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Animal Breeding Theory and Mixed Model Methodology

CHAPTER 1

«Bayesian Statistics and Animal Breeding Theory»

Introductory words: Harville, (1990), (see also Giano(a, (1990)) stated “A more extensive use of Bayesian
ideas b\y animal breeders and Aother practitioners is desirable and is more feasible from a computational
standpoint than commonly thought. The Bayesian approach can be used to devise prediction procedures that
are more sensible — from both a Bayesian and Frequentist perspective — than those in current use”. The

Bayesian approach is also conceptually more appealing than the Classical approach.

1.1 Prologue

AniAmal. breeding theory .deals with the formulation and validation of mathematical (primarily
statistical) models aimed at developing procedures for selecting and mating individuals so that
performance is optimal in some sense. The primary goal of such selection experiments in animal
breeding is to identify animals to use for producing the next generation of progeny in order to
maximize genetic progress with respect to traits of interest. Examples of traits that have been subject
to such selection experiments are milk yield in diary cows, rapid weight gain in pigs, and weaning

weights in lambs.

A bold improvement in genetic evaluation occurred when mixed model methodology was

introduced. Familial relationships between sires enhanced the accuracy at which breeding values
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were estimated because the effective 'separation of genetic merit from environment effects became
possible. In animal breeding experiments, the observed trait values, or phenotypes, are modeled as
the sum of a number of effects, including individual breeding values. Also, the breeding values are
modeleq as correlated random effects, with the corrélation arising due to known genetic relationships. '
To maximize future progress of a population, the goal is to identify the animals with the highest

breeding values.

Genetic evaluation of South African flocks of sﬁeep started with the analysis of the experimental
Merino flock at Klerefontein near Carnavon. This was followed by single flock evaluation as part of
a variety of postgraduate studies and the evaluation of progeny groups of rams for the industry (Van
Wyk, 1992). The Dormer sheep stud, started at the Elsenburg College of Agriculture in 1940, also
represents such a flock for animal breeding experiments. The main object in developing the Dormer
was the establishment of a mutton sheep breed which would be well adapted to the conditions
prevailing in the Western Cape (winter rainfall) and which could produce the desired type of ram for

crossbr'eed.ing purposes (Swart 1967).

Only a small example from this Dormer stud data was used. [t was not our attention to reanalyze
the data from a genetic point of view; rather, we used it to illustrate how the Bayesian approach and
Gibbs sampling could be applied to real animal breeding problems. This data form an integrated part

of the statistical methods introduced in the thesis and can be found in APPENDIX B.
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1.2 The Mixed Model Methodology
1.2.1 Background

The mixed model methodology was first developed for animal genetics and breeding research. In
resent years, however, the mixed model has also been introduced in variety of other disciplines (e.g.
sociology and education) to analyze experiments with more cbmplex data structures. These mixed
models are also called Hierarchical Models, Raﬁdom Effects Models or Variance Components
Models. As the mixed model methodology is heavily based on matrix notation, it is important that a

clear notation is used in the development of the theory in the present thesis.

1.2.2 Notation

§ A matrix is always put in a bold letter, and a vector in a bold underlined letter, e.g. Y is the

matrix of observations, whereas Y

presents the vector of observations. Greek letters are used
for the fixed and random effect vectors and the letters are not underlined, e.g. 8 is a vector of

fixed effects, and y the vector of random effects.

§ The transpose of a matrix X or vector Y is denoted by X’ or Y/, respectively.

§ The inverse of a matrix X is denoted by X .

§ The generalized inverse of a matrix X is denoted by X ™.
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The mixed linear model postulates that the observable random vector Y is a linear combination of
the fixed effects and random effects plus a random error (residual). In its simplest form the

univariate mixed linear model can be written in matrix notation as
Y=X{+Zy+c¢. (1.1)

Y (n x 1) is a vector of observed values for the trait on which selection is desired. Only a single
trait per animal is considered for most of the analysis, although the model and analysis described can

be modified to accommodate multiple traits.

B (p x 1) is a vector of fixed effects uniquely defined so that the corresponding design matrix X
(n x p) has full column rank, p. Loosely speaking, a fixed effect, in a Bayesian sense, is a random
P p

variable on which prior knowledge is diffuse or vague, i.e. a priori the investigator is indifferent to its

likely value.

Furthermore, y (g x 1) is a vector of unobservable random effects with ¥ ~ N ((_),AO',2 ) and

design matrix Z (n x q). 0,2 is an unknown scalar and A (g x g) is called a relationship (genetic
covariance) matrix. Its elements reflect the genetic relationship among the sires. The random effects

in the present case, are the breeding values, which account for the variation in Y due to genetic merit.

Note that, in the case of a Sire Model, a bréeding value refers to a sire's value as a parent in a
breeding program, and it is a measure of the animal's pfégeny performance relative to the mean value
of its breed. Genetic evaluation is heavily dependent on the genetic correlation among individuals,
both for higher accuracy and for unbiased results. Therefore, the genetic relationship among

individuals is of fundamental importance in the prediction of breeding values.

-4-
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For the unobservable vector of random errors & (n x 1), statistical independent of ¥, it is common

to assume independent normal distributions with mean vector 0 and variance-covariance matrix o/,

. . . 2
I.. I, represents an n x n identity matrix and o, an unknown scalar.

As mentioned, o, and o, are unknown scalar-value parameters called variance components.
1.3 The Classical Solution

Data from animal breeding experiments are commonly analyzed using a mixed linear model in
order to estimate or predict the breeding values of individual animals. When the values of the
variance components of the model are not known, the Classical Approach to the problem of
predicfing linear combinations of the different effects has been to estimate the variance components

and to proceed thereafter as if these estimates were the true values of the components.

Patterson and Thompson (1971) developed a method to derive unbiased estimates of the unknown
variance components based on the maximum likelihood principle; called the Restricted Maximum
Likelihood Estimation (REML). This method is based on the likelihood of a vector whose
components are independent iineér combinations of the observations. The basic idea is to end up
with a random vector that contains all the information on the variance components but no longer
contains information on the fixed effects parameters. However, there are several problems with this

(classical) approach.

1. The properties of the predictors are hard to assess. This is particularly the case when

estimates of variance components are substituted for their true values.
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When the values of the variance components are estimated from the data, the sampling errors
are generally not taken into account in the subsequent analysis. Therefore, the variance of

the prediction error will generally be underestimated.

Depending upon the size and characteristics of the data, point estimates of the variance
components can be highly variable. For certain values of the components estimates, the
predictors obtained by substituting these values in the "Best Linear Unbiased Predictor" are

intuitively unappealing.

The classical frequentist solution of the mixed linear model (1.1) can be obtained from
Henderson's mixed model equations. Henderson, in Henderson e al. (1959), developed a set of
equations that simultaneously yielded best'linear unbiased predictors of the random effects and best
linear unbiased estimators of the fixed effects. They were derived by maximizing the joint density of

Y and. y ,ie.

q
| L 2[A|—% exps — 1 ‘Aly
27[0,2 20',2 4 '

Equating to zero the partial derivation of (1.2) with respect to elements, first of S and then of y

f(X,y>=[2 : ZJZexp{—%(x—Xﬂ—Zy)(x—Xﬂ—Zy)}
o 20
(1.2)

give the mixed model equations, written more compactly as

- X0'22 I 'é | XX (1.3)
7’X Z'Z+O_—;-A }? - Z'X ’ ) ’
Y
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where B and y denote the solutions of p and . By substituting the REML estimates of 0'52 and

O'f in equation (1.3) give the classical frequentist solution to the mixed linear model.

Hence, the objective is now to propose the Bayesian Approach as a conceptional strategy to solve
problems arising in animal breeding theory, to illustrate how well known results can be retrieved
from the Bayesian perspective, and to suggest possible areas of research in which Bayesian

Approach and Mixed Linear Model Methodology can lead to fruitful results.
1.4 The Traditional Bayesian Solution

Harville (1990), (see also Gianola, (1990)) stated, “A more extensive use of Bayesian ideas by
animal breeders and other practitioners is desirable and is more feasible from a computational
staﬁdpoint than commonly thought. The Bayesian approach can be used to devise prediction
procedufes that are more sensible — from both a Bayesian and Frequentist perspective — than those in
current use”. The Bayesian approach is also conceptually more appealing than the Classical

approach with the following advantages:

1. The Bayesian practitioner does not need to commit himself to a point estimate of the variance
components in order to obtain a point predictor for the variables of interest, and credibility

intervals can easily be obtained.

2. Uncertainty about the true values of the variancé components is formally incorporated into the

analysis through the choice of an appropriate prior distribution.
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3. .Given the data, the prior information about the unknown parameters, and a well-defined loss

function, there exists an optimal Bayes predictor.

4. All the available information about the random variable to be predicted is contained in the
posterior distribution of the random variable. Therefore, the practitioner can base all of his

inferences on this distribution.
5. The Bayesian approach is conceptually more appealing than the classical approach.
Crifics of the Bayesian approach have most often cited the following points:

1. The Bayesian practitioner must formally express his prior beliefs about the unknown

parameters in the form of a probability distribution.

2. The Bayesian methodology is computer intensive. In many situations, integrations in

several dimensions are required to obtain the required posterior distributions.

These might have been valid criticisms in the past but by using (a) Non-Informative priors like
Jeffreys and Reference priors and (b) Numerical integration techniques like Markov Chain Monte

Carlo Methods and more specifically Gibbs Sampling, these problems can be overcome.

When analyzing the mixed linear model (or any model) using a Bayesian approach, it only matters
whether a specified quantity is observable or not. In equation (1.1), Y, X and Z are observable

whilst, B and y are unobservable. No further classifications are necessary.
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In the classical approach to analysis of data using a mixed linear model the distinctions of fixed
versus random, known versus unknown, parameter versus statistic, are all-important. These
classifications dictate the type of estimation and inference that are possible. In Bayesian modeling

we treat B, ¥ and all the variance components in the same way: they are unobservable.

In many Bayesian problems, marginal posterior distributions are often needed to make appropriate
inferences. However, due to the complexity of the joint posterior distribution it is impossible to
obtain these marginal densities analytically and b'ecause of the many unknowns, very difficult to
cal.culate numerically. Instead, a Markov Chain Monte Carlo (MCMC) method, called Gibbs
Sampliﬁg, will be implemented to estimate the marginal posterior densities of the different

parameters. i

Recently due to the work by Gelfand and Smith (1990), Gelfand et al. (1990), Carlin et al. (1992)
and Gelfand er al. (1992), the Gibbs Sampler has been shown as an useful tool for applied Bayesian

inference in a broad variety of statistical problems. The Gibbs sampler is implicit in the work of

Hastings (1970) and made popular in the image-processing context by Geman and Geman (1984).

The Gibbs sampler is an adaptive Monte Carlo integration technique. The typical objective of the
sampler is to collect a sufficiently large enough number of parameter realizations from conditional
posterior densities in order to obtain accurate estimates of the marginal posterior densities. The
principle requirement of the sampler is that all conditional densities must be available in the sense
that random variables can be ggnerated from them. Qpce the marginal densities are obtained, it is

easy to calculate summary statistics from the posterior distributions.
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The method is of great appeal on account of its simple logical foundation and reasonable ease of
implementation. The next section elaborates the role of the sampler in relating conditional and

marginal distributions from animal breeding theory.

1.5 . Prior Distributions

For modelling the hierarchy, the distribution of & gives the sampling distribution, which, in
classical statistics, is the distribution of the data conditional on all the parameters. In a Bayesian
analysis this distribution is called the likelihood function and it is always the first stage in a

traditional Bayesian analysis with prior distributions relegated to other stages.

Froﬁ (1.1) it follows that the conditional distribution that generates the data (likelihood function)

is
Y|B,y,02 ~N,(XB+Zy,1,02) (1.4)

where 1, represents an n x n identity matrix and N(u ,Z ) denotes the n-dimensional multivariate

normal distribution with mean vector x and variance-covariance matrix .

An integral part of Bayesian analysis is now the assignment of a prior distribution to the unknown
parameters in the model. The information contained in the prior distribution is combined with the
informétioﬁ supplied by the data, through the likelihood function (if it is known), into the conditional
posterior distribution of the parameters given the data, which is known as the posterior distribution.

All inferences about the model parameters are based on the posterior distribution. In the above

-10-
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model, "flar” or uniform prior distributions are assigned to the vector of fixed effects and error

variance, as to represent lack of prior knowledge.

Therefore

p(B.07) = p(B) p(c;’) « constant. (1.5)

Further, the prior distribution of the vector ¥ is given by
¥ 1A, 0/ ~N(0,Aq)). (1.6)

As mentioned in the case of the sire model the elements of the numerator relationship matrix A

describe the covariance of the sires due to shared genes, and y is the vector of breeding values. Also
p( 0‘,2 ) @ constant. (1.7
1.6  Joint and Full Conditional Posterior Distributions

The joint posterior distribution of the unknowns (8, ¥, o’ ,0;’) is proportional to the product of

the likelihood function, and the joint prior distribution is given by

-11-




Animal Breeding Theory and Mixed Model Methodology

g

p(B.r.01.00 D) oc(iz}z exp{—#(x—x,e—zﬂ'(x—Xﬂ—Zy)}

&

. (1.8)
1 )2 1
(] oof-aerav}
O-}’ O-)'
where D = (Y, X ) denotes the data.
The required full conditional for the fixed effects, is multivariate normal:
Bly.ol.ol , D~N, (B, (XX)'o?), (1.9)
where B = (X'X)" X' (Y - Zy). Note that this distribution does not depend on o,
The conditional distribution of y is also multivariate normal:
-1
o2
v1B.0},0,,D~N, y*,{Z’Z+A"—§-] o}l (1.10)
. o
14 .

where

-1
2
y* = [Z’Z+ A G—ZJ Z'(Y - XB).

14

For the variance components, the conditionals are

po; | B.y,0,,D) = K{%} exp{— 2:,2 X -XB-Zy)(X-XB- Z}’)}

£

£

2
o. >0,

(1.11)

-12-
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an Inverse Gamma density where

2 n=2_°
)

Kz{(X—Xﬂ—zn'(X—Xﬂ—zm}"% I
I'(

and

9
2

‘ 1 1
2 2 _ o ~]
p(o, Iﬂ,}’,de)—K,[—oyzj €xp 20 YAy (1.12)

2
0'7>0

also an Inverse Gamma where

q-2

YAy
K {

=

Moreover, animal breeders are often interested in the posterior distributions of functions of

2

variance components like the intraclass correlation coefficient, p = -2—7—2 and the variance ratio
o o, +0
Y £
ol
v= —’2 . The conditional posterior distributions of these parameters can be obtained by making use
O-E

of transformation of random variables. For example, the conditional posterior distribution of p can
be obtained by using the transformation of &;° — p in the conditional posterior density of &7,

equation (1.12).

-13-
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602 0'2
Since the Jacobian of the transformation, ’ = £ T » equation (1.12) can be written as
o (1-p)
q
2

LY —_
N
|

1
VR
|-
N— S
(SRR

4z 1-p0) , .
p(piﬂ,y,oﬁ,D)=K,[? (l—p)qz exp{—%yA 'y} (1.13)

£

0<p<l,

and for the variance ratio,

q
1 )2 1
p(vlﬂ,y,oﬁ,D>=K,[—wz) exp{— Soor7A '7} (1.14)

& £

O<v<l.

It is clear from equations (1.9) — (1.14) that account of the genetic covariance matrix has been taken

into the conditional posterior distributions.

1.7 The Gibbs Sampler

171  Background

The Gibbs sampler enjoyed an initial surge popularity starting in 1984 with Geman and Geman,
who sfudiéd'image-processihg models. Gelfaﬁd and Smith (1990) then put the sampler in a new
light, revealing its potential in a wide variety of éonveﬁfional statistical problems. It is characterized
by always using full conditionals, however, other sets of conditionals may also be used, sets which

are also sufficient to determine joint distributions. The ultimate value of the Gibbs sampler lies in its

-14-
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practical potential. Now that the groundwork has been laid in pioneering research work, the present
research is focused on exploring and expanding the Gibbs sampler using mixed linear model

methodology to animal breeding problems.

The Gibbs sampler is a technique for generating random variables from a marginal distribution
indirectly, without having to calculate the density. In that which follows, it is easy to see that the
Gibbs éambler is iterative and based only on elementary properties of Markov chains. In this respect,
there are two issues of concern: convergence and uniqueness. However, Geman and Geman (1984)
showed that under mild regularity conditions, the Gibbs sampler converges uniquely to the
appropriate marginal distributions. Casella and George (1990) discuss numerical means to accelerate
convergence. Another way of speeding up convergence is to integrate out analytically some nuisance

parameters from the joint posterior distribution before running the Gibbs sampler.
1.7.2 IMNustrating the Gibbs Sampler

Suppose we are given a joint density f{x,y.y, ...,y,) and are interested in obtaining characteristics

of the marginal density

J) =[] fxyiya ...yddyids...dy, (1.14)

such as the mean or variance. Probably the most natural and straightforward approach would be to
calculate fx) and use it to obtain the desired characteristic. However, there are many cases where the
integration in (1.14) is extremely difficult to perform, either analytically or numerically. In such .

cases the Gibbs sampler provides an alternative method for obtaining f{x), i.e. to generate a Markov

-15-
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chain of random variables (also called a "Gibbs sequence") that converge to the distribution of

interest f(x) .

Rather than compute or approximate f{x) directly, the Gibbs sampler allows us effectively to |
generate a sample X, X, ..., X,, ~ f(x) without requiring f(x). By simulating a large enough sample,
the mean, variance, or any other characteristic of f{x) can be calculated to the desired degree of
accurac'y. It is important to note that, in effect, the end results of any éalculations, althougﬁ based on
simulations, are the population quantities. Thus Sy taking a large enough sample, any population
characierigtic, even the density itself, can be obtained by averaging the final conditional densities
from each Gibbs sequence. These estimates are called Rao-Blackwell estimates (Gelfand & Smith,
1990). An alternative form of estimating the marginal posterior densities is by obtaining kernel

density estimators; however, the Rao-Blackwell estimates are more accurate.

To understand the working of the Gibbs sampler, we explore it in the three-variable case. The
initial values ¥, = y,(o), 1,0 = yg(o) and ¥;¥ = y3(°) are specified and the rest of the Gibbs sequence of

random variables is obtained iteratively by alternately generating values in the following way:

Draw

M from f(x/y,®, y2% v
then

yi from £y, /%D, 0, 39,
also draw

yz(‘) from f( Vs /x(l), yl(l)’ yj(o) )

and

v from f(y;/x, y M, y, ).

This completes one iteration of the scheme. Thus, at the k" iteration we draw

-16-
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k k-1 k-1 k-1
x®_ from f(x/yf ),yz( ),ys( ")

then

yl(k) from f( Vi /x(k)’ yz(k-l)’ yj(k-l) )
then

,V2(k) from f( ,Vz-/x(k), }’/(k), yj(k-l) )
then

yj(k) from f( V3 /x(k), y/(k)’ yz(k) ).

.Geman and Geman (1984) have shown that under fairly general conditions, the distribution of x®
converges to f{x) (the true marginal distribution of x) as k nears infinity. Thus, the value x* can be
regarded as a simulated observation from f{x) if k is large enough. By repeating the Gibbs sequence

m times, the Gibbs sampler generates m observations
XWX

If the repetitions are independent, using predetermined initial values y,%, y, and y, for each
sequence, the final values will be independent. Thus, by simulating a large enough sample,
chéracteristics such as the mean and variance of fx) can be determined to the desired degree of
accurac:y (Van der Merwe & Botha, 1993 ). Characteristics of {y;), Ay:) and fy;) can be obtained
in a similar way. It is important to remember that to generate m random variables with approximate
densit); j(xj, we have to generate (2k) x m random variables, where & is the length of each Gibbs

sequence (Casella & George, 1990).

In the light of the aforementioned, the Gibbs sampler can thus be thought of as a practical
implementation of the fact that knowledge of the conditional distributions is sufficient to determine a
Joint distribution, if it exists. In the Markov Chain Monte Carlo procedure and more specifically

Gibbs sampling, we construct a stochastic process that has the desired posterior distribution as its

-17-
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stationary distribution and then simulate the process. Standard routines are used to generate random
numbers from these required distributions. Selective algorithms of the Gibbs sampler are given in

APPENDIX A.

In the case of the mixed linear model, we begin with a set of arbitrary starting values for the

model parameters, 3@ y @ o a,,z @ and then successively generate values from the conditional

posterior distribution of each of the parameters, conditioning on the most recently generated values of

the other parameters of each step.

The Gibbs sampler for p(8, ¥ ,0/,0, | D) is as follows:

() Select starting values for y @, g2@ 0,2 O Seti=0.
(D Sample 8" from (1.9),

(2) Sample o, from (1.11),

3) Sample ¥ “" from (1.10),

(4)  Sample ;™" from (1.12),

(5)  Seti=i+] and return to (1).

MATLAB software has been déveloped to generate the samples that enabled us to obtain the
marginal posterior densities for the model parameter, using the Gibbs sampler. The full conditional
posteriors were updated after every iteration. We ran multiple chains, i.e. m=101 000 of the Gibbs
sampler to obtain draws from the posterior distributions of the model parameters given the data. The
first 1 000 draws of each chain Were discarded, ahd theﬁ' every 10™ draw was saved. By saving every
10" draw, the chain yielded a posterior sample of 1 000 approximately uncorrelated draws. All
posterior analyses were based on these 1 000 draws, giving us a full Bayesian solution to all the

mixed linear model parameters.
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1.8 An Example
1.8.1 The Data

This section describes the analysis of data from the Dormer Sheep Stud started at the Elsenburg
College of Agriculture near Stellenbosch. The main objective in developing the Dormer was the
establishment of a mutton sheep breed which would be well adapted to the conditions prevailing in

the Western Cape and which could produce the desired type of ram for crossbreeding purposes.

The origin of the Dormer Sheep breed can be traced back to December 1940 when four imported
Dorset Horn rams were each mated fo fourteen registered and thirty-five grade German (presently
S.A. Mutton) Merino ewes. This was a direct consequence of a comprehensive series of
crossbreeding studies carried out at the Elsenburg Agricultural College from 1927 over a period in
excess of ten years. After the initial cross only the two rams with the best progeny results were used
in theinex.t breeding season (December 1941). Each was mated to 20 registered German Merino
ewes. As no further crossbreeding between these parental breeds were practiced after 1941, only two
first-cross rams and 77 first-cross ewe lambs served as basic material for further development of the
new breed. It could therefore be concluded that the Dormer originated from a small number of
animals. From the parental side it descends from only four Dorset Horn rams and because of
selection only 31 registered and 40 high-grade German Merino ewes eventually contributed to the
development of the Dormer breed. Although the Dormer sheep stud originated from a small number
of anirﬁals, it can be assumed that, being a cross b¢Meen two unrelated breeds; the inbreeding

coefficients of the base animals were zero (Van Wyk, 1992).
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Sheep used in the analysis were bc;rn in the period 1943 - 1950. Single sire mating was practiced
with 25 to 30 ewes allocated to each ram. A spring breeding season (6 weeks duration) was used
throughout the study. A total of n = 879 weaning weight records, from the progeny of g = 17 sires
were available after editing, and p =17 fixed effects were included in the final model. The data can |
be observed in APPENDIX B. The REML estimates were obtained by using the MTDFREML

program developed by Boldman et al. (1995).

The mixed linear model used for this data structure, is the sire model of section (1.2),
Y=XB+Zy+¢e, where Y (879 x 1) vector of weaning weights. In this application, X is a
(879 x 17) design matrix of regressors, with one column corresponding to the overall mean weaning

weight, seven columns corresponding to the season of birth effects, six to the age of dam effects, one

to the sex of lambs effects, and two final columns corresponding to the birth status effects.

'B(17 x 1) is the vector of fixed effects. Using this notation, S, is the average weaning weight of
female lambs born in 1950 if the age of the dam is 8 years or older, and the birth status “triplets”.
P is the difference in average weaning weight between lambs born in 1943 and those born in 1950.
P is the difference in average weaning weight between lambs born in 1944 and those born in 1950.
Whilst S; is the difference in average weaning weight between lambs born in 1949 and lambs born in
1950, Bs measures the difference in average weaning weight of lambs with dams 2 years of age and
those with dams 8 years and older of age. Further, Bis is the difference in average weaning weight of
lambs with dams 7 years of age and those with dams 8 years and older of age. The difference in
average weaning weight between male and female laﬁBs is measured by £, and S5 rﬁeasures the
difference in average weaning weight between single births and triplets. Finally, B¢ is the difference

in average weaning weight between twins and triplets.
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The design matrix Z (879 x 17)'is a matrix identifying the random effects. Note that y is a

(17 x 1) vector of random effects consisting of the breeding values for the 17 sires for which the data

are observed.
1.8.2 Analysis of Variance Components

For the classical analysis, the estimates of the variance components are found by maximizing the
likelihood function as develobed by Patterson and Thompson (1971). Given these estimates, the Best
Linear .Unbiased Predictions (BLUBs) for y and 8 are then obtained by solving Henderson's mixed
model equations (equation (1.3)). Posterior means, and modes of the Traditional Bayesian analysis,l
95% credibility intervals, and the REML gstimates (along with standard errors) are summarized in
Table 1.1. The REML estimates of o’ and 0',2 are more similar to the modes of the posterior

distributions than the means. This is because the REML estimate represents the mode of the

marginal likelihood and thus might be better compared to the mode of the posterior distribution.

Table 1.1 REML and Traditional Bayesian Estimates (posterior values) for the Variance

Components, along with 95% Credibility Intervals.

REML | Traditional Bayes 95% Credibility

Parameter Mean Mode Interval
o’ 21.1096 | 21.2595 21.2619 |19.3130;23.2531
o} 3.08 4.9239 3.01 1.2461; 12.1343
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Using the posterior densities for o’ and 0',2, the marginal posterior densities are estimated as the
average of the conditional posterior densities, obtained from the Gibbs sampler, and are depicted in
Figures 1.1 and 1.2. Note that the distribution in Figure 1.2 is quite skew, resulting in a difference

between the posterior mean and posterior mode (quantities will not coincide).

S

Iy e

Figure 1.1 Histogram and Estimated Marginal Posterior Density of the Variance Component,

o,’ (Error variance).
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Figure 1.2 Estimated Marginal Posterior Density of the Variance Component 0',2 (Sire

variance).

The posterior means and modes of the Traditional Bayesian analysis and 95% credibility intervals

2
o
of functions of variance components like the intraclass correlation coefficient, p = ——27—2 , and the

o, +o,

: 2 '
variance ratio, v = —’2 are summarized in Table 1.2. It is evident from this table that the credibility
O-E
interval for the intraclass correlation coefficient does not contain 0.5. This result corresponds well to
the statement made by Wang et al. (1992) namely that from a genetic point of view, an intraclass
-23- ‘
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Table 1.2 Traditional Bayesian Estimates of Functions of the Variance Components, along

with 95% Credibility Intervals.

REML |Traditional Bayes 95% Credibility

Parameter Mean Mode Interval
Yol 0.127 0.1789 0.133 0.0550; 0.3658
v 0.146 0.2326 0.140 0.0582;0.5768

The posterior distributions of these functions are illustrated in Figure 1.3 below.

Figure 1.3 The Estimated Marginal Posterior Density of the (a) Intraclass Correlation

2
14

o
Coefficient, p = — > » and the (b) Variance Ratio, v =

o, +0; c

2
S

-
£
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We can conclude that a Bayesian approach to variance component estimation has several practical

advantages over a classical approach.

Firstly, although the estimate for a variance component is always positive, the REML estimate's
asymptotic distribution can generate interval estimates that include negative values. This potentially
embarrassing phenomenon is often overlooked in the discussions of likelihood-based methods. An

interval estimate such as a highest posterior density region will not include negative values.

Secondly, highest posterior density regions are never empty, whereas confidence intervals for the
ratio of two variances can be empty. One can also report the whole of the posterior probability
distribution, not just a single number, and report some measure of posterior precision. Finally,
classical estimators generally have intractable sampling distributions and standard errors are hard to

calculate (Van der Merwe & Botha, 1993)

1.8.3 Analysis of Random Effects

Table 1.3 contains the BLUPs (with the variance components fixed at the REML estimates) and
posterior means of the random effects (breeding values) for the 17 sires, along with the posterior
ranks of each animal based on its breeding value and 95% credibility intervals. To put these numbers
in perspective, progeny from sire 3 (ranked 1% according to its Trad. Bayes and REML estimates)
with an estimated breeding value of 3.4858 will therefore have an estimated average weaning weight
of 3.4858 kilogram more than the progeny froﬁm the rest of the sires. The progeny from sire 10
(ranked 17" according to its Trad. Bayes and REML estimates) on the other hand with an estimated
breeding value of -1.7983 will have ‘an estimated average weaning weight of 1.7983 kilogram less

than the average weaning weight of lambs from the rest of the sires.
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Further inspection of the credibility intervals in Table 1.3 shows that the lower bound of the 95%
credibility interval for the breeding value of sire 3 is 1.2143 whilst the upper bound is 6.1194. Since
this interval does not contain zero, we can be reasonable sure that the average weaning weight of
lambs born from sire 3 will be between 1.21 and 6.12 kilogram more than the average weaning
weight of lambs born from the other sires. Furthermore, by comparing th¢ 95% credibility intervals
of the breeding values in Table 1.3 it is clear that the upper limit of the interval in the case of sire 10
is smaller than the lower limit of the corresponding interval for sire 3. 'By implication this means that

sire 10 will never (very seldom) produce progeny with greater weaning weights than sire 3.
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Table 1.3 Estimated Breeding Values for 17 Sires from the Elsenburg Dormer Stud, Posterior

Rankings, 95% Credibility Intervals, and Standard Errors of REML Estimates.

Sire ID | Trad. Bayes | Rank | 95% Credibility Interval REML Rank | SE's
41037 0.7350 3 -1.4728 ; 3.4395 0.5781 3 1.06
41004 0.2478 6 -1.6531;2.6977 0.1396 6 0.92
41019 3.4858 1 1.2143;6.1194 3.33 1 0.99
43002 -1.1985 14 -3.7586 ;1.3778 -1.181 14 1.18
44170 -0.0930 7 -2.7340; 2.7585 -0.17 7 1.18
44174 -0.6524 10 -3.9471 ; 2.3055 -0.5694 10 1.34
44042 -1.3053 15 -3.6029 ; 0.9157 -1.2565 16 0.95
45070 -1.1460 13 -3.6855; 1.1319 -0.9631 13 0.93
45135 -0.5301 9 -3.2348 ; 1.9326 -0.5371 9 1.1
46015 -1.7983 17 -4.4578 ; 03174 -1.7092 17 0.96
46037 -0.8524 11 -3.2205; 1.4669 -0.8423 11 0.91
48014 -1.0059 12 -3.6639;1.2705 -0.9537 12 0.97
48052 -0.4208 8 -2.8863 ; 1.9739 -0.3019 8 1

48148 -1.4307 16 -4.0524 ; 0.9945 -1.256 15 1.1
49053 0.5309 4 -2.6618 ; 3.7327 0.463 4 1.31
49134 0.9219 2 -2.0470; 4.1511 0.795 2 1.34
49046 , 0.4395 5 | -2.9563 ; 3.7575 0.4059 5 1.41

It is evident from the table that the Traditional Bayes estimated are quite close to the REML
estimates. This is not surprising to us, since as showed by Harville, (1974) (see also Searle, Casella
and McCulloch, (1992)) that when uniform or “flat” priors é.re assigned to the vector of fixed effects

and variance components, the modes of the marginal posterior distributions are very close to the

REML estimates.
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If on the other hand proper priors were assigned to the unknown parameters and if the sample size
was quite small, the differences between Bayesian and non-Bayesian results could have been quite
substantial. The assignment of a proper prior to a specific parameter must however be justifiable

from a practical point of view.

The marginal posterior densities for the breeding values of sire 3 and 10, and the difference in

breeding values for these two sires, are displayed in Figures 1.4 — 1.6 respectively.

Figure 14 The Estimated Marginal Posterior Density of the Breeding Value for Sire 3 (y3),

ID41019.
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Figure 1.5 The Estimated Marginal Posterior Density of the Breeding Value for Sire 10 (10);

ID46015.
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Figure 1.6 = The Estimated Marginal Posterior Density of the Difference in Breeding Value

between Sire 3 énd Sire 10 (Y3 —10).

A key difference between REML/BLUP predictions and Bayesian inference is the treatment of the
variance components. To obtain the BLUP estimates, the variance components are fixed at a single
value, ignoring uncertainty associated with estimating their values. The Bayesian analysis
incorporates this uncertainty by averaging over the plausible values of the variance components,
making it a more feasible method of analysis, since these components are very important in

evaluating the breeding potential of the sires in the model.
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1.8.4 Analysis of Fixed Effects

Duéhateau et al. (1998) stated that the emphasis in breeding experiments is on the variance
components and on the prediction of particular random effects, but estimation of the fixed effects is
also important, thus Table 1.4 summarizes the estimated fixed effect for the mixed linear model
given the data along with selected joint marginal posterior dengities presented in Figures 1.8 — 1.12

(obtained from the Gibbs sampler).

Table 1.4 Estimated Values of Selected Fixed Effects, 95% Credibility Intervals, and REML

Estimates.
, Trad. | 950/ Credibility

Fixed Effect| Bayes Interval =~ | REML
B 22,9655 | 19.2315;26.9031 21.50
iza 5.3523 4.1515;6.5310 5.25
B 3.6690 | 2.9835;4.3353 3.54
Bis 9.4874 7.1923 ; 11.7688 9.35
Bis 2.9621 0.6574 ;, 5.2308 2.88

As described in section (1.9.1), B is the average weaning weight of female lambs born in 1950 if
the age of the dam is 8 years or older, and the birth status “triplets”. B, measures the expected
difference in average weaning weight between lambs born in 1949 and lambs born in 1950. It is

therefore clear that lambs born in 1949 had an average weaning weight of 5.3523 kilogram more than

lambs born in 1950.
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Figure 1.8 - Estimated Marginal Posterior Density of 3, the expected average weaning weight of

. female lambs born in 1950 if the age of the dam is 8 years or older, and the birth

status “triplets”.

Figure 1.9 Estimated Marginal Posterior Density of 3, the expected difference in average

weaning weight between lambs born in 1949 and in 1950.
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B4 measures the expected difference in average weaning weight between male and female lambs,
It can therefore be concluded that male lambs will have an average weaning weight of 3.6690
kilogram more than female lambs. From the 95% credibility interval it can be seen that the
difference in average weaning weight between male and female lambs can be as large as 4.3353

kilogram.

Figure 1.10  Estimated Marginal Posterior Density of f,,, the expected difference in average

weaning weight between male and female lambs.
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Bis measures the expected difference in average weaning weight between single births and

triplets. It can therefore be expected that single births will have an average weaning weight of

9.4874 kilogram more than triplets.

Figure1.11  Estimated Marginal Posterior Density of f5, the expected difference in average

weaning weight between single births and triplets.
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| Bis measures the expected difference in average weaning weight between a pare of twins at birth
and tri;;lets. Therefore, a pair of twins at birth will have an average weaning weight of 2.9621
kilogram more than triplets. It is therefore clear that birth status can dramatically affect the expected
weanir;g weight of a sire's progeny, thus affecting its breeding value. According to van Wyk (1992)
single born lambs constitute only 36.02% of all lambs born whilst twins and triplets make up 59.93%

and 4.05% respectively.

Figure 1.12  Estimated Marginal Posterior Density of s, the expected: difference in average -

weaning weight between a pare of twins at birth and triplets.
One appealing future of the Gibbs simulation approach to the Bayesian data analysis is that we

obtain an approximate sample from the joint distribution of all the unknown parameters given the

data. This sample provides adequate information to estimate any quantity of interest.
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1.9  Chapter Summary

The present chapter illustrated an extension of the Gibbs sampler to solve problems arising in
animal breeding theory. Formulae were derived and presented to implement the Gibbs sampler in a
more general mixed linear model. With this extension, a full Bayesian solution to the problem of
inferer;ce about variance components, functions thereof, and random effects in such a mixed linear
model was possible. Once the marginal densities were obtained from the Gibbs sampler, if was easy
to calculate summary statistlics from the posterior distributions, e.g. posterior means, modes and
credibility intervals. Moreover, as mentioned before, the similarities between the Bayesian and
REML estimates were not surprising to us because of the assignment of uniform or “flat” priors to
the vector of fixed effects and variance components. If on the other hand proper priors were assigned
to the unknown parameters and if the samble size was quite small, the differences between Bayesian

and non-Bayesian results could have been more substantial.

Arguing from a Bayesian viewpoint, the Gibbs sampling turned an analytically intractable
multidimensional integration problem into a feasible numerical one, and is conceptually more

appealing than the classical approach.

Since the Gibbs sampler is now established in animal breeding problems, the objective of the
thésis will be to extent some selected issues regarding The Mixed Linear Model in animal breeding,
e.g. The Bayesian Method of Moments (BMOM) approach to the full Bayesian solution, Reference -,

Probability-Matching -, and Dirichlet Process Priors for the random effects.

© Parts of this chapter have been published in the South African Statistical Journal.
(See Van der Merwe et al. 2000)
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CHAPTER 2

«Bayesian Method of Moments»

Introductory words: Afier reviewing the purposes and basic principles of the BMOM approach previously
presented and applied by Zellner and co-workers to multiple and multivariate regression models as well as
simultaneous equation problems, a new application of the approach is presented. In this section the BMOM

procedure is extended to the Mixed Linear Model with illustrative examples from the animal breeding theory.

2.1  Prologue

On the BMOM and the capability of comparing BMOM and Traditional Bayes models, Barnard

(1997) has written:

“And above all any method is welcome which, unlike nonparametrics, remains fully quantifiable without
paying obeisance to the model which one knows is false. And your proposal to compare BMOM resuits

with a model based one should achieve the best of both worlds.”
'In addition, Laskey (1997) comments:

“When prior knowledge about the form of the likelihood function is extremely weak, standard Bayesian
andlysié can be ‘brittle’ in the sense of (1) producing absurd conclusions given not-obvious-absurd inputs

and (2) being extremely sensitive to minor variation in inputs. On the other hand, BMOM gives good
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answers for the questions it addresses while not purporting to go beyond the information that is really there

in the prior and the data.”

Another view of BMOM is provided by Soofi (1997) in the following words:

| consider the BMOM as an ingenious contribution to the entire field of statistics. The BMOM is elegant
and easily applicable because it is free from the strong UNVERIFIABLE assumptions that we usually make
Just in order to enable us to handle a problem.”

(see Zellner et al. (1999) for quotes)

In the . traditional likelihood and Bayesian approaches, it is usually assumed that enough

information is available to formulate a likelihood function and, in the Bayesian approach, a prior

density for the parameters of the selected likelihood function. However, if not enough information is
available to specify a form for the likelihood function, then clearly there will be problems in both the
traditional likelihood and Bayesian approaches. In situations like this, some resort to non-likelihood
based methods is proposed, e.g. the Bayesian Method of Moments (BMOM), first introduced by
Arnold Zellner in 1994. Given the data, BMOM enables researchers to compute post data densities
for parameters and future observations if the form of the likelihood function is unknown. The
BMOM approach provides a solution to the famous inverse problem proposed by Bayes (1763) and

hence the name Bayesian Method of Moments.

As illustrated in Chapter 1, an essential element of the Bayesian approach is Bayes’ theorem, also
referred to in the literature as the principle of inverse probability. In problems invol?ing “inverse
probability” we have given data and from the information in the data try to infer what random
process generated them. On the other hand, in problems of “direct probability” we know the random

process, including values of its parameters and from this knowledge make probability statements
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about outcomes or data produced by the known random process. Problems of statistical estimation
are thus seen to be problems of “inverse probability”, whereas many gambling problems are

problems in direct probability.

In the BMOM approach the posterior and predictive moments, based on a few relatively weak
assumptions are used to obtain maximum entropy densities for the parameters, realized error terms

and future values of the variables. Shannon (1948) defines entropy (or uncertainty) as

= — /p(y) log p(») dy @2.1)

where p(y) is a probability density function. Maximizing W subject to various side conditions is well
known in 'th‘e literature as a method for deriving the forms of minimal information distributions.
Shannon (1948) has also indicated how maximum entropy (ME) distributions can be derived by a
straightforward application of calculus of variation techniques. In particular he has shown that the
ME distribution that maximizes entropy subject to a normalization condition is just the uniform
distribution. By adding additional side conditions given the first two moments of the distribution are
imposed, the ME distribution is the normal distribution. On the other hand if just the side conditions
on the zero‘h‘and first moments are utilized, the maxent density is an exponential density. For
discussion and application of maximum entropy, see for example Jaynes (1982, 1988); Shore and ‘

Johnson (1980); Cover and Thomas (1991); Zellner and Highfield (1988) and Zellner (1997).

In the sections to come, the theory and results derived by Zellner (1997) will be extended to the
mixed linear model, with an appropriate example from an animal breeding experiment. We will also
discuss coherent procedures of updating BMOM maxent post-data densities for parameters and future ‘

observations.
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2.2 Review of the BMOM appi'oach

In Table 2.1, the inputs and outputs of the Traditional Bayesian (TB) and the BMOM approaches
are suﬁmarized. In both approaches, given the data is an important input along with an entertained ‘
model for the given data, say the mixed linear model. In the TB approach sampling assumptions for
the da.ta or the model’s error terms are introduced in order to obtain a likelihood function. This
likelihood function and the prior density for its parameters are inputs to Bayes’ theorem and the
outputs are posterior and predictive densities fc‘>r parameters, realized error terms and future

observations.

It is evident that in the BMOM approach no sampling assumptions about the given observed data
are made. Rather certain assumptions are made about the realized error terms’ properties. Given
these assumptions, posterior moments of the parameters are derived that incorporate the information
in the~giv'en' data. These moments are then used as side conditions in the derivation of maxent

probability density functions for the parameters, realized error terms and future observations.
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Table 2.1 Inputs and Outputs of Traditional Bayesian and BMOM Approaches.

A. Traditional Bayesian Approach

INPUTS OUTPUTS
l. Data, D l. Posterior Density
2. Prior information, I, 2. Predictive Density
3. Sampling Assumptions 3. Point & Interval Estimates
4 Data Density & Likelihood Function 4. Point and Interval Predictions .
5. Prior Density
6. Bayes’ Theorem

B. BMOM Approach

INPUTS OUTPUTS
1 Data, D SAME AS ABOVE
.2. Prior Information, I,
3. Mathematical Form of the model
-4 Moments of parameters and future values
5. Maxent Principle
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2.3 Extension of the BMOM to the Mixed Linear Model

[n section 1.2 the mixed linear model in its simples form was defined as

Y=XB+Zy+¢. 2.2)

In the introductory paragraph it was stated that the BMOM approach is particular useful where there
is difficulty in formulating an appropriate likelihood function. Without a likelihood function, it is not
possible to pursue traditional likelihood and Bayesian approaches to estimation and hypothesis
testing. In the next section only the mathematical form of the model as defined in (2.2) will be used,
i.e. no épeciﬁc distribution will be assigned to the vector & The likelihood function will therefore be
considered as unknown. This is different from the assumption in the previous sections. Let us for

the time being assume that y is given, (2.2) can then be written as
Y-Zy=Xf+¢ (2.3)
Y*=XB+¢. (2.4)
For givén 7, we will take Y * as our new dependent variable. Equation (2.3) is now the usual
multip}e rgg_ression model. To assume that the model in (2.3) is adequate implies, among other

things, that there are no systematic elements in the realized error term vector &, correlated with

variables in X. This assumption is formalized as Assumption 1 in the BMOM approach as follows:

-42.




Bayesian Method of Moments and the Mixed Linear Model

Assumption 1:

X'E(e|D,y)=0

where E(¢ | D, y) denotes the post-data mean of the realized error vector &, given the data and y ;

that is, the given, unknown values of the elements of the realized error vector are considered
subjectively random, just as in Bayesian analysis of the realized error terms (Chaloner & Brant,

1988; Chaloner, 1994; Zellner & Moulton, 1985). Thus, the assumption indicates that the columns of
X are orthogonal to the vector E(¢| D, y ). Further, from (2.4) by taking the posterior expectation, it

follows that
Y*=XE(B|D,y)+E(e|D,y) .

and Assumption | implies that the observation vector Y * is the sum of two orthogonal vectors. Note

also since the first column of X is a n x 1 'vector of ones, denoted by /, we have from the assumption,

I'E(e|D,y)=0 (2.5)

or

E[l y s,]=E(E|D,7)=O. (2.6)

i=]
Thus, given that we assume that we have an appropriate form and an adequate number of terms

included in -(2.4), the expectation of the mean of the realized error terms is assumed equal to zero,

i.e. there is no systematic component in the realized error vector.
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Proof:
If we multiply both sides of (2.4) by (X'’X)" X/, we obtain
B=(XX)"'XY*=8+(XX)"Xe. .7
Now take thg post-data expectation of both sides in (2.7), noting that E(S | D) = ﬁ , we have
f = E(BID.7)+(XX)" X'E(e | D.7) @8)
and from Assumption |
E(BID,y)=f=(XK)"XY*". (29)

That is, the post-data expectation. of the regression coefficient vector is equal to the least squares

estimate. Further, the post data mean of the realized error vector in (2.4) is
E(c|D,y)=Y*-XB=¢ (2.10)

where £ is the least squares residual vector that satisfies X'& =0. Note also that from (2.7) and

(2.10),

-44.




Bayesian Method of Moments and the Mixed Linear Model

Y*-XB-(Y*-Xp)
=Y*-XB-{Y*-X(B+(XX)"'X'e)}
=X(X'X)'X'¢

=X(X'X)'X'(g-¢)

E—-& =

2.11)

where the last step follows from the orthogonality condition mentioned above, X'é =0. We can

thus write

Var(e|D,y) = E{(e - &)(e - £)| D, y}

) ) (2.12)
= X(X'X)'X'E{(e-8)(e-8) | D,y X(X'X)'X'

which defines a functional equation that the post-data covariance matrix for &, Var(¢|D,y) must
satisfy. Since there are only p free elements of £ in the n equations in (2.4), Var(¢ | D,y) must be of

rank p. Thus we introduce the following assumption that fixes the form of the realized error vector

up to a multiplicative positive scalar multiplier.

Assumption 2:

Var(e| o2,D,7) = o X(X'X)" X'

where o’ is a variance parameter to be defined below. We use Assumption 2 to evaluate the post-

data covariance matrix of 5 as follows

Var(f|c2,D,y) = E{B - B)B - BY | D.y}
= (XX)"X'E{B - B)(B - B'| D,y XX'X)* @.13)
~ o X%’
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1 1] 5 1
where g,/ = —Ze,‘ =—ce.
nic n

It is seen.that the parameter o’ is represented as an average of the sum of squared deviations of

the realized error terms from their expected mean of zero, E(Z‘I D, y) =0 which follows from

Assumption 1.
Proof:

Using the definition of o’ we have

E(c}|D;y)= E%(s’s ID,y)
- B~ {(Y*-X8)(X*-Xp)| D7}
_ E%[{(X* ~XB) - (X - XD (X *-X[) - (X - X D,r}

- -l Xpy(¢ s -Xp) - 20¥ *-XBY (X0 - X) + (8 - HYX X8 - DI 7]

Since the middle term is equal to zero, Y* X - B’ X'X =0, it follows that

. E(6?|D,y) = % e+ E(p- BY(XX)B-B) D7)

= L{e2 4 pE(0? | D,y
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) £'¢
Thatis, E(c}|D,y)= fe s
n-p

(2.14)

Note that this post-data expectation differs from the post-data mean of o, in a diffuse prior- -

2
. For small
2

normal likelihood traditional Bayesian approach (TB), namely E,, (o’ |D,y) = P

values of k = n — p, the last expression is much larger than s*>. As pointed out in Zellner (1996),
Tobias and Zellner (1999) and mentioned in the introduction, the proper maxent density for S given

o2, D and ¥ can now be derived from the above assumptions.

Corollary 1: The proper maxent density for o, using the first moment of o given in (2.14) is an
exponential density,

2

1
ha(o-j |’D:7)=s_zexp{_:;} 0<0'§<oo

(2.15)

which will be called BMOM 1.

Corollary 2: The proper maxent density for f3 given o, D and y, using the first two moments is a

normal distribution

fv(B16%,D,7)~ Mg, x%)" 02|
(2.16)

From (2.15) and (2.16) it follows that

p(B.alID,y) = f,(Blcl.D,y)h, (5} ],D,y). 2.17)
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Also, as shown in Tobias and Zellner (1999) and Zellner (1997), higher order post-data moments of

o,’ can be evaluated and used as moment side conditions in deriving maxent densities.

