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SUMMARY

Process capability index (process performance inedelates the specification limits to

the performance of a process, it reduces complexntation about the performance of a
process to a single number. A capability index idiraensionless measure of relative
variability. In this thesis, Bayesian statisticemployed to simulate and estimate most of

the widely used process capability indices.

In Bayesian analysis, we assume that we have kmimwledge or information or opinion

about parameters of a statistical distribution aed/ often in practice we do. We then
attach a distribution to this belief. Parametersidbreally have a distribution, parameters
are constants, and so a prior distribution is a wfagxpressing our belief or opinion on
our parameters. A posterior distribution is theidfedlistribution of the parameters after
the outcomes of experiments (data) have been ddxefhere is now an updated belief

distribution in light of the information from theath.

Bayesian inference is shown to have a number oarstdges. A full Bayesian analysis
provides a natural way of taking into account allrges of uncertainty in the estimation
of the parameters. Uncertainty about the true valuéhe process capability index is
incorporated into the analysis through the chofce prior distribution. The most familiar
element of the Bayesian school is the use of the-imi@rmative (objective) prior
distribution, designed to be minimally informatiire some sense. The most famous of
these is the Jeffrey’s-rule prior and is utilisédotughout the thesis. Scientists hold up
objectivity as the ideal of science. Referencerprare a refinement of the Jeffrey’s-rule
priors for higher dimensional problems that hawavpn to be remarkably successful. The
probability matching prior is recommended becausse designed to produce posterior

credible intervals which are asymptotically ideatlito their frequentist counterparts.

The Bayesian simulation procedure employs the postdistribution of the parameters
in doing the simulations. The procedure is alsowshto be useful and comparable to

existing classical statistical procedures in sajvime supplier selection problem.



Data arising from multiple sources of variabiligeavery common in practice. Virtually
all industrial processes exhibit between-batch within-batch components of variation.
In some cases the between-batch (or between syfgtomponent is viewed as part of
the common-cause-system for the process. A pramgsability index in more general

settings is developed using, as a point of referenc€ , is a single variance index and

is adapted to give 2 and 3 variance componentsesdiThe variance component model
proves to be suitable for handling multiple souroésvariability capability indices.
Again, Bayesian simulation methods prove to be ulsaf handling these multiple

sources of variability indices.

Results show that the Bayesian simulation appr@aglst as good if not better than the
standard classical statistics approach in asseigncppability of an industrial process.
The added advantage of the Bayesian approachtjdrbra the posterior distribution of

the capability indices, we are in a position toanbjuantiles, credible regions and

perform other inferential tasks.
KEY WORDS: Bayesian analysis, Moments, Monte Caitaulation, Non-informative

prior, Pearson’s curve, Posterior distribution, Wdality matching prior, Process

capability index, Reference prior, Variance congus
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OPSOMMING

Prosesgeskiktheidsanalise verwys na die moontlikbei die Bayes-simulasiebenadering
toe te pas op prosesgeskiktheidsindekse soos andere G, Cu , B, en Rk . In hierdie
verhandeling word Bayes-statistiek gebruik om die eegte van die

prosesgeskiktheidsindekse te simuleer en te beraam.

In Bayes-analise neem ons aan dat ons prior keohisligting of ‘n opinie het
aangaande parameters van ‘n statistiese verdsioog, die geval dikwels in die praktyk
is. ‘n Verdeling kan dan aan hierdie oortuiging ggbel word. Parameters is konstantes
en het nie regtig ‘n verdeling nie, dus is ‘n pviendeling ‘n manier om ons opinie of
oortuiging aangaande parameters uit te druk. ‘n tdfiosverdeling is ‘n
oortuigingsverdeling van die parameters nadat dikomste of eksperimente (data)
waargeneem is. Daar is nou ‘n opgedateerde oamgsgerdeling in die lig van die

inligting uit die data bekom.

Bayes-inferensie het ‘n hele aantal voordele. ‘rladige Bayes-analise voorsien ‘n
natuurlike manier om alle bronne van onsekerheitl dieeberaming van die parameters
in ag te neem. Onsekerheid oor die werklike waaae die prosesgeskiktheidsindeks
word in die analise ingesluit deur middel van deeise van ‘n priorverdeling. Die mees
bekende element van die Bayesskool is die gebraiik die objektiewe priorverdeling,
wat ontwerp is om minimale inligting in ‘n seker@ ¢ gee. Die mees gewildste een is
die Jeffreys-reél prior wat deurgaans in die vedeting gebruik word. Wetenskaplikes
hou objektiwiteit as die ideaal van wetenskap vd@rwysingspriors is ‘n verfyning van
die Jeffreys-reél priors vir hoér dimensionele peale wat reeds as suksesvol beskou
word. Die waarskynlikheidsgepaste prior word aaelkéwmdat dit ontwerp is om
posterior kredietwaardigheidsintervalle te lewert \asimptoties identies is aan hulle

frekwentistiese teenpartye.
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Die Bayes-simulasieprosedure gebruik die postegioleling om die simulasies uit te
voer. Die prosedure het getoon dat dit geskik egelgkbaar is met bestaande klassieke

statistiese procedures om die verskaffer-seleksid@em op te los.

Data wat uit meervoudige bronne van variasie vpouis is baie algemeen in die
praktyk. Letterlik alle industriéle prosesse toossengroep en binnegroep komponente
van variasie. In sommige gevalle word die tussesgkomponent beskou as deel van die
algemeen-oorsaak-sisteem van die proses. ‘n Presdktheidsindeks in meer algemene
omstandighede is ontwikkel deur,Gs ‘n puntverwysing te gebruik.pds ‘n enkel
variansie-indeks en is aangepas om 2 en 3 varkom@onentindekse te gee. Daar is
bewys dat die variansiekomponentmodel geskik isdigr hantering van meervoudige
bronne van variasiegeskiktheidsindekse. Weereens Wlewys word dat Bayes-
simulasiemetodes geskik is vir die hantering vaardi¢ meervoudige bronne van

variasie-indekse.

Resultate toon dat die Bayes-simulasiebenaderihngangoed, indien nie beter nie, is as
die standaard klassieke statistiekbenadering onvetimoé van die industriéle proses te
assesseer. ‘n Bykomende voordeel van die Bayedbaeng is dat, vanuit die
priorverdeling van die geskiktheidsindekse, die nibkheid geskep word om kwantiele

en kredietwaardigheidsintervalle te bekom, asoolaader inferensiéle take uit te voer.
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NOTATION AND TERMINOLOGY

Y -some characteristic of interest of a manufactyreduct.

T -‘nominal’ or ‘target value’ of Y which will satigfthe design engineer’s criteria for

the optimum performance of a product.

Specification limits -upper and lower specificationits denoted a&)SL andLSL, or

simply 7, and /¢, respectively, and to require thétbe within these limits.

(USL- LSL) —length of the specification interval (tolerancterval).

d -half the length of the specification interval ice= M‘

M -the midpoint of the specification interval i.&l _USL+ LSL

U -the mean of a production process

o -a measure of variability of the production praces measured by the standard

deviation.

Process capability index (process performance ineelates the specification limits
to the performance of a process, it reduces compigarmation about the

performance of a process to a single number. Alibfyaindex is a dimensionless
measure of relative variability. Various indicesvléabeen proposed by various
authors. The table below summarises the main isdicszussed in this research.



Approach Formula
Process capability index C = USL- LSL
P 60
Process capability i - -
pability index c,= min(USL K H LSL)
30 3o
Process capability index _M-LSL
C,= o
Process capability index _USL-u
Cp= o
Process performance indexP _USL-LSL
P O-total
Process performance index - -
p, - min[USL Iy LSLj
total 3O-total
Process performance index . (USL-T T-LSL
C,T =min -

Process performance inde

2X

- USL- LSL

pm 6 ,02+(N—T)2

Process performance indexC _ min(USL- , 4 —LSL)
pmk —
o?+(u-T)
Process performance indexc# _minUSL-T, T- LS
pm ~
ot +(pu-T)
Unified index d-uu-M
,lun)= M

3)o? +v(u-TY

Normative index

Cq (D) :%dfl{Pr(yD Al D)}




CHAPTER 1

OVERVIEW OF CAPABILITY INDICES

1.1 INTRODUCTION

Capability indices are tricky to interpret, contessial to apply and often

misunderstood by many practitioners. Unless thggmees of an index are clearly
understood, making major capital improvements natybe the most prudent way to
fix an unacceptable capability. Understanding treaning of a particular index can
have a profound impact on the cost of manufactuffrgcess improvement must be
driven by more than the need to improve an indexbmer, otherwise management
may be wasting time and money. This chapter prevadbroad overview of capability

indices and what they measure.

A capability index relates the voice of the custorfspecification limits) to the voice
of the process. A capability index is convenientcduse it reduces complex

information about the process to a single number.

This research discusses versions of the processbitigp or performance index
including indices derived from hierarchical modelgh more than one variance

component. The term capability index will be usedaeneric term.

This chapter concentrates on what is measured firp@ess capability index. Some
problems associated with application of processls#ipy indices are discussed. One

process capability indexC, is widely used to determine whether manufacturing

processes are capable of meeting specificationsteldre a critical look is taken at

whatC , , together with various other indices, measure. Tasmponents ofC

pk ?

namelyC, and C , will specifically be investigated. Various capéiindices such

asC,,C,,C,,, to name a few, are investigated. The interi@iahips between the

pk * ™~ pm:



indices are also examined. It is rather surprisanyl interesting to see the

complexities of connections among many of the caipamdices.

Most literature would simply suggest that managdmmenost choose the ‘correct’
index for their application or process. Each indgates something different and
unless one knows what they measure, one may engsing the wrong index and

making the wrong decisions.

1.2 DEFINITIONS AND NOTATIONS

Let Y be some characteristics of interest of a manufadtproduct. The engineering
or design specifications for are generally stated in terms of a ‘nominal-’ @rget
value’, sayf . That is, T is the value ofY which will satisfy the design engineer’s
criteria for the optimum performance of the produbdfanufacturing the product so
that Y exactly equalsT is prohibitively expensive, and thus it is commaagbice to

specify upper and lower ‘specification’ limit&)SL andLSL, or simply ¢, and /,

respectively, and to require thdtbe within these limits.

Tolerance limits (specification limits) are limitthat define the conformance
boundaries for an individual unit of a manufactgriar service unit. An upper
tolerance limit (upper specification limit) is al@cance limit applicable to the upper
conformance boundary for an individual unit of anu@cturing or service operation.
A lower tolerance limit (lower specification limit} a tolerance limit that defines the
lower conformance boundary for an individual unitao manufacturing or service

operation.

The physical processes that manufacture the pagtsgenerally subject to many
sources of variation, starting from the qualityra¥v material to the aging and wear-
out of the manufacturing equipment. Consequentlys a random quantity (or a

random variable), whose distribution is often assdno be Gaussian with mean,
sayu , and a variance, say. In manufacturing parlance, the variance isrreteto

as the natural tolerance &f. When working with process capability indices gt i
common practice to assume that both and ¢* do not change with time; i.e. the

process is stable, or what is known in quality oards being in statistical control.

7



Statistical tolerance limits are the limits of tihéerval for which it can be stated with
a given level of confidence that it contains atstea specified proportion of the
population of production.

There is no direct connection or relationship betwéhe statistical tolerance limits
(control limits) on a process and the specificatiiomts on a product. The control
limits are driven by the natural variability of tipeocess (measured by the standard
deviationo). That is, the statistical tolerance limits argveh by the natural
tolerance of the process. It is customary to defime upper and lower natural
tolerance limits, sayNTLandLNTL, as 37 above and below the process mean, i.e.
M +30. The specification limits, on the other hand, determined externally. They
may be set by management, the manufacturing enginde customer, the standards
authority, or by the product developers/designéiewever, one should have
knowledge of inherent process variability whenisgtspecifications, but there is no
mathematical or statistical relationship betweere tbontrol limits and the

specification limits.

The question which arises is whether the desigineegs compromise in going from
the ideal T to the upper and lower specifications limits (lU8L and thd_SL), is
matched by the manufacturer’'s ability to meet sacltompromise vis-a-vis the

assumeduy and o mentioned above. Process capability indices rareduced to

address this matter. The quantitySL— LSL) is known as the specification interval
(or tolerance interval); it will be denoted 2y, whered is the half length of the
specification interval. The midpoint of the spemdfion interval, which will be

denoted by , is equal to M :%) (see figure 1.1).



LSL USL

Product Product
bad Product good bad

Target/Midpoint

Figure 1.1: “USL and LSL”

1.3BACKGROUND

How does one go about defining an index? Capgliildices, similar to coefficients
of variation, are dimensionless measures of raatariability. It is a ratio - a number
without units of measurement - that compares sigatibn range to natural tolerance
and results in a single number. That number is jhéged acceptable or unacceptable
by some arbitrary standard. An index can alsaded to compare one process to

another or set a minimum acceptable quality stahftarprocesses.

A capability index should be computed using datenfra stable process. Typically,
process stability is assessed by collecting sulpkesrat regular intervals and plotting
sub-sample statistics on control charts. Once Hagts show a reasonable degree of

stability, process capability can be assessed.

Capability analysis is used in many facets of imdaisprocesses and is beginning to
be used in business processes as well. Capabiigfysis and thresholds for
capability indices are used in the quantificatioh processes, acceptance of
equipment, purchase parts approval activities, icoatis improvement efforts,
problem solving activities and for many other pwgm It is the backbone of
measuring processes’ ability to produce productt tfels within a desired
specification through the enumeration of variati@apability indices provide a
yardstick for measuring improvement. The accurdayapability indices is dependent
on proper understanding of the theory behind tkieces as well as an understanding

of variation.



All the indices considered in this chapter havertimividual merits and demerits,
which helps in coming up with characteristics thi crucial in the process of quality
assessment. Each one of these takes into accbledsa one, but not all, of these
characteristics needed for the full quality pictofethe process under consideration.
No one approach has taken into account all thesgacteristics. The quality

characteristics of a production process that anallysconsidered are listed below:

* Inherent variation
« Total variation

* Normality of distribution

» Stability

* Target value
* Bias

* Potential

» Sensitivity to variation from target
* Symmetric tolerance

* Asymmetric tolerance

* Proactive (Predictive & control)

* Retroactive (assessment and monitoring)

The inherent process variation is the variationseduby common causes only and is
used to represent the true process capability atehpal. Inherent variation is often
estimated from control charts after verifying sti&pi In the absence of a computer

package, the inherent variation is estimated by:
" R
og=—

d,

o is the inherent process variatidR, is the average of sample ranges taken from the

R chart andd, is a constant that depends on the sample sizebofaups taken in

the chart.

10



The total variation is the variation caused by camntause and special cause
variation and represents the current process pedoce. Total process variation is

estimated directly from the process data by thieohg formula:

A2 1

T oa =—— > (Y, -Y)? whereY = Y.
=1

J

1
n
Total process variation is meant to take into abersition all forms of variation

including inherent variation, special cause, meanation between groups (referred
to as shift and drift) and mean deviation of anirergopulation (referred to as target
variation). Proper characterisation of this typevafiation in capability analysis is
dependent upon the total process variation encasimgpall of the potential types of
variation. The total process variation encompassgof the potential types of

variation is dependent upon a well developed ratisampling strategy.

