) ;
$plot (B1,GG1) ;

SXl=sort (X1);
SXX=sort (XX) ;

POINTl=mean (X1)
esortl=sort (X1) ;
percell

POINT2=mean (XX)
esort2=sort (XX) ;

percel2 = prctile(esort2,2.5)
= prctile(esort2,97.5)

perce22

= prctile(esortl,2.5)
perce2l = prctile(esortl,97.5)

396

A A R A R A iR Rt R A R R R R i R R e e A R I A e T e e T T e

%%

$Plot the predictive density of yf using the Student-t distribution

TDIST=[];

T1=((VSSQR/2)"(v/2));
T2=1/gamma(v/2) ;

T3=((T1*T2)*(n"0.5))/(((2*pi)*0.5)*((n+1)"0.5));

T4=gamma (n/2) ;

for U=BARY-0.004:0.00001:BARY+0.004;

TS=(n/(n+l))* ( (U-GEMID) *2) ;
T6=(2/ (T5+VSSQR) )~ (n/2) ;

tdist=T3*T4*T6;
TDIST=[TDIST, tdist];

end;

UU=BARY-0.004:0.00001:BARY+0.004;

figure (3)
plot (UU, TDIST) ;

save c:\Alphaexpt X1 El1 Gl XX EEl

GG1



LIST OF ALGORITHMS 397

2.6 Simulation of ¢; and q,,

clear
clc

randn('seed',sum(100*clock)) ;
$Determine QL and QU and plot the histograms
load c:\Varcomp

Q=1[1;
QL=[];
QU=1[];
KK=0;

for i=1:max(size(MU))
&

tl=MU (1) ;

s1=SIG (i) ;

GEMID=t1;

VARIAN=s1;

$Q1=GEMID- (1.282* (sqgrt (VARIAN) )

%$Q1=GEMID+ (1.282%* (sgrt (VARIAN) )

$QU1=GEMID+ (1.645%* (sqgrt (VARIAN)

Q1=GEMID+ (1.645* (sqgrt (VARIAN))) ;
)
)
)

) .
)i
E0iE
%$Q1=GEMID- (1.645* (sgrt (VARIAN))) ;
QL1=GEMID- (1.96* (sqrt (VARIAN))) ;
QU1=GEMID+ (1.96* (sgrt (VARIAN))) ;
Q=[Q Q1];

QL= [QL QL1];

QU= [QU QU1];

KK=KK+1;

end;

gammal=0.95;
¥gammal=0.9;
m=max (size(Q))

figure (1) ;
hist(Q,20)
BARQ=median (VECQ)
esort=sort (Q) ;

percel = prctile(esort,2.5)
perce2 = prctile(esort,97.5)
perce3 = prctile(esort, 95)

$Lower limit

vec=QL;

figure(2);

subplot(2,1,1);

hist (QL) ;

VECQL=sort (QL) ;

CIQL=[VECQL (1, round(m* ((l-gammal)/2))) VECQL(1l,round(m* (1-((l-gammal)/2))))]
BARQL=median (VECQL)

$Upper limit

vec=QU;

subplot(2,1,2);

hist (QU) ;

VECQU=sort (vec) ;

CIQU=[VECQU (1, round(m* ((l-gammal)/2))) VECQU(1l,round(m* (1-((l-gammal)/2))))]
BARQU=median (VECQU)

BHat=mean (MU)

save C:\Adt_2 Q QL QU CIQ BARQ CIQL BARQL CIQU BARQU BHat
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2.7 Construction of a Two - Sided («, d) Tolerance Interval

clear;
clei;

load C:\Varcomp
load C:\Adt_2

$Determines the Two sided tolerance interval and plot a scatter plot

Q2=[QL; QU] ';
BHat=mean (MU) ;
gammal=0.95;

m=max (size (QU)) ;
p=round( ( (1-gammal) *m))
pl=round(((1-gammal) *m) -1)

$Reference lyn
x1=min(QU) ;
maxl=max (QU) ;
minl=min (QU) ;
Y1l=-X1l+2*BHat;
y2=-maxl+2*BHat;
X=[x1 maxl] ;¥=[yl y2];
figure (1)

plot (QU,QL,'.")
hold on

plot (X,Y);

%$Check the number of points
interval=max1:-0.00001:x1;
i=length(interval);

j=0;

st=0;

while (st<=pl)&(j<i),
J=j+1;
yll=-interval(1l, j)+2*BHat;
X1l=[interval(1l,3j),min(QU)+0.003];
Yil=[y1l1l,y11];

X2=[interval(1l,j),interval(1,3)];
¥2=[yll,minl-0.005];

O=find(Q2(:,1)<=y1l1l & Q2(:,2)>=interval(l,7j));
st=size(0);
end

st
plot (X1,Y1)

hold on

plot (X2,Y2)

hold on

X=[X(1,1) X1(1,1)];

Y=[Y¥(1,1) Y1(1,1)];

[X1(1,1) Y1(1,1)]

Width=X1(1,1)-¥1(1,1)
text(9.3%¥10%-3,3.25%10%-3,'0.0093");

text (10.8*10%-3,4.8%10%-3,'0.0047');

text (10.35%10%-3,3.70*%10"-3, 'Reference Line');
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Simulation of the Content of the Fixed - in - Advance Tolerance Interval

clear
clc

$Determines the Content of a Fixed in advance tolerance interval
%$S=0.009

randn('seed',sum(100*clock)) ;
rand('seed',sum(100*clock)) ;

load c:\Varcomp
$=input ('WHAT IS THE VALUE OF THE PRESELECTED LIMIT S? ... ');

CUM_STD=[] ; %¥Percentage less than S
CUM_STD1=[]; R %$Percentage greater than S

AR S AR SRR S AR A AR A AR A AR A AR A AR A A AR A A A AR S AR S AR R A R AR R R R R R e R R R L e A A R R R A R

for i=1l:max(size(SIG))
i

GEMID=MU (1) ;
VARIAN=SIG (i) ;

Z1=(S-GEMID) /sqgrt (VARIAN) ;
V=Z1;

if Z1<=0
cons=(1/sqgrt(2*pi));
h=V/1500;

if h<o0

=-h;

=-10:h:V;
l=exp((-1/2)*(k."2));

std _norm=cons*1l;
cum_std=h* (sum(std_norm)) ;
cum_stdl=1l-cum_std;

else

k=-10:h:V;
l=exp((-1/2)*(k."2));
std_norm=cons*1l;
cum_std=h* (sum(std_norm)) ;
cum_stdl=1-cum_std;

end;
else

cons=(1/sqgrt(2*pi));
h=V/1500;

k=-10:h:V;
l=exp((-1/2)*(k."2));
std_norm=cons*1;
cum_std=h* (sum(std norm)) ;
cum_stdl=1l-cum_std;

end;

CUM_STD=[CUM_STD cum_std] ; $Percentage of values less than S
CUM_STD1=[CUM_STD1l cum_stdl] ; $Percentage of values greater than S

end;

figure (1)
hist (CUM_STD, 20)
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figure(2)
hist (CUM_STD1, 20)

SCUM_STD=sort (CUM_STD) ;
SCUM_STDl=sort (CUM_STD1) ;

PERl=median (CUM_STD)

LOWER1=SCUM_STD(250)
UPPER1=SCUM_STD(9750)

PER2=median (CUM_STD1)

LOWER2=SCUM_STD1 (250)
UPPER2=SCUM_STD1(9750)

$save c:\Fixint CUM_STD CUM_STD1 PER1 LOWER1l UPPER1 PER2 LOWER2 UPPER2
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29 Algorithm for Determining the Fixed - in - advance Tolerance Interval using

the Weighted Monte Carlo Method

clear
cle
format long

randn('seed', sum(100*clock)) ;

$Determine the Fixed in advance interval using importance sampling
$S = 0.009

load C:\Varcomp

THETA=[] ;

POSUL=0;
POSLL1=[] ;
POSUL1=[] ;

S=input ('WHAT IS S FOR THE FIXED IN ADVANCE TOLERANCE INTERVAL? ... ');

randn('seed', sum(100*clock)) ;
rand('seed',sum(100*clock)) ;

for i=1:max(size (MU))
i
GEMID=MU (1) ;
VARIAN=SIG(1i) ;
Z11=(S-GEMID) /sqgrt (VARIAN) ;

V=211;
if Z211<=0
cons=(1/sqrt(2%pi));
h=V/1500;
if h<o0
h=-h;

kk=-10:h:V;
l=exp((-1/2)*(kk."2));

std _norm=cons*1;
cum_std=h* (sum(std_norm)) ;
cum_stdl=1l-cum_std;

else

kk=-10:h:V;
l=exp((-1/2)*(kk."2));
std_norm=cons*1l;
cum_std=h* (sum(std_norm)) ;
cum_stdl=1-cum_std;

end;
else

cons=(1/sqgrt (2*pi)) ;
h=V/1500;

kk=-10:h:V;
l=exp((-1/2)*(kk."2));
std_norm=cons*1l;
cum_std=h* (sum(std_norm)) ;
cum_stdl=1l-cum_std;

end;
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W1l=SIG(i) " (-0.5);
W2=(S-MU(i))"2;
W3=W2/(2*SIG(1i)) ;
Wa=(1+W3) " (-0.5);
W5=W1*W4;

W=[W W5];

Z=[2 zZ11];

CUM_STD= [CUM_STD cum_std] ;
CUM_STD1=[CUM_STD1 cum_stdl];
end;

WEIGHTS=W./sum(W) ;
CW1=[CUM_STD1;WEIGHTS];
%$CW1l=[CUM_STD;WEIGHTS] ;
CW=CW1';

CWS=sortrows (CW, 1) ;

Cl=CWS(:,1);
C2=CWS (:,2);

for iil=1l:max(size(C2))
iil

POSLL=POSLL+C2 (iil) ;
if POSLL <= 0.025

IIL=[TIIL iil];
POSLL1= [POSLL1 POSLL] ;

end;
if POSLL <= 0.975

ITIU=[IIU iil);
POSUL1l= [POSUL1 POSLL] ;

end;
end;
disp('Importance Sampling')
ll=max(size(IIL))
mll=max (POSLL1)

ul=max(size (IIU))
mul=max (POSUL1)

LOWERLIMIT=C1(11)
UPPERLIMIT=C1 (ul)

disp('Ordinary Monte Carlo')
LOWER1=C1(250)
UPPER1=C1(9750)

$figure (1)
%hist (CUM_STD, 30) ;

figure (1)
hist (CUM_STD1, 30) ;
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2.10 Simulation of the Posterior Distribution of The Difference Between Two o« Quan-
tiles
clear
cle

randn('seed',sum(100*clock)) ;
$Determine and plot the difference between two alpha delta gquantiles
load c:\Varcomp2

$BARX1=input ('WHAT IS THE MEAN OF THE FIRST SAMPLE? ... ');
BARX1=0.0070;

$BARX2=1input ('WHAT IS THE MEAN OF THE SECOND SAMPLE? ... ');
BARX2=0.0058;

$nl=input ('GIVE THE SAMPLE SIZE OF THE FIRST SAMPLE ... ');
nl=36;

$n2=input ('GIVE THE SAMPLE SIZE OF THE SECOND SAMPLE ... ');
n2=27;

ZB=1.645;
BARY=BARX1-BARX2;

AR R R SRR e A R R R A R R A R R A R R R R A R R A R R R R R R R R R R R AR R R R R R AR E R A A T A
%$Histogram of the difference between two quantiles

Q=1[1;

for i=1:max(size(MU1))
4.

£1=MU1 (i) ;
t2=MU2 (i) ;
s1=SQRTSIG1 (i) ;
S2=SQRTSIG2 (i) ;

GEMID=t1l-t2;
STDDIF=sl-s82;

Q1=GEMID+ (ZB*STDDIF) ;
0=1[Q Q1];

end;

gammal=0.95;
Fgammal=0.9;
m=max(size(Q)) ;

figure (1) ;
hist (Q,39)

VECQ=sort (Q) ;

Rt R R R R R R Rt R R R R R R Rt R R Rt R R R R L
$Unconditional posterior density of the difference between two means using
%$the Rao Blackwell method

X1=1[];
A=[];
KK=0;

B=BARY-0.001:0.00001:BARY+0.001;
D=[zeros (1, (max(size(B))))];

for j=1l:max(size (MU1))
J

SIG11=SIG1 (J);
SIG22=SIG2(j) ;



LIST OF ALGORITHMS 404

GEMID=BARY;
VARIAN= (SIG11/nl) +(SIG22/n2) ;

Al=(exp(-0.5% ((B-GEMID) ."2) /VARIAN) ) / (sqrt (2*pi) *sqrt (VARIAN) ) ;
X1ll=(randn(1l, 1) *sqgrt (VARIAN) ) +GEMID;

D= [D+A1l] ;
X1=[X1 X11];
KK=KK+1;

end;

figure(2)
E1l=D'/KK;
G1=E1l/ (sum(D)) ;
plot (B, E1) ;
$plot (B,G1);

SORTDIFF=sort (X1) ;

ARt A At AR A At A A A A A R A A R et e R s L e Rt R e L L]
$Unconditional posterior density of the difference between two Quantiles

XX=[1;
AA=[];
KKK=0;

B1=BARY-0.002:0.00001:BARY+0.00175;
Dl=[zeros (1, (max(size(B1))))1;

for jj=1l:max(size(MU1))
33
SIG111=SIG1(jj);
SIG222=8SIG2(jj) ;

GEMID1=BARY+ (ZB* (sqrt (SIG111) -sgrt (SIG222))) ;
VARIAN1=(SIG111l/nl) +(SIG222/n2) ;

AAl=(exp (-0.5% ( (B1-GEMID1) ."2) /VARIAN1) )/ (sqrt (2*pi) *sqrt (VARIANL) ) ;
XX1l=(randn(1l, 1) *sqrt (VARIAN1) ) +GEMID1;

D1=[D1+AAl] ;
XX=[XX XX1];
KKK=KKK+1;
end;
figure(3)

EE1=D1'/KKK;
GG1=EE1l/ (sum(D1)) ;
plot (B1,EE1l) ;
$plot (B1l,GG1) ;

SORTDIFFl=sort (XX) ;

BARQ=mean (VECQ)

CIQ=[VECQ (1, round(m* ((l-gammal)/2))) VECQ(1,round(m* (1-((l-gammal)/2))))]
MEANDIFF=mean (SORTDIFF)

LDIFF=SORTDIFF (250)

UDIFF=SORTDIFF (9750)

MEANDIFFl=mean (SORTDIFF1)

LDIFF1=SORTDIFF1(250)

UDIFF1=SORTDIFF1(9750)

figure(4)
hist (Q,39)
hold on
plot (B1,EEL)

save C:\Adt 2 2 Q CIQ BARQ X1 El Gl XX EEl GGl
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2.11 Simulation Study: Multiple Comparisons using Pairwise Differences

clear
cle

randn('seed',sum(100*clock)) ;
$Multiple comparisons using pairwise differences

%$j=input (' HOW MANY SIMULATIONS DO YOU WANT TO RUN ... ');

§=10000;

$i=input ('HOW MANY SIMULATIONS PER P-VALUE CALCULATION DO YOU WANT TO RUN ... ');
i=1000;

$STD=input ('WHAT IS THE STANDARD DEVIATION OF THE SAMPLES? ... ');

STD=0.00012;

$MU=1input ( '"WHAT IS THE MEAN OF THE SAMPLES? ... ');

MU=0.00045;

$nl=input ('GIVE THE NUMBER OF MEASUREMENTS (i.e. THE SAMPLE SIZE) OF THE SAMPLES ... ');
nl=20; '

n2=nl;
n3=nl;

ZB=1.645;

SIG=(STD"2) ;
SIGG=SIG/nl;

vli=(nl-1);
v2=(n2-1) ;
v3=(n3-1);