Corollary 3: The proper maxent density for o) using the first four moments of o, can be

approximated by a Pearson density. This approach will be called BMOM 2

By éxtending the method of Tobias and Zellner (1999), these higher order post-data moments of

o’ can be obtained in the following way. From the definition of o/ it follows that

1
ol=~¢ce=
n

2 + (8- FXx)B - B) \

S |— 3|

(ks2 +0'52Q)
2.18)

. 1 . .
and from (2.16) it follows that Q =—-(8 - B)(X'X)(8 - ) has a chi-square density with p

3

degrees of freedom.

As shown by Tobias and Zellner (1979) this fact can be employed to evaluate the moments of &;° as

illustrated below. From (2.18) it follows that
2 1 J
o = — (ks* +o20) for j =1,2,..... (2.19)

By using the binomial expansion and known moments of x,,z, the following recursive formulae can

be derived:
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-1
(ks®)’ + JZ ......
E(c} |D,y)= = . 220)

Thus, from expression (2.20) the first two moments above zero and the variance of o, are given by

E(c?|D,y) =57,

sYkP+2
! |D,y) =S 20
A n"-p(p+2)
Var(ol | D,y) = s4[——2—2p——}
n’ - p(p+2)

(2.21)

A similar approach as just described can be used to obtain the post-data densities of y and o‘,z .
For the mixed linear model defined in (2.2) we can also assume that £ instead of y is known.

Equatidn (2.2) can then be written as

Y-Xf=Zy+¢
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Using the same arguments as given in (2.7) — (2.16) it follows that the maxent density for y is
normal with mean, y = (Z'Z)"Z'i and variance 5},2 =(Z'Z)"'o}. To implement the normal
prior for ¥ (which is an integral part of mixed linear model analysis) the likelihood of y given o

and S ‘is considered to be proportional to the maxent density.

Multiplying the likelihood with the prior (1.6) gives

1 . R 1 o
exp{— ;2—(}’"7)'(Z'Z)(7‘}’)}X3XP{—2—0‘77'A }’} (2.23)

4

which implies that the posterior distribution of » is normal with density

-1
2
O-E

P:V(7|ﬂ,°f,0'j,D~Nq 7:[Z'Z+A_] 9’

‘<~|<’1N

(2.24)
2

-l
where 7 = [Z'Z +A™ "—ZJ Z/(Y - XP).
, (o2

4
Equation (2.24) is identical to the conditional posterior derived in the traditional Bayesian case

(equation (1.10)). Also, the conditional posterior density for o/ in the BMOM case is identical to

equation (1.12), this follows from the normal prior density (equation (1.6)).
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Finally, we note that the post-data moments for 0.’ can be employed to compute post-data
densities for the realized error terms and functions of the realized errors that are often useful for

diagnostic purposes as has been recognized in the traditional Bayesian analysis; see Chapter 1.

Having derived a range of post-data densities for the mixed linear model and indicating how
BMOM analysis can be performed, we now turn to implement the Gibbs sampler to obtain the

posterior densities for the model parameters.
2.4  The Gibbs Sampler

The Gibbs sampler is once again employed to obtain finite sample post-data parameter densities
as described for the traditional Bayesian approach (Chapter 1) with one exemption that in the BMOM

case, o> would be sampled from different maxent densities, i.e.

2

e A, (052 |, D,y) = —12— exp{ e } - 0< 0'52 <o (see also equation (2.16))
s

52
for the BMOM 1, using one moment, and for BMOM 2 using the recursive equation

(ks*)’ +Z({ }(ksz)f" E(@? D) p(p+2)e(p+2Gi-1))]
e E(0Y|Dy)=- =

(see also equation (2.20))

and a Pearson curve approximation with four moments.

YOV.S. BIBLIOTEER
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Thus, the Gibbs sampler for p(f3, y,o;" : 0','7 | D) is:

0 Select starting values for y O 52O cr,2 © Seti=0.
(N Sample 87" from (1.9),

2) Sample o.2 """ from (2.16; 2.20 or other densities),

(3)  Sample y """ from (1.10),

(4)  Sample ;""" from (1.12),

~(5) - Seti=i+] and returnto (1).

2.5  Another Bayesian Method of Moments Approach for the Mixed Linear Model

In this section another approach to the BMOM analysis will be given which is “more distribution

free” or “less likelihood” than the previous one.

As in section 2.3 the proper maxent densities of # and o, will be obtained by using Assumptions

1 and 2. These densities are given in equations (2.15) and (2.16). Higher order post-data rﬁoments of

o, can also be calculated and used as moment side conditions in deriving other maxent densities.

The derivations that follow will however be different from those given in equations (2.22) and (2.24).

Substitute starting values }/(0) and f# @ in equation (2.2), to calculate
e =Y-XBO -7y, (2.25)

Also for given }/(0), draw 0'52“) and ﬁ(') from (2.15) and (2.16). A new ¥ which will be called
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yO =(zz)'z(Y-Xp" -e®) (2.26)
can now be calculated as well as

> 1 -
720 = (v A @)

where “post” means “posterior”. To implement the normal prior assumption for y (equation (1.6))

drawa y)

post

from the normal distribution N((_), Gf(])A) and calculate

e =Y-XpM -Zy¥ , (2.28)

prior

to complete the first iteration. After £ iterations in which the conditional distributions were updated

2(k)

at each iteration, the Gibbs sampler has generated the values S, }/22,, o, and oX® . The

4

process is then repeated m times.

For jour practical problem the BMOM posterior densities using in this section and those derived
from the previous section were for all purposes the same. It is therefore clear that in the case of the
BMOM analysis the posterior moments, based on a few relatively weak assumptions can be used to
obtain post data densities (maximum entropy densities) for parameters and realized error terms
without the use of the likelihood function or prior density. The assumption of no prior information
has as consequence different types of derivations (pdst data densities) that differ from those obtained

using the traditional Bayesian approach where prior information was assigned to the unknown

2 2
parameters B, ¥, o, and O, .
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As mentioned no prior densities are necessary for the BMOM procedure but if some prior
information is available it can be built into the BMOM procedure. Since the assumption of a normal

prior fdr the random effects y is an integral part of the mixed linear model, the prior density

y ~ N(O, o’f»A) is also used in the BMOM analysis.
2.6 AnExample
2.6.1 The Data

Consider the Dormer sheep stud of Elsenburg (see section 1.8.1). Recall that the sheep used in
the analysis were born in the period 1943 — 1950. A total of n = 879 weaning weight records, from
the progeny of ¢ = 17 sires were available after editing, and p = 17 fixed effects were included in the

final model.

The mixed linear model used for this data structure, is the sire model of section (1.2),
Y =X[+Zy+¢, where Y (879 x 1) vector of weaning weights. S(17 x 1) is the vector of fixed

effects, and X a (879 x 17) design matrix of regressors, with one column corresponding to the overall
mean weaning weight, seven columns corresponding to the season of birth effects, six to the age of

dam effects, one to the sex of lambs effects, and two final columns corresponding to the birth status

effects. Furthermore, Z is a (879 x 17) matrix identifying the (17 x 1) vector of random effects ¥

consisting of the breeding values for the 17 sires for which the data are observed.
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Finally, £ is an unobservable vector of random residuals (879 x 1) such that the distribution of &
is assumed to be independent normal with mean vector 0 and variance-covariance matrix o’ L. 1,

represents an identity matrix (879 x 879).

MATLAB software has once again been developed to generate the samples that enabled us to
obtain-the finite sample post-data parameter densities, using the Gibbs sampler. The full conditional
posteriors are updated after every iteration. The first 1 000 draws of each chain are discarded, and
then every 10™ draw is saved. By saving every 10" draw, the chain yielded a posterior sample of

1 000 approximately uncorrelated draws. All posterior analyses are based on these m = 1 000 draws.
2.6.2 Analysis of Variance Components

Posterior modes of the Traditional Bayesian analysis from Chapter 1, post-data estimates obtained
from the BMOM approach, drawing first from an exponential distribution (BMOM 1) and then from
a Pearson Type 4 curve (BMOM 2), as well as the 95% credibility intervals for the variance
components are summarized in Table 2.1. Functions of the variance components (o and v) are given
in Table 2.2. The post-data .densities for the variance components are provided in Figures 2.1 and

2.2, and for p and v in Figure 2.3.

Table 2.1 Traditional Bayesian Estimates (posterior modes) and Estimates from the BMOM

Analysis of the Variance Components, along with 95% Credibility Intervals.

| 95 % Credibility 95 % Credibility
Parameters| Trad. Bayes | BMOM 1 |Interval (BMOM1)] BMOM 2 [Interval (BMOM?2)

o) 21.2595 21.1125 0.0000 ; 64.5875 20.2873 | 19.9979; 20.6214

0',2 3.01 3.86 1.5651 ; 14.3427 3.16 1.2464 ; 13.1652
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From Table 2.1 it is evident that there is not much difference between the traditional Bayesian

estimates and the BMOM estimates for the error variance, o.’. However, the 95% credibility

interval for o” in the case of the BMOMI differs substantially from the corresponding interval for
BMOM 2 (and the Traditional Bayes). This is as expected because the exponential density is quite
skewed: By imposing additional side conditions in the case of BMOM 2 and thus reducing entropy,
the Pearson Type 4 curve is more informative than the exponential density. Note that the distribution
in F igfxre 22 is quite skewed, fesulting once agairi in a difference between the posterior means and

posterior modes and discrepancies in credibility intervals.

Figure 2.1 Estimated Marginal Post-data Densities for ;’ in the case of BMOM 1 (a) and
BMOM 2 (b). Note that BMOM 1 is a proper maxent density (exponential)
2

which has mean E(c}) = s°, while BMOM 2 is a proper Pearson type 4 curve

density.
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— BMOM?2
—— Trad. Bayes

Figure 2.2 Estimated Marginal Post-data Densities for o, in the case of BMOM 1 (short
dashed line), Mean = 5.6778; BMOM 2 (long dashed line), Mean = 5.0361 and

the Traditional Bayesian Density (solid line), Mean = 4.9239.

We also observed the same type of parameter behavior for functions of the variance components in

Table 2.2.
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Table 2.2 Traditional Bayesian F;stimates (posterior modes) and Estimates from the BMOM

Analysis of Functions of the Variance Components, along with 95% Credibility

Intervals.
95 % Credibility 95 % Credibility
Parameters| Trad. Bayes | BMOM 1 |Interval (BMOMI1) BMOM 2 {Interval (BMOM2)
‘ p 0.133 0.102 0.0417; 0.8351 . 0.155 0.0577 ; 0.3944
v 0.140 0.082 0.0435 ; 10.2976 0.162 0.0613 ; 0.6513

Except for BMOM 1, the 95% credibility interval for the intraclass correlation coefficient does
not contain 0.5. This result corresponds to the statement made by Wang, et al. (1993), namely that
from a genetic point of view, an intraclass correlation of 0.5 is not possible in a sire model.
Moreover, the 95% credibility of p in the case of BMOM 1 differs substantially from the
corresponding intervals for BMOM 2 and Traditional Bayes. This was expected because the
exponential density (the maxent using only one moment) is quite skewed. In practice usually two or
more moments are available. The credibility intervals for BMOM 2 and Traditional Bayes on the
other hand are for all purposes the same. Indeed, if proper priors were assigned to the variance
components, and if the sample size was quite small, the difference between the BMOM and
Traditional Bayes results could have been quite substantial. The assignment of a proper prior to the

variance components must however be justifiable from a practical point of view. In some animal

breeding experiments for example it is known that 0'72 < gof . This information can, if necessary,

=) o~

' : : -1 : .
be used to formulate a proper prior on the interval [0; 5 for the variance ratio v =

)8
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BMOM 1
— BMOM?2
—— Trad. Bayes

Figure 2.3 The Estimated Marginal Post-data Density of the (a) Intraclass Correlation

. c ,2 ) . 0',2
Coefficient, p = — > and the (b) Variance Ratio, v = —5-
o, +0, o,

2.6.3 Analysis of Random Effects

The posterior distributions of the random effects can be obtained directly from the Gibbs sampler.
Table 2.3 contains the post-data means and corresponding post-data rankings based on the mean
values of the random effects (breeding values) for the 17 sires. It is evident from the table that the
estimates using the different procedures are quite close to each other. The Traditional Bayes and

BMOM 2 estimates are for all practical purposes the same.
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Rather than to comment on results for all 17 sires, we will focus our discussion on the two

animals ranked highest using the Traditional Bayes and BMOM analysis.

Table 2.3 -Estimated Breeding Values for 17 Sires from the Elsenburg Dormer Stud, and Post-data
Rankings using BMOM and Traditional Bayesian approaches. REML estimates along

with Standard Errors are also included.

Sire ID | Trad Bayes | Rank | BMOM 1 | Rank | BMOM 2 | Rank | REML | Rank | SE's
41037 0.7350 3 0.8889 3 0.7098 3 0.5781 3 1.06
41004 0.2478 6 0.3397 6 0.2415 6 0.13%6 6 0.92
41019 3.4858 1 3.6370 1 3.4931 1 3.3300 1 0.99
43002 -1.1985 14 -1.3089 14 -1.246 14 |-1.1810| 14 | 1.18
44170 -0.0930 7 -0.0387 7 -0.0943 7 -0.1700 7 1.18
44174 -0.6524 10 -0.7942 10 -0.6847 10 [-0.5694 | 10 | 1.34
44042 -1.3053 15 -1.3338 15 -1.356 15 |-1.2565| 16 ]095
45070 -1.1460 13 -1.1793 13 -1.1833 13 | -0.9631 13 1093
45135 -0.5301 9 -0.5069 9 -0.5984 9 -0.5371 9 1.10
46015 -1.7983 17 -1.8758 17 -1.8861 17 |-1.7092 ] 17 |0.96
46037 -0.8524 11 -0.8960 11 -0.9098 11 |-0.8423 | 11 091
48014 -1.0059 12 -1.1001 12 -1.0759 12 1-09537] 12 |097
48052 -0.4208 8 -0.4541 8 -0.4708 8 -0.3019 8 1.00
48148 -1.4307 16 -1.5019 16 -1.475 16 |-1.2560¢{ 15 | 1.10
49053 0.5309 4 0.8152 4 0.4479 4 0.4630 4 1.31
49134 0.9219 2 1.3176 2 0.9641 2 0.7950 2 1.34
49046 0.4395 5 0.6804 5 0.3379 5 0.4059 5 1.41

The post-data densities for the top three sires and the sire ranked lowest (ID46015) are included in

Figures 2.4 - 2.7
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Consider the results of the BMOM 2 analysis for the discussion. As might be expected, the best
two sires from the two analysis overlap, with the progeny from Sire 3 ranked 1* according to its
Traditional Bayes, BMOM and REML estimates. With an estimated breeding value of 3.4931, the
progeny from this sire will therefore have an estimated average weaning weight of 3.49 kilogram }
more than the progeny from the rest of the sires. Also, the progeny from Sire 16 (ID49134 and
ranked 2"), with an estimated breeding value of 0.7950 will have an estimated average weaning
weight of 0.8 kilogram more than the average weaning weight of lambs from the rest of the sires.

The rest of the estimates can be interpreted in the same fashion.

Another appealing feature of the proposed simulation approaches to BMOM and Traditional
Bayes data analysis is that there are only minor disagreements on post-data rankings in the next
fifteen sires. In comparing the REML ‘and BMOM estimates, the only difference in posterior
rankings is reported for Sire 7 (ID44042) and Sire 14 (ID48148). In the REML analysis, Sire 17 is
ranked 16™ and Sire 14 ranked 15" whereas a visa versa ranking is evident from the Traditional
Bayes énd BMOM analysis. Once again this is not surprising to us, since as showed by Harville,
(1974)~ (see also Searle, Casella and McCulloch, (1992)) that when uniform or “ﬂaf” priors are
assigned to the vector of fixed effects and vériance components and normal priors for the random
effects, the modes of the marginal posterior distributions are very close to the Traditional Bayes

estimates.

Thus, this sample provides adequate information to estimate any other quantities of interest, e.g.
we can also address the question of how well we can detect the best animal, as well as probability
distributions of rank positions for the top sires in the stud. Indeed, the estimates in Table 2.3 indicate
that there is minor uncertainty about the exact breeding value of individual sires, and it likely

indicates considerable certainty about the best selection.
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— BMOM?2
—— Trad. Bayes

Figure 2.4 Estimated Marginal Post-data Densities for Sire 3 (ID41019) ranked 1* according to

Traditional Bayes, BMOM and REML Estimates.

--- BMOM 1
— BMOM?2
—— Trad. Bayes

Figure 2.5 Estimated Marginal Post-data Densities for Sire 16 (ID49134) ranked 2™ according

to Traditional Bayes, BMOM and REML Estimates.
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--- BMOM 1
— BMOM?2
— Trad. Bayes

Figure 2.6 Estimated Marginal Post-data Densities for Sire 1 (ID41037) ranked 3" according to

Traditional Bayes, BMOM and REML Estimates.

— BMOM?2
—— Trad. Bayes

Figuré 2.’7 Estimated Marginal Post-data Densities for Sire 10 (ID46015) ranked 17" according

to Traditional Bayes, BMOM and REML Estimates.
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2.6.4 Analysis of Fixed Effects

The object of interest in this present section may not only be the values of the fixed effects,
Table 2.4a —c, bgt also the post-data densities thereof. With respect to the values of the estimates,
we have previously demonstrated how these values must be interpreted numerically. Following the
results of the Traditional Bayes and BMOM analysis, we now focus upon the post-data densities of

the fixed effects that are depicted in Figures 2.8 - 2.11.

Table 2.4 Traditional Bayesian Estimates (a), Estimates from the BMOM 1 (b) and Estimated

from the BMOM 2 analysis (c).

()
Fixed Effect| Trad. 95% Credibility
Bayes Interval
Bo 22.9655 | 19.2315;26.9031
57 5.3523 4.1515,6.5310
B 3.6690 2.9835;4.3353
Bis 9.4874 7.1923 ; 11.7688
Pis 2.9621 0.6574 ;, 5.2308
(b)
Fixed Effect BMOM 1 95% Credibility
Interval
So 23.0226 | 19.1496;27.0333
iz 5.2995 4,1210;6.3710
B 3.6757 3.0873;4.3134
Bis 9.5505 7.5584 ; 11.6362
Bis 3.0469 1.0836; 5.0166

-64-




Bayesian Method of Moments and the Mixed Linear Model

()
Fixed Effect) BMOM 2 | g0, Credibility
Interval

So 22.947 19.3359 ; 26.6482
iz 5.3037 41175 ; 6.4561
i 3.6854 3.0037,4.2923
Bis 9.4580 7.2886; 11.5086
Bis 2.9574 0.7831; 5.0853

An inspection of the post-data densities of the selected fixed effects shows that the difference
between traditional Bayesian and BMOM‘results can be quite substantial, especially in the case of
BMOM 1. ‘Since no likelihood was assumed for the BMOM analysis, these post-data densities
depended on the form of the maxent densities that in turn depended on the number of moments used.
We observed that by imposing only one side condition (exponential density with one moment), the
post-data density for BMOM 1 is more “spiked” than for traditional Bayes or BMOM 2. The double
exponential effect of the marginal post-data densities of the fixed effects in the case of BMOM 1 can

easily be recognized from Figures 2.8 — 2.11 below.
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--- BMOM 1
— BMOM 2
— Trad. Bayes

Figure 2.8  Estimated Marginal Post-data Densities for the Expected Difference in Average

Weaning Weight between lambs born in 1949 and in 1950 as measured by 5.

--- BMOM 1
— BMOM2
—— Trad. Bayes

Figure 2.9 Estimated Marginal Post-data Densities for the Expected Difference in Average

Weaning Weight between male and female lambs as measured by S,,.
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BMOM 1
— BMOM?2
— Trad. Bayes

Rl
Figuré 2.10  Estimated Marginal Post-data Densities for the Expected Difference in Average

Weaning Weight between single births and triplets as measured by f;s .

— BMOM?2
—— Trad. Bayes

Figure 2.11  Estimated Marginal Post-data Densities for the Expected Difference in Average

Weaning Weight between a pare of twins at birth and triplets as measured by f4.
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2,7  Chapter Summary

In this chapter we have indicated how to apply the Bayesian Method of Moments procedure in the
analysis of the mixed linear model when information in not available to formulate a likelihood
function. On introducing and proving simple assumptions relating to the moments of the realized
error terms and the future, as yet unobserved error terms, we derived post-data moments of
parameters and future values of the dependent variable. Using these moments as side conditions,
proper maxent densities for the model parameters were derived and could easily be computed for the

Dormer data set.

Further, it was evident that in the proposed BMOM approach, no sampling assumptions about the
given observed data were made. Rather‘cenain assumptions were made about the realized error
terms’ properties. Given these assumptions, posterior moments of the parameters were derived that
incorporated the information in the given data. These moments were then used as side conditions in
the derivation of maxent probability deﬁsity functions for the parameters, realized error terms and

future observations.

It was also shown that in the computed example,' where use is made of the Gibbs sampler to
compute finite sample post-data parameter densities, some BMOM maxent densities are very similar
to the traditional Bayesian densities, whilst others are not. As mentioned several times before, this is
expectéd, éince as showed by Harville, (1974) (see also Searle, Casella and McCulloch, (1992)) that
when uniform or “flat” priors are assigned to the vector of fixed effects and variance components and
normal priors for the random effects, the modes of tﬁe marginal posterior distributions are very close

to the Traditional Bayes estimates.
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From the aforementioned, it should be appreciated that the BMOM approach yields useful inverse
inferences without using assumed likelihood functions, priof densities for their parameters and
Bayes’ theorem. Hence, it is the case that the BMOM techniques extended in the present thesis to the
mixed linear model provide valuable and significant solutions in applying traditional likelihood or

Bayesian analysis in animal breeding problems.

“Finally, the BMOM is elegant and easily applicable because it is free from the strong

UNVERIFIABLE assumptions that we usually make just in order to enable us to handle a problem.”

© Parts of this chapter have been published in the South African Statistical Journal.
(See Van der Merwe et al. 2000)

© Parts of this chapter have been accepted for publication in the ‘Collection of Refereed Articles’ — ISBA2000".
(See Van der Merwe and Pretorius 2001)

' International Society for Bayesian Analysis
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CHAPTER 3

«The Dirichlet Process»

Introductory words: It is very important to accurately model the distribution of the random effects when
predictions of future observations from a given subject are desired. From the Bayesian perspective, inferential
interest in the present chapter focuses on the posterior distribution of the random effects. Allowing
distributions other than the normal for the random effects may more accurately model our prior beliefs, or it

may allow us to better express our uncertainty about the true distribution of the random effects.

3.1 .Prologue

In his .19.72 review of Bayesian statistics, Dennis Lindley identified as a success story for
Bayesian ideas th;e advances made in problems of many parameters and the growth of what is now
referred to as Bayesian Hierarchical Modeling. He also identified non-parametrics as an area
notable for lack of Bayesian progress, bemoaning the fact that non-parametric statistics was a
‘subject about which the Bayesian method is embarrassingly silent’. However, it is undoubtedly the
case that the wide application of hierarchical models is one of the major success stories of modern
Bayesian statistics since the early nineties, with tremendous growth and substantial contributions via
MarkoQ chain simulations on problems usually referred to as Non-Parametric Density Estimation. .
Simultgnepusly, these computational methods allow development and application of data and prior

models that significantly extend the scope for closer representation of real-world problems.
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Mixture priors, especially Diricl;let Mixtures have opened the way to serious Bayesian
developments in (so-called) Non-parametric Modeling and Density Estimation. It is my purpose in
this chapter to exhibit the Mixed Linear Model for non-parametric modeling and density estimation,
to show how posterior computations via Gibbs sampling simulations can be routinely applied, and to |
provide illustrative examples from animal breeding problems. There has been some work towards
this end in the classical setting. In the Bayesian paradigm, it has been accomplished for the repeated
méasures {(West, Muller, & Escobar, 1994) and for the randqmized complete block design‘ (Bush &

MacEachern, 1996).

We provide a general framework for Bayesian analysis of mixed linear models in which a non-.
parametric Dirichlet process prior is specified for the random effects. Only recently have tools
allowing Bayesian analysis to become 'computationally feasible; here we provide a detailed

exploration of an animal breeding application of interest (see also Kleinman and Ibrahim, (1998)).
3.2  The Classical Perspective

From the classical perspective, the distribution of the random effects has an important effect on
some quan'tifies of interest. Changing the distribution of the random effects will change the estimated
random effect for each individual. This point is important because there are many applications in
which an estimate of the random effect itself is desired. For example, in Tsiatis, DeGruttola, and
Waulfsohn (1995), the estimated random effects are used alternatively as covariates themselves in a

Cox regression model or to create values for time-varying covariates in such a model.
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Similarly, Mori, Woodworth, and Woolson (1992), De Gruttola and Tu (1994), and Wu and
Carroll (1988) all present complex models in which the random effects are both estimated and used
in predicting other pieces of the model. In such applications, unbiased estimation of the random

effects is crucial and the assumption of normality may introduce bias (Kleinmann & Ibrahim, 1998).

Classical non-parametric and semi-parametric methods have a measure of popularity, e.g. the
Kaplan-Meier estimator, kernel density estimation, and Cox regression. No population distributional
assumptions are made in any of these cases, exceét for the proportional hazards assumption in the
caée of Cox regression. We argue that a state of no knowledge at all is hardly, if ever, realistic: we
would fypically at least have some ideas concerning location and spread. Such information can- be

incorporated into a Bayesian non-parametric prior.
3.3  The Bayesian Perspective

From the Bayesian perspective, inferential interest focuses on the posterior distribution of the
random and fixed effects. Allowing distributions other than the normal for the random effects, may
more accurately model our prior beliefs, or it may allow us to better express out uncertainty about the
true distribution of the random effects. It is also very important to accurately model the distribution
of the random effects when prediction for a future observation from a given subject is desired.
Another situation in which it would be desirable to relax the assumption of normality is when

inference is to be made about the distribution of the random effects itself.

Another attraction of our apprdach is that it allows exact Bayesian inference, even in small sample

sizes. This is accomplished through the use of the Gibbs sampler. Computational tools are
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developed and demonstrated how the Gibbs sampler can be implemented for the mixed linear model.

It is also showed how to make Bayesian inference for all of the model parameters in the model.

3.4  The Mixture of Dirichlet Process (MDP)
341 Background

MDP models have become increasingly popular for modeling when conventional parametric
models would impose unreasonably stiff constraints on the distributional assumptions. Examples
include empirical Bayes problems (Escobar, 1994), non-parametric regression (Miiller, Erkanli &
West, 1:996), density estimation (Escobar‘ & West, 1995; Gasparini, 1996), hierarchical modeling
(MacEachern, 1994; West, Miiller & Escobar, 1994) etc. Despite this large variety of applications,
the core of MDP models can basically be thought of as a simple Bayes model given by the likelihood

and prior.

Mixture of Dirichlet process priors can be of great importance in animal breeding experiments
especially in the case of undeclared preferential treatment of animals. As long as genetic evaluation
systems lack information about such preferential treatment; predictions of breeding values of favored
animals obtained with mixed Gaussian models are inflated whereas those of other animals are
deflated. So far, this problem has not yet been solved satisfactorily. Prof. Gianola, well-known
animal breeder, suggested a “robust” mixed effect linear model based on the ¢ — distribution for
“prefe;ential treatment problerﬁs”. The ¢ ~ distribution however does not cover departure form

symmetry whilst the Dirichlet process prior will be able to do so.
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34.2 The Model Structure

As mentioned before, an appropriate mixed linear model for a problem arising from animal

breeding experiments is given by

Y, =X,B+zy, +¢ (3.1)

y isan; x | vector of weaning weights for the progeny of the " sire; B (p x 1) is a vector of fixed

effects uniquely defined so that the corresponding design matrix X; (n; x p) has full column rank, p.
Also, z; is a vector of n; elements 1, y, is the unobservable random effect of sire /, and for the
unobservable vector of random residuals, & (n; x 1), it is common to assume a multivariate normal

distribution with mean vector 0 and variance-covariance matrix o;’ I, where [, representsa n; x n;

identity matrix and o,” an unknown scalar (error variance) .

However, for ¥, (¢ x 1), the vector of unobservable random effects which is usually taken to be

normally distributed with mean zero, the normal prior is replaced with a non-parametric prior,
followed by a Dirichlet process prior on the general distribution. In the section to come, it is

illustrated how to apply the Mixture of Dirichlet Process Prior to the mixed linear model.
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3.4A.3 The Dirichlet Process Prior in the case of the Mixed Linear Model

As in Kleinman and Ibrahim (1998) we will present a mixed linear model for which the random
effects have a non-parametric distribution. The non-parametric Bayesian approach for the random
effects is to specify a prior distribution on the space of all possibie distribution functions. This prior
for the mixed linear ﬁodel is applied to the general prior of the distribution of the random effects.
This can be accomplished with a Dirichlet process prior distribution. ‘This means that the usual
normal prior on the random effects is replaced with a non-parametric prior, followed by a Dirichlet
prior on the general distribution. The foundation of this technology is discussed in Ferguson (1973),
where the Dirichlet process and its usefulness as a prior distribution are discussed. The practical
application of such models, using GiBbs sampling, has been pioneered by several researchers, e.g.

Doss (1994), MacEachern (1994), Escobar (1996), Lui (1996) and West et al. (1994).

Assume that G is sampled from a Dirichlet process with parameter G, and M, where G, is a

prébability measure and M is a positive real constant, i.e.
G~DP(M- Gy, (3.2)

The parameter G, , often called the base prior, is a location parameter for the Dirichlet process
prior and it approximates the true non-parametric shape of G. Thus, it is the best guess at what G is
believed to be and £(G) = G,. The role of G, for the Dirichlet process prior is similar to the role that
the median and mean play in the typical prior distribution; it is the location parameter. It is thus our
best guess of where the true values are. Therefore, if there are prior subjective beliefs, prior expert
opini0n§, or theoretical considerations that G belongs to a small, finite set of possible distributions,

then the prior distribution of G, should have support on this set. If the set of distributions is not
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finite, then a finite subset of “typicai” distributions that belong to this set could be chosen that
represents the larger set (Escobar, 1994). Because the algorithms developed in the present thesis will
average over the posterior distribution of G,, a natural smoothing occurs. Also, this Dirichlet process
prior is a third-stage prior in a hierarchical Bayesian structure. When estimating normal means, itis
common to assume that G is a normal distribution with unknown mean and variance. We will let G,

be a normal distribution and use the data to estimate the model parameters.

The parameter M, a type' of dispersion paramet'er for the Dirichlet process prior, is a measure of
the strength in the belief that G is G,. Although it may be hard to quantify, Mis a positive scalar that
is related to how “clumpy” the data are (often called a precision parameter). Clumpy data occur
when the different sires are concentrated into a few clusters. In practice it is difficult to select
appropriate values for this parameter. Instead, it is suggested to place a prior distribution on this
parameter, and simulate it given the data. West (1992) assumed that M ~ Ga(a,b) a gamma prior
with @ > 0 and scale 5 > 0. We may extend this idea to include a reference prior (uniform for

log(M)) by letting a— 0 and b— 0. In the final section of the chapter we use the latter, which means

that p(M)oc M~ and M>0.

To simplify the use of the Dirichlet process prior, note that when G is integrated over its prior

distribution, the sequence of ¥, follows a general Polya urn scheme; that is
7i~Go (i=1..9, (3.3)

=vy. withprobabili _—
7 P v M+qg-1

Yy |},l$""yq—l M : (3.4)
~G, with probability ————
M+qg-1
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1

From (3.4) it is easy to sample a sequence of y;, y5...,% given G, and M. There are two special

cases in which the mixture of Dirichlet process models lead to the fully parametric case. As M —

G — G, so that the base prior is the prior distribution of the random effects. Also, if y, =y, for

all i, the same is true. When G is fully parametric, the joint posterior can easily be found. For the

implementation of the Dirichlet process prior, the different y, ‘s must be considered separately. We

find that the conditional posterior of ¥, is given by

q
p(r, | B.ololy M) Y 8y | X, B+2y,.0!,) 5,

J=i
+{M [ov,1X.B+2.7,,021,)8(r,10,0] )dy,} (3.5)

x§(r,10,0)p(y,17,:8,0..y )

where p(y | yi,ﬂ,af,zj)=¢(yi | X,B+zi7i,0'§1,,i) and @(-| u,0%)denotes the normal density
with mean u and variance ¢’ . Also, y _; denotes the vector of random effects for the sires excluding

sire i and O, is a degenerated distribution with point mass at s.

Consider the integral

A =M [ gy, |X,B+2y,,021,)(r,10,0])dy,

£

SR 1
=M — | exp{-—(y -X;f-2,7)(y -X,B-2,,)x(36)
A\ 207 207 =i
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2

The exponent of the integral is —1—2@ -X,B —z,y,.)Q, - X;.,B—z,;/,)+1’7. This can be written
o, ' ' o,
as
y!
_—2- y’ _Zl}’l)()_li _Zi}/i)+_lz
£ G)’
1 oS Rord 1 g ' 7[2
=—V'¥, -2=Y 'ty +—rit's, + 5
o, 7 T o, ~ . o,
where
Z’ =y_i _X'ﬂ

Following usual algebra routes, i.e. completing the square with respect to y;, we find

o —

‘ _l(l+n,-) 2 'l 2 -2 1 ' 1 ! 1 _E
A, =.M(27[) 2 (Gr) 2(05) 2 eXp{zo_z (X, -X,5) <13,-(Z,~ _Xiﬂ)}[?(zi Zi)+_§'jl (27)

€ € O'},

nl

A= M) o302 enp {_

: 2 (Z, - Xiﬂ)'\Pi(Zi - Xiﬁ)} (3_-7)

20

where
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Thus, after implementing the results in (3.7) into (3:6), we get

(¥, | ,3,0'52,0'72,}’_,,M) o [Z(O'z )%‘ exp{iz_(zi —Xiﬂ_zi}/i)’(zi —Xiﬂ_zi},i)}gyi]-*-

Jj=1 €

1

! L o
M Qo2 )i o] T x40, 10,62p(Y, 17,5 8,508 )

(3.8)

In the above specification, each summand in the conditional posterior of ¥, is separated into two
elements. The first element is a mixing probability, and the second is a distribution to be mixed. So

with probability proportional to

By | X, B+zy,0.1,)
= (3.9)
A+ D28y | X B+zy000,)
J=lj#i

we select y, from distribution &, , which means that we set y,=y;. Also, with probability

ri?’
proportional to
A,
; (3.10)
A+ 2oy 1 X B+zy;50.0,)
J=lj=i
we select ¥, from
pr, | B.olaly )< ¢(r,10,6))p(y, 17,807,y ). (3.11)
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Thus, we sample y, from its full conditional posterior,

2 2
p(r./ B0l 02,y )=N <z,-'z,-+%>"z,-'<g,—X,ﬂ>;(zi'zi+%>"o—§ (3.12)
Y Y

This results in a mixture distribution where one piece is a normal distribution and all of the others are

point masses. There is some plausible intuition behind this above mixture scheme. If the breeding

value, 7, of sire i has a relatively large residual using sire j's breeding value, then y; is relatively

less likely to be chosen as the breeding value of sire i. Conversely, if the breeding value of sire i has

a relatively small residual using sire j 's breeding value, then the random effect y ; is relatively more

likely to be chosen as the breeding value of sire i. On the other hand, the greater the residual for sire

i, the greater the probability that sire i will get a new value from p(-, -) in (3.12).

This scheme results in what MacEachern (1994) calls a cluster structure among the different sires.
This cluster structure partitions the g different sires into k groups, where 0 <k < g. Thus, all the sires
in .a specific cluster will have identical breeding values and sires in different clusters will have
different breeding values. This may sound farfetched, but sin-ce the Gibbs sampler is repeated several
times, the algorithm leads to reduced variation and hence faster convergence of the estimated random
effects to their true values. The average of the simulated values for each breeding value is then

computed, thus every sire will have its own unique breeding value.

The fully conditional posterior density for each of the other unknowns is obtained by regarding all

other parameters in the joint posterior as known.
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3.4.4 The Uniform Prior for #and o/’

The full conditionals for £ and o in the non-parametric model (3.1) are the same as in the

parametric model. Thus, an uniform prior distribution is assigned to / and o, as to represent lack of

prior knowledge about the vector of fixed effects and error variance. Therefore

p(B.0s) =p(B)p (o) o constant. (3.13)

The required full conditional for the fixed effects, is multivariate normal:

-1
y.~N, :és(zq:(xile)] 03 (3.14)
i=1

i

2
ﬂl }/iro-s;

i=

where f3 =(Zq:(x,'x,»)J Zq:xi'(z,_zﬂ’;)-

i=l

i=

For the variance component, o;° the conditional posterior is

~|3

P2 1B,y )= KH(;I‘) exp{—i;(z,. “X,B-20)(y, - X,p —zm}
| ol >0

(3.15)

an [nverse Gamma density where
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n-2
2

q
Dy -XB-z)(y, -XB-27)
i=]

¢ 2 n-2_°

q
Also, ¥y =712 - 7g)s X=(Zl',zz',...,zq’)' and Zn,. =n, the sampl¢ size.

i=]

345  Priorfor o

Typically, the variance o} in the base measure of the Dirichlet process in (3.2) is unknown and
therefore a suitable prior distribution must be specified for it. Note that, once this has been

accomplished the base measure is no longer marginally normal. For convenience, suppose

)4 (o‘,z ) «c constant

to present lack of prior knowledge about o;°. After choosing random effects for each of the sires, the

sires will be grouped into clusters (groups) in which the sires have equal y,‘s. That is, after
selecting a new ¥, for each sire i in the sample, there will be some number k, 0 <k <gq, of unique
values among the random y,‘s. Denote these unique values by A, , /=1,....k. Additionally let /

represent the set of sires with common random effect 4,.

Note that knowing the random effects is equivalent to knowing &, all of the 4, ‘s and the cluster
membership /. Then for the purposes of calculating the full conditional of o, , the A4, are k

independent observations from N(0, 0',2).
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Thus

4 4

2 1 : ! '
p(o, M,z)—K{-G—zj exp{— Py '”} (3.16)

2
0'7>O

an Inverse Gamma density where

. . ] T 1
K= {lzl} P
ey
and
A=[44,..4,].
Bush and MacEachern (1996) and Kieinman and Ibrahim (1998) recommended one additional

piece of the model as an aid to convergence for the Gibbs sampler. To speed mixing over the entire

parameter space, they suggest moving around the A’s after determining how the y,’s are grouped.

Thus, in addition, a conditional posterior density is derived for the A’s, i.e.
P& B.0l07.y) < (410,06 [ oy, | BoD) (.17
. id .

which implies that
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= ' O.E
ﬂ.,lﬂ,af,af,z~N Vi Zz,. z, +—5 o} (3.18)
id

where

2

-1
7= Yz, + 2k (sz'Q,‘Xfﬂ)j- (3.19)
iel id

o,

This additional piece is now incorporated into the final Gibbs sampler. Before the Gibbs sampler
is presented, we first address the simulation of the precision parameter, M. In the preceding section
we assqmed that this parameter for the Dirichlet process prior was fixed. In practice it is difficult to
select appropriate values for M. Instead, a prior distribution is placed on M and a posterior
distribution is derived. Because this parameter has an important influence on the estimation, special

care is going into the selection of a broad range of values for M and into the simulation thereof.
3.4.6 Simulation of the Precision Parameter M

When defining a Dirichlet process prior, recall that M represents the weight of our believe that G
is fhe distribution of G,. This parameter thus determines the prior distribution of &, the number of
additioﬁal normal components in fhe mixture, and is a critical smoothing parameter of the mixed
linear model. Mis also, as mentidned before, related to how “clumpy” the data are. When there are
only a~few clusters among the sires in the model, the estimate of the normal means from the Dirichlet
process prior will be similar to the non-parametric Bayes estimator. When there are almost g
(random effects) different clusters, the estimator from the Dirichlet process prior will be similar to
the parametric Bayes estimator. Thus, the parameter M adjusts this estimator to behave like either a

parametric estimator, which uses the data in a global manner, or a non-parametric estimator, which
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uses the data in a local manner. In Antoniak (1974) it is shown that the prior distribution of %, the

number of clusters, may be written as

(M)
k =c (bgM' ——— k=12, 3.20
p(.IM,q) c,(k)q TM+q) q (3:20)

and ¢ (k) = p(k | M = 1,q), not involving M. West (1992) mentioned that if required, the factors c,(k)
can easily be computed using recurrence formulae for Stirling numbers. It is also shown that the

conditional posterior distribution of M is given by
p(M |k, B,y,02,0,,y) = p(M | k) p(M)p(k| M) (3.21)

where p(M) is the prior and the likelihood function is defined in (3.20). West (1992) also assumed
M~ G-a(a,.b), a Gamma prior with shape @ > 0 and scale b > 0 (which we may extend to include a
reference prior, Uniform for log(M), by letting a - 0 and b — 0. In this section we will use the

latter, which means that
p(M)oc M M>0. (3.22)

Equation (3.21) can be expressed as a mixture of two gamma posteriors, and the conditional
distribution of the mixing parameter, x given M and k is a simple beta. This can be illustrated as

follows. For M > 0, the garrima' functions in (3.20) can"be written as

T(M) _(M+q)Be(M +1,9)
(M +q) MI'(q)

(3.23)
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where Be(-,') is the usual beta function. Then in (3.21) and for any k=1,2, ..., the posterior of M for

k, 1s

p(M | k) e p(M)M" (M +q)Be(M +1,q)

! 3.24
o« M*2(M +q) [x" (1-x)"" d, 29
0

using fhe deﬁnition of the beta function.

From (3.24) it also follows that the joint posterior density of M and x is
p(M,x|k)oc M2 (M +)x" (1-x)"", 0<M,0<x<l

and the conditional posteriors p(M | x,k) and p(x | M,k) can be determined as follows.

Firstly‘
p(M | x,k) < M (M + g)exp{~ M (log(x))},

o M*™" exp{- M(log(x))} + gM*~? exp{~ M(~log(x)} M >0 (3.25)
which reduces easily to a mixture of two gamma densities, viz.
M| x,k ~ 7 Ga(k,~log(x)) + (1 - ,)Ga(k - 1,~ log(x)) (3.26)

with weights 7z, defined by e - k-l . Also note that log(x) = log(x) = In(x).
I-7,  g(-log(x))
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Secondly -
p(x| M, k)ecx (1-x)""  0<x<l (3.27)

M +1
M+g+1

so that x| M,k ~ Be(M+1,q), a beta distribution with mean

It sh.ould now be clear how M could be sampleei at each stage of the simulation. Hence, at each
Gibbs iteration, the currently sampled values of M and k allow us to draw a new value of M by first
sampli\ng an x value from the simple beta distribution in (3.27), conditional on M and &, both fixed at
the most recent values; then M is sampled from the mixture of gammas in (3.26) based on the same k
and the x value just generated. On compl'etion of the simulation, we will have a series of sampled

values of M, k, x and all the other parameters. Note that only the sampled values £ and x are needed

in estimating the posterior p(M |y) via the usual Monte Carlo average of conditional posteriors,

viz.
N . .
p(M|y)=N"Y p(M|x" k") (3.28)
X - i=l

where the summands are simply the conditional gamma mixtures in (3.26).

To calculate the posterior distribution of all the model parameters, we developed an important
Gibbs sampler algorithm for simulation. On completion of the simulation, we will have a series of
sampled values for all the model parameters. The next section illustrates an application of the most

recent developed Gibbs sampler for an animal breeding experiment.
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3.4.7 The Gibbs Sampler

Markov chain Monte Carlo methods, particularly Gibbs sampling, are now very often used in the
thesis and once again the model described in paragraph 3.4.2 can be implemented through this |
sampling technique. As usual in Gibbs sampling, we identify collections of complete conditional

posterior distributions that determine the marginal posteriors for all the parameters. Hence, the Gibbs

sampler for p(f,0°; ,7,0'72 ;M |y) can be described as follows.
(0) Select starting values for ¥ and 2" . Seti =0

(D Sample 8" from p(B] }/(i),dz('),z) according to (3.14)

2)  Sample o from p(o; |,8(’+1),y(’),z) according to (3.15)

(3.1) Sample y, ™" from p(y, |,B(”'),O'z(”]),af,}/f"l),M,Z) according to (3.9) or

£

(3.10)

(3.2)

(3.9) Sample y, ©" from p(y, l,B('“),O'Z'('“),O'f,7E';,M,Z) according to (3.9) or
(3.10)

. (4.1)  Sample 1,“*” from p(4, lﬂ('+'),a§('*'),arz(i°,z) according to (3.18)

(4.2)

4k Sample A" from (A, | BV g2+ 2000 y) according to (3.18)

& V4 ’
(5)  Sample o, from p(o, | A*",y) according to (3.16)
(6.1) Sample x"*" from p(x| M® k) according to (3.27)

(6.2) Sample M from p(M | x"*", k) according to (3.26) |

) Set i=i+1 and return to (1)
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3.5 An Example

3.5.1 The Data

The example used for illustrative purposes are based on an experiment undertaken at the
International Livestock Research Institute (ILRI) at the University of Nairobi, Kenya in the early
90’s (Duchateau, et al., 1998). The data are shown in APPENDIX C. The goal of the research was

to select for improved Helminth resistance in sheep.

'The female sheep used in the experiment are from three different breeds, whereas the males are
from two breeds. In each of the six crosses, there are at least 25 and at most 42 different sires, and
each sire within a crossbreed has on average offspring of 6.4 lambs. The weaning weight is
measured .fo; each lamb. The age at which lambs are weaned may differ from animal to animal, and
therefore, a variable expressing the age of the animal at weaning is included as a fixed effect as well

as the sex of the lambs. Finally, the sires are included as random effects.

Although the same sire is mated to ewes from different breeds, the sire nested in breed is taken as
a single random effect y; and it is assumed that these random effects are independent. A total of

n = 1277 weaning weight records, from the progeny of ¢ = 200 sires are available after editing, and

breed, sex and age are included as fixed effects in the final model.
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The mixed linear model used for this data structure, is the sire model of section (1.2),

Y =X[+Zy +¢, where Y (1277 x 1) vector of weaning weights. (8 x 1) is the vector of fixed

effects, and the design matrix Z, a (1277 x 200) matrix identifying the (200 x 1) vector of random
effects consisting of the breeding values for the 200 sires for which the data is observed, X a

(1277 x 8) matrix of full rank.

MATLAB software has once again been developed to generate the samples that enable us to
obtain the finite sample post-data parameter densities, using the Gibbs sampler. The full conditional
posteriors are updated after every iteration. The first 1 000 draws of each chain are discarded, and
then every 10" draw is saved. By saving every 10" draw, the chain yielded a posterior sample of

1 000 approximately uncorrelated draws. All posterior analyses are based on these m = 1 000 draws.

35.2 Analysis of Variance Components

Pos‘teri;)rlmodes of the Traditional Bayesian analysis, 95% credibility intervals, and the REML
estimates are summarized in Table 3.1. Note that the REML point estimates of o,° and o,” and the
posterior modes obtained from the Gibbs sampler (Traditional Bayes) do not differ much. This was
because we aésigned uniform or “flat” priors to the vector of fixed effects and variance components,

and a normal prior to the vector of random effects (Harville, 1974; Searle, Casella & McCulloch,

1992).
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Table 3.1 REML and Traditional Bayesian Estimates (posterior modes) of the Variance

Components, along with 95% Credibility Intervals.

95 % Credibility
Parameters REML Trad. Bayes Interval
o 4.8639 4.8885 44617 ;5.3059
o/ 0.6802 0.7211 0.4312; 1.0496

In practice it is difficult to select appropriate values for the parameter, M. Recall that M is a
positi\;e scalar that is related to how “clumpy” the data are (often called a precision parameter), and
clumpy data occur when the different sires are concentrated into a few clusters.  Because the
parameter value has an important influence on the estimation, a broad range of possible fixed values
for M is chosen, i.e. M =5, 50, 100 and 1000. Furthermore, a prior distribution is placed on M and

values from the estimated posterior distribution of M are used in the simulations. The results are

summarized in Tables 3.2 and 3.3 below.

Table 3.2 Posterior Estimates of the Error Variance Component, o, (different values of M), |

along with 95% Credibility Intervals.
\
|

M Posterior 95 % Credibility
Mode Interval
5 49183 44788 ;5.3612
50 4.8907 4.4649 ; 5.3286
100 48615 |. 4.4192,;5.2731
1000 4.8743 4.4480;5.3107
Sim M 4.8667 4.4527;5.2810
i
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Table 3.2 Posterior Estimates of the Model Variance Component, 0',2 (different values of M),

along with 95% Credibility Intervals.

M Posterior Posterior 95 % Credibility
Mode Mean Interval
5 0.6310 0.8835 0.4213;1.7733
50 0.6090 0.8659 0.4407 ; 1.0276
100 0.6290 0.8859 0.4407; 1.0276
1000 0.7275 0.7320 | 0.4213,1.0476
Sim M 0.6340 0.6532 0.3790; 1.0026

For large values of M, the “Dirichlet” estimates coincide with the Traditional Bayes and REML
estimates. In these cases there are almost 200 different clusters/groups among the different sires,
resulting in a similar behaviour of the estimates from the Dirichlet process prior and the Traditional

Bayes procedure.