An important assumption is that of normality of tdisution of the data from the

process. Normality is typically assessed visudiisoigh a histogram or a normal
probability plot and quantitatively through a notrhgpothesis test. The process must
be ‘normal’ prior to calculation of capability ingls. If the process is not normally

distributed, a practitioner can apply a transforarato the data to make it normal.

Another important assumption is statistical stapiliStatistical stability is an
underlying assumption regarding the process andehdime data in the capability
analysis. Stability implies that within any two ire periods, the underlying
distribution, which generates the indices, doesamainge (over time). Thus gradual
drifts in the process mean and/or the process negiaare not allowed. The
assumption is a precursor in that any results wagbability indices are only valid if
the assumption holds. If the process is not inssiedl control, special causes must be

identified and corrective action taken prior toagmg of capability results.

As mentioned earlier, it is often required thathegoality characteristic have a target
or nominal value. The objective is to reduce valitgbaround this target. Any

difference between the location of the process tadtarget value gives rise to

bias(x/#T). The mean bias is the absolute value of the aeedegiation from the
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target,u—T|. Ideally, manufacturers would want to produce congmts in such a

way that each dimension is, on average, at theifgyaion target. If location of the

process average and the target value coincidesthieee is no bia(su:T).

Some indices ignore the current estimate of thecqg® mean and relate the
specification range directly to the process vaviatiln effect, such indices can be
considered measures that suggest how capable (jabtather than actual capability)
the process could be if the process mean was dentidway between specification
limits in the case of symmetrical tolerance inté&sv# an index is not sensitive to the
distance between process mean and target valueittieressentially a measure of

process “potential only” (Lynch, 2004).

If any index is robust against departures from tdrget, then it is not sensitive to
variation from the target, otherwise it is sengtito this variation. Some process
capability indices do not evaluate where the preee®rage is, or if it is centred with
respect to the nominal (target) of the specificgaiolThese indices are insensitive to
deviation from the target. It is actually possibibehave a process producing product
that is 100% out of specification but associatethwain acceptably high value of the

index.

In symmetrical tolerance, the target is the midpofrthe tolerance interval (midpoint
of the specification range). Asymmetrical tolemraiatervals appear when the target
is not centred at the midpoint of the specificatioterval. Symmetrical tolerances

imply thatT = M, and in the case of asymmetrical toleraficesM .

Often, calculated process capability measures fidferent processes within a given
plant cannot be averaged, even when using the ssasure of capability. However,
some measures can, as when it is desired to egahmiverall quality for the entire
plant.

A much more useful role can be served by the psocapability indices if they can
also be used to perform the proactive functiongredliction and control of the quality

of future output as opposed to the traditional passetroactive role of assessing and
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monitoring current quality. A few of the procesgahility indices can be used to
predict and to control the quality of future outpudere, one monitors the observable

Y (rather than the unobservable megn and makes a decision to continue

production, to modulate it, or stop it, based oa tbnsequences of the deviation of
Y from T . The decision is proactive and is dictated byphaictive distribution of
Y and the utilities associated with the deviationYorom T, and also the utilities
associated with the control of the process. Mdsthe traditional indices are,
however, passive devices whose main role is twaetively monitor and assess
process capability. Their purpose is to ensure (nly retrospectively) that the
number of non-conforming items in a batch is betospecific limit. The functions of
assessing and monitoring are not predictive, nerthey proactive, and thus these

indices mainly serve as policing devices (Singpliewd998).

The list of indices considered in the next sectisres follows:

C, Cpo Cy, C C,T G Com €,

pk? pu? Pp Ppk' pmk m

1.3.1 PROCESS CONTROL AND PROCESS
CAPABILITY INDICES

Statistical process control (SPC) and quality immproent methods are generally
based on control charts which are used for momigorelevant process characteristics,
like process capability indices (PCI) which wereeleped for measuring uniformity
of the process. The main goal of SPC consists epikg small process variation
around a given target value and thus guaranteesrgadl number of nonconforming
items produced and a large PCIl value. Process tigpabnalysis includes
substantially more than just the computation of antex. After process control has

been established, capability is assessed.

The use of classical univariate PCI is based orfialh@ving assumptions:
1. There is only one quality characteristic to be abered,;
2. The distribution of the quality characteristic gpaoximately normal,

3. The quality characteristics of different items stechastically independent;
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4. The process is under statistical control, thatthg process mean and process
variability are constant;
5. The sample size is large enough so that calculatiostandard deviation is

rational.

After process control has been established, capalsl assessed. Assessment is
essentially the act of comparing the distributiblata, or a model, to the engineering
requirements, typically in the form of engineeriggecifications. If the process is
deemed capable, then the process will be maintaisgd) statistical process control
methods. If, on the other hand, the process is ddamt capable, i.e. it is producing
an unacceptable level of non-conforming producgntithe process will undergo a
process improvement stage and work toward an ealoleptevel of capability and

control.

Other researchers Kane (1986), Clearal. (1988), Choi and Owen (1990), Peatn
al. (1992) and Greenwich and Jahr-Schaffrath (199%)rem3 different process
capability indices for providing measures for pixepotential and process
performance. The initially proposed process cdipphindex (PCI) isC,. It is
proposed by Juran (1974) has its foundation inraldmental result of probability,
namely Chebyshev’s inequality, which states:

Theorem 1.3.1
Chebyshev’s inequality

Let Y be a random variable with mean and variance?. Then, for anyc>0,

2

PIY - 4] > qs%

Proof
The proof is given in Appendix Al.

And for c=30
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2
P(Y -4 > @s%

0.2

(30)°

=1-01.
9

The essence of this inequality is the result thatgrobability of any random variable
deviating from its mean by more than three timesstandard deviation is small, at
most 0.1. This inequality, though sharp, is tooabr@and too general to be of much

practical value and demands of the user only tloeviedge of the variance.

Suppose that we wish to find a more exact protlgbiR(|Y—,u|> 0 for some

constant. We can then use the central limit theorem ta@gmate this probability,

we first standardise, using me&{Y) = ¢ and varianc&/ar(Y) = 0.

P(Y-4>09=1- R-c< Y-pu< §

=1- p(__c< Y-u <_C)
o

g g

P(|Y—,u|> 0=1- P(_—C< Z<£), whereZ ~ N(0,1) i.e. standard normal
o o

distribution.
And for c=USL-pu=u- LSL=30

P(Y-4>09 :1‘((13(%)*13(%)), whereZ ~ N(0,1)

=1-(®(3)-P(-3) = 0.002,,
where ® denotes standard normal cumulative distributiorcfion.

This probability will later be described as the esi@d proportion of product that is

non-conforming to the specifications.

C, is a powerful index that provides a quick obseorato determine whether the

process is capable of meeting specification. Youlcc@lso say thaC, is the ratio
between what you want the process to do (managé&naeope or allowable spread)

versus what the process is actually doing (realitgictual).
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Product is almost 100% conforming

0.025

0.02

0.015

0.01+

0.005 -

Proportion

'

300 350 400 450 500 550
Measurement Y

LSL=280 and USL=530
Figure 1.2: Production from a process which is able

_ Hope
Reality’

p

It was initially known as the capability ratio (ko&and Johnson, 2002). It is a measure
of tolerance spread to process spread (see figRyadd is calculated as:

C = Tolerance Spread
P 60 Spread

_USL-LSL_ d

C I
60 30

p

, (1.3.1)
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where USLandLSL are the upper and lower specification limits resipely

andd :w. o is the within subgroup standard deviation.

It is often required that for acceptance we shdwde C, > c with c=1, 1.33, 1.5 or
1.67 corresponding tdSL- LSL=60, 80 90 orlOo. Large values ofC, are

desirable and small values undesirable (becausarge |Istandard deviation is

undesirable).

Depending on the index value, target centred psasesan be classified into five

different categories:

. C, <1.00 inadequate/incapable
* 1.00=C,<1.33 capable

+ 1.33<C,<150 satisfactory

* 1.50=<C,<1.67 excellent

. C,21.67 superb.

If C,=1 then USL=p+3c0andLSL=y-30, the expected proportion non-

conforming product when the process is centred.2%, which is regarded as

‘acceptably small’. As long ag coincides with the targ&t, any value ofC, greater

than 1 will decrease the above probability, makimg process more efficient. Since

2

o° is unknown, it has to be inferred from the datagd a0 compensate for the

uncertainties of estimation, industrial practicidws the dictum thaC, must be a

minimum of 1.33 (instead of the aforementioned 1).

The choice 1.33 is completely ad hoc; indeed ftotgor qualifications) runsC,, is

sometimes required to be in excess of values gis las 1.5 and 1.6. A possible

explanation for the value of=1.33 is that the formula forC quantifies a rule of

thumb quality engineers have used for decaderbeess spread should be no more

than 75% of the specification intervall.BS:%c;). A C,of 1.33 or greater would
yield a good process. Quality engineers know tha@b% ratio allows the process
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average to drift naturally while still controllinthe overall process average within

acceptable boundaries. A possible explanation folCa> 1.67 is that 1.67

corresponds, approximately, to a rejection-rateoné unit per million; see for

example Spiringet al (2002). Large values of C, increase the cost of

manufacturing. The data needed to estirmdtementioned above, is taken at certain
specified points in time called rating periods. ®pecification of the rating periods

also appears to be based on arbitrary considesation

C_,compares one process spread to another. It dogfonatstance, evaluate where

the process average is or if it is centred witlpees to the nominal (target) of the
specifications. It is actually possible to haveracess producing product that is 100%
out of specification but associated with an acdapthigh value of the index (see
figure 1.3 below). Figure 1.3 shows production franpotentially capable process

which is currently producing product that is 100@mfconforming, andC will not

detect this. This is because it relates the spatifin range directly to the process

variation, without worrying about the location bktprocess.

Product is 100% non-conforming
0.025 T T T T T

0.015 -

0.01 - -

0- 005 | —'_l_\_\
0 ‘ Il Il Il L ‘l,—*_|7

200 250 300 350 400 450 500 550 600 650 700
Measurement Y

LSL=200 and USL=400

Figure 1.3: Production from a potentially capableopess which is currently

producing product that is 100% non-conforming
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Therefore C, has its limitations, but it can serve as a powetfwl once you

understand its strengths and weaknesses.

Despite its common use in industry, enhancemerdsrgimements ofC, have been

proposed.

Kane (1986) propose@,, as a PCI.

- - d-|u-™M
G, =i U5 oLl 8k o
3o 30

4 is the process meaiV) _USL+ LSL :@-_
Notice thatC , is made up of two indices namely

_USL-u
Cn =g (1.3.3)
and

_ M—-LSL
G =T (1.3.4)

hence can be written &g, = min(Cpu,Cpl). Negative values o€ , occur when the

process average is positioned outside of the spatdn interval (see figure 1.4).

WheneverC, is “large” andC , is “small,” then 4 is not centred at the middle of

the tolerance interval.
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Product is about 50% non-conforming
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Figure 1.4: A process with an average positionetsiole of the specification
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Figure 1.5: A process which is centred at the neduflthe specification interval

but with a wide spread
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In situations where bottt, andC, are “small,” i is centred near the middle of the

specification interval but the process spreadasaae (see figure 1.5).

If C, =1, it can be shown tha?l —-d <y <M +d.

Because the process average is part of the catulabme believe th€ , formula

incorporates process centring. This is an erron@sgssmption, because you do not

know how far the process average is from the tai@gt indicates where the process
average is, but does not cover process centring. dJy index evaluates half the

process spread with respect to where the proceastuslly located (some point in

space).C, offers the most information about the proporti@mizonforming, sap,

and it will be shown later that it provides thedemsight about the locatign.

C,« is inappropriate for product features with asynmoetolerances, i.e.T # M

where T is the target andM is the midpoint of the tolerance interval. Assugnin

normal distribution for the process output, tg, index will achieve its highest

value when the meap, is located atl . However, optimal product performance

occurs wheny is positioned af .

C .« is not meaningful for a process which is not atistical control, and PPM (parts

per million nonconforming), as it is often estintean be grossly wrong unless the

process of interest is in statistical control. Rartmore, C, and PPM are

guestionable when they are applied to populatibas are not normally distributed.
For such processes, the capability indices do estribe what fraction of the process
output will fall between specification limits anldet PPM estimates can be severely in

error.

Boyles (1991) points out that “th@, andC,,, do not say anything about the distance

between process mean and target value” and “aenti$y a measure of process

potential only”. Boyles showed th&, becomes arbitrarily large asapproaches O,
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irrespective of where the process is centred ansl ¢haracteristic make<,,
unsuitable as a measure of process centring (Boy8*l). The same is true 0f .

Notice also that, since

Cp _ USL- LSL
60
:E(USL—,qu U= LSL)
2 3o Ko)

0c, :%(cpu +C,)

if the process is centred within the specificatiange.

Herman (1989) provides a thought-provoking criticief the PCI concept. The is
intended to represent process variability when petadn is ‘in control’. But usually
variation has two components — from within-lots @mdong-lots variation. The in

the denominator o€, is intended to refer to within-lot process vapati Thisg can

be considerably less than, say, the overall standeviation g, .

Herman suggests that a different index, the ‘msqgeerformance index’ (PPIR,

might ‘have more value to a customer tiigh(Herman, 1989) anB, is defined as:

P = USL- LSL_ (1.3.5)
60'total
An analogy toC , is:
P, = min[USL_’U fadn "S"j. (1.3.6)
Ky
total total

Other literature refers 1@, as the preliminary process capability. It is usdenever

a new process is started or a major revision texasting process is resumed. This is

why some practitioners mistakenly assuRg is for short-term data and is to be used

on an unstable process. Both assumptions are fglseés an initial production run of
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a new process (less than 30 production days),@pdis everything thereafter. The
Automotive Industry Action Group (AIAG) specifiesR, value of greater than 1.67.
P, is the companion automotive indexRQ. Like the P, index, this preliminary

process capability index is used when a new proessarted or a major process

modification is initially resumed and does not fegushort-term data.

The two capability indices,C, andP,,

are widely used. The ind&, and
relatedC,, are similar t€ , andP,. However, P, and C, ignore the current

estimate of the process mean and relate the sp@f range directly to the process

variation. In effect,C, and P, can be considered measures that suggest how eapabl

the process could be if the process mean wereetentidway between specification

limits. The indicesP, and C, are not recommended for reporting purposes, shree
information they provide to suppleme@t, and P, is also easily obtained from a
histogram of the data. The measu@g and P, again differ only in the estimate of

the process standard deviation used in the dentonirinceo is usually calculated
based on subgroup ranges, it uses only the vatyabiithin each group to estimate
the process standard deviation. The simple standaxiation-based estimate)(
combines all the data together, and thus usesthetlwithin and between subgroup

variability.