BARXS1=[];
BARXS2=[] ;
BARXS3=[];
VSSQRS1=[] ;
VSSQRS2=1[] ;
VSSQRS3=[] ;

PER=0;

for kk=1:j
kk
R A A St R Rt Rt R et e e A R R R P R R R R R R R R
$Simulation of first data set.

zZDll=randn([1,1]);
BARX1=MU+ (ZD11l*sqQrt (SIGG)) ;
ZDl1l2l1l=randn( [v1,1]) ;
ZD12=sum(ZD121."2) ;
VSSQR1=SIG*ZD12;

R A AR R R R R Rt e e R R R A R R A R T R LR R TR LR R T
%$Simulation of second data set.

zD21l=randn([1,1]);
BARX2=MU+ (ZD21*sqgrt (SIGG)) ;
ZD22l1l=randn( [v2,1]) ;
ZD22=sum(2D221."2) ;
VSSQR2=SIG*ZD22;

AR R R R R R R Rt e s R e L R R R TR R ]
%$Simulation of third data set.

zD31l=randn([1,1]));
BARX3=MU+ (ZD31*sqgrt (SIGG) ) ;
ZD32l=randn([v3,1]);
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ZD32=sum(zD321."2) ;
VSSQR3=SIG*ZD32;

(A A A AR A A A A A AR A S A AR R R A AR AR A A A A A A A A R R R R R e R R R R R T L
%$Determine the expected value of ql/y

EQ11=(ZB* (VSSQR1"0.5)) ;
EQ12=(gamma ( (v1-1)/2))/((270.5) * (gamma (v1l/2))) ;
EQ1=BARX1l+ (EQ11*EQ12) ;

AR SRR R R R R R R R R A R R R R R R R R R R R R R R R R R A e e et e e e T ]
$Determine the expected value of g2/y

EQ21=(ZB* (VSSQR2"0.5) ) ;
EQ22=(gamma ( (v2-1)/2))/((2%0.5) * (gamma (v2/2))) ;
EQ2=BARX2+ (EQ21*EQ22) ;

AR A A AR R AR R A AR A AR A AR R A A A A AR A AR R A R AR A R A R R R R AR A R R SR R R R R R R SR A
$Determine the expected value of g3/y

EQ31=(ZB* (VSSQR3%0.5)) ;
EQ32=(gamma ( (v3-1)/2))/((2%0.5) * (gamma (v3/2))) ;
EQ3=BARX3+ (EQ31*EQ32) ;

AR A AR A AR A A A A A AR A AR A AR A A A A A AR A R R R A R R R R A R A R S e R R R PR P R e R L e T

T1=1[];
PER1=0;

for k=1:4
% Simulation of Sigma Squared for population 1

Zl=randn([v1,1]);
z2=(21.%2);

Z3=sum(2z2) ;
SIG11=VSSQR1/Z3;
SQRTSIG11l=(SIG11"(0.5)) ;

% Simulate g for population 1

Zll=randn([1,1]);

Z12=sqrt (SIG1l1l/nl) ;

Q111=(211*Z212) + (BARX1l+(ZB*SQRTSIG1l1l)) ;
Q11=Q111-EQ1;

AR R R R R R R R R R R R R R Rt R e e T T L
% Simulation of Sigma Squared for population 2

Z4=randn([v2,1]);
Z5=(24."2) ;

Z6=sum(z5) ;
SIG22=VSSQR2/Z6;
SQRTSIG22=(SIG22"(0.5));

% Simulate g for population 2
Z2l=randn([1,1]);

Z22=sqrt (SIG22/n2) ;

Q221=(221*222) + (BARX2+ (ZB*SQRTSIG22)) ;
Q22=Q221-EQ2;

3t A A A A A R A R A R R A A A A A R R R R R e R Rt Rt R L R R R R R R LR R A
% Simulation of Sigma Squared for population 3

Z7=randn([v3,1]);

406
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28=(27."2);

Z9=sum(Z8) ;
SIG33=VSSQR3/Z9;
SQRTSIG33=(SIG33"(0.5));

% Simulate g for population 3

z3l=randn([1,1]);

Z32=s8qrt (SIG33/n3) ;

Q331=(Z231%232) + (BARX3+(ZB*SQRTSIG33));
Q33=Q331-EQ3;

AR AR AR AR SR A A AR AR A A A AR AR A A AR AR AR A A R A R R A R R R R A Rt e e e R s R AR e

QQ11=[Q11 Q22 Q33];
QQl=sort (QQ11l) ;

T11=Q01(3)-QQ1(1);
T1=[T1 T11];

end;

T=g80rt (T1) ;
UL=T(i*0.95) ;

Rt e e A A R I L TR PP PP PP PP PP DD DT
DIFFl=abs (EQ1-EQ2) ;
DIFF2=abs (EQ1-EQ3) ;
DIFF3=abs (EQ2-EQ3) ;

if DIFF1>=UL
PER11=1;
else
PER11=0;
end;

if DIFF2>=UL
PER22=1;
else
PER22=0;
end;

if DIFF3>=UL
PER33=1;
else
PER33=0;
end;

PER1=PER11+PER22+PER33;

if PER1>0
PER=PER+1;
end;

BARXS1l=[BARXS1 BARX1];
BARXS2=[BARXS2 BARX2];
BARXS3=[BARXS3 BARX3];
VSSQRS1=[VSSQRS1 VSSQR1] ;
VSSQRS2=[VSSQRS2 VSSQR2] ;
VSSQRS3=[VSSQRS3 VSSQR3] ;

end;
PERS=(PER/j) *100

$save C:\Pairsim20 BARXS1 BARXS2 BARXS3 VSSQRS1 VSSQRS2 VSSQRS3 PERS
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2.12 Simulation Study: Multiple Comparisons using Simultaneous Contrasts

clear
cle

randn ('seed',sum(100*clock)) ;
$Multiple comparisons using simultaneous contrasts

%$j=input ('HOW MANY SIMULATIONS DO YOU WANT TQ RUN

§=10000;

%$i=input ('HOW MANY SIMULATIONS PER P-VALUE CALCULATION DO YOU WANT TO RUN

1=1000;

%$STD=input ( 'WHAT IS THE STANDARD DEVIATION OF THE SAMPLES?

STD=0.00012;

$MU=input ('WHAT IS THE MEAN OF THE SAMPLES?

MU=0.00045;

$nl=input ('GIVE THE COMMON SAMPLE SIZE OF THE SAMPLES

nl=20;
ZB=1.645;

SIG=(STD"2) ;
SIGG=SIG/nl;

vl=(nl-1);
v2=(n2-1);
v3=(n3-1);

BARXS1=[];
BARXS2=[] ;
BARXS3=[] ;

VSSQRS1=[];
VSSQRS2=[] ;
VSSQRS3=[] ;
PER=0;

for kk=1:j
kk

=1
PER1=0;

A AR AR R R R R R R e R R R R e s e A A A T I A PR R R T T L
$Simulation of First Data set.

zZDll=randn([1,1]);
BARX1=MU+ (ZD11l*sqrt (SIGG) ) ;
zDl2l=randn( [v1l,1]) ;
ZD12=sum(ZD121."2) ;
VSSQR1=SIG*ZD12;

AR A A A R A R A R R R R R Rt R R A A A A R R A R T R T R
%$Simulation of Second Data set.

zD2l=randn([1,1]);
BARX2=MU+ (ZD21*sgrt (SIGG) ) ;
ZD221l=randn( [v2,1]);
ZD22=sum(zD221."2) ;
VSSQR2=SIG*ZD22;

A AR A A AR A AR A A AR AR A A AR A AR R A A R A R A R R A A R R A R R R R e L e e R R R R L ]

408
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%$Simulation of Third Data set.

ZD31l=randn([1,1]);
BARX3=MU+ (ZD31*sqrt (SIGG)) ;
zZD321l=randn([v3,1]);
ZD32=sum(ZD321.%2) ;
VSSQR3=SIG*ZD32;

A3 A A AR R R A A A A AR R S A A AR A AR AR A R A A A A R R R R R R R R R R e R L ]

Lid= [
=1
0];

L2=[0
1
=] 7

AR R R R A A AR A R ARt R A A A R R R R R R R R A R R R R R R R R R R R R T
$Determine the expected value of gl/y

EQ1l1l=(ZB* (VSSQR1"0.5)) ;
EQl2=(gamma ( (v1l-1)/2))/((2%0.5)* (gamma (v1l/2))) ;
EQ1=BARX1+ (EQ11*EQ12) ;

AR A A AR R AR R AR R R R R R R R R et e R R A R T L
$Determine the Variance of qgl/y

VARQ1l=(1l/nl)* (VSSQR1) *(1/(v1l-2));

VARQ12=( (gamma ( (v1-1) /2))"2)/(2* ((gamma (v1l/2))"2)) ;
VARQ13=(1/(v1-2))-VARQ1l2;
VARQl:((ZBAZ)*(VSSQRI*VARQ13))+VARQ11;

AR A A A S A A AR A R R R R R R R e At e e R R R R T
$Determine the expected value of g2/y

EQ21=(ZB* (VSSQR2"0.5)) ;
EQ22=(gamma ( (v2-1)/2))/((270.5) * (gamma (v2/2))) ;
EQ2=BARX2+ (EQ21*EQ22) ;

AR R R A A A AR A R R R R R R R AR Rt R R e e R R A AR PR T
%$Determine the Variance of g2/y

VARQ21=(1/n2)* (VSSQR2) * (1/(v2-2)) ;

VARQ22=( (gamma ( (v2-1) /2))"2)/(2* ((gamma (v2/2))"2)) ;
VARQ23=(1/(v2-2))-VARQ22;

VARQ2=( (ZB"2) * (VSSQR2*VARQ23) ) +VARQ21;

AR A AR R AR A A AR A AR f A R R A R R A A R R A R R AR R R R R R R T
%$Determine the expected value of g3/y

EQ31=(ZB*(VSSQR3AO.5));
EQ32=(gamma ((v3-1)/2))/((2%0.5)* (gamma(v3/2))) ;
EQ3=BARX3+ (EQ31*EQ32) ;

A A AR R A A R A AR E A R A R A A R R AR AR R R e A R R R T
%$Determine the Variance of g3/y

VARQ31=(1/n3) * (VSSQR3) * (1/(v3-2));
VARQ32=( (gamma ( (v3-1) /2))"2) /(2% ((gamma (v3/2))"2));
VARQ33=(1/(v3-2))-VARQ32;
VARQ3=( (ZB"2) * (VSSQR3*VARQ33) ) +VARQ31;
R L P P PP P P PP P

for k=1:1
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% Simulation of Sigma Squared for population 1

Zl=randn([vl,1]1);
z2=(21.%2);

zZ3=sum(Zz2) ;
SIG11=VSSQR1/Z3;
SQRTSIG11=(SIG11"(0.5));

% Simulate g for population 1

Zll=randn([1,1]);
Z1l2=sgrt (SIG1ll/nl);
Q111=(Z11*Z12) + (BARX1l+ (ZB*SQRTSIG1l1l));

A A A A S A A A A A AR AR AR R A R AR R AR A S A R A A AR A A R R R R R R R R R R R R R R R R ]
% Simulation of Sigma Squared for population 2

Z4=randn([v2,1]);
z5=(24."2);

Z6=sum(Z5) ;
SIG22=VSSQR2/2Z6;
SQRTSIG22=(SIG22"(0.5));

% Simulate g for population 2

z2l=randn([1,1]);
Z22=sqrt(SIG22/n2);
Q221=(221*Z22) + (BARX2+ (ZB*SQRTSIG22)) ;

AR S AR R AR AR SRR AR R R R R R AR R A e e e e R R T R R e Y
% Simulation of Sigma Squared for population 3

Z7=randn([v3,1]);
z8=(27.%2);

Z9=sum(Z8) ;
SIG33=VSSQR3/29;
SQRTSIG33=(SIG33%(0.5));

% Simulate g for population 3
z3l=randn([1,1]);
Z32=sqgrt (SIG33/n3);
Q331=(231*Z32) + (BARX3+ (ZB*SQRTSIG33)) ;
e ettt e e R A L T LT
THETAl=[Q111
Q221
Q331];
ETHETA= [EQLl
EQ2
EQ3];
THETA=THETA1-ETHETA;
VARTHETA=[VARQ1 0 O
0 VARQ2 O
0 0 VARQ3];

CON11l=(L1'*THETA) “2;
CON12=(L2'*THETA) “2;

CON21=L1'*VARTHETA*L1;
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CON22=L2"'*VARTHETA*L2;

T311=CON11l/CON21;
T312=CON12/CON22;

T31=[T311 T312];
T3=max (T31) ;
T1l=[T1 T3] ;

end;
T=sort (T1) ;

$TT=T(4)
TT=T(i*0.95) ;

E Rttt R e R R e e R AR R R R Rt R R R e e e e A At R R R R R Rt R e
$Perform Simultaneous Credibility Intervals Test

LA AR Rt R Rt A e R A At Rt R e R Rt e R R A R LA
$Test Between Quantiles 1 and 2

LL1l=(L1'*ETHETA) - (sqgrt (CON21*TT) ) ;
ULl=(L1'*ETHETA) + (sgrt (CON21*TT) ) ;

if LL1 <= 0 && ULl >= 0
PER11=0;

else
PER11=1;

end;

R e e R R R R R T R L
%$Test Between Quantiles 2 and 3

LL2=(L2'*ETHETA) - (sgrt (CON22*TT) ) ;
UL2=(L2'*ETHETA) + (sgrt (CON22*TT) ) ;

if LL2 <= 0 && UL2 >= 0
PER22=0;

else
PER22=1;

end;

PER1=PER11+PER22;
if PER1 > 0
PER=PER+1;
end;
BARXS1= [BARXS1 BARX1];
BARXS2= [BARXS2 BARX2] ;
BARXS3= [BARXS3 BARX3];
VSSQRS1=[VSSQRS1 VSSQR1] ;
VSSQRS2=[VSSQRS2 VSSQR2] ;
VSSQRS3=[VSSQRS3 VSSQR3] ;
end;
PERS= (PER/Jj) *100
R L R P R PR P P PR P PR LA

save C:\Credsim BARXS1l BARXS2 BARXS3 VSSQRS1 VSSQRS2 VSSQRS3 PERS
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Simulation Algorithm for Chapter 3

%$Random Effects Model

format

ele;

clear;
randn('seed',sum(100*clock)) ;
b = 15;

k = 10;

vl = b*(k-1);

v2 = b-1;

dataY = [150.52 150.39
150.35 150.47
150.48 150.79
150.41 150.45
150.58 150.54
150.49 150.83
150.33 150.44
150.39 150.52
150.64 150.78
150.61 150.49
150.48 150.25
150.35 150.41
150.54 150.67
150.41 150.54
150.60 150.45

Ybar = mean(datay,2) ;
YbarBig = mean(Ybar) ;

%$Calculate viml & v2m2

viml 0;
v2m2 = 0
for 4 =

for

:b;
= 1:k

< U

end
end
for i = 1:b;

150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.

v2m2 = v2m2 + k* (Ybar (i)

end

deltakE = [ ]1;
deltal2 = [ 1;
deltaa = [ 1;
u=11;
var2 = [ 1;
for i = 1:10000
i
zl = randn(1l,vl);
chi2vl = zl*zl';

deltaEl = vliml/chi2vl;

z2 = randn(1l,v2);
chiZv2 = z2%z2";

deltal2l = v2m2/chi2v2;
deltaAl = (deltal2l - deltaEl) /k;

z3 = randn(1l,1);

150.
150.
150.
150.
150.
150.
150,
150.
150.
150.
150.
150.
150.
150.
150.