Using the posterior densities for o, and o‘,z., the marginal posterior densities are estimated as the
average of the posterior densities and are displayed in Figures 3.1 and 3.2. Also, the distributions in
Figure 3.2 are quite skew, resulting in a difference between the posterior means and posterior modes.

The density for M = 100 is omitted from figure 3.1 since the estimated marginal density for this value

of M and the density obtained from the Traditional Bayes analysis are basically the same.
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Trad. Bayes
— SimM

Figure 3.1 = Estimated Marginal Posterior Densities of the Variance Component, o’ for different

cases of M, (Sim M); Traditional Bayes and when M is fixed at M= 5.

-«- Trad. Bayes
SimM

Figure 3.2 Estimated Marginal Posterior Densities of the Variance Component 0',2
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The similarity of the o‘f results in'TabIes 3.1 and 3.2 is an indication, for this data set, that the
results are not sensitive to the choice of the precision parameter, M. From the marginal posterior
densities of o;” in Figure 3.1 the effect of changing M on the distribution of the random effects is also
minimal. These densities are virtually identical, and it is clear that there is no uncertainty about the ‘
exact lécation and height in the different densities. However, the posterior density for 0',2 when M is
fixed at 5 (Figure 3.2) shows some uncertainty in the shape of the density. This can be expected
because M is part of the prior for the random effect; and will therefore influence 0',2 much more than
o. This may also be relatea to the large variation in the importance sampling weights for smaller

values of M. The other densities have similar shapes with only noticeable shifts in the posterior

modes.

The posterior means and modes of the Traditional Bayesian analysis; different values for M, and
95% credibility intervals of functions of variance components like the intraclass correlation

2
I

coefficient, p = - are summarized in Tables 3.3 and 3.4.

2
A >, and the variance ratio, v =
o, +0

2

b4 £ o
Once again it is evident from this table that the credibility interval for the intraclass correlation
coefficient does not contain 0.5. This result corresponds well with the statement made by Wang et

al. (1992) namely that from a genetic point of view, an intraclass correlation coefficient of 0.5 is not

possible in a sire model.
Using again the conditional posterior densities for these functions of the variance components, the

marginal posterior densities are estimated as the average of the conditional posterior densities and are

displayed in Figures 3.3 and 3 4.
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Table 3.3 Estimates of p =

2
14

o, +0,

- the Intraclass Correlation Coefficient for different cases

of M, Simulated M and Traditional Bayes Results, along with 95% Credibility

Intervals.
M Posterior Posterior 95% Credibility
Mode Mean Interval
5 0.114 0.1497 0.0765;0.2677
100 0.115 0.1189 0.0696 ; 0.1706
Sim M 0.120 0.1179 0.0710; 0.1723
Trad. Bayes 0.130 0.1282 0.0779; 0.1807

Coefficient, p =

2
0-7

2 27
o, +0,

-95.-

—e— Trad Bayes
— SimM

Figure 3.3 The Estimated Marginal Posterior Density of the Intraclass Correlation
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Table 3.4

Figure 3.4

2
o
Estimates of v = —’2 , a Function of the Variance Components, along with 95%

3

Credibility Intervals.

M Posterior Posterior 95% Credibility
Mode . Mean Interval

S 0.130 0.1803 0.0829 ; 0.3655

100 0.135 0.1359 0.0748 ; 0.2057

Sim M 0.135 0.1347 0.0765;0.2082

Trad. Bayes 0.145 0.1481 0.0844 ; 0.2205

—e— Trad. Bayes
— SimM

XN

The Estimated Marginal Posterior Density of the Variance Ratio, v =

a8
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The same conclusion can be drawn for the posterior distributions of the intraclass correlation

coefficient, p and variance ratio, v (which are functions of the variance components) as for the

variance components, i.e. more or less identical marginal posterior densities except for small values

of M.

Another commonly derived statistic, the heritability (%) of the trait, which is also function of the
two variance components is calculated and reported in Table 3.5. This statistic describes the

proportion of the total variation in the environment of the study attributable to genetics. In this

2

4o
formula h* = —2—72 , O'f is multiplied by 4 in the numerator to account for the fact that lambs
o, +0
7 £

from the same sire are half siblings and the sire accounts for half of the inherited genetic component, -
and af +0? s the phenotypic variance. The higher the heritability, which lies between 0 and 1,

the higher the proportion of the total variation that can be assumed to be genetic in origin.

2

40-7 . ™ .
——— » the heritability of the trait.
o, +o0,;

Table 3.4 REML and Bayesian Estimates of 4° =

REML Trad Bayes M=5 . M =100 Sim M

0.49 0.5127 0.4756 0.5179 0.5097

Some caution is needed in variance component problems in genetics. For example, some genetic

models dictate bounds for a particular variable. If one employs the Sire model, as in the case of the

present thesis, the intraclass correlation coefficient must lie inside the [0, Z ] interval, because
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2
< : o g, . 1
heritability is between 0 and 1. This implies that the variance ratio v = —72 is between {0, 5 ], and
O-E
o2
that 0 < O'f < —35- These profound concerns are evident in the above example, except for the results

of the variance components and functions thereof when M is set to small values (M = 5), but this is

due to some uncertainty about the real distribution of the posterior densities.

353 Analysis of Random Effects

As mentioned before (see section 3.4) the non-parametric Bayesian approach for the random
effects is to specify a prior distribution on the space of all possible distribution functions. This prior
for the mixed linear model is applied for the general prior of the distribution of the random effects.
This can be accomplished with a Dirichlet process prior distribution. This means that the usual
normal Aprior on the random effects is replaced with a non-parametric prior, followed by a Dirichlet
prior with precision parameter M, on the general distribution. Because this precision parameter value
has an_important influence on the estimation, a broad range of possible fixed values for M is chosen
(M =15, 50, 100 and 1000) to reflect small, moderate and large departures from normality in the case
of the random effects. Furthermore, a prior distribution is placed on M and the conditional posterior

distribution of M becomes part of the Gibbs sampler.

Rather than report results for all 200 sires, we focus our discussion on the first 10 sires in the
analysis. The tables referred to in this section contain only these 10 animals. The rest of the results
are summarized in APPENDIX E." Since animal breeders might be interested in the breeding value of
specific sires in order to determine which sires should be retained for future selection, we used these

breedif\g values to find the REML-, Traditional Bayes-, and Dirichlet process ranks of the different
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sires. The results are summarized in Table 3.4 and 3.5, along with 95% credibility intervals.
Moreover, the REML estimates represent the mode of the marginal likelihood and thus might be
better compared to the modes of the posterior distributions of the random effects. These modes

(breeding values) are provided in the aforementioned tables.

Table 3.4 REML Estimates and their Standard Errors (SE’s), Traditional Bayes Estimates along

with 95% Credibility Intervals and Posterior Raﬁkings of the first 10 of the 200 Sires.

REML Posterior | Trad. Bayes | 95% Credibility | Posterior

SIRE_ID| Estimate SE Rank Estimate Interval Rank
1971 -0.1061 0.6654 9 -0.1024 -1.4569 ; 1.1898 9
1972 0.5241 0.5349 5 0.5689 -0.4500 ; 1.5455 5
1973 0.3888 0.6399 6 0.4464 -0.9447 ; 1.6482 6
1974 1.9339 0.5486 1 1.9627 0.7862 ; 3.1311 1
1980 0.9299 0.5975 3 0.9635 -0.2615 ; 2.1269 4
1991 03611 0.6396 7 0.3741 -1.0761 ; 1.6095 7
1999 0.9266 0.6654 4 0.9939 -0.2873 ; 2.2231 3
4907 0.2289 0.5790 8 0.2676 -0.8033 ; 1.4348 8

. 4908 1.6614 0.4921 2 1.6662 0.5431 ; 2.8049 2
4909 -0.7628 0.6653 10 -0.7645 -2.1227 ; 0.4956 10

Noie tﬁat the REML estimates aﬁd the posterior means (see Pretorius and Van der Merwe, 2000;
APPENDIX E) obtained from the Gibbs sampler for M = 5 are quite different. There are two factors
to keep in mind when examining this difference. Firstly, there is considerable uncertainty about the
distribution and central values of the breeding values when M = 5. Secondly, as mentioned earlier,
the REML estimate of the breéding value is more sirﬁilar to the mode of the posterior distribution
than the mean. Figures 3.5 — 3.16 show the posterior distributions of the first 3 sires in the data set,
where it is evident that the posterior modes obtained from the Gibbs sampler are in fact similar to the

REML estimates of the breeding values.
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Table 3.5 Dirichlet Process Estir;lates for different values of M, along with 95% Credibility
Intervals and Posterior Rankings of the first 10 of the 200 Sires.
M=5 95% Credibility jPosterior] Sim M | 95% Credibility | Posterior

SIRE_ID| Modes Interval Rank | Modes Interval Rank
1971 -0.0125 | -1.3874 ; 1.2378 9 -0.1097 | -1.4280 ; 1.1601 9
1972 0.2510 -1.3396 ; 1.4029 7 0.5081 -0.5712 ; 1.5426 5
1973 0.3580 | -1.3874 ; 1.5452 4 0.3934 | -0.9254 ; 1.7685 6
1974 1.4265 0.3051 ; 2.6513 1 1.9026 0.8062 ; 3.1085 1
1980 1.0350 | -1.2272 ; 2.1293 3 09193 | -0.2371 ; 2.1947 3
1991 0.3420 | -1.3396; 1.4029 5 0.3438 | -0.8887 ; 1.6423 7
1999 0.3224 | -1.2685 ; 2.4430 6 0.8936 | -0.4606 ; 2.2582 4
4907 0.1910 | -1.3874 ; 1.2378 8 0.2293 | -0.8966 ; 1.3925 8
4908 1.1420 0.2435 ; 2.6513 2 1.6490 0.6079 ; 2.7037 2
4909 | -1.2825 | -1.8916 ; 0.3827 10 -0.7711 | -1.9938 ; 0.4418 10

Uncertainty in the values of the breeding values when M equals 5 is indicated in the large

posterior credibility intervals. Thus a wide range of values for the breeding values is quite possible.

However, as might be expected, the best sires from the REML, Traditional Bayes, and Dirichlet

process analyses (Sim M) overlap, with a minor disagreement between rankings of SireID1980 and

SirelD1999 (ranked visa versa in the Traditional Bayes analysis).

Beyond the top three sires (according to the Dirichlet process when M was fixed at 5), there are

major differences in the order of the best to the worst sire. This is because of the great deal of

uncertainty about the values of the breeding values. This uncertainty is also reflected in the wide

credibility intervals. Note that the estimated breeding values take account of the variability in the sire

variance, o’ depicted in Figure 3.2.
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Taking account of this variability can be important in evaluating the breeding potential of the
animals. This is a clear example of why it is important to correctly model the distribution of the
random effects; very different results may be obtained as a result of changing the precision

parameter, M.

To further illustrate the uncertainty in some of the posterior densities, we have calculated the

marginal posterior densities of the breeding values for the first 3 sires in Figures 3.5 — 3.16.

. (SireID1972, SirelD1973 and SireID1974). In these figures we plotted: the densities when M is

fixed at 5 and 50, the densities obtained from the Traditional Bayes analysis, and densities when M is

- ¥ simulated from a mixture of distributions in the Dirichlet process, given the data. We noted that

these posterior densities have many features of interest.

The next section is devoted to the overriding influence of the precision parameter M on the
posterior depsities of the 200 breeding values of the different sires. M is, as mentioned before,
related to ~hov‘v “clumpy” the data are. When there are only a few clusters among the sires in the
model, the estimate of the normal means from the Dirichlet process prior will be similar to the non-

parametric Bayes estimator. When there are almost 200 different clusters, the estimator from the

Dirichlet process prior will be similar to the parametric Bayes estimator.




The Dirichlet Process and Non-parametric Modelling in Animal Breeding Experiments

0.6
0.5
0.4
0.3
0.2
0.1
00

Figure 3.5

0.7
06
05
0.4
03
0.2
0.1

0.0

Figure 3.6

The Estimated Marginal Posterior Density of the Breeding Value for Sire ID1971

(y1) when M =5 in the Dirichlet Process.

The Estimated Marginal Posterior Density of the Breeding Value for Sire ID1971

(71) when M = 50 in the Dirichlet Process.
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Figure 3.7 .
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Figure 3.8

-3 -2 -1 0 1 2 3 4

The Estimated Marginal Posterior Density of the Breeding Value for Sire ID1971

(n) from the Traditional Bayes Analysis.

The Estimated Marginal Posterior Density of the Breeding Value for Sire ID1971

(») when M is Simulated in the Dirichlet Process.
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Figure 3.9 The Estimated Marginal Posterior Density of the Breeding Value for Sire ID1972

() when M =5 in the Dirichlet Process.
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Figure 3.10  The Estimated Marginal Posterior Density of the Breeding Value for Sire [D1972

(»2) when M = 50 in the Dirichlet Process.
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Figure 3.11  The Estimated Marginal Posterior Density of the Breeding Value for Sire ID1972

(72) from the Traditional Bayes Analysis.
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Figure3.12  The Estimated Marginal Posterior Density of the Breeding Value for Sire ID1972

() when M is simulated in the Dirichlet Process.
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Figure 3.13

The Estimated Marginal Posterior Density of the Breeding Value for Sire ID1973

() when M =5 in the Dirichlet Process.
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Figure 3.14  The Estimated Marginal Posterior Density of the Breeding Value for Sire ID1973

-15 -0.5 05

(33) when M = 50 in the Dirichlet Process.
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Figure3.15  The Estimated Marginal Posterior Density of the Breeding Value for Sire ID1973

(73) from the Traditional Bayes Analysis.
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Figure 3.16  The Estimated Marginal Posterior Density of the Breeding Value for Sire ID1973

(73) when M is Simulated in the Dirichlet Process.
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Unlike the densities of the fixed effects, the values of M have a large effect on the posterior
densities of the random effects, since the random effects are directly affected by the relaxation of the

normal assumption when M is set equal to 5 and 50. While for M = 50 it is clear that there are some

uncertainty about the shape and boundaries of the densities. This is even more pronounced with '

M =5, and may be related to the larger variation in the importance sampling weights for smaller M.
We also note from these first two densities that as M increases, the shapes of the densities tend to
become more bell-shaped and symmetrical. Thus, a value of M = 5 reflects a large departure from

normality in the posterior density of the breeding value.

For smaller values of M the sires are grouped into less clusters, with the average number -of
clusters, k=124 when M = 5. Furthermore, a value of M = 50 reflects a moderate to small

departure from normality, with k =145. Thus, for small values of M, the estimates of the normal
means. from' the Dirichlet process prior are similar to the values of the non-parametric Bayes

estimates.

However, when M = 1000 the estimator from the Dirichlet process prior is similar to the

parametric Bayes estimator and the density reveals no departure from normality (Figures 3.7, 3.11

and 3.15), with k =196. The estimated marginal posterior density for M given k=196 is

presented in Figure 3.17.
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Figure 3.17  Estimated Marginal Posterior Density of M with k =196 , and Posterior Mode

M, = 820.

When M is simulated, given the data, the average number of clusters, k =140 with M =220.
The estimated marginal posterior density and the unconditional marginal posterior density for the

simulated M values are displayed in Figures 3.18 and 3.19. Finally, the observed histograms for the

number of clusters, k for different values of M are presented in Figures 3.20 — 3.22,
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Figure 3.18  Estimated Marginal Posterior Density of M with k =140 , M =220and Posterior

Mode M, = 200.

Figure 3.19  Estimated Unconditional Marginal Posterior Density of M with k= 140,

M =220 and Posterior Mode M, =320.
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Figure 3.20  Observed Histogram for the Number of Clusters, k when M= 5;

~

k=124

Figure 3.21  Observed Histogram for the Number of Clusters, k when M= 1000;

~

k =196
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Figure3.22  Observed Histogram for the Number of Clusters, k when M is Simulated from a

Mixture of Distributions, given the Data; k=140,

A substantial statistical issue that remains to be tackled is the great discrepancy between pictures
of the posterior densities of the random effects as the value of M changes. Indeed, if data are very
sparse and not very clumpy, then non-parametric maximum likelihood methods may not work very
well. But if the data are very clumpy, with modes that are spread out, then standard parametric
Bayes methods do not work very well, and non-parametric Bayes methods work quite well. The
question can be asked “why non-parametrics?” According to Walker et al, (1999), the answer
debends on the particular problem and the procedure under consideration, but many, if not most
statisticians appear to feel that it is desirable in many contexts to make fewer assumptions about the
underlying population from _which'the data are obtained than are required from a parametric analysis.
Also, éhe ;nixture of Dirichlet process priors will cover departures from symmetry and cases where

the assumptions of unimodality do not hold for the random effects in the mixed linear model.

-112-




The Dirichlet Process and Non-parametric Modelling in Animal Breeding Experiments

3.54 Analysis of Fixed Effects

The estimates for the different fixed effects are summarized in Tables 3.6 and 3.7. The results
obtained when M is fixed at 5 and 500, along with 95% credibility intervals are given in Table 3.6.
The REML estimates, estimates from the Traditional Bayes analysis, and estimates when M is
simulated from the data, are presented in Table 3.7. From these tables it is clear that the changing of
the van'xes of M have a minor effect on the posterior estimates of the fixed effects. These minor

differences are attributable to the little mass of the Dirichlet process prior on the fixed effects.

To put these estimates into perspective, we focus our discussion only on the results of the analysis
when M is simulated given the data (Sim. M column). As might be expected, there is a significant
effect of sex with female lambs weighing ‘on average 0.7057 kg (Clygs = [0.4575 ; 0.9523]) less at
weaning than males. Furthermore, there is a significant effect of age at weaning with weaning
weights increasing by 0.0464 kg per daily increase in age (Clyos = [0.0400 ; 0.0532]). There are also
significant differences among breeds, with breeds 1 — 4 having significant higher weaning weights

than breeds 5 — 6.
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Table 3.6 Estimated Values of the Fixed Effects for M = S and 500, as well as the 95%

Credibility Intervals.

M=5 95% Credibility M =500 95% Credibility
Interval Interval
/o (Intercept) 4.7406 5.3418; 6.1000 48115 3.5054 ; 6.0282
F; (Breed 1) 1.5575 0.7430 ; 2.3669 1.5898 0.6819;2.2147
> (Breed 2) 1.4068 0.5691 ; 2.1645 1.4941 0.7420 ; 2.2386
B (Breed 3) 1.3466 0.6641 ;2.0364 1.3960 0.6406 ; 2.1626
[, (Breed 4) 0.9581 0.2810; 1.5885 0.9337 0.1968 ; 1.6439
Bs (Breed 5) -0.4066 -1.2002; 0.3532 -0.3256 -1.2729; 0.4002
-~ Ps (Sex) 0.699 0.4375;0.9576 0.7092 0.4755; 0.9681
5> (Age) 0.0461 0.0399 ; 0.0529 0.0457 0.0398 ; 0.0526

Table 3.7 REML estimates and SE’s, Traditional Bayes Estimates with 95% Credibility

Intervals, and Dirichlet Process Prior Estimates when M is simulated given the data.

REML | SE for |Trad. Bayes| 95% Credibility Sim M 95% Credibility

REML Interval Interval
o (Intercept) | 5.0030 0.537 4.3439 3.2871,:5.3149 43267 3.2806 ; 5.4281
S (Breed 1) | 1.6820 0.376 1.6706 0.9035; 2.3790 1.6760 0.8870;2.4189
S (Breed 2) |- 1.5150 0.383 1.5017 0.8259 ;2.2473 1.5043 0.7582 ;2.2397
F; (Breed 3) | 1.4360 0.357 1.4326 0.7821,2.0731 1.4267 0.7189 ;2.1200

S (Breed 4) | 0.9480 | 0.357 09278 | 0.2524;15857 0.9381 0.2249 ; 1.6617
s (Breed 5) | -0.4060 | 0.393 -0.4258 -1.2394 ;0.3043 -0.4079 -1.1983; 0.3194
Ds (Sex) 0.7040 | 0.128 0.7046 0.4648 ; 0.9461 0.7057 0.4575;0.9523
£ (Age) 0.0465 0.003 . 0.0463 0.0398 ; 0.0529 0.0464 0.0400 ; 0.0532
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The estimated marginal posterior densities are now been calculated and depicted in Figures
3.23 — 3.30. Note once again that the posterior densities are only calculated for the fixed effects
when M is simulated, given the data. These figures also show the minor effect of changing M on the
posterior distributions of the fixed effects. Unlike the densities for the random effects, the plots are,
as expected, bell-shaped and symmetrical since the fixed effects are not directly affected by the

relaxation of the normal assumptions (when M is small).

Figure 3.23  Estimated Marginal Posterior Deusity of £, the Intercept .
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Figure 3.24 Estimated Marginal Posterior Density of £, the Expected Difference in

Average Weaning Weight between lambs of Breed 1 and Breed 6.

Figure 3.25  Estimated Marginal Posterior Density of f,, the Expected Difference in Average

Weaning Weight between lambs of Breed 2 and Breed 6.
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1

Figure 3.26  Estimated Marginal Posterior Density of f;, the Expected Difference in Average

Weaning Weight between lambs of Breed 3 and Breed 6.

Figure 3.27  Estimated Marginal Posterior Density of f,, the Expected Difference in Average

Weaning Weight between lambs of Breed 4 and Breed 6.
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Figure 3.28  Estimated Marginal Posterior Density of fs, the Expected Difference in Average

Weaning Weight between lambs of Breed 5 and Breed 6.

Figure 3.29  Estimated Marginal Posterior Density of f;, the Expected Difference in Average

Weaning Weight between Male and Female lambs.
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Figure 330  Estimated Marginal Posterior Density of f; the Average Increase in Weaning

Weight per Daily Increase in Age.

3.6  An Experimental Design — Model Validation

'Much -of the current research focused on the distributional properties of Bayesian models
compargd to classical models. At present one would suggest the results of these models should be
comparéd by means of partial F-tests, residual analysis, cross validation (data-splitting) or tests of
overall model adequacy. However, model validation involves an assessment of how the fitted
models will perform in practice, i.e. how successful it will be when applied to new or future data. An
experiment will thus be conducted where all the genetic parameters in the mixed linear model are
known, and the dependent variable will be built. These parameters, using REML and Bayesian

methods (Dirichlet process) will then be estimated.
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Again, consider the following mixed linear model

Y, =X,B+zy, +¢

where ‘g ~‘N(0,' o’ 1,) and for which the random effects have a non-parametric Dirichlet process prior
distribution, i.e. ¥, ~ G where G ~ DP(M - G,). The parameters of the Dirichlet process are

G,= N(O, oz,) ,a probability. measure, and M = 100. The values for the variance components are
o/, = 4.88 and o", =(0.7211. The only fixed effect in the model is sex (# = 0.705). Thus, the male
lambs weigh on average 0.705 kg more than female lambs. A total of 200 sires are added as random
sire effects to the model. For each sire, 10 male and 10 female weaning weights are generated using

the Dirichlet process.

Table 3.8 reports the estimated variance components used for the experimental data set. A small
difference between the estimates and the actual values of these variance components are observed,
indicating that the Bayesian approach using the Gibbs sampler is certainly valuable and worthwhile

in the context of animal breeding and selection.

Table 3.9 contains the estimated breeding values of the first 10 sires in the data set along with
their rankings. The second column (EXP) in the table is the actual breeding values of the sires. The
fourth and sixth columns contain the results when a Dirichlet process is implemented in the Gibbs
sampler, qu the fourth column, the precision barameter M is set equal to the true value, i.e. 100,

whereas the six column contains results when this parameter is simulated given the data
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Table 3.8 Estimated Variance Components for the Experimental Data using the Dirichlet

Process Prior and REML Analysis.

MDP, M = 100 MDP, Sim M | REML
7, 0.765 0.768 0.772
o, 4.932 4.935 4.929

Note that the true values for the variance components are, for o, = 4.88 and o”, =0.7211.

Table 3.9 Estimated Breeding Values of 10 of the 200 Sires for the Experimental Data along

with their Posterior Rankings.

Rank | EXP |[Sire_ID| MDP, M =100 (Sire_ID| MDP, Sim M |Sire_ ID] REML |Sire ID
1 1.4702 9 1413 9 1.4188 9 1.44597 9
2 | 13975 2 1.3183 2 1.3239 2 1.32166 2
3 0.381 5 0913 10 0.8727 10 | 0.87709 10
4 0.2997 1 02711 5 0.256 5 0.26953 6
5 0.146 10 | 02381 6 0.2142 6 0.2679 5
6 -0.082 6 -0.0503 7 -0.1292 7 -0.02923 7
7 | -02163 | 8 -0.1544 3 -0.2231 3 -0.15932 3
8 | -02835 | 11 -0.2535 1 -0.2281 1 -0.16895 1
9 | -03977 | 4 -0.2812 1 -0.3324 11| -026275 | 11
10 | 04936 | 7 -0.4713 8 -0.4889 8 -0.44905 8
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From the table we can show that the Dirichlet process in Bayesian inference regarding breeding
experiments is a very promising method. According to the experimental data, it is known that sires
9,2,5,1 and 10 are ranked as the five best sires in the model. The Dirichlet process ranked sires

9,2,10,5 and 6 as the best animals. This is an 80% success rate in the ranking procedure.

Sires 9,2,10,6 and 5 are also ranked as the best sires by the REML analysis. In the next section

dealing with the model adequacy, the SSE (sum square errors) is calculated and reported in Table

3.10 below:

Table 3.10 The Calculated Sum Square Errors for the different Analysis.

REML

MDP, M =100

MDP, Sim M

SSE 46.145

46.44

44 .833

From the results, it is believed that the Bayesian non-parametrics, using the Gibbs sampler, have
as much to offer as the REML ahalysis. Since the posterior densities resulting from the Gibbs
sampler can easily be used to construct confidence intervals for the model parameters, the potential

mathematical consequences of the toolkit that is explored here in the world of the animal breeder is

evident.
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3.7 Chapter Summary

The important contribution of this chapter revolves around the non-parametric modelling of the
random effects. We have applied a general technique for Bayesian non-parametrics to this important

class of models, the mixed linear model for animal breeding experiments.

Our technique involved specifying a non-parametric prior for the distribution of the random
effects and a Dirichlet procesé prior on the space of prior distributions for that non-parametric prior.
The mixed linear model was then fitted with a Gibbs sampler, which turned an analytical intractable
multidimensional integration problem into a feasible numerical one, overcoming most of the
computétional difficulties usually éxperience with the Dirichlet process. This proposed procedure
also represents a new application of the mi.xture of Dirichlet process model to problems arising from
animal breeding experiments. The application to and discussion of the breeding experiment from
Kenya is helpful for understanding the importance and utility of the Dirichlet process, and inference

for all the mixed linear model parameters.

As far as non-parametric versus parametric analysis are concerned, in relatively ‘well-behaved’
cases, where a parametric analysis would have coped, we typically obtain similar forms of posterior
inference, particularly posterior modes, but with appropriately greater range of uncertainty in
posterior means, as indicated in the case when the precision parameter is relatively small. When the
appropriate form of the posterior should be ‘badly behaved’, the non-parametric analyses will reflect

this, whereas most parametric analyses would not reveal this fact.
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However, as mentioned before, a substantial statistical issue that still remains to be tackled is the
great discrepancy between resulting posterior densities of the random effects as the value of the
precision parameter, M changes. The work in this area is ongoing and needs a careful understanding,

especially where inferences may be sensitive to the distributional assumption on the random effects.

We belAieve that Bayesian non-parametrics have much to offer, and can be applied to a wide range
of statistical procedures. As far as Bayesian versus Classical épproaches are concerned, we note the
very real advantage of being able to input broad prior ideas of characteristics such as location, scale
and shape. Moreover, the much richer and more tractable forms of inference that are presented as a

consequence of the Gibbs simulation-based approach to computation are quite profound.

© Parts of this chapter (simulation study) have been published in the South African Journal of Animal Science.
(See Pretorius & Van der Merwe, 2000)

© Parts of this chapter (Dirichlet process results) are submitted and in press in Genetics, Selection and
Evolution.
(See Van der Merwe and Pretorius, 2000 (in press))

© Parts of this chapter (Dirichlet process results) have been accepted for publication in ‘Collection of Refereed
Articles’ - ISBA2000".
(See Pretorius and Van der Merwe, 2001)

! International Society for Bayesian Analysis
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CHAPTER 4

«The Dirichlet Process in Veterinary Medicine Research»

Introductory words: In the present thesis, parallel developments of mixed linear models have also taken place
in veterinary medicine research. The aim of the present chapter is to expand the Dirichlet process prior to a

veterinary medicine problem in which the observations are correlated with each other.

4.1 Prologue

‘As mentioned in the previous chapter, Mixture priors, especially Dirichlet Mixtures have opened
the way to serious Bayesian developments in Non-parametric Modeling and Density Estimation.
Moreover, mixtures of Dirichlet process models (MDP) have become increasingly popular for
modeling when conventional parametric models would impose unreasonably stiff constraints on the
distributional assumptions. There has been some work towards this end in the classical setting,

however in the Bayesian paradigm, non-parametric modeling is still very scant and introductory.

As mentioned in Chapter 3, from the Bayesian perspective, inferential interest focuses on the
posterior distribution of the random and fixed effects. - Allowing distributions other than the normal
forl the random effects may more accurately model our prior beliefs, or it may allow us to better
express: out uncertainty about the true distribution of the random effects. However, one major

question arising in Bayesian analysis concerns the sensitivity of the results to the chosen prior
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In the next sections, we describe How the MDP model can be applied to the mixed linear model.
We show the full conditional distributions and how the Gibbs sampling can be implemented for both

the conjugate (section 4.3) and non-conjugate case (section 4.4). Indeed, if we assume the sampling

distribution for y, to be normal, then a normal base measure for the random effects completes a

conjugate MDP model. If on the other hand, the base measure is specified as a multivariate ¢ —
distribution (i.e. a scale mixture of the multivariate normal distribution), then the base measure for

the random effects completes a non-conjugate MDP model.

We provide a detailed exploration of a veterinary medicine application of interest in an
experiment where the mixed linear model is appropriate. Finally, we present an extension of the
work to a non-conjugate mixture of Dirichlet process model, and compare the results of this analysis

to that of the conjugate MDP model.
4.2 The Experiment and Model Structure

-An important assumption in the use of mixed linear models is that the observations are
independent from each other. In many practical situations this assumption does not hold. The most
common situation is where different measurements are taken on the same individual, leading to what
is known as a repeated measures design. Often these measurements are taken periodically over time.
Alternatively, observations may be spatially collected in which case those closest together may be
most alike. To demonstrate how the mixed linear model can be used for repeated measures design,

the following experiment is analyzed.
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The aim of the study was to see whether there are differences in the change in PCV between the
two breeds of cattle, N’Dama and Boran, following a trypanosome infection'. A variable often
measuréd to evaluate the severity of the diseases is packed cell volume (PCV), which is the
percentage of the volume of the blood serum taken up by the red blood cells. Low PCV corresponds '

to anaemia and can indicate infection with the disease.

Depending on the design of the experiment, different mpdels could be fitted to the déta, but it
will be shown that the mixed linear model framéwork provides a unified way to investigate the
changes over time of PCV in the case of the two different breeds. Moreover, the Gibbs sampler
developed in the previous chapter can also be useful here to show how posterior computations via
Gibbs ;ampling simulations can be routinely applied to the experiment. The data are shown in

APPENDIX D.

The appropriate mixed linear model for the experiment is given by '
y =X,f+Zy, +¢ ' 4.1

y, is am; x 1 vector of PCV measurements for the /" animal; B (p x 1) is a vector of uniquely defined

fixed effects and that the corresponding design matrix X; is (n; x p). For the present example, we fit

the average slopes and intercepts for the two breeds as the fixed effects.

! Parasitic disease transmitted by Tse-tse flies
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Also, Z; (n; x v) is a matrix of covariates for the v x 1 vector of random effects. Further, y, is the

unobservable random effect, and for the unobservable vector of random errors, & (n; x 1), it is

common to assume independent normal distributions.

For ¥, (v x 1), the vector of unobservable random effects which is usually taken to be normally

distributed, the normal prior is replaced with a non-parametric prior, followed by a Dirichlet process
prior c;n the general distribution. For the present example, it is also assumed. that each animal has a
random slope and intercept, and that this random slope and intercept are normally distributed. Thus,
the intercept and slope parameters describing the linear relationship between PCV and breed contain

both fixed and random effects.
Considering the above model structure, the covariates for the fixed effects are

X, : Intercept

. x, Time in days

X!

1 if N'Dama breed
0 if Boran breed

X3 X X3 - the time by treatment interaction,
and the covariates for the random effects are (with v =2)

Zy: Intercept

Z, . Time in days
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Further

}/0/

7, = Slope for the " individual,

and

B, = Intercept for PCV measurements on Boran breed,

Intercept for the * individual

[, = Slope for PCV measurements over time on Boran breed,

[, = Difference between the intercepts of the N’Dama and Boran breeds, and

_ ;= Difference between the slopes of the N’'Dama and Boran breeds.

Therefore we have

=
=4

| xlﬂ——'

[ T T e S e S o S e S~ S Y

=
~

O O O O O © © © oo O O o o o

with X| =X2= =X6, and

o
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-xo X X, x3T
1 0 1 0
1 2 1 2
1 4 1 4
1 7 1 7
1 9 1 9|
1 14 1 14 f; 0
X, =1 17 1 17 ﬂ‘
1 18 1 18 ﬂz
1 21 1 21} |
1 23 1 23
1 25 1 25
1 29 1 29
1 31 1 31
1 35 1 35]
with X; =Xz =... =X,
Further
(36.2]] [30.4]
35.9 33.0
y, = and y, =
21.3 24.5
(17.8] v 226
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As in the previous chapter we will present a mixed linear model for which the vector of random
effects have a non-parametric distribution. The non-parametric Bayesian approach for the random
effects is to specify a prior distribution on the space of all possible distribution functions. This prior

for the mixed linear model is applied to the general prior of the distribution of the random effects.

Indeed, as shown before, this can be accomplished with a Dirichlet process prior distribution.
This means that the usual normal prior on the random effects is replaced with a non-parametric prior,

followed by a Dirichlet prior on the general distribution.

.In the next section the required conditional posterior distributions for the model parameters are
given. Note that although the detailed derivations of these distributions can be seen in Chapter 3,

some extra derivations will be given in the present chapter. Only minor changes are made to the

Gibbs sampler because of the correlated observations (repeated design).
4.3  Priors agd Conditional Posterior Distributions for the Conjugate MDP Model
4.3.1 The Uniform Prior for Band o
The full conditionals for #and o, for the conjugate MDP model in the case of repeated measures,
are the same as in Chapter 3, i.e. an uniform prior distribution for both 4 and o, as to represent lack

of prior knowledge about the vector of fixed effects and error variance. Therefore

p(ﬂ,oﬁ) =p(B)p (67) coﬁstant 4.2)
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The required full conditional for the fixed effects, is multivariate normal:

q

Bly.cly . ~N, {B,[Z(x;x,)} oj} (4.3)

where ﬁ = (Z(Xi'xi)] ixi'(zi_ziyi)'

i i=l

For the variance component, 052 the conditional is

pol|Byy )= KeH(?j exp{‘ 7, -X.B-Zy)(y, _Xi/B_Zi}/i)}
i=1 £ )

g

€

cl>0

£

4.9)

an Inverse Gamma density where

n2
2

. ' q ’
Z(Z_Xiﬂ—ziyi)'(z_xiﬁ_zi}’i)
K = i=1
¢ ) n-2_°

g .
Also, ¥ =(y1,72. %) Y = (y_l',zz',...,zq')', Zni =n the sample size, and 7, =[y°']

i=] li

where 7,, = Intercept for the /" individual and ¥,,= Slope for the /" individual, as defined before.
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4.3.2 Prior for D

The variance covariance matrix D in the base measure of the Dirichlet process is unknown and

therefore a suitable prior distribution must be specified for it, i.e.
p (D) o< constant

to present lack of prior knowledge about D. After choosing random effects for each subject, the

different subjects will be grouped into clusters (groups) in which the subjects have equal 7, ‘s (equal
intercepts and equal slopes). That is, after selecting a new ¥, for each subject i in the sample, there
will be some number &£, 0 <& < ¢, of unique values among the random ¥, ‘s. Denote these unique

values by 4,, /=1... £ . Additionally let / represent the set of subjects with common random effect 4,.

Note that knowing the random effects is equivalent to knowing &, all of the y, s and the cluster

membership /. Then for the purpose of calculating the full conditional of D, the 4, are & independent

observations from MN(0,D).

Thus
l) a’ oC l) 2 ex _—— q' l" q
P Y p 2 =1 ! : (45)

an Inverse Wishart distribution where

A=A AL
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See Chapter 3 for more details oﬁ the additional piece of the model to be added as an aid to

convergence for the Gibbs sampler (equations (3.17) with 0‘5= D). This additional piece is

incorporated into the final Gibbs sampler. The simulation procedure of the precision parameter, M

remains the same as in Chapter 3, and an algorithm (1.3) for simulating from a Wishart distribution is

given in APPENDIX A. Simulation from the Wishart distribution can also easily be done by using

the algorithm of Odell and Feiveson (1966).

4.3.3 Dirichlet Process Prior for

As mentioned in the previous chapter the mixture of Dirichlet Process Prior is simplified in

practice by the Polya urn representation, using the fact that marginally, the y, are distributed as the

base measure along with the added property that p(y, =y, i # j)>0.

Therefore
}/I~G° (i=1’ :‘I),
: =y, withprobability
Yol Visees¥ oo

~ G, with probability

1
M+qg-1
M
M+q-1

We find that the conditional posterior of ¥, is given by. .
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q9
p(yl |ﬂ,O’€2,D,}/_i,M)OCZ¢(X'_ |Xiﬂ+Zl}/j’o-521n’).5yI

=

+ {M [¢(y 1X,8+Z,7,.021,)6(7,10, D)dy,} (4.8)

x¢(r,10,D)p(y, 171,807, )

where~p(.zl_ |yj,ﬂ,0'52,yj)=¢(zi | X5 + Z‘.y,,ofl,,i) and @(-| u,0) denotes the normal density
with mean u and variance o . Also, y_, denotes the vector of random effects for the subjects

excluding subject i and &, is a degenerate distribution with point mass at s.

Consider again the integral

A, =M [ ¢y |X,B+Zy,,021,(r,10,D)dy,

£

(L)EiDl_%ex {—l ‘D’ }d
. P 271 Yiray,.

=1 )2 ! . |
=M 3 €Xpy— 2()_',—X,ﬂ—Z,}/,)(y__—X,ﬂ—Z,-}’,-) X
N\2om 20, '

4.9)
Following the usual algebraic routes, i.e. completing the square with respect to ¥, it follows from

(4.9) that
i 2 ! o
A, =M@z) 2 |D2jRf2(0?) exp{;l—z(y. ~X,0)¥,(y, —Xiﬁ)} (4.10)
.o O-E - =

where

-1
Q, =[L2(Z,.'Z,)+D"} and ¥, =[%Z,-Q,~Z,-'—1ni}
g

& £
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Proof:

1
The exponent of the integral is _Z(Z -X,p- Zi}/i)'@ -X,p-1, )+ y,'Dy.. This can be
o.g 1 1 .
written as

%(FY:, _Zi}/i)’(zi _Ziyi)+yi'D-lyi

~ 1 2 . .
Y'Zy +—v/Z,'Z,+y,'D I}/i
—_ O—-

£

where

Following the usual algebraic routes, i.e. completing the square with respect to y, where y, is a

v x | vector, it follows from (4.9) that

1 ; |‘ | 'y 1 !
—ViL;'Ly, +y, Dl}’i_z?z,- Zy, =

& €

. / -l
1 , . 1 . 1 , . 1 , . 1 e~
[7:‘ _{?Zi Z +D ’} —Z, X,} {_2(Zi Z)+D l}[}'i _{_221’ Z,+D l} _—ZZi X;]
£ o, o, o, O

2 -1
—[%j 'i.'z,{%<z,-'z,->+0"} Zy,
O- —1 O. —_

£ £

1
Hence, the exponent _2(Z -X,p- Z,}/,)'Q_ -X, /- Z,}’i)+ 7,' D'y, can be written as
. O-£ ¢ i B
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From the above expression it follows,

A, = M(2z)

I

. ’ -1
L. ] ~ 1 ~
)D| 2(0-52) 2 exp 12 y{—zz,{%(l,'z,HD"} Z,'—I,,ly,
20; o, c

iy /
jexp—— ¥, - {1 Z'Z +D } —ITZ y]{—(z Z)+D}
c o. ') |o

-1 ’
( L 2,2 +D } %Z,'y] dy,
o! o;

and we find

!

A, = M(27r)'%(v+"") D|_% (of )_'17 exp{ : -
_ 20, o,

Therefore

Xiﬂ)“{j;‘(zi —X,ﬁ)H:—l?(Zi'Z,)+D"] 2(27[)5-
L o 1

A, =M@a) 2|20k (el) exp{;(z, -X,B)VY,(y, —X,ﬂ)} ‘

|

where

A \
Q, {Lz(z,'z,)u)"} and V¥, =[izz,9,z,'-1n). 1
. ,

& £
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Thus, as explained in Chapter 3, each summand in the conditional posterior distribution of y,

(equation (4.8)) is separated into two elements. The first element is a mixing probability, and the

second is a distribution to be mixed. So with probability

#(y | X,B+Zy;;001,)

q
A+ D80y | X, B+Zy;0l1,)

J=liy=i

(4.11)

we select from distribution 5,/_ , which means that we set y;, = y . Also, with probability

- A, (4.12)
DA Yy, 1 X B2y, i0l,)
J=lji .
we select from
p(ri1B.05Dy )< ¢(r,10.D)p(y, 17, 8,00.y ), (4.13)

meaning we sample y, from its full conditional,

p(r./B.D,0y )= N{Z,'Z, +02D")' 2y, - X, B)(Z,'Z, +3’D") "o

(4.14)

Before applying the conjugate MDP model to a veterinary medicine experiment, we first turn to
the non-conjugate MDP model, and show how to apply this model structure to our mixed linear

model.
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4.4  Priors and Conditional Posterior Distributions for the Non-Conjugate MDP

Model (Modified MDP Model)

As mentioned before, samples of the y, from a modified distribution can be obtained by

specifying the base measure as a multivariate normal scale mixture. The multivariate ¢ — distribution

can be obtained as a scale mixture of the multivariate normal distribution as follows. If

x|n~N,(un"'2),
(4.15)
S S

~ga(—,—),
n-~g (2 2)

then the marginal distribution of x is St, (S,u,Z) , Where St, (S,p,Z) is a p — dimensional Student
t - disfribption with s degrees of freedom, mean g, and dispersion matrix £. Also ga = Gamma
distribution. From a sampling perspectiv_e, sampling from
s s

n-~ ga('z‘,E)
and then from

x|n~N,(u,n"'T)
is équivalent to sampling from St,(s, £,Z) . Thus, marginally, the distribution of x is multivariate ¢,

with 77: being integrated out. This representation is often used in the Gibbs sampling literature
(Kleinman & Ibrahim, 1998; also see Wakefield et al., 1995 and the references therein). Note that

with a common 7 for all i, we generate dependent samples for the y,’s. To obtain independent

samples for the y,’s, we must specify a separate 7, for each ¥, and take the 7, s to be i.i.d. gammd

variates. The specifications for the modified MDP model are as follows.
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The Uniform Prior for fand 0'62

The full conditionals for fand o;’ for the multivariate f model (non-conjugate MDP model) are
the same as in the conjugate MDP model, i.e. a uniform prior distribution for both 8 and o’ asto
represent lack of prior knowledge about the vector of fixed effects and error variance (see equations

(3.13) ahd (4.2)). Thus the required full conditional for the fixed effects, J is again multivariate

normal (see equations (3.14) and (4.3)), and for the variance component, o’ an Inverse Gamma

density (see equations (3.15) and (4.4)).

4.4.2 Prior and Conditional Posterior for 7

From the discussion in section (4.4) we will specify for 7, the prior

.~ ga(g,g), ie.

(p)§ ng_l eXP{- %Q}
p(n) = .

In the example that follows, we will use p = 4, which means that instead of using a normal prior as

base measure, we will use a ¢ — distribution with 4 degrees of freedom for G,.

The conditional posterior distribution for 7 is given by
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L £
(P)in? eXP{—%TZ}

XTs BJ
2

p(1y.,.B.0l.Dy)=K

£ ¢
X lﬂ_lD‘ 2 exp{— %Z A '(77D" )l,}

1=l

(4.17)

which leads to

=1

(vk+p) n ¢
Kn ? exp{—;(p+z}t,'D"/1,J , (4.18)

a Gamma distribution. Hence, from a sampling perspective, 77 ~ ka+p , 1.e. 1 is sampled from a

Chi-square distribution with vk+p degrees of freedom and 7 can be calculated as

~

7= 7 _ 4.19)

¢
(p+Zl,'D"Z,J
I=t

Equations (4.17), (4.18) and (4.19) also follow from the fact that after selecting a new y, for each
subject / in the sample, there will be some number £, 0 <& < g, of unique values A, 1=1,.¢

among the random y, ‘s (see also section (4.3.2) for more details on &). Thus, for the modified

MDP model an additional piece is added to the Gibbs sampler. Also, note that we use a somewhat

simpler generation of the multivariate ¢ than is usually found in applications of the Gibbs sampler.
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4.4.3 Prior for D

As in the normal case, section (4.3.2) we specify for D the prior

p(D) o constant

to present lack of prior knowledge for D. For given 7 the posterior is therefore given by

l_é l {
p(D| 4, y,n)ec ' Dl 2 exp{- 52'1'/ UD"/L}
- (=1
¥ooo¢ 1 ¢
o« ? D2 exp ‘ED"ZW(’W/') . (4.20)
‘ ; 1=l
where A =[44,..4,]"
Further, as shown in Chapter 3, to speed mixing over the entire parameter space, it is suggested to
move around the A’s after determining how the y,’s are grouped. Thus, in addition, a posterior

density is derived for the A’s, i.e.

. P | B.o;nDy)« ¢(4, | 0,07 D) ] oy, | Bo?) (4.21)
id

which implies that

-l
A |'B’G€2’77’D’Z ~ N{?,”,(ZZ,'Zi +nD"0'€2J 03} (4.22)
iel o
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where

7 =(ZZ,’Z, +771)"oj] [sz'(z,- —x,/)’)}. (4.23)
id e

444 Dirichlet Process Prior for

From the discussion of the conjugate MDP model in section (4.3), we find that he conditional

posterior of y, is given by

q
Pl Boin Doy M)y« Y 8y X, B+Zy,,011,)-5,

J#i

+ {M fo(y, 1X.p+2.7..021,)8(r,] o,n"D)dr,} (4.24)

Xy, 10,07 DYp(y, 7., 8,00,y )

where p(y |7,.,,B,0'£2,Xj)=¢(zi |XB+Z,y,,0.1,) and @(| u,07)denotes the normal density
with mean z and variance ¢ . Also, 7_; denotes the vector of random effects for the subjects

excluding subject i and J; is a degenerate distribution with point mass at s. Consider again the

integral

A =M [ gy 1X,B+Zy,.0 0, (. 10,77 D)dy,

. @ 1 Y2 1 : ..
=M 2 €xp ——2()’, _xiﬂ_zi},i)'(y- _Xiﬂ_Ziyi) x (4.25)
\20.m 200 ' =

)

N <

]
7' D[ exp{—%ri'n"D"yi}dy,--
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Completing the square with respect to y, where y,’isav x 1 vector, it follows from (4.25) that

" 1 ! o

AT =M@a) 3 D3R o) exp{z1 =y, - X8y, -X,ﬂ)}

O-; ey } —1
(4.26)
where :
1 B 1
. o ' -1 '
Q7 =[?(Z, Z,)+nD } and ‘P =[?Z,Q,’.’Z,. —IHJ.