As a result, the capability of a process shouléhdsed on the process’ total variation,

that is, we should use the capability ind®, rather thac ,. C, seriously

underestimates the total variation if the betwadrgsoup variability is substantial. In
all cases of practical interest, the estimades larger thano since it includes the

between subgroup variability in the calculationbus, P, tends to be smaller and
using P, rather thanC, makes the process ‘look worse’. For this reasoppkers
may be reluctant to usk,, though it is beneficial to both parties to obtairealistic

view of the capability of the process to producetpshat are within specification

limits.
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If the process is stable,, is approximately equal @, , since a stable process has

little between subgroup variability. If the procassn statistical control and there is

nothing present but the inherent variatidd,, is the best measure of long-term

capability. If the process is out of statisticahtrol, with some potential special cases

and/or shift and drift presenk,, is the best indicator of long-term capability.

The information that is derived from a well con@avcapability analysis provides a

solid baseline for process potential and oppornyurit C, is equal t&€, , then the

process is mean-centred (no mean deviation issues).

If C, Iis negative, this is an indication that the megss loutside one of the

specification limits and over 50% of the distrilautiis outside the specifications. If

both P, andC, are less than 1.33, the inherent variation is ligth the process has
inadequate capability. 1P, is less thanP, and C, less thaC,, there is an
indication of a mean deviation (targeting issuefalty, if P, is much less thad,,

there is mean variation between subgroups (shmfisdaifts) present.

BecauseC, is independent from the target vallgit is robust against departures of

the process mean p fromand this is its drawback.

One variation ofC , is a relatively new index call&|T , in which theT represents a

target value. It allows one to select a target disien and calculate capability from

the target.C,T calculations are the same &, calculations, except that one

substitutes a target dimension for the processageer

(1.3.7)

T T- d-[T-M
CpT:min(USL TT LSL)Z | |_
30 30 30

Like the C, index, both parts of theC T index are calculated, but only the
minimum is used. The target dimension is usuall tleminal of the specification,
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and some call it the true process centring of aexn In reality, however, the T
index is the same as ti@, index and has nothing to do with process centfiinthe
targetT is set as the midpoint of the specification ingrv.e. T =M, CT vyields

the same ratio &,. C,T, therefore, will not be discussed in any furthetadl.

The concept of variation has recently undergonaradgigm shift in the industry. This
shift has occurred in the interpretation of theliquaf product varying within the
allowable process specification. All the indicesatissed so far uses the historical
perspective of variation. A historical perspectofevariation is that product has the
same quality; that is to say that the product isalg good, regardless of where it
falls within the specification limits. Product isrtsidered bad, lacking in quality, only
if it falls outside of the specification limits. Bmeers are comfortable with this notion
of variation, which is sometimes referred to asdlgeost mentality” and is displayed
graphically in figure 1.6 below.

LSL USL
Product Product
bad Product equally good bad
|
| | |
Target

Figure 1.86Goal Post Mentality

The problem with this mentality is the step funotithat occurs directly at the
specification limits. A product is perfectly goog o some specification limit and
completely bad beyond that limit. In regard to agess, the quality of a part falling
just within the specification limit has little prtacal difference from the quality of a
product falling just outside the specification limihis model of quality variation has

little relevance to industry.
Figure 1.7 below shows a model proposed by staasis. This model is more

practical in that the loss in quality and therefam&ue loss to an organisation

increases as the quality varies from a processttarg
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Figure 1.7:Loss function mentality

This notion of variation, referred to as “Loss ftion mentality”, states that there is a
guadratic relationship between the loss and tharmie from the target, as proposed
by Taguchi (Spiringet g 2002).

This function is called the loss funotmurve and it
ties variation to the loss in a process. This moigowhat capability is now based on.

Capability indices enumerate a process’ abilitygniaimise the loss function curve.

Hsiang and Taguchi (1985) (and also Chan, ChertySairing (1988)) developed the
index C,,,, in order to take into account the process targetddefined as follows:

c - UsL-LsL

d

(1.3.8)
0%+ (u-T)

d
E(Y-T)
d
E(L(Y))
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where L(Y)=(Y-T)’ is the loss function.L(Y) is the loss associated with a

characteristic Y not produced at the target. Tmplies the loss is zero when the
process is on target and positive for any devidtiom the target.

The expected loss becomes:
E(Y-T)" = E( Y-p+u- 1

=E((Y-@)+(u-T))

=E(Y-u)"+ E(u-T)* since E(Y-u)=0 making cross product is
zero

2
)

=0" +(u-T)

which is the denominator in equation (1.3.8).

Notice that:
USL- LSL
Cpm — 602
2
w77
o
) C
ieC =—_®° (1.3.9)

pm

T 2
:|+(/ j
g

If =T (process is on target) thé, =C,.

The C,, index is similar to theC, index in calculation, except that the standard

deviation is defined ag/E(Y - T)2 instead o{/E(Y—,u)2 . The target dimension is

substituted for the process mean in the formuldHerstandard deviation.

The index C,, does not directly relate to the percentage of camforming

product,p. If pis regarded as the most important quality aspettieprocess, this

is definitely the wrongapability index to use.
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Boyles (1991) showed that for fixed the indexC , is bounded from above when

tends to 0 and furthermore, th@f,, < (L) and hencl -T| < d_

3|,L1—T| Com

This inequality can be interpreted asCg, -value of 1 which implies that the process

mean,u, lies within the middle third of the specificatiomterval, and in general, it

lies within the middle}éC of the specification interval i.e.d3C . Therefore,
pm pm

given aC,, index of 1.00, we know thatl —%<y< M +%. This interval is much

smaller than the one fdZ , equals to 1.00, which is equal kb —d <y <M +d.

Parlar and Wesolowsky (1999) notes that Tf=y, then the three basic

PCIsC,.C,, C are connected by the relationship

2
1 C
Cpk = Cp _5 (C—p] -1

pm

pm

Whereas the indexC,, has the attractive features that it incorporathe t
parameterd, u, T,ando, it has an important omission, namely the paranidte
The indexC,, rectifies this deficiency. To devise an index tisamore sensitive to
departures ofu fromT, Pearnet al. (1992) introduced another process capability

index,C The index takes its numerator fro8y, and its denominator fro@,,,

pmk*
hence it is a hybrid.
_min(USL- u, u—-LSL)

Com (1.3.10)
0% +(u-T)
d-|u-M
Comk = M : (1.3.11)
2 2
o’ +(u-T)

When pis equalto M, C,,, is equal t&€ |

m*

Also notice that
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min(USL_’u,’u_ LSL)
C = 30 K's)
pmk T 2
1+(,u j
g
C . = Co

pmk

and wheny is equal td, C,, is equalt€ .
WhenT = M and for fixedy, the indexC ,, is bounded from above whentends to

d 1 d
0 and thatC_, < ——or|U-T|<——m.
" @u-T) 3 ol 1+3C,,)

This inequality can be interpreted a€g, -value of 1 implies that the process mean,
u, lies within the middle fourth of the specificatioange i.eM —%<,u< M +%. In

1
general, the process mean,lies within the middle(—) of the specification
1+3C

pmk

range i.e.( , whenT = M.

o da
1+3C,,,)

C,mk IS certainly worse thaiC,, for being associated with a certain percentage of
non-conforming product, but again, one should aose this index ifp is the main

interest.C ,, (@and usuallyC ) is much more sensitive than other capabilitlidas

pmk
to movements in the process average relatiie s seen in (1.3.10), whep is

equal toT, C,, is equal te€ . If 4 moves away from, however,C,,, decreases

pmk
more rapidly than do&s, , although both are zero whep equals one of the
specification limits.  Conversely, whega is brought closer tav, C, increases
much faster than do€y, . C, reveals the most information about the location of

the process mean and the least about the propomicitonformingp.

29



Vannman (1995) shows that among all the indicesemted thus farC , is the most

sensitive to departures of fromT. The ranking of the following four basic indices
discussed thus far in terms of sensitivity to deparof the process mean from the

target value, from the most sensitive to the leassitive are (1€, (2) C,,, (3)

C, and (4)C,.

A further interesting relationship among the ingiggven in Kotz and Johnson (2002)

is derived as follows:

Since
Cox
Cpmk: i T 2
1+('u_ j
o
USL- LSL
_ 60° Cox
2 USL- LSL
U-T) ——
1+ 2
\/ ( o j 6o
C C,.C
OCom = Cme—pk = pC b
p p

Another hybrid index i€’ _, proposed by Chan, Cheng and Spiring (1988). fitlex

pm?

takes its numerator fror@ T and its denominator fro@,,.

C:fm _ minUSL-T, T- LSD (1.3.12)

o +(u-T)

d-[T- M|

ct, = :
3o’ +(u-T)

. # .
WhenT is equal toM, C_ is equalt€,.

Notice also that
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. USL-T T- LSL)
min( ,
ct = 30 3o
pm

T 2
]+(’ j
g
p

When 4 is equal toT, C} | is equal t€ T .

B
Com =

1.4 THE UNIFIED APPROACH

The unified approach is proposed by Vannman (19%8nnman constructs a

superstructure class to include the four basicceslC ,C,, C,, and C,, as

pm
special cases. By varying the parameters of thass¢lwe can find indices with
different desirable properties. The proposed nalicas depend on two non-negative
parametersy andv, as
d-uu-M
C,(uv)= M (1.4.1)
30" +v(u=T)

It is easy to verify that:

C,(0,00=C,; C,(1,0)=C,,; C,(0,1) =C

pm?

C,(L1,2) =Cpy.

From the study ofC (u,v), large values ofu and v will make the index
C,(u,vymore sensitive to departures from the target valdeslight modification
gives the even more general index class which cimsi@fjm as a special case as well.

d-u|u~M|-u,[T -M|

3Jo? +v(u-TY

Cp(uy,u,,v) =

(1.4.2)

c,(o1)=C;,
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The fiveC,,C,,C Comk andC! , are equal whenu=T =M, but differ in

pk * ~pm? pm?

behaviour whem # T .

1.5 THE NORMATIVE APPROACH

It is important to note that the process capabhititlices discussed thus far plays only
a passive role in the manufacturing sciences. Tinections of assessing and
monitoring are not predictive, nor are they proagtiand thus the available process
capability indices mainly serve as policing devic®¥ghereas this by itself is a
necessary activity, a much more useful role casdyged by the process capability
indices if they can also be used to predict andawtrol the quality of the future
output (Singpurwalla, 1998).

The normative approach for the control of qualisybased on decision-theoretic
considerations. It provides a vehicle for accontytig both the retroactive function of
assessment and monitoring as well as the proatmation of prediction and control.
Furthermore, the normative approach is able tgmate the three tasks of assessment,
prediction and control within an interactive andifying framework. Here, one
monitors the observabl¥ (rather than the unobservahly and makes a decision to
continue production, to modulate it or to stopbiésed on the consequences of the
deviation of Y fromT . The decision is proactive and is dictated by ghedictive

distribution ofY and the utilities associated with a control of pihecess.

The work of Bernardo and Telba (1996) appears tdirseto have introduced the

normative approach in the context of process céipaindices (Singpurwalla, 1998).

1.5.1 BAYES CAPABILITY INDEX

In the manufacturing industry, process capabilitglgsis is used to flag high values
of the proportion of non-conforming parts in orderprevent further production of
unacceptable output. The analysis assumes exist#neagineering specifications,

that the process is normally distributed and thatgrocess is in statistical control.
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However, the abundance of outputs from skewed ibligions and the censoring

effect induced by the finite precision of actual amgres often makes rather
unreasonable the normality assumption on whichittosmdl capability indices are

intuitively based. Moreover, the sampling distribos of the estimators of the
capability indices are often intricate, even ungemality assumption (Singpurwalla,
1998). Consequently, point estimators of the céipaindices, with no reference to

their precision, are usually quoted. This is midieg practice, for even large samples
may produce rather unreliable estimators.

A Bayesian index is proposed to evaluate procgsahilty which, within a decision-
theoretical framework, directly assesses the ptapoof future parts which may be
expected to lie outside the tolerance limits. Tigisults in a new general capability
index which:
I.  Has a solid decision-theoretical foundation

ii.  Does not require the process to be normal

iii.  May be used for multivariate observations

iv. May accommodate measurements with error

v. Contains the conventional index as a limiting case.
The proposed capability index is a direct functiohthe data, whose value is
sufficient to solve the relevant decision problem.

The Bayes capability inde@B(D) (Bernardo and Irony, 1996) is given by:

C, (D) :%CD‘l{Pr(yD Al D)} (1.5.1)

whereVv will be set equal to 3 or 6 andl is the tolerance regior is the distribution

function of the standard normal distribution, abdthe available data.

Accept that the process is capable if and only if:
Cy(D)=¢ (1.5.2)

wherec, is a threshold value.
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The precise relationship between the general Bagesndex CB(D) and the
traditional (conventional) inde€, andC,, is now derived below (see Singpurwalla

(1998) for a similar analysis).

It {Pr(yD A| D)}is set greater or equal pg, i.e:

{Pr(yOA|ID)}2 p, (1.5.3)

then a strategy would then be to take a monotoarstormation of the terms on both
sides of inequality (1.5.3). A possibility, andetone proposed by Bernardo and

Irony (1996), is the probit transformation:
o {Pr(yOA| D)} =0 (p,)

Dividing both sides by gives the Bayes capability index as defined bynBeto and
Irony (1996), since:

%dfl{Pr(yD A| D)} 2%/6!3‘1( R)

implies that

1 _
==t
&= (po)

Instead of the probit transformation one may alsonsaer the log-odds

P

transformation of the typd})gl—. However, if the predictive distribution of is
-p
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also a Gaussian with mean and variances® - which can occur under some very

general conditions involving large - then

{Pr(x0 Al D} :cD(US;'“j—q:(%j

and now in the case probit transformation the alvedeces statement to:

o o[t of )

Dividing byv, the Bayes capability index now states the prorsesapable if:

qul{q{USL_ﬂj_q{Mj}z% (1.5.4)
\) g g
o s
\) g g
USL- LSL
— ">,
VO

and withv =6 the Bayes capability index now states the prosesapable if:

USL- LSL
———>g,

- (1.5.5)

szco'

The left hand side of (1.5.5) is precis€ly, the PCl introduced by Juran (1974).

Going back to (1.5.4)

Assumev =3, (1.5.4) results in

:_ch—l{q)(wj_qp(wj}gco_ (1.5.6)
3 o o
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Suppose now thatsis not centred & , but is in the vicinity of LSL in such a way
that

(USL- ) > (u~ LS and agaifUSL- i) > o.

That is, the process is said to be non-centregdtgintially capable, then,

q)(USL—,u
g

1o {1— CD( LSL_’”’)} > ¢,

3 o
qul{cb(”_ LSLJ} >,
3 o

- LSL>
> 157
30 0 (1.5.7)

C:pl 2CO

le, and inequality (1.5.6) becomes

Conversely, suppose now thatis not centred aM, but is in the vicinity of USL in
such a way that

(#=LSL)> (USL- ) and agaifiu—LSL) > o.

That is, the process is said to be non-centregbtgentially capable, then,

cb(’u_ LSL) =0, and inequality (1.5.6) becomes
o
Ecb‘l{da(USL_”j-O}ZCo
3 o
lqn‘l{dJ(USL_yj}Z Co
3 o

USL- u
2% (1.5.8)

CPUZCO.