150.47
150.53
150.71
150.24
150.50
150.72
150.50
150.47
150.51
150.68
150.40
150.34
150.57
150.47
150.45

- YbarBig) “2;

varl = (deltaEl + k*deltaAl)/ (k*b);

Ul = (z3*sgrt(varl))

if deltal2l > deltaEl

+ YbarBig;

150.
150
150
150
150
150.
150
150.
150
150
150
150.
150
150.
150.

lml = vliml + (data¥Y(i,j) - Ybar(i))*2;

67

.62
.67
.39
.32

79

.42

54

.47
.56
.44

37

.48

72
51

150.17
150.60
150.70
150.28
150.58
150.64
150.37
150.51
150.60
150.59
150.31
150.51
150.39
150.72
150.69

150
150
150
150
150
150
150

150.

150

150.

150

150.
150.
150.
150.

.45
.52
.48
.36
.46
.62
.54
37
.50

150.
150.
150.
150.
150 .
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.

150.
150.
150.
150.
150 .
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
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deltal2 = [deltal2 deltal2l];

deltaE = [deltaE deltaEl];
deltaA = [deltaA deltaAl];
U = [U Ul);

var2 = [var2 varl];

end
end

varmed = median(var2) ;

x1 = 150.35:0.00001:150.65;

fx1 = normpdf (x1, YbarBig, sqrt (varmed)) ;
$plot (x1, £x1)

%$Random effects

fxAla 0;

ftor 3 1:length(deltak)

ea = ((k*deltaA(j))/(deltaE(j)+k*deltaA(j)))*(Ybar(l)-YbarBig) ;

va = (deltaA(j)/(deltaE(j)+k*deltaA(j)))*(deltaE(j)+((k/b)*deltan(j)));
fxAla = fxAla + normpdf (x2,ea,sgrt(va));

end

fxAl = fxAla/length(deltak) ;

X2 = -0.31:0.001:0.35;

fxA2a = 0;

for j = 1:length(deltak)
ea = ((k*deltaA(j))/(deltaE(j)+k*deltar(j)))* (Ybar(2)-YbarBig) ;
va = (deltaA(j)/(deltaE(j)+k*deltaA(j)))*(deltaE(j)+((k/b)*deltan(j)));
fxA2a = fxA2a + normpdf (x2,ea,sqgrt(va));

fxA2 = fxA2a/length(deltak);

fxA3a = 0;

for j = l:length(deltak)
ea = ((kxdeltaA(j))/(deltaE(]j)+k*deltaA(j)))*(Ybar(3)-YbarBig) ;
va = (deltaA(j)/(deltaE(j)+k*deltaA(j))}*(deltaE(j)+((k/b)*deltaA(j)));
fxA3a = fxA3a + normpdf (x2,ea,sqrt(va));

fxA3 = fxA3a/length(deltak) ;

fxnd4a = 0;
for j = 1:length(deltak)
ea = ((k*deltaA(j))/(deltaE(j)+k*deltaA(j)))*(Ybar(4)-YbarBig);
va = (deltan(j)/(deltaE(j)+k*deltaA(j)))*(deltaE(j)+((k/b)*deltar(j)));

fxA4a = fxAd4a + normpdf (x2,ea,sgrt(va));
end
fxA4 = fxAd4a/length(deltak) ;

fxA5a = 0;

for j = 1l:length(deltaEk)
ea = ((k*deltaA(j))/(deltaE(j)+k*deltaA(])))* (Ybar(5)-YbarBig) ;
va = (deltaA(j)/(deltaE(j)+k*deltaA(j)))*(deltaE(j)+((k/b)*deltar(j)));
fxA5a = fxA5a + normpdf (x2,ea,sqrt(va));

end

fxA5 = fxAS5a/length(deltak) ;

fxA6a = 0;
for j = 1l:length(deltak)
ea = ((k*deltaA(j))/(deltaE(j)+k*de1taA(j)))*(Ybar(G)—YbarBig);
va = (deltaA(j)/(deltaE(j)+k*deltaA(j)))*(deltaE(j)+((k/b)*deltar(j)));

fxn6a = fxA6a + normpdf (x2,ea, sqrt(va));
end
fxA6 = fxA6a/length(deltak);

fxA7a = 0;
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for j = 1:length(deltaE)
ea ((k*deltaA(j))/ (deltaE(j)+k*deltaA(j))) * (Ybar(7)-YbarBig) ;
va (deltaA(j)/(deltaE(j)+k*de1taA(j)))*(deltaE(j)+((k/b)*deltaA(j)));
fxA7a = fxA7a + normpdf (x2,ea,sqrt(va)) ;

end

fxA7 = fxA7a/length(deltak) ;

fxA8a O3

for j 1l:length(deltaE)

ea = ((k*deltaA(j))/(deltaE(j)+k*deltan(]j)))* (Ybar(8)-YbarBig) ;

va = (deltaA(j)/(deltaE(j)+k*deltaA(j)))*(deltakE(j)+((k/b)*deltan(j)));
fxA8a = fxA8a + normpdf (x2,ea,sqgrt(va));

end

fxA8 = fxA8a/length(deltak) ;

fxA9a = 0;
for j = 1l:length(deltak)
ea = ((k*deltaA(j))/(deltaE(j)+k*deltaA(j)))*(Ybar(9)-YbarBig) ;
va = (deltaaA(j)/(deltaE(j)+k*deltaA(j)))*(deltaE(j)+((k/b)*deltar(j)));

fxA9a = fxA9a + normpdf (x2,ea,sqrt(va));
end
fxA9 = fxA9a/length(deltak) ;

fxAl0a = 0;
for j = 1:length(deltak)

ea = ((k*deltaA(j))/(deltaE(j)+k*deltaA(j)))* (Ybar(10)-YbarBig) ;
va = (deltaA(j)/(deltaE(j)+k*deltaA(j)))*(deltakE(j)+((k/b)*deltar(j)));
fxAl0a = fxAl0a + normpdf (x2,ea, sqgrt(va));

end
fxA10 = fxAl0a/length(deltak) ;

fxAlla = 0;

for j = 1:length(deltaEk)

ea = ((k*deltaA(j))/(deltaE(j)+k*deltaA(j)))*(Ybar(11l)-YbarBig) ;

va = (deltaA(j)/(deltaE(j)+k*deltaA(j)))*(deltaE(j)+((k/b)*deltan(j)));
fxAlla = fxAlla + normpdf (x2,ea, sqgrt(va)) ;

end

fxAl11 = fxAlla/length(deltak) ;

fxAl2a = 0;

for j = 1l:length(deltak)
ea = ((k*deltaA(j))/(deltaE(j)+k*deltaA(j)))*(Ybar(12)-YbarBig) ;
va = (deltaA(j)/(deltaE(j)+k*deltaA(j)))*(deltakE(j)+((k/b)*deltaar(j)));
fxAl2a = fxAl2a + normpdf (x2,ea,sqrt(va));

end

fxAl2 = fxAl2a/length(deltak) ;

fxAl3a = 0;
for j = 1:length(deltakg)

ea = ((k*deltaA(j))/(deltaE(j)+k*deltaA(j)))*(Ybar(13)-YbarBig) ;
va = (deltad(j)/(deltaE(j)+k*deltaA(j)))*(deltaE(j)+((k/b)*deltarn(j)));
fxAl3a = fxAl3a + normpdf (x2,ea, sqgrt(va));

end
£xA13 = fxAl3a/length(deltak) ;

fxAl4a = 0;
for j = 1:length(deltak)
ea = ((k*deltaA(j))/(deltaE(j)+k*deltaA(j)))*(Ybar(1l4)-YbarBig) ;
va = (deltaA(j)/(deltaE(j)+k*deltaA(j)))*(deltaE(j)+((k/b)*deltaA(j)));

fxAl4aa = fxAl4a + normpdf (x2,ea,sqgrt(va));
end
fxAl4 = fxAl4a/length(deltaEk) ;

fxAl5a = 0;
for j = 1:length(deltak)
ea = ((k*deltaA(j))/(deltaE(j)+k*deltaA(])))* (Ybar(5)-YbarBig) ;
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va = (deltaA(j)/(deltaE(j)+k*deltaA(j)))*(deltaE(j)+((k/b)*deltaA(j)));
fxAlsa = fxAl5a + normpdf (x2,ea,sqgrt(va));

end

£fxAl15 = fxAlSa/length(deltak) ;

$Plots similar to Wolfinger (1998) p25 plots

figure(1)

nbins = 25;

[count, binvals] = hist(deltaE, nbins);
ncount = 100*count/sum(count) ;

bar (binvals, ncount, 'barwidth', 1);
xlabel ('deltakE') ;

ylabel ('Percentage') ;

esort=sort (deltaEg) ;

percel = prctile(esort,2.5)

perce2 = prctile(esort,97.5)

figure(2)

nbins = 25;

[count, binvals] = hist(deltaA, nbins);
ncount = 100*count/sum(count) ;

bar (binvals, ncount, 'barwidth', 1);
xlabel ('deltaA’') ;

ylabel ('Percentage') ;

asort=sort (deltaa) ;

percal = prctile(asort,2.5)

perca2 = prctile(asort,97.5)

figure(3)
nbins = linspace(150.35,150.65,30) ;
[count, binvals] = hist (U, nbins);

ncount = 100*count/sum(count) ;

bar (binvals, ncount, 'barwidth',6 1);
xlabel('MU’) ;

ylabel (' Percentage’) ;

hold on;

plot (x1, fx1,'-k');

usort=sort (U) ;

percul = prctile(usort,2.5)

percu2 = prctile(usort,97.5)

figure (4)

plot (x2, £xAl) ;

xlabel ('Random Effects');
ylabel (' Percentage') ;
hold on;

plot (x2, £xA2) ;

plot (x2, £xA3) ;

plot (x2, £xA4) ;
plot (x2, £xA5) ;

plot (x2, £xAS6) ;

plot (x2, £xA7) ;

plot (x2, £xA8) ;
plot (x2, £xA9) ;
plot (x2, £xAl10) ;
plot (x2, £xAl11l) ;
plot (x2, £xAl2) ;
plot (x2, £xAl13) ;
plot (x2, £xAl14) ;
plot (x2, £xAl15) ;

%$Plot similar to Wolfinger (1998) p28 plot
%$alfa expectation tolerance interval
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YE = [1;
vars = [ ]1;
for i = 1:length(deltak)
z4 = randn(1l,1);
var3 = (deltaE(i) + k*deltaA(i))/(k*b);
var4 = deltaE(i) + deltaA(i);
o = uii);
Yfl = z4*sqgrt(var4) + UU;
YE = [YE ¥E1];
var5 = [var5 var4l];
end

figure(5)

x3 = 150:0.0001:151;

varmed = median(vars) ;

YfDensity = normpdf (x3,mean (U), sqrt (varmed)) ;

YfSort = sort(Yf);

disp('The Lower and Upper Tolerance Limits for the Predictive Density is ...')

percl = prctile(YfSort,2.5)

perc2 = prctile(YfSort,97.5)

yvals = 0:0.005:12;

nbins = linspace(150,151,28);
[count, binvals] = hist(Yf, nbins);

ncount = 100*count/sum(count) ;

bar (binvals, ncount, 'barwidth', 1);
xlabel ('Future Y');

ylabel ('Percentage') ;

hold on;

%$plot (x3,1200*YfDensity, '-k') ;

plot (x3,3.6*YfDensity, '-k"');

plot (percl,yvals,'-k');
plot(perc2,yvals, '-k');

%alfa expectation tolerance interval (Method 2)

Yfm2 = [ ]
varm2 = [
fxaem2l1l =
Xxm2 = 149.
yvalsm2 =

1;
0;
8:0.0001:151.4;
0:0.0005:3;
for i = 1:1length(deltak)
zm2 = randn(l,1);
varm2l = ((deltaE(i) + k*deltaaA(i))/(k*b)) + (deltaE(i) + deltaA(i)):;
avgm2 = YbarBig;
Yfm21 = zm2*sqgrt(varm2l) + YbarBig;
Yfm2 = [Yfm2 Yfm21];
varm2 = [varm2 varm2l];
fxaem2l = fxaem2l + normpdf (xm2,avgm2, sqrt (varm21)) ;
end

fxaem2 = fxaem2l/length(deltak) ;
Yfm2Sort = sort (Yfm2) ;

416

disp('The Lower and Upper Tolerance Limits for the Predictive Density Using Method 2 is

s )

percm21l prctile (Yfm2Sort,2.5)
percm22 prctile(Yfm2Sort, 97.5)
perctest = prctile(Yfm2Sort,5)

figure(6)

plot (xm2, fxaem2) ;

hold on;

plot (percm21,yvalsm2, '-k') ;
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plot (percm22,yvalsm2, '-k') ;

$Plot similar to Wolfinger (1998) p27 plot: (l-alpha)th Quantile

a=1[1;:
for i = 1:length(deltaE)
var3 = (deltaE(i) + k*deltaA(i))/(k*b);

UU = U(i);
gl = UU - 1.282*sqgrt(deltaE(i) + deltaA(i));
q = [qaqll;

end

gsort = sort(q);

disp('The Lower Limit for g is ...')
perc3 = prctile(gsort,5)

figure(7)

yvals = 0:0.005:14;

nbins = linspace(150.15,150.42,28);
[count, binvals] = hist (g, nbins);
ncount = 100*count/sum(count) ;

bar (binvals, ncount, 'barwidth',6 1);
xlabel('5th Percentile');
ylabel (' Percentage') ;

hold on;

plot (perc3,yvals, '-k');

% (1l-alpha)th quantile using Method 2 and the Rao Blackwell Method.

gnm = [ ];

fxgnm=0;

xnm = 150.1:0.0001:150.5;

for i = 1l:length(deltak)
varnm = (deltaE(i) + k*deltaA(i))/(k*b);
UNM = YbarBig - 1.282*sqgrt(deltaE(i) + deltaA(i));
gnmll = randn(l,1);

gnml = (gnmll*sgrt (varnm) ) +UNM;
gnm = [gnm gnml] ;
fxgnm = fxgnm + normpdf (xnm,UNM, sqrt (varnm)) ;

end
fxgnml = fxgnm/length(deltak) ;

gsortnm = sort (gnm) ;
disp('The Lower Limit for g is ...')
percnm = prctile(gsortnm,5)

figure(8)

yvals = 0:0.005:14;

nbins = linspace(150.15,150.42,28);
[countnm, binvals] = hist(gnm, nbins);
ncountnm = 100*countnm/sum(countnm) ;
bar (binvals, ncountnm, 'barwidth', 1);
xlabel ('5th Percentile');

ylabel ('Percentage') ;

hold on;

plot (percnm, yvals, '-k') ;

figure(9)
plot (xnm, £xgnml) ;

%$Scatter Plot. Construction of a two-sided (alpha, delta) tolerance
%$interval, see Wolfinger p28

QU

[ 13
QL [ 1;

inon
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for i = 1:length(deltak)
var3d = (deltaE(i) + k*deltaA(i))/(k*b);

UU = U(i);
gl = UU - 1.96*sgrt(deltaE(i) + delta’A(i));
qu = UU + 1.96*sqgrt (deltaE(i) + deltaa(i));
QL = [QL gl];
QU = [QU qul;

end

Q2=[QL; QU] ';

BHat=mean (U) ;

gammal=0.95;

m=max (size (QU)) ;
p=round( ( (1-gammal) *m) )
pl=round(((l-gammal) *m) -1)

x1l=min(QU) ;
maxl=max (QU) ;
minl=min (QU) ;
yl=-X1+2*BHat;
y2=-maxl+2*BHat;

X=[(x1-0.5) maxl];Y=[(y1l+0.5) y2];
figure(10)

plot (QU,QL, '.")

hold on

plot (X,Y);

%$Check the number of points

interval=maxl:-0.01:x1;

i=length(interval) ;

j=0;

st=0;