Thus, as explained in Chapter 3, each summand in the conditional posterior distribution of y,

(equation 4.24) is separated into two elements. The first element is a mixing probability, and the

second is a distribution to be mixed. So with probability

#y, | X,B+Zy;0M,)

q
N+ 28y, | X,B+Zy,;01,)

J=ljei

4.27)

we select from distribution 5” , which means that we set }/., = y,. Also, with probability

AN
: (4.28)
q
AN+ Y8y | X,B+Zy,;0l1,)
J=bj=i
we select from
P 1 Bolsn Dy )< dly, 10,07 D)p(y, | 7., B.0lsy ), (4.29)
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meaning we sample y, from its full conditional,

plr.!B.os, Dy )=N{(Z'L +onD")"' 2 (y, - X, Bi(Z,'Z, +o;nD") " 0}

(4.30)

Since all the necessary conditional posterior densities are derived and given, we illustrate our

methodology with an experiment from veterinary medicine research.
4.5. A Veterinary Medicine Example

As mentioned in the introductory sections of the chapter, the aim of the study was to see whether
there are differences in the change in PCV between the two breeds following a trypanosomal
infection. The estimates are obtained from the Gibbs sampler, in which the full conditional
posteriors are updated after every iteration. All posterior analyses are based on 1 000 draws, giving

us a full non-parametric Bayesian solution to all the mixed linear model parameters.
451  REML Solution

The following REML results are taken from Duchateau, et al. (1998). The variance components
of the random effects can be obtained from Table 1. The first line in this table, named ‘d(1,1)’,
corresponds to the variability of the intercepts within breed, the second line, named ‘d(2,1)’, to the

covariance between the intercebt and the slope, and the third line, ‘d(2,2)’, to the variability of the

slopes within breed, and ‘Residual’ to o . The variance of the intercepts is the largest component
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and much larger than the variance of fhe'slopes. There is a negative covariance of —0.2551 between

the slope and the intercepts, implying that the higher the initial PCV the greater it’s subsequent fall.
The intercept and slope parameters describing the linear relationship between PCV and breed .
contain both fixed and random effects. Average fixed intercepts and slopes are assumed for each

breed, and each animal has a random slope and intercept.

Table 4.1 Covariance Parameter Estimates obtained from the REML Analysis.

Cov Parm Estimate
d(l,1) 12.4646
d,l) -0.2551
d(2,2) 0.0058

ol 43531

The average linear relationship for each breed can be obtained from Tabie 4.2 below.

Table 4.2 REML Solution for the Estimates of the Fixed Effects.

Effect Breed | Estimate SE DF t Pr>|t|
Intercept 35.06 1.501 10 2335 | 0.0001
Breed BO -0.842 2.123 144 -0.4 0.692
Breed ND 0 . . . .
Time*Breed BO -0.413 0.0374 144 -11.04 0.0001
Time*Breed ND -0.276 0.0375 144 -137 0.0001

From this table, the linear regression equation for the two breeds can be obtained as
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BO: PCV=134.00-0.413¢

ND: PCV=35.06-0.276¢

Both the intercept and slope of the fitted relationship is thus different from animal to animal.

Individual regression lines for each animal can be obtained from Table 4.3.

Table 4.3 Individual Intercepts and Slopes for the Different Animals (random effects) obtained
from the REML Analysis.

Effect | Anim_ID | Estimate SE DF t Pr > |t
Intercept BO241 -1.836 1.638 144 -1.12 0.264
Time BO241 0.0563 0.0417 144 1.35 0.179

: Intercept BO322 4,014 1.638 144 -2.45 0.0154
Time BO322 0.084 0.0417 144 2.03 0.044
Intercept BO326 -3.53 1.638 144 -2.16 0.032
Time BO326 0.0676 0.0417 144 1.62 0.107
Intercept BO209 4.698 1.638 144 2.87 0.0047
Time BO209 -0.095 0.0417 144 -2.28 0.024
Intercept BO37 0.8398 1.638 144 0.51 0.608
Time BO37 -0.0359 0.0417 144 -0.86 0.39
Intercept BO1 3.841 1.638 144 2.35 0.02
Time BOIl -0.0777 0.0417 144 -1.86 0.064
Intercept ND60 -2.1658 1.638 144 -1.32 0.188
Time - ND60 0.0338 0.0417 144 0.81 0418
Intercept ND66 | 3.3628 1.638 144 2.05 0.041
Time ND66 -0.0512 0.0417 144 - -1.23 0.222
Intercept ND72 -2.688 1.638 144 -1.64 0.102
Time ND72 10.057 0.0417 144 1.37 0.174

" Intercept ND73 0.2487 1.638 144 0.15 0.879
Time ND73 -0.0248 0.0417 144 -0.60 0.552
Intercept ND74 -2.8312 1.638 144 -1.73 0.086
Time ND74 0.06 0.0417 144 1.44 0.152
Intercept ND75 4.073 1.638 144 2.49 0.014

Time ND75 -0.0749 0.0417 144 -1.80 0.0747
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For instance, for the first animal, BO241, the fitted relationship is

BO241: PCV = (34.22 - 1.836)+(—0.413 + 0.0563) ¢

=3238-03571¢

These regression lines are determined for each animal and are presented in Figure 4.1. This figure
demonstrates that PCV tend to decrease more rapidly the higher the initial PCV. This illustrates the

negative covariance between slope and intercept observed in the fitting of the model and Table 4.1.

Time(days)

Figuré 4.1 Change of PCV in Time for Individual Animals based on the REML Analysis. (This

figure is taken from Duchateau et al. (1998)).
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4.5.2

Non-Parametric Bayesian Solution

The covariance parameter estimates (modes of the posterior distributions) for the conjugate MDP

model and the modified MDP model are displayed in Table 4.4 below. The reason for determining '

the posterior modes and not the posterior means is because the REML estimate is more similar to the

mode of the posterior distribution than the mean. Also, it is well known that the REML estimate is

the mode of the marginal likelihood.

Table 4.4 Covariance Parameter Estimates (modes of the posterior distributions) from the
Conjugate MDP and Non-conjugate MDP Model as obtained by the Non-parametric
Bayesian Analysis.
Cov Parm| Conjugate MDP | 95% Credibility | Non-Conjugate MDP | 95% Credibility
: Estimate Interval Estimate Interval
D(1,1) 13.50 7.4122 ;209.5653 15.75 5.2152;225.2366
D22,1) | -0.28 -4.6765 ; -0.0643 -0.31 -5.4513;-0.0788
D(2,2) 0.0076 0.0024;0.1198 0.01 0.0008 ; 0.1357
o’ 4610 3.8070;7.172 4.690 3.7915; 8.007

The main difference between the results of the conjugate MDP model and the non-conjugate MDP

model is that the 95% credibility intervals for the variance components are wider under the modified

base measure (non-conjugate MDP model). This is to be expected, as the variance covariance matrix

D is directly affected by the relaxation of the normal assumption. Moreover, the similarity of the

results for the o indicates that this variance parameter is not sensitive to the choice of one of these
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two base measures. Furthermore, as evident from the above tables it is also clear that the Bayesian

estimates coincide well with the REML estimates. The observed histogram- for o, from the

conjugate MDP model is given in Figure 4.2. Using the conditional posterior densities for d(1,1) and

d(2,2) the marginal posterior densities are estimated as the average of the posterior densities and are

displayed in Figures 4.3 — 4.4

evident on Figures 4.3 and 4.4.

The attenuation of the width of the 95% credibility intervals is also

Figure 4.2 Histogram of the Posterior Distribution of o,” (Error Variance) with Mean = 6.032

and Mode = 4.610 (Conjugate MDP Model).
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— Non-conjugate MDP model
- -- Conjugate MDP model

Figure 4.3 Posterior Density of the Intercept Variance: p(d,,| D) for the Conjugate MDP Model,

Mode = 13.50; and for the Non-conjugate MDP Model, Mode = 15.75.

— Non-conjugate MDP model
- -- Conjugate MDP model

Figure 4.4 Posterior Density of the Slope Variance: p(dy;)| D) for the Conjugate MDP Mode!,

Mode = 0.0076; and for the Non-conjugate MDP Model, Mode = 0.01.
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Only the results of the conjugate MDP model will be reported in the next sections. The average

linear felationship for each breed can be obtained from Table 4.5 along with 95% credibility

intervals. According to the proposed model, £ is the intercept of the Boran breed and g, the slope of

the Boran breed. 3, measures the difference between intercepts for N’Dama and Boran breeds, and

[ the difference between slopes for these two breeds.

Table 4.5

Bayesian Solution and 95% Credibility Intervals for the Estimates of the Fixed

Effects from the Conjugate MDP Model.

Effect Breed Estimate 95% Credibility Interval
Do BO 35.397 30.9278 ;39.2172
o BO , -0.43 -0.5492 ; -0.3325
5 ND-BO 0.9851 -4.0721 ; 5.9692
5s ND-BO 0.1345 -0.0019; 0.2641

If one considers ;, the difference in the rate of decrease of PCV measurement between N’Dama and

Boran breeds it follows from the 95% credibility interval (-0.0019 ; 0.2641) that there is no

difference in the rate since this interval includes zero. However, a 90% credibility interval does not

include: zero meaning that there is a significant difference in the rate of decrease of PCV

measurements between the two breeds at a 0.1 level of significance. This conclusion can also be

drawn from F igure 4.8.

Further, also from this table, the linear regression equation for the two breeds can be obtained as

BO:

ND:

PCV=3539-043t {(PCV=f+B 1}

PCV=3638-030t {PCV=(By+pB)+(Bi+05:)1}
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Both the intercept and slope of the fitted relationship are again different from animal to animal.
Using the conditional poste‘ﬁor densities for the above parameters and Gibbs sampling, the marginal

posterior densities are then estimated and displayed in Figures 4.5 — 4.8.

Figure 4.5 Posterior Density of the Intercept for Boran: p(f | D), Mean = 35.3971.
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Figure 4.6 Posterior Density of the Slope for Boran: p(f; | D), Mean = -0.4373.
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Figure 4.7 Posterior Density of the Difference between Intercepts for N’Dama and Boran

Breeds: p(f| D), Mean = 0.9851.
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Figure 4.8

Posterior Density of the Difference in the Rate of Decrease of PCV Measurement

between N’Dama and Boran Breeds: p(f| D), Mean = 0.1345.

-156-




The Dirichlet Process with an Application in Veterinary Medicine Research

Individual regression lines for each ani'mal can be obtained from Table 6.

Table 6

Individual Intercepts and Slopes for the Different Animals (random effects) obtained

from the Dirichlet Process.

Effect Anim_ID | Estimate
Intercept BO241 -2.6158
Time B0O241 0.0759
Intercept BO322 -4.5198
Time B0O322 0.0982
Intercept B0326 -4.2742
Time B0O326 0.0857
Intercept BO209 3.3598
Time B0O209 -0.0685
Intercept | BO37 | -0.1336
Time BO37 -0.0246
Intercept BOl 1.2138
Time BO1 -0.0235
Intercept ND60 -3.1529
Time ND60 0.0512
Intercept ND66 1.8883
Time ND66 -0.0194
Intercept ND72 -3.5944
Time ND72 0.0748
Intercept ND73 -0.9109
Time ND73 -0.0127
Intercept ND74 -3.7435
Time ND74 0.0793
Intercept ND75 1.694
Time ND75 -0.0223
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As in the REML analysis, these regression lines can be determined for each animal and are
presented in Figure 4.9. This figure also complements the REML results, i.e. that PCV tends to
decrease more rapidly the higher the initial PCV, and once again illustrates the negative covariance
between slope and intercept observed in the fitting of the model. Moreover, there seems to be a

difference between the N’Dama and Boran breeds.

1

it --- Animal

1 S

--- Animal 2 :é%
--- Animal3 fié

! - -- Animal-4 - i
--- Animal5 |

| --- Animal6 |}

— Animal 1 [

— Animal 2 %

— Animal 3 %g

— Animal 4 |2

— Animal 5 g

Animalb &

Figure 4.9 Change of PCV in Time for Individual Animals based on the Bayesian Non-
Parametric Mixed Model. (Dashed = N’Dama; Solid = Boran). The lines are

numbered from top to bottom.
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Let us now turn to the important pérameter of the Dirichlet process, M. Recall that the parameter
M, a type of dispersion parameter for the Dirichlet process prior, is a measure of the strengih in the

belief that G is G,. Although it may be hard to quantify, M is a positive scalar that is related to how

“clumpy” the data are (often called a precision parameter). Clumpy data occur when the different

subjects are concentrated into a few clusters. In practice it is difficult to select appropriate vaiues for
this parameter. Instead, it is suggested to place a prior distribution on this parameter, and simulate it
given the data. West (1992), assumed that M ~ Ga(a,b) a gamma priof with @ > 0 and scale b > 0.
We may extend this idea to include a reference pri‘ér (uniform for log(M)) for the repeated measure

design by letting a— 0 and b— 0.

‘Moreover, when defining a Dirichlet process prior, recall that M determines the prior distribution

of &, the number of additional normal components in the mixture, and it is a critical smoothing

parameter of the mixed linear model. When there are only a few clusters among the animals in the
model; thé estimate of the normal means from the Dirichlet proces; prior will be similar to the non-
parametric Bayes estimator, and when there are almost ¢ = 12 (total number of random effects)
different clusters, the estimator from the Dirichlet process prior will be similar to the parametric

Bayes estimator.

‘When M is simulated, given the data, the average number of clusters, E =9 with mode
M, =16.10. The estimated marginal posterior density and the unconditional marginal posterior

density for the simulated M values are displayed in Figures 4.10 and 4.11.
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Figure 4.10  Estimated Marginal Posterior Density of M withg =9, and Posterior Mode

M,=10.0.

Figure 4.11  Estimated Unconditional Marginal Posterior Density of M with Posterior Mode

M,=16.10.
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Finally, the observed histogram for the number of clusters, & for the simulated values of M is

presented in Figure 4.12.

Figure 4.12  Observed Histogram for the Number of Clusters, & when M is simulated;

£=9

According to the above figure, the different animals for the two breeds are grouped into 9 different
clusters. Figure 4.9 also supports this conclusion. In this figure it is clear that the lines for animals
4,5 and 6 of the N’Dama breed are very similar. Hence these three animals are grouped into one
cluster, having the same slope and intercept. Moreover, the same conclusion can also be drawn for
animals 5 and 6 from the Boran breed. Thus, with these different animals forming two groups, we

have an average of 9 groups/clusters among the twelve different animals.
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4.6  Chapter Summary

In this chapter, we have applied a general technique for Bayesian non-parametrics to the mixed
linear model. Our technique involved specifying a non-parametric prior for the distribution of the '
random effects anci a Dirichlet process prior on the space of prior distributions for the non-parametric
prior. Moreover, we also present the use of a modified MDP model. The resulting model was fitted
with a Gibbs sampler. The modified MDP model is a new generalization, as is the computational

imputation of this model.

The application to and discussion of an interesting data set from veterinary medicine research was
helpful-for understanding the importaﬁce and utility of these two MDP models, and the Bayesian
mixed linear model framework provided a unified way to investigate the changes over time of PCV
in the two different breeds. Future work suggested by researchers (Kleinman & Ibrahim, 1998),
includes allowing a different #; for each i in the modified base measure and perhaps more
complicated base measures. The MDP model for the random effects would be particularly useful in
these kinds of models since they depend heavily on the random effects, which are greatly affected by

the MDP model.
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CHAPTER 5

«Reference and Probability-Matching Priors»

Introductory words: Besides the intrinsic interest of developing good non-informative priors for the variance
components problem (mixed linear model), a number of theoretically interesting issues arise in application of
the proposed procedures. For example, in animal breeding experiments, interest may be in making inferences
about ratios of variance components or functions thereof, rather than about individual variance components

themselves. This important aspect is explored in the present chapter.

5.1 _ Prologue

Box and Tiao (1973) wrote: “The sampling theory approach to the variance component problem
encounters a numBer of snags. These have bothered statisticians for many years, as is evident by the
great variety of attempts which have been made to resolve the problems”. Determination of
reasonable non-informative priors in multiparameter problems is not easy; common non-informative
prilors, such as Jeffrey’s prior, can have features that have an unexpectedly dramatic effect on the
posteri(;r. In recognition of this problem, Bernardo (1979), proposed the Reference Prior approach
to the development of non-informative priors, the key feature of which was a possible dependence of

the reference prior on specification of parameters of interest and nuisance parameters.
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In this chapter the reference prior (;f Berger and Bernardo (1992) is derived for the mixed linear
model and the solution depends on the ordering of the parameters and how the parameter vector is
divided into sub-vectors. In spite of these difficulties. :ere is growing eviden'ce, mainly through
examples that reference priors provide “sensible” answers from a Bayesian point of view and some .
more limited evidence that frequentist properties of inference from reference posteriors are
asymptotically “reasonable”. We will also examine whether the reference priors satisfy the

probability-matching criterion.

5.2 The Mixed Linear Model

From section 1.2, we again have the mixed linear model, which postulates that the observable
random vector Y is a linear combination of the fixed effects and random effects plus a random error

term. In its simplest form the univariate mixed linear model can be written in matrix notation as
Y=XB+Zy+¢. 5.1

As before, Y (n x 1) is a vector of observed values for the trait on which selection is desired,
B (p x 1) is a vector of fixed effects uniquely defined so that the corresponding design matrix X

(n x p) has full column rank, p. Also, ¥ (¢ x 1) is a vector of unobservable random effects with

Yy~ N(Q,AO'YZ) and design matrix Z (n x q). 0',2 is an unknown scalar and A (g x q) is called a

relationship (genetic covariance) matrix.
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For the unobservable vector of random errors terms, & (n x 1), it is common to assume
independent normal distributions with mean vector 0 and variance-covariance matrix ol I, where I,

represents a n x n identity matrix and .’ an unknown scalar.
) .

As before, o, and o, are the variance components.

Lemma 1

In model (5.1) ¥ is a random parameter vector whilst 8, o,° and o, are population parameters.

Therefore the likelihood function depends only on 4, &’ and a;).

Since Y| B,7,0. ~N(X,B+Z}/,0'z1,,) and }’~N((_),AO'5) it follows that the marginal

distribution of Y is
Y|B,0%,0% ~ N(XB,52ZAZ'+011,).

Proof:

Since

Y|B,y,0l ~N(XB+Zy,021,), wehave

EY|B.y,0})=XB+Zy and
E(Y|B,0}) =XpB because

v~ N(Q’Iq)'
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.Further,
Var(Y | B.7,0%) =021,
CEQYY'|By.ol)=Var(X | B.y,00)+ EX| By, 0 )EY| B.y.00)
=02l +(XB+Zy)XB+Zy) and

=l +XBB'X+ZyB' X'+XBy'T'+Zyy' L' . (5.5)

Therefore,

E(YY'|p,0}) =o0ll,+XBBF X+0!ZAZ' which follows from the fact that

E(n=0,

and

E(w")=E(w')-E(E(Y') =Var(y)=o,A.

Also
Var(Y|B,0;) =EXY|B.0)-EX|B,0})EX|B,0l), (5.6)
=01, +XBA'X'+0ZAZ-XBR'X'

=o.l, +o)ZAL' . (5.7)
Thus, we have from (5.3) and (5.7) that
Y|B,0},0? ~ N(XB,022AZ'+521,).

Therefore, the integrated likelihood function ignoring the constant (see also Chen (1994)) is given by
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| .
2 2 ] 2 Y 1 2 2 -
L(B,o;,0,1Y)x|0,ZAZ+0,], | * XGXP{—‘E(X—Xﬂ)’(a;ZAZ'W;h) '(X—Xﬁ)}-

(5.8)
5.3 . Reference and Probability-Matching Priors

5.3.1 Background

Prior distributions are needed to complete the Bayesian specification of the mixed linear model.
In the following section the reference prior algorithm of Berger and Bernardo will be used to obtain
the reference prior. The prior is motivated by an asymptotic argument i.e. of maximizing asymptotic
missing information. In the case of a scalar parameter the reference prior is the Jeffreys prior, which
does h~ave'the feature of providing accurate frequentist inference. In the multiparameter setting the
situation is much less clear. The reference prior algorithm is relatively complicated and as mentioned
the solution depends on the ordering of the parameters and how the parameter vector is divided into

sub-vectors.

5.3.2 The Fisher Information Matrix

In the case of the mixed linear model, we are concerned with inferences of 3, o and o/ . Thisis

a typical situation where reference priors had been shown to be very promising (Yang & Chen,

1995). It is sometimes reasonable to consider the parameters (5, ol v), where v = rather than

Q8.

(B, o/ ,0',2) (Box & Tiao, 1973). The reason for this is that the between group variance parameter,

-167-




Reference and Probability-Matching Priors for the Mixed Linear Model

o;z can always be written as a function of v in Henderson’s mixed model equations (Ye, 1994).

Using v instead of o;’ will facilitate the calculations considerable.

From (5.8) the log-likelihood is obtained:

I =log, L(B,v,0})= —gloge(O'f)—Elz-loge |VZAZ'+1, |

- %(X _XBY(c2)" (VZAZ+1,)" (X - XB).

(5.9)

As in the case of the Jeffreys prior, the reference prior method is derived from the Fisher information
matrix. To obtain the Fisher information matrix the expected values of the second derivatives must

be calculated, i.e.

SN T 2 2 '
E 9 21 > JE 821 , E 0 { and £ ol for example, must be obtained.
o) ) \aolav) "\ v’ 5B(@B)

Thus,

a‘Zz = —g(ﬂ " %(x ~XBY (02 (VZAZ+I,) (Y -XB)  (5.10)

€

and

&

% 1) 2 - ;
W%{;j-;@#ﬂ)'(m) (VZAZ+1,)" (Y-XB). (.11
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Taking the expectation of 5.11) with réspect to Y, it follows that

2

and

0%l _n _2 _l )
| _E[WJ =2o2)" =2 1e?) (5.12)

Next, differentiate / with respect to o, and v

= ‘E( ; ] (Y- XBY (01) 2 (ZAZ+1,) (Y - Xp) (5.13)
oo, 2\o; ) 2 '
and
9%l

1 v avl-2Y? ' -1 ' ' -1
o 3 XAl 0ZAZ ) (ZAZYOZAZ L) (X - XP)

(5.14)

(See Searle, Casella and McCulloch, (1992) p 456)
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[f we now take the expectation of (5. 14), we have

4 —E{ o j=%tr(0'€2 [ (VZAZ+1,) (ZAZYVZAZ+],) (0} )(vZAZ+],)

_ —;-lr(O' V' (VZAZ+1,)" (ZAZ)

1 2
==I(oc.,v).
5 (o;,v)

(5.15)

Differentiate twice with respect to v and consider / in two parts, first
1 \
[, = —Eloge |VZAZ'+1, |,

then

9 = —%tr{(vZAZ%I

¥ a(vaZ'+1")
L y2zazes)

ov

- -%rr (zaz:+1,)" zaz)]

and

Z b %:r{(vazw" ) (ZAZ")(vZAZ'+1,) " (ZAZ"))
A% .

- —;-tr {vzaz'+1,y' (zaz"}.

(5.16)

Therefore, from (5.16) it follows that

2
- E(%J - %tr (vzaz+1,)" Az} (5.17)

6\/2
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Consider now the second part of /, ie.

=L (- X0y (02 02AZ ) (Y - Xp)

and
‘Z% - %(o’j )'(Y - XB)Y (VZAZ'+1,)" (ZAZ YVZAZ'+], )" (Y - XB),
o,

== % (@) (X - XB) (VZAZ'+1,)" (ZAZ)(VZAZ'+1,)"

) O{VZAZ+1,\ZAZ)) " (vIAZ'+1,))
ov
x (VZAZ'+1,)" (ZAZ)(VZAZ'+], )" (Y - Xp)

=- % () (Y - XB) (VZAZ'+1,)" (ZAZ)(VZAZ'+],)"

x 2VZAZ'+1,)" (VZAZ'+1,)" (ZAZ)(VZAZ'+1,) " (Y - XB).

' 2
Thus, taking the expectation of the above —-21 we have
ov

- E( ‘f;vl; ] = r{(vZAZ'+1,)" (ZAZ)} .

If we now combine the results in (5.17) and (5.19), we have

2 2 2
_Eg_ﬁ_ :—Ea_lzl_.*%
o o o

_ %tr {vzaz+1,)" ZAZ)]

= —;—I(V).

(5.18)

(5.19)

(5.20)
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Finally, if we differentiate / with respe'ct to /3, we have

1(B) = {—a(;;ﬂ )}(0'5 J'vzAaz+1,)" {—ag;ﬁ )}

=(c2)'xX (vZAZ+1,) "X,

(5.21)

The expected values of the other second order derivates are equal to zero. The Fisher information

matrix.is therefore given by

1(B) 0. 0
I(B,0lv)=| O %1(03) %I(O'EZ,V). (5.22)

1 1
0 =Iwv,o}) =I
5 (v,0;) 5 (v) |

Although the Jeffreys prior is invariant under reparameterization and as mentioned, has been
proven to be a successful non-informative prior for one-dimensional parameter problems, Jeffreys
himself hz;d noticed difﬁculties‘in multi-dimensional parameter problems, especially when nuisance
parameters are present. In the following section the reference priors for g, o/ and v are derived.

Note that the reference priors depend on the “group ordering” of the parameters.
533 Reference Prior for f, agz and v

Berger and Bernardo suggested that one allows multiple groups “ordered” in terms of inferential
importance, with the reference prior being determined through a succession of analyses for the

implied conditional problems. They particularly recommended the reference prior based on having
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each parameter in its own group, i.e. having each conditional reference prior be only one-
dimensional. Notations such as {£, o/, v} will be used to specify the groups and the importance of
the parameters; {8, o,’, v} means that there are three groups, with S being the most important, and v

the least.

Lemma 2

For .the mixed linear model Y =X[+Zy+¢& the reference prior for the group ordering

{p, o’ v} is given by

me(B,02,v) < o] {r[(v(ZAZ’)+ 1) (ZAZ')}Z F (5.23)

Note that only the reference prior for the ordering {8, o, v} will be derived, since the reference
priors for the orderings, {af, S, v} and {o,).v. B} can be computed in a similar fashion. These priors

are the same as the one for {f, g;, v } given in (5.23).
Proof: :

Following the notations in Berger and Bernardo (1992), (see also Yang and Chen, (1995) and Ye,

(1994)) the functions A;, which are needed to calculate the reference prior for the group ordering
(B, 0., v} are obtained from I(f,07,v), see equation (5.22):

1

I 1 '

=I(c}) I},
m=| 1®-0 o |2 o {

51(052,") 51(")

[« [ en)

|
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h =|1(f)|= [(aj J'x (vzAZ+1,)"X].

To obtain A,, calculate the following matrix

1w 0 7 0.y
(_)' %](0'52) _{-2— 5 ng,v) |:Q 51(0'5,\)):|

and consider the (2,2) element, then

11},
2 1)

I { n {r(vZAz+1) (z/ls.z')}2 }

11
h, = 51(0'52)

2

_1
2

@) (c2)’
(@) {n - lr(vzaz+1,)" (zaz)f }
by = El(v) - %tr {vzaz+1,)"(zAz) .
The cqnditional prior of v given fand o’ is

(v| 8,02 Joc |h3|% = {r[(v(ZAz')f L) (ZAZ')]Z }% .
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Hence, E[loge|h2| | B, 0'52]= -log, o} +c. So the conditional prior of v and &’ given Bis

7 (0| P’ {/r[(v(ZAz')+ 1,y (zAz)| }l |

It implies that E[logelhl‘ | ,B]z cand therefore, for the mixed linear model Y = XS +Zy + ¢ the

reference prior for the group ordering {8, &%, v} is given by

1

T (B0l V) o {fr[(v(ZAZ')+ L) (ZAZ')]2 }3 .
Lemma 3

For -the mixed linear model Y =Xf+Zy +¢ the reference prior for the group ordering
{B,v,0/} is given by
2

m(B,v,0})x o {tr[(vZAZ’+I" ) (ZAZ')]2 L [tr(vZAZ'+I,, )" (ZAZ’)]’}
‘ n .

(5.28)

As will be proved later, this prior is also a probability-matching prior for v.
Proof:

Once again, the functions 4; (j=1,2,3), which are needed to calculate the reference prior for the

group ordering {5, v,0,’}, are obtained. The Fisher information matrix for this ordering is given by
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1(B) 0. 0

(o= ¢ SI6)  S160)| (5.29)

1 5 1 s
0 —=I(o,v —I(o;

> (o;,v) > ( )d
Also,

h =|1(B). (5.30)

From the Fisher information matrix in (5.29), A, follows by calculating the following matrix

I(ﬂ) (_) 1 s -l (_) ' 1 5
0 i) '{5“05’} DR [9 5’("“”)}

and the (2,2) element is

2 2
hy = l](v)_ll_(_a'z;v)
2 2 I(c?)

- %{tr bzaz ) zaz)f - L WLZAZAL) (ZAZ')}Z}

CRNC
_ -;—{tr {(vZAZ"*'I,, )—l (ZAZ')}Z - % {lr(vZAZ"*‘I,, )_I (ZAZ')}2 }

(5.31)

Also

1
hy =‘§1(0}2)

=§(O’€2)_2. (5.32)
Now

1
m(f) < (h)? =1 because it does not contain S
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2
b

(o] B) o (hy)? = {tr {vzaz+1,)" (zAZ) - ;1?- fr(vzaz+1,)" (ZAZ’)}z}

and

2o}, B) = (h)? =(02)".

Therefore we have

7(Bv,00)=n(B)n(v| By (o, |v, )

!
2

« o {tr [(vZAZ'+1n ) (ZAZ')]2 - % [tr(vZAZ'+1,, )" (ZAZ')]Z}

(5.33)

Interesting, the priors in Lemmas 2 and 3 are not dependent on any limits of the compact subsets,
nor do they yield improper posterior distributions. Therefore, it is more convenient to deal for
example with the reparameterization { B, o, v}, providing of course that o'yz is not of independent
intérest. Note also that (5.33) is also the reference prior for the group orderings {v, 8, o’} and
v,o7, :ﬂ}. Additionally, one can a!so cqnsider the following priors for the different group orderings,

namely

e 7(c’,v)= constant,and

2
o n(cl,v)x o’
In the second case we have an uniform or “flat” prior on 0'52 and 0'72 , in other words

e 7(c;,0,)= constant.
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534 Reference Prior for the Intraclass Correlation Coefficient, p

There are two main reasons for considering intraclass correlation coefficients instead of variance
components. First of all, the interest might center on them due to the nature of the study. Animal
breeding provides an excellent example, where making inferences about heritability requires
modeling the intraclass correlation coefficients. However, even if that is not the case, it may be
easier to elicit priors using intraclass correlation coefficients since they are defined on the unit
hypercube, as apposed to variance components which take values on the product span of the positive

half of the real line. For more details see Goénen (2000).

Freq‘uentists analysis of data often results in a negative estimate of the variance component as well
as a confidence interval for the intraclass correlation coefficient that covers the entire parameter span.
In con‘tras.t the Bayesian method produces sensible answers with different prior densities. Hence
these methods and likelihood based methods leave a lot to be desired, a void which Bayesian analysis
can fill and as mentioned before a Bayesian approach is intuitively appealing as well, since the

parameter space is naturally restricted.

2

The reference prior for the intraclass correlation coefficient p = !

> 5 can also be derived for
o, +0

y £
different group orderings of p, Band o,’. Only the reference prior for the group ordering {p, A o’}
will be derived since, as mentioned before, the reference priors for the other group orderings can be

computed in a similar way.
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Lemma 4

For the mixed linear model Y =X/ +Zy +¢ the reference prior for the group ordering

{p, B. &7’} is given by

o -1 2 -1 212
TelpyBiot) o =2 % tr[( P ZAZ'+I,,] (ZAZ’)} —l{tr[l’o ZAZ'+1,,] (ZAZ')}

(-p 1-p n -p
(5.34)

Proof:

According to Ye (1994), the Fisher information matrix Ip, B o©.°) can be derived from

I(v, B &%) by making the transformation

I(p,B,62)=PI(v,B,c})P (5.35)
Y
where v=—’2= P_ and
o, l-p
o 0
2 -p
p=§(LﬂWL2)= 0 I ol
(p’ﬂ’o-e) Q Q 1
L .

From equation (5.35) it follows that
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%1(/9) 0 %l(p,ob
(p,B.o})=| 0 1(B) 0 : (5.36)
%I(oj,m 0 %I(of)

where
_1'2
:ll(p) -1 4 (ZAZ) —L—72AZ'+1
2 2(1- p)* 1-p ’
. -1
l1( orz)—l1(ov2 )——1———tr (ZAZ) —L—7AZ'+1
o 1\P0:) =5 H00P 20 (1- p)? 1-p "l
ARGk
and

1(B) = (62" x'(li ZAZ'+I"] X.
-p

From (5.36) it follows that

-1 0
Lyl 1 2 I(B) 0 =

1 11%p,0))
=210 6

-1 2 -1 z
_ _1__7 - (ZAZ')(——’D— ZAZ'+1,,) - —1—4 1r(ZAZ )(L ZAZ'+1"] .
2(1-p) 1-p 2n(1- p) 1-p
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Calculate the following matrix

1 , 1
PRI B TIC ERE {110:,05) Q'J
0 1B 0 2

and consider the (2,2) element of this matrix, then

hy, =1(f3),and

by =2 Io?) = n(ol),

Now

) -
1l

ne
7(p) < (k) 1 ~| tr (ZAZ')(LZAZ'H"]
(1-p) 1-p

1 o
= {tr(ZAZ' )[—p— ZAZ'+], ] }
n l1-p

and

[SEES

. ﬂ(,B | p) < (h,) = 1 because it does not contain £, and

7@} | p, )« () =0.”.

Therefore we have

zo(p, B,0l)=m(p)n(B| p)n(c? | p, )
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and thus the reference prior for the group ordering {p, B ¢,’} is given by

2

) -1 -
;zR(p,ﬁ,aj)oc(laf ; tr( P ZAZ’+1nJ zazy| -1 tr( £ ZAZ’+I,,] (ZAZ))

l1-p n l1-p

Corollary 1

Equation (5.34) is also the reference prior for the group ordering {f p,0,’} and {p,c?, B}. Also,
in a similarly way, it follows that the reference prior for the group orderings {8 o., p},

{0, B p} and {62, p, B} is given by

2

-2 -1
7o (8,02, p) oc —2¢ v trl:( P ZAZ‘+1nj (ZAZ')} . (5.37)

N —

(1-p 1-p

In this section we will derive the probability-matching priors for the parameters of the mixed

linear model and see whether they include some of the reference priors developed in the previous

sections. .

5.3.5 Probability-Matching Priors
|

Recently Datta and Ghosh (1995) derived the differential equation that a prior must satisfy if the

posterior probability of an one-sided credibility interval for a parametric function and its frequentist
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probability agree up to 0(n”') where n is the sample size. They proved that the agreement between

the posterior probability and the frequentist probability holds if and only if

-2y} =0 CED
a=l a

where ‘7(6) is the probability-matching prior for #the vector of unknown parameters.

Also

/
0 0
A, =| —1(0),... — (6 5.39
, [aa,t() 60,"[( )} (5.39)

and

@) @80

= —= =78, 0] . (5.40)
JA, 017 (6)4,(0)

It is clear that 7'(6)1(8)n(8) = 1 for all & where I"'(8) is the inverse of I(§), the Fisher information

matrix of & and #(6) the parameter of interest. The following lemma can now be stated.
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Lemma 5

2

o
For the mixed linear model Y = X+ Zy + & the probability-matching prior for v = ;_Lz is

£

given by

Ty (v, B,070) = ng[tr{(vZAZ'H" ) (ZAZ')}2 _1 {IV(VZAZ'H" ¥ (ZAZ‘)}2 T ..

: n

(5.41)

Proof:

From the equation (5.22) it follows that the inverse if the Fisher information matrix is given by

1'(p) 0 0
1 1 ’
—1 -~ I(cZ,
Pt el 5 (v) > (o;,v)
. ¢ - 1 H | H
' —EI(V,O'E) 51(0’5)
L~ H H
where-H—ll(o-z)l(v)-llz(ar2 v)
- 4 3 4 e’/
Now
@)=y, 2O g HO 5 ¥0)
op do a(v)
A@) = 0 1] |

-184-




Reference and Probability-Matching Priors for the Mixed Linear Mode!

/

1 1
-—I(c?, ~I(c?
3 (o;,v) 5 (o)

I7(0)8,0) =0

H H

L1

Also A (D) (9)A®H) = 2 —— and

| 1., 1. / ]

| . Slely  pleh | [m®

6) = |1 (911&,(9) o .21 2 = 7,00 |.
VA, (0)(6)4,(6) H? /El(af,v) H? m(0)] -

The prior 7,,(0) =7, (f,02,v) must be chosen in such a manner that the differential equation

(5.38) is satisfied, i.e. that

on,(8) on,(6) on,(0) _
_——6,8 7r(6?)+—ao_s2 7r(6)+—,av 7(6)=0. (542)

. 1
Hence, if we choose 7(0) = r,, (8) = x,, (B,0,v) = H? then (5.42) is true and

7y (B,0;,v) =:1(0'3)1(v)—]2(a'3,v)]%

-1 - 2 1 ’ - -1
=—%nz7§tr{(vZAZ+I") (ZAZ)| -(5) () AV ZAZ+,) (ZAZ))

€
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Therefore

~N |-

2,0, f,00) =0 [rr (vzaz+1,)' @Az) - Lirpzazsr, ) (ZAZ’)H |
n

(5.43)
Corollary 2

Since equation (5.43) is exactly the same as (5.28) it follows that the probability-matching prior

Ty (v,,B,O'g2 )is also a reference prior for the group orderings {8, v, o’ }, {v, §, 6.’} and {v, 6.2, 3}.

A very important property of probability-matching priors is that, unlike uniform priors, they

always remain invariant under any one-to-one transformation of parameters. Therefore, since

and ﬂ=
l=p 0 (-pf

the probability-matching prior for the intraclass correlation

coefficient, p, i.e. 7, (p,B,0!) is given by (5.37).
5.4 Reference Posterior Distributions

5.4.1 Background

Applications of reference priors in the case of the mixed linear model with two variance
components complicate the Gibbs sampling procedure somewhat. However, for more than two

variance components the algorithm becomes quite difficult to apply. The reason for this is that the
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Q3.

conditional posterior distribution of o, or v= in our case is not the well-known Inverse

Gamma density anymore, but an unknown distribution from which it is difficult to simulate.

One-way to overcome this problem is to replace the Gibbs sampling procedure as discussed in

Chapter 1 with ordinary Monte Carlo simulations. Therefore, instead of using the well-known
conditional posterior densities p(/f | 7,0'52,0'72,}{), p7| ,5,0'52,0’72,!), p(o} I}/,O’f,,ﬁ, Y) and
p(O'r2 | B,02,7,Y), posterior densities of the form p(ﬂ|v,0'§,_\f)p(cr£2 |v,Y)p(v|Y) and

p( | v,of ,X)p(as2 [v,Y)p(v| Y) will be used to simulate joint and marginal posterior densities.
»From Searle et al. (1992) (p 359) it follows after some algebraic manipulations that
tﬂlv,af,X~N{E(,Blv,aj,X}Var(ﬂlv,af,X) (5.44)
where

E(B1v,02.Y)=[x (vZAZ+1,) X[ X (vZAZ+1, )Y,

(5.45)

and

Var(B1v,02,Y)=0 x(vzaz+1)'x|". (5.46)
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Also from Searle et al., (1992) it can be shown that
7 1v.02Y ~ NE( [v,02,Y):Varly |v,02,Y)} (5.47)
where

Ey1v,00,Y)=vAZ (vZAZ 41, ) Y -E(B1v.02. X)) (5.48)
and

Var(}/ |v,0} ,X)= o} {vA - vAZ'[(vZAZ'-kIn )_l -

(vZAZ'+1,)' X(X (vZAZ+1, Y X)X (vZAZ'+1,)" ]ZAV} |
(5.49)

E(ﬂl V,O’j ,X) is defined in equation (5.45).
Further, to facilitate the calculations we will make use of the fact that
~ (vZAZ'+)n y'=1,-2G"'2
where G =v'A™ +Z'Z.
Therefore, instead of calculating the inverse of a n — dimensional matrix, the results can be
obFained from the inverse of a g — dimensional matrix. Equations (5.44 — 5.49) are true whether the

uniform (“flat”), or reference priors are used in the simulation procedure because the parameters

or ¥ do not occur in the priors.
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54.2 Calculaticn of the Posterior Density p(c’,v|Y)
From equation (5.8) (see also equation (5.9)) it follows that the likelihood function

2
2

L(B,62,v) < (07)

2
£

|vZAZ'+], | ? xexp{— 5 1 (Y - XB)Y(VZAZ'+1,)™ (Y - X,B)}

and the marginal likelihood

L(oj,v): '[L(,B,af,v)dﬂ.

B

By completing the square with respect to £ it follows that

2
£

Lo?,v)= (o} )_%("_p)lX'(vZAZ'H,, )" x['%leAZ'un;‘% x exp{— 2! (vzAz+1,)" -
. g

(vZAZ'+1, Y X(X'(vZAZ+1, ) X)X (vZAZ'+1, ) ] Y.

(5.50)

By multiplying L(O'e2 ,v) with the prior ﬂ(af , v), the joint posterior

plo2v1Y)=plo? v, Y)p(v| Y)

follows.
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543 Calculation of the Pasterior Density p(c’|v,Y)

In the case of the reference priors

1

! 2
P(O'.E2 [v,Y) =K, (O'g2 )_5{'1_/”-} X exp{— 2X [(vZAZ'+I,, )_' -

2
£

(vZAZ'+1,)" X(X'(vZAZ'+In ) x)" X'(vZAZ'+1,)" ]X} ,

(5.51)

an Inverse Gamma density where

2—(%)
F{l (n- )}.
5 P

(5.52)

K= L (vzaz1,)" pzaz+1,) x(x pzAZ+1,) X)X (ZAZ' L, ) }X}Tp

The posterior distribution p(O'EZ | v,X) using ﬂ(af,v) = constant (uniform prior on o’ and v )
can easily be derived by substituting p ~ 2 for p in (5.51). On the other hand, if a uniform prior is
used on 0'52 and a'f , then p(O'j | v,X) can also be obtained from (5.51) by substituting p — 2 for

p+2
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54.4 Calculation of the Posterior Density p(v|Y)

() For the reference prior (see also equation (5.23))

rpotneorlizaz)s ) @az)l f

the reference posterior density of v is given by

L I
p(v|Y) e }x' (vzAzZ'+1,)" x| 2WZAZ'+1,| 72 x {X [(vZAZ'+I,, ) -

%(n—p)

(vZAZ'+1,)" x(x' (vzAzZ'+1,)" x)" X' (vZAZ'+1,)" ]X} x

{W[(vZAZ'H,, ) (ZAZ')]2 }% : (5.53)

(ID) Forthe reference prior (see also equation (5.28))

n,(v,p,02)x o’ {tr[(vZAZ'+I B (ZAZ')]2 1 [tr (vZAZ'+1,)" (ZAZ')]2 }2

n

the reference posterior density is given by
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o |
P (1Y) < X (VZAZ+1, )" X| 2WZAZ+1, |72 x tvlozaz+1,)" -
| .

bzaz+1, ) x(x0zAZ+1, ) X) X 0zAZ L) 2 0

2

{ir[(vZAz'+1n Y' (zaz))] - % rvzaz+1,)! (ZAZ')]Z} |

(5.54)

(IIT) For the reference prior 7. (v, B,o f )oc constant, the posterior density is given by

]
el Y) = |[X (vZAZ+1, ) X| 2pZAZ+1, |‘% «{v|vzaz-1,)" -
Sn=p-2)

(vzAzZ+1,)" X(X (vZAZ+1,) X)X (vZAZ'+1,)" ]xf

(5.55)

(IV): For the prior 7, (ﬂ ,o'r2 ,0'52 )oc constant, the posterior density is given by

0 : _‘_
P Y) = |x' (vZAZ'+1,)" xl 2 |vaz'+1"1‘% x {x [(vaz'+1n ) -
-3 p=4)

(vZAZ'+1,)" x(x' (vZAZ'+1,)" x)" X'(vZAZ'+1,)" ]x}

(5.56)
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54.5  Posterior Distribution of § = X[ +Zy and Predictive Distribution of

Vs =xf,8+zf7+6/

In this section the posterior density of 8 = X/ + Zy as well as the predictive density of a future
observation y, = xfﬂ + z'/-}/ + &, will be derived. Here y, is (Ix1), x s is (px1), z s is (gx1) and
Ep~ N(O, of) These densities will enable us to estimate or predict the weaning weights of lambs

for the different sires. Also the year, age of dam, sex of the lamb and birth status effects will be

taken into account. However, the following lemma must first be proved.
Lemma 6 -

The conditional posterior mean and variance of @ = X/ + Zy are given by

E(@|v,02,Y)=XE(B| o7 .v. Y )+ vZAZ (VZAZ+1, ) {Y - XE(B | v,02, Y},
(5.57)

where

-1

| E(Bl ol v.Y)=(x(vzAZ+1, ) X) X (ZAZ L)Y,

and
Var0|v,62,Y)=c’Z (' A" + Z'Z)" Z'+[1,, —vZAZ (VZAZ'+1,)" ]x y
var(p) o2, v, Y X1, -vZAZ (vZAZ+1,) '],

(5.58)
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where

Var(B 102, v,Y)=0? (X'(vZAz'+1,, ) x)" .
Proof:
Equation (5.57) follows from equations (5.45) and (5.48).

Further, ‘ ‘
|
|

Var(@ | ,B,X,O'f,v)= Var{(X,B +Zy | ,B,X,df,v)

= Var{Zy | ﬂ,X,az,}= O'ZZ(V"A" + Z'Z)-]Z'

Also, the unconditional variance of € is given by

\
ais follows from Searle, et al., (1992), p 357, equation (40). ]
Var(6|Y,02,v)=E, {ajz(v-'A-‘ +2Z)" z'}+ Var, {E@v.02,8,Y)

=22 AT + ZZ) T +Varll, -vZAZ (vZAZ+1,) " XB

= o1 Z(" A" + 2 2) Z+{l, -vZAZ (VZAZL, ) XVar(B | o2, v, Y )

x'{l, -vZAZ (vZAZ+1,)" ],

(5.58)
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where

Var(f o2 v.Y )= c2(X'(vZAZ+1,)" X"
Corollary 3

Since 8 =XfA+Zy is a linear combination of normally distributed random variables, the

posterior distribution of @ is also normal for given v and o} . Therefore

61Y,v,0% ~ N{E@|v,02,Y}Var(@]v,02,Y). (5.59)
Further, the conditional predictive density of a future observation
Yy =x'f,B+z'f}/+£f,

is normal with mean

E(yf \ of,v,X)= x}E(ﬂ'l af,v,X)+ vz, AZ'(vZAZ'+1,)" {X - XE(,B |v, O'EZ,X)},

(5.60)

and variance
Varly, 102 0.Y)= 042, (7 A" + 22) 'z, + 5, ~v2,AZ(vZAZ1, ) X)x

xozazer, ) X]' e, -ve, AZ(zAZ 1) X,
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The unconditional posterior predictive distribution of an unobserved observation p(y,|Y), has
therefore two components of uncertainty: (1) the fundamental variability of the model, represented

by the variance 0'52 in y, not accounted for by xfﬂ and z'f}/; and (2) the posterior uncertainty in

ﬂ,}/,af_ and 0'72 (or v) due to the finite sample size of Y . According to Geisser (1975) the

prediction of observables or potential observables is of much greater relevance than the estimation of

what are often artificial constructed parameters.

5.5 An Example

5.5.1 The Data

Consider again the Dormer sheep stud of Elsenburg (see section (1.8.1)). A total of n = 879
weaning weight records, from the progeny of ¢ = 17 sires were available after editing, and p = 17

fixed effects were included in the final model.

As before the mixed linear model used for this data structure, is the sire model
Y =Xf+Zy +¢&, where Y (879 x 1) vector of weaning weights. S (17 x 1) is the vector of fixed
effects, X a (879 x 17) incident matrix, and the design matrix Z, a (879 x 17) matrix identifying the

(17 x 1) vector of random effects including the breeding values for the 17 sires for which the data are

observed.

In this section estimation of fixed and random effects as well as prediction of future weaning

weights will be obtained for the Dormer sheep stud using reference and uniform priors.

-196-




Reference and Probability-Matching Priors for the Mixed Linear Model

5.5.2 Estimation and Prediction using Uniform and Reference Priors

In the example that follows, the following reference priors will be considered for the model

parameters. For the group ordering {5, o), v}:

Refl: m,(B,0%,v)x 0’ {'r[(V(ZAZ')+ I, )"(ZAZ')F}% ;

2
,

Ref2: 7m,(B,v,02) <o}’ {tr[(vZAZ'+In )" (ZAZ')]2 L [tr(vZAZ'+1n ) (ZAZ')]z}
n

and uniform prior in section (IV) page 192.

553 Analysis of Variance Cbmponents

Posterior modes for the uniform prior, 95% credibility intervals, and the estimates obtained when

the different reference priors (Reference estimates) are used, are summarized in Table 5.1.

Table 5.1 . Point — and Reference Estimates (posterior modes) and 95% Credibility Intervals

for the Variance Components.