The indicesC, and C  would lead to decisions similar to thoseCgf,, but the
decisions based on the ind€x, would be closer in tune with those based on the
Bayes capability index. This point is discusseddetail in chapter 3. Why this
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disparity of decisions based on the indey, and the Bayes capability index? The
answer lies in the fact that the indé€x,,, inflicts penalties whenever the sample

mean of a rating period deviates from the targetand also from the mid-poini,

whereas the Bayes index penalises whenever aailsittd belong to its specification

limits.

One advantage of the Bayes index is that it auticalbt takes into account the
possibility of having non-conforming units in bathides of the interval defined by the

specification limits, wherea€ , will only consider that side in whicly is closer to

the specification limits.

1.6 EXPECTED PROPORTION NON-CONFORMING

The capability indices discussed thus far are desigto measure the process
capability when the studied characteristic is ndrimasuch a case, the indéx, can
be interpreted using the probability of non-confanme, that is, the probability of

obtaining a value that is outside the specificationits. Elementary probability

arguments show that the probability of non-confarosa

1-P(LSL< Y< USh=1- RS- Y-H USka,
g g g

m}(sch)'q)(_:ngl))
(=3, )+@(-3C, ))

20(~3C,) if (u=M) (centred state),

where ® denotes the standard normal cumulative distributimction. If C,=1 then

USL=x+30 LSL=u-30, the expected proportion non-conforming producemwh

the process is centered is 0.27%, which is regaadedcceptably small’.
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The value ofC, does not determine the probability of non-confaroe but limits
it, and the probability of non-conformance is neveore tharQCD(—:%Cpk). The
corresponding is true for bofd,, andC ,, and the probability of non-conformance

IS never more thaQCD(—?Cpm) and ZCD(—BCpmk) respectively.

Several authors recommend reporting just the p&gerof non-conforming product,
say p, as an indication of capability. Although provides a simple and concise
summary of process quality that is easy for custenamd top-level managers to
understand, it is of limited use for practitionevbo are working to improve the

process as illustrated in the figures below.

Given thatpis 5 percent for a process, how would one impraxadity?

Product is about 526 non-conforming
0.025 T T T

0.02 - .
0.015 -
0.01 -

| —’_’—\—»‘t |
o : |

200 250 300 350 400
Measurement Y

LSL=220 and USL=380

Figure 1.8: A process which can be improved by cettyprocess standard deviation

If 2.5 percent of the non-conforming parts are elbhe LSL and the other 2.5
percent are above the USL, the process standardtidevmust be reduced (see figure
1.8). This is much harder to achieve without chaggirocesses or machinery. Using

superscriptg,, ¢, to denote thep -values applicable to non-conforming by reason of
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Y being less thaty, or greater thafy, both p and p“ being “large”, improvement

efforts must focus on reducing.

Product is about 526 non-conforming
0.025 T T T T T

0.02 |- — -
0.015 - -

0.01 -

N L |
o I I I I

L Il Il
200 250 300 350 400 450 500 550 600 650 700

Measurement Y

LSL=220 and USL=700

Figure 1.9: A process which can be improved byingighe process average with

standard deviation unchanged

If all 5 percent of the non-conforming parts aréobethe LSL, the process average
must be raised (see figure 1.9).pdf° is greater thap™, the practitioner knows that

 should be shifted higher.
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Product is about 5% non-conforming
0.025 T T T T T T T T

0.02 -

0.015

Proportion

0.01 +

0.005 +

T

0 150 200 250 300 350 400 450 500

Measurement Y
LSL=100 and USL=460

Figure 1.10: A process which can be improved byeling the process average with

standard deviation unchanged

If the non-conforming parts are all above the UtBlen efforts must be made to lower

the mean of the production with the standard dmnainchanged (see figure 1.10). If

p" is less thamp™, the practitioner knowg: should be shifted lower.

Based on justp, which course of action should one pursue to imprpracess
performance? The capability index measured by jusprovides few answers to

these vital questions.

Yeh and Bhattacharya (1998) proposed the use o€ClbRsed on the ratios of
expected proportion non-conforming to actual obsérer estimated proportion non-
conforming. In itself this is simply the ratio

Bo

P
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wherep, is the desired proportion of non-conforming outpuid pis the actual
proportion. This PCl is simply estimated by
B
p
Another PCI, suggested by Yeh and Bhattacharya8)] @¥stinguishes between non-

conforming items for whichY is less thar,, and those for whichy are greater

than/,. They suggest using the PCI index as

o A
min( po/ , po, ]
p° p

Using this latest notatiom,= p® + p*.

1.7 ESTIMATION OF THE INDICES

The most prevalent methods of estimating the a€is are to replacg by

Y =

Sk

n 1 n —
Y andoby S=\/—Z(Y‘ Y2,
-1 n_li:]_

whereY,,Y,,---, Y, are independent values ¥f or by an appropriate multiple of the

ranggR = maximumy ) - minimumY ) . Very often, estimation is based on values

from a series of samples, combining the individsaiple estimates into a single

estimate.

_ 2
The assumptions are th#thas aN (,u, 02) distribution, hencey has aN[,u,%j

2

a7
(n-1)

2

distribution andS® has a distribution, andY and Sare mutually independent.

The estimates of the capability indices become:

Cp,. Coi, Co Cous Po. P CoT, Gom Comik € o
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Traditionally, practitioners estimate

C, andC,, with o= (AIAG (1995)). For example,

USL- LSL

Cp =
60w

~ R
whereogr = —.
d,

or is a popular measure of within—subgroup estimaitetiie process standard

deviation in the manufacturing industry (see disaus papers by Bothe (2002),
Rodriguez (2002), Lu and Rudy, (2002)), wheReis the average range for a set of

consecutive subgroup samples afdis the control chart constant used to determine

control limits for a range chart. It is a constamaichieve an unbiased estimaterof

When the indices are computed usiagas an estimate of based on individual

measurements, they are denotedADasandIE‘pk.

For example,

T USL-LSL
Pp=— ——
6s

ﬁp and ﬁpk are designated as estimators of “process perfarenaices”.

If a process is stable?, andP,, are approximately equal @ andC , respectively,

since a stable process has little between subgvadpbility. If the process is in

statistical control and there is nothing present ttne inherent variation, there is

therefore no distinction betwee, and C on the one hand ang,, andC, on the

other and the two estimates of the indices woubttlyihe same result.
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1.8 ORGANISATION OF THE THESIS

Process capability analysis alludes to the pogsibdf applying the Bayesian

simulation approach to process capability indiagshsasC,, C,, P, and P, . By

putting a prior ongand ;2. Simulation of most of the indices covered in this

introductory chapter is dealt in chapter 2.

Bayesian simulation procedures are used to solestipplier selection problem in

chapter 3.

In chapter 4, Bayesian simulation estimation ofghmgle variance component index

C, including estimation of the distribution of thedax from the first four moments

pl,
about the origin and other methods are discussel@pth. Differences between two

such indices are also discussed.

Chapter 5 introduces a process capability indexav@rages of observations from new
or unknown batches in the case of the balancedoraneffects modelwith two

variance components.

Chapter 6 extends the capability index in chaptésrihe balanced random effects

model to three variance components.

Chapter 7 summaries, concludes and suggests arefasther research.

Appendix Al

Proof of theorem 1.3.1

Let R{ y:| y-4/> ¢, then
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P(Y-4>09=[ f(ydy

if yOR,
ly-u

CZ

Thus

>1.

y-u’ -
Jrodys[=T f(pays |

Hence

0.2

P(Y-4>9<—.
c
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CHAPTER 2

BAYESIAN SIMULATION IN PROCESS
CAPABILITY ANALYIS

2.1 INTRODUCTION

Process capability analysis alludes to the po#siluif applying Bayesian simulation
procedures to these indices since a prior disiohutan easily be attached to the
mean and variance of a process. This chapter deratasshow Bayesian methods for
making inferences about the proportion of non-confog units in a quality control
setting can be implemented using simulation teasg Random draws from the
posterior distribution of the quantities of intdrese used to construct the needed
inferences. Although Bayesian simulation will besalissed in all subsequent
chapters, it is formally discussed in this chapfene theory behind a Bayesian
simulation technique is discussed and a complgtaighm for doing the simulation is

Cour + Cor Pyv Py C,T,

pk?

presented for each of the capability indic€y;, C

pl? u?t ? pk ?

C,.,C.,, and Cpm#. The methods are illustrated using the aircratih dallected by

pm? pmk

the Pratt and Whitney Company (Niverthi and Dey0®0 The Bayesian simulation
results will be compared with the frequentist dieasmethods.

Histograms of the simulated data obtained fromekample will be illustrated and
where possible compared with the theoretical cupl@. The methods can be
generalised to more complicated situations whiah ilnstrated by discussing the
extensions to two and three variance component Imounte chapters 5 and 6

respectively.

Bayesian data analysis essentially involves:
(1) A parametric model and the assignment of pribbaldistributions to all
parameters. Setting up a probability model, whigbgests a distribution for

observables (measurements or attributes) conditionaunobservables (the
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(2)

@)

parameter @ vector) where a functionI(Q)say, of some or all of the

parameters and observables is the object of inferen

A prior distribution p(d) summarises a priori uncertainty about the likely

values of the parameters. The prior distribution foneeds to be formulated
based on prior knowledge. This is usually a diftitask because such prior
knowledge may not be available. In such situationsually a thon-
informative prior distribution is used. The basic idea behiodnulating such

a vague prior distribution is that it should bet ftver all & such that the
likelihood (the densityp(Y |6), evaluated at the observed valug 9fplays a

dominant role in the construction of the posterensity. Jeffreys (1961)

formulates such prior distribution based on certauariance arguments.

Upon observing data, inference is based on pbsterior density of the
parameters, given the data. The recent increase¢hen availability of

computational resources and the development of atatipnal techniques has
led to great advances in the application methodsotoplicated problems in
various disciplines. The posterior is computed imarmalised form using
Bayes theorem by product of the likelihood functaord the prior density of

the parameters. However, explicitly suppose thdl |&) is the density
function of the measuremen¥s, conditional on the parameté vector, then

the posterior density function &f is given by:

p(Y|8) p6) (2.1.1)

PO T 016 o) &

Draws are simulated from the above posterior distion by drawingd from

p@1Y).

The above equation is the essential ingredienbfefénce about the quantity

of interest (8), a known function o®, such as a process capability index.
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2.2 ADVANTAGES AND DISADVANTAGES OF THE BAYESIAN
APPROACH

Some of the advantages of the Bayesian approach are

0] The Bayesian practitioner does not need to commisélf/herself only to
a point estimate of the parameters. Credibilityenmals can easily be
obtained.

(i) Uncertainty about the true values of the parametsrsformally
incorporated into the analysis through the choitcéhe appropriate prior
distribution.

(i)  Given the data, the prior information about thenown parameters and a
well defined loss function, there exits an optifBales predictor.

(iv)  All the available information about the quantityioferest to be predicted
is contained in the posterior distribution. Theqgpiteoner can, therefore,
base all of the inferences on this distribution.

(v) The Bayesian approach is conceptually more appeé#ian the classical
approach.

Critics of the Bayesian approach have most oftetddhe following points:

(1) The Bayesian practitioner must formally expres#hleisprior beliefs about
the unknown parameters in the form of a probabdisgribution.

(i) The Bayesian methodology is computer intensivemiany situations,
integrations in several dimensions are requiredoltain the required

posterior distributions.

These might have been valid criticisms in the fagtby using (a) non-informative
priors like the Jeffreys prior, probability matchirand reference priors, and (b)
numerical integration techniques like Markov Chilonte Carlo methods and more
specifically Gibbs sampling, these problems canv®come.

In Monte Carlo simulation, random draws from thestpoor distribution of the
guantities of interest are used to construct trexlee inferences. Histograms of the
simulations can be constructed. This is precidatyadvantage of the sampling based

approach, where one can create the posterior llifons (realisations of the
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parameter in the form of a histogram) based ons#mples and hence can do
inferences from the posterior distribution withgoing through the exact distribution.
From distributions of the capability indices oneinsa position to obtain quantiles,
credible regions and to perform other inferentiakks. The methods can be
generalised to more complicated situations. Thisvdwer requires computational

resources.

2.3 THE BAYES STRUCTURE FOR NORMAL DISTRIBUTION
WITH BOTH PARAMETERS, MEAN AND VARIANCE,
UNKNOWN

Denote the likelihood function byY |8). A classQ of prior distributions is said to
form a conjugate family if the posterior densipy@|Y) [0 p6) (Y| 6) is in the class
Q for all Ywhenever the prior density is @n. Conjugate priors are often very

precise and represent a very strong belief ab@udlue of some unknown parameter

and this belief ends up dominating the likelihood.

It is often sensible to analyse scientific datatlb@ assumption that the likelihood

dominates the prior. Two important reasons for éinesas follows.

I. Even if two people both have strong prior belidist the value of
some unknown quantity, they might not agree, andeéms
sensible to use a neutral prior which is domindtethe likelihood.
This kind of prior could be said to represent tih@ms of someone
who had no strong beliefs a priori.

il. In many scientific contexts one thinks that the exkpent will
increase one’s knowledge significantly, and if tisathe case then
presumably the likelihood will dominate the prior.

A vague prior distribution for the normal parameteneany, is taken as
p(x) dc, —o< <o, a constant. This density can be regarded as esgreg a

normal density of infinite variance. It should ba&ted that this is not a proper density

function. Nevertheless, one often finds it usédubxtend the concept of a probability
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density function to some cases like this whichcaled improper ‘densities’. It turns
out that sometimes when one takes an improper gapsity, it can combine with an

ordinary likelihood to give a posterior which isoper.

Suppose thatp(u) O c,—o<pu<c is the improper or non-informative prior
distribution and an informative prior is representdy the conjugate prior
U~N(y, ,0,) with 4,=2 and o, =1. The next figure is a plot of a conjugate and
an improper prior. For

illustration purposeg will be taken as 0.1.

0.45

M2, 1)
— - — - pluF01

0.4

0.35

0.3

0.25

p(K) 02
0.15

R T T T

0.05F .

Figure 2.1: A plot of a conjugate and an impropeopfor the mean

If a prior distribution is quite flat, then the pridistribution has little influence on the
posterior. If one does not have strong prior opiei@s required by the conjugate
prior, a vague or non-informative prior is the beaternative. Under such

circumstances, one’s posterior opinion is maintgdained by the data one observes.

Suppose the informative prior for a parametee@esented by the conjugate prior as

@~I1G(a,pB)i.e. an inverse gamma distribution with hyper-pagters a, 5> 0,
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where ¢ denotes the variance paramefBne vague prior used feris a particular

case of the pridG(a, ) in whicha =0 andB=0. Thus

— /80 —(a+l) 5~ Ble
= e”'? wherap>0.
P (@) I'(a)¢ ep
1

p(w) D w—(aﬂ)e—ﬁ/(p = w—(0+l)e—0/¢7 D -
@,

The next figure is a plot of a conjugate and vaguer forg .