$gammal=0.95;

while (st<=pl)&(j<i),
j=j+1;
yll=-interval(1l,j)+2*BHat;
X1l=[interval(1l,j),min(QU) +1];
%X1l=[interval(1,j),min(QU) +18] ;
Yi=[y1l1l,y11];
$plot (X1,Y1);

X2=[interval(1l,j),interval(1,3)1];
Y2=[y1ll,minl-1];
$Y2=[yl,minl-22];

O=find (Q2(:,1)<=yl1l1l & Q2(:,2)>=interval(l,j));
st=size (0);
end
st
plot (X1,Y1)
hold on
plot (X2,Y2)
hold on
disp('The Two Sided Tolerance Interval Is ...')
X=[X(1,1) X1(1,1)];
Y=[Y(1,1) Y1(1,1)];
[X1(1,1) Y1(1,1)]
text (151.01,150.23,'150.2482"');
text(150.78,149.96,'150.7676") ;
text (150.6,150.44, 'QL = -QU+2BHat')
xlabel('0.95th Quantile');
ylabel('0.05th Quantile') ;

%$Plot similar to Wolfinger (1998)p29 plot
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1:length(deltaE)
ar3 = (deltaE(i) + k*deltaA(i))/(k*b);
UuU = U(i);
temp = (150.30 - UU)/sqrt(deltaE(i) + deltaA(i));
%cl = 1 - normcdf(temp,0,1);
cl = normcdf (temp,0,1);
¢ = [e ¢l];
end

AA = sort(c);

disp('The Fixed in Advanced Tolerance Interval for S = 150.30 IS ...')
fsort=AA;

percfl
percf2

prctile(fsort,2.5)
prctile(fsort, 97.5)

figure(11)

$nbins = linspace(0.7,1,35);

nbins = linspace(0,0.3,35);

[count, binvals] = hist(c, nbins);
ncount = 100*count/sum(count) ;

bar (binvals, ncount, 'barwidth', 1);
xlabel('Content') ;
ylabel (' Percentage') ;

size(deltaa)
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Selective Algorithms from Chapter 4

4.1 Simulation Study: Results Given in Table 4.1. Obtained using Method 1

clc
clear

%$Simulation Study Method 1
randn('seed’',sum(100*clock)) ;

rho = [0 0.1 0.25 0.5 0.75 0.85 0.95];

sigma_a2 = rho;

sigma_e2 = 1 - sigma_a2;
I = 3;

J = 2;

b= 1I;

k = J;

vl = b*(k-1);

v2 = b-1;

$simulation of viml,v2m2,y

SI = []:
AVG = [];
COUNT = [];

for i = 1:7
]

for 4 = 1:1000

x1 = randn(1l,vl);

tao = sum(x1.”%2);

vliml = tao*sigma_e2(i);

X = randn(l,v2);

delta =sum(x.”"2);

v2m2 = delta* (sigma_e2(i) + k*sigma_a2(i));

Vary_ = (sigma_e2(i) + k*sigma_a2(i))/(b*k);
Y_ = sqgrt(vary )*randn(l,1);
s_12 = [];

for z = 1:1000

x1 = randn(1,vl);

I = sum(x1.”2);

sigma_e = viml/I;

x = randn(l,v2);

delta =sum(x.”"2);
sigma_12 = v2m2/delta;
S_12 = [S_12 sigma_12];

end
Q = [1;
for 1 = 1:1000
Emu = y_;
Varmu = (S_12(1))/(b*k);

mu = sqrt(Varmu) *randn(l,1)+Emu;
q = mu + 1.282*sqrt((S_12(1))/k);
Q [Q al;

end

non

temp= sort(Q) ;

temp2 = temp(950);
temp3 = temp(l);

leng = temp2 - temp3;
Ii = [Ii leng];

if temp3 < (1.282*sqrt(((l-rho(i))+k*rho(i))/k));
if temp2 >(1.282*sgrt(((1-rho(i))+k*rho(i))/k));
count = count + 1;
end
end
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end

avg = sum(Ii)/1000;

si = sqgrt(1/999* (sum(Ii.”2) - (sum(Ii))*2/1000));

SI = [SI sil;

AVG = [AVG avg];

COUNT = [COUNT count] ;
end
datal = [COUNT(1)/1000 AVG(1l) SI(1l) COUNT(2)/1000 AVG(2) SI(2)]'
data2 = [COUNT(3)/1000 AVG(3) SI(3) COUNT(4)/1000 AVG(4) SI(4)]'
data3 = [COUNT(5)/1000 AVG(5) SI(5) COUNT(6)/1000 AVG(6) SI(6)]"
data4 = [COUNT(7)/1000 AVG(7) SI(7)]'
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4.2 Simulation Study: Results Given in Table 4.1. Obtained using Method 2

clc
clear
$Simulation study Method 2

randn ('seed',sum(100*clock)) ;

rho = [0 0.1 0.25 0.5 0.75 0.85 0.95];
sigma_a2 = rho;
= 1

sigma_e2 - sigma_a2;
I=3;

J = 2;

b= 1I;

k = J;

vl = b*(k-1);

v2 = b-1;

%$simulation of viml,v2m2,y_
SI = [];

AVG = [];

COUNT = [];

for 4 = 237
Ii = []
count =
for j = 1:1000

B

x1 = randn(1l,vl);

tao = sum(xl.%2);

vliml = tao*sigma_e2(i);

X = randn(1l,v2);

delta =sum(x.”2);

v2m2 = delta*(sigma_e2 (i) + k*sigma_a2(i));

Vary = (sigma_e2(i) + k*sigma_a2(i))/(b*k);
Y_ = sqgrt(Vary )*randn(l,1);

S E = [];

S_A = [];

for z = 1:40000000
x1l = randn(1,vl);
I = sum(x1l."2);
sigma_e = viml/I;
X = randn(1l,v2);
delta =sum(x.”2);
sigma_12 = v2m2/delta;
sigma_a = (sigma_l2-sigma_e) /k;

if sigma_a > 0
S_ A = [S_A sigma_12];

end
if length(S_A) == 1000
break
end
end
Q = I[1;

for 1 = 1:1000
Emu = y ;
Varmu = (S_A(1l))/(b*k);
mu = sqgrt(Varmu) *randn(1l,1)+Emu;
g = mu + 1.282*sqgrt((S_A(l))/k);
Q [Q al;

end

temp= sort(Q);
temp2 = temp(950) ;
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temp3 = temp(1);
leng = temp2 - temp3;
Ii = [Ii leng];

if temp3 < (1.282*sqrt(((1-rho(i))+k*rho(i))/k));
if temp2 >(1.282*sqgrt(((1-rho(i))+k*rho(i))/k));
count = count + 1;
end
end

end

avg = sum(Ii)/1000;

si = sqgrt(1/999* (sum(Ii.”2) - (sum(Ii))*2/1000));
= [SI sil

AVG = [AVG avg]

COUNT = [COUNT count]

end

datal = [COUNT(1)/1000 AVG(1l) SI(1l) COUNT(2)/1000 AVG(2) SI(2)]"
data2 = [COUNT(3)/1000 AVG(3) SI(3) COUNT(4)/1000 AVG(4) SI(4)]'
data3 = [COUNT(5)/1000 AVG(5) SI(5) COUNT(6)/1000 AVG(6) SI(6)]"
data4 = [COUNT(7)/1000 AVG(7) SI(7)]'
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4.3 Simulation of Variance Components and Mean. Obtained using Method 1
clear
cleo

randn('seed',sum(100*clock)) ;

%Chapter 4 Similation of variance components for Random Effects model using Method 1

150.45
150.52
150.48
150.36
150.46
150.62
150.54
150.37
150.50
150.73
150.36
150.32
150.38
150.49
150.62

150,
150.
150.
150.
150.
150.
150,
150.
150.
150.
150.
150,
150.
150.
150.

150.
150.
150.
150 .
150.
150.
150.
150.
150.
150.
1.5 0
150,
150.
150.
150..

$ii=input ('HOW MANY SIMULATIONS DO YOU WANT TO RUN ... ');

ii=10000;

format

b = 153

k = 10;

V1l = b*(k-1);

V2 = b-1;

dataY = [150.52 150.39 150.31 150.49 150.47 150.67 150.17
150.35 150.47 150.72 150.56 150.53 150.62 150.60
150.48 150.79 150.63 150.46 150.71 150.67 150.70
150.41 150.45 150.40 150.33 150.24 150.39 150.28
150.58 150.54 150.30 150.54 150.50 150.32 150.58
150.49 150.83 150.66 150.63 150.72 150.79 150.64
150.33 150.44 150.48 150.34 150.50 150.42 150.37
150.39 150.52 150.35 150.52 150.47 150.54 150.51
150.64 150.78 150.51 150.69 150.51 150.47 150.60
150.61 150.49 150.60 150.50 150.68 150.56 150.59
150.48 150.25 150.49 150.43 150.40 150.44 150.31
150.35 150.41 150.36 150.39 150.34 150.37 150.51
150.54 150.67 150.57 150.45 150.57 150.48 150.39
150.41 150.54 150.57 150.73 150.47 150.72 150.72
150.60 150.45 150.66 150.72 150.45 150.51 150.69

Ybar = mean(datay, 2) ;

YbarBig = mean(Ybar) ;

B mmm e e E e e e e e e e m E e e e e e e e e e e m . e e ——————————— ————

$Calculate viml & v2m2

viml = 0;

v2mz2 = 0;

for i = 1:b;

for j = 1ik;
viml = viml + (dataY(i,j) - Ybar(i))"2;
end
end

for i = 1:b;

v2m2 = v2m2 + k* (Ybar (i)

end

V1iMl=v1ml
V2M2=v2m2

SIGl2=[];
MU= [] ;

Tl=mean (datayY, 2) ;
Y=mean (T1)

for p=1:ii
5 p

% Simulate sigma squared 12

Zl=randn( [V2,1]);
Z2=(21.%2);
Z=sum(Z2) ;

- YbarBig) “2;

((sigmaE Sqr)

+ k (SigmaaA

sqgr))



LIST OF ALGORITHMS 425

S12=V2M2/Z;
SIG12=[SIG1l2 S12];

% Simulate Mu
Z3=randn([1,1]);
Z4a=sqgrt (S12/ (b*k)) ;
MU1=Z3*Z4 + Y;

MU= [MU MU1] ;

end;

figure(1)
hist (MU, 20)

figure(2)
hist (SIG12,20)

save C:\Compresl SIGl2 MU
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4.4 Simulation of Variance Components and Mean. Obtained using Method 2
clear
clc

randn('seed’',sum(100*clock)) ;
rand('seed',sum(100*clock)) ;

%¥Similation of variance components for Random Effects Model. Using Method 2.

$ii=input ('HOW MANY SIMULATIONS DO YOU WANT TO RUN

ii=10000;
format

b = 15;

k = 10;

V1l = b*(k-1);
V2 = b-1;

dataY = [150.52 150.39
150.35 150.47
150.48 150.79
150.41 150.45
150.58 150.54
150.49 150.83
150.33 150.44
150.39 150.52
150.64 150.78
150.61 150.49
150.48 150.25
150.35 150.41
150.54 150.67
150.41 150.54
150.60 150.45

Ybar = mean(datay,2);
YbarBig = mean (Ybar) ;

%¥Calculate viml & v2m2

vliml 0;
vz2m2 = 0
for 3 =

for

:b;
= 1l:k;

<G s

end
end
for i = 1:b;

150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.

v2m2 = v2m2 + k*(Ybar(i)

end
V1Ml=v1iml
V2M2=v2m2
SIG1l=[];
SIG12=1[] ;
SI1G22=1];
MU= [] ;
I=1[1;

Tl=mean (datayY, 2) ;
Y=mean (T1)

for p=1:ii
1

150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.

150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.

- YbarBig)*2;

150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150,
150.

1ml = viml + (dataY(i,j) - Ybar(i))"*2;

150.
150.
150,
150.
150.
150.
150.
150.
150.
150.
150 .
150.
150.
150.
150.

')

150.
150.
150
150.
150.
150
150.
150.
150.
150.
150.
150.
150.
150.
150.

150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150
150.
150.
150.

150.
150.
150.
150.
150.
150.
150.
150.
150.
150 .
150.
150 .
150.
150
150.
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% Simulate SigmaE Sgr

Zl=randn([V1,1]);
Z2=(21.72);
R=sum(Z2) ;
S11=(V1M1/R) ;
S1=811;

% Simulate (SigmaE Sqgr) + k (SigmaA Sqr)

Z3=randn( [V2,1]);
Z4=(23.72);
Z=sum(Zz4) ;
S12=V2M2/Z;

% Simulate SigmaA Sqr

S22=(S12-811) /k;
S2=822;

% Simulate Mu

zZ5=randn([1,1]);
Z6=sqgrt ( (S11+(k*S22))/ (b*k)) ;
MUl=Z5%26 + Y;

if s12 > si1
if 81 » &
if s2 > 0

SIGl1l=[SIG11 S11];
SIG12=[SIG1l2 S12];
SIG22=[SIG22 S22];
MU= [MU MU1] ;

I=[I pl;

end;
end;
end;
end;

save C:\Compres2 SIGll SIGl2 SIG22 MU I
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4.5 Simulation of Marginal Posterior Distribution of ¢ . Obtained using Method 1
clear
clc

randn('seed', sum(100*clock)) ;
rand('seed',sum(100*clock)) ;

%Plot the distribution of g for the drugs data by using the Rau

%$Blackwell Method. Method 1

load c:\Compresl

dataY = [150.52 150.39 150.
150.35 150.47 150.
150.48 150.79 150.
150.41 150.45 150.
150.58 150.54 150.
150.49 150.83 150.
150.33 150.44 150.
150.39 150.52 150.
150.64 150.78 150.
150.61 150.49 150.
150.48 150.25 150.
150.35 150.41 150.
150.54 150.67 150.
150.41 150.54 150.
150.60 150.45 150.

Tl=mean (datay, 2) ;

Y=mean (T1) ;

X1=[];

KK=0;

ZB=1.645;

b=15;

k=10;

B=Y-0.5:0.01:Y+0.1;

D=[zeros (1, (max(size(B))))];

for i=1:max(size(SIG12)
i

mul=MU (1) ;
s12=8IG12 (1) ;

)

GEMID=Y- (ZB*sqgrt (s12/Kk)) ;

VARIAN=s12/ (b*k) ;

150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.

150
150.
150.
150.
150.
150.
150.
150.
150.
150.
150,
150.
150
150.
150.

150.67
150.62
150.67
150.39
15032
150.79
150.42
150.54
150.47
150.56
150.44
150.37
150.48
150.72
150.51

150.
150.
150 .
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.

150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150 .
150.

150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.

Al=(exp(-0.5* ((B-GEMID) ."2) /VARIAN) )/ (sqrt (2*pi) *sqrt (VARIAN) ) ;
X1l=(randn (1, 1) *sgrt (VARIAN) ) +GEMID;

D=[D+Al] ;
X1=[X1 X11];
KK=KK+1;

end;

figure(1)
E1=D'/KK;
G1l=El/ (sum(D)) ;
plot (B,E1) ;

$save c:\Resmethl X1 E1

Gl

150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
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Simulation of Marginal Posterior Distribution of q. Obtained using Method 2

clear
ele

randn('seed',sum(100*clock)) ;
rand('seed',sum(100*clock)) ;

$Plot the distribution of g for the drugs data by using the Rau

%$Blackwell Method. Method 2

load c:\Compres2

dataY = [150.52 150.39
150.35 150.47
150.48 150.79
150.41 150.45
150.58 150.54
150.49 150.83
150.33 150.44
150.39 150.52
150.64 150.78
150.61 150.49
150.48 150.25
150.35 150.41
150.54 150.67
150.41 150.54
150.60 150.45

Tl=mean (datay,2) ;
Y=mean (T1) ;

X2=1[1;
A=[];
KK=0;
ZB=1.645;
b=15;
k=10;

B=Y-0.5:0.01:Y+0.1;

150.
150.
150.
150,
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.