Analysis Estimate 95% Credibility
Interval

Uniform 21.2620 19.2579 ;23.3612

Refl 21.2028 19.2887 ; 23.3191

Ref2 21.2015 19.2847 ; 23.2233
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Using the conditional posterior densities for o2 , and Monte Carlo simulations the marginal
posteri~or densities are estimatéd as the average of the posterior densities and are displayed in
Figure 5.1. Considering the results in the above table and the figure below, we conclude that for our
practical problem the posterior densities using the first reference prior (Refl), those derived from the
second reference prior (Ref2) and when the uniform prior (Uniform) is used, are for all purposes the
same. This comes as no surprise since the posterior density of the error variance component o) is

not directly influenced by the different reference priors.

- Refl
- - Ref?
— Uniform

Figure 5.1 Estimated Marginal Posterior Densities of the Variance Component, o}’ .

-
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However, as mentioned in paragraph (5.3.4) researchers are often more interested in functions of
the variance components. This is due to the nature of their study, e.g. in breeding experiments,
animal breeders are making inferences about heritability, which requires modeling the intraclass

correlation coefficients.

2
14

Table 5.2 reports the estimates for the intraclass correlation coefficient, p =-——— and the
' o, +0
Y £
.
variance ratio v = —’7 The 95% credibility intervals are also reported in this table. Note that the
O-E

reference priors for the group ordering, {p, o} and {B, 0., p} are used in the analysis and will be
called keﬂ and Ref2. The results yield that the estimates from the two reference prior analysis are
very much the same. Hence, the fnain resﬁlt of the different reference priors on the sire variance is
attenuation of the width of the 95% credibility intervals. Note that these intervals are wider under the

uniform prior than the different reference priors.

Also, the 95% credibility intervals for the intraclass correlation coefficients do not contain 0.5.
As mentioned before, this result corresponds well to the statement made by Wang et al., (1992)
namely that from a genetic point of view, an intraclass correlation of 0.5 is not possible in a sire
model. The marginal posterior densities are also estimated and displayed in Figures 5.2 and 5.3. The
wider intervals are quite evident in the shape of the marginal posterior densities displayed in the

figures.
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Table 5.2 Estimates (posterior modes) using the Uniform and Reference Priors of Functions of

the Variance Components, along with 95% Credibility Intervals

95 % Credibility 95 % Credibility
Parameters| Uniform Refl Interval Ref2 Interval
Q. 0.133 0.120 0.0338 ;0.3031 0.115 0.0340 ; 0.3030
v 0.140 0.120 0.0350; 0.4350 0.110 | 0.0355;0.4350

2o HCin i T

- - Refl
--- Ref2
— Uniform

Figure 5.2 The Estimated Marginal Posterior Density of the Variance Ratio, v =
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Figure 5.3

= Refl
--- Ref2
— Uniform
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554

Analysis of Random Effects

In Table.5.3 the estimated breeding values (posterior modes) of the 17 sires and the 95%

credibility intervals are given. The marginal posterior densities for the breeding values of sire 3 and

10 are displayed in Figures 5.4 and 5.5 respectively. In all three analyses, the results of the estimates

are very much the same, with minor differences in the width of the 95% credibility intervals.

Table 5.3 Estimated Breeding Values for 17 Sires from the Elsenburg Dormer Stud, and 95%
Credibility Intervals.
Sire’ID Refl 95% Credibilify Interval Ref2 95% Credibility Interval
41037 0.6538 -1.3640 ; 3.0539 0.6575 -1.4208 ;2.9119
41004 0.1900 -1.6150;2.3719 0.1906 -1.6480 ; 2.3881
41019 3.3282 13131 5.7251 33314 1.3208 ; 5.8563
43002 -1.1093 -3.5516 ; 1.3940 -1.1046 -3.5189;1.2828
44170 -0.0857 -2.5505 ;2.4474 -0.0926 -2.5478 ;2.3214
44174 -0.5709 -3.2919;2.0173 -0.5661 -3.3822;2.1433
44042 -1.1895 -3.2556 ;0.7401 -1.1858 -3.1829;0.6891
45070 -1.0288 -3.2473,0.7452 -1.0189 -3.1385;0.8123
45135 -0.5068 -2.8742;1.8211 -0.499 -2.8643 ; 1.7676
46015 -1.6490 -3.9451;0.2502 -1.6401 -3.7808 ; 0.2536
46037 -0.7021 -2.8284 ; 1.0831 -0.6912 -2.7557; 1.1339
48014 -0.8675 -3.0533; 1.1596 -0.8557 -3.0533; 1.0817
48052 -0.3462 -2.6278 ; 1.7172 -0.3328 -2.5345; 1.7411
48148 -1.2589 -3.7277 ; 1.0333 -1.2445 -3.5498 ; 0.9884
49053 0.4203 -2.5061 ; 3.5098 0.4302 -2.4457 ; 3.4350
49134 0.7776 -1.9565 ; 3.6495 0.8125 -1.9465 ; 3.8679
49046 0.4152 -2.6140;3.2126 0.4230 -2.6800 ; 3.6002
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— Uniform

Figure 5.4 The Estimated Marginal Posterior Density of the Breeding Value for Sire 3

(ID41019) (y3).

N TR
L
a
2 ‘ \\

¢ —— Uniform

Figure 5.5 The Estimated Marginal Posterior Density of the Breeding Value for Sire 10

(ID46015) (Y10).
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The similarity of the results indicates that, for this example, the results are not that sensitive to the
choice of either the two reference priors or the uniform or “flat” prior. However, the application to
and discussion of the example is helpful for understanding the implementation of the different priors

via the Gibbs sampler. For smaller sample sizes the differences can be quite substantial (large).

555  Analysis of Fixed Effects

Table 5.4 summarizes the estimated fixed effects. Selected parameters in the case of the mixed

linear model with corresponding joint marginal posterior densities are presented in Figures 5.6 —

5.10.

Table 5.4 Estimated Values of Selected Fixed Effects, 95% Credibility Intervals, and

Reference Estimates.

Parameter Refl 95% Credibility Ref2 95% Credibility

Interval Interval
Do 22.8796 18.9515;26.5691 22.8927 18.9515 ; 26.5691
B 5.2692 4.1121;6.3856 5.2680 4.1003 ; 6.3796
B 3.6501 3.0255;4.2836 3.6494 3.0256 ; 4.2851
Bis 9.5337 | 7.3747 ;, 11.6265 9.5340 7.4161;11.6158
Bis 3.0345 0.8671;5.1672 3.0339 0.8988 ; 5.1642

As expected, the estimates of the fixed effects using the different priors are for ail practical
purposes the same, and in particular the results from the two reference priors. There is one factors to
keep in mind when examining this similarity in the results, i.e. that the different priors do not directly
influence the posterior densities of the fixed effec.ts to the same extend as in the case of the random

effects.
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Figure 5.6

Figure 5.7

—— Uniform

Estimated Marginal Posterior Density of /3, the average weaning weight of female

lambs born in 1950 if the age of the dam is 8 years or older, and the birth status

“triplets”.

--- Reft
- - Ref2
—— Uniform

N,
T

¢=1
a
- T

Estimated Marginal Posterior Density of £, the expected difference in average

weaning weight between lambs born in 1949 and in 1950.
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Figure 5.8

Figure 5.9

- Ref
- - Ref2
— Uniform

Estimated Marginal Posterior Density of f;, , the expected difference in average

weaning weight between male and female lambs.

27 Refl
- - Ref2
— Uniform

Estimated Marginal Posterior Density of S5 , the expected difference in average

weaning weight between single births and triplets.
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Figure 5.10  Estimated Marginal Posterior Density of S5 , the expected difference in average

weaning weight between a pare of twins at birth and triplets.

5.5.6 Predictive Density of a Future Observation

Thé densities derived in Lemma 6 and Corollary 3 will now enable us to estimate or predict the
weaning weights of lambs for the different sires. Also the year, age of dam, sex of the lamb and birth
status ‘effe;:ts will be taken into account. Using the notation in Chapter 1, the weaning weight of a
female lamb born in 1950 if the age of the dam is 8 years or older, and the birth status “triplets”, will
be predicted. Figure 5.11 displays such a predictive density if Sire 15 (ID49053) is used to

impregnate the dam.
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—— Uniform P.rior
--- Reft Prior
- - Ref2 Prior

Figure 5.11  Predictive Density of the Expected Weaning Weight of a Female Lamb born in 1950
if the Age of the Dam is 8 years or older, and the Birth Status “Triplets”.

The Posterior Modes are Uniform = 25.10; Refl =23.90; Ref2 = 23.85.

The respective 95% Bayesian predictive intervals for the three analyses under the different prior
spéciﬁcation are Uniform = [12.56 ; 37.01], Refl = [15.98 ; 34.17] and Ref2 = [16.01 ; 34.12]
respecti:vely. Thus, the analyses for our Dormer data result in predictive densities that are close to
each other which can be observed both in the predictive density and in the posterior modes and
credibi.lityv intervals. In the derivations of the reference priors it was menfioned that the second
reference prior (Ref2) is also a probability-matching prior, which means that its credibility intervals

will have the correct coverage probability from a frequentist point of view.
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5.6  Priors for the Mixed Linear Model in the Case of Three Variance Components
5.6.1 Reference Prior for the Three Variance Components

In this section, the reference priors for the mixed linear model in the case of three variance
comporients will be derived. The application to and discussion of an gxample conforming to a mixed
linear modellwith unbalanced data concludes the chapter. A uniform prior (“flat”) and a proper prior
(also s~ee Theobald, Fivat and Thompson, (1997) for more details) are considered for the example.
The Gibbs sampler is once again used to implement the different priors and to obtain marginal

posterior densities for the different variance components.

Consider the following mixed linear model:
Y=XB8+Zy, +Z,y,+¢ (5.61)

where X’(n‘xl), X(nxp);ﬂ(pxl),Z,(nxq,) and y,(g,x1) wherei=12.

Also,

¥, ~N(0,A,62 ) and & ~ N(0,1,52).

**n~ ¢

Therefore as before, the likelihood function is given by

-1

: 2
2 2 2 2 ! 2
L(ﬂ3o-g3o-7lso-h)<x zo-iniAiZI +O-'£1n
i=1

1
Y 2
2 exp{— %(X - Xﬂ){ZoZ Z,AZ, '+af[,,j
. i1

(5.62)

(x-xm}.
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As in (5.) we will use the transformation v, = —- (i = 1,2), then
) o

2 '
I=log, L(B,0,v,,v,) = —gloge(af)—%loge | Zv,z,.A,z, +1 ]

i=1

e XBY (1) (S VZAZ +1,)" (Y -XB).

(5.63)
Here as in the case of the previous sections, the reference priors will be derived from the Fisher
information matrix. To obtain the Fisher information matrix, the expected values of the second order

derivatives must be calculated. These can be found as follows:

Differentiate equation (5.63) twice with respect to £, then

1(B)=(o? )"x'(i vZ,AZ + 1"Jx. (5.64)

i=]
Differentiate equation (5.63) twice with respect to o,’:

. al‘__ﬁ AL __ v 2v-2 % ‘ -l _
507~ 3O XD @D R vZAZ L) (¥ -Xp),

&

and

o n -2 2A N : .
=y, O S A-XD @D vz AL + 1) (- XB).
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Therefore

) azl n 2\-2 24-3 2 ' - 2 2 .
E =20 -0 QO vZ AL 1) 0)x (VAL +1,)

8(0'52 )2 2 il P
=202 - (02) == 2(02)" =2 1(o2).

(5.65)

Hence, differentiate equation (5.63) with respect to .o,” and v;:

oo’ 2

£

=o)X AL, + 1) (X -XP)

i=1

2 :
a.av(;v = _%(X - X,B)(O’j )_2 (i viZiAiZi' + In)-l(ZiAiZi.)x (i viZiAiZi. + In)_] XY -Xp)
o0V,

OV, i= i=l

Thus, taking the expected value, we have that

62 2 . |
E[adzévi J = ‘%tr(af) 2(§viZIA,’Zi +1n)—l(Z,-AiZ,. )x

2 , 2 ' ,
QVZAZ +1)'0lQvZAZ +1,)
i=l i=1

- ~%[r(o-ﬁz )-2 (i v,.Z,A,.Z,' + 1,,)_l (ZiAiZ,i')
=l

=—%1(0'€2,v,) (i=12).

(5.66)

If we differentiate equation (5.63) twice with respect to v;:
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2
(ZviZiAiZi +1,)

1
Consider first /, = —Elogc
i=1

, then

2 .
a(z viZ,AZ, + 1,)

o 1| L 0L
.g"=—5tr (%:v,Z,.A,Zi +1,)" —=! o
1 [ » .
——Etr{(Zv,ZiA,.Z,. +1)'(z,Az, )} and
i=l
2
% - %tr{(i vWZAZ 1) (ZAZ VAL + 1) (ZIA,Z,')}.
i i=1 i=]
| 2 creaz))
- 8v2 (Zv AZ +1)NZAZ, )

Now consider
2
= -%@ ~XB) (02 (XvZAZ +1,) (X -XP)
i=1

where

‘;L=_(Y Xp) (o )(Zv ZAZ 1) (2,42} wZ,AZ +1)N(X-XB)

i

and
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2 .
%v-lzi - —-;-(\_( Xp (0] vz AZ + 1) (2AZ XS VZALZ, +1,)" x
i i=]

i=l

a{(i vWZAZ +1)ZAZ ) CvLAZ +1, )}
i=1 i=1

X

o,
(iv,Z,A,Z,' + 1")-'(Z,A,z,'}i vZ,AZ, +1)"(Y-XpB)
i=1

=1

- WX (o) vz AL 1) (2AZ I ZAZ +1)
i=1

i=]

-l
2{§ vZ,AZ, + I"}x {i vZ,AZ + 1"} (2,42, )x
i=1 i=]

2

QO vZAZ +1,)'(Y-Xp)

i
i=l

Thus

-y 2 . 2
E{ av;}=—tr{(ZV,Z,A,Z, + /”)-I(ZiA,.Z,, )} _
i i=l

Combining the above results, we have

2 2 2
oot
1 : : W
= —Etr{(zviZiAiZi +1n)_l (ZiAiZi )}
i=l

:=-%1(v,).

(5.67)
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Finally,

6%l 1|3 o Ry o .
B = vz AL + 1) (2 AZ S zAZ, +1,)"(2,A,2,)
avlévz 2 i=1

=]

1
=—=I(v,,v,).
5 (Vi>vy)

(5.68)

As before the expected values of the other second order derivatives are equal to zero. The Fisher

information matrix is therefore given by

[1(B) 0 0 0

. 1 1. 1
0 — (o} —I(c?,v) —I(c2,v
2 ( 5) 2 ( £ l) 2 ( £ 2)

I(B,olv,v,)= (5.69)

o1, 1 1
0 El(vl,of) 5I(vl) El(v,,vz)

co 1 1
0 5I(vz,aj) El(vz,vl) ‘El(vz)

]
The following lemma can now be stated:

Lemma: 7

For the mixed linear model Y =Xg+Zy, +Z,y, +¢& the reference prior for the group

ordering {,B,of,(v,,vz)} is given'by

ro{B.02. 00w = (02 1)) - vy
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‘where I(v,), I(v,) and I(v ,v,) are defined in equations (5.67) and (5.68).

Proof:

The reference prior for the group ordering {,B,Gf,(v,,vz)} is obtained from the Fisher

information matrix 1(,3,0'52 ,V;,¥,) (equation 5.69) by calculating the functions A, (j = 1,2,3). Now

i

1 1 1
—I(c?) -=I(?, ~I(c?,v,
2 ( g) 2 ( £ vl) 2 ( & v-)

h=ip-lo oo 1, a1 1
21(v,,0'£) 2I(v,) 21(v,,v2)

1 1 1
i 51("2,0'52) 51("2:"1) El(vz) J

= I(B)

7(f) = constant.

To calculate A,, consider the matrix

-1

1 0 0 0 ] 3ie) im0 Liey,)
0' 11( 2) —':11(0'2\1) —I—I(O'ZV)} 12 21 % ’
U 5 g, 5 271 €272 _I(VZ’VI) —I(Vz) 0 ——1(0'52,\12)

2 2 2
then
1 ! 1
—'1 ) _I ’ ) —I 5’
hzzll(o_gz)_lill(o.j’vl) ll(af,vz):| 12 (Vl 21(V1 v, 12 (0' Vl)
2 2 2 —2-I(v2,vl) 51("2) 51(0'39"2)
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multiply with terms that do not contain &;* , and therefore

UCHVILC

Further

%I(VI) %I(Vnavz)

]
hy = =—1(v,)[(v2)——12(v,,v2),
%I(vz,v,) %1(\»2) 4 4

and

7V, | Byl b = {I()I(v,) = P (v, v) .

The reference prior for the group ordering {,B ,O 52 (v, v, )} is thus given by

. © 5\l -
748,01, v} = (02 ) 1) 10y) - P v
5.6.2 Proper Prior for the Variance Components (Theobald et al. (1997))

Consider the following proper priors for the different variance components, i.e.

®  p (o vk, ) (o2 ) exp{— veke } i=12. (5.70)

where k] * can be interpreted as the prior expectation of 0';2.
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W o I, )l >{—}

(5.71)

where, as before, _k;2 can be interpreted as the prior expectation of 0';_2 .

5.7 Joint and Conditional Posterior Densities for the Mixed Linear Model in the

.Case of Three Variance Components

Théjoint posterior distribution of p(ﬂ,}’l,}/z,orzI ,O'rz2 ,O'g2 I X) is given by

n

(0'52)-5 exP{" 2;_2 (X—xﬂ—zl}/l _Z27’2)’(X"XIB"Z|7| _Z272)}x

2 4 1 ' 2 -4 1 [
(arI 2 exp —F}/l 7 x(oh) 2 exp —202 V2V (5.72)
: i

Y2

(I) Uniform Prior

The conditional posterior distributions for the variance components when the uniform or “flat”

prior is used, i.e.
(,B 2 2 z)__ tant
p.\p,o, .0, .0, |=constan

are given by
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pll(o-g |ﬂ’},l’}/2’o.)i9o'3‘.a¥) =

2

Kg(’l‘-jz eXp{- 21 (X-XB-Zy,-Z,y,Y(X-XB-Zyy, —Zz}’:;)}

&

ol >0,
(5.73)
an Inverse Gamma density where
K ={(X_Xﬂ—zl}/l_ZZ}/Z)I(X_Xﬂ_ZI}/I_ZZ}/Z)}T 1
£ 2 n=-2_"
I( )
and
4
, , . 1,
pu(o'y, |,3,)/,~,0'5,X)=K7’ — | &Xpy— T ViV
o, 20,
o) >0
(5.74)

also an Inverse Gamma where i = 1,2 and

| 022
K,,={7"27'}2 1 =
=

2

Further, for the proper priors in equations (5.70) and (5.71) we have
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(II) Proper Prior

The conditional posterior distributions for the variance components 0'52 and O'; where i = 1,2,
are given by

2,01 B.risvys0, .00, Y) =

(n+v,+2)

1 2 1 )
K{? eXp{— 20 [(X_Xﬂ—zl}’l —Z,y,)(X-XB-Zy, —Z2y2)+v5k£]}

2
o; >0,

(5.75)
an Inverse Gamma density where

n+v,

X z{(X—Xﬂ—Zm ~Z:1)) (X =XB-Zyy, ~ Zyy,) + vk, }T 1
I°(

2 n+v, ’

5 )
and finally |
Gi+v,, 42
2 2 1] 17,
P, | By.olY) =K, {;—] exp{— o3 bir, +v,k, ]}
ol >0

(5.76)

also an Inverse Gamma where

qi +V7,~

K, ={&} R
‘ 2 I_[q,.+vh]

2

The conditional posterior densities for the random and fixed effects are give in Chapter 1 where Ly

is replaced with Z,y, = Z,y, .
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5.8 An Example

5.8.1 The Data

As an example conforming to a model of random effects only, with unbalanced data, consider
age-adjusted milk production records (305 days) obtained in the same year and herd from cows
whose ‘sires ;md dams were considered randomly representative of a large population. The example
consists of 44 production records (in kg) of full-sib daughters and is shown in APPENDIX F. The

model for this example is (see also equation (5.61)),
Y=XB+Zy +Z,y,+¢
where . Y(44x1), X(44x1), B(1x1),Z,(44xq,) andy,(g, x1) wherei=12.

Further,

Vi~ N(Q91io-3i)a

e~N(0,1,02),

stn> ¢

q = 4 and q: = 20.

Thus, the study includes 4 sires, 20 dams and 44 milk production records from the daughters. Also,

there is-only one fixed effect included in the final model. For further details see Gill (1978).
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5.8.2 Analysis of Variance Components

Bayesian analyses of the data set are given using uniform priors and proper priors from Theobald

et al., (1997) (see equations (5.70) and (5.71)) with

v, =v, =1, k, =151380, k, =126735 and k, =859997

& 4

the variance components where kh,kyz and k, are the ANOVA estimates for O'fl,afz and 0'52

respectively.

The prior distribution for the variance components is proper and leads to a proper joint posterior

distribution, but the small values chosen for v, and v, correspond to a very dispersed distribution;

this is intended to reveal any problems with convergence of the Gibbs sampler algorithm. The
sample data provide little information about the variance components, as the number of observations

is only 44, the number of sires 4, and the number of dames 20.

Table 5.5 contains the posterior modes of the estimates obtained under the uniform or “flat” prior
specification, and the posterior modes of the estimates obtained using the proper priors for the
variance components. The respective 95% credibility intervals are also displayed in the table, as well
as the ANOVA estimates and ANOVA-based 95% confidence intervals based on a Safterthwaite
(1946) approximation to the distribution of a linear combination of y * random variables (see Gill

(1978)). This table reveals little difference between the implementations in the marginal
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posterior modes for the model variance, O'E2 , except for a tendency of the 95% credibility interval to

be wider under the uniform prior specification. This is observed both in the table and the marginal

posterior density of 0'52, displayed in Figure 5.12. The estimated marginal posterior densities of

O’fl and o‘f2 under the different prior specifications are also calculated and shown in Figures 5.13

and 5.14.
Table 5.5 Marginal Posterior Modes of the Variance Component under Uniform and Proper
specifications and 95% Credibility Intervals. Also, ANOVA Estimates and 95%
Approximated Confidence Intervals. Note that 0'3 (sires) = O'fI , and O'j (Dams) =
2
o,
Parameter | ANOVA 95% Confidence Uniform 95% Credibility Proper 95% Credibility
Estimates Intervals Estimates Intervals Estimates Intervals
o-;’ 859 997 524 335; 1664 376 830010 | 533060 ;14819000 | 801200 551240, 1432 500
o'yz(sires) 151380 | 28812;144751070 { 174 126 | 60207 ;104 020011 140 250 30 145; 13 793 000
O',z(dams) 126 735 16 683 ; 83 814 925 195 148 9878; 11100200 87 850 12910 ; 728 040
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Figure 5.12

Figure 5.13

-=-- Uniform Prior
—— Proper Prior

Estimated Marginal Posterior Densities of o 3 using Uniform and Proper Priors for

this Variance Component.

— —

-=-- Uniform Prior
—— Proper Prior

1:2

1.4

1:6 1.8 2
x16°

Estimated Marginal Posterior Densities of O'fl using Uniform and Proper Priors for

this Variance Component.
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- -~ Uniform Prior
— Proprer Prior

Figure 5.14  Estimated Marginal Posterior Densities of 0722 using Uniform and Proper Priors for

this Variance Component.

These figures reveal quite a difference in the marginal posterior densities of O'fl and 0'722 under

the uniform prior and proper prior specifications. Not only are there differences between the
posterior modes, but also the length and values covered in the 95% credibility intervals differ quite
substantially. The proper prior also results in posterior densities with more mass close to zero,
whereas the posterior densities using the uniform prior yield much more uncertainty about the true

posterior distribution of the variance components.

From Table 5.5 it is also clear that the 95% confidence intervals obtained from the 7°
approximations are in general wider than the corresponding Bayesian intervals. According to
Hamada and Weerahandi (2000) the coverage of the ANOV A-based confidence intervals could in

certain cases be drastically different than the nominal values.
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5.9  Chapter Summary

For many Bayesians finding an appropriate prior distribution, when faced with a specific decision
problem, can be quite difficult. It is often recommended to choose conjugate priors whenever
possible because they are so computationally convenient. However, this is quite a limited family and

there are many instances where they should not be used.

Another possibility is to approximate our priér beliefs by developing non-informative priors
especially for the parameters of the mixed linear model via the Reference Prior algorithm. At the
very least, this algorithm can be thought of as a method for generating interesting candidate non-
informative priors, either for sensitivity studies of for investigation of their performances. As stated
in Bernardo (1979) the motivation and idea for the reference prior is basically to choose the prior,
which in a certain asymptotic sense maximizes the information in the posterior that is provided by the
data. From the different lemmas it is evident that the group orderings of the model parameters are
very important since different orderings will frequently result in different reference priors. This
dependence of the reference prior on the group chosen and their ordering is unavoidable. Berger and
Bernardo (1992) stated that many examples exist which illustrate that no single non-informative prior
will work Wéll for all functions of a given high dimensional parameter. As mentioned and more fully
discussed in Berger and Bernardo (1989b) it is suggested to use the reference prior corresponding to
single element groups, with the group ordered according to the inferential importance of the
parameters. That different orderings of the nuisance parameters can yield different answers even has
positive aspects; one can then conduct a sensitivity study over the choice if the non-informative prior.
Whilst our feeling is that study of performance of reference priors is certainly to be encouraged, we
have found it to be generally high satisfactory. Indeed, we would feel reasonably confident in using

them in situations in which further study is impossible.
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CHAPTER 6

«Conclusion and Summary»

6.1 Conclusion

Argqing from a Bayesian viewpoint, the Gibbs Sampling Algorithms presented in the thesis
turned énalytically intractable multidimensional integration problems arising from animal breeding
theory, into-feasible and appealing numerical problems. It is clear from the analyses that the
Bayesian practitioner does not need to com‘mit him to a point estimate of the variance components in
order to obtain a point predictor for the variables of interest. Also, all the available information about
the random variables to be predicted is contained in the postc;rior distributions of the random

variables. Therefore, the practitioner can base all of his inferences on these distributions.

‘We believe that BMOM and Bayesian Non-parametrics have much to offer. In the case of
BMOM, if not enough information is available to specify a form for the likelihood function, then
clearly there will be problems in both the traditional likelihood and Bayesian approaches. In
situations like this, some resort to non-likelihood based methods is proposed, e.g. the Bayesian
Method of Moments (BMOM), first introduced by Arnold Zellner. Given the data, BMOM then
enables researchers to compute post data densities for parameters and future observations if the form
of the likelihood function is unknown, and provides a solution to the famous inverse problem

proposed by Bayes (1763).
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As far as Bayesian parametric versus nonparametric analy;es are concerned, in relatively ‘well-
behaved’ cases, where a parametric analysis would have coped, we typically obtain similar forms of
posterior inference, particularly posterior densities. When the appropriate forms of posterior
inference should be ‘badly behaved’ the nonpafametric analysis will reflect this, whereas most |

parametric analyses would not reveal this fact.

A further question that arises is the ever known “...Bayesian or Classical...?” We now note the
very real advantage of being able to input broad prior ideas of different characteristics such as
location, scale and shape. The much richer and more tractable forms of inference that are presented
as a consequence of the Gibbs simulation-based approach to computation are quite profound and

significant.

Finally, it is evident that a full Bayesian solution to the problem of inference about variance
components,' functions thereof, and random effects in the Mixed Linear Model is possible, and

contribute significantly to the theory of animal breeding.

With that in mind, we would like to conclude this thesis with the inspiring words of Daniel Gianola

(1986):

“...In navigating through the waters of prediction of breeding values,
estimation of genetic parameters and of inferences about populations
undergoing selection or assortative mating, we found that the Bayesian
inference brought us to familiar harbors or to new exiting lands.

However, a great deal of exploration remains ahead..."
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6.2 Summary

Chapter 1 illustrated an extension of the Gibbs sampler to solve problems arising in animal
breeding theory. Formulae were derived and presented to implement the Gibbs sampler where-after
marginal densities, posterior means, modes and credibility intervals were obtained from the Gibbs

samplef.

In the éayesian Method of Moment chapter we l'1ave illustrated how this approach, based on a few
relatively weak assumptions, is used to obtain maximum entropy densities, realized error terms and
future values of the parameters for the mixed linear model. Given the data, it enables researchers to
compute post data densities for parameters and future observations if the form of the likelihood
function is unknown. On introducing and broving simple assumptions relating to the moments of the
realized error terms and the future, as yet unobserved error terms, we derived post-data moments of
parameters and future values of the dependent variable. Using these moments as side conditions,
proper maxent densities for the model pafameters were derived and could easily be computed. It was
also shown that in the computed example, where use was made of the Gibbs sampler to compute
finite sample post-data parameter densities, some BMOM maxent densities were very similar to the

traditional Bayesian densities, whilst others were not.

It should be appreciated that the BMOM approach yielded useful inverse inferences without using
assumed likelihood functions, prior densities for their parameters and Bayes’ theorem, also it was the
case that the BMOM techniques extended in the present thesis to the mixed linear model provided
valuable and significant solutions in applying tradifional likelihood or Bayesian analysis in animal

breeding problems.
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The important contribution of Chapter 3 and 4 revolved around the nonparametric modeling of the
random effects. We have applied a general technique for Bayesian nonparametrics to this impértant
class of models, the mixed linear model for animal breeding experiments. Our technique involved
specifying a nonparametric prior for the distribution of the random effects and a Dirichlet process
prior on the space of prior distributions for that nonparametric prior. The mixed linear model was
then fitted with a Gibbs sampler, which turned an analytical intractable multidimensional integration
problem into a feasible numerical one, overcoming most of the computational difficulties usually

experience with the Dirichlet process.

This proposed procedure‘ also represented a new application of the mixture of Dirichlet process
model~to broblems arising from animal breeding experiment. The application to and discussion of
the breeding experiment from Kenya was helpful for understanding the importance and utility of the
Dirichlet process, and inference for all the mixed linear model parameters. However, as mentioned
before, a substantial statistical issue that still remains to be tackled is the great discrepancy between
resulting posterior densities of the random effects as the value of the precision parameter, M changes.
We believe that Bayesian nonparametrics have much to offer, and can be applied to a wide range of
statistical procedures. In addition to the Dirichlet Process Prior, we will look in the future at other

nonparametric priors like the Polya tree priors and Bernoulli trips.

Whilst our feeling in the final chapter was that study of performance of non-informative was
certainly to be encouraged, we have found the group reference priors to generally be high
satisfactory, and felt reasonably confident in using them in situations in which further study was

impossible. Results from the different theorems yielded that the group orderings of the mixed model
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parameters are very important since different orderings will frequently result in different reference
priors. - Tﬁis dependencé’ of the reference prior on the group chosen and their ordering was
unavoidable. Our motivation and idea for the reference prior was basically to choose the prior, which
in a certain asymptotic sense maximized the information in the posterior that was provided by the -

data.

The thesis has surveyed a range of current research in the area of Bayesian parametric and
nonparametric inference in animal science. The work is ongoing and several problems remain
unresolved.  In particular, more work is required in the following areas: a full Bayesian
nonparametric analysis involving covariate information; multivariate priors based on stochastic
processés; multivariate error models involving Polya trees; developing exchangeable processes to

cover a larger class of problems and nonparametric sensitivity analysis.
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" APPENDIX A

«Selective Algorithms for the Gibbs Sampler»

1.1 Algorithm for the Traditional Bayes Analysis

%%Load data with X, Y and Z matrices

$%Initialize the different variables
N = the sample size;
SimTot= the simulation total;
Gibbs = save every ..th sampled value in the Gibbs sampler;

q = the number of random effects;
P the number of fixed effects;

$%The Random Effects

- UVec=[0.13957685
3.32999015
0.57818853

0.79500881); A gxl vector of starting values for the Gibbs
' sampler (Random effects)

$%Calculate initial values to be used, e.g.
InvXtX=inv (X' *X);
Yster=Y-Z*UVec;

BetaHat=invXtX* (X'*Yster);
e=Yster-X*BetaHat;

$%The Gibbs Sampler
for i=1:SimTot
- for j=1:Gibbs

. 2
imilate O, from an Inverse Gamma

%%S
$%Specify the degree of freedom. Note that a Gamma distribution is the
$%sum of df squared random numbers, i.e.
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df=N=-2;
x=(randn(df,l))%
v=sum(Xx);

%$%Calculate

numvec=(Y-X*BetaVec-2*UVec) ' * (Y-X*BetaVec-Z*UVec) ;
O2e=numvec/v;

swhere BetaVec is the pxl vector of fixed effects

$%Simulate BetaVec from a Normal distribution.
$%Calculate

muB=BetaHat;
. sigmaB=sqrtm(invXtX*o2e);

BetaVec=sigmaB*randn{p, 1) +muB;

$%Simulate Of from an Inverse Gamma distribution
%$%Calculate

df=g-2;

x=(randn (df, 1))?%;

v=sum{Xx) ;

Ainv=inv (A);

o2u=(UVec'*Ainv*UVec) /v;

$%Simulate UVec from a Normal distribution
$%Calculate :

muU=[inv ((Z'*Z+(02e/02u) *Ainv))]* [Z2'*(Y-X*BetaVec)];
sigmaU=sqgrtm(o2e*inv(Z'*Z + (o2e/o02u) * Ainv));
x=randn(q, 1)

UVec=sigmaU*x+mu0;

End %% Update the different model parameters

END %%‘Pfogram

%%Calculate and display the averages of the different model parameters

%$%SAVE results.
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1.2 Algorithm for Simulating a ; with a certain Probability (see Dirichlet process)

$%Specify the vector with the different probabilities
yl=ProbVec %%e.g. ProbVec = [0.25 0.25 0.45 0.05} with sum(ProbVec)=1

$%Specify the vector to choose from
sires= %%e.g. [1 2 3 4], thus sire i can be set equal to sire 2 with
$%probability 0.25, sire 3 with probability 0.45 etc.

$%Then calculate

Oppv= sum(l*yl);
yl=yl./Oppv;
CumSumY=cumsum(yl"')"';
kwh=1*csY;
tr=rand(1l,1);
kla=(kwh-tr);
kl=abs (kwh-tr);
klein=min (abs (kwh-tr)});
IN=find(kl==klein);
- s=size(IN);
if s(1,1)>1
JIN=IN(1,1);
end
kleina=kla (IN);
if kleina < 0
ID=IN+1;
else
ID=IN;
end

pp=sires(ID);

$%Thus, sire i will have the same breeding value as the sire in the
%%position ID of the vector ‘sires’.
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1.3  Algorithm for Simulating the Variance-covariance Matrix D from an Inverse

Wishart

DV
$%First, simulate A from a Wishart ((E:XVL) ,k-v-l,v)distribution

$%Simulate 1;,1; ,...,14.1 form N,(Q,I,), i.e.({k-v-1) vectors each of
3%order (vxl) from a multivariate normal distribution

loop=k-v-1

H=[];.
for g=1:loo0p

H=[H randn(v,1)]);
end

1 1
$%Define H = [li,1,,...,1cy1]), then calculate A =(Z/1,/1,) 2HH'(Z/1,/1,) 2

for i=0:k
sta=i*2+1;
sto=(1i+1)*2;
u=UVec (sta:sto);
utu=u*u';
. UtU=0tU+utu;
end

mat=sdrtm(inv(UtU));
A=mat*H*H'*mat;

D=inv (A} ;.

%3Then D = A" is from an Inverse Wishart distribution. Simulation from
the Wishart distribution can also easily be done by using the algorithm of
Odell and Feiveson (1966) in A Numerical procedure to generate a sample
Covariance matrix, Journal of American Statistical Association, 61, 198 -
203.
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1.4 Algorithm for Simulating the Precision Parameter, M (see Dirichlet process)

$%This algorithm illustrates the simulation of the parameter M and mixing
$%parameter X 1in the Dirichlet process prior. Gr 1is the number of
¥3groups/clusters for the analysis

%% Initialize starting values for X
XVar=0.5;

%%Simulate two values Z1 and 22 from two Chi-square distributions where
%3df= degrees of freedom i.e.

$%Simulate u

df=2*GR;
x=(randn(1l,df))?;
u=sum({x) ;

Zl=u/(-2*log(Xvar));

$%Simulate v

df=2*(GR-1};
x=(randn(1l,df))?;
v=sum(x);

Z2=v/(-2*log(Xvar));

et the value of M to any of Z1 or Z2 with probability 0.5 for each
ee the algorithm in 1.2

$%Simulate another two values 23 and 24 from two Chi-square distributions,
$%given M

df=2* (M+1);
x={randn (1, df})?;
v=sum(x) ;

Z3=v/(2* (M+1));

df=2*k; - %%Number of sires k=200;
x=(randn (1, df))?;

v=sum(x) ;

24=v/ (2*k);

$%Calculate the following

y=23/24;

Xl=y* (M+1)/k;

X2=1+(y* (M+1) /k);

XVar=X1/%X2;
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1.5 Algorithm for Plotting the Unconditional Posterior Density of the Precision

Parameter, M (see Dirichlet process)

$3Load the results
3%Specify the interval for the parameter
M={10:1000) ;

%%Calculate the value of the conditional posterior distribution at each M
%$%SimTot is the number of simulations, and Gr the vector of resulting
8%groups/clusters from the analysis

for j=1:SimTot
. k=Gr(1Ij);

for i=1:1
m=M(1,1i);
y=(m" (k/2)* (mtq) *beta (m+1,q) ) * (m" (k/2-2));
Y={Y yJ;
end :

YY=YY+Y;
end

$%Calculate the marginal posterior as the average of all the conditional
$posterior densities

oo

Y=YY/SimTot;

plot (M,Y);
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1.6 Setup Algorithm for an Animal Breeding Experiment (Chapter 3, § 3.6)

)
3%

nitialize the specifications of the experiment, i.e. the number of
bservations to sample for each sire for each fixed effect

O HH

n=20; -

$%Per sire, i.e. n/2 male and n/2 female if sex is included as a fixed
seffect

$%Number of Sires,
k=200;

$%Total number of observations,

NN=n*k;

%$%Specify the true values of the variance components and fixed
$%effect(s), B

0;=4.88; 0,=0.7211; f, = 0.705,

$Construct a vector Y (Nxl) of observations distributed N(0, 1)
=randn (NN, 1) ;

imulate the different random effects according to the Polya Urn scheme
nd add it to the vectors Y of observations (see Chapter 3, §3.4.3)

w0

$%Add a random residual to each observation

for i=1:k
e=randn(n,l)*sqrt(0§);
Y=Y (U(i,1)+e)];

end

$%Add an overall mean to each observation

Y=Y+12;

$%Add .the effect of the fixed effect to each observation
Y(1:(n/2),:)=Y(1l:(n/2),:)+0.705;

3%Construct the different matrices corresponding to the experiment, i.e. X
%%and 2

$3SAVE the experimental data.
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" APPENDIX B

In this APPENDIX we present the Dormer stud sample used in estimating the breeding values and -
variance components. [t refers to 879 weaning weight records from the progeny of 17 sires from the
Elsenburg Dormer sheep stud near Stellenbosch. The sheep used in the analysis were born in the
pefiod 1943 - 1950. The animal ID, sire ID, year (season of birth), age of dam, sex birth status and
weaning weight are presented in this table.

Animail Ib refers to the ID of the lamb that was born.

Sire ID and dam ID refers to the parents of the lamb.

Year (season of birth) refers to the year in which the lamb was born. Here 1943 is denoted by 43 and

1944 by 44, ect.

Age of dam refers to the age of the dam used in producing the progeny. Here age 2 is denoted by 2

and age 3 is denoted by 3, ect. -
Sex refers to the sex of the lamb. Here male is denoted by 1 and female by 2.

Birth status refers to the birth status of the lamb. Here single births are denoted by 1, twins are

denoted by 2 and triplets are denoted by 3.

Weanin-g weight refers to the weaning weight of the lambs in kilogram.
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ANIMALID| SIREID | DAMID | seasON | AGE OF SEX BIRTH WEANING
DAM STATUS WEIGHTS
43002 41037 41076 43 2 1 1 342
"43003 41037 41130 43 2 2 1 33.1
43004 41037 41029 43 2 1 1 40.1
43005 41004 41134 43 2 1 1 32
43006 41037 41096 43 2 1 2 336
43008 41037 41007 43 2 1 1 38.5
43009 41037 41167 43 2 1 1 37.9
43010 41037 41031 43 2 2 1 37.8
43011 41004 41040 43 2 1 1 30.6
43012 41004 41165 43 2 2 2 21
43013 41004 41165 43 2 1 2 27.1
43014 41037 41028 43 2 2 1 382
43015 41004 41001 43 2 1 1 359
43018 41004 41023 43 2 2 1 283
43019 41004 41104 43 2 1 2 252
43020 41004 41104 43 2 2 2 252
43021 41004 41112 a3 2 1 1 36
43022 41004 41181 a3 2 2 2 26.8
43023 41004 41181 43 2 1 2 26.8
43024 41004 41187 43 2 2 1 36.3
43025 41004 41068 43 2 2 1 31.8
43026 41004 41061 43 2 2 2 26.7
43027 41004 41061 43 2 1 2 27.4
43028 41004 41033 43 2 1 1 36.5
43028 41037 41051 43 2 2 1 34.6
43030 41004 41034 43 2 1 1 32.1
43032 41004 4105 43 2 2 2 29.1
43033 41004 4105 43 2 2 2 25.9
43035 41037 41087 43 2 1 1 37.1
43037 41004 41046 43 2 2 1 27.9
43038 41004 41074 43 2 1 2 36.2
430389 41004 41074 43 2 1 2 30.7
43043 41037 41018 43 2 1 1 37.8
43044 41004 41171 43 2 1 1 44.8
43045 41004 41047 43 2 2 1 39.3
43049 41004 41080 43 2 2 1 247
43053 41037 41172 43 2 2 1 336
43058 41037 41069 43 2 1 1 41.9
43061 41037 41041 43 2 1 1 37.6
43062 41004 41074 43 2 1 2 38.2
43063 41004 41074 43 2 2 2 30.1

Appendix B: Dormer Stud Data, tlsenburg College of Agriculture

43064 41037 41139 43 2 1 1 36.6
43067 41004 41163 43 2 1 2 296
43068 41004 41163 43 2 1 2 206
43070 41004 41175 43 2 2 1 34.9
43071 41037 41042 43 2 1 1 34

43072 41037 41015 43 2 2 1. 35.3
43077 41037 41115 43 2 1 1 306
43081 41037 41093 43 2 2 1 35.5
43083 41037 41053 43 2 2 1 34.5
43084 41004 41030 43 2 2 1 33.8
43085 41004 41013 43 2 1 1 41.1
43086 41004 41010 43 2 2 1 34.2
43087 41037 41053 a3 2 2 1 345
43088 41037 41058 43 2 2 1 32.1
43089 41004 41055 43 2 2 1 36.6
43093 41004 41023 43 2 1 1 37.7
43094 41004 41077 43 2 1 2 345
43095 41004 41077 43 2 2 2 236
43098 41037 41088 - 43 2 2 1 35

43100 41037 41096 43 2 2 2 21.7
43101 41004 41050 43 2 1 1 39

43102 41037 41138 43 2 1 1 39.4
43104 41037 41151 43 2 1 1 36.4
43110 41037 41044 43 2 2 2 31.8
43111 41037 41060 43 2 2 1 21.4
43117 41037 41057 a3 2 2 1 31.8
43118 41037 41035 a3 2 1 1 38.2
43136 41004 41174 43 2 2 1 30.2
44002 41037 41040 44 3 2 1 29.8
44003 41004 41130 44 3 2 1 26.6
44007 41037 41096 a4 3 1 2 34.4
44012 41004 41068 44 3 1 1 417
44013 41004 41003 44 3 2 1 371
44022 41004 41171 a4 3 2 2 36.1
44026 41004 42080 a4 2 2 1 35

44027 41037 41031 a4 3 2 1 335
44028 41037 41008 a4 3 2 1 38

44033 41004 41025 a4 3 1 2 36.9
44034 41004 41025 44 3 1 2 338
44040 41004 41165 a4 3 2 1 s

44041 41037 42071 44 2 1 1 35.1
44042 41004 41187 a4 3 2 1 37.7
44043 41004 41187 44 3 2 2 29.4
44050 41004 41144 a4 3 2 1 32.8
44052 41037 41029 44 3 1 2 339
44053 41037 41029 44 3 1 2 315
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44054 41004 41135 44 3 1 2 30.5
44055 41004 " | 41135 44 3 1 2 33

44063 41004 41181 44 3 1 2 42.5
44064 41004 41047 44 3 2 2 . 30

44066 41004 41047 44 3 1 2 27.2
44072 41037 41167 a4 3 2 1 37.3
44076 41037 41029 44 3 1 2 29.4
44077 41037 41029 44 3 2 2 28.8
44082 41004 41015 44 3 2 1 36.4
44083 41004 41087 44 3 2 1 38.7
44084 41004 41035 44 3 1 1 38.1
44093 41004 41051 a4 3 2 2 30

44094 41004 41051 44 3 2 2 29.1
44096 41037 41096 as 3 1 2 322
44098 41037 41105 44 3 2 2 34.1
44110 41037 41099 44 3 2 1 37.4
44115 41004 41023 44 3 2 1 328
44121 41004 42071 44 2 2 2 23.1
44122 41004 42071 a4 2 2 2 19.7
44123 41004 41122 44 3 1 1 346
44125 .41037 41058 44 3 1 1 39.8
44127 41004 41042 44 3 1 2 26.4
44128 41004 41042 a4 3 1 2 303
44129 41004 41139 a4 3 1 1 376
44130 41004 41172 a4 3 2 1 355
44134 41037 42115 a4 2 2 1 32

44147 41004 42060 a4 2 2 2 35.8
44148 41004 41061 44 2 1 1 41

44157 41037 41028 44 3 1 2 336
44158 41037 41028 a4 3 2 2 203
44162 41004 41034 44 3 1 2 30.3
44163 41004 41034 44 3 2 2 25.9
44165 41037 41033 44 3 2 2 296
44166 41037 41001 44 3 2 1 386
44167 41004 41074 44 3 1 2 26.1
44168 41004 41074 a4 3 2 3 20.7
44169 41004 41136 44 3 1 1 386
44170 41004 41077 44 3 1 1 34.8
44172 41037 42065 44 3 1 2 23.4
44173 41037 41063 44 3 2 2 228
44174 41004 41010 44 3 1 1 332
44178 41004 41115 a4 3 1 1 38.5
44179 41037 42071 44 2 1 1 39.8
44183 41004 41083 44 3 1 1 326
44184 41037 41023 44 3 2 1 352
44191 41037 42065 44 2 1 1 29

44192 41004 41043 44 3 1 1 321
44198 41004 41138 a4 3 2 1 38.9
44204 41037 41093 a4 3 1 1 38.8
44205 41037. 41041 44 3 2 1 379
44210 41004 42069 44 2 1 2 37.8
44212 41037 41174 a4 3 1 1 312
44213 41004 41005 44 3 2 1 318
44217 41004 41175 a4 3 2 1 35.9
44220 41037 41104 a4 3 2 2 30.8
44222 41037 41013 a4 3 2 1 38.9
44224 41037 41055 44 k] 2 2 34.4
44228 41037 41018 44 3 2 1 35
44230 41037 41131 a4 3 2 1 372
44232 41004 41053 44 3 2 1 36.8
44236 41037 42062 a4 2 2 1 34.7
44244 41037 42071 44 2 1 2 30.4
44245 41037 42071 44 2 2 2 27.8
44250 41037 41057 a4 3 2 S 38.9
44252 41037 41050 44 3 2 2 33

44253 41037 41050 a4 3 2 2 31.2
45001 41004 41015 a5 4 2 2 234
45002 41004 41015 as 4 1 2 285
45003 41004 41122 a5 4 2 2 31.9
45004 41004 41122 a5 4 1 2 34.4
45005 43002 43136 as 2 1 1 38.4
45006 43002 | 43029 45 2 1 1 35.5
45007 41019 41040 45 4 1 1 41

45008 41004 43003 a5 2 1 1 36.9
45009 43002 43045 45 2 1 1 275
45010 41019 41057 45 4 1 2 30.4
45011 41019 41057 a5 4 2 2 30

45015 41004 41010 45 4 2 1 39.9
45019 41004 43100 as 2 1 2 334
45020 41004 43100 45 2 2 2 239
45022 43002 43024 45 2 2 2 21.2
45026 43002 43095 45 2 2 1 30.8
45027 43002 43049 45 2 2 1 28.8
45031 41019 42071 45 3 2 1 335
45032 43002 43026 a5 2 2 1 20.3
45033 43002 43063 45 2 1 2 32.6
45034 43002 43063 a5 2 2 2 24.9
45036 41018 42115 45 3 1 2 443
45040 41019 41028 45 4 1 1 48.1
45042 41019 41031 as 4 2 2 37.8
45044 43002 43033 45 2 1 39.9
45045 41004 41135 a5 4 1 2 316
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45046 41004 41135 45 4 2 2 255
45047 41004 41013 45 4 1 1 476
45048 43002 43089 a5 2 2 2 28.4
45049 43002 43089 45 2° 2 2 29