50

| IG{16,1)
a5, — - — 1600

40 . -
351 i

a0+ -

P(®)

Figure 2.2: A plot of a conjugate and an impropeopfor ¢

Theorem 2.3.1

If X has gamma distribution with parameter$ 0 andg >0, denoted as

X ~ G(a,B) and density function

— ﬁa a-1) 5 Bx
Py (X) —r(a)% e? x>0,

thenY :% has an inverse gamma distribution denoted by

Y ~ 1G(a, B)

The density function oY is
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- ﬁa (a+l) 581y
Py (Y) —r(a)y e””, y>0.

Proof

The proof is given in Appendix A2.

Remarks

1. If X ~ IG(a, ), therY :% ~ 1G(a, B).

2. A gamma density witl :g and g :% is a Chi-square density since

n

1j2
B ya e‘ﬁx=(2— e é@x— 1 ééj which is the Chi-

(9 =—— ;
S [

square density with n degrees of freedom.

Theorem 2.3.2
If X ~1G(a,pB), then %~X220

Proof

The proof is given in Appendix A2.

The Bayes structure for the normal distributionhwitoth parametergs and o

unknown will now be introduced. Since both the meanand varianceo® are

unknown, a joint prior is put on them. It is muclom realistic to suppose that both

parameters of a normal distribution are unknowheathan just one.

Let Y = u+g
wheres, ~ N(0,0°) independent of each other.

or simplyY ~ N(,u,az)

A prior on Q:[,u,az}' is now needed. i.e., a joint prior omand o® must be

specified.
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The non-informative Jeffreys’ joint prior is

p(u,0?) 0 % =0,

It is usual to takep(u,o?) Diz as a joint vague prior. This is the product of the
o

vague prior p(#|o®)0c¢ for u and p(o?) Diz forp=0?® in the gamma vague
o
prior.

1
p(u,0?) = p(u|o?)pc?) 0 0o 2.

This then gives rise to Jeffereys’ prior (Jeffereh@61).
p(u,0*) 0072
Consider the case where we have a set of obsemsailc-r[{, Y, Y]' which are

normally distributed with meaw and variancer” i.e. Y ~ N(¢,0%) . Both ¢ and g?

are unknown. The following theorem can now be state

Theorem 2.3.3

Suppose one has a set of observaticlhs[\(, Y, - X]' which are normally

distributed  with  parameteysando? , both  unknown and prior

distributionp(y,0?) 0 o>,
The marginal posterior distribution far® is:

o’y ~1G(3.3)
and that fory giveno?:
u|o?Y ~ N(Y o?/ r)

S

whereS:Z(Y—_ﬁz, v nland %=V

Proof

The proof is given in Appendix A2.
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In theorem 2.3.3, the following is proven:
The conditional posterior density @f is normally distributed

_ 2
MEAE N[Y,%j

and the posterior density for the variance comptmgnis given by

_(n1)_

p* 1Y) = Co?) * “expl-3 (DS 07 o>

i=1

i.e. an inverted gamma density, wheére[Y, Y, ...Y], _\rklz \, the sample
n

means’ :ilz (\(—7()2 the sample variance and the normalising conssant i
n—-13

(- 1
=[5

p(c?|Y) is an inverted gamma density of the form

G(xla. )= £ X" expt- )

with

_1, _(n-ps
a—z(n 1) and 8= 5

n-1)s
Also % ~ Xy -

Aircraft Data Example

To illustrate how to simulate process capabilityioes using the Bayesian techniques
discussed, the following historical air—craft datellected by Pratt and Whitney
Company is discussed. The data set provided ineT24l is the first twenty of fifty
observations of an aircraft feature (MQI 128) fransomponent hub which is part of
the engine and is given in the first column of Bablon page 672 of Niverthi and Dey
(2000). The unit of measurement is centimetres. dihgaft component, being very
critical, requires the manufacturing process anbdssguent steps to have a high
degree of precisionUSL=6.397,LSL=6.39& andl =6.395). Both of the above

limits were selected solely for illustrative purpss In practice, fixed in advance
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limits are often determined from engineering orutatpry considerations. The target

T is chosen as the centre of the specification $imit

Table 2.1 Aircraft data (MQI 128)

6.3950 6.3952 6.3950 6.3958 6.3950
6.3952 6.3952 6.3948 6.3952 6.3950
6.3950 6.3952 6.3946 6.3954 6.3952
6.3950 6.3952 6.3950 6.3952 6.3952

Source (Niverthi and Dey, 2000)

2.4 SIMULATION OF THE VARIANCE, THE MEAN AND A
FUNCTION OF THE MEAN AND VARIANCE

The simulation is performed with Matlab packagesiar 7.1.0.246 (R14) service
pack 3, August 02 2005, and subsequent calculatwasall performed with the
Matlab command prompt.

It has been shown that:% ~ x5, and fora = (n;l), ﬂ=¥ , X =

2((n—l) SZJ
2 — -
p = (n 012) s ~ Xeopy » and thereforg? :—(n rl) s :

2

g

thenr =

1. Simulation ofg® can be obtained in the following way:

(@) Simulate 7 from a x?, distribution, as a sum ofn-1) squared

n-1
independent standard normal random deviates 'r.EZZiZ where
i=1

Z, ~N(0.)

(b) Calculate o” = where * indicates a simulated value.

© o =V~

pu— 2*
2. U |o®,Y is simulated fromN [Y,UTJ

(n-1)s
r

3. Computet(@_*) whered' =[x ,0]"
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Repeat steps (1-3) fof =1 to 10 000 times and a histogram oft(e_*) is then

constructed. For each simulation one ends up With0o0 pairs c(f,u*“’ ,at? ) This

is precisely the advantage of the sampling basedoaph, where one can create the
posterior distributions (in the form of a histoghabased on the samples and hence
one can do inference from the posterior distributiathout going through the exact
distribution. From the distributions of the capdpiindices one is in a position to
obtain quantiles, credible regions and perform otinéerential tasks e.g. single

summary measures of the process capability indiEgguire 2.1 below shows a

histogram of simulatecp(02|Y) for the aircraft example.

25 T T T T T T T

p(o’Y) 1

05r .

a’ly

Figure 2.3: A histogram of simulategh(c?|Y)

Bayesian simulation is started with the simplegatality index, namelg .

2.5 SIMULATION OF C,

Simulation of C, can be obtained in the following way:
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1. Simulation ofr:

2.

(@ Simulate r from a x>, distribution, as a sum ofn-1)

n-1
squared independent standard normal random de\iiatezs:ZZi2
i=1

where Z, ~ N(0,1)

(b) Calculate o = (n-)s’ where * indicates a simulated value.
T

(c) o =" .

ComputeC,’ :USL;*LSL .
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Repeat steps (1 and 2) fé=1 to 10 000 to get a series of values ©f and plot a

histogram of the index.
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Cp

Figure 2.4: A histogram of simulatep(C, |X)
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Table 2.2: Estimates of index value and 95% credibgion forC,

Index Classical estimate Bayesistimate
Mean 95% Credible regign
C, 2.8066 2.7689 (1.9156; 3.6863)
The classical index estimate @, :% wheres’ :il (Y-Y)?2.
S n-1%g

The Bayesian mean estimate is simply the averagéhefl10 000 realisations.

1 10000

Co ==Y C.
P 1ooooZ P

1=1
To construct the percentile credibility interval f@, we sort the 10 OO(OZp* values

in ascending order so that:

C D<@ <... < 10000
P —p = = :

In this application, 10 000 values ﬁfp* are sorted from smallest to greatest and the

critical values are found by selecting the valueha position(%)xloooc as the
lower bound and the value in the posit(bﬁ%)xloooc as the upper bound. The

credibility interval is then constructed @g ((%)xloooo}cp* ( (1—52 X 10009.

The 95% credibility interval i€ | (250)- C_ (9750.

2.6 CHECKING THE SIMULATIONS USING THE TRUE
DISTRIBUTIONS OF THE VARIANCE AND C ,

Once computation of the posterior distributionglbthe estimates (using simulation)
is accomplished, the relatively easy step of agsgdke fit of the model to the data

should not be ignored. Checking the model is ctunistatistical analysis. Bayesian
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prior-to-posterior inferences assume the wholectitre of a probability model and

can yield false inferences when the model is inlali

In theorem 2.3.3 one observes that for a giverosebservationsy =[Y, Y, - Y]
which areN(u,0%), with gando® both unknown and for the prior
distributionp(u,o®) 0 o 2.

The marginal posterior distribution far’ is:

a?lY ~ 1G(%.3) whereS:Z(Y—_ﬁz, = nrland %:%

This distribution can now be plotted and contrastéith the simulated values of .

Below is a diagrammatic representation of the iistion of (o |\_() over-laid on a

histogram of the 10000 simulations.

25

p(a?|Y)

0.5 .

L I —

0 0.2 0.4 0.6 0.5 1 1.2 1.4 1.6 1.8 2

2\

Figure 2.5: A posterior of distributiom? and histogram of simulated® |\_(

The next theorem also illustrates the idea of cimgckimulations by plotting the true

distribution of theprocess capability index.
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Theorem 2.3.4

If X has an inverse gamma distribution with parameterd) andg >0, denoted as

X ~1G(a,pB) to mean

px(x):—'g XD el x>0

(%)

K| K2) el e
thenY = %has the following distributioan(y):Z(ﬂ ) (yz) 2 gAY

r(a)
Proof
The proof is given in Appendix A2.
If we now takek :%: —: wered :% and X =g? in theorem

2.3.4, thery = k /% :%: G- The density in theorem 2.3.4 is then the
o

density of C, and it can be plotted and compared with the histogof simulatedC

values.

Below is a diagrammatic representation of the itistion of C over-laid on a

histogram of the10000 simulations.
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Figure 2.6: A posterior distribution of , and histogram of simulate, |\_(

The Bayesian simulation results using the non-mgtive priors look plausible. The
curves do go through the mid-points of the histogrdor a good fit.

2.7 SIMULATION OF C AND C,,

Simulation ofC,; andC, can be obtained in the following way:

1. Simulation otr:

(@ Simulate r from a x2, distribution, as a sum ofn-1)

n-1
squared independent standard normal random de\iiatezs:ZZi2
i=1

where Z, ~ N(0,1)

(b) Calculate o =u where * indicates a simulated value.
T
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3.

© o =Jo*.

2. U |o%,Y is simulated fromN(

ComputeC,," =

U —LSL

and C

—_— 2*
v U_J
n

. _USL-y

pu 30-

Repeat steps (1-3) fof=1 to 10 000 to get a series of simulated values @f

andC,, . A histogram of each index is then constructelliatlab.

Figures 2.7 and 2.8 show the histograms. Summargsunes from the Bayesian

simulation approach are given in tables 2.3 and 2.4

piCph

09
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0.7

0.6
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1.5 2

2.5

3
Cpl

Figure 2.7: A histogram of simulated, |\_(

3.5 4 4.5 5

Table 2.3: Estimates of index value and 95% credibgion forC

Index Classical Bayesian estimate
estimate Mean 95% Credible region
C, 2.9750 2.9349 (2.0185; 3.9118
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The classical index is estimated EAM =Y —3LSL .
S

Dg T T T T T T
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piCpu)
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Cpu

Figure 2.8: A histogram of simulate@,|Y

Table 2.4: Estimates of index value and 95% crediegion forC ,

Index Classical Bayesian estimate

estimate | Mean 95% Credible region
Cou 2.6383 2.6029 (1.7891; 330
The classical index is estimated EAx\,su = US;'S_ Y .

Since the process is centred on the midpoint (targe the specification range

(\_(:6.395]and T=6.395), and the symmetry properties, theogiams ofC, and

C,, look the same.
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Chapter 4 will explore the indexC, _H#-LSL

further. An exact posterior

distribution of the index will be derived. Becausk symmetry, the same results

distribution would apply to the indeg ,. The indexC is extended to two variance

components in chapter 5 and to three variance caewis in chapter 6.

2.8 SIMULATION OF C

Simulation ofC,, can be obtained in the following way:

1. Simulation ofo:
(@) Simulate 7 from a x’, distribution, as a sum ofn-1)
n-1
squared independent standard normal random d(=:\ji¢ectezs:ZZi2
i=1

where Z, ~ N(0,1).

(b) Calculate o” = where * indicates a simulated value.

© o =Jo*.

pu— 2*
2. U |o®,Y is simulated fromN [Y,UTJ

(n-1)¢
r

C

M~ o0 lZSL, and

. USL-4
30 i

3. ComputeC,’ o 0

C, =min( C,. .C, )

Repeat steps (1-3) for=1 to 10 000 to get a series of values@f, and a histogram

of the index.
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Figure 2.9: A histogram of simulated,, |\_(

Table 2.5: Estimates of index value and 95% crediegion forC ,

Index Classical Bayesian estimate
estimate Mean 95% Credible regian
Cox 2.6383 2.6017 (1.7859; 8@3

The classical index is estimated by minin(@rm,&pu).

2.9 SIMULATION OF P

When the indexC, is computed using = , as an estimate of based

on individual measurements, then the indi(‘:gsand P, are one and the same index.
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2.10 SIMULATION OF P

Following the same arguments G, andP,, when the indexC , is computed using

as an estimate off based on individual measurements, then the

indicesC, and P, are one and the same index.

2.11 SIMULATION OF C T

Simulation of C T can be obtained in the following way:

1. Simulation ofo:

(@ Simulate 7 from a x2, distribution, as a sum ofn-1)

n-1
squared independent standard normal random de\iic-xtezs:ZZi2
i=1

where Z, ~ N(0,1)

(b) Calculate o = (n-)s where * indicates a simulated value.
T
(c) o =vJo".
2. ComputeC,T' :min(uzL:T, T;U*LSLJ, where the target value is
”

T.
Repeat steps (1-2) fof=1 to 10 000 to get a series of values G{T and plot a

histogram of the index.
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Figure 2.10: A histogram of simulatébLTD(

Table 2.6: Estimates of index value and 95% credibgion forC T

Index Classical Bayesian estimate
estimate Mean 95% Credible region
C,T 2.8066 2.7689 (1.9156; 3386

The classical index is estimated ﬁyT = min(USL_ T, T- LS'—j

3s 3s

USL-T T—LSLJ _d-[T-M|

CpT = min( , and whed =M, CpT = Cp which
30 30 30

explains why the histograms and estimate€of are the same & .
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_USL- LSL

-IT-M
If we now takek :% wered and X =¢? in theorem 2.3.4,

/ d-|T-M
thenY = % :%: G, T. The density in theorem 2.3.4 is then the density

of C,T and it can be plotted and compared with the histogof simulatedC T

values.

Below is a diagrammatic representation of the itiston of C T over-laid on a

histogram of the10 000 simulations.