D=[zeros (1, (max(size(B))))];

for i=1l:max(size(I))
i

mul=MU (i) ;
s11=SIG1l1l (i) ;
$22=SIG22 (i) ;

150 .
150.
150.
150
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.

150
150
150
150
150

150
150,
150.
150.
150.

150

150.
150.
150.
150.

GEMID=Y- (ZB*sqrt ( (s1l+(k*s22))/k));
VARIAN= (s11+ (k*s22)) / (b*k) ;
Al=(exp(-0.5*% ((B-GEMID) . "2) /VARIAN) )/ (sqrt (2*pi) *sqrt (VARIAN) ) ;
X22=(randn (1, 1) *sqgrt (VARIAN) ) +GEMID;

D= [D+A1l] ;
X2=[X2 X22];:
KK=KK+1;

end;

E2=D'/KK;
G2=E2/ (sum(D)) ;
plot (B,E2) ;

$save c:\Resmeth2 X2 E2

G2

.47
.53
.71
.24
.50

150.67
150.62
150.67
150.39
150.32
150.79
150.42
150.54
150.47
150.56
150.44
150.37
150.48
150.72
150.51

150.
150.
150.
150}
150.
150.
150.
150.
150.
150 .
150.
150.
150.
150.
150.

150.
150.
150.
150.
150,
150.
150.
150.
150.
150.
150..
150.
150,
150.
150.

150.42
150.51
150.48
150.27
150.41
150.71
150,39
150.54
150.69
150.62
150.30
150 .25
150.67
150.66
150.55

150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
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4.7 Simulation of the Predictive Distribution and Construction of the Two - Sided

(a, 0) Tolerance Interval

ele;
clear;

randn('seed',sum(100*clock)) ;

%$Averages of observations from new or unknown batches.

150.
150.

150.
150.
150.
150.
150.
150.
150.
150.
150.

150.
150,

Plot the predictive density
%and construction of the alfa delta two sided tolerance interval.

150.
150.
150.

150.
150.
150,
150.
150.
150.
150.
150.

150.
150.

45

150.
150.
150.

150.
150.
150.
150.
150.
150
150.
150.

150.
150.

% __________________________________________________________________________
format
b = 15;
k = 10;
vl = b*(k-1);
v2 = b-1;
dataY = [150.52 150.392 150.31 150.49 150.47 150
150.35 150.47 150.72 150.56 150.53 150
150.48 150.79 150.63 150.46 150.71 150
150.41 150.45 150.40 150.33 150.24 150
150.58 150.54 150.30 150.54 150.50 150
150.49 150.83 150.66 150.63 150.72 150
150.33 150.44 150.48 150.34 150.50 150
150.39 150.52 150.35 150.52 150.47 150
150.64 150.78 150.51 150.69 150.51 150
150.61 150.49 150.60 150.50 150.68 150
150.48 150.25 150.49 150.43 150.40 150
150,35 150,41 150,36 150.39 150:34 150
150.54 150.67 150.57 150.45 150.57 150
150.41 150.54 150.57 150.73 150.47 150
150.60 150.45 150.66 150.72 150.45 150
Ybar = mean(datayY, 2) ;
YbarBig = mean(Ybar) ;
e S i = A VS T e s e o N S b e s B o = el e e B B BT
%$calculate viml & v2m2
vliml = O;
v2m2 = 0;
for i = 1:b;
for j = 1:k;
viml = viml + (datay(i,j) - Ybar(i))”"2;
end
end
for i = 1:b;
v2m2 = v2m2 + k*(Ybar(i) - YbarBig)“2;
end
== m o e e e e m e cmm————————————
viml
va2m2
G s S SR S S B RS S S o e 7 A e et o L 5 R
deltal2 = [ ]1;
U=11;:
varlz = [ ];

for i = 1:10000
i
zl = randn(l,v2);
chi2v2 = zl*zl!';
deltal2l = v2m2/chi2v2;
z2 = randn(l,1);
varl = (deltal2l)/(k*b);
varl2l=(deltal2l) / (k) ;

Ul = (z2*sgrt(varl)) + YbarBig;

deltal2 = [deltal2 deltal2l];

U = [U U1ll;
varl2 = [varl2 varl21l];

end
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$Predictive density. Method 1

YE = [ );:
var5 = [ ];
fxael = 0;
Xml = 150:0.0001:151;
yvalsml = 0:0.0005:4;

for i = 1:length(U)
z4 = randn(1,1);

var3 = (deltal2(i))/(k);
UU = U(i);

Y£f1l = z4*sqgrt(var3) + UU;
Yf = [Yf Yf1];

vars = [var5 var3];

fxael = fxael + normpdf (xml,UU, sqrt(var3)) ;
end

fxae = fxael/length(deltal2);

YfSort = sort(Yf);

disp('Lower and Upper Tolerance Limits for the Predictive Density Using Method 1')
percmll = prctile(¥fSort,2.5)

percml2 = prctile(YfSort,97.5)

perctest = prctile(YfSort,5)

figure (1)

plot (xml, fxae) ;

hold on;

plot (percmll,yvalsml, '-k') ;
plot (percml2,yvalsml, '-k') ;

for i = 1:length(deltal2)
var3 = (deltal2(i))/(k);

UU = U(i);
gl = UU - 1.96*sgrt(var3);
qu = UU + 1l.96*sgrt(var3);
QL = [QL qgll;
QU = [QU qul;

end

Q2=[QL; QU] ';

BHat=mean (U) ;

gammal=0.95;
m=max(size (QU)) ;
p=round(((l-gammal) *m) )
pl=round( ( (1-gammal) *m) -1)

%Reference lyn
x1l=min (QU) ;
maxl=max (QU) ;
minl=min (QU) ;
yl=-X1+2*BHat;
y2=-maxl+2*BHat;

X=[(x1-0.5) maxl];¥=[(y1+0.5) y2];
figure (2)

plot (QU,QL,'.")

hold on

plot (X,Y);

%$Check the number of points
interval=maxl:-0.01:x1;
i=length(interval) ;
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j=0;

st=0;

while (st<=pl)&(j<i),
j=j+1;

yll=-interval(l,j)+2*BHat;
Xl=[interval(1l,j) ,min(QU) +1];
$X1=[interval (1, j) ,min(QU) +18] ;
Yl={yl1,yl1];

%$plot (X1,Y1);

X2=[interval(1l,j),interval(1,3)];
Y2=[y11l,min1-1];

O=find(Q2(:,1)<=yll & Q2(:,2)>=interval(l,3j));
st=size(0) ;

end

st

plot(X1,Y1)

hold on

plot (X2,Y2)

hold on

disp('The Two Sided Tolerance Interval Is ...')

X=[X(1,1) X1(1,1)];:

Y=[¥(1,1) Y1(1,1)]1;

[X1(1,1) Y1(1,1)]

text (151.01,150.23,'150.2482") ;

text (150.78,149.96, '150.7676") ;

text (150.6,150.44, 'QL = -QU+2BHat')

xlabel('0.95th Quantile');
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4.8 Simulation of the Content of the Fixed - in - Advance Tolerance Interval
clear
clc

randn('seed',sum(100*clock)) ;
rand('seed',sum(100*clock)) ;

%$Determine the content of the Fixed in advance tolerance interval

load c:\Compresl

dataY = [150.52 150.39 150.31
150.35 150.47 150.72
150.48 150.79 150.63
150.41 150.45 150.40
150.58 150.54 150.30
150.49 150.83 150.66
150.33 150.44 150.48
150.39 150.52 150.35
150.64 150.78 150.51
150.61 150.49 150.60
150.48 150.25 150.49
150.35 150.41 150.36
150.54 150.67 150.57
150.41 150.54 150.57
150.60 150.45 150.66

Tl=mean (datayY,2) ;
Y=mean (T1) ;

THETA= [] ;
z=1[];
CUM_STD=[] ;
CUM_STD1=[] ;
b=15;

k=10;

150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.

150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150 5
150.
150.

%$S=input ('WHAT IS THE PRESELECTED LIMIT S°?

S=150.30;

for i=1:max(size (MU))
i

GEMID=MU (i) ;
VARIAN=SIG12 (i) /k;

Z11=(S-GEMID) /sqrt (VARIAN) ;

V=Z11;
if Z11<=0
cons=(1/sqgrt(2*pi));
h=v/1500;
if h<o
=-h;
kk=-10:h:V;
l=exp((-1/2)*(kk."2));
std_norm=cons*1;
cum_std=h* (sum(std_norm)) ;
cum_stdl=1-cum_std;
else

kk=-10:h:V;

l=exp((-1/2)*(kk."2));

std _norm=cons*1l;

cum_std=h* (sum(std_norm)) ;
cum_stdl=1-cum_std;

end;

150.
150.
150.
150.
150.
150.
150.
150
150,
150.
150.
150.
150.
150 5
150.

150.
150.
150.
150.
150.

150

150.
150.
150.
150.
150.
150.
150.
150.
150.

150.
150.
150

150

150.
150,
150.
150.
150,
i150.
150.
150.
150.
150,
150.

150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.

150.37
150.63
150.58
150.33
150.49
150.73
150.52
150.53
150.72
150.62
150.40
150.32
150.42
150.58
150.45] ;

433



LIST OF ALGORITHMS 434

else

cons=(1/sqrt (2*pi));
h=v/1500;

kk=-10:h:V;
l=exp((-1/2) * (kk."2));
std_norm=cons*1l;
cum_std=h* (sum(std_norm)) ;
cum_stdl=1l-cum_std;

end;
Z=[2 Z11];
CUM_STD= [CUM_STD cum_std]; %¥Percentage of values less than S
CUM_STD1=[CUM_STD1l cum_stdl]; %¥Percentage of values greater than S
end;
figure (1)

hist (CUM_STD, 30) ;
AA=sort (CUM_STD) ;
LOWERF=AA(250)
UPPERF=AA(9750)

figure(2)
hist (CUM_STD1, 30) ;
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4.9 Algorithm for Determining the Fixed - in - advance Tolerance Interval using

the Weighted Monte Carlo Method

clear
clc
format long

randn('seed',sum(100*clock)) ;
rand ('seed',sum(100*clock)) ;

$Determine the content of the Fixed in advance tolerance interval

$using the weighted Monte Carlo method

load c:\Compresl

datayY =

150
150
150
150
150
150
150
150
150
150
150
150
150

[150.
150.

52 150.
35 150.
.48 150.
.41 150.
.58 150.
.49 150.
.33 150.
.39 150.
.64 150.
.61 150.
.48 150.
« 315! 250
.54 150.
.41 150.
.60 150.

Tl=mean (datayY,2) ;

Y=mean (T1) ;
THETA=[] ;
Z=1[1;
CUM_STD=[];
CUM_STD1=[1;
w=1[];

b=15;

k=10;
IIL=1[]:
I1U=1[];
POSLL=0;
POSUL=0;
POSLL1=[];
POSUL1=[];

150.
150.
150.
150.
150.
150.
150.

150.
150.
150.
150.
150.

150.

150.

150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.

150.

150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.

150.

%$S=input ('WHAT IS THE PRESELECTED LIMIT

S=150.30;

for i=1l:max(size (MU))

1

GEMID=

MU (1) ;

VARIAN=SIG12 (i) /k;
Z11l=(S-GEMID) /sqrt (VARIAN) ;

V=Z11;

if z11<=0

cons=(1l/sqgrt (2*pi));

h=V/1500;
if h<O0
h=-h;

kk=-10:h:V;
l=exp((-1/2)*(kk."2));
std_norm=cons*1;
cum_std=h* (sum(std_norm) ) ;
cum_stdl=1l-cum_std;

else

kk=-10:h:V;
l=exp((-1/2)*(kk."2));
std norm=cons*1l;

S?

150.

150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.

150.

150.
150.
150.
150.
150.

150.
150.
150
150,
150.

150.

150.
150.
150.
150.
150.
150.
150.

1590.
150.
150.
150.
150.
150.
150.

150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.
150.

150.
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cum_std=h* (sum(std _norm)) ;
cum_stdl=1-cum_std;

end;
else

cons=(1l/sqrt(2*pi));
h=V/1500;

kk=-10:h:V;
l=exp((-1/2)*(kk."2));
std_norm=cons*l;
cum_std=h* (sum(std_norm)) ;
cum_stdl=1l-cum_std;

end;

W1=8IG12(i) " (-0.5);
W2=(1+((k*(8-MU(i))"2)/(2*(8IG12(1))))) " (-0.5);
W3=W1*W2;

W=[W W3];

z=[2 z11];

CUM_STD= [CUM_STD cum_std] ;

CUM_STD1=[CUM_STD1l cum_stdl];

end;

WEIGHTS=W./sum(W) ;
%$CW1=[CUM_STD1;WEIGHTS] ;
CWl:[CUM_STD;WEIGHTS];
CW=CW1';
CWS=sortrows (CW, 1) ;

Cl=CWS(:,1);
C2=CWs(:,2);

for iil=1:max(size(C2))
iil
POSLL=POSLL+C2 (1il) ;
if POSLL <= 0.025

IIL=[IIL iil];
POSLL1=[POSLL1 POSLL] ;

end;
if POSLL <= 0.975

IIU=[IIU iil];
POSUL1l= [POSUL1l POSLL] ;

end;
end;

disp('Weighted Monte Carlo 95% Credibility Interval of the content')
ll=max(size(IIL))

mll=max (POSLL1)

ul=max(size(IIU))

mul=max (POSUL1)

$Importance Sampling Interval
LOWERLIMIT=C1(11)
UPPERLIMIT=C1 (ul)

$0rdinary Monte Carlo Interval

disp('Ordinary Monte Carlo 95% Credibility Interval of the content')
LOWER1=C1 (250)

UPPER1=C1(9750)
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Selective Algorithms from Chapter 5

5.1 Sub - Program Called Vectors. Contains Vectors to be Included in Some

Algorithms

%Use as subprogram. The name of this program is Vectors
%$This subprogram has to be created first before any
%$others programs are run.

Y=[206
258

HERPRRHEBRRERR PR
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HRRPHEERREBRPRPERREERPRPHEREBRERBEEERRHEERBERRERERERR

i

Ul=[56.63
13.63
-1.87
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5.2

clear
clc

randn('seed',sum(100*clock)) ;
rand('seed',sum(100*clock)) ;

%$Plot unknown ditribution of the degrees of freedom and the normal

%distribution.

%$The subprogram vectors has to be included. See below.

Vectors

Ytr=[206.0000 258.
181.0000 197.
185.0000 162.
195.0000 195
170.5000 143
193.8000 224
244.8000 217
191.5000 196.
209.3000 189
134.5000 143
223.8000 195
103.0000 129.
99.7000 201
137.5000 119.
144.5000 130
159.0000 166
140.5000 138
207.0000 230
195.5000 190
142.3000 163.
74.3000 86
439.5000 211.
130.3000 114.
99.7000 201.