45050 41019 41105 45 a 1 2 413
45051 41019 41105 45 4 2 2 38

45053 41004 42069 45 3 2 2 286
45054 41004 42069 a5 3 2 2 318
45055 41004 41025 45 4 2 2 35

45056 41004 41025 45 4 2 2 353
45059 41019 41008 45 4 2 1 35.8
45061 41019 4100 as 4 2 2 341
45062 41019 4100 a5 4 2 2 26.9
45063 41019 41041 45 4 2 1 406
45064 41004 41138 45 4 1 1 51.5
45066 41004 41069 45 4 1 1 39.5
45069 41004 43088 as 2 2 2 23.2
45070 41004 41044 45 4 1 2 46.3
45071 41004 41044 a5 4 2 2 311
45072 43002 43018 45 2 1 1 36.7
45073 43002 43084 45 2 2 1 35.3
45074 41004 42071 a5 3 2 2 26.6
45075 41004 42071 a5 3 1 2 26.2
45076 41004 41034 45 4 1 2 37.4
45077 41004 41034 a5 4 2 2 346
45081 41019 41018 45 4 1 1 8

45082 41004 41051 45 4 2 2 26.2
45083 41004 41051 a5 4 1 2 306
45084 41004 41074 45 4 2 3 222
45085 41004 41074 45 4 1 3 30

45086 41004 41074 45 4 1 3 29.2
45094 41004 41172 45 4 2 1 40

45096 41004 42087 45 3 2 1 36.3
45098 41019 41001 45 4 2 1 47.2
45101 41019 41167 45 4 1 1 49.3
45102 41018 42065 45 3 2 1 40.8
45103 43002 43086 45 2 2 1 36.4
45111 41004 41083 45 4 1 2 38.9
45112 41004 41083 45 4 2 2 312
45113 43002 43072 as 2 2 2 28.2
45114 43002 43072 45 2 1 2 34.4
45115 41004 43014 a5 2 2 1 339
45116 41019 41093 45 4 2 1 . 412
45118 41004 43081 45 2 1 2 30.8
45119 41004 43081 a5 2 2 2 26.2
45121 41004 41136 45 4 2 2 27.1

45122 41004 41136 45 4 1 2 308
45123 41019 41055 45 4 1 1 496
45126 41004 41144 45 4 1 1 475
. 45127 41019 42062 a5 3 I 2. 425
45129 41019 42062 a5 3 2 2 393
45132 41019 41133 45 4 2 1 415
45133 41004 41047 45 4 1 2 408
45134 41004 41047 45 4 2 2 273
45135 43002 43117 a5 2 1 1 343
45153 41004 41043 45 4 2 1 426
45155 43002 43037 45 2 1 2 393
45156 41019 41023 45 4 2 1 38.6
45190 41004 471 45 4 2 1 474
45205 41004 42060 45 3 1 1 352
45207 41004 41087 45 a 2 1 32.8
45208 41004 42080 45 3 2 1 a21
45211 41004 41115 45 4 2 1 465
46001 41019 41040 46 5 1 1 a7
46002 41004 41044 46 5 1 2 352
46003 41004 41044 46 s 1 2 28.4
46004 41004 41122 46 5 2 1 37.8
46005 41004 41015 46 5 2 2 26.8
46006 41004 41015 46 S 2 2 293
46007 41019 41057 46 [ 1 1 396
46008 41004 41135 46 5 2 1 376
46009 44170 43084 46 3 2 2 29.2
46010 44170 43084 46 3 2 2 26.3
46012 41004 41139 46 5 1 2 322
46013 41004 41139 46 5 2 2 301
46014 41004 41043 46 5 1 1" 419
46015 41004 42087 46 4 1 1 a1.1
46020 41004 41034 46 5 2 2 22.4
46021 41004 41034 46 5 1 2 32.3
46022 44170 43018 46 3 2 1 313
46023 41004 41069 46 5 2 2 29.4
46024 41004 41069 46 5 2 2 30.3
46025 41004 41138 46 5 2 1 33.2
46026 41019 42071 46 ) 2 1 30.4
46031 41019 41167 46 5 1 1 47.6
46032 41004 4172 a6 5 1 1 215
46033 41004 an7 46 5 1 2 30.6
46034 41004 ann 46 5 2 2 247
46037 44170 44228 46 2 1 1 40.1
46040 44170 43045 46 3 1 1 319
46041 41019 41033 46 5 1 2 35.8
46042 41019 41033 46 5 1 2 26.1
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46044 41004 42080 456 4 1 1 40 46208 44174 43063 46 3 1 2 227
46045 41019 42115 a6 4 1 2 349 46209 44174 43063 46 3 2 2 23

46046 41019 42115 46 4 2 2 32.4 46210 44042 44063 46 2 2 1 231
46047 41004 42060 ‘a6 4. 2 1 373 ’ . 46214 44042 43081 46 3 .2 2 226
46048 41019 41041 a6 5 2 2 35.8 ] 46215 44042 43081 46 3 2 2 235
46050 44170 43033 a6 3 1 1 441 46217 44042 44082 46 2 1 1 291
46054 44170 44158 46 2 2 1 46 ’ 46222 44042 44121 46 2 1 1 298
46055 44170 44098 46 2 1 1 26.4 46224 44174 44134 46 2 2 1 38.3
46057 41004 41051 46 5 1 1 28 46227 44042 44252 46 2 1 1 286
46058 41004 41010 46 5 1 1 236 46228 44042 44093 46 2 2 1 3

46063 44170 44072 46 2 1 1 277 47001 45070 45073 47 2 2 2 21.8
46064 | . 41004 41061 46 5 2 2 322 47002 45070 45073 47 2 1 2 246
46065 41004 41061 46 5 1 2 336 47003 45070 45049 47 2 1 2 232
46070 41004 4100 46 3 1 2 209 47004 45135 45211 47 2 1 2 221
46072 41004 41144 a6 5 2 1 6.2 47006 41018 41040 47 [ 1 1 309
46073 41004 41025 46 5 2 1 3.5 47007 44042 43003 47 4 1 1 29.2
46076 41019 41008 46 5 1 2 38 47008 45135 45054 a7 2 2 2 209
46086 44170 44184 a6 2 1 1 26.1 47009 45135 45054 a7 2 1 2 . 247
46087 41004 41136 46 5 2 2 238 47010 45135 43018 47 4 1 2 26

46088 41004 41136 46 5 1 2 331 . . 47011 45135 44205 47 3 1 2 26.3
46095 41004 41074 46 5 2 2 24 47012 45135 44205 47 3 1 2 28.5
46096 41004 41074 46 5 1 2 20 47014 45135 43033 47 4 2 1 29:4
46097 41004 41083 46 5 1 2 266 47015 44042 44013 47 3 2 1 266
46098 41004 41083 46 5 1 2 28 47016 41004 | 41025 a7 6 1 2 ara
46102 41019 42062 % 4 2 1 336 47017 45135 44222 47 3 2 2 176
46125 41019 42065 46 4 1 1 427 47018 45135 44222 47 3 1 2 28.1
46131 41019 41023 46 5 1 2 306 47019 45135 44134 47 3 1 1 8.5
46132 41019 41023 46 s 1 K 317 47020 45135 44098 47 3 1 1 33.4
46133 41019 41031 46 5 2 2 313 47022 45070 45115 a7 2 2 1 293
46134 41019 41031 46 s 2 2 314 47023 41019 41031 a7 6 1 2 322
46135 44170 44224 46 2 1 1 347 47024 41019 41031 a7 6 2 2 276
46136 44170 44222 46 2 1 1 366 47026 45135 44158 a7 3 2 1 286
46137 44170 44165 46 2 1 1 232 47028 41004 41010 a7 6 1 1 35

46147 41019 41093 46 5 2 1 6.5 47029 41004 41015 a7 6 2 1 25.4
46149 41004 41047 46 5 1 1 388 47030 41004 41015 a7 6 1 1 23

46163 44170 44205 46 2 2 1 346 47033 45135 45077 47 2 1 1 35.4
46170 41004 42074 %6 4 2 1 305 47034 44042 44217 47 3 2 1 25

46175 41004 41115 46 5 2 1 292 47035 45135 45082 47 2 1 2 21

46177 41019 41001 a6 s 2 1 445 47036 45135 45082 a7 2 1 2 222
46181 44174 44166 46 2 1 2 28 47037 41004 4100 a7 6 1 1 374
45182 44174 44166 46 2 2 2 24 47040 45135 44165 a7 3 1 1 32.4
46189 44174 43086 46 3 1 1 239 47042 41004 41047 a7 6 1 2 36.2
46198 44042 44083 46 2 1 1 26.9 47043 44042 44082 47 3 2| 1 28.2
46199 44042 43110 46 3 1 1 31.1 47049 41004 41135 47 6 1 2 28.5
46205 44042 43100 a8 3 2 1 27.8 47051 45135 45053 47 2 1 1 304
46206 44042 44013 % 2 1 1 336 47055 44042 43110 47 4 1 2 24
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47056 44042 43110 a7 4 2 2 24.1 47140 44042 43029 47 4 2 2 24.9
47060 44042 44063 47 3 2 2 17.2 : 47141 44042 43029 a7 4 2 2 25.2
47064 41004 42060 47 S5 1 1 333 47147 45135 43063 47 4 2 2 239
47067 41004 42087 . a7 5 1 2 a3 . 47148 45135 43063 a7 .. 4 2 2 216
47068 41004 42087 47 5 2 2 232 . 47150 45135 45056 a7 2 2 2 22.1
47074 44042 44213 47 3 2 1 276 47151 45135 45056 47 2 2 2 18.7
47076 41019 41008 a7 6 2 2 25 47161 44042 44253 a7 3 1 2 319
47077 41019 41008 47 6 2 2 298 47167 45070 45048 47 2 2 2 25.2
47078 45135 45121 47 2 2 2 1.5 47169 45070 45048 a7 2 1 2 22.1
47080 45135 45190 a7 2 1 2 268 47170 45135 43012 a7 4 1 1 306
47083 45135 44184 a7 3 2 1 256 47174 45135 45094 a7 2 2 1 34
47087 45135 45015 a7 2 2 1 257 47184 44042 43100 a7 4 1 1 223
47091 41004 41083 a7 6 1 1 271 47188 45135 43024 47 4 2 1 27.3
47092 41004 41051 47 6 2 2 164 47189 44042 44252 47 3 1 1 32.9
47094 44042, 44022 47 3 2 2 18.2 47204 41004 41044 a7 6 1 1 326
47095 44042 44022 a7 3 2 2 228 47208 41019 41041 a7 6 2 2 30.6
47096 44042 45102 a7 2 1 2 242 47210 44042 45063 a7 2 1 1 23
47097 44042 45102 47 2 2 2 232 . 47211 44042 44064 a7 3 1 1 R 326
47098 41019 41033 a7 6 1 1 37.7 47212 45135 43020 a7 4 2 1 24.9
47101 41004 42071 a7 5 2 2 17.1 R 47213 45135 44027 a7 3 1 1 322
47102 41004 42071 47 [ 1 2 211 47215 41004 41061 a7 6 2 2 26.4
47105 45135 44072 47 3 2 1 26.8 47216 41004 41061 a7 6 1 2 26
47108 41004 41138 a7 6 1 2 28.1 48001 46015 45049 48 3 2 2 221
47109 41004 41138 47 6 2 2 26.2 48002 46015 | 45049 48 3 2 2 25.4
47111 41004 45026 47 2 1 2 12.4 48003 41004 41031 a8 7 2 2 22,6
47112 41019 42071 a7 5 2 2 21.2 48004 41004 41031 48 7 1 2 336
47113 41019 42071 a7 5 2 2 21 48006 44042 41040 48 7 1 2 33.8
47114 45135 44224 a7 3 1 2 26.4 48007 41004 41144 48 7 1 2 24.4
47115 45135 44224 47 3 2 2 239 48008 41004 41144 48 7 2 2 246
41117 41004 41144 a7 6 1 1 28.4 48009 46037 44083 48 4 1 1 395
47118 41004 41136 47 6 1 2 279 48010 46037 45054 48 3 2 1 35.2
47119 41004 41136 47 6 2 2 223 48011 44042 45115 48 3 1 2 20.9
47120 45135 45055 47 2 2 1 26.9 48012 44042 45115 48 3 1 2 29.1
47121 41004 41043 47 6 1 2 38.8 48013 41004 42080 48 6 2 1 427
47123 41019 41028 47 6 1 2 28.2 48014 45070 45116 48 3 1 1 425
47124 41019 41028 a7 6 2 2 311 48015 46037 44022 48 4 1 1 39.3
47126 41019 41023 47 6 1 2 227 48016 46037 46170 48 2 1 1 336
47127 41019 41023 47 6 1 2 26.6 48017 46015 44208 a8 4 2 2 27.7
47130 45135 43037 a7 4 2 2 226 48018 46015 44205 48 a 1 2 324
47131 45135 43037 a7 4 1 2 30.8 48023 44042 41028 a8 7 1 2 a7.4
47132 44042 45098 a7 2 2 1 30.8 48027 41004 46134 a8 2 1 1 40
47133 44042 45098 a7 2 2 1 30.8 48028 41004 41122 48 7 1 2 28.9
47134 41018 42065 47 5 1 2 38 48029 41004 41122 48 7 2 2 238
47135 41019 41057 47 [ 1 2 314 48030 41004 46177 48 2 2 2 311
47136 44042 45061 a7 2 1 1 33.3 48031 41004 46177 48 2 2 2 30.9
47139 45135 43088 a7 4 1 1 28.3 48032 41004 45036 48 3 2 2 299
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48034 41004 41001 a8 7 2 2 329 48098 46037 44115 48 4 1 1 44.5
48035 41004 |° 41001 48 7 2 2 32.8 : 48100 44042 41023 - 48 7 2 2 36.4
48036 41004 41010 48 7 2 1 39.9 48102 44042 44163 a8 4 1 2 30.3
48039 . 46015 45027 48 3 1 C 4 321 48103 44042 .| 44163 48 4 2 2 24.4
48042 46037 45211 48 3 2 2 27.1 48104 45070 43100 48 5 1 1 36
48043 46037 45211 . 48 3 1 2 30.4 48107 45037 44217 48 4 1 1 35
48045 45070 46006 48 2 1 1 47.3 48110 46037 43089 a8 5 1 3 33.2
48046 46015 46064 48 2 1 1 426 48111 46037 43089 48 5 1 3 19.7
48047 45070 45063 48 3 2 2 356 48112 46037 43089 48 5 2 3 218
48049 46037 45082 48 3 1 2 20 48113 45070 46209 48 2 1 2 19.3
48050 46037 45082 48 3 2 2 27.2 48114 45070 46209 48 2 2 2 207
48051 41004 46048 48 2 2 1 2.7 48116 45070 43026 a8 5 1 1 36.8
48052 44042 41074 48 7 1 3 25.6 48117 45070 45094 48 3 2 1 311
48054 44042 41074 48 7 2 3 225 48118 46015 44098 48 4 2 2 28.8
48056 45070 43033 48 5 2 2 26.2 48119 46015 44098 a8 4 1 2 292
48057 45070 43033 a8 5 2 2 296 - 48120 46015 46008 a8 2 1 2 233
48058 41004 42060 48 6 2 1 a7 48121 46015 46008 48 2 2 2 217
48060 45070 44121 48 4 2 1 381 48122 44042 41105 a8 7 1 2 | 34.7
48062 46037 46076 48 2 1 1 453 48123 44042 41105 a8 7 1 2 311
48064 46015 46004 48 2 1 2 252 48124 45070 45156 48 3 2 2 209
48065 46015 46004 48 2 2 2 255 48125 45070 45156 48 3 1 2 25.7
48066 44042 45073 48 3 2 2 295 48126 46015 46072 a8 2 2 2 25.2
48067 44042 45073 48 3 2 2 27.6 48127 46015 46072 a8 2 1 2 276
48068 46015 46175 48 2 2 2 25 48129 45070 | 43020 a8 5 2 1 27.8
48069 46015 46175 48 2 2 2 26.1 48130 46037 44064 48 4 1 1 375
48070 44042 45102 48 3 1 2 27.8 48131 46037 45015 48 3 2 2 24.2
48071 44042 45102 48 3 2 2 206 48132 46037 45015 48 3 2 2 25.5
48072 45070 43084 48 5 1 1 39.3 48133 46015 44228 48 4 1 2 30.9
48076 44042 43063 a8 5 1 2 25.4 48134 46015 44228 a8 4 2 2 25.3
48077 44042 43063 48 [ 1 2 25.8 48136 46037 46047 48 2 1 1 332
48078 44042 41003 48 7 1 2 233 48137 44042 43072 48 5 1 2 296
48079 44042 41093 48 7 2 2 254 48138 44042 43072 48 5 1 2 315
48080 41004 42065 48 6 1 1 45.7 48139 44042 41083 48 7 2 1 28
48082 41004 41044 48 7 1 1 43 48140 46015 44184 48 4 1 1 376
48084 41004 41057 48 7 1 1 44 48141 46015 44224 48 a 1 2 29.7
48085 46037 45077 48 3 1 1 46.1 48142 46015 ‘44224 48 4 1 2 29
48086 45037 45056 48 3 1 1 35.2 48143 46015 46023 a8 2 2 2 24.6
48087 44042 43029 48 5 1 2 336 48144 46015 46023 48 2 2 2 236
48088 44042 43029 48 s 1 2 28.1 48145 41004 46147 48 2 2 1 36.4
48089 44042 44082 48 4 2 1 36.6 48146 45070 43003 48 5 1 1 32.9
48090 46015 44072 48 4 2 1 38.3 48147 46037 44013 a8 4 2 1 336
48091 46037 45003 48 3 1 1 47.2 48150 45070 45153 48 3 2 2 308
48092 45070 46005 48 2 1 1 39.8 48151 45070 45153 48 3 1 2 28.4
48093 46037 43086 48 s 2 1 38.9 48152 45070 45061 48 3 2 1 28.2
48095 44042 44253 48 4 1 2 38.7 48155 45070 46102 48 2 2 1 304
48097 45070 43014 48 5 2 1 38.5 48156 44042 43083 a8 5 1 1 375
-265- -266-




Appendix B: Dormer Stud Data; Elsenburg College of Agriculture Appendix B: Dormer Stud Data; Elsenburg College of Agriculture

48158 46015 46025 48 2 2 1 329 49026 48014 47034 49 2 1 1 41.9
‘48159 45070 43018 48 5 2 1 23.8 49029 ‘| 45070 41031 49 8 2 2 17.3
48160 44042 43110 48 5 2 2 26.4 49030 45070 41031 49 8 2 2 236
48161 44042 43110 48 5 1 2 331 : . 49032 46037 46013 49 3 " 2. 30.6
48162 45070 41047 48 7 2 1 316 ) 49033 45070 46147 49 3 2 2 39.5
48164 46037 44213 48 4 1 1 398 ) 49034 45070 46147 49 3 2 2 28.9
48166 46015 4622 a8 2 2 2 23 48035 48014 47102 49 2 2 1 348
48167 46015 4622 48 2 2 2 25.2 49036 45070 45156 49 4 2 2 29.7
48170 41004 41043 a8 7 1 2 39.7 49037 45070 45156 49 4 1 2 16.8
48171 44042 44252 48 4 2 2 31 49038 48052 47008 49 2 1 1 39.8
48172 44042 44252 48 4 1 2 331 49039 46037 43063 49 6 1 2 28
48173 46015 46205 48 2 2 1 27.3 49040 45037 43063 49 6 1 2 2.5
48174 45070 46026 a8 2 2 1 29.1 43041 46037 44098 49 5 2 1 37.2
48175 45070 45103 48 3 1 1 26.7 49042 45070 44072 49 5 2 1 42
48177 46037 45208 a8 3 2 1 322 49043 45070 45116 49 4 1 2 41.4
48179 44042 44158 48 4 2 1 375 49044 45070 45116 49 4 1 2 35.9
48181 44042 41033 48 7 2 1 338 49045 48052 47029 49 2 1 1 323
48184 45070 43025 48 5 1 1 31.3 49046 48052 47068 49 2 1 2 K 38.3
48185 46037 45053 48 3 1 1 359 49047 45070 46048 49 3 2 2 335
48186 46037 44220 48 4 2 1 35 » 49048 45070 46048 49 3 2 2 34.5
48187 45070 * | 43024 48 5 2 1 338 49049 46037 44121 49 s 2 1 38.8
48188 45070 46224 48 2 2 1 337 43050 46037 47151 49 2 2 1 376
48204 46037 45096 48 3 2 1 221 48051 48052 41093 a9 8 1 2 326
48205 41004 41135 48 7 2 2 306 48052 45070 41093 49 8 2 2 24
48206 41004 41135 48 7 2 2 285 49053 48014 47141 49 2 1 2 50.3
48218 45070 45132 48 3 2 1 356 49054 48014 47141 49 2 2 2 228
49001 45070 47208 49 2 1 2 343 49055 45070 41047 49 8 2 2 36.8
49002 45070 45027 49 4 2 2 28.1 49056 45070 41047 49 8 2 2 332
49003 45070 45027 49 4 2 2 27 48057 48014 | 46010 49 3 1 1 39.3
49004 48014 47076 49 2 2 2 18 49058 46037 43084 49 6 1 1 449
49005 46037 43089 49 6 2 2 25.1 49059 45070 46177 49 3 1 1 45.7
48006 46037 43089 49 6 2 2 29 ‘ 49060 46037 45004 49 4 2 2 386
49008 46015 44064 49 5 2 1 3 49062 48052 45073 49 4 1 37.8
43011 48014 47022 a9 2 2 1- 35.6 43063 48014 47074 49 2 2 1 35.6
42012 48014 47148 48 2 1 1 38.8 49064 48014 44228 49 5 1 1 429
49013 48014 47092 49 2 2 1 36.2 49065 48014 47112 49~ 2 1 1 438
49014 46015 44217 49 5 2 1 337 49067 45070 41033 49 8 2 1 37
48017 45070 45102 49 4 2 2 26.6 49068 46015 45115 48 a 1 3 338
48018 45070 45102 49 4 2 2 27.4 49069 46015 45115 48 4 2 3 274
49019 48052 45103 49 4 2 1 39.8 49070 46015 45115 49 4 2 3 28
49020 46037 43086 a9 6 2 1 39 49071 48014 47147 49 2 2 2 298
49021 46037 44184 49 5 2 1 377y ' 49072 48014 47147 49 2 2 2 34.4
49022 45070 44224 49 5 2 1 41.9 49073 48052 47124 49 2 1 2 6.5
49023 46037 44082 49 5 2 1 34 49074 48052 47124 49 2 2 2 30.4
49024 46037 45054 49 4 1 2 36.3 49075 45070 46134 a9 3 1 1 49.4
49025 46037 45054 49 4 2 2 29.6 49076 48014 46073 49 3 1 1 446
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49077 46015 46072 49 3 2 1 34.7 49139 45070 44253 49 5 1 3 40.5
49078 45070 44252 a9 B 2 2 a1 49141 46015 4622 49 3 1 2 35.1
49079 45070 44252 49 5 1 2 36.4 49142 46015 4622 49 3 2 2 30.9
49080 46037 45056 48 4 2 2 32.4 ’ .. 49143 45070 41083 a9 8 2 2 27.4
49081 46037 45056 a9 4 1 2 37.9 ] 49144 45070 41083 a8 8 1 2 33
49082 46037 44115 49 3 2 1 436 ] 49145 46037 45153 49 4 2 2 331
49083 48014 46005 ag 3 1 2 s 49146 46037 45153 49 4 2 2 335
49084 48014 46005 49 3 1 2 29.2 49149 46015 46025 49 3 1 2 38.7
49085 46037 42065 49 7 2 2 40.8 49150 46015 46025 49 3 1 2 236
49088 45070 45063 a9 4 1 2 36.8 49151 48014 46009 49 3 1 2 27.1
49089 45070 45063 a9 4 2 2 30.5 49152 48014 46009 49 3 2 2 27.3
49090 46015 46175 49 3 2 2 29.3 49154 46015 43110 a3 6 2 1 332
49091 46015 46175 49 3 1 2 34.4 49155 46015 44205 49 5 2 1 36.3
49092 46037 45055 49 4 2 1 a7.2 49156 48014 47113 49 2 1 2 28.3
49094 48014 47043 49 2 2 1 36.8 49157 48014 47113 49 2 2 2 28.1
49095 46015 46004 49 3 2 1 38.8 49158 48014 47132 49 2 1 2 35.4
43097 45037 44022 49 5 1 1 46 49159 48014 47132 49 2 1 2 342
49099 45070 46026 49 3 2 2 30.7 49160 46037 45053 49 4 2 2 213
49100 45070 46026 49 3 2 2 29.9 49161 46037 45053 49 4 2 2 31.4
49101 46015 45077 49 4 2 1 385 ) 49162 45070 41028 49 8 1 2 378
49103 48052 44158 49 s 2 1 42 49163 45070 41028 49 8 1 2 35.1
49104 48052 47174 49 2 1 1 435 49167 45070 41043 49 8 1 2 285
49106 46037 45015 49 4 1 2 333 49168 45070 41043 49 8 1 2 29.7
49107 46037 45015 49 4 1 2 KEX) 49169 46015 46064 a9 3 2 1 43.4
49108 46037 46006 49 3 1 2 445 49171 46015 43072 49 6 1 1 44.4
49109 46037 46006 49 3 2 2 30.1 49172 46015 47120 49 2 2 1 39.1
49110 48052 47119 49 2 1 2 35.3 49175 48052 47167 49 2 1 j 28
49111 48052 47119 49 2 2 2 27.8 49177 46037 45208 49 4 1 1 45.8
49112 46015 43100 49 [ 1 1 32.1 49183 48052 47001 a9 2 1 1 38.4
49113 48014 47094 49 2 2 2 26.7 49187 48014 47188 49 2 2 2 26
49115 45070 41055 49 8 2 1 45 49188 48014 47188 49 2 2 2 19.2
49117 46015 45211 49 4 2 1 37 49193 46037 44213 49 5 1 1 a7.1
49118 46015 43014 49 6 2 1 35.1 49196 48014 47014 49 2 1 1 41.6
49119 48052 47215 49 2 1 1 31.8 49197 46015 46205 a9 3 2 1 357
49121 46015 43003 49 6 2 1 326 49198 46037 43033 49 6 1 1 39
49122 46015 43029 49 6 1 1 45 49201 46015 47115 49 2 2 1 39
49123 48052 47080 49 2 2 1 322 49202 46015 47130 49 2 2 1 32.7
49125 48037 44163 49 5 1 1 41.8 49206 46015 43026 49 6 1 1 45.1
49126 46015 43020 49 6 1 1 36.5 49208 48052 47087 a9 2 2 1 35
49127 46037 46023 49 3 1 2 37 49212 45070 45132 49 4 2 1 39.7
49128 46037 46023 49 3 2 2 28.6 49218 46037 46224 a8 3 1 3 37
49128 46015 44220 49 5 2 1 40.5 49219 46037 46224 a9 3 2 3 234
49132 45070 42060 49 7 1 1 43.1 49220 46037 46224 49 3 2 3 33
49134 46037 45082 49 4 1 1 439 49225 48014 47140 49 2 1 3 40.7
49135 46015 44013 49 5 2 1 39.1 49227 48014 47015 49 2 1 3 26.2
49136 48014 47056 49 2 2 1 355 . 49228 46037 46024 49 6 2 2 33.4
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Appendix B: Dormer Stud Data; Flsenburg College of Agriculture Appendix B: Dormer Stud Data; Elsenburg College of Agriculture

49229 46037 43024 49 6 2 2 34.9 50070 48140 47130 50 3 2 1 341
49231 45070 41057 49 8 ‘1 1 457 . 50072 49053 48165 50 2 2 2 20.5
50005 48014 45208 50 5 1 2 21.1 50074 45070 44205 50 6 2 1 34.1
50006 48014 45208 : 50 E- 2 2 321 ! . 50075 45070 44072 50 6 2 1 357
50007 48014 45103 50 5 1 1 36.5 . 50076 46037 44022 50 6 2 1 30.6
50010 45070 42060 50 8 2 1 33.5 . 50077 48014 48068 50 2 2 1 28.7
50011 48140 47008 50 3 2 3 222 50078 48052 44217 50 6 2 1 30.4
50012 48140 47008 50 3 2 3 253 50079 49053 48058 50 2 1 1 36.7
50014 48014 48118 50 2 1 2 219 50080 48052 48060 50 2 1 1 345
50015 48014 48118 50 2 2 2 251 50081 48014 46205 50 4 2 1 344
50018 48014 43033 50 7 1 2 253 50083 45070 47077 50 3 2 1 15.8
50019 48014 43033 50 7 2 2 2214 50084 46037 43018 50 7 2 1 26.3
50021 48140 47087 50 3 2 1 20.3 50087 48014 46134 50 2 2 1 302
50023 48140 48160 " 50 2 1 2 299 50088 49134 48036 50 2 1 2 33.6
50024 48140 48160 50 2 2 2 252 50089 49134 48036 50 2 2 2 245
50027 48140 47141 50 3 2 1 28.6 50090 48014 47097 50 3 2 2 234
50028 48014 47140 50 3 2 1 34.2 50091 48014 47087 50 3 2 2 15.4
50030 48014 48144 50 2 1 1 331 50093 46037 46004 50 4 1 2 304
50031 48140 47080 50 3 1 2 29.1 50094 46037 46004 50 4 1 2 356
50032 48140 47080 50 3 2 2 21.2 : . 50095 48052 48047 50 2 2 1 326
50033 48140 48089 50 2 1 1 29.4 50096 48014 48143 50 2 2 2 291
50034 48014 47056 50 3 2 1 311 50098 45070 47112 50 3 1 1 37.2
50036 45070 42065 50 8 2 1 316 50099 48014 47132 50 3 1 2 31.8
50040 49053 48054 50 2 2 2 36.1 50100 48014 47132 50 3 2 2 30.6
50042 48140 48079- 50 2 1 1 38 50101 48140 48171 50 2 1 2 20.9
50043 48014 43089 50 7 1 2 274 50102 48140 48171 50 2 2 2 24.9
50044 48014 43089 50 7 2 2 265 50103 48052 48162 50 2 2 2 212
50045 48014 44064 50 6 2 -1 29 50104 48052 48162 50 2 2 2 225
50047 48140 47148 50 3 1 2 29.3 50105 48014 47043 50 3 2 1 28.2
50048 48140 47148 50 3 2 2 21.2 50106 48140 43110 50 7 2 1 18.9
50052 48140 43014 50 7 1 1 383 50108 46037 47215 50 3 2 1 311
50053 48140 47105 50 3 1 1 378 50109 49053 48158 50 2 1 2 29.6
50054 45070 44098 50 6 1 1 34.7 50110 49053 48158 50 2 2 2 23.14
50055 48014 45056 50 5 1 1 35.4 50111 48014 4622 50 4 1 2 305
50056 46037 46170 50 4 2 1 229 50112 48014 4622 50 4 2 2 329
50057 46037 44013 50 6 1 2 328 50113 49053 48166 50 2 1 2 333
50058 46037 44013 50 6 1 2 259 50114 49053 48166 50 2 2 2 26.7
50060 46037 45003 50 5 2 1 36.4 50115 46037 45015 50 5 2 1 32

50061 48014 48001 50 2 1 2 311 50116 48140 47113 50 3 2 1 247
50062 48014 48001 50 2 1 2 276 50117 46037 46064 50 4 2 1 7.3
50063 48014 45094 50 5 2 1 37.1 50118 48014 46009 50 4 2 1 345
50065 45070 45132 50 5 2 1 371 50119 49134 48030 50 2 1 1 40

50066 46037 45006 50 4 2 2 31.8 50120 48014 48090 50 2 1 2 217
50067 46037 46006 50 4 2 2 28.1 50121 48014 48090 50 2 2 2 283
50068 46037 45116 50 5 2 1 31.6 50122 46037 45153 50 5 2 2 29.7
50069 46037 45077 50 5 2 1 333 50123 46037 45153 50 5 2 2 231
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Appendix B: Dormer Stud Data; Elsenburg College of Agriculture

50124 48052 46026 50 4 1 2 31.7
50125 48052 46026 50 4 2 2 276
50128 46037 43003 50 7 2 2 23

50129 ‘48037 46073 50 4 2 2 207
50130 46037 46073 50 4 1 2 254
50131 46037 46025 50 4 1 1 36.1
50132 48140 44224 50 6 2 1 33.5
50133 48052 48002 50 2 1 1 316
50134 46037 43086 50 7 1 2 32.2
50135 46037 43086 50 7 1 2 36.5
50138 48014 48069 50 2 2 1 256
50139 49134 48179 50 2 2 1 40.8
50140 48140 47115 50 3 2 2 359
50142 46037 45211 50 5 2 1 30

50143 49134 48003 50 2 1 2 28.1
50144 49134 48003 50 2 2 2 211
50145 48014 46121 50 2 1 2 28.1
50146 48014 48121 50 2 2 2 25.6
50149 48140 48139 50 2 2 1 259
50150 46037 44121 50 6 2 1 32.4
50151 49053 48051 50 2 1 1 341
50152 46037 44163 50 6 2 2 20.5
50153 46037 44163 50 6 - 2 2 19.6
50154 48052 48017 50 2 2 2 17.2
50155 48052 48017 50 2 2 2 216
50158 46037 44082 50 6 1 2 28.7
50159 46037 44083 50 6 2 2 239
50160 49046 48050 50 2 2 1 344
50163 48140 48100 50 2 2 1 353
50164 48052 46048 50 4 1 2 38.7
50167 46037 46175 50 4 2 1 3
50168 46037 47119 50 3 2 1 289
50169 48052 48056 50 2 2 2 26.7
50170 48052 48056 50 2 2 2 23.4
50171 48140 47014 50 3 2 1 30

50172 48140 48067 50 2 2 1 351
50173 48140 46224 50 4 2 1 37.4
50174 48140 48177 50 2 1 1 328
50175 49046 48167 50 2 2 2 276
50176 49046 48167 50 2 2 2 25.7
50178 48052 44228 50 6 1 2 33

50179 48052 44228 50 6 2 2 32.9
50185 49046 48173 50 2 1 1 34.2
50186 48052 44115 50 6 2 1 386
50188 48052 47022 50 3 2 1 28.3
50191 46037 43026 50 7 1 1 367
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50192 48052 47174 50 3 2 2 251
50193 48052 47174 50 3 2 2 319
50194 48014 44184 50 6 2 2 26.9
50195 48014 44184 . 50 6 2 2 257
50196 48052 43024 50 7 1 1 38.9
50197 48052 48187 50 2 2 1 273
50200 48052 44213 50 6 1 1 50.6
50201 48052 43072 50 7 1 1 427
50202 46037 41028 50 9 1 2 36.6
50203 46037 41028 50 9 1 2 30.1
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Appendix C: Dataset from Duchateau, et al., 1998, International Livestock Research Institute (ILRI), Kenya

" APPENDIX C

The exémple used for illustrative purposes are based on an experiment undertaken at the
International Livestock Research Institute (ILRI) at the University of Nairobi, Kenya in the early
90’s (Duchateau, er al., 1998). The goal of the research was to select for improved helminth

resistance in sheep.

The female sheep used in the experiment are from three different breeds (br), whereas the males
are from two breeds. In each of the six crosses, there are at least 25 and at most 42 different sires,
and each sire within a crossbreed has on average offspring of 6.4 lambs. \Thé' weaning weight is

measured for each lamb (YWW). .

Although the same sire is mated to ewes from different breeds, the sire nested in breed is taken as
a single random effect and it is assumed that these random effects are independent. A total of
n = 1277 weaning weight records, from the progeny of ¢ = 200 sires are available after editing, and

breed, sex and age are included as fixed effects in the final model.
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Appendix C: Dataset from Duchaieau, et al., 1998; International Livestock Research Institute (ILRI), Kenyu Appendix C: Dataset from Duchateau, et al., 1998: International Livestock Research Institwe (I1LR1), Kenya

1 1999 M 149 14 1 7 sl1foflolofo] 1|14
1 1999 F 144 | 183 [ 7 1]1]ojojojo]o]i4a
Br1[8r2|Br3[Brd |Br5)Br6 | Age 1 1999 M 141 | 173 | 7 1{1]o]efofo[1]ra
. Breed | Sire_iD |Sex(B6}| Age | Y(WW) | Sex [ Sire_Nr | B0 |B{ B2 B3|B4 [IBS5 |B6| BY ‘ 1 1999 M 134 13.2 1 7 1]1]lolojo|o] +]134
1 1971 F 145 | 1.2 0 1 1|1]ofo]ojo}fo]4s 1 4907 M 155 18 1 8 1{1]ofolo]o]1|1ss
1 1971 F 140 15.4 o 1 1 1 lof{ojo|o}o]140 1 4907 F 153 131 o 8 1 1|]o]Jo|lolo]o]| 153

1 1971 F 140 10.9 1] 1 1{1fo0]lo]o{o]o] 140 ’ 1 4907 F 152 131 o 8 1 110|lolojlo|o]s2 ,
1 1971 M 122 | 1.4 1 1 1]1j70fojojo}1}i22 f 4907 M 152 1 95 1 8 1]1]ololofo]1]15
1 1972 F 152 16 0 2 1]1]o0jojojo}o]1s2 1 4907 M 135 | 138 1 8 1]1]olofo]of1]13s
1 1972 M 151 13.2 1 2 1 1|o0|lo|jO0 O] ]151 1 4907 M 132 15.7 1 8 1 1|lo|lo|lo]o| +]132
1 1972 F 146 | 149 0 2 1|1jofojojojo]4s 1 4907 M 120 | 128 1 8 1[1]o]o]o|o]]t2e
1 1972 F 139 ] 79 0 2 1]t]ojojojojo]i3s 1 4907 M 115 12 1 8 1]1]ololo]o]1]11s
1 1972 [¥] 132 15.7 1 2 1 1100|001 ]132 1 4908 F 162 19 ) ] 1 11/lo0{ololo]lol162
1 1972 F 131 131 1] 2 1 1{ojojojojo| 11 1 4508 M 148 153 1 g9 1 1lolololol1}]148
1 1972 F 128 125 0 2 1]1]J]ojo|o]|]oOo]o]|128 1 4908 M 147 18.8 1 9 1110 ]loloflo]| | 147
1 1972 M 124 12.2 1 2 1 1]0(0o|O0O]O] 1] 124 1 4908 F 139 15.1 0 9 1 1]o0|lo]lolo]|0o] 13
1 1972 M 122 14.6 1 2 1|1]ojo|Oo]|]O]| 1|12 1 4908 M 134 16.1 1 9 1|1|lolo]lo]o]11]13s
1 1972 F 15 | 136 0 2 1]1]o0jJojojojo]11s 1 4908 F 18 | 132 0 9 1]/1]ojo]o]ojo]s
1 1972 M 10 | 126 1 2 i1]1]ojojojoj]io 1 4908 M 132 | 142 1 9 1[1]o]ofo]o]1]132
1 1973 F 157 11.9 (o] 3 1 1]1]0Jo]|]0ojo| O] 157 1 4908 F 126 13.5 0 Q 1 110Jololo]o}]126
1 1973 M 157 20 1 3 1 1]0ft0]0|0] ] 157 . 1 4908 M 125 13.8 1 9 1 1|lotolojo]| 1] 128
1 1973 M 156 | 171 1 3 1J1]ofojofo]1]15 1 4908 F 125 | 142 0 9 1]1{o]ojo]o|o]12s
1 1973 M 143 10.8 1 3 1 1jo|lo|ojOo]|1]143 1 4908 F 122 18.9 0 9 1 110lojolo]o]122
1 1973 M 136 | 125 1 3 i[1]ojojojof1[136 1 4908 F 122 | 127 [} 9 t|1|ofofofo]o]122
1 1974 Y] 159 15.8 1 4 1]1]1(0{o0]Jo|0O ]| 1]159 1 4908 M 94 11.4 1 9 1 1]oflolo]o|1 94
1 1974 F 156 | 12.8 0 4 1[1]ofoJojofo0]15 1 4908 F 169 | 12.8 0 9 1|[1]o0]lofo]|ofo]1es
1 1974 F 156 20.2 /] 4 t{1]0lo]ojojo] 156 1 4508 M 156 16.4 1 9 1 1lolololol1]1s6
1 1974 M 155 | 187 1 4 1|1]ofo]ofo]1]1ss 1 4909 F 145 | 63 0 10 1{1]o]ofo]ofo]|1es
1 1974 M 144 | 185 1 4 1j1]o[ojojo1]144 1 4909 M 140 [ 115 1 10 1]1]o]oo]of1]40
1 1974 M 143 | 188 1 4 1{1jofojojof1[143 1 4909 F 124 | 132 0 10 1{1]olojojojfjof12s
1 1974 F 136 | 11 0 4 1]1]oJojojojo]3s 1 4909 F 17 9.6 0 10 1[1]ofo]ofofo]f17
1 1974 M 135 | 16.8 1 4 1f1]ofojojo|1]135 ¢ 1 4910 F 157 | 121 o 1 t{1|ofofofofo]1s7
1 1974 M 134 17.5 1 4 tj1{o]lojo]oOj1]13 1 4910 F 154 13 0 11 1 1|lo|lolo|lo]o]) 154
1 1974 F 126 14.2 ] 4 1 1|ojlojo]oOo]|O}126 1 4910 M 150 132 1 11 1 11]o0{olo|o]1]15
1 1980 M 175 | 185 1 5 1{1]Jojojo]oj1[17s 1 4910 F 143 | 19 0 " 1{v]o]olojof[o]r43
1 1980 M 155 | 179 1 S 1]1]0]o0jJojo]1]155 1 4910 F 121 123" | o 1 1f1]ojofo]ofo]r21
1 1980 M 151 127 1 5 t]1]0{0]O0]O |1 ]151 1 4910 F 129 9.3 0 1 1|l1]1o0]lo]Jojofo] 120
1 1980 F 148 | 134 0 5 1j1]ofojojofoj148 1 4910 F 129 | 143 0 11 1]1]ojo]ojofo]129
1 1980 M 145 127 1 5 1|]1]o0|of[0]JoO] 1|45 1 4910 F 127 15 0 11 1]1]0o0lo]lolo]lol|127
1 1980 M 141 19 1 5 1j1]ojojojoqj1 |4t 1 4910 M 121 ] 1.4 1 " 1{1fololololt]in
1 1980 [ 124 | 134 1 5 1{1]ojJojojo}n]nr2 1 4910 F 15 | 124 0 11 ift|ofoflof[o]|o]its
1 1991 F 134 | 106 0 6 1|1{ofojo]ofo {134 1 4910 M 102 | 143 1 1 11 {o]ofjo|o]|1]102
1 1991 M 128 134 1 6 1|]1]ojo|o]oOo]|1]128 1 4910 F 84 10.2 0 11 1]l1]lolojlololo] 84
1 1991 F 121 | 143 0 6 1{1]Jofojojojof121 1 4910 M 97 9.1 1 1" 1[1]ofo]ofo]1] e
1 1991 M 12 | 156 1 6 1[1]ofojojof1in2 1 4911 M 158 | 17.3 1 12 1]1jofofofo]1]1ss8
1 1991 M 98 10.4 1 6 1]1]o]ofo]o|1] e8 1 4911 F 156 | 17.3 0 12 1[1]ofo]o|o]o[1se
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Appendix C: Datuset from Duchateau, et al., 1998; International Livesiock Research Institute (ILRI}, Kenya Appendix C: Dataset from Duchateau, et al., 1998: Imernational Livestock Research Institute (ILRI), Kenya

1 4911 M 155 124 1 12 1j1{ojojoio} 1|55 1 5009 M 115 13.4 1 23 1ivjo0tlofDjof1}s
1 4911 M 147 1.5 1 12 1/1jo0|(o0jojo]1]147 1 5009 M 110 9.8 1 23 tj1]0]Jojo]O|1]110
1 4911 M 147 16.5 1 12 t|1]0|O0jJofoOo| 1]147 1 5010 F 169 135 [ 24 1|1]0]0|]0o]O]O]169

’ -1 4911 M 144 16.9 1 12 1{7]o]ofofo.]1]14a 1 5010 M 143 15.6 1 24 1}l1]|o|lo]ofo]1|143
1 4911 F 138 12 0 12 1{1]0}0]0|0}O0}138 1 5010 F 140 116 o 24 t]1]0]0[0]0]O0}140
1 4911 M 137 13.3 1 12 1j1]Jojojojo]|1|137 1 5011 M 175 10.5 1 25 1i1[(ofo|o|O]|1]|175
1 4912 F 155 17 0 13 t)1)jojo0lo}jo|0]155 1 5011 F 166 1.9 0 25 rj1]]ofjofo]ojoO 166
1 4912 M 144 10.8 1 13 t]1]0]O0jJo[O] 1] 144 1 5011 F 12 10.9 0 25 1]110]04{0([0]0]| 112
1 4912 F 140 8.7 0 13 1|]1]ofojJo{o|o0]140 1 5012 M 168 17 1 26 1]{1}j0]|]0}j0|[0] 1} 1168
1 4912 F 137 1.3 0 13 1]1{ojojojo]o|1137 1 5012 M 156 126 1 26 1]1jolo|ofo]1]15
1 4915 F 128 10.1 [ 14 1[1]JojojJojoj|o|128 1 5013 M 172 137 1 27 t{1]0Jo|ofjo]|1 |72
1 4915 F 121 14.2 [} 14 1{1j0]0fOo|O0]|oO]121 1 5013 F 168 135 o 27 1 }l1]0jo]jo|0]|oO] 168
1 4915 M 113 156 1 14 1]v1jo0jojojo}1]13 1 5013 F 157 115 0 27 t]r]|]o]|]ojo|0O|0O]157
1 4815 M 101 9.6 1 14 t)1jojojojoj1]i01 1 5071 F 116 9.7 [+] 28 1]111]0]0]0}0)0]116
1 4816 F 112 10.4 0 15 1(1]J]ojo]ojo]|o |12 1 5071 F 110 127 [} 28 1]1]0jojo]|oOo|O0{110
1 4916 M 98 10.2 1 15 1{1]0Jo0jJOojOo]1| 88 1 5071 M 133 16 1 28 1[/1|ojo|o 0] 1]133
1 4916 M S117 10.1 1 15 1]1]ofofoOo]O]1{117 1 5071 F 132 13.1 0 28 1|t]Jo|JojOo]|]O]|O]| 32
1 4916 F 109 13.2 0 15 1]1{0jo|o]|O0]0O] 09 1 5073 M [0 8.9 1 29 t|l1]1o0folo|Ooj 1] %
1 5001 F 119 7 [} 16 1|t]jo|of[0o]jJOofoO]119 1 5076 M 17 11 1 30 1]1{jo0]ojo O} 1|17
1 5001 F 172 15 0 16 1{1]l]0j0o|O0]|O]|oOf172 1 5205 F 108 7.5 0 31 1|]1106j0]J0o|0|O0]108
1 5002 M 113 134 1 17 1{1]0jojJojo]| 1t {113 1 5324 F 136 6.2 0 32 11010 |0f0]0])136
1 5002 F 107 "7 o 17 1j1]0f0ojJoio|o0]|107 1 5326 F a3 85 0 33 1f1]0(o0j0|O0|O] 93
1 5002 F 100 7.9 0 17 1l19/0j]0[0]jO0}0O ] 100 1 5326 M 135 10.2 1 33 1|1v]oflo]o|O}1]135
1 5002 F 99 10.5 0 17 1]/]1]JofojJOojo|O] 99 1 5328 M 126 13.9 1 34 1]1]0]ojofo|1]126
1 5002 M 152 9.2 1 17 1|1]Jojojojo]1 |52 1 5328 F 21 10.7 0 34 1]1jo0jojojof0O |11
1 5003 M 134 15.1 1 18 1]1](0]0ojojO] 1] 134 1 5328 M 118 7.4 1 34 1]1]0]10]0 0|1 |18
1 5003 F 127 124 [} 18 1]1]0])]0})0]0]}0|127 1 5328 F 138 14 0 34 1]1]0]0j0]0])0]138
1 5004 M 111 155 1 19 1tf1]ojojojo[1}]11 1 5328 M 135 12.8 1 34 1{1]0]O0]JOo[0O]1]135
1 5004 M 110 13.2 1 19 1j1]Joj{ojojof1]110 1 5329 F 122 12.4 [} 35 111]0|]0j0o{0|0]122
1 5004 F 108 10.4 0 19 1]1]1({0]ocjo]o|o0]108 1 5329 F 98 6.2 0 35 1|]1j0|ojo|o|0] 98
1 5004 F 107 10.7 o 19 1]1{0jojlojo|oO]107 1 5329 M 137 12.6 1 35 1]1]0]Jo]Jo|O0]1]137
1 5004 F 106 14.8 [+] 19 1{1[0j0|0jO0]0]106 1 5329 F 132 1.3 0 35 1]1]0(0|]o]O0}oO]132
1 5005 M 130 13.7 1 20 1l1[o]lojo]o|1]130 1 5329 M 132 9.1 1 35 1]17]0|(0JojoO|1]|132
1 5005 M 104 1.6 1 20 1j1]ojojojo|1]104 1 5329 F 128 13 4] 35 1|1]0|ojo|Oo|O]128
1 5005 F 97 9.5 0 20 1|1]ojo|o]jOo]oO{ 97 1 5330 F 122 88 0 36 1]1110|lo0jJofjo0Oo] 0122
1 5005 F 88 16.7 0 20 1|1]0]0o|O0]|O0]joO]| 88 1 5330 M 141 8.3 1 36 1{11010|0}O [ 17141
1 5005 F 163 9.3 0 20 1/]1|/0|0]0{0}O0]163 1 5330 F 139 7.9 [ 36 1j1j0j0|0|[0]0]139
1 5007 M 173 11.1 1 ral 1]l1|o]Jojo]of1}173 1 5330 F 131 83 0 36 1]1]ojJojo|o]o|n
1 5007 F 166 125 0 21 1)J1{0]lojo]jo]o0]166 1 5330 M 115 10.5 1 36 1]1]1)J0]Jojojo|1{115
1 5007 M 163 16.5 1 21 1|]1]ojojo|0O]1]163 1 5337 F 129 10.3 0 37 1]1]0]0|o]oOo]oO]129
1 5007 F 121 6.7 0 21 1{1jojo|o]Oo]oO]121 1 5337 M 127 12.5 1 37 tjf1]0fjofojo]1|127
1 5007 M 115 10.1 1 21 1t1(o]Jojojof1]115 1 5337 M 116 10.9 1 37 1|1]0]0ojo[0O]1 |16
1 5008 F 175 13.8 0 22 t{1{ofjojJo|o]o]3s75 1 5337 F 115 7.8 0 37 1]11{0{o0fo|0]0O]|115
1 5008 F 158 10.8 0 22 t[1]o|lojojo]|oO]158 1 5338 M 121 9.2 1 38 1|1 jofjojJojo 1|21
1 5008 M 150 8.1 1 22 1{t]|lofojofjo]| {150 1 5338 F 139 " 0 38 t|1]J]ojJofo|o]o|138
1 5008 M m 14.7 1 22 1|l1]lolototo]|1 |1 . 1 5338 M 112 10.1 1 38 1|{1|lojofo]o]| 1|2
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Appendix C: Dataset from Duchateau, e1 al., 1998; International Livestock Research Institute (ILRI), Kenya Appendix C: Dataset from Duchateau, ¢t al., 1998; International Livestock Research Institute (ILRI), Kenya