Dg T T T T T

0.8

0.7
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p(CpT)
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0.1

1] 1 2 3 4 5 5
CpT

Figure 2.11: A posterior distribution o€ ' T and histogram of simulated:pT|X
2.12 SIMULATION OF C
Simulation ofC,,,, can be obtained in the following way:

1. Simulation ofo:

(@) Simulate 7 from a x’, distribution, as a sum ofn-1)
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n-1
squared independent standard normal random de\iiatezs:ZZi2
i=1

where Z, ~ N(0,1)

(b) Calculate o = where * indicates a simulated value.

© o=V .

(n-1)¢
r

pu— 2*
U |0, is simulated fromN (Y’UTJ

ComputeC, = USL-LSL -
6\/0* +(,u* —T)

Repeat steps (1-3) fof=1 to 10 000 to get a series of values@f and plot a

histogram of the index.
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Figure 2.12: A histogram of simulatdq)mh_(
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Table 2.7: Estimates of index value and 95% crediegion forC

Index Classical Bayesian estimate
estimate Mean 95% Credible regian
Com 2.5051 2.4419 (1.7199; 3.2467)

USL- LSL

6,ls+(?{— T)2 |

The classical index is estimated EAn,sm =

2.13 SIMULATION OF C pn

Simulation ofC, , can be obtained in the following way:

1. Simulation ofo:

(@ Simulate r from a x2, distribution, as a sum ofn-1)
n-1

squared independent standard normal random de\iietezzs:ZZi2
i=1

where Z, ~ N(0,1)

_(n-1¢

(b) Calculate o” = where * indicates a simulated value.
r
© o ="

pu— 2*
2. U |o®,Y is simulated fromN [Y,UTJ

3. ComputeC,, = minUSL-4 .1 _ZLSD
o +(,Li —T)

Repeat steps (1-3) far=1 to 10 000 to get a series of values@f , and plot

a histogram of the index.
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p(Cpmk)

Figure 2.13
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: A histogram of simulate@,,,, |Y

3.5

Table 2.8: Estimate of index value and 95% crediblgon forC

Index Classical Bayesian estimate
estimate Mean 95% Credible region
Comi 2.3548 2.2996 (1.5572;3.1352)

~

Cpmk =

2.14 SIMULATION OF C*,,

minUSL-Y, Y- LSl

3\/s+(V— T)2

Simulation ofofm can be obtained from in the following way:

1. Simulation ofo:

(@ Simulate 7 from a x2, distribution, as a sum ofn-1)

n-1

squared independent standard normal random de\iiatezs:ZZi2

70
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where Z, ~ N(0,3)

_(n-1¢

(b) Calculate o” = where * indicates a simulated value.

r
© o =Jo*.

_ g
2. U |o®,Y is simulated fromN [Y’JT]

3. ComputeC; " = mln(US*L— T: Ll l;SD
6\/0 +(,u —T)

Repeat steps (1-3)=1 to 10 000 to get a series of values (ﬁfjm and plot a

histogram of the index.
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Figure 2.14: A histogram of simulate(aﬁmh_(
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Table 2.9: Estimates of index value and 95% credibbion forijm

Index Classical Bayesian estimate
estimate Mean 95% Credible region
cl. 2.5051 2.4419 (1.7199; 824

6# _ minUSL-T, T- LSI)
pm —
3\/s+(Y— T)2

WhenT is equal to MC} | is equal t€ .

2.15 COMPARING THE RESULTS FOR THE AIRCRAFT DATA

The numerical results of the indices are summaiiséable 2.10 below.

Table 2.10: Summary table of the values of thecasli

Index | Classical indexBayesian Bayesian
estimate simulations | 95% credible region
mean
estimate
C, 2.8066 2.7689 (1.9156; 3.6863)
C, 2.9750 2.9349 (2.0185; 3.9118)
C.. 2.6383 2.6029 (1.7891; 3.4800)
Co 2.6383 2.6017 (1.7859; 3.4800)
C,T |2.8066 2.7689 (1.9156; 3.6863)
Com 2.5051 2.4419 (1.7199; 3.2467)
Comc | 2:3548 2.2996 (1.5572; 3.1352)
c, |2:5051 2.4419 (1.7199; 3.2467)

The means of the indices using Bayesian simuldgohniques are compared to their
more commonly used frequentist estimates. All tls@neated process capability
indices (PCIs) are larger than 1, indicating tiwéd process is capable; in fact all the
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estimated PClIs are greater than 1.67, indicatiraj this process is super. This
conclusion is true regardless of whether the fratisieor the Bayesian method is
under consideration. Since the process is centredhe midpoint (target) of the
specification range\_(:6.3951and T=M=6.395), and the symmetry properties, the
histograms of the indices look similar. This is satprising since most of the indices

are all equal whenu =T = M.

Since probability models in most data analysis wilt be perfectly true, and looking
at columns 2 and 3 in table 2.10, the Bayesiantsekok plausible. The mean values
of the Bayesian approach are nearly the same tadecienal place to their frequentist

analogue. From the simulation results it is cléwt the prior7(y,0°) 0 o™ works
quite well. It seems, therefore, that the frequstmiroperties of Bayesian inferences of

capability indices based on the prigfy,o?) 0 o> are adequate.

The added advantage of the Bayesian approach is fittan the distribution
(represented by the histogram) of the capabilityces, one is in a position to obtain

quantiles, credible regions and perform other gniéal tasks. In the case @,

andeT, the exact distribution are derived.

In Van der Merwe and Chikobvu (2004), the refergmaer for the capability index

c _H-LSL
30

ol (which is applicable when there is no upper lim#)derived. The

reference prior relative to the ordered paramettids (4, o) is given by
1
-LSL)?| 2

7 (,0%) 0 JS{HM}
20

and is also a probability-matching prior. The dations of the results are also
discussed in chapter 4.
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USL=4 an be

In a similar way the reference prior for the capgbindex C,, =

derived. However, the reference prior @y :min(ussL_y,ﬂ;;'SLj and other
o

indices cannot be derived.

In chapter 3, Bayesian simulation techniques aesl s solve the supplier selection

problem using process capability indices.

Appendix A2

Proof of theorem 2.3.1

— -1 d — _E
P (Y) = pye(d (»)‘d—y gy lety—g(X)—x

thenx = g (V) -1 andig_l(y) =-y?
y dy

_ A (17 A

B (y)* e g [%J

|0v(>/)=r

(
— ﬁ —(a+l) =By
p(y) = a y“ e

a
a
a

N—

as required.

Proof of theorem 2.3.2

Using moment generating functions

_1 (B
Y_Y G(a,B) and M, (t) (,B—J

If we let 7 = % =2pBY and remembering thatzif=a+bY

thenM (t) =e* M, (bt), with a=0and b=23

— e (B Y (Y ey
thereforeM _ (t) =€ MY(Zﬁt)—(ﬂ_zﬂtj —(1_2[] =(1-2t)
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This is the moment generating function of a Chissqudistribution with2adegrees

2p

of freedom. Hence:7 =28Y ~ xz2,.

Proof of theorem 2.3.3

The likelihood of n independent and identicallymatly distributed random variables

is:

(oY) Up(Y | u,0%)

EJ (27702)_2 exp{—%(Yi -,U)Z/az}
:(02)—n/2 exp(—%Z(Yi —T(+7(—,u)2/02j

:(02)_n/2 exp(—%Z( (0 = YF+2(Y- V)(¥-0)+ (_\‘,U)z)/UZJ
- (02)—n/2 exp(—%{Z(Yi —T()2 + r(_Y— ,U)z}/azj
= (02)_n/2 exp(—%{s+ n(?(— ,u)z}/azj

where S = 2( Y—_\&z.
S

It is convenient to defing® = ~1
n —
If we take the vague prior, then

p(,0° [Y)O p(,0®)p(Y | 1,0%)
O (02)_1 (02)_n/2 exp(—%{8+ n(?— ,u)z}/azj
O (02)_n/2_1 exp(—%{8+ n(?(— ,u)z}/azj

For reasons which will appear later it is convehierset
v=n-1

in the power ofg?, but not in the exponential, so that
p
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p(u,a? |Y)O (02)-(v+1)/z—1exp(_%{s+ n(?(— y)z}/UZJ

Marginal distribution of the variance

If knowledge abouto?® rather thams is required, ¢ is integrated out from the

posterior distribution.

p(a® 1Y) = plu.o” 1Y) du

O T(az)_g_l exp(—%{s+ n(u—?)z}/azj 7

—00

O (02)—(%+%) exp(—%S/az] T ﬁ exy{——;(,u—?)z/(az/ r)} o7}

—00

0 (az)_(%lﬂ) exp(-$/0?)
= (02)_(V/2+1) exp(—g/az) , wherev=n-1

as the last integral is that of a normal density.

It follows that the posterior density of the vaude is Inv—G(%,%). Except for the

fact thatn is replaced by =n-1.

Conditional density of the mean for given variance

The joint posterior can be written in the followifaym

p(u,0” [Y)= plo®|Y) pu lo? )

p(u,0%|Y)
p(a?|Y)

p(u,a? |Y)O ( 02)_(V+1)/2_1exp(— % {S+ n(? ~ ,u)z} /Uzj

Thus p(u|o®,Y)=

p(c?|Y)O (02)_V/2_1 exp{—% S/azj

This implies that
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R e

which as the density integrates to unity impliest th

(11102 Y) :ﬁexr{——; (@=¥7/(o"/n)

that is, for giveno? andY , the distribution of the meap is N (V, o?/ n)

Proof of theorem 2.3.4

Py (¥) = px(g (&))‘ g'(y

let y=9(¥ = &\f

thenx = g™(y) :k—z andig‘l(y) =-2K*y?
y dy

-(a+l) B /
IOY(Y)‘ )[Sj eﬁ 2Ry ‘
— k 2)” 2” 1 By IK?
P (Y) = r(a) e’
(a) o)
P =2 (v ) e
as required.
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CHAPTER 3

A BAYESIAN SIMULATION SOLUTION TO
THE SUPPLIER SELECTION PROBLEM
USING CAPABILITY INDICES

3.1 INTRODUCTION

Supplier selection is an important part of supgigin management. It is sometimes
of interest to compare capability indices for twiffedtent suppliers or the same
supplier before and after an adjustment (assessirgg impact of process
improvement). This chapter investigates a procethréesting the equality oN > 2
process capability indices from a Bayesian simoafpoint of view. The problem
naturally occurs when comparing suppliers or proghecformance fromN possible
suppliers of a critical component. The statisticmmparison of competing
manufacturing suppliers is an important aspect wdlity control that aids quality
managers in the choice of potential suppliers gfraduct. Chou (1994) applies
hypothesis testing to select a supplier by tespngcess capability indices. The
method is not difficult to apply, but is only sibta for comparing two suppliers.
Tonget al. (1998) applies the bootstrap method to consthetbotstrap confidence

interval to distinguish between ti@&, values of two suppliers.

Suppose a component has a univariate quality clesistec Y with upper and lower
specification limitsUSL and LSL respectively. Manufacturing processes are assumed
to be normally distributed with meam and variance™. It is assumed that the cost

of the component is the same regardless of thelisupphus, the quality control
manager can choose the supplier that is best abpeovide the manufacturer with
components that are within specification. Hence, dhality control manager wishes
to choose the supplier with a process that hashifeest capability. The quality
control manager obtains data from each of the sipplocesses and estimates the
capability of each process. The objective of tlabfem then consists of choosing the
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process that has the highest capability based eroliserved estimates of process

capability.

The following hypotheses are specifically of intrehould be considered:

i #j for at least one pair of j) where i<j 0{1,2,... N}

USL-p 4 - LSL] 5.11)

and CpK =min ,
30, 30,

M4 and o, are the mean and the standard deviation, respégctiof each of the
supplier processes for measuremfm[\(l, Y2 -] As mentioned in chapter 1,

negative values o€, occur when the process average is positioneddsutsf the

specification interval. This is an indication thlaé mean of procesdies outside one
of the specification limits and over 50% of the tdimtion is outside the

specifications.

C, indicates the location of the process averagé véspect to the specification
limits. The C, index evaluates half of the process spread wipeet to where the
process is actually located (a point in space)m&sitioned in Chapter IC, is not

meaningful for a process which is not in statisticantrol. The PPM (parts per
million nonconforming), which is often estimated&ncbe grossly wrong unless the

process of interest is in statistical control.

Let Y, be observation from a random sample of size items from theé™ supplier,

and define

as estimates of, and o, respectively.
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It is assumed that there is no restriction on sarsj@es drawn from th&l processes.
A random sample in these cases is assumed to ithplythe random variables
observed from each process are mutually indepenadedtidentically distributed.
Therefore, it is also assumed that all of the pgees to be compared are in a state of

statistical control.

In the example that follows, four suppliers aresistgated. The assumption is that all
four of the processes which are to be comparedhaaestate of statistical control. A

further assumption is that all the samples are aliytindependent of one another.

Piston ring example

Consider a company withN =4suppliers representing the four processes that
produce piston rings for automobile engines (adlistlby Chou, 1994). The edge
width of a piston ring after the preliminary diskigl is a crucial quality characteristic

in automobile engine manufacturing. Suppose thatatitomotive engineers have set
the lower and upper specification limits of thisality characteristic to be
LSL=2.6795nm and USL= 2.7205nm respectively. The targefl() is assumed to

be the midpoint ¥ ) of this range (thereforel = 27mm). The four potential
suppliers (supplier 1 to supplier 4) for such riraje under consideration by one
guality control manager. There is no restrictionsample size and convenient sample

sizes of sizes ofn, =50, n, =75, n,=70 and n, =75are taken from the

manufacturing processes of suppliers 1 to 4, résede. A summary of the results

from the samples, calculatég], values and other statistics are given in table 3.1
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Table 3.1: Summary of the observed process datinga from the four potential

suppliers of Piston rings

Supplier (i) 1 2 3 4
Sample size ) 50 75 70 75
Estimated mean (?) 2.7048 2.7019 2.6979 2.6972
Estimated standard 0.0034 0.0055 0.0046 0.0038

deviation (s)

Estimated classical index 1.5392 1.1273 1.3333 1.5526
(Cpk)

Source:(Polansky A.M., 2006).

Polansky (2006) only provides the sufficient staissas displayed in table 3.1 and the
histograms of the real data but not the data it3elfget a better understanding of the
processes, the information in table 3.1 below exlus simulate data from each of the
suppliers. The estimates of table 3.1 are taketh@gpopulation parameters and an
assumption of normality is made. Figure 3.1 belewhierefore only for illustration
purposes and compares well with the histogram$@foriginal data in figure 1 on
page 265 of Polansky (2006).
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Figure 3.1: Frequency histograms of 1000 simulatdde width values from the four

potential suppliers of piston rings

Looking at table 3.1 and figure 3.1 it is cleartteappliers 4 and 1 give the largest

and second largest values©f, suggesting that they are the most capable. This ma

be because the data from suppliers 4 and 1 seenavéothe smallest variation within

the specification limits. In fact supplier 1's outphas the smallest variance (0.0034)
among the four suppliers, but the distribution leé butput is not centred within the

specification limits. Supplier 4’s variance is #$lily greater (0.0038) and the

distribution of the output is centred within theesglication limits. Looking at the

indexC_, , suppliers 1 and 4 therefore represent the two tissices of suppliers.

pk ?
Suppliers 3 and 2 are not as capable as the fdvetause of their greater variability.