THETA1l=175.37;
SIG11=1721.3285;
SIG22=1693.6653;
I=24;

J=2;

v=15;

xsi=0.1;

LAMBDAB=[] ;
£=11;

v=1[];
GG=1[];
2z2z=1[];
XX=1[1];

=[];
Lam = sum(randn(v,I
H = sparse(1:I*J,1:
rowsl = 1:I*J;
colsl = ones(J,1) *
Z =
for k=1:100

k
for kk=1:4

0000
0000
0000

.0000
.8000
.8000
.0000

8000

.5000
.8000
.5000

3000

.8000

8000

.0000
.5000
.0000
.0000
.5000

8000

.5000

5000
0000
8000] ;

*J)."2);
I*J,Lam) ;

[1:1];

% Simulate Lambda

LAMBDAl=[] ;

for i = 1:1I
for j = 1:0
Lam(i,j) =

sum(randn(v+1,1) .%2) /

(sparse(rowsl,colsl,ones (I*J,1),I*J,I));

(v + (1/SIG11)*(Ytr(i,3j)

440

Plot the Unknown Distribution of » and the Normal Distribution

- THETA1l-U1(i))*2);
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LAMBDAl= [LAMBDAl Lam(i,3j)];
end
end

%Simulation of v

£=10];
v=1[];

for vv=2.01:0.01:5.0;
consl=vv’vv;
cons2=vv":I;
cons3=2"vv;
cons4=2"1;
consS=(gamma (vv/2)) * (I*J) ;
cons6=cons2/ (cons4 *conss) ;
cons= (consl/cons3) *consé6;
LAMB=prod (LAMBDALl."0.5%vVv) ;

E1=LAMBDAl;
E2=(sum(El) +xsi) /2;
E3=-vV*E2;
E=exp (E3) ;
F=cons*LAMB*E;
£f=[£f,F];
v=[V,vv];

end;

F=sum(f) ;

FF=f/F;

MEANV=V*FF' ;

vv=Vv."*2;

VARV= (VV*FF') - (MEANV"2) ;
LAMBDAB= [LAMBDAB LAMBDAL'] ;

zzZ=randn([1,1]);
NUl=round( (sqgrt (VARV) *Z2Z) +MEANV) ;

end;
NU= [NU NU1] ;
end;

for xx=2.01:0.01:5.0
2z1=(1/(sqQrt (2*pi*VARV)) ) *exp (-0.5%* ( (xx-MEANV) /sqgrt (VARV) ) *2) ;
222=[222,221] ;
XX=[XX,xx] ;

end;

zz=sum(2z2Z) ;
STAND=ZZ2Z/22;

figure(1)
plot (V, FF) ;

figure(2)
plot(V,FF ,'--"');
hold on

plot (XX, STAND) ;
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53 Algorithm for Implementing the Gibbs Sampler: Burn - in Period

clear
cle

randn('seed',sum(100*clock)) ;
rand('seed',sum(100*clock)) ;

%$Do simulations for burn-in period for Gibbs sampling for errors
%assumed to follow a t-distribution. Degrees of freedom simulated.
$Subprogram Vectors has to be included. See below

Vectors

Ytr=[206.0000 258.0000
181.0000 197.0000
185.0000 162.0000
195.0000 195.0000
170.5000 143.8000
193.8000 224.8000
244.8000 217.0000
191.5000 196.8000
209.3000 189.5000
134.5000 143.8000
223.8000 195.5000
103.0000 129.3000

99.7000 201.8000
137.5000 119.8000
144.5000 130.0000
159.0000 166.5000
140.5000 138.0000
207.0000 230.0000
195.5000 190.5000
142.3000 163.8000

74.3000 86.5000
439.5000 211.5000
130.3000 114.0000

99.7000 201.8000];

SIG11=1721.3285;
SIG22=1693.6653;
I=24;

JT=2;

v=5;

xsi=0.1;
THETAB=[] ;
SIG1B=[];
SIG2B=1[];

Lam = sum(randn(v,I*J)."2);

H = sparse(l:I*J,1:I*J,Lam);

rowsl = 1:I*J;

colsl = ones(J,1) * [1:I];

Z = (sparse(rowsl,colsl,ones(I*J,1),I*J,I));

for k=1:3000
k

for kk=1:10

% Simulation of Theta
Zl=randn([1,1]);

VT=(inv (P'*H*P) ) *SIG1l1l;

MT= (inv (P'*H*P) ) * (P'*H* (Y-2Z*Ul)) ;
THETALl= ( (sgrt (VT) ) *Z1) +MT;

% Simulate Sigma 1 Squared
Z2=randn( [I*J,1]);
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T2=sum(Z2."2) ;
T2A= (Y- (THETA1*P) - (Z*Ul) ) '*H* (Y- (THETA1l*P) - (Z2*Ul)) ;
SIG1l1=(T2A/T2);

% Simulate Sigma 2 Squared
Z3=randn([(I-2),1]);
T3=sum(23.%2);

T3A=Ul1"'+*Ul;
SIG22=(T3A/T3);

% Simulate U

Z4=randn([I,1]);

VU=inv (((1/SIG11) *Z'*H*Z)+((1/SIG22) *eye(I)));
MU=VU* ( (1/SIG11) *Z' *H* (Y- (THETA1*P))) ;
Ul=((sgrtm(VU)) *Z4) +MU;

% Simulate Lambda
LAMBDAl=[] ;

for i = 1:I
for j = 1:d
Lam(i,j) = sum(randn(v+1,1).%2) / (v + (1/SIG11)*(Ytr(i,j) - THETA1l-U1l(i))*2);
LAMBDAl= [LAMBDAl Lam{i,j)];
end
end

H = sparse(1:I*J,1:I*J,Lam(1:I*J)"');

$Simulation of v
£=11;
v=[];

for vv=2.01:0.01:4.5;
consl=vv_vv;
cons2=vv'I;
cons3=2"vv;
cons4=2"1;
cons5=(gamma (vv/2)) * (I*J) ;
cons6=cons2/ (cons4 *conss5) ;
cons=(consl/cons3) *conse6;
LAMB=prod (LAMBDAl. "0 .5*vVv) ;
E1=LAMBDAl;
E2=(sum(E1l) +xsi) /2;

E3=-vV*E2;
E=exp (E3) ;
F=cons*LAMB*E;
f=[£,F];
V= [V, vv];
end;
F=sum(f) ;
FF=f/F;
MEANV=V*FF' ;
VV=V."2;

VARV= (VV*FF') - (MEANV"2) ;
ZZ=randn([1,1]);
NUl=round( (sqrt (VARV) *ZZ) +MEANV) ;
v=NU1;

end;

THETAB= [THETAB THETA1] ;
SIG1B=[SIG1B SIG1l1];
SIG2B=[SIG2B SIG22];

UB= [UB U1l ;

LAMBDAB= [LAMBDAB LAMBDAl'] ;
NU= [NU NU1] ;

end;

save c:\Burnrev THETAB SIG1lB SIG2B UB LAMBDAB NU
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54 Algorithm for Implementing the Gibbs Sampler

clear
clc

randn('seed',sum(100*clock)) ;
rand('seed',sum(100*clock)) ;

% Do Simulations for Gibbs sampling for errors assumed
% to follow a t-Distribution. Degrees of freedom simulated
% Subprogram Vectors has to be included. See below

Vectors
load c:\Burnrev

Ytr=[206.0000 258.0000
181.0000 197.0000
185.0000 162.0000
195.0000 195.0000
170.5000 143.8000
193.8000 224.8000
244.8000 217.0000
191.5000 196.8000
209.3000 189.5000
134.5000 143.8000
223.8000 195.5000
103.0000 129.3000

99.7000 201.8000
137.5000 1192.8000
144 .5000 130.0000
159.0000 166.5000
140.5000 138.0000
207.0000 230.0000
195.5000 190.5000
142.3000 163.8000

74.3000 86.5000
439.5000 211.5000
130.3000 114.0000

99.7000 201.8000];

B=max (size (THETAB)) ;
THETA1=THETAB (B) ;
SIG11=SIG1B(B) ;
SIG22=SIG2B(B) ;
Ul=UB(:,B:B) ;
LAMBDA1=LAMBDAB(:,B:B) ;
I=24;

J=2;

v=NU(B) ;

xsi=0.1;

THETA=[] ;

SIG1=[];

s8IG2=[];

U=1[1;

LAMBDA= [] ;

£=1[1;

v=I[];

NUS=[];

Lam = sum(randn(v,I*J)."2);

H = sparse(1:I*J,1:I*J,Lam);

rowsl = 1:I*J;

colsl = ones(J,1) * [1:I];

Z = (sparse(rowsl,colsl,ones(I*J,1),I*J,I));

for k=1:10000
k
for kk=1:10

% Simulation of Mu
Zl=randn([1,1]);
VT=(inv (P'*H*P) ) *SIG1ll;
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MT= (inv (P'*H*P) ) * (P'*H* (Y-Z*Ul)) ;
THETALl=( (sqrt (VT) ) *Z1) +MT;

% Simulate Sigma E Squared

Z2=randn([I*J,1]);

T2=sum(Z2."2) ;

T2A= (Y- (THETA1l*P) - (Z*Ul) ) ' *H* (Y- (THETA1*P) - (Z2*Ul)) ;
SIG1l1l=(T2A/T2) ;

% Simulate Sigma A Squared
Z3=randn([(I-2),1]);
T3=sum(z3."2) ;

T3A=Ul1l"'*Ul;
SIG22=(T3A/T3);

% Simulate A

Z4=randn([I,1]);

VU=1inv (((1/SIG11) *Z'*H*Z) + ((1/8IG22) *eye(I)));
MU=VU* ( (1/SIG11) *Z'*H* (Y- (THETA1*P))) ;
Ul=((sgrtm(VU)) *Z4) +MU;

% Simulate Lambda
LAMBDAl=[] ;

for 4 = A:iT
oy 4 = L:d
Lam(i,j) = sum(randn(v+l,1).%2) / (v + (1/SIG11)*(Ytr(i,j) - THETAL-U1(i))"*2);
LAMBDAl= [LAMBDA1l Lam(i,j)1;
end
end

H = sparse(1:I*J,1:I*J,Lam(1:I*J)"');

%$Simulation of v
£=1[1;
v=1[];

for vv=2.01:0.01:4.5;
consl=vv*vv;
cons2=vv"I;
cons3=2"vv;
cons4=2"1;
cons5=(gamma(vv/2)) " (I*J) ;
consé6=cons2/ (cons4*conss5) ;
cons=(consl/cons3) *conse6;
LAMB=prod (LAMBDAl."0.5*vv) ;
E1=LAMBDAl;
E2=(sum(El) +xsi) /2;

E3=-VvV*E2;
E=exp (E3) ;
F=cons*LAMB*E;
£=[£f,F];
V= [V, vv];
end;
F=sum(f) ;
FF=f/F;
MEANV=V*FF' ;
VV=V."2;

VARV= (VV*FF') - (MEANV"2) ;
ZZ=randn([1,1]);
NUl=round( (sgrt (VARV) *ZZ) +MEANV) ;
v=NU1;

end;

THETA= [THETA THETA1l] ;
SIG1l=[SIGl SIG1l1];
SIG2=[SIG2 SIG22];

U=[U U1];

LAMBDA= [LAMBDA LAMBDAl'] ;
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NUS= [NUS NU1] ;
end;

disp('GIVE THE NUMBER OF THE PART FOR WHICH YOU WANT TO OBTAIN THE HISTOGRAM') ;
part=input ('OF THE LAMBDAS? ... ');

SIGRATIO=[] ;
LL=[];

figure (1)

hist (THETA, 20)

disp ('MEAN RESULTS') ;
mean (THETA)
sortl=sort (THETA) ;

percml = prctile(sortl,2.5)
percmu = prctile(sortl, 97.5)
widthm = percmu - percml
figure(2)

hist (SIG1,20)
disp('SIG1 RESULTS') ;
median (SIG1)
sort2=sort (SIG1) ;

percsll = prctile(sort2,2.5)
percslu = prctile(sort2,97.5)
widthsl = percslu - percsll
figure(3)

hist (SIG2,20)
disp('SIG2 RESULTS');

median(SIG2)

sort3=sort (SIG2);

percs2l = prctile(sort3,2.5)
percs2u = prctile(sort3,97.5)
widths2 = percs2u - percs2l
figure(4)

SIGT=SIG1+SIG2;

hist (SIGT,20)

disp('SIGT RESULTS') ;

median (SIGT)

sort4=sort (SIGT) ;

percstl = prctile(sort4,2.5)
percstu = prctile(sort4,97.5)
widthst = percstu - percstl

for ii=1l:max(size(SIG1))
SIGRATIO1=SIG1(ii)/SIGT(ii);
SIGRATIO=[SIGRATIO SIGRATIO1];
end;

figure (5)

hist (SIGRATIO, 20)

disp ('SIGRATIO RESULTS');
median (SIGRATIO)

sort5=sort (SIGRATIO) ;

percssrl = prctile(sort5,2.5)
percssru = prctile(sort5,97.5)
widthssr = percssru - percssrl

s=1:2:min(size (LAMBDA)) ;
ss=2:2:min(size (LAMBDA)) ;

for jj=1:max(size (LAMBDA))
11=LAMBDA(:,jj) ;
Ll=11(s);
L2=11(ss) ;
LLl1=[L1l (part) L2(part)];
LL=[LL LL1];

end;
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L=LL(:);

figure(6)

hist(L,20)

disp('LAMBDA RESULTS') ;
median (L)

sorté=sort (L) ;

percsll prctile(sort6,2.5)
percslu prctile(sort6,97.5)
widthl = percslu - percsll

o

save c:\Gibbrev THETA SIGl SIG2 U LAMBDA NUS SIGT SIGRATIO L
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5.5 Simulation of Predictive Part Distribution, o - Quantile ¢ and Construction of

Two - Sided (¢, ¢) Tolerance Interval

clear
clc

$Determine the predictive part distribution. Also Determine one and
%$two - sided (Alpha,Delta) tolerance intervals

load c:\Gibbrev

X=1[1;
K=0;
QL1=1[];
QU1=1[];
KK=0;
QUO=[] ;
QLT=1[];
QUT=[] ;

Ytr=[206.0000 258.0000
181.0000 197.0000
185.0000 162.0000
195.0000 195.0000
170.5000 143.8000
193.8000 224.8000
244.8000 217.0000
191.5000 196.8000
209.3000 182.5000
134.5000 143.8000
223.8000 195.5000
103.0000 - 129.3000

99.7000 201.8000
137.5000 119.8000
144.5000 130.0000
152.0000 166.5000
140.5000 138.0000
207.0000 230.0000
195.5000 120.5000
142.3000 163.8000

74 .3000 86.5000
439.5000 211.5000
130.3000 114.0000

99.7000 201.8000];

Tl=mean (Ytr) ;
Y=mean (T1) ;
$THETA=THETAB;
%$SIG2=SIG2B;

randn('seed',6sum(100*clock)) ;
rand('seed',sum(100*clock)) ;

EE Lt R e A Rttt R e R R R R R Rt R R LR L R R R L R R e R L R R R LS R R LR LR S L LS L AL AL A L]
$Determine the alpha expectation tolerance interval

B=mean(Y)-400:0.01:mean(Y) +400;
D=[zeros (1, (max(size(B))))];

Yfm2 = [ ];

varm2 = [ ];

fxaem2l1l = 0;

xm2 = mean(Y)-400:0.01:mean(Y) +400;
yvalsm2 = 0:0.000005:0.01;

for i=1l:max(size (THETA))
al

t1=THETA (i) ;
s2=SIG2 (i) ;

GEMID=t1;
VARIAN=S2;
Al=(exp(-0.5* ( (B-GEMID) ."2) /VARIAN) )/ (sqrt (2*pi) *sqgrt (VARIAN)) ;
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X1l=(randn(1, 1) *sqgrt (VARIAN) ) +GEMID;

D= [D+Al] ;
X=[X X1];
K=K+1;

zm2 = randn(l,1);

$varm2l = ((deltaE(i) + k*deltaA(i))/(k*b)) + (deltaE(i) + deltaA(i));
%$avgm2 = YbarBig;

avgm2=tl;

varm2l=s2;

Yfm21l = zm2*sqgrt(varm2l) + avgm2;

Yfm2 = [Yfm2 Yfm21];

varm2 = [varm2 varm21l];

fxaem21 = fxaem2l + normpdf (xm2,avgm2, sgrt (varm21)) ;

quo=tl+(1.645*sgrt(s2)) ;
glt=tl-(1.645*sgrt(s2));
qut=tl+(1.645*sgrt(s2));
QL11=GEMID- (1.96* (sqgrt (VARIAN)) ) ;
QU11=GEMID+ (1.96* (sqrt (VARIAN))) ;