2 1975 F 147 11.2 ] 39 1jJo|]1]0j0 |0} 0O} 147 2 1988 F 145 134 [¢] a7 1{o|1{o]o]Oo]0O] 45
2 1975 M 145 12.8 1 39 1]J]ol1jJojojo}1}]145 2 1988 F 141 16.9 0 47 1jol1]o|lo]ofo0]a1
2 11975 M 136 12.5 1 39 1J]o[1]oJojo|1 |13 2 1988 M 139 171 1 47 1jol1]o|o[O]|]139
.2 1975 M 134 124 1 39 1{61]ofo)o]|1]13s ’ 2 1988 F 137 13.2 [¢] 47 1]o]1]6|olo]o]a3z
2 1975 M 133 16.6 1 39 1]o0]1]ojofo ]| 133 2 4901 F 153 17.2 0 48 1|{o|l1}jo]o|O]Of1s3
2 1975 F 126 8.9 4] 39 1jJoft1j0lo]0o]oO]| 126 2 4901 F 139 15.7 0 48 1]o0|lvjojo 0|03
2 1976 M 154 15.5 1 40 1{o0f1]o]O]JO}1]154 2 4901 F 139 10.8 o 48 1]o0|lv]o|O|[O]O]138 s
2 1976 F 147 9.5 [} 40 1t|]o]1]o0jo]jo]| o147 2 4901 M 139 9.8 1 48 1]J]o]r]o]ojo]1]138
2 1976 F 142 15.3 0 40 1{0]|]1]0fj0]0]0O] 1142 2 4901 F 135 135 [ 48 1|oflyjo]o]|O]O]f135
2 1976 M 139 16.2 1 40 1]0j1]o|of[o] 1|13 2 4901 M 131 133 1 48 1]1]o0f1r]ofo|Of1 |13
2 1976 F 123 1.7 0 40 1|J]oj1folojo]o]123 2 4901 M 123 15.8 1 48 1]0jvjJojo|Oo|1]123
2 1979 M 153 16.3 1 41 1]0[1]o]JOojO]1}|153 2 4901 M 122 148 1 48 1jJo|1]o|ofof 1 ]122
2 1979 F 153 15.9 0 a“ 1fjoft]ojJojo]o|153 2 4901 F 120 10.7 0 48 1j]0|1]o0ofjo o |O0]120
2 1979 F 152 18.7 0 4 1]1]0|]1{0fj0]|0]|0]15 2 4801 M 81 11.2 1 48 1jo|1]ojojoOof1] &
2 1979 F 148 15.7 ] a9 1{0]1]|]0|0)0 |0 teB 2 4902 M 148 17.5 1 49 t|joj1]|]oJO[O] 1 |148
2 1979 F 146 13.1 0 41 1]0]|]1]0|0[0]|0] 146 2 4902 M 147 14.5 1 49 1]o0jJ1j0]O0 |01 |147
2 1979 M 146 15 1 41 1]J]o]1Jojo]o]|1]146 2 4902 M 146 171 1 49 1jfofJsjo|o|Of]|146
2 1979 F 132 12.5 o 41 1101100 ]0]0] 132 2 4902 M 145 14.4 1 49 1]/]0f[1[0]|O]|O]1]145
2 1979 F 120 11 o 41 10|t |[o]Jo{o]o}20 2 4902 M 139 8.8 1 49 1|{ojrfoflo|oO]1]139
2 1979 M 11 10.3 1 “ 1Tjoj1]ojojoj1 |11 N 2 4902 M 139 15.5 1 49 101 ]Oojo[0O]|1]139
2 1979 M 109 10.8 1 41 1jJojJ1]oJo]o|1]109 2 4902 M 132 143 1 49 1]J]ojl1|fo]Jo]o|1]132
2 1981 M 157 156 1 42 1{ol1]ojojo|1]157 2 4902 M 125 9.3 1 49 1jo0|1]olojJo]|1][125
2 1981 F 153 16.2 0 42 1{0of[1j0]o]|Oo]oO] 153 2 4902 F 119 12 0 49 1/oj1{ojojJo]o| w9
2 1981 F 153 1.6 o 42 110)J1]0]|]0]0]0O]153 2 4902 M 116 10.4 1 49 t|]o]Jr1|ojJO|O}1]116
2 1981 M 140 1 1 42 1]0(t]0]JOo]O}1]140 2 4903 F 150 15.4 0 50 t|0]1jojOo|O0}O]150
2 1981 M 136 12.2 1 42 1]J]o]Jt1]ojojo]|1]136 2 4903 F 146 121 0 50 1|]0fj1]0]|]0|O0O]O{146
2 1981 M 135 1.9 1 42 1]0fp1]01010 |1 ]135 2 4803 M 144 15.5 1 50 1]of|t1]ojo 0] 1]144
2 1981 M 131 12.5 1 42 1j]ofl1rjo0lofjo]1}13n 2 4903 F 141 16.8 0 50 1]Jol1|ofo(Oo]oO] 14
2 1981 M 17 14.5 1 42 tjof1]o]Jojof1 |17 2 4903 F 137 138 0 50 1loejl1]0|o0ojo|oO|137
2 1982 M 130 8.1 1 43 1/]0{1]0]J0o]oO]|1]130 2 4903 F 135 12.7 0 50 1|01 }jo0o]|]O0|O]0O]135
2 1982 M 125 146 1 43 1]0]1]0}0 0| 1]125 2 4903 M 125 13 1 50 1]o0|l1 (oo O |1]125
2 1982 ™M 118 106 1 43 1]0|]1]o|ojof1]18 2 4903 M 115 85 1 50 1J]oelr{o0|o]|Oof1]|115
2 1982 F 84 10.1 0 43 1]oj1|]o|ojo|oO]| 84 2 4903 M 114 7.1 1 50 1lo]lr]ojo]O]|1]114
2 1983 M 156 18.1 1 44 1jof1]ojofO]1]}15 2 4903 F 13 8.5 0 50 1]J]ojsjojo|o |0 |13
2 1983 F 156 17.1 [+] 44 1]0]1]0)J0]|O0]0O]|15 2 4903 M 107 12.2 1 50 tjopvjojofof1]107
2 1983 F 153 15.9 0 44 1]1]0|1]0|0]O]|0O]|153 2 4903 M 100 123 1 50 1|J]ofji1[ojo|oO]| 1] 100
2 1983 F 152 15 [} 44 1fol1]o|0]0O|0O]152 2 4905 M 155 17.2 1 51 1{ol1]ojo{a]|1]155
2 1983 F 147 17.2 [} 44 1{0|1}0{0|0]0]{147 2 4905 M 149 16.4 1 51 1]o|l1 00O 1]149
2 1984 F 151 16.9 0 45 1]J]ojlt1{o]Jojo]o]15 2 4905 M 143 10.1 1 51 1j]o0l1{0]0]O0]|1]143
2 1984 F 150 12.1 0 45 1jojf1]Jojojojo]15 2 4905 M 138 10.2 1 51 1{0}lv[O0]O0]O]1]138
2 1984 F 147 8.2 [} 45 1{o[1]o]OojO]|O]147 2 4905 M 134 15.3 1 51 1101100101134
2 1984 M 145 15.2 1 45 1]Jof[1]o|O0f[O]1]145 2 4905 F 125 10.9 0 51 1]o0|]1]0]|JO0|[O0}O]125
2 1984 M 141 15.3 1 45 110100 ]|O{ 1] 141 2 4905 M 127 131 1 51 ijJolrjojofo1|127
2 1984 F 135 13.5 0 45 1]of1|0]0]0O0]O0}135 2 4905 M 121 13.7 1 51 1]opvjofojo|1}|21
2 1986 M 124 15.7 1 46 1fo0|]1]ojJo]JoO|1]124 2 4905 M 17 76 1 51 ijoj1jofo|o| 1|17
2 1986 M 121 9.9 1 46 1|Joj1r]ofjojo]1}|1r 2 4905 F 117 14 [ 51 11010 |Oo]Oo]|O |17
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Appendix C: Dataset from Duchateau, et al., 1995; International Livestock Research Insutute (ILR), Kenya

Appendix C: Dutaset from Duchateau, et al., 1998; International Livestock Research Institute (ILRI), Kenya
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Appendix C: Dataset from Duchateau, et al., 1998; International Livestock Rescarch Institute (ILRI), Kenya Appendix C: Dataset from Duchateau, er al., 1998: International Livestock Research Institute (1LR1), Kenya

3 1971 F 159 121 0 70 1]0]|]0}1}10]|0]0}159 : 3 4907 M 148 1.7 1 77 1|{ojoj1r]ojo ||

©3 1971 M 154 13.9 1 70 1jJojo[t1]O |0 1] 154 3 4907 F 146 16 [} 77 1410]0 1 0]|0]|0]146
3 1971 F 151 10.5 0 70 110|010 ]|]OjO]|151 3 4907 M 131 12.8 1 77 1tolo|1]ofOo] 11
3 1971 F 148 1.7 0 70 1]1]0|0.]l1]|0|[0}o0]148 3 4907 M 127 13.9 1 77 1700 1 010 |1 |27
3 1971 F 148 126 [} 70 1]0jo|t|O0OfO]O|148 3 4907 M 132 1.6 1 77 1{o|o}j1]0]|0]|]132
3 1971 M 147 8.7 1 70 1|]ojo|t]|o|O|1]147 3 4907 F 124 13.7 o 77 1]0|loj1|O0j0O}]oO]124
3 1971 F 144 6.5 0 70 1100 {10 |O]O]| 144 3 4907 F 120 13.8 o 77 1]1o0f[ofr|of{Oo{0]120 .
3 1971 M 139 17.2 1 70 110101 ]Jofo{ 1139 3 4907 M 112 9.9 1 77 1lojof1r]o 0] ]112
3 1972 M 152 186 1 LAl 1100 1]j0fo0]1}f152 3 4907 M 108 1.7 1 77 1{ojo|l1]|Oo|O{1]108
3 1972 M 149 15.2 1 7 10O ]vfO|OD] 1] 149 3 4907 F 106 12.4 [} 77 1|{ofjol1]o|O]O]106
3 1972 F 149 16 0 7 110|011} O0{O0]| 0|14 3 4908 M 143 15 1 78 1{of{o]1 |0 |O] 1 ]143
3 1972 M 148 16.1 1 7 1|J]ojo|1]Oo{DQ]| 1|48 3 4908 F 139 126 0 78 1]of{o]|1|o0of0O0]0O]139
3 1972 F 145 8.3 o 71 1]1]0{0]1]0|0|O/{145 3 4908 F 138 15.4 0 78 1]ofo]|1]0|[O0}]O|[138
3 1972 M 143 15.7 1 71 1]o|Jojtrijojo|1]143 3 4908 F 133 158 o 78 1|00 |1{0 |00 |33
3 1972 F 126 16.7 ] kAl 1|J]ojo]1]oj0]|0]|126 3 4908 M 128 113 1 78 1]o0jJolv]|Oo|O|1 |28
3 1972 F 122 10.5 0 7 1fjo0lol1jo0]ofo0]122 3 4908 F 132 126 0 78 1]J]ojoj1]ojo}jof32
3 1972 F 122 18.1 [ 7 110|010 |[0]O0f22 3 4908 M 129 12.4 1 78 1]0j0}1v]0|[O0] |28
3 1972 F 119 8.8 [} 71 1(o0]Joj1|Oo|Of0O]| N9 3 4308 M 129 15.4 1 78 1]ojojv]o|[0]f1}f129
3 1972 F 114 128 o 71 1fole|1]|]o]ofo| e 3 4908 F 118 121 0 78 1]0jcfv]jofofjO| 18
3 1972 F 110 8.8 o Ial 1jojoj1[o]lO]O |10 3 4908 M 81 15.4 1 78 1lojlof1]ojoln 91
3 1972 F 107 17 o 7 1]1]0j0|1]0|0C]|0O]|1107 3 4908 M 173 13.2 1 78 1]o0jofr]Oo]|oO}1 1;3—
3 1973 M 152 125 1 72 110|011 ]OoOfO| v | 152 3 4908 F 170 13.9 0 78 1joJo|1]o|Oo]0 |70
3 1973 F 150 15.4 0 72 1]/]0|0|1]0o}0]O0{15 3 4908 M 159 12.9 1 78 1joJojr]o|oO]|1]159
3 1973 M 149 21.2 1 72 1/]0|0{1]JOf[O | 1]149 3 4908 F 158 15.2 0 78 1]1]0|0|31]jo]|]0]|0]158
3 1973 F 144 9.9 0 72 1]/]0|0|1}0[0]Of144 3 4908 F 146 12.1 0 78 1]1]0|0|1{0]|0] 0|46
3 1973 F 140 13.3 0o 72 1|]ojofjJrjofOo}o0O|140 3 4908 F 136 10.1 0 78 1]1]0|o0|1]jo]|Oo]|0O]136
3 1973 F 127 14.4 0 72 1]1]010}1|0|O0}O0O|127 3 4909 F 153 14.9 [} 79 1]o|Jo|tjo 0|05
3 1974 F 159 16 o 73 1{0|0f1]|]0{O0]O|159 3 4909 F 152 17.3 o 79 1{0(o|1]o|0]0]|152
3 1974 F 152 15.2 0 73 1{0jo|1]0]|0]|0]152 3 4909 M 152 156 1 79 1fojJojivjo]o|1]152
3 1974 M 141 1.5 1 73 1]o0jlo|s{ojof1 |14 3 4909 F 152 16.7 0 79 1]0jJoj1]0}0|O0{152
3 1974 M 140 121 1 73 1|J]ojo]t1]ofo|1]40 3 4809 F 149 8.7 0 79 1|ojo|1]o|O0]|O0]48
3 1980 M 158 15.2 1 74 1]0j0]1jJoj0oj1|158 3 4309 F 148 1.5 0 79 1]10)J0f1]0]|0]0]148
3 1980 F 153 88 0 74 1fotol1]olofo}1s3 3 4909 F 144 12.6 [} 79 1{oflol1{of(o0]0/[144
3 1980 M 151 186 1 74 1]0j0]1}j0 O] 1]151 3 4909 M 144 143 1 79 1]J]ojofr1]o]o| 1] 144
3 1980 M 147 16.3 1 74 1{0(O0}1v]|O(|[0] 1|47 3 4909 F 138 135 0 79 1]1]0|o|sfo]ojo]138
3 1980 M 138 14.2 1 74 1|Jojo|1]|0of[O})1 |38 3 4910 F 149 14.9 0 80 1]o0{ojv]o|o]o0]|49
3 1980 M 126 9.2 1 74 1]ojof1]o0]O|1]|126 3 4910 M 140 13.4 1 80 ijofojvjo o ]40
3 1991 M 128 15.4 1 75 tj]ojof1]|o]|oOo |1 ]128 3 4910 F 140 119 0 80 1|]ojJof1]0[O0]O]140
3 1991 F 122 15.1 ] 75 1{ojJoj1]ofo0]o0]|122 3 4910 F 128 131 [} 80 1]j]ojo|1]o]o]|o0O]128
3 1991 F 118 11.8 [ 75 tjoJoj1]of0]0O}118 3 4910 F 125 125 [} 80 tjoJo|1fo]0]|0]125
3 1991 F 113 8.4 [} 75 1]ojo|t1|ofofjoO|[113 3 4910 M 124 9.2 1 80 1]ojJoft1]|]o]Jo|1]124
3 1991 F 82 108 0 75 1]o0jof1]|]ojo|0O] 92 3 4910 M 124 7 1 80 1]o|lo{1]|]O0]O}1]|124
3 1999 M 155 14.7 1 76 1fofol1{ojo] 1155 3 4910 M 119 14.3 1 80 1]0|Jol1jo}lo]1]1Nn9
3 1999 F 136 1.5 [} 76 1{ofloj1]lofo]lo]136 3 4910 M 17 14 1 80 ilojo|1r]ofo] 1|17
3 1999 M 136 16 1 76 1jo0[lo|l1]ojo]1]136 3 4910 M 106 11.6 1 80 1]0|l0f1]o]O]|1]106
3 1999 F 124 "7 o 76 1iotojft1loilodo}124 3 4910 M 99 10.3 1 80 1{fot{of{1{ojo{1] 99
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Appendix C: Dataset from Duchateau, et al., 1998; International Livestock Research Institue (1LRI), Kenya

Dataset from Duchateau, et al., 1998; International Livesiock Research Institute (ILRI). Kenya
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Appendix C: Dataset from Duchateau, ¢t al., 1998; International Livestuck Research Institute (1LRI), Kenya Appendix C: Dataset from Duchateau, et al., 1995; International Livestock Research Institute (1LR1), Kenya

3 5008 M 96 121 1 92 1]ojo|1]jo]O| 96 3 5205 M 21 "7 1 101 1lojo|1]|]o]of |1

-3 5008 M 92 7.4 1 92 1]ojo|1]Jo]oOo]|1 92 3 5205 M 111 138 1 101 1jojotptrjofof 1]
3 5009 M 172 17.2 1 93 1]1]0JOo|1}Oo 0|1 [172 3 5205 M 104 7 1 101 1joloj1|]Oo]0O]1]|104
3 5009 F 168 | 106 | o | " 93 1]ojo|1]o]o]ofes ’ 3 5206 F 120 | 121 0 102 |'1]|ofoli|olo]of120
3 5009 M 165 13.6 1 93 110|001V ]|O}O{1]165 3 5206 F 120 10.2 0 102 t1lojof1rjojo|o]|120
3 5009 M 161 10.2 1 93 1{oJoj1]Oo]O|1]|161 3 5206 M 117 15.7 1 102 tjojoj1|ofoO] ]| W7
3 5009 M 115 8.6 1 92 tj]o]JoJ1[o]oOo] 1|15 3 5206 M 116 " 1 102 i1fojoltirfofoy1fne|
3 5009 F 109 14.3 0 93 1{0{0]170]|0}O0] 109 3 5206 M 109 9.6 1 102 1lo]Jojv}jo|0O]1]109
3 5009 M 98 8.9 1 93 t{ojo}1]ojo}|1 98 3 5206 F 105 9.1 0o 102 ilojJo]vjofjo]o[105
3 5009 F 93 9 [} 93 1|]ojJo|1]ojo]|oO{ 93 3 5206 M 102 128 1 102 1jojJo|v}jo|o 1|02
3 5010 F 165 15.2 o 94 1]ojoj1}j0|0|O0]|165 3 5321 F 139 109 ] 103 1jojlo|l1|OofO]0O]139
3 5010 M 163 124 1 94 1100 ({1}0]01{1]163 3 5321 M 136 153 1 103 1jJ]ojolv|oOofOo]1 |36
3 5010 F 160 15 0 94 1(j0fj0oj1j0joO0]oO¢}160 3 5322 M k¥4l 9.1 1 104 1jo0|oj1 (o0} ]2
3 5011 F 172 124 0 95 1jo|o0o]1{o0fJoOo]O 172 3 5322 M 121 10.1 1 104 1]ojJoJ1r]ojofr]r2n
3 5011 F 168 13.4 0 95 1/]o0l0}1{o0]o0o |0 |68 3 5322 M 19 11.4 1 104 tjojo{v|(OofoO|1] 119
3 5011 F 162 114 0 85 1]o0jo|1]OojOo]oO|162 3 5322 M 17 "7 1 104 1(ojJojtr oo+ |17
3 5011 M T 159 122 1 95 1]J]ojJo|1]ojo}1|158 3 5322 F 13 17 0 104 1jfojoji1|(ojo|Oo]| 1N
3 5011 F 159 133 0 a5 11010 |1}j0]|O]|O] 159 3 5322 F 103 8.7 o 104 ilfojoj1|of|oOo,]0O0]103
3 5011 M 158 146 1 95 110|031 f0]O]|1]158 3 5324 F 1o 1.7 o 105 1lofjojltr|(O0ofjO0]|O]|110
3 5011 F 146 116 [+] 95 1]ojJo|1]Oo]Jojo|146 3 5324 F 106 18 0 105 1100|100 |O]106
3 5011 F 117 141 0 95 1]j]ojJo]1[Oo]oOo]| O] 117 3 5326 M 116 12 1 106 1|j]o0jJof1]o]joyf1]|n6
3 5011 M 15 1.5 1 95 tjojo |1 [Oo]O] 1|15 3 5326 M 132 9.2 1 106 1]J]0|]0|1]|]Oo O] 1]132
3 5011 F 114 7.8 0 95 tjojlo}j1{0]|]0O]O}114 3 5326 M 127 " 1 106 110|011 |o o)1 ]1127
3 5011 M 111 9.9 1 95 tjojojr1]o0jof|t |1 3 5328 M 129 13 1 107 1100|110 ]0 |1 ]|129
3 5011 M 1 9.2 1 95 1|j]ojo|r]ojo}1]inm 3 5328 M 127 125 1 107 1lojo|vfojo |+ [127
3 5012 M 169 17.6 1 96 1]0]0jv]ojo]|1]168 3 5328 F 21 13.4 o 107 1lojJofv|o]jo|oO] 121
3 5012 F 166 14.5 [} 96 1]o0jJo|1}j0]|O0]|0]166 3 5328 M 17 8.4 1 107 t1jojoft1]|]oTo|1{117
3 5012 F 159 13.1 0 96 1100 |1};0]0|0]159 3 5328 M 113 7 1 107 1]j]ojJojtrtjo}jo |13
3 5013 M 168 1.6 1 97 110|0|1[0}jo]| 1] 168 3 5328 M 143 136 1 107 tjojJoj1 o0 (1]143
3 5013 F 162 10.7 0 97 1/]0fj0|1[0}j0]O0]|1162 3 5328 M 127 "1 1 107 1]0f0|1]0]|0]| |27
3 5013 M 154 13.1 1 97 1]0]JO|1[O0]O]1}154 3 5329 M 103 8.1 1 108 1{ojoj1]o|O]| 1 ]|103
3 5013 M 150 9.4 1 97 tjoJoj1|Oo]O}1][150 3 5329 F 100 1.5 0 108 1]1]o0|lo|1[0]0o]|0]100
3 5013 F 148 1.9 0 97 1/]0]j0|]1{0]|]0}O0|[148 3 5329 F 100 83 [ 108 110|010 ]jo0]| 0] 100
3 5071 F 111 103 0 98 1]ojoj1jo]Joo{in 3 5329 M 99 7.4 1 108 1jo0lo|vrjojo|1 99
3 5071 F 104 12.8 0 98 1]0|]0fj1]0{0]| 0| 104 3 5329 F 94 1 0 108 1]o0jo|v]|jofjo|O] 94
3 5071 F 96 12.5 o 98 1]0jofj1]ojlo|0]| % 3 5329 F 144 | 55 [} 108 1]J]0jo |1 |00 |0]44
3 5071 F a3 58 0 98 1jJojJoj1]o]o]o} 93 3 5329 F 140 13.4 0 108 1]1]0]J]0j1]Oo|o 0|40
3 5071 F 85 10.2 0 98 1/]0|0{t1t|[O0OJO]| O] 85 3 5329 F 136 134 o] 108 1jofoj1]ojo]|of13
3 5071 F 132 10.7 0 98 1|{0jo0o]1]o]|O}O|[132 3 5329 M 133 12 1 108 1]0|JOo|1]jOo]O0]| |33
3 5071 F 125 9.4 0 98 1]0jof1jo0]|o0f|0O]125 3 5329 F 120 9.1 [} 108 1JojJo|t1}lo]o]|o0{120
3 5071 F 122 11.7 [ 8 1]Jojoj1jo{o0]|o0O]|122 3 5330 F 129 10.2 0 109 1|o0]Jo|t1|o]JOo]oO][129
3 5071 M 121 1.7 1 98 1f0fjof1jojo|1]121 3 5330 M 128 8 1 109 10|00 Vv]|]O]O]|1]128
3 5071 F 120 14 0 98 1/]0flo0|1}0{0|0}|120 3 5330 M 120 6.7 1 109 1{0]0({1]|O0]O]| 1|20
3 5073 M 118 118 1 99 tjoJojt|OojJO |1 |18 3 5330 M 116 121 1 109 1|J]o0ojJo|1fo|Oo}1[1e6
3 5076 F 105 1.7 0 100 1]ojJo|l1|[Oo}jOo{0O|105 3 5330 M 137 12.2 1 109 t|]ojJoft1]OofjoO|t]|137
3 5205 F 121 9.3 ] 101 1|]ojo{t|Oo}jOo]|O]|121 3 5330 F 137 9.7 0 109 1|0|Jo|v]Oojo]o|137
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Appendix C: Dataset from Duchateau, et al., 1998; International Livestock Research Institute (ILRI), Kenya Appendix C: Dataset from Duchateau, et al., 1995; International Livestock Research Institute (ILRI), Kenya
3 5330 F 135 10.7 o 109 1|l]o0|o|1]0]|O}O]135 4 1979 M 132 10 1 114 1|fojo]o]1 0| 1| 132
3 5330 F 134 13.4 0 109 1]o0|o|1fjo0]0]0 | 134 4 1979 M 123 9.1 1 114 1|ojojoqjr|o]]i23
3 5330 F 129 6.9 0 109 11]0|]0|1]0]|]OfoO[129 4 1979 M 114 113 1 114 1lojojoftv]joi1]14
3 5337 M 134 8.7 1 10 1jJojo]r|OofO]| 1 [|134 ’ . A 1979 M 119 12 1 114 1{ojololr|o]1]ne
3 5337 F 119 16.2 0 110 1j0jo0jrjo0j0j0O]| N9 4 1979 F 116 125 [} 114 1f0|lo|lo]1]jo|oO]|116
3 5337 F 17 1.2 [} 110 110j0f1]0jo0j]0]117 4 1979 M 99 85 1 114 1]oflojJo|t]Oo]|1v] 98
3 5337 F 121 13 o 110 1]0jo0jt1|ojofo0]121 4 1981 M 154 18.2 1 115 1j]oJojo|v|[Oo}1]154 )
3 5337 F 116 9.8 0 110 11]0j0|(1]0jOo |06 4 1981 F 148 9 0 115 1{o]jojJo|1|[O0]o0O|[148
3 5338 F 129 10.7 0 LA 11]o0joe|(1]ojojo]|129 4 1981 F 147 123 0o 115 1|]0jJo]Jo}1|0]O]|147
3 5338 M 121 10.6 1 11 1jojo|1]ojo{1]121 4 1981 F 145 13.4 o 115 1|]ojJojo]|1|[O0]O|[145
3 5338 M 21 9.7 1 111 1]0lojt]ojoi1}m 4 1981 F 144 15 o 115 1]/]0]O0jo |1 ]0}|O0]|144
3 5338 M 17 9.2 1 1M 1]0|011]ojJo]1]117 4 1981 M 136 119 1 115 1|Jojojo |1 {01136
3 5338 M 116 15.1 1 11 1]Jofo]J1jojo]|1]|16 4 1982 F 121 10.3 o 116 1(ofjojo|t}o|O| 121
3 5338 M 115 8.5 1 M 1]0j0|1]o0}jOo|1]115 4 1983 F 156 12.7 0 17 1]o0jojo|1]|0|0]156
3 5338 F 143 128 o 111 1(10]0|1]10]|]0]0]143 4 1983 F 144 12 [ 117 1|]ojojo|1]|0{0O|144
3 5338 M 142 13.4 1 1 1jojoj1]0]|0]1]142 4 1983 F 143 11.7 [} 117 1]o0jlojo|1]|]0]0{143
3 5338 F 144 10.3 0 111 1/0]0)J1[0|O0O}0] 141 4 1983 M 142 116 1 117 1]j]ojojo|1]|Oo]1|142
3 5338 M 139 15.1 1 111 1]j]ojof1]0]JO | 1]139 4 1983 M 136 12.8 1 117 i{ofjojof1[of1]136
3 5338 F 136 9.5 0 M t|]ojof1|]o]O|O]|136 4 1983 M 133 16 1 117 1]0jo0jo |10 1]133
3 5338 M 123 127 1 111 1]1]0)j0f(1]0]O | %123 4 1983 F 120 13.2 [v) 117 i1 |ojojo|1]0{0O]| 120
4 1975 F 153 14.4 [+] 112 1]0j0|(0|1]0]07]153 4 1984 M 150 15.2 1 118 tjojJojof1]Oo}1]150
4 1975 F 153 159 1] 112 1]0|cf0]1]0]0]153 4 1984 M 147 16.3 1 118 1{of{ojo |1 ][O} 11147
4 1975 M 151 12.4 1 112 1jo0joc|of1]oOof1]15 4 1984 F 147 11.3 o 18 1|]ojojlo|1]|0]|0O]| 147
4 1975 M 142 16.4 1 112 1100 Joj1]0]1]142 4 1984 F 146 12.5 0 118 t|0jJOofOo]1]|O0]|0]|146
4 1975 M 142 14.1 1 112 1|lojofo]1]o]1]142 4 1984 M 145 16.3 1 118 1|ojojJo]1]oO}fy]n4s
4 1975 M 141 148 1 112 1jo0|jojo{1 o)1} 4 1984 F 140 178 [} 118 1]o0jojJo|1]|O0}|0]140
4 1975 F 141 15 o 112 1]0(0joj1]j0]0 |1 4 1984 F 139 14.1 0 18 t1|ojojJof1]ofoO]3
4 1975 M 128 1.9 1 112 1]0|0]|]0-j1]011]}]128 4 1984 F 133 6.8 o 118 1|ojojo|1|0]oO}133
4 1975 M 127 12.8 1 112 1]0|o0]o]1v]oO]1]127 4 1986 M 128 19 1 119 1]0jo0f0]1]0]|1]128
4 1975 F 126 14.9 o 112 1]0|0jO0]1]0]0]126 4 1986 M i26 16.5 1 119 1]o0|jocfofjt1]O]|1]126
4 1975 F 125 9 [ 12 1]ojojo]|t]jojo]125 4 1986 M 123 15 1 19 10|00} 1]O]1[123
4 1975 M 121 13.5 1 112 1]0jojojvjo]r | 4 1986 M 122 126 1 119 1]0jofo|1]O]1]122
4 1975 M 114 59 1 112 1jojojo]trjo]1]114 4 1986 F 119 10.8 0 119 1/{o|Jofof1]o]o]|1s
4 1976 F 151 12.7 0 113 1]0]o0jofj1}o}jo]151 4 1988 F 156 14.9 0 120 1]1]0|l0]jO0|1]O0}0O 156"
4 1976 M 151 14.9 1 13 1j]ojojolt1]O}ft]st 4 1988 F 153 1.5 0 120 110|901 ]0]| 0] 153
4 1976 M 151 10.7 1 113 t1|jojJojolt1]|o}1]15 4 1988 F 150 12.4 [} 120 1fjojo{oj1]0}o|150
4 1976 M 146 17.8 1 113 1]j]ojojo]1]O]1]146 4 1988 F 148 1.2 [} 120 1]o0jojof1]0}]0O W‘
4 1976 M 145 15 1 113 1]ojojloflt1]oOo]|1]14s 4 1988 F 143 123 0 120 1]0]0|0]1]|]O0}0O]143
4 1976 M 144 17 1 13 1/]0]l0jo]1]|]0]1]144 4 1988 F 138 13.5 ] 120 11]0jJ0fo0]|1|0]0 {138
4 1979 M 154 15.5 1 114 1]o|o|o]1]0{1]154 4 1988 M 131 10.3 1 120 1100 jJOo]v]o |+ |13t
4 1979 M 149 8.8 1 114 11]0{0jo0|1]0]1]149 4 1988 F 127 6.5 0 120 1jojJojofj1|]Oo]|o0O |27
4 1979 M 147 6.6 1 114 11o0jojoflr]jo] 1|47 4 1988 M 127 9.9 1 120 1]jojojo|v|o|1]1127
4 1979 F 145 12.7 0 114 1{]o{Oo{Oo]|t[Oo}oO]145 4 4901 M 1556 14.4 1 121 1jJojojof1fo]|1]155
4 1979 F 144 13.2 0 114 1|/]o0|o|o]|1 |00 144 4 4901 M 151 15.1 1 121 1]ojojo]jtr]oOf} 1|15
4 1979 M 143 14.5 1 114 1jolojoj1jo]1]143 4 4901 M 150 16.9 1 21 1(0|0jO0]1r|O]| 1] 15
4 1979 M 135 12.8 1 114 1t|o]Jojo{1]o]1]135 4 4901 F 141 13.3 o 121 1]0]J0]JoOofj1lo]oO| 14
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Appendix C: Dataset from Duchateau, et al., 1998; International Livestock Research Institute (ILRI), Kenya Appendix C: Dataset from Duchateau, et al., 1998; international Livestock Rescarch Institute (ILRI), Kenyu

4 4901 M 137 13.6 1 121 1]0]J]o0jJOo|1]0 ]| 1|37 4 4905 M 146 14.2 1 124 1|ojJOojOo|1]0O]1]46
4 4901 F 133 12.8 0 21 1]olojo|1]o0]o0{]133 4 4905 M 142 16 1 124 1]0]J]O0]JO0 |1 |01 |42
4 4801 F 127 10.5 [} 121 1{oJo|o]1]|]0O|o0O]|127 4 4905 M 140 1.6 1 124 1]0jojol1io|1]140
: 4 4901 M 130 126 1 121 1j0jojo|1.{0] 1% }130 4 . 4905 F 123 11.6 0 124 1]1]0j0]0|1]0]0.}]123
4 4901 F 130 133 0 121 1[0jojo|1]O{0]|130 4 4905 F 17 154 0 124 t1jojojJo|t1|ofo]| 117
4 4901 M 128 16.8 1 121 1]0|JO0fOf1]0O}1][128 4 4905 M 106 10.3 1 124 1]0|l0|Ooj1v |0 1]106
4 4901 F 128 76 0 21 1]0]0]|0{1]|]0}0|128 4 4905 M 173 14.2 1 124 1t]ojotlofijof1]473)
4 4901 M 125 10.1 1 21 1|J]ojojof1]|o}1|125 4 4905 M 168 12.6 1 124 1100 |0 | 1}0]| 1 [168
4 4901 F 119 128 0 121 1jojojof1]jo]|oO|119 4 4905 F 165 10.4 o 124 1]o0]JojJo|1]0]|O][165
4 4901 M 113 13 1 121 110jo0f(o0}j1 |01 ]113 4 4905 M 165 13.1 1 124 tjojofof1]oOo]|1]|165
4 4902 F 150 14 0 122 1]0jo0f0|t1|O0|O]150 4 4905 M 159 13.4 1 124 1]J]ojo]JOo|1]|]0{1]15
4 4902 M 146 10.6 1 122 1{0fjojJofj1]O0|1]146 4 4905 M 157 143 1 124 1]o0fofoOo} 1301|157
4 4902 F 146 1.7 [} 122 1]1]0fo0jo0of[1]o]|0]146 4 4905 F 154 128 0 124 1]10|0(0]1]0]|0] 154
4 4902 F 138 1.2 [} 122 i{0lolo{1}o]o]138 4 4905 F 153 14 o] 124 11000 ]|1]0]|]0;153
4 4902 F 137 12 [} 122 1jojo0jOo|1]0O0]O}137 4 4906 M 153 14.4 1 125 10|00 |1 ]|]O}1}153
4 4802 M 137 12.8 1 122 1|jojojo|1]o] 1|37 4 4906 M 144 1.2 1 125 1]J]ojlofOo |1 ]O[1]144
4 4802 F 134 128 0 122 11]0]0.jJ0]|]1]|0}0]|134 4 4906 F 144 131 0 125 11]0|l0]0]1]O0fO] 144
4 4902 F 127 125 0 122 1(j0|l0joj1{0}0]127 4 4806 M 138 10.1 1 125 1jfoJojoj1]0]1]138
4 4902 M 124 76 1 122 1]0j0|0f1 |0} 1]124 4 4906 F 136 139 0 125 11010101 ]0]0]136
4 4902 M 123 15.2 1 122 1]ofjofoft1]|]O|1 {123 4 4906 F 136 134 0 125 1]0jl0ojo|1]O0]O][136
4 4902 M 113 10 1 122 1]0|0|of1]oOo] 1|13 4 4906 M 132 12.7 1 125 110{0]0}1v]O0}1]132
4 4802 M 113 13.1 1 122 1]j]o0jo{O0f1]Oo] 1|13 4 4906 M 129 131 1 125 1fo0jojofi]o|1]129
4 4902 F 142 6.6 0 122 1]oJojO[1]0]0f}142 4 4906 F 121 12.8 [} 125 1{fojojojijofo]
4 4902 M 140 125 1 122 1]1]0]0]0{1]0] 1[40 4 4906 . M 83 1.4 1 125 1(fojojott1tjo]1| 83
4 4902 F 134 105 [} 122 1{ojJo]Jof1]o]o|134 4 4906 F 167 143 0 126 1|0jojJOoft]O]|oO]|167
4 4902 F 131 9.1 0 122 1]J]ojojJof{1]O0]O]| 131 4 4906 M 165 16.3 1 125 1]1]0flo|of[1]0]1]165
4 4902 M 127 13.4 1 122 17j0|j0joj1 |01 ]|127 4 4906 F 148 10.8 0 125 1]0)Jojo|1]|O0]|oO]| 48
4 4902 F 127 1.3 0 122 110jo0fo|1]|0|0]127 4 4906 F 139 9.4 0 125 tjoJojo|1]oOo]Of|139
4 4902 M 125 103 1 122 1]l]o0jofo]1]10|1]125 4 4906 M 137 9.7 1 125 1100|011 ]0]1]137
4 4902 M 118 12.2 1 122 1jojo{o]J1{0|1]18 4 4913 M 124 14 1 126 1]J]ojJofo|1]0]1] 124
4 4902 M 109 1.9 1 122 1{0fjojoj1]0]1]109 4 4913 M 124 12.4 1 126 1fjojojoli1 o124
4 4903 M 154 154 1 123 1{ojO0]JOof1]|]O]1]154 4 4913 M 116 123 1 126 1{o{ojo]r]o]|1]116
4 4803 M 148 13.8 1 123 1{ojJo|Jo[1]O 1| 148 4 4913 M 116 1.1 1 126 1]0]J]0j0]tjoOo|1 |16
4 4903 M 147 16.3 1 123 1]ojojo|t1]o] 1|47 4 4913 M 114 9.9 1 126 100 |OJt}O]1]114
4 4903 M 145 14.9 1 123 1|]ojojJof{1]o] 1|45 4 4913 M 13 15.1 1 126 1]j]ojJofof1]0O]|1]13
4 4903 M 145 13.1 1 123 1j0|0]O0j1)O0]1]145 4 4913 F 106 8.6 0 126 1|{o0o|Oo|JO|1]0O0)O]06
4 4903 F 142 136 0 123 1/0]lojo|1}o]oO|142 4 4913 M 100 101 1 126 tjfojJojo|1]0]|1]100
4 4903 M 123 14 1 123 1Tjojojoj1|o}1]123 4 4914 F 127 134 o 127 1]J]ojofo|1]0]o}127
4 4903 F 121 126 0 123 1jojJojoj1]O0]o0O]1t 4 4914 M 124 16.8 1 127 110j0[0f1 10| 1]124
4 4903 F 118 1.3 0 123 1/o0jojoj1]0]0|118 4 4914 F 123 14 0 127 1jojojo|1|0]0!l123
4 4903 F 116 13.1 0 123 1{ofjojJoj1]OojOo} 16 4 4914 F 119 15.9 0 127 1]0j0|o|1|0)o0] e
4 4903 F 112 13.2 0 123 tjojojo|1jo]o|112 4 4914 M 112 10.2 1 127 1]0j06 o1 |0 1]112 ¢
4 4905 M 157 6.6 1 124 1]0fo|o0]|1]|O}1]|157 4 4914 F 173 14.7 0 127 170|001 |[0]0]173
4 4905 F 151 126 0 124 tlojojJoj1]|[0]O]|151 4 4914 M 168 7 1 127 1]0|loj0|1]j0o | 1 ]|168
4 4905 F 148 9.5 0 124 1|{o]lo|]o}1{0]O] 48 4 4914 F 162 1.8 0 127 1]0|l0f0]110]0]162
4 4905 M 148 145 1 124 1{o]Jojo}1]0O]1]148 4 4914 M 159 10.3 1 127 tjojojof1]o]1 15?‘
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Appendix C: Dataset from Duchateau, et al., 1998; International Livestock Research Institute (ILRI), Kenyu Appendix (1 Dataset from Duchateau, et al., 1998; International Livestock Research Insuute (1LRI), Kenya

4 4914 M 157 12 1 127 1{ofolofli|of1 |57 4 4921 F 129 | 97 0 130 1Jofof{o[+1[ofo]29]
4 4914 M 155 | 151 1 127 1lojofo|1]o}1]1ss 4 4921 F 121 9.1 0 130 1lofofojr1loefo]
4 4914 F 154 [ 126 [ 127 1jofo]lof[1]ofo]ise 4 4921 M 19 | 87 1 130 [1{o]ofo]1]o}1]se

‘ .4 4914 F 124 76 [} 127 1]6Jojof1]|o|[o0]124 ’ 4 4921 M 117 10 1 130 tlofo|é|1fo]1]|a
4 4914 ™M 123 | 124 1 127 1|Jofo]of1fof1]23 4 4921 F 114 [ 93 0 130 1lolo]oji]o]|o]a
4 4914 M 122 | 127 1 127 1fofofof[1]of1]122 4 4921 ™M 109 | 133 1 130 {1]|ofo|of1]0o]1[100
4 4914 M 119 [ 114 1 127 1lofofo]1]o]1]19 4 4921 M 107 | 123 1 130 |1]ojoJo]r]ofr]e7],
4 4914 M 18 | 124 1 127 1Jofojof1]o|1]18 4 4921 M 106 | 121 1 130 j1]ofolo|1]|o]1 |06
4 4914 M 17 | 118 1 127 1fojofof[1]o]1]17 4 4921 M 93 1.5 H 130 [1]o|lofjo|1]0o]1]e3
4 4914 F 14 | 77 ) 127 1lojofo]|1]0]0] 14 4 4921 ™M 171 | 107 1 130 1lojolo|i]|of1]|mn
4 4914 F 143 133 | o 127 1{oflofo|[1]0o]o]43 4 4921 F 168 | 131 0 136 |1|oflofo]1]0ofo0]168
4 4914 F 128 | 114 0 127 1]ofo]of1]of[o]128 4 4921 F 160 | 108 0 130 1{oflo|o|1]o]o]160
4 4914 M 126 | 1.2 1 127 1{o|ojo]|1]o]1]26 4 4921 M 160 | 10.3 1 130 [1]ofofof1fof1]1e0
4 4918 F 14 | 127 0 128 1lololo[1}o]o]1a4 4 4921 M 155 | 11.4 1 130 [1{oflofol1lol1]iss
4 4918 F 1m | 96 0 122 [1|ojofo|1]o]o]in 4 4921 M 155 [ 116 1 130 |[1]ofofo|s[of1]ss
4 4918 M 108 | 141 1 128 1]ofojof{1]o]|1]08 4 4923 ™M 128 | 129 1 131 1{ojo]of[1]o]|1]128
4 4918 M 106 | 9.7 1 128 1fololo}i]o]|1]08 4 4923 F 122 | 109 0 131 1]o]ofof[1]ofo]122
4 4918 M 106 | 107 1 128 1{ofo]of[1]of1]0e 4 4923 M 120 | 11.8 1 131 1lofJo]of1fo]1]12
4 4918 F 104 | 98 0 128 1{o]o]o]|1]o]o]r0e 4 4923 M 119 | 138 1 131 1{oJolof1]o]1]ne
4 4918 F % | 103 0 128 tloJojojijo]o] o 4 4923 F 98 | 104 0 131 1{ofofo[1|ofo] 98
4 4918 F 120 13 [ 128 1ojofo|v]o]o]20 4 4923 ™M 93 9.4 1 131 1loflofo]t{o]1]es
4 4918 M 119 | 121 1 128 [1|ofofo|1|[o]1]nre 4 4923 M 172 | 16 1 131 1{ofo]o]1]o]1|2
4 4918 F 10 | 18 0 128 1]ofo]of[1]o}o]1o0 4 4923 F 165 | 135 4 131 1{ofjojo]1|[o]o]|es
4 4918 M 101 7.2 1 128 1lojo]ol1]o]|1]|10n 4 4923 M 164 16 1 131 1lofo]of1fof1]|res
4 4918 F 98 9.4 [ 128 1jo|o]Jo]1]|o]o] 98 4 4923 F 62 | 135 [ 0 131 1{ofofofi1|[o}fo]ie
4 4919 F 168 | 122 ) 120 [1|(o{ofo[1]jo]o]1es 4 4923 M 159 | 97 1 131 1lojolof[1]o]1]1se
4 4919 F 167 | 106 ) 129 1{o]olol1lololier 4 4923 M 159 13 1 131 1]lofofol1{ol1]ise
4 4919 F 167 | 13.2 0 129 1|ofo|o]1]{0]o]1e7 4 4923 F 156 | 10.7 0 131 1{ofo]of1|[o]of1se
4 4919 F 164 | 108 0 129 1fojo]o|1]o]o] 164 4 4923 M 154 [ 123 1 131 1lofojo|vfof1][1se
4 4919 F 155 | 102 ) 129 1]ojofof1]|o]of{iss 4 5015 ™M 174 | 16 1 132 1fofofo|1[of1]7s
4 4919 F 154 9 0 129 1|o]o|o|1[o]o]1ss 4 5015 F 164 | 97 0 132 1|Jojo|of[1|[o]fjo]f1es
4 4919 ™ 151 [ 91 1 129 1Jofojof1]of1]s 4 5015 F 158 | 12.8 [ 132 1ojolof1|[o|[o]1s8
4 4919 F 121 | 87 0 129 1fofo]of1]ofo]21 4 5015 M 155 | 135 1 132 1lofofo|1|of1]1ss
4 4919 F 14 ] 93 [ 129 1|o]lo]oft]o|o] a4 4 5015 F 154 | 121 0 132 [1]o|ofo]1]0o]o]1ss
4 4919 M 103 | 97 1 129 [1|ofo]of[1]0of1]103 4 5015 M 151 | 125 1 132 ifofo]ofa ol ][5
4 4919 F 133 | 88 0 129 1]ofolo|1]|]o]o]13s 4 5015 M 146 16 1 132 1lojJofo|1|of1]4se
4 4919 M 129 | 123 1 120 |1fofojo|1]|o]1]n2e 4 5015 F 139 6 0 132 1{ofolof[1|o]o0]13e
4 4919 M 17 | 91 1 129 1{ofolofr]{of1]n7 4 5015 M 135 10 1 132 1lofofo]1fof1]13s
4 4919 M 16 | 13.2 1 129 1{ojofjo]1]o]|1]1e 4 5015 F 122 | 107 0 132 1jo|o]of1]|ofo]22
4 4919 F 144 | 88 0 129 1{olofolt]olol]es 4 5015 F 120 | 134 4 132 11olofol1tofofi20
4 4919 F 141 | 139 | o 129 1ojoflof1]o]o] 4 5016 ™M 172 [ 115 1 133 1{ofjofof1]o 172
4 4919 F 136 13 0 129 1fofo]of1]o]ojf13e 4 5016 F 168 | 105 0 133 1]ofofof1]o|o]1ses
4 4919 ™M 133 | 98 1 129 1{ojolo|1]0]1 ]33 4 5016 M 168 | 127 1 133 1]ofofof[+]of1]es
4 4919 F 130 [ 118 | o 122 |1{o]ojo[1]ofo]130 4 5016 M 163 | 135 1 133 [1]|ojo]o)1|of1]1e3
4 4919 F 120 | 16 [ 129 1{ofjo]o|1fofo]12 4 5016 ™M 119 | 6.1 1 133 1folofof1]o]1 |10
4 4919 ™M 15 | 76 1 129 1]ofJo]o[1]o]1[1s 4 5016 F 18 | 93 [ 133 1{ofo]of[1]o]ofte
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Appendix C: Dataset from Duchateau, et al., 1998; Inernational Livestock Research Institute (ILR), Kenya Appendix (: Dataser from Duchatean, et al., 1998 Internationdal Livestock Research Institute (1LRI), Kenyu