Because the estimated,, index for supplier 1 is close to that of suppkerone

might feel that the difference in capability of ghecesses between these suppliers is
not significant. The same statement may hold tdusuppliers 2 and 3. Statistical
methods for the comparison of the suppliers’ preasgability indices are required

for the quality control manager to draw intelligeonhclusion from this data.
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A Bayesian simulation procedure is now considereddétermine which of the
supplier processes has the largest process cdpabdex and which processes are
significantly different from one another. The putael performance of the proposed
method is compared with the permutation approacRdignsky (2006).

In this chapter, the Bayesian simulation basedtegjyafor solving the supplier
selection problem when there are two or more sapplising Monte Carlo simulation

is developed or adapted.

In the next section the Bayesian model used forstireilation and some commonly
used terminology is reviewed. In section 3.3, addgn simulation approach to the
supplier selection problem is considered 10, as the process capability index.
Section 3.4 investigates model checking using bikgi intervals. Section 3.5
considers a Bayesian simulation approach to thplguselection problem in the case
of C,, as the process capability index. Section 3.6 demsithe indexC, in the

context of the supplier selection problem. In SmttB.7 we consolidate the results

from all the three indices. The piston rings examplused throughout the sections.

3.2 MODEL

As mentioned previously, capability analysis isigeed to monitor the proportion of
items which is expected to fall outside the engimgespecification to prevent an
excessive production of non-conforming output. Adatg to Bernardo and Irony
(1996) this is usually done at specified ratingigus, to obtain a random sample

Y. =[Y. Y, ... YI' of sizen from thei™ process. In this investigation it is assumed

that Y (i=1,.., N) are independently identically normally distributeith mean

2

and variance, °. Since bothy and g, ? are unknown and no prior information is

available, the conventional ‘non—informative’ ddfgaint prior
p(y,0?) 0 (3.2.1)

will be specified.
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Using (3.2.1), it is well known (see for examplellZer,1971) and also proof in

chapter 2) that the conditional posterior density/ois normal:

— 0. 2
Ko %Y ~ N[Y_,éj (3.2.2)
4 n
and the posterior density for the variance compbménis given by

P2 1) = A ) 2 expl-L (- Ig | g 7> 0 (3.2.3)

=1G(0;? %(n —1)$2,—;(m -1)

n
oy
an inverted gamma density, wh¥e=[Y,, Y, ... ¥I', Y= ’ ; , the sample mean,

n
DY =YY
§f=1 1 , the sample variance and the normalizing conssant
r} -—
2 2(‘\ -1
C= {(ﬂ s } %and
2 (%)
0'5' B a.
IG(y|B.a,) = y "’ 1e><|o(—/). (3.2.4)
r(3) y

i.e. the inverted gamma density with positive pagtarss :%(r\ -1)s°

1
- =—(n -1).
anda =2 (1 -1)

3.3SIMULATION OF THE C , INDEX FOR THE DIFFERENT
SUPPLIERS

Standard routines are used in the simulation pruoreefbri =1,..., N

1. By using the Matlab package, simulation af’ can be obtained in the

following way:
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(@ Simulate r from a )(fi_l distribution, as a sum ofn -1)

squared independent standard normal random variates

(ni _1)52
—T .

(b) Calculate ¢ * = where (*) indicates a simulated

value.

_ g?
2. By making use of the fact that |Y ,g * ~ N(Y,—) , whereY, is

the data drawn from process/suppliersimulate 4 and from the

definition of the index, it follows th&,, can be simulated as

CpK =min

’ *

30, 30,

(USL—,ui* © - LSL]
3. Repeat steps (1-2)times. For this examplé, is taken as 1 000.

Note: This process simulates (or repeats) a sitmoualgtrocess!

The above procedure is used to simuldte for each of the four suppliers. Part of the

simulated values is presented in the table 3.2/kelo

Table 3.2: Part of the 1000 simulatég], values from the four potential suppliers of

piston rings

/! Supplier 1 |[Supplier 2 |Supplier 3 [Supplier 4
1 1.6629 1.0464 1.1783 1.2944

2 1.4689 0.9420 1.4004 1.6970

3 1.5118 1.0357 1.4988 1.4324

4 1.5221 1.0586 1.3420 1.5062

5 1.8913 1.0485 1.3220 1.4597

6 1.8638 1.2141 1.3394 1.5415
1000 1.3831 1.0732 1.3282 1.3914
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Histograms of the simulate@,, values are drawn to illustrate the distributiorthodf

capability index for each supplier. The mean indale is also calculated as

. 1 1000 0
Cok =——>» C
" " 1000& ™
400 400
300t Supplier 1 mean Cpk=1.5344 300 Supplier2 mean Cpk=1.125
1 o
3 200 S 200
[ay [a
2 x
" 100 “ 100
a o
a 1 2 3 a 1 2 3
Cpk Cpk
400 400
300t Supplier 3 mean Cpk=1.3365 300t Supplier 4 mean Cpk=1.5436
3 3
3 200 S 200
= [a
2 et
" 100 “ 100
a o
a 1 2 3 a 1 2 3
Cpk Cpk

Figure 3.2: Frequency histograms of 1000 simulateg values from the four

potential suppliers of piston rings

Investigating Figure 3.2, it is again clear thagpdiers 4 and 1 give the largest values

ofC,. Suppliers 3 and 2 are not as capable as the foffihe mean values of the

simulated indices are of the same magnitude asléssical results presented in table
3.1

To calculate the probability that supplier 4, seythe best or second best and so

forth, we assign ranks to each simulation in a movable 3.2. The higheﬁpk*m ina

row (row/ for example) is assigned the rank of 1, the setogldest gets a rank of 2,
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the third highest value is assigned rank 3 anddhst value gets rank 4. The table of

ranks forC,, values in table 3.2 would then look like table.3.3

Table 3.3: Part of the 1000 rankings of BayesianuatedC,, values for the piston

rings data

Vi Supplier 1 |Supplier 2 |Supplier 3 |Supplier 4
1 1 4 3 2

2 2 4 3 1

3 1 4 2 3

4 1 4 3 2

5 1 4 3 2

6 1 4 3 2

1000 2 4 3 1

The results in table 3.3 can now be summarisedvtotgble 3.4.

Table 3.4: Summary of the 1000 rankings of BayesianlatedC,, values for the

piston rings data

Frequency Supplier 1 Supplier 2 Supplier 3 Supplier 4
1's 455 0 52 493

2's 403 4 177 416

3's 131 103 678 88

4's 11 893 93 3

The required probabilities can now be calculatedliiding the above frequencies by

1 000. The probabilities are given in table 3.5.
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Table 3.5: Probabilities that a given supplier enked ¥ 2% 3% or 4" according to

Bayesian simulate@ , values for the piston rings data

Probability Supplier1  Supplier 2  Supplier3  Suppli er4
Prob(Supplier ;=1) |0.455 0.000 0.052 0.493
Prob(Supplier i=2) (0.403 0.004 0.177 0.416
Prob(Supplier ;=3) (0.131 0.103 0.678 0.088
Prob(Supplier {=4) (0.011 0.893 0.093 0.003
Total 1.000 1.000 1.000 1.000

Suppliers 1 and 4 have the highest probabilitiebeifig ranked 5t or 2'° by the
quality control manager. Supplier 2 has a zero @bdly of being ranked *Land a
high probability of being ranked"40.893). Supplier 3 is likely to be ranked @vith
probability 0.678).

3.3.1 MULTIPLE COMPARISON OF DIFFERENCES IN
INDICES (Cp)

Polansky (2006) develops a strategy for solvingsingplier selection problem when
there are two or more suppliers using a methodolmaped on permutation tests. In
the case of two processes, the method is basedsorgla simple permutation test.
For the case of more than two processes, multgeparison techniques are used in
conjunction with permutation tests. The multiplengarison techniques that are used
are:
I.  The Bonferonni method, which adjusts the signifcafevel of the pair-wise
tests; and
ii.  The protected multiple comparison method, whichunesg that an omnibus
test of equality between all of the process cajighiidices be rejected before
pair-wise tests are performed and does not reqadpistment of the

significance level of the pair-wise tests.

In the Bonferonni method, Polansky (2006) usegdhbestatistic
D :‘Cpkl —Cpkz‘ for, say, processes 1 and 2.
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The author calculates the absolute difference batwbe process-capability indices
estimated from the process data leading to taldle Ihe p-value for this test is

given as

_ #Di>D
P= { n! }

where n! is the number of distinct permutations of tha)bservations#{[N)i > D} 5

the number of times thatDi exceed®in the sequenceD:,D:, ,Dm and
Di :‘Cpkl. —Cpka‘ is the absolute difference between the procesabddy indices

computed from the™" permutation of the observations in a combined $arfipm,

say, processes 1 and 2, so thetn+n,. C, is computed from the firsin,
observations in thé" permutation andC, is computed from the remaining

observations in the same permutation. Polansky #pgmoximates thep -value for
this test by a method that requires far fewer cdaipmns and is based on randomly

generating b combinations of n observations. For each randomly generated

combination, theD statistic is computed. Denote these valué§1a§*z, Sb The

resulting p -value for the test can then be approximated by

L #{5? >D}
P=Po =

ForN processes the permutation is ar=n +n,+---+ n,observations. Detailed

discussions on the calculation of tpevalue can be found in Polansky (2006).

A total of v:(%) N(N-1) distinct pair wise comparisons of process capgbili

indices among theN suppliers are possible. If each of the tests ifopmed with a
significance level equal ta, it will result in at least one rejection in thvepair-wise

comparisons with a probability of at mostr. To control this error rate, the

Bonferroni method uses a significance level equalgt for each pair-wise
%
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comparison. Therefore, the probability of at leaste rejection invpair-wise

comparisons is at masgt, when the null hypothesid 1Cph =Cp = =C is true.

In the protected multiple-comparison method fortoaiing overall error rate of the
Vv pair-wise comparisons, the method is based ohgagorming a preliminary test

of the null hypothesisH,:C,, =C, =---=C,  versus the alternative hypothesis
Hy:Cp # Cpig for i #j for at least one pair of J) where i<j 0{1,2,..., N}. The v

pair-wise comparisons are performed only if theliprieary test rejects the null
hypothesis at a significant level equabtolf the preliminary test fails to reject the
null hypothesis, then no comparisons are performBdcause the pair-wise
comparisons are only performed when the prelimitesy rejects the null hypothesis,
the maximum probability of rejecting a pair-wise nquarison when the null

hypothesisH, :C, =C, =---=C istrue is at most .

In this chapter, the Bayesian simulation basedanwise multiple-comparison tests
of equality between all of the suppliers’ proceapability indices is performed to

solve the supplier selection problem. For the sated C,, (as illustrated in table

3.2) defineD;” =C_ " -C " for /=1:100Candi#j and i<j 0{1,2,..., N =4}.

pki pk;
Below are histograms of simulatdd; values for all pairs of suppliers. The largest

differences are between suppliers 2 and 4 as wdlland 2.
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Figure 3.3: Frequency histograms of 1000 simulaﬂda‘tbrencesDij* :Cpki* -C

values from the four potential suppliers of pistmgs

To construct the percentile credibility intervat fine differencesD, =C, -C, we

pk;

sort theD;” =C,*? - C,, "’ values in ascending order so that:

D, <D™ <...< " i#jandi<j 0{1,2,....N=4},

In this application, 1000 values d@; are sorted from smallest to greatest and the
critical values are found by selecting the valuetha position(%)xlooo as the

lower bound and the value in the posit{bﬁ%)xlooc as the upper bound. The

credibility interval is then constructed |a§((%)xlooo)— D, ( (1—52 X 1009. The
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95% credibility interval i©; (25)-D; (975). The decision rule using these intervals
totestH,:C, =C, vs.H,;:C, #C, is as follows:

RejectH, if zero is contained in the interval mentioned aiatherwise accept.

The results of permutation based methods from theirecal study by Polansky
(2006) are compared with the Bayesian simulati@etianethods using the same data
set. The results are presented in table 3.6 below.

Table 3.6: Results of the six pair-wise comparisohthe C, indices of the piston

rings example

Test Pair Observed | p-value Simulated | 95% credibility
D (Polansky | Bayesian | interval
method) | mean D

Supplier 1 vs. Supplier 2 | 0.4119 0.0069 0.4094 (0®85;0.7730)
Supplier 1 vs. Supplier 3 | 0.2059 0.1810 0.1978 .2015;0.5738)
Supplier 1 vs. Supplier4 | 0.0134 0.9323 -0.0092 .6071,;0.3879)
Supplier 2 vs. Supplier 3 | 0.2060 0.1333 -0.2116 .6P83;0.1083)
Supplier 2 vs. Supplier 4 | 0.4253 0.0034 -0.4186 .FP67;-0.1067)
Supplier 3 vs. Supplier4 | 0.2193 0.2577 -0.2071 .6917;0.1461)

In interpreting the 95% credibility intervals, seanable 3.6 above, one can observe
that suppliers 1, 3, and 4 have process capabilitiat are not significantly different
since the intervals contain zero. Similarly, sugqdi2 and 3 are not significantly
different from one another, but supplier 2 is digantly different from suppliers 1
and 4. The same conclusion is made using the psalalculated by Polansky (2006)

usinga =0.05.

3.4 MODEL CHECKING USING RANDOM CREDIBILITY
INTERVALS FOR C

Once computing (using simulation) the posteriotritigtions of all our estimates is
completed, the relatively easy step of assessiadjttiof the model to the data should
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not be ignored. Checking the model is crucial atistical analysis. Bayesian prior-to-
posterior inferences assume the whole structuie mbbability model and can yield
false inferences when the model is invalid. Theusation procedures in this section
illustrate the idea of constructing credibilityemtals for the true value of the process

capability indices.

A 100x (- a )% credibility interval forC,, (for supplier i) is a random interval that

containsC, with probability1-a). The simulation will be done in the following

manner.

Let the figures in table 3.1 be the true paramdtarSupplier i, where the meangs

and the standard deviation iso. and the index is calculated as

C, =min USL-4 ,’Ui — LSt as given in the table.
K'op 3

First method

In this sectiony; {i=1,2... N j=1,2,.. n}will be used to denote a simulated

value as opposed to the observed vgjue

Draw a samplex;, {i=1,2... N j=1,2,.n}of sizen observations from
a N(,ui ,aiz) distribution.

i n -
X > (% = x.)?
a. Calculatex == — ands?=-2
' n-1
b. At this stage we pretend that we do not know thHeevaf 1, o, and
Cpo -
c. Although we do not know what the parameters valygs o, and

C, ) are, we can simulate them (as before):
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() p(a? %)= Ca?) 2" expl-2 (n-DF Ig?] 7>

Simulate ar from a )(fi_l distribution as a sum ofn(-1) squared

independent normal random deviates and calculate

g% = (ni _1)$2
' T
. —a”
(i) Given g* , simulate g ~ N(x_,n'—]

(iii) Substitute 44~ andg;” in

Cpk* — min USL—*,ui ',ui - *LSL
30 30,

and calculate it, also calcula@, " - Cpiﬁ* foralli # j.

d. (i) Repeat steps (c) (i), (i) and (iii) 1000 timda other words you
will get 1000C,,"'s and hence100C,,” -C,'s for eachx and

2

S

(i) from the simulated distributions calculate 9%%&dibility intervals

for both CpK and CpK —Cpkj and see if it covers th&eue CpK and

Cox —Cplg according to table 3.1.

e. Draw another sample of n observations from a (\ui,aiz)

distribution and repeat the whole procedure.
f. Draw 1000 samples. About 950 of these credibiligivals should

cover thetrue capability index or thérue difference in the indices

(i.e.C, and C, _Cpis ). It can also be stated in another way by

saying that about 50 of these intervals should cuer the true

parameter values.
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Second method

In the first method the complete sample was siredlalt is not necessary to simulate

the complete sample. The alternative to the sinargirocedure above is to simulate

the necessary sufficient statistiE_s and s’ only as follows:

Simulatez ~ N(,ui

2
g jand
n

where g and g? are assumed to be the true parameter values othtéimm the

statistics given in table 3.1.