QUO= [QUO quo] ;
QL1=[QL1 QL11];
QU1=[QU1l QU11];
QLT=[QLT qlt];
QUT=[QUT qut] ;

KK=KK+1;
end;

figure (1)
E=D'/K;

G=E/ (sum(D)) ;
plot (B,E);

fxaem2 = fxaem21l/length (THETA) ;

Yfm2Sort = sort(Yfm2);

disp('The Lower and Upper Tolerance Limits for the Predictive Density is ...')
AVG=median (Yfm2Sort)

percm2l = prctile(Yfm2Sort,2.5)

percm22 = prctile(Yfm2Sort,97.5)

perctestl = prctile(Yfm2Sort,5)

disp('Upper Prediction Limit')

perctest2 = prctile(Yfm2Sort, 95)

figure(2)

plot (xm2, fxaem2) ;

hold on;

$plot (percm2l,yvalsm2, '-k') ;
$plot (percm22,yvalsm2, '-k') ;
$plot (perctestl,yvalsm2,'-k') ;
plot (perctest2,yvalsm2, '-k') ;

AR AR AR AR A AR AR AR SR AR R A R A R R e e R R e R L L
%$Determine the alpha quantile

gammal=0.95;
m=max (size (QUO))

vec=QUO;
figure(3);
hist (QUO, 15) ;
VECQ=sort (QUO) ;
disp('95% Upper Credibility Limits for q')
CIQ=[VECQ (1, round(m* ((l-gammal)/2))) VECQ(1l,round(m* (1-((l-gammal)/2))))]
BARQ=median (VECQ)
UCIQ=prctile (VECQ, 95)

%$One sided tolerance interval lower limit
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vec=QL1;
figure(4) ;
subplot(2,1,1);
hist (QL1,15) ;
VECQL=sort (QL1) ;
$CIQL=[VECQL (1, round (m* ( (1-gammal) /2))) VECQL(1l,round(m* (1-((l-gammal)/2))))]
%$BARQL=median (VECQL)

%One sided tolerance interval upper limit
vec=QUl;
subplot (2,1,2);
hist (QU1,15);
VECQU=sort (vec) ;
$CIQU=[VECQU (1, round (m* ( (1-gammal) /2))) VECQU (1, round(m* (1-((l-gammal)/2))))]
%$BARQU=median (VECQU)

R R R R R s R e R e e e e e s e e e R e e R L e e e R R R R L S R R R L R L
$Determine the two sided alpha delta tolerance interval

QU
QL

QUT;
QLT;

disp('Two-sided (0.90,0.95) tolerance interval')
Q2= [QL; QU] ';

BHat=mean (THETA) ;

gammal=0.95;

m=max (size (QU)) ;

p=round( ( (1-gammal) *m) )
pl=round(((1-gammal) *m) -1)

x1l=min (QU) ;

maxl=max (QU) ;
minl=min (QU) ;
yl=-X1+2*BHat;
y2=-maxl+2*BHat;

X=[x1 max1] ;Y=[yl y2];
figure(5)

plot (QU,QL,'.")

hold on

plot (X,Y);

%Check the number of points

interval=maxl:-0.1:x1;

i=length(interval) ;

j=0;

st=0;

while (st<=pl)&(j<i),
J=j+1;
yll=-interval(1l,Jj)+2*BHat;
X1l=[interval(1l,Jj),min(QU) +350];
Yl=[yl1l,y11];

X2=[interval(l,j),interval(1,3)1];
Y2=[yll,minl-350];

O=find(Q2(:,1)<=y1ll & Q2(:,2)>=interval(l,j));
st=size(0) ;

end

st

plot(X1,Y1)

hold on

plot (X2,Y2)

hold on

X=[X(1,1) X1(1,1)];

¥=[¥(1,1) ¥1i(1,2)]%

[X1(1,1) Y1(1,1)]

%text (200,0,'273.6197"')

%$text (350,100, '77.4677")

text (150.6,150.44, 'Reference Line')

width = X1(1,1)-Y1(1,1)
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5.6 Simulation of the Content of the Fixed - in - Advance Tolerance Interval
clear
clc

randn('seed’',sum(100*clock)) ;
rand('seed',sum(100*clock)) ;

%$Determine the content of a fixed-in-advance tolerance interval

load c:\Gibbrev

Ytr=[206.0000 258.0000
181.0000 197.0000
185.0000 162.0000
195.0000 195.0000
170.5000 143.8000
193.8000 224.8000
244.8000 217.0000
191.5000 196.8000
209.3000 189.5000
134.5000 143.8000
223.8000 195.5000
103.0000 129.3000

99.7000 201.8000
137.5000 119.8000
144 .5000 130.0000
159.0000 166.5000
140.5000 138.0000
207.0000 230.0000
195.5000 190.5000
142.3000 163.8000

74.3000 86.5000
439.5000 211.5000
130.3000 114.0000

99.7000 201.8000];

Tl=mean (Ytr) ;
Y=mean (T1) ;

$nul=input ('WHAT IS THE DEGREES OF FREEEDOM NU?
S=input ('WHAT IS S THE PRESELECTED LIMIT s?

CUM_STD=[] ;
CUM_STD1=[] ;

for i=l:max(size (THETA))
i

t1=THETA(1i) ;
$nul=NUS (i) ;
s1=SIG1 (i) ;
s2=8IG2 (i) ;

GEMID=t1;
VARIAN=s2;

Z1=(S-GEMID) /sqQrt (VARIAN) ;
v=2Z1;

if Z1<=0
cons=(1l/sqrt(2*pi));
h=v/1500;

if h<o0

h=-h;

=-10:h:V;
l=exp((-1/2)*(k."2));
std_norm=cons*1;
cum_std=h* (sum(std noxrm)) ;

¥

451
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cum_stdl=1l-cum_std;
$pll=cum_std;

else

=-10:h:V;
l=exp((-1/2)*(k."2));

std _norm=cons*1l;
cum_std=h* (sum(std_norm)) ;
cum_stdl=1l-cum_std;
$pll=cum_std;

end;
else

cons=(1l/sqgrt (2*pi));
h=V/1500;

k=-10:h:V;
l=exp((-1/2)*(k."2));
std_norm=cons*1l;
cum_std=h* (sum(std _norm));
cum_stdl=1l-cum_std;
%$pll=1-cum_std;

end;
CUM_STD=[CUM_STD cum_std] ; %¥Percentage of values less than S
CUM_STD1=[CUM_STD1 cum_stdl]; ¥Percentage of values greater than S
%$pl=[pl pl1l];
end;

%$end;

figure (1)

hist (CUM_STD1, 20)

AVG = median(CUM_STD1)

LL = prctile(CUM_STD1,2.5)
UL = prctile(CUM_STD1,97.5)
WIDTH = UL-LL
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5.7 Algorithm for Determining Outlying Part Measurements

clear

clc

% Do test for outliers using the lambdas for each part.

% If 0 falls in the interval, the observation is not an outlier.

load C:\Gibbrev

LREP1=[];
LREP2=[];

s=1:2:min(size (LAMBDA)) ;
ss=2:2:min(size (LAMBDA)) ;

for j=1:max(size (LAMBDA))
11=LAMBDA(:,J);
Ll=11(s) ;
L2=11(ss) ;
LREP1=[LREP1 L1];
LREP2= [LREP2 L2];
end;

LOWER1=[];
UPPER1=[] ;
WIDTH1=[];
LOGLOWER1=[] ;
LOGUPPER1=[] ;
LOWER2=[] ;
UPPER2=[] ;
WIDTH2=[];
LOGLOWER2=[] ;
LOGUPPER2=[] ;

for amorel=1l:min(size (LREP1))
P1l=LREP1 (amorel, :) ;
[Yl il]=sort(pl);
Ji=gort{il);
numberl=max(size(pl)) ;
ULl=prctile(pl, 95) ;
LLl=prctile({pl,5);
wydtel=UL1-LL1;
LOGLL1=1ogl0 (LL1) ;
LOGUL1=1ogl0 (UL1) ;
LOWER1= [LOWER1 LL1];
UPPER1= [UPPER1 UL1];
WIDTH1=[WIDTH1 wydtell];
LOGLOWER1= [LOGLOWER1 LOGLL1] ;
LOGUPPER1= [LOGUPPER1 LOGUL1] ;
end;

Partl= [LOWER1; UPPER1] '
Logpartl= [LOGLOWER1 ; LOGUPPER1] '

for amore2=1:min(size(LREP2))
p2=LREP2 (amorez2, :) ;
[y2 i2]=sort (p2);
j2=sort (i2) ;
number2=max (size(p2)) ;
UL2=prctile(p2,95);
LL2=prctile(p2,5) ;
wydte2=UL2-LL2;
LOGLL2=10g10 (LL2) ;
LOGUL2=10gl0 (UL2) ;
LOWER2= [LOWER2 LL2] ;
UPPER2= [UPPER2 UL2];
WIDTH2= [WIDTH2 wydte2];
LOGLOWER2= [LOGLOWER2 LOGLL2] ;
LOGUPPER2= [LOGUPPER2 LOGUL2] ;
end;

Part2= [LOWER2; UPPER2] '
Logpart2=[LOGLOWER2 ; LOGUPPER2] '
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Selective Algorithms from Chapter 6

6.1 Simulation of Variance Components and the Mean

clear
elc

randn('seed',sum(100*clock)) ;
rand('seed', sum(100*clock)) ;

%$Similation of variance components for Hierarchical Model

$k=input ('HOW MANY SIMULATIONS DO YOU WANT TO RUN ... ');
k=10000;

%$V1Ml=input ('GIVE THE VALUE FOR V1Ml (SUM OF SQUARES FOR ERROR) ... ');
V1M1=390.6720;

%$V2M2=input ('GIVE THE VALUE FOR V2M2 (SUM OF SQUARES FOR PACKAGES) ... ');
V2M2=132.6570;

%$V3M3=input ('GIVE THE VALUE FOR V3M3 (SUM OF SQUARES FOR DAYS) ... ');
V3M3=395.4342;

%$dae=input ('GIVE THE NUMBER OF DAYS ... ');

dae=15;

%$pac=input ('GIVE THE NUMBER OF PACKAGES ... ');

pac=8;

$rep=input ('GIVE THE NUMBER OF REPLICATIONS ... ');
rep=5;

$GEMID=input ('GIVE THE OVERALL MEAN OF THE DATA ... ');

GEMID=20.96;

Vi=dae*pac* (rep-1) ;
V2=dae* (pac-1) ;
V3= (dae-1);

$Simulate sigma squared e
Zl=randn([V1,1]);
z2=(21.%2);

R=sum(Z2) ;

S11=(V1M1l/R) ;

S1=S811;

%¥Simulate Theta 1 and ultimately Sigma squared p
Z3=randn([Vv2,1]1);

24=(23.%2);

P=sum(z4) ;

S12=V2M2/P;

S2=(S12-S1) /rep;

$Simulate Theta 0 and ultimately Sigma squared d
Z5=randn( [V3,1]) ;

26=(25."2);

D=sum(zZ6) ;

S13=V3M3/D;

S3=(S13-S1- (rep*S2))/ (pac*rep) ;

%$Simulate the target value MU
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z7=randn([1,1]);
VARUl=(S1+ (rep*S2) * (pac*rep*S3)) / (dae*pac*rep) ;
MUl=(27*sgrt (VARU1) ) +GEMID;

if 813 » 512 » §11
if 81 > 0

if 82 » ©

if 83 > 0

SIG1l1l=[SIG11 S11];
SIG12=[SIG1l2 S12];
SIG13=[SIG13 Ss13];
SIG1=[SIG1 S1];
SIG2=[SIG2 S82];
SIG3=[SIG3 S3];
MU= [MU MU1] ;

VARU= [VARU VARU1] ;
I=[I i];

end;
end;
end
end;
end;

figure (1)

hist (S1IG1,20)

asort=sort (SIG1) ;

SIG1L = prctile(asort,2.5)
SIG1lU = prctile(asort,97.5)

figure(2)

hist (SIG2,20)

bsort=sort (SIG2) ;

SIG2L = prctile(bsort,2.5)
SIG2U = prctile(bsort,97.5)

figure (3)

hist (SIG3,20)

csort=sort (SIG3) ;

SIG3L = prctile(csort,2.5)
SIG3U = prctile(csort,97.5)

figure(4)

hist (MU, 20)

AVG=mean (MU)
dsort=sort (MU) ;

MUL = prctile(dsort,2.5)
MUU = prctile(dsort,97.5)

save c:\Hiersim SIGl1l SIG12 SIG13 SIGl SIG2 SIG3 I MU VARU

max (size(I)) %Number of positive combinations retained

455
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6.2 Simulation of Predictive Part Distributions for a Specific Day and Any Day in
Future
clear
cle

randn('seed',sum(100*clock)) ;
%$Determine predictive densities for: A pecific day in future and any day in future
load c:\Hiersim

%$GEMID=input ('What is the mean of the data set? ... ');
GEMID=20.96;

%$GEMIDl=input ('What is the mean of the observations for day 10? ... ');
GEMID1=19.85;

$dae=input ('GIVE THE NUMBER OF DAYS ... ');
dae=15;

$pac=input ('GIVE THE NUMBER OF PACKAGES ... ');
pac=8;

$rep=input ('GIVE THE NUMBER OF REPLICATIONS ... ');
rep=5;

$pacl=input ('FOR FUTURE PREDICTIONS, HOW MANY PACKAGES WILL BE DRAWN? ... ');
pacl=8;

$repl=input ('FOR FUTURE PREDICTIONS, HOW MANY REPLICATIONS PER PACKAGE? ... ');
repl=5;

B=15.5:0.001:26.5;
D=[zeros (1, (max(size(B))))];
Dl=[zeros (1, (max(size(B))))];
D2=[zeros (1, (max(size(B))))];

XX=1[1;
XX1=1[];
Xx2=1[];

for j=1l:max(size(I))

J
S1=8SIG1(j);
S2=SIG2(j) ;
S3=SIG3(j);

%$Specific day in futute
tl=(((pac*rep*S3)/(S1l+ (rep*S2)+ (pac*rep*S3))) *GEMID1) ;
t2=(((Sl+(rep*S2))/(Sl+(rep*S2)+ (pac*rep*S3)) ) *GEMID) ;
t=t1+t2;
qll=((S1l+(repl*s2))/(pacl*repl))+((Sl+(rep*S2))/(S1+(rep*S2)+ (pac*rep*S3))) ;
gl2=(((dae*pac*rep*S3) +Sl+ (rep*S2)) / (dae*pac*rep)) ;
gq=qll*qgl2;
A=exp((-1/2)* (((B-t) . 2/q)))/(sqrt(2*pi) *sqgrt(q)) ;
zl=randn(1,1);

X=(zl*sgrt(qg))+t;

D= [D+A] ;

XX=[XX X];

%Any day in future

t2=GEMID;
g21=((S1l+(repl*sS2)+(pacl*repl*S3))/(pacl*repl)) ;
g22=((S1+(rep*S2)+ (pac*rep*S3))/ (dae*pac*rep)) ;
g2=g21+g22;

A2=exp((-1/2)* (((B-t2).%2/g2)))/(sgrt(2+pi) *sgrt(g2)) ;
zl2=randn(1l,1) ;

X2=(zl2*sqgrt (g2))+t2;

D2=[D2+A2] ;

XX2=[XX2 X2];

end
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E=D'/max(size(I)) ;
E2=D2'/max (size(I));

figure(1)
plot (B,E)
hold on

plot (B, E2)

sorta=sort (XX) ;
Lowerl=prctile(sorta,2.5)
Upperl=prctile (sorta, 97.5)
MEANl=mean (sorta)

sortb=sort (XX2) ;
Lower2=prctile(sortb,2.5)
Upper2=prctile(sortb,97.5)
MEAN2=mean (sortb)
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clear
elc
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randn('seed',6 sum(100*clock)) ;
rand('seed',sum(100*clock)) ;

Simulation Study: Coverage of Predictive Distribution

%¥Similation study: Determine coverage of predictive density

$K=input ('HOW MANY SIMULATIONS DO YOU WANT TO RUN ...