4 5016 M 17 | 137 1 133 1{o|o]ofr]o|1]|n7 ] 5020 F 165 | 14.5 0 137 1{oJojo]1|[ofo]1es
4 3016 F 108 8.5 0 133 1|{ojJojo}j1]o]o]108 4 5020 M 162 | 127 1 137 1lo|ofofjv]o]1]e2
4 5016 F 104 | 123 1} 133 1{0{olol1tolol10e ) 5020 F 157 | 17 0 137 1loflofof1[o}o157
.4 5017 F 163 | 138 1} 134 1|olo]Jo]1]0o]o0]163 4 5020 F 153 | 108 0 137 1folo|ol1]|o]o]s3
4 5017 F 162 | 135 0 134 1|ojJo|o}1]o]o]162 4 5020 ™M 152 | 121 1 137 1{ofjo|o]1]o]1]rs2
4 5017 F 161 1.5 0 134 1{ofo]Jo|1]fojfo]e1 4 5020 F 18 | 132 0 137 1{oflojo|1]o0]o]118
4 5017 F 157 12 [ 134 1|ojojo{1}|ofo]is7 4 5020 M 106 76 1 137 1{ofo]ojr|o]1]108]
4 5017 M 152 | 142 1 134 1jojJojo|1]|o|1]|152 4 5020 F 102 8.5 [+} 137 1loflojo|1]0]0]102
4 5017 F 151 | 131 0 134 1|{ojofo)1]o]o]151 4 5020 F 102 | 108 1} 137 1j{ojo]o}1|o]o}r02
4 5017 F 108 | 115 1} 134 1{ofo|ot1]|]o]o]108 4 5020 M 140 | 144 1 137 1]ojofo]1]o]1]|140
4 5017 M 106 8.3 1 134 1|lo|ofo|1]o]1]106 4 5020 M 137 | 1.4 1 137 1lojo ot ]of]137
4 5017 F 142 9.4 0 134 1]Jo]o]o]l1]|o|o]14e2 4 5020 F 133 | 113 0 137 1|Jotojo]1}ojo]133
4 5017 ™ 142 | 151 1 134 1fojojol1|[o]1]142 4 5020 M 132 8.9 1 137 1]loflofo]r|of1]132
4 5017 M 136 9.3 1 134 1/olo]o|1]o}1]138 4 5020 F 132 | 11 0 137 t|o]Jo]o|1|o]fo0[132
4 5017 F 133 | 105 0 134 1({o|Jo]Jo|1]o]o]133 4 5020 M 13 8.7 1 137 1lojofjo]ifof]113
4 5017 M 17 | 102 1 134 1lojofolijol1}y 4 5204 M 18 | 122 1 138 1lololofilol]1s
4 5017 M 100 | 129 ] 134 1|ojo|o|v}o|1]100 4 5204 M 15 | 102 1 138 1]loflofof1fof1]1s
4 5018 ™M 167 16 1 135 1Jojo|o|1]|o]|1]167 4 5204 M 13 | 101 1 138 1|Jofofof1]o]+]113
4 5018 F 166 | 14.2 [} 135 1{o|ojo|1]o]fo]166 4 5204 F 110 9 [} 138 1]o|o|of1]ofo]10
4 5018 F 164 86 0 135 1{o|lojlofti1]o]|o] 164 4 5204 F 103 6.2 0 138 1|lojojo|1|[0o]o}103
4 5018 |~ F 162 13 0 135 1Jojofo|1}|o]o]162 4 5207 M 16 9 1 139 1lofofoflar|of1]1e
4 5018 M 158 | 129 1 135 1{o]Jojo|1]|of1]1s8 4 5207 F 114 | 116 [3} 139 1|ofofoft]o]|o]14
4 5018 F 146 | 145 0 135 1{o]Jo]o]1]|[o]o]146 4 5207 M 110 | 101 1 139 1{ojojo|1fo]1 |0
4 5018 F 15 | 121 0 135 1]oJojo|1{o]o]1s 4 5207 [ 108 86 1 139 i1lojJoJo|1][o]1]108
4 5018 F 114 78 0 135 1J]olojofr|o]|o]1a 4 5208 M 1o | 121 1 140 1lojojoli1]o]| {10
4 5018 F 10 [ 119 0 135 1|ojojof1]ofoj}i0 4 5208 M 110 9.4 1 140 1loflofofr]of1]10
4 5018 F 110 12 0 135 1{ojJojof1fo]|o]10 4 5208 F 106 8.3 0 140 1{oflofof[1]o]|o0]106
4 5018 M 98 8.5 1 135 1{o]JoJo|1|o]|1] 98 4 5208 F 105 76 [} 140 1]o|o|of1]|o]o]10s
] 5019 F 168 | 127 0 136 1]0jo0jo}1{0}jo0]168 4 5331 ™ 128 | 135 1 141 1lolotolsv]o}1 1128
4 5019 F 166 | 146 [} 136 1|olojoj1]|o]|o]es 4 5331 M 121 9.8 1 141 1{ofofof1}o]1]12¢
4 5019 F 166 | 135 0 136 1|ojJojoj1]o]o]ee . 4 5331 F 120 9.5 [ 141 1{o|o|oef[1]|ofo]i20
4 5019 M 152 75 1 136 1jojo|o|v|o]1}152 4 5331 F 118 8.9 [} 141 11o0flofof1]o]o]ts8
4 5019 F 146 | 127 0 136 1loltolol1]o]o]14s 4 5331 M 14 7.7 1 141 1]{ojolof1]|o]1]na
4 5019 M 140 | 142 1 1386 1|lofo]oj1]|o]1]140 4 5331 M 96 1 1 141 1|lojojo]i{of1]9s
4 5019 M 139 | 104 1 136 1JojloJol1]|o]1]139 4 5331 F 116 | 132 0 141 1|lofoJof[1]|ofo]ns
4 5019 F 121 | 1386 [} 136 1(ojojof1]olo]1n 4 5331 M 15 87 | 1 141 1jolojofv o]
4 5019 F 114 9.1 0 136 1{o|o|of{1]ofo]114 4 5331 F 114 | 104 [3} 141 1lojojoj1]lofo]nae
4 5019 F 109 | 104 0 136 1{o]ojo{1]0[0]109 4 5331 ™M 108 | 122 1 141 1olofo]1|o]1]108
4 5019 F 108 78 0 136 1{ofo]o]1|[0o]o]108 ] 5331 F 97 1.2 0 141 1|loflo|o|1]o|o] e7
4 5019 M 108 7.9 1 136 1|Jolojof1jo]1]108 4 5332 1] 129 | 11.8 1 142 1{ofoflof1]o]1]129
4 5019 (%) 140 | 145 1 136 1folojof1}o]1]140 4 5332 M 122 | 101 1 142 1]{oflojo|1]|of1 |22
4 5019 F 129 9.3 0 136 1]0j0jo0oj1]0]joO]129 4 5332 M 19 9.9 1 142 1{olojol1lof1]s
4 5019 F 129 9.5 0 136 t1fojlo|of[1]o]o/129 4 5332 F 118 8.2 0 142 1|lofofol1{o]|o]18
4 5020 F 167 | 161 0 137 1lofofo]|1]o]o]ie7 ] 5332 F 16 | 112 1} 142 1{foflofof1]o]o]1e
4 5020 M 167 | 125 1 137 1{ofofo]v|o]1]67 4 5332 F 12 8.9 0 142 1{oflofof1]o}o]12
4 5020 M 165 | 126 1 137 1lolo{lol1]olies 4 5332 M 140 | 1.4 1 142 1{olofo]+{o]1 |0
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Appendix C: Dataset from Duchateau, et al., 1998; International Livestock Research Institute (1LRI), Kenya Appendix C: Datasel from Duchateau, et al., 1998; International Livestock Research Institute (ILRI), Kenyu

4 5332 M 135 13.2 1 142 1jo(ojo|[1 |0 1|35 5 4902 F 132 115 [} 149 1{o]Jofo]o|1]o]132
4 5332 F 134 135 0 142 1lo0j0o|0o]|1|[0]0)]134 5 4902 - M 132 114 1 149 1{ojo|ojoqf1}]132
4 5332 F 126 10.4 0 142 tjojJofo]|1 00|26 5 4902 F 131 10.2 0 149 1jojocjojo|v]oO| 131
: 4 5332 M 113 8.4 1 142 1]olofofr]o]1]n3 5. 4905 M 123 1.2 1 150 1lolo]ofo|1].1]123
4 5333 M 125 1 1 143 1]0|]0]JOo|r]O])1]125 5 49805 F 146 10.9 0 150 1|{o|lo]jJo|Oo|v]O]|146
4 5333 F 122 116 0 143 1jojJo|lo]|rvfo]|O]122 5 4906 F 109 9.7 0 151 t|olo}jo]jOoj1]0Of09

4 5333 M 121 10.7 1 143 1{o0(o0|Oof1 (0] 1]121 5 4906 M 166 8 1 151 tfojofojo 1 |1]166]
4 5333 M 19 78 1 143 1jJojofo]|1 O] 1]119 5 4906 F 164 10.4 [ 151 1]ojo|o}jC|1}O]| 164
4 5333 F 110 7.9 0 143 1jojofo]j1 {00} 110 5 4906 M 137 9 1 151 1]J]ojo oo 1|1 |137
4 5333 F 108 10 0 143 1{o0]JojJo|1]0|0]108 5 4914 F 122 12.4 0 152 1]o0joj|ojofr|o0O][122
4 5333 F 107 9.9 0 143 1{olojo|1]0]|O]107 5 4914 M 165 9.5 1 152 1|]o|jojojoOo|[1{|1]165
4 5334 M 121 9.1 1 144 11000 f1|o] 1] 5 4914 F 162 12 0 152 1]/]010]|0]O0|1]0]162
4 5334 F 121 9.9 0 144 1j]ojojJoj1]o]o]|121 5 4814 F 127 1.2 0 152 1|{o|Jojo|o|1|o0]127
4 5334 -F 118 1.6 o 144 1]0|JO0OjJOo|J1]0O}[O]|118 5 4914 F 123 10.2 0 152 1|{oJojJojojtv|oO]123
4 5334 F 106 13.8 0 144 1]0{o0|JOo|1[O0|0O]106 5 4914 F 21 7.3 0 152 1joJojo|o]|t|[O]12y
4 5334 F 100 10.4 0 144 1]0]J]0]Oo}1|0|0O]100 5 4914 M 119 10.4 1 152 1]J]ojof{fojot1]|1]119
4 5336 F ‘134 12.2 [} 145 1]0j0.j0 1|0 |0O] 134 5 4914 M 116 9.6 1 152 1]Jojojojo ]|V ]|1{116
4 5336 F 131 9.4 1] 145 1fojojoj1[o]0}|1n 5 4914 M 115 10.5 1 152 1jojojofo |tV |1]115
4 5336 F 128 116 o 145 1{oJojo|1|O0]|O]128 5 4914 F 140 12.3 0 152 1lojojJojo|1]0O[140
4 5336 F 126 97 0 145 t]o]JOo]JO{1]0O]O]126 5 4914 M 139 13.4 1 152 1[ofojJojo|1]1]139
4 5336 M 121 116 1 145 1{o0jJo|Oo]1)O |1 ]|121 5 4914 F 139 10 0 152 1]0jo|lojo|1{0]}139
' 4 5336 M 120 13.9 1 145 1]o0jo]JOof1}|O|1]120 5 4914 F 134 11.6 [} 152 t|ojJojJo|Oo]|1]O]|134
4 5336 M 120 8.6 1 145 1]J]ojJojo|1]|O0f1]120 5 4914 F 131 111 [ 152 1|]ojo|jojo|1]0O |1
4 5336 M 118 1.4 1 145 1]ojojof1]Oo]1]118 S 4918 . F 125 9 0 153 tjoJojolo[1]0]125
4 5336 F 139 96 o 145 1jojojo|t1]o]oO|139 5 4918 F 118 86 0 153 11{0|lo|ojo(1]0O]119
4 5336 F 129 10.6 ) 145 1]0|Jo0ojJof1]0]o0O}129 5 4918 F 118 6.8 0 153 1{o|o|ofo |1 ]O]118
4 5336 F 127 13.9 0 145 1{ojojJo{1]o]oO|127 5 4918 F 15 9.3 0 153 1]0|0]j0cfo ]V ]|O]115
4 5336 M 118 15.2 1 145 1{ojojo|1]o|1]118 5 4919 M 164 10 1 154 1|lojJojofjo |+ ]1]164
4 5336 F 109 116 0 145 1{olojo|1]Oo}0O]109 5 4919 F 163 10.2 0 154 1|o0ojJojoj|O|1]0O]163
5 1975 M 120 1.3 1 146 1|ojJojojJoj1}|1]120 5 4919 F 153 9.8 [ 154 tjoJojJojo|[1]0]153
5 1975 M 118 10.1 1 146 1]0Jojojo|1¢{1] 118 5 4919 M 13 9.4 1 154 rjojJojojo 1| 1]13
5 1975 M 114 6.6 1 146 1]ojojofoj1]1]14 5 4919 M 108 52 1 154 1|]ojolojo 1] 1109
5 1975 F 113 6.9 o 146 1]Jojojojoj1]o}113 5 4919 F 101 8.7 0 154 1|J]ojJojofo]t]0O]|100
5 1975 F 99 73 o 146 11{0|j0|]O|O]|1]|]O} s9 5 4919 F 129 9.2 0 154 1j]ojojo|o}1]0O]129
5 1975 M 97 5.3 1 146 1]1]0l0jJOo|JO|1}1] 97 5 4919 M 126 8.2 1 154 1]o0|Jo|lojoOo |1} ]126
5 1979 F 19 5.3 0 147 tjojlojojo]1}o]119 5 4919 F 123 7.7 0 154 1]o0jJofo]o|1]0O]123
5 1979 M 117 10.3 1 147 t|Jojojojojt |17 S 4919 M 19 8.9 1 154 t]o0jJofojo 11|19
5 1979 M 114 B.7 1 147 1lojojojoj1f1]14 5 4919 M 118 10.6 1 154 1]o0|lofjofo 1|1 |18
5 1979 F m 8.1 0 147 1]1]0jJojJojoj1{o]1n L 4919 F 17 10.1 0 154 1|j]o0jojojo]1{0]117
5 1979 M 102 9.4 1 147 1jojojofoj1]|1]102 5 4919 M 114 72 1 154 1fojojojof1|1]114
5 1982 F 118 1.4 0 148 1{of{ojJojo]jr|O] 118 5 4918 M 134 12 1 154 1jojJo|JOofjo|1]1]134
5 4902 F 130 9.9 0 149 1]Jojfojo|o]|1[0]130 5 4919 M 132 12.5 1 154 1]Jojojojo|1 132
5 4902 M 138 123 1 149 1/]0|lo|ofO0]1]1]138 5 4919 F 125 9.8 0 154 1|ojojJojfo|1]0]125
5 4902 M 137 13 1 149 t1{fojojo{o 1| 1]137 5 4921 M 125 9.3 1 1585 tjojojojo |1 ]1]125
5 4902 M 134 1.7 1 149 1jojJojojo]1{1]134 S 4921 M 164 1.8 1 155 1|ojofjojOo 1 |1]|164
5 4902 M 132 1.7 1 149 1jojojojo 1] 1]132 5 4921 M 143 9.4 1 155 110lo0|ojofi|1]143
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Appendix C.

5 4921 F 142 93 [+] 155 1]ojojojlo]|1]|0]142
5 4923 M 160 12.7 1 156 1]0]Jof[o0fO0]|1]1]160
5 4923 M 136 9.8 1 156 1{ofojo|o]|1}]1]136
5 5015 M 161 9 1 157 1jojJojo.jOo|1}|1]1&1
5 5015 M 155 13.4 1 157 1]0[0]0]|O|1]1]155
5 5015 F 153 12.8 o 157 1jof{ojofo]1]|0]153
5 5015 F 131 116 1} 157 1{ojojJojo]|1|o0]131
5 5015 M 123 8.6 1 157 1]0]J]ofoJoft]1]123
5 5015 M 2 9.1 1 157 110f0 |0 ]JoOo |1} }|1
5 5015 F 120 9.4 o 157 1]o0lojojOo|1]0]120
5 5015 F 94 8.8 [} 157 1jojojojo|1]0]{ 94
5 5016 F 116 108 0 158 1fjojojJojo|1]o] 16
5 5016 F 115 8.5 0 158 1|o]JofojJoj1]0}115
5 5016 M 114 101 1 158 “1]lojofo}of1]|1]114
5 5016 F 112 9 ] 158 1]o0[ojojo{1]0]|12
5 5017 M 166 1.9 1 159 1[0joJojo|1]1]166
5 5017 M 163 1.3 1 159 1/]0j0-|]o]o |1 [1]163
5 5017 M 119 8.4 1 159 1{({0]J]ofojJoj1]1}]119
S 5017 M 112 10.7 1 159 1]o(f0jJojo|1]1]112
5 5017 F 141 12.3 ] 159 1j0{0]Oo|O0|1]|0O]| 14
5 5017 M 137 9.6 1 159 1]o0jojojo]|1]1]137
5 5017 M 137 10.2 1 159 1/0]ojo]o |1 |1]137
5 5017 M 118 10.6 1 159 1lo0lojJojJo|t]|1{18
5 5018 F 164 10.6 0 160 1]J]0j0jo0]Jof1]o]164
5 5018 M 138 11.8 1 160 1]0(0jJojo[1]1]138
5 5018 F 119 10.1 o 160 1]ojojJojOo]|1]0]19
5 5018 F 118 6 0 160 1]0|ojocjo|1]0]| 118
5 5018 F 113 7.4 [} 160 110j0jle|oj1]0][113
5 5018 M 112 ] 1 160 1jojJojJojo{j1 |1 |12
5 5019 F 152 14.5 0 161 1/]0|J]ojoJo]1]|o0]152
5 5019 M 118 13.5 1 161 1]J]ojlojojo|t]1]119
5 5019 F 99 10.7 [} 161 1|J]ofojlojof1]0] 99
5 5019 F 135 79 [} 161 1iofo0jojoOo|1}0]135
5 5019 M 135 13.8 1 161 1{o0|Jofo|O]|1]1{135
5. 5019 M 133 86 1 161 1]o]JojJo{o{1]1]133
5 5019 M 131 10.9 1 161 1]j]ojojojofj1 |11
5 5019 F 123 8.9 [} 161 1jJojojojoj1]o0|123
5 5020 F 166 1.1 0 162 1]0|ojJoJOo|1]0][166
5 5020 F 165 12.2 ] 162 1]ojJojojoj1]|]o0]165
5 5020 F 159 10 [ 162 1]0|0]0jJOof1]O0}159
5 5020 M 118 12.8 1 162 1|]ojojojo|1}1]18
5 5020 F 106 7.9 0 162 1|ojojojo|1|o]106
S 5020 M 85 8.7 1 162 1]o0fojojo]1]|1]| 85
5 5020 F 138 9.7 0 162 1/]0[0o]Jo]o]1]0][138
5 5020 M 135 9.3 162 1]Jojojo|o 1| |135
5 5020 F 135 8.1 0 162 1|ofjofo]oj1r|[o]135
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5 5020 M 126 10.9 1 162 1fjojlojojo|1|1]126
5 5020 F 118 9.2 0 162 tjojojojo]|1]oOfns
5 5020 M 116 10.8 1 162 1]J]ojofo ol || ne
.5 5020 M 116 115 1 162 1{ojofolo|1]1]1s
5 5204 M 116 128 1 163 1jojlojojo|v ] |16
5 5204 M 115 9.7 1 163 ifjolofojofv||ns
5 5204 M 114 15 1 163 110|000V} 1}114
5 5204 M 112 9.1 1 163 1100|001 112
5 5204 F 101 6 o 163 ifojofo|ojr|0O]101
5 5207 M 121 1.4 1 164 1]ojojofo ]+ ]1]12%
5 5207 M 115 12.3 1 164 1]j]ojojJo|oOoft1]1]115
5 5207 M 114 19 1 164 1(ojJojJOo O |1 ]|1]14
5 5207 F 98 98 0 164 i1|ojJofo]Jo|1]|]O} 98
5 5208 M 116 16.4 1 165 1jJojojojJo |1 || 16
5 5208 M 112 12 1 165 1fojojofo|1r}1]n2
S 5208 F 106 10.5 0 165 1]j]ojojo{of1]|0{106
5 5331 F 132 7 [} 166 1|ojJofo]o{1]|oO]132
5 5331 M 115 9.7 1 166 1|J]ojojojo {11 ]115
5 5331 M 102 6.5 1 166 tjojojojojt|1]102
5 5331 M 139 114 1 166 1jojJojofo|1v]1]139
5 5331 F 127 8.8 0 166 1]0jojJojo|1]0O}127
5 5331 F 19 108 [} 166 1]1]0|0fj0jO[|1]|0]119
5 5331 M 116 9.3 1 166 11o0|loflojo 1] 1] 116
5 5331 M 111 9.7 1 166 1JojJojojo |1 [1]111
5 5332 M 118 i 1 167 1|o|lofo]o{v]|1}]118
5 5332 M 117 11.9 1 167 1]ojojJojo |17
5 5332 F 116 9.4 0 167 tjfojojlo|o[1}]0] 16
5 5332 M 115 9.1 1 167 1Jofjojofof1]+][115
5 5332 F 133 6.3 o 167 1]0|lofojo{1v]|0O]133
5 5332 F 133 10.5 ] 167 1jJojlo|ofo|1]{0]133
5 5332 F 130 9.9 0 167 1/ojJojao|o}1]o] 130
5 5332 F 127 8.7 0 167 1]j]ojojojo|1]|0O| 127
5 5332 M 126 7.9 1 167 1{ofjolofo|1]|1]126
5 5332 F 125 12.1 [+] 167 1/]0|l0|lo0ojJo]1]0]125
5 5332 M 16 13 1 167 11o0jlofofo]t]1}]16
5 5333 M 134 12.3 1 168 tjojJojo|o}1|1]134
5 5333 M 125 124 1 168 1]0|0jojof1]|1]125
5 5333 M 124 7.7 1 168 tjojJojojo|1]1}]124
S 5333 M 19 13.3 1 168 t{ojJofjo]o 1] 1|18
5 5334 M 133 10.9 1 169 1{0{o0o]ofo |+ ]1]133
5 5334 F 128 9.9 [ 169 1]1]o0|J]0ojJofoOo]1]0O]|128
5 5334 F 122 11.2 0 169 1|J]ojofo]o|1] O[22
5 5334 F 114 10.6 0 169 tjojo{ojo|v]|]O]| N4
5 5334 F 114 7.4 [ 169 1]0jo|o0jo|1]0}114
5 5334 M 107 1.7 1 169 1]1]0fjofo]o|1]|1{107
5 5334 F 96 8.6 o 169 1{e|jo{o]ol1v]|O| %6
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5 5336 M 135 9.6 1 170 1 ojojojo 1 1 135 6 5012 M 162 16.2 1 186 1 ojolo]o]oO 1 162
5 5336 M 19 | 119 1 170 1Jofojofo] 11|19 6 5013 F 148 | 12,9 0 187 1{o|o]o]o]ojojrams
5 5336 M 16 | 115 1 170 1Jofo]olof1]1]1e [ 5071 M 104 | 96 1 188 1{o|lo|ofo]of1]104
5 5336 F 103 7 [’} 170" {1 [o]ofajo{1]o]103 ! .8 5073 M 13 | 138 1 189 1]o]Jojolola]1]|ns
5 5336 F 141 | 122 [ 170 1{ofo]ojo|t]o]1e1 6 5076 | M 12 | 11 1 190 1{ojojof{o|o]|1]n2
5 5336 F 137 ] 19 0 170 1]ofo|ofo|+|o]137 6 5205 M 120 | 122 1 191 1]oJolo|o|o|1 {120
5 5336 M 134 | 113 1 170 110 lofojof1]1]134 6 5205 F 10 | 62 0 191 1|lojojofofo]o]1o]f,
5 5336 M 114 | 127 1 170 1flojofofo]1]1]14 6 5206 M 119 | 142 1 192 1lojo]olojo]|1]mne
5 5336 F 98 10.4 0 170 1]o|oJo|o|1]|]o] 8 6 5206 F 17 | 1.2 0 192 1{olo]o|o}o]o{n7
6 1972 ™M 101 a7 1 171 1{ofJo|ojo|oj]i|101 6 5322 F 15 | 115 0 193 1{oflo|ofofo]o]s
6 1991 F 121 8.9 0 172 1{ofjo]ojofo]o[12 6 5322 F 98 8.7 0 193 1]ojlo|o|o|o]o] 98
6 4908 F 166 | 115 0 173 1]ofojojofo]|o]1ee 6 5324 M 130 | 118 1 194 1]oJojo|o|0o]1]130
6 4908 F 156 11 [ 173 1]o|lo|lo|of{ofo]1se 6 5324 F 128 | 79 0 194 1({olojo|o|o[o]128
6 4910 F 125 | 102 [ 174 1{o0|lo|o]ofo]of12s 6 5324 M 11 13 1 194 1folojofjojo]1]in
6 4910 M 98 10.1 1 174 1]olo|o|o|o]|1]ses 6 5324 F 106 | 103 0 194 1lo|lo]|ofo]ofo]ioes
6 4915 M 110 10.1 1 175 1 gjJojojojo 1 110 6 5326 M 100 9.8 1 195 1 ojofo|o|o 1 100
6 4915 M 104 10 1 175 1({ofo]ofofo]|1|10s 6 5326 F 139 | 115 0 195 1]ojlo]olo|o]|o]13m
6 5001 F 169 | 112 0 176 1{ojo]ofo]|o]o[es 6 5326 F 131 9.9 0 195 1]oJo]olo|o]o]31
6 5002 F 170 | 115 0 177 1]o|lofojofofo]170 6 5328 M 130 | 148 1 196 1]oJojolo]o]1]1t30
6 5002 F 165 | 103 0 177 1]ofo]|o]ofo]o]f1es ‘ 6 5328 F 140 | 1.2 0 196 1]ojojojo]o]|o]40
6 5003 M 19 | 75 1 178 1lofo]olofo]1]|1e 6 5328 F 130 | 113 0 196 1]oJo|o]o]o]of13s0
6 5003 F 158 | 93 0 178 1]Jojojo[o]o]o]ss 6 5328 F 127 7.3 0 196 1j0]ojojoto]ofr2
6 5004 F 102 [ 72 0 179 1]{ojojofofofo]102 6 5329 M 123 | 98 1 197 1fo|ojoo]ofi|12s
6 5005 ™M 154 | 97 1 180 1]ojo|ofofof 1154 6 5329 M 18] 75 1 197 1{ojolo]o]of1 |18
6 5007 F 168 | 121 0 181 1|{ojo|lofofofo]1e8 6 5329 F 146 | 144 o 197 1{o]Jojojo]ofo|14e
6 5007 M 67 | 116 1 181 1]o|ofo{ofo]1]1e7 6 5329 F 133 7 0 197 1|ofjo]o|o]o|[o]133
6 5007 F 61 | 113 [ 181 1/o0{o|o]ofo]|of161 6 5329 F 130 | 97 0 197 1{ojolo]ojojo]30
6 5007 M 149 | 104 1 181 1{o|o|o]Jo|o]1]|14ee 6 5329 F 100 | 115 0 197 1Jojojojojo]o|00
6 5007 M 120 | 139 1 181 1|lo|lofjofolo|1][120 6 5330 M 123 | 109 1 198 1{o]Jojo]o]of1|12a
6 5008 M 172 | 127 1 182 1]{ojJo|lofofof1]|72 6 5330 F 137 | 101 0 198 1]o]lo]o]o|o]|o]|37
6 5008 F 142 | 108 [} 182 1]ojo|ofofo]o]14e2 6 5330 F 130 | 118 0 198 1]olojolo]o]|o]13s
6 5008 M 12 | 18 1 182 1]o{o|ofofof 1|2 6 5337 F 129 | 113 0 199 1|]o|ololo]|o]|o]|29
6 5008 M 108 | 85 1 182 1/]olofo|lofo]1]108 6 5337 M 125 | 135 1 199 1]ojojolo]o]1]2s
6 5008 F 9% 5.6 0 182 1|o|lojo]|ojo]o| e 6 5337 M 19 | 97 1 199 1{ofofofo]of1]|ne
6 5009 F 174 | 118 0 183 1]ojo|o|o]ojo]is 6 5337 M 116 | 96 1 199 1Jojo|ofo]o]|1]|1e
6 5009 ™M 167 12 1 183 1]lojolofo]o|1]rer 6 5337 F 103 | 83 0 199 1{o]Jojojo]o]o]f0s
6 5009 F 158 | 108 0 183 1]o|o|ofjojo|[of1ss 6 5338 F 127 | 114 0 200 1]o|lo|lofo|o|o]27
6 5010 F 165 | 108 0 184 1]o|lo|oflofjo]o]es 6 5338 M 123 10 1 200 1lofojo]o]o]1j23
[ 5010 M 164 | 144 1 184 1]o{o|lofofo]|1]1e4 6 5338 F 137 | 129 0 200 1]olojo}lo]o]|o]37
6 5010 [ 146 | 122 1 184 1{ofJo]ojofo ][4

6 5011 F 164 | 126 0 185 1]lo|lo|[ofof[ofo]1ee

6 5011 F 159 | 116 0 185 1]o|lo|ofof[ofo]1se

6 5011 M 157 1 111 1 185 1]olo|ofofo|1]1s7

6 5011 M 121 | 123 1 185 1]lojofofjo]e|1|i12n

6 5011 F 107 | 81 0 185 1]{ojolofojojofror

6 5012 M 166 | 15.2 1 186 1|lofjo|o]ofo]|1]1es
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APPENDIX D

Two drugs against trypanosomosis (parasitic disease transmitted by tsetse flies), Berenil and -
Samorin, are studied in a situation where there is widespread evidence of high levels of drug
resistance. Herds of N’Dama breeds are randomly assigned to Berenil and herds of Boran breeds to
Samorin treatment. The aim of the study was then to see whether there are differences in the change

in PCV befween the two breeds following a trypanosome infection.

PCV is a variable often measured to evaluate the severity of the diseases is packed cell volume
(PCV), which is the percentage of the volume of the blood serum taken up by the red blood cells.
Low PCV corresponds to anaemia and can indicate infection with the disease. That determined at the
time of treatment was designated PCVO, that a month later following treatment was designated
PCV35‘(with 14 measurements in between). Animals belonging to a herd to which Berenil has been
assigned, however, are randomly assigned to receive a high or a low dose of Berenil when detected

parasitaemic with trypanosomes.

-304-




Appendix D: Daiaset from Duchateau. et al., 1998, International Livestock Research Institute (ILRI), Kenya

Animal
Breed Days 1 2 3 4 5 6
Boran 0 36.2 359 29.5 28.5 304 33.7

2 35.9 38.5 33.3 27.8 29.5 36.2
4 353 35.9 29.2 27.9 28.8 333
7 354 36 29.9 27.7 28.7 32.2
9 354 36.3 29 29.3 28.7 30.9
14 315 36.3 29.9 26.7 271 29.6
17 255 252 21.3 21.3 20.7 226
18 34.4 31.5 27.4 26.7 25.2 30.3
21 341 30.6 255 25.2 229 28.3
23 25.8 28.7 |, 255 23.6 23.2 25.8
25 28.7 29 24.8 23.6 229 245
29 216 239 23.6 20 20.7 21.6
3 21.3 21.3 22.6 19.4 19.1 17.5
35 17.8 18.1 20.4 17.2 18.5 15.9

N'Dama 30.4 375 324 343 30.4 404
33 | 378 30.4 33 321 37.5

0
2
4 333 36.5 3.7 375 321 38.8
7
9

31.9 35.7 31.2 36.3 30.9 37

30.6 357 31.5 34.1 30.6 38.9
14 31.2 33.8 277 306 |°296 31.9
17 27.7 334 271 27.7 236 271
18 28 31.5 274 29.9 29 31.5
21 283 325 29 28 29.6 31.2
23 27.7 347 28 271 28.7 331
25 258 306 274 26.7 271 354
29 26.1 31.5 28.3 28.7 25.8 30.6
K} 245 25.2 26.1 23.9 261 28.7
35 226 28.7 22.9 22.6 242 26.1

% PCV measured at 0,2 ,4,..,35 days following infection

-305-




Appendix E: Estimated Breeding Values for the Data Set from Duchateau, et al., 1998;

APPENDIX E

Estimated breeding values for the complete data set used in Chapter 3.

DPP = Dirichlet Process when M is simulated given the data

REML , Trad. Bayes DPP
SIRE IDBREED| Estimate SE Estimate Sim M
1971 1 -0.1061 0.6654 | -0.1024 -0.1097
1972 ] 0.5241 0.5349 0.5689 0.5081
1973 | 0.3888 0.6399 0.4464 0.3934
1974 1 1.9339 0.5486 1.9627 1.9026
1980 1 0.9299 0.5975 0.9635 0.9193
1991 | 03611 0.6396 0.3741 0.3438
1999 | 0.9266 0.6654 0.9939 0.8936
4907 1 0.2289 0.5790 0.2676 0.2293
4908 1 1.6614 0.4921 1.6662 1.649
4909 ] -0.7628 | 0.6653 | -0.7645 -0.7711
4910 1 0.4627 0.5123 0.4396 0.4511
4911 1 0.6681 0.5795 0.6867 0.653
4912 1 -0.3258 | 0.6655| -0.3581 -0.3125
4915 1 0.2351 0.6655 0.1955 0.224
4916 ] -0.1544 | 0.6658 | -0.1383 -0.1681
5001 | -0.3829 |0.7309 | -0.3286 -0.3592
5002 1 -0.4267 ] 0.6398 | -0.4600 -0.4385
5003 1 0.2938 0.7307 0.2753 0.2474
5004 1 0.6637 0.6401 0.6546 0.6468
5005 1 0.1155 0.6397 0.1555 0.0971
5007 1 -0.7786 | 0.6396 | -0.7543 -0.7531
5008 1 -0.4999 | 0.6655| -0.5137 -0.5016
5009 1 -0.0700 | 0.7309 | -0.0531 -0.0297
5010 1 0.1004 0.6956 0.1027 0.0818
5011 1 -0.6332 | 0.6956 | -0.6175 -0.5763
5012 1 0.1259 0.7311 0.1063 0.1
5013 1 -0.3030 | 0.6961 -0.2939 -0.3329
5071 ] 0.3608 0.6655 0.3945 0.3812
5073 1 -0.2421 0.7732 | -0.2776 -0.2338
5076 1 -0.1386 10.7730 | -0.1264 -0.1087
5205 1 -0.4303 0.7731 -0.4454 -0.3821
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5324 1 -0.7496 | 0.7730 | -0.7590 -0.7039
5326 ! -0.5001 0.7308 1 -0.5171 -0.4887
5328 1 -0.2392 1 0:6393 | -0.2737 -0.232
5329 ] -0.5741 0.6167 | -0.6062 -0.5698
5330 1 -1.4541 0.6393 | -1.4747 -1.3737
5337 1 -0.5825 | 0.6654 | -0.5811 -0.5837
5338 1 -0.6268 | 0.6954 | -0.6131 -0.5882
1975 2 -0.1147 1 0.6173 | -0.0893 -0.0912
1976 2 0.4043 0.6399 0.4477 0.3964
1979 2 0.8504 0.5495 0.8168 0.8382
1981 2 0.1681 0.5799 0.1769 0.1699
1982 2 -0.2903 | 0.6663 | -0.2016 -0.3346
1983 2 1.4790 0.6404 1:5350 1.4576
1984 2 0.3396 0.6175 0.4279 0.3094
1986 2 0.1270 0.7310 0.1526 0.142
1988 2 0.9403 0.6658 0.9514 0.98

4901 2 0.6692 0.5497 0.6900 0.6585
4902 2 0.3625 0.5502 0.3446 0.3446
4903 2 0.1536 0.5249 0.1349 0.1255
4905 2 -0.0434 | 0.4942 | -0.0279 -0.0769
4906 2 0.6141 0.5035 0.6523 0.5717
4913 2 0.1971 0.6664 0.2227 0.2353
4914 2 -1.0541 0.5800 | -1.1073 -1.0039
4918 2 0.7037 0.6962 0.6847 0.6331
4919 2 -0.9475 1 0.6666 | -0.9576 -0.9186
4921 2 -0.6580 | 0.5638 | -0.6768 -0.6184
4923 2 -0.1434 1 0.5978 | -0.1706 -0.1427
5015 2 0.0903 0.6404 0.0550 0.0552
5016 2 -0.8617 10.6177 | -0.8988 -0.8042
5017 2 -1.1521 0.6176 | -1.1860 -1.1127
5018 2 -0.2094 1 0.7308 | -0.2098 -0.2311
5019 2 -0.4845 1 0.5975 [ -0.4910 -0.458
5020 2 -0.1989 [ 0.6403 | " -0.2144 -0.1768
5204 2 -0.2315 1 0.7732 | -0.2585 -0.2016
5207 2 -0.1528 | 0.7731 -0.1341 -0.1835
5331 2 -0.0178 | 0.7731 | -0.0770 -0.0006
5334 2 -0.2860 | 0.7731 -0.2829 -0.2741
5336 2 -0.2528 [ 0.7309 | -0.2626 -0.2231
1971 3 -0.5916 [ 0.5597 | -0.6159 -0.5838
1972 3 1.0193 0.5062 1.0300 1.0054
1973 3 0.8188 0.6145 0.8021 0.8213
1974 3 -0.1343 [ 0.6642 | -0.1161 -0.1457
1980 3 0.2847 0.6149 0.2463 0.314
1991 3 0.4573 0.6380 0.4638 0.4214
1999 3 0.3507 0.6639 0.3162 0.3172
4907 3 0.1848 0.5438 0.1809 0.1652
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4908 3 0.6656 0.4767 0.6633 0.6427
4909 3 0.6248 0.5598 0.6198 0.6078
4910 3 -0.1241 0.5179 | -0.1408 -0.1418
4911 3 0.9102 0.6381 0.9922 0.8869
4912 3 0.7009 0.5306 0.6865 0.6699
4915 3 -0.5662 ] 0.6152 | -0.6052 -0.5554
4916 3 0.0111 0.5315 0.0232 0.007

5001 3 0.0392 0.6388 0.0851 0.0638
5002 3 0.2011 0.5439 0.2123 0.1804
5003 3 0.7758 0.5437 0.7462 0.7322
5004 3 0.0456 0.6154 0.0304 0.0351

5005 3 0.6248 0.5302 0.6826 0.5889
5006 3 -0.0257 1 0.7729 | -0.0039 -0.0546
5007 3 -0.7342 1 0.5592 | -0.7001 -0.7081
5008 3 -0.2444 | 0.5753 | -0.2629 -0.2602
5009 3 -0.4822 | 0.5753 | -0.4978 -0.4396
5010 3 0.1952 0.6951 0.2524 0.1997
5011 3 -0.5054 105179 -0.5245 -0.5325
5012 3 0.4238 0.6952 0.3924 0.4272
5013 3 -0.8623 | 0.6384 | -0.8832 -0.8186
5071 3 -0.0328 | 0.5459 | -0.0596 -0.0237
5073 3 -0.0160 | 0.7729 ] -0.0171 -0.0068
5076 3 0.1324 0.7730 0.1270 0.1257
5205 3 -0.4053 ] 0.6643 | -0.3947 -0.3858
5206 3 0.0652 0.5944 0.0957 0.0482
5321 3 0.1343 0.7302 0.1409 0.1009
5322 3 -0.8229 1 0.6147 | -0.8742 -0.7943
5324 3 0.2162 0.7306 0.2634 0.2084
5326 3 -0.4500 ] 0.6947 | -0.5162 -0.4068
5328 3 -0.5569 | 0.5941 -0.5849 -0.5516
5329 3 -0.8199 1 0.5446 | -0.8603 -0.7923
5330 3 -1.1606 | 0.5587 | -1.2002 -1.0854
5337 3 0.1048 0.6377 0.1210 0.1019
5338 3 -0.4520 | 0.5177 | -0.4651 -0.4289
1975 4 0.7474 0.5061 0.7256 0.7081
1976 4 0.8951 0.6149 0.9307 0.8653
1979 4 -0.3871 0.5064 | -0.3926 -0.3982
1981 4 0.4741 0.6146 0.4465 0.4463
1982 4 -0.0710  10.7729 | -0.0575 -0.0396
1983 4 0.1010 0.5937 0.1088 0.1157
1984 4 0.8469 0.5756 0.8823 0.805

1986 4 0.4516 0.6376 0.4461 0.4418
1988 4 -0.3328 | 0.5592 | -0.3485 -0.3107
4901 4 0.7953 0.4953 0.8141 0.7761
4902 4 -0.1491 0.4385 | -0.1395 -0.1696
4903 4 1.1514 0.5300 1.2001 1.1224
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4905 4 -0.1528 10.4615| -0.1144 -0.1808
4906 4 0.2633 0.4856 0.2961 0.2459
4913 4 0.2709 0.5765 0.2676 0.2398
4914 4 0.4437 0.4323 0.4366 0.4123
4918 4 0.1952 0.5199 0.2266 0.1741
4919 4 -0.9511 0.4390 | -0.9531 -0.8958
4921 4 -0.6402 | 0.4856 | -0.6476 -0.6073
4923 4 0.1171 0.4958 0.1508 0.0728
5015 4 -0.2059 [ 0.5308 | -0.1867 -0.2039
5016 4 -0.6323 1 0.5587 | -0.5925 -0.6073
5017 4 -0.1042 1 0.4955| -0.1211 -0.1358
5018 4 0.0329 0.5304 0.0047 0.035

5019 4 -0.4168 | 04857 | -0.3861 -0.4184
5020 4 -0.3328 | 0.4600 | -0.3295 -0.3613
5204 4 -0.5484 | 0.6380 | -0.5679 -0.5169
5207 4 -0.4170 ] 0.6644 | -0.3610 -0.3791
5208 4 -0.4533 | 0.6645 | -0.4677 -0.4507
5331 4 -0.2136 | 0.5312 | -0.2106 -0.2016
5332 4 -0.4640 | 0.5302 | -0.4453 -0.4668
5333 4 -0.5464 | 0.5941 -0.5769 -0.5264
5334 4 0.1250 0.6381 0.0967 0.0945
5336 4 0.1079 0.5063 0.1247 0.0842
1975 5 -0.7175 1 0.6191 -0.7509 -0.7053
1979 5 -0.4920 | 0.6411 -0.4991 -0.5028
1982 5 0.2473 0.7732 0.2446 0.2412
4902 5 0.4902 0.5818 0.5047 0.4392
4905 5 0.1193 0.7311 0.1769 0.1122
4906 5 -0.5996 | 0.6668 | -0.6063 -0.5691
4914 5 0.3284 0.5074 03184 0.3123
4918 5 -0.3650 ] 0.6670 | -0.3851 -0.3673
4919 5 -0.6073 ] 0.4894 | -0.6402 -0.5904
4921 5 -0.4122 | 0.6669 [ -0.4361 -0.4205
4923 5 -0.0513 1 0.7314 ] -0.0619 -0.0329
5015 5 -0.0328 | 0.5817| -0.0313 -0.019
5016 5 0.0768 0.6667 0.0967 0.0806
5017 5 -0.1279 1 0.5823 | -0.1145 -0.1349
5018 5 -04122 10.6187 | -04317 -0.3841
5019 5 0.4651 0.5816 0.4822 0.4183
5020 5 -0.0474 1 0.5169 | -0.0868 -0.0788
5204 5 0.0700 0.6413 0.0693 0.0713
5207 5 0.6159 0.6667 0.6394 0.5962
5208 5 1.0117 0.6963 1.0674 1.0026
5331 5 -0.4083 [ 0.5817 | -0.3608 -0.3985
5332 5 -0.0742 [ 0.5391 -0.1131 -0.0521
5333 5 0.3543 0.6668 0.3541 0.3415
5334 5 0.2657 0.59%4 0.2868 0.2627
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Appendix E: Estimated Breeding Values for the Data Set from Duchateau, et al., 1998;

5336 5 0.3029 0.5660 03118 0.2618
1972 6 :0.6139 107735 | -0.6616 -0.6009
1991 6 -0.1264 1 0.7734 | -0.1488 -0.119
4908 6 -0.1184 1 0.7325 [ -0.0705 -0.0998
4910 6 0.0678 0.7322 0.0918 0.0199
4915 6 0.0147 0.7325 | -0.0133 -0.0129
5001 6 -0.1183 10.7736 | -0.1402 -0.0864
5002 6 -0.2610 | 0.7326 | -0.2281 -0.2262
5003 6 -0.5894 | 0.7321 -0.6160 -0.5468
5004 6 -0.2265 1 0.7735 | -0.2923 -0.2258
5005 6 -0.3030 | 0.7735| -0.3106 -0.2561
5007 6 0.0075 0.6456 0.0763 0.0034
5008 6 -0.2902 1 0.6450 | -0.3131 -0.3151
5009 6 -0.2190 [ 0.6988 | -0.1699 -0.234
5010 6 0.0975 0.6985 0.1176 0.0747
5011 6 -0.0125 1 0.6451 -0.0613 -0.0067
5012 6 0.6699 0.7326 0.7915 0.6654
5013 6 0.2102 0.7735 0.1985 0.2045
5071 6 -0.0298 | 0.7735 | -0.0459 -0.0133
5073 6 0.4341 0.7735 0.5039 0.4147
5076 6 0.1085 0.7735 0.0970 0.1196
5205 6 -0.1755 10.7322 | -0.1493 -0.1477
5206 6 0.5590 0.7322 0.6348 0.5343
5322 6 0.1846 0.7325 0.1772 0.1723
5324 6 0.2054 0.6696 0.2060 0.2179
5326 6 0.0374 0.6981 0.0459 0.0101

5328 6 0.1950 0.6695 0.2470 0.1955
5329 6 -0.1601 0.6239 | -0.1136 -0.1856
5330 6 0.0850 . [ 0.6980 0.0255 0.0713
5337 6 0.1022 0.6452 0.0809 0.104

5338 6 0.2649 0.6981 0.2788 0.2485
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Appendix F: Milk production records, kg (305 days) of full-sib daughters

" APPENDIX F

The data set consists of 44 age-adjusted milk production record (305 days) obtained in the same
year and herd from cows whose sires and dams were considered randomly representative of a large

population. The records were taken from full-sib daughters.

Sires Dams Production Records

1 4379 6560
5560 7733 7198
4637 5639 8072
5726 5576
4968 4574

2 3355 7057 7052
4605 4180
4393 4530

3 5195
6137 4748 7351
6253

5553 6026 6666
6268 7575 7024

7112

5840 7316 6382
6246 3395

5400 6440

7301 6615

5453

S
S O R AN E PO NSOV IRU A WN -

7374 6693 6592
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