K=1000;

%$GEMID=1input ('WHAT IS THE MEAN OF THE DATA SET?

GEMID=20.96;

%$dae=input ('GIVE
dae=15;

%$pac=input ('GIVE
pac=8;

%$rep=input ( 'GIVE
rep=5;

$pacl=input (' FOR
pacl=8;

$repl=input ('FOR
repl=5;

%$SIl=input ('GIVE
SI1=0.8139;
$SI2=input ('GIVE
SI2=0.0899;
%$SI3=input ( 'GIVE
SI3=0.6745;

THE NUMBER OF DAYS

LY

THE NUMBER OF PACKAGES ... ');

THE NUMBER OF REPLICATIONS ... ');

FUTURE PREDICTIONS,

FUTURE PREDICTIONS,

THE KNOWN VALUE FOR
THE KNOWN VALUE FOR

THE KNOWN VALUE FOR

Vl=dae*pac* (rep-1) ;

V2=dae* (pac-1) ;
V3= (dae-1) ;
s111=SI1;

5112=8I1+ (rep*SI2) ;
51123=SI1+ (rep*SI2)+(pac*rep*SI3);

YSTRS=[] ;
GEMID1=[];
LOWER=[] ;
UPPER= [] ;
Cl=1[];

for i1=1:K
i1

XX2=1[];
THETAO=[] ;
J=1[1;

$D2=[zeros (1, (max(size(B))))1;

$Simulate a value for Ys*..

nl=randn(1,1);

varl=((SIl+(repl*SI2)+(pacl*repl*SI3))/(pacl*repl)) ;

%$varl=0.706085;

ystrs=(nl*sqgrt (varl) ) +GEMID;

%$Simulate values for MEAN, V1M1,

n22=randn(1,1) ;

HOW MANY PACKAGES WILL BE DRAWN?

HOW MANY REPLICATIONS PER PACKAGE?

SIGMA SQUARED 1
SIGMA SQUARED 2

SIGMA SQUARED 3

V2M2, V3M3

var2=((SIl+(rep*SI2)+(pac*rep*SI3)) /(dae*pac*rep)) ;
gemidl=(n22*sqrt (var2) ) +GEMID;

n4=randn( [V3,1]) ;

N4=(n4.%2);

458



LIST OF ALGORITHMS 459

M3=sum(N4) ;
V3M3=51123*M3;

for j1=1:1000

Z5=randn( [V3,1]);
Z26=(25.%2) ;

D=sum(Z6) ;
THETA01=V3M3/D;

THETAO= [THETAO THETAO1] ;
J=[J ji1l;

end;
for h=1:max(size(J))

THETAO011=THETAO (h) ;

t2=gemidl;
g2=THETAO011l* ((1/ (pac*rep))+(1/ (dae*pac*rep))) ;
zl2=randn(1,1) ;

X2=(zl2*sqrt(g2)) +t2;

XX2=[XX2 X2];

end;

sortXX2=sort (XX2) ;
LL=prctile(sortxXxX2,2.5);
UL=prctile(sortXx2,97.5);

if LL < ystrs
if ystrs < UL
Ci=[C1 i1];
end;
end;

YSTRS=[YSTRS ystrs];
GEMID1= [GEMID1 gemidl] ;
LOWER= [LOWER LL] ;
UPPER= [UPPER UL] ;
WIDTH=UPPER-LOWER;

end;

disp('THE AVERAGE UPPER LIMIT OF THE 95% CREDIBILITY INTERVAL IS')
disp(''")

up=mean (UPPER)

disp('');

disp('THE AVERAGE LOWER LIMIT OF THE 95% CREDIBILITY INTERVAL IS')
disp('')

lo=mean (LOWER)

disp('THE AVERAGE INTERVAL WIDTH IS')

disp('"')

width=mean (WIDTH)

disp('THE COVERAGE OF THE INTERVAL IS')

disp('")

coverage= (max(size(C1l)) /K)*100
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6.4 Simulation of the a- Quantile ¢

clear
cle

randn('seed',sum(100*clock)) ;
rand('seed', sum(100*clock)) ;

$Alpha quantile

$k=input ( '"HOW MANY SIMULATIONS DO YOU WANT TO RUN ... ');
k=10000;

$e=input ('GIVE THE VALUE FOR V1M1l (SUM OF SQUARES FOR ERROR) ... ');
e=390.6720;

$p=input ('GIVE THE VALUE FOR V2M2 (SUM OF SQUARES FOR PACKAGES) ... ');
p=132.6570;

$d=input ('GIVE THE VALUE FOR V3M3 (SUM OF SQUARES FOR DAYS) ... ');
d=395.4342;

$dae=input ('GIVE THE NUMBER OF DAYS ... ');
dae=15;

$pac=input ('GIVE THE NUMBER OF PACKAGES ... ');

pac=8;

$rep=input ('GIVE THE NUMBER OF REPLICATIONS ... '};
rep=5;

%$GEMID=input ('GIVE THE OVERALL MEAN FOR THE DATA ... ');

GEMID=20.96;

$pacl=input ('FOR FUTURE PREDICTIONS, HOW MANY PACKAGES WILL BE DRAWN? ... ');
pacl=8;

$repl=input (' FOR FUTURE PREDICTIONS, HOW MANY REPLICATIONS PER PACKAGE? ... ');
repl=5;

%$GEMIDl=input ('WHAT IS THE MEAN OF THE SPECIFIC DAY YOU WANT TO PREDICT? ... ');
GEMID1=19.85;

V1iMl=e;

V2M2=p;

V3M3=d;

Vli=dae*pac* (rep-1) ;
vV2=dae* (pac-1) ;

V3= (dae-1) ;

SIGl1=1I[];

%¥Simulate sigma squared 1
Zl=randn([V1,1]);
z2=(21.%2);

R=sum(z2) ;

S11=(V1M1/R) ;

S1=S11;
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¥Simulate sigma squared 12 and ultimately Sigma squared 2
Z3=randn([V2,1]);

Z4=(23.72);

P=sum(z4) ;

512=V2M2/P;

S2=(S12-S1) /rep;

$¥Simulate sigma squared 13 and ultimately Sigma squared 3
Z5=randn( [V3,1]);

Z26=(25.%2);

D=sum(Z6) ;

S13=V3M3/D;

83=(S13-8S1- (rep*sS2))/ (pac*rep) ;

if s13 > s12
if s12 > si11
if 81 >= 0
if 82 »= 0
if 83 >= 0

n22=randn(1,1) ;

var2=((Sl+(rep*S2)+ (pac*rep*S3))/(dae*pac*rep)) ;
THETAl= (n22*sqrt (var2) ) +GEMID;

g2=((S1+(repl*S2) +(pacl*repl*S3))/ (pacl*repl)) ;
Q1=THETAl- (1.282* (sqrt(g2))) ;
QL1=THETAl- (1.645* (sgrt(g2)));
QU1=THETAl+(1.645* (sgrt(g2)));

SIG1l1l=[SIG11 S11];
SIG12=[SIG12 S12];
SIG13=[SIG13 S13];
SIG1l=[SIG1 S1];
SIG2=[SIG2 S2];
SIG3=[SIG3 S83];
I=[I i];

THETA= [THETA THETA1l] ;
Q=1[Q Q1];

QL= [QL QL1];
QU=[QU QU1] ;

end;
end;
end;
end;
end;

end;
m=max(size(I))

gammal=0.95;
$gammal=0.9;
m=max(size(I))

%$One sided tolerance interval

vec=Q;

[n, xout] =hist (vec) ;

dis=xout (9) -xout (8) ;

opp=sum(n*dis) ;

std=n/opp;

figure(1);

hist (Q);

Q=sort (Q) ;

CI=[Q(1, round(m* ((l-gammal)/2))) Q(1,round(m* (1l-((l-gammal)/2))))]
disp('THE 95% LOWER TOLERANCE LIMIT IS ... ')
LOWER=prctile(Q, 5)

%$One sided tolerance interval lower limit
vec=QL;

[n, xout] =hist (vec) ;

dis=xout (9) -xout (8) ;

461
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opp=sum(n*dis) ;

std=n/opp;

figure(2);

subplot(2,1,1);

hist (QL) ;

QL=sort (vec) ;

CI=[QL (1, round(m*((1-gammal)/2))) QL(1l,round(m* (1-((l-gammal)/2))))]

%$0One sided tolerance interval upper limit
vec=QU;

[n, xout] =hist (vec) ;

dis=xout (9) -xout (8) ;

opp=sum(n*dis) ;

std=n/opp;

subplot(2,1,2);

hist (QU) ;

QU=sort (vec) ;

CI=[QU (1, round(m* ((1-gammal)/2))) QU(1,round(m*(1-((l-gammal)/2))))]
Q2=[QL;QU] ';

BHat=mean (THETA)

save C:\Hiertoll SIG1l1l SIGl2 SIG13 SIGl SIG2 SIG3 THETA Q QL QU I
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6.5 Construction of the («, ) Two - Sided Tolerance Interval

clear;
gle;

$Two sided tolerance interval
load c:\Hiertoll

Q2=[QL;QU] ';

BHat=mean (THETA) ;
gammal=0.95;
m=max(size(I));
p=round( ( (1-gammal) *m) )
pl=round(((l-gammal) *m) -1)

%Reference lyn

Xx1=( (max(QU) ) -min(QU)) ;x2=max (QU) ;

maxl=x2;minl=min (QU) ;

yYl=-x1+2*BHat;

y2=-maxl+2*BHat;

X=[x1 maxl];Y=[yl y21;

figure (1)

plot (QU,QL, '.")

hold on

plot(X,Y);

%$Check the number of points

interval=max1:-0.005:x1;

i=length(interval);

j=0;

st=0;

$gammal=0.95;

while (st<=pl)&(j<i),
J=j+1;
yl=-interval(1l, j)+2*BHat;
X1l=[interval(1l,j),min(QU) +10] ;
Y1l=[y1l,y1];
X2=[interval(1,j),interval(1,3j)];
Y2=[yl,min1-22];
O=find(Q2(:,1)<=yl & Q2(:,2)>=interval(l,]j));
st=size(0);

end

st

plot (X1,Y1)

hold on

plot (X2,Y2)

hold on

X=[X(1,1) X1(1,1)])3

Y=[Y(1,1) Y1(1,1)];

[X1(1,1) Y1(1,1)]

text (21.54,20.54,'19.1246"');

text(21.45,20.42,'22.7894"');

text (21.3,20.67, 'Reference Line');
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clear
cle

randn('seed’',sum(100*clock)) ;
rand('seed',sum(100*clock)) ;

Simulation of the Content of the Fixed - in - Advance Tolerance Interval

464

%$Determine the content of the fixed in advanced tolerance intervals for a given limit

S

%$K=1input ('HOW MANY SIMULATIONS DO YOU WANT TO RUN

K=10000;

%$e=input ('GIVE THE VALUE FOR V1M1

e=390.6720;

$p=input ('GIVE THE VALUE FOR V2M2

p=132.6570;

$d=input ('GIVE THE VALUE FOR V3M3

d=395.4342;

$dae=input ('GIVE THE NUMBER OF DAYS

dae=15;

$pac=input ('GIVE THE NUMBER OF PACKAGES

pac=8;

%¥rep=input ('GIVE THE NUMBER OF REPLICATIONS

rep=5;

%$GEMID=input ('GIVE THE OVERALL MEAN FOR THE DATA

GEMID=20.96;

%$pacl=input ('FOR FUTURE PREDICTIONS,

pacl=8;

$repl=input ('FOR FUTURE PREDICTIONS, HOW MANY REPLICATIONS PER PACKAGE?

repl=5;

%$GEMIDl=input ('WHAT IS THE MEAN OF THE SPECIFIC DAY YOU WANT TO PREDICT?

GEMID1=19.85;

%$S=input ('WHAT IS S FOR THE FIXED IN ADVANCE TOLERANCE INTERVAL?

S=19.0;

V1iMl=e;

V2M2=p;

V3M3=d;

Vli=dae*pac* (rep-1);
V2=dae* (pac-1) ;

V3= (dae-1) ;

SIG1l1=1[];
SIG12=[];
SIG13=[];
SIG1l=[];
SIG2=[];
S8IG3=1[1;
I=[];
THETA=[] ;
z=1];
CUM_STD=[] ;
CUM_STD1=[] ;

for i=1:K
i

%$Simulate sigma squared e

Zl=randn([V1,1]);
z2=(21.72);
R=sum(z2) ;

(SUM OF SQUARES FOR

(SUM OF SQUARES FOR

(SUM OF SQUARES FOR

HOW MANY PACKAGES WILL BE DRAWN?
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S11=(V1M1/R) ;
S1=S811;

% Simulate sigma squared 12 and ultimately Sigma squared p
Z3=randn( [V2,1]);

Z4=(23.%2);

P=sum(2Z4) ;

S12=V2M2/P;

S2=(S12-81) /rep;

% Simulate sigma squared 13 and ultimately Sigma squared d
zZ5=randn([V3,1]);

Z6=(25.%2) ;

D=sum(z6) ;

S13=V3M3/D;

S3=(S13-S1- (rep*S2))/(pac*rep) ;

if s13 > s12
if s12 > s11
if 81 >= 0
if s2 >= 0
if 83 >= 0

n22=randn(1,1);

var2=((S1l+(rep*S2)+ (pac*rep*S3))/(dae*pac*rep)) ;
THETAl=(n22*sqgrt (var2) ) +GEMID;

Z11=((S-THETAl) * (sqrt ( (pacl*repl))) )/ (sgrt (S1l+ (repl*S2)+ (pacl*repl*S3)));

v=Z11;

if Z11<=0
cons=(1/sqrt(2+*pi));
h=v/1500;

if h<O0

h=-h;

=-10:h:V;
l=exp((-1/2)*(k.*2));
std_norm=cons*1;
cum_std=h* (sum(std_norm)) ;
cum_stdl=1l-cum_std;

else

=-10:h:V;
l=exp((-1/2)*(k."2));
std_norm=cons*1;
cum_std=h* (sum(std_norm)) ;
cum_stdl=1l-cum_std;

end;
else

cons=(1/sqgrt(2*pi)) ;
h=Vv/1500;

k=-10:h:V;
l=exp((-1/2)*(k.*2));
std_norm=cons*1;
cum_std=h* (sum(std _noxrm)) ;
cum_stdl=1l-cum_std;

end;

SIG1l=[SIGll S11];
SIG12=[SIG1l2 S12];
SIG13=[SIG13 S13];
SIG1=[SIG1 S1];
SIG2=[SIG2 S2];
SIG3=[SIG3 83];
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I=[T 4];

THETA= [THETA THETA1l] ;

z=[z2 z11];

CUM_STD=[CUM_STD cum_std] ;
CUM_STD1=[CUM_STD1 cum stdl] ;

end;
end;
end;
end;
end;

end;

figure (1)
hist (CUM_STD, 35)

figure(2)
hist (CUM_STD1, 35)

m=max(size(I))

sorta=sort (CUM_STD) ;
Lowerl=prctile(sorta,2.5)
Upperl=prctile(sorta, 97.5)
MEDIANl=median (sorta)

sortb=sort (CUM_STD1) ;
Lower2=prctile (sortb,2.5)
Upper2=prctile(sortb, 97.5)
MEDIAN2=median (sortb)