2 2

ey
Therefore(n -1)s° :an,—ﬂi > ands’® ~ A%

(n-1)

The results of the simulations from the first mettaoe presented in tables 3.7 and 3.8

below. The simulations are done 1000 times andesgmt credibility intervals for

both CpK and CpK - Cplﬁ from the simulated distributions.

Table 3.7: Summary of parameters from the fouepimdl suppliers of piston rings

and results of the proportion of credibility Intaig that do not contain the true index

for the 1000 simulations

Supplier | u o, True value of the| Proportion of credibility
index CpK intervals that do not contain the
true index
1 2.7048 | 0.0034 1.5392 52
1000
2 2.7019 | 0.0055 1.1273 53
1000
3 2.6979 | 0.0046 1.3333 42
1000
4 2.6972 | 0.0038 | 1.5526 58
1000
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Table 3.8: Results of the proportion of credililintervals that do not contain the

true difference for the 1000 simulations

Test pair True value of the| Proportion of credibility
difference parameter intervals that do not contain
the true difference
Co —Cu 0.4119 51
1000
Co ~Co 0.2059 46
1000
Co ~Cp -0.0134 55
1000
Co, ~Cp -0.2060 50
1000
Co, ~Cp -0.4253 55
1000
Cok, ~Chi -0.2193 48
1000

Since probability models in most data analysis wdt be perfectly true, the results

look plausible. It therefore seems that the fregjgenproperties of Bayesian

inferences of capability indices based on the pp6i,o ?) 0 g  are adequate for

frequentist properties.

Below is a diagrammatic representation of one efdtedibility intervals plot with the

horizontal solid line representing the true valdetle parameter G, ) for 100

simulations only.
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Figure 3.4: Results of the credibility intervalscathe true index for 100 simulations

From the simulation studies (and because the pistys example consists of large

samples) it is clear that the prien(x, 0*) O o> works well.

3.5 Gm INDEX

As noted in chapter 1, the quantification of preceariation and target location is
central to understanding the quality of units frarprocess. The concept of variation
has recently undergone a paradigm shift in industihys shift has occurred in the
interpretation of the quality of product varying twn the allowable process

specification. TheC,, index discussed thus far uses the historical petsge of

quality variation. A historical perspective of giyalvariation is that product has the
same quality; that is to say that the product isallg good, regardless of where it
falls within the specification limits. Product isrsidered bad, or lacking in quality,
only if product falls outside of the specificatitmits. Engineers are comfortable with
this notion of variation, which is sometimes reéefrto as the “goal post mentality”,
and is displayed graphically in the figure 1.6 irapter 1. As noted, the problem with
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this mentality is the step function that occursedily at the specification limits. In
regard to a process, the quality of a part faljug} within the specification limit has
little practical difference from the quality of argoluct falling just outside the
specification limit. This model of quality variatidias little relevance to industry.

Figure 1.7 in chapter 1 shows a model proposeddiisticians. This model is more
practical in that the loss of quality and thus ealoss to an organisation increases as
the quality varies from a process target.

As noted in Chapter 1, this notion of variatiorereéd to as “loss function mentality”
states that there is a quadratic relationship batwke loss and the distance from the
target and it was proposed by Taguchi. This fumcisocalled the loss function curve
and it ties variation to the loss in a processsTHation is what capability is based on.
A capability index, according to Taguchi, enumesateprocess’ ability to minimise

the loss function curve.

As mentioned in chapter 1, Hsiang and Taguchi (1986d also Chan, Cheng, and

Spiring, 1988) developed the indeXx,, in order to take into account the process

target and defined it as follows from (1.3.8)

USL-LSL

C

_USL-LSL (3.5.1)

6 E{L(Y)}

In the next section the Bayesian simulation tests@peated, but this time usigy,,

as the index of interest to underlie the importaofcenderstanding the meaning of an
index and what it measures. Specifically, the fell@ hypothesis of interest in
investigated:
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i # ] for at least one pair of j) where i<j {1,2,... N}, where

USL- LSL
Cop = (3.5.2)

6y, "+ (4 -T)

3.5.1 SIMULATION OF C,, INDEX FOR THE

DIFFERENT SUPPLIERS
Consider a samplgy; {i=1,2... N j=12,.n}of sizen observations from a
N (%) distribution.

1 n _

ZY” Z( i _Yi-)2
= andg?==——
n n -1

Standard routines are used in the simulation proeed

CalculateY,

1
N

1. By using the Matlab package, simulationopf can be obtained in the

following way:

Simulate 7 from a )(ﬁ_l distribution, as a sum ofn —1) squared

independent standard normal random variates.

> _ (n _1)52
r

Calculate o, , Where (*) indicates a simulated value.

_og?
2. By making use of the fact that |Y,o > ~ N(Y,—) , whereY, is
— n —

data drawn from process/suppliér simulate g and from the

definition of the capability index, it follows that , can be

simulated a€,,, USL- LSL
6\/0 + —T
3. Repeat steps (1-2) times. For our examplée, was taken as 1 000.
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Histograms of the simulated ,, values are drawn to illustrate the distributiortroé

capability index for each supplier. See figure 3.5.

400 400
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Figure 3.5: Frequency histograms of 1000 simulateg, values from the four

potential suppliers of piston rings

Looking at figure 3.5, suppliers 4 and now 3 gilve largest values f@, . The mean
Bayesian simulatedC,, index for suppliers 4 and 3 are 1.4382 and 1.3494
respectively. It is previously mentioned that digsp 4 and 1 have the largeSt,

index value. Suppliers 2 and 1 are not as capabl®& and 4 according to the

indexC, . In fact, supplier 1 is the least capable acewydo C, index.

The probability each supplier is ranked as the bestecond best and so forth, are
given in table 3.9 below. To calculate the prolgbihat supplier 4, say, is the best or

second best and so forth according to this indexassign ranks to each simulation in

a row as in table 3.2. The highe}, ” in a row (row¢ for example) is assigned the

rank of 1, the second highest gets a rank of 2thind highest value is assigned rank

3 and the least value gets rank 4. The total frecjes for the ranks o€, are then

divided by 1000 to give probability values in taBlé.
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Table 3.9: Probabilities that a given supplier enked ¥ 2% 3% or 4" according to

simulatedC, values for the piston rings data

Probability Supplier 1 Supplier 2 Sdpplier3  Suppli  er4d
Prob(Supplier =1%) [0.004 0.011 0.291 0.694
Prob(Supplier =2™) [0.078 0.097 0.550 0.275
Prob(Supplier =3) [0.443 0.413 0.114 0.030
Prob(Supplier =4") |0.475 0.479 0.045 0.001
Total 1.000 1.000 1.000 1.000

Supplier 4 has the highest probabilities (0.694)eing ranked *1 by the quality
control manager. Supplier 3 has the second highexdiabilities (0.291) of being
ranked ' and the highest probability (0.550) of being rahk8® by the quality
control manager. Supplier 1 and 2 are likely tadrgked &' and 4" according to this

index.

3.5.2 MULTIPLE-COMPARISONS OF DIFFERENCES IN
INDICES(C pm)

The Bayesian simulation based on pair-wise muHigleparison tests of equality
between all of the suppliers’ process capabiliyiges is also performed to solve the

supplier ~selection problem. For the simulate@, , we now define
D, =C,, " —Cpn]*(" for £=1:100C andi #j and i<j 0{1,2.... ,N = 4 Histograms

pm

of the simulated results are given in figure 3.6.
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values from the four potential suppliers of pistmgs

pmy pm

The largest difference is now between suppliersxd 4 The percentile credibility

interval for the difference®; =C,,, -~ C,, is given in table 3.10.

Table 3.10: Results of the six pair-wise comparssontheC  indices of the piston

rings example

)

Test pair Simulated | 95% credibility
Bayesian | Interval
mean D,
Supplier 1 vs. Supplier 2 | - 0.0025 (-0.2590;0.2326
Supplier 1 vs. Supplier 3 | -0.1856 (-0.4766;0.0981
Supplier 1 vs. Supplier 4 | -0.2744 (-0.5370;-0.0174
Supplier 2 vs. Supplier 3 | -0.1831 (-0.4880;0.1202
Supplier 2 vs. Supplier 4 | -0.2719 (-0.5467;0.0019
Supplier 3 vs. Supplier 4 | -0.0888 (-0.3814;0.2172
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In interpreting the 95% credibility intervals, seartable 3.10 above, one can observe
that suppliers 1, 2 and 3 have process capabitiigsare not significantly different
since the intervals contain zero. Similarly, supgdi 2 and 4, 3 and 4 are not
significantly different from one another, but suppll is significantly different from

supplier 4.

3.6 Com INDEX

As discussed in chapter 1, whereas the inG@gx has the attractive features that it
incorporates the parametersy, T, ando, it has an important omission, namely,

the parameteM (the midpoint of the specification range). The xde_ rectifies

pmk

this deficiency. To devise an index that is monesgeve to departures of fromT ,

Pearret al. (1992) introduces another process capability in@&x, . The index takes

its numerator fronC , and its denominator fro@, , hence it is a hybrid.

pm?

Cor = min(USL- u, u - LSL) (3.6.1)

o?+(u-T)

It can be shown that this index can be re-written a

d-|u-M

Co = il (3.6.2)
o® +(u-T)

where

y JUSL¥LsL . USL-LSL

3.6.1 SIMULATION OF C ,w INDEX FOR THE
DIFFERENT SUPPLIERS

Standard routines are used in the simulation pruaeed

1. Simulater from a)(rf_l distribution, as a sum dh, —1) squared
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independent standard normal random variates.

% n _1 2 . . .
Calculate o ? :Q. where (*) indicates a simulated value.
T

_og?
2. By making use of the fact that |Y,o *> ~ N(Y,—) , whereY, is
— n —

data drawn from process/supplier simulate 4 and from the

definition of the performance index, it follows tha,, can be

Simulated a8, = min USL-4 — LSt
3\/0' + ,u T 3\/0' + ,q T
3. Repeat steps (1-2) times. For our examplé,was taken as 1 000.

Histograms of the simulated,,, values are drawn to illustrate the distributiortro$

capability index for each supplier. See figure 3.7.

400 400
300 1 Supplier 1 mean Cpmk=0.83468 3001 Supplier 2 mean Cpmk=1.058f
1 o
3 200 S 200
[ay [a
x xz
" 100 “ 100
a o
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e
L2

Cpmk Cpmk

Figure 3.7: Frequency histograms of 1000 simulaeg, values from the four

potential suppliers of piston rings
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From figure 3.7, suppliers 4 and 3 give the largest second largest values ©f
respectively. Supplier 2 is not as capable as tmendr. Supplier 1 is incapable
according to this index. It gives a mean index galmuch less than 1. The
probabilities each supplier is ranked as the bestoond best and so forth, using the

C,index, are given in table 3.11 below.

Table 3.11: Probabilities that a given supplieraked £, 2", 3 or 4" according

to simulatedC, , values for the piston rings data

Probability Supplier1  Supplier 2  Supplier3  Suppli er4
Prob(Supplier ;=1) |0.000 0.049 0.404 0.547
Prob(Supplier i=2) (0.009 0.199 0.444 0.348
Prob(Supplier =3) (0.135 0.625 0.140 0.100
Prob(Supplier i=4) |0.856 0.127 0.012 0.005
Total 1.000 1.000 1.000 1.000

Undoubtedly, supplier 1 is now ranked as the wpesformer. The probability that
supplier 1 is ranked first and second is now ze& reearly zero (0.009) respectively.
Supplier 4 still has the highest probabilities efrty ranked % Supplier 3 has the
second highest probabilities of being rank&cmd the highest probability (0.444) of
being ranked ' by the quality control manager. Supplier 2 i®ljkto be ranked'®
according to this index.
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pmk

values from the four potential suppliers of pistmgs

The differences are defined Bs=C,,, —C,, . The largest difference is among

suppliers 1 and 3, 1 and 4.

Table 3.12: Results of the six pair-wise compassohtheC__ indices of the piston

pmk

rings example

Test pair Simulated | 95% credibility
Bayesian | interval

mean D

Supplier 1 vs. Supplier 2 | -0.1641 (-0.4308,0917)

Supplier 1 vs. Supplier 3 | -0.3201 (-0.64250.0266)

Supplier 1 vs. Supplier 4 | -0.3482 (-0.61730.0718)

Supplier 2 vs. Supplier 3 | -0.1560 (-0.4990;1711)

Supplier 2 vs. Supplier 4 | -0.1841 (-0.4856;,1228)

Supplier 3 vs. Supplier 4 | -0.0281 (-0.3680;3023)
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The 95% credibility intervals given in table 3.1Boae leads one to conclude that
supplier 1 is significantly different from suppkeB and 4 since the intervals do not

contain zero. All the other intervals contain zero.

3.7 WHY DO SUPPLIER SELECTION RESULTS FOR Cy, Cpnm
AND Cpynk DIFFER?

It would seem that the solution to the supplieesigbn problem depends on which
index is selected. To understand why the resuttsrdit is necessary to look again at

the indice€,,, C,, andC_, from a classical point of view.

pk? pmk

c, - min(USL—,u u- LSL)
30 30

Because the process average is part of the catmulatome believe this formula
incorporates process centring. This is an erron@sgsmption, because you do not

know how far the process average is from the tai@gt indicates where the process
average is, but does not cover process centrimgetiag). TheC , index evaluates

half the process spread with respect to where theegs is actually located (some

point in space).C,, offers the most information about the proportioonn

conforming, sayp, and it will be shown later that it provides thadeinsight about

the location of .

Boyles (1991) pointed out th&,, does not say anything about the distance between

process mean and target value and is essentiafllgasure of process potential only.

He showed thatC, becomes arbitrarily large as approaches 0, irrespective of
where the process is centred and this charactenstikes C,, unsuitable as a

measure of process centring.

C,n Is related to the inde€ | which is defined a§ :USL;ZLSL
60
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Notice that:

USL- LSL
Cpm — 602
—T)
1+(’u j
g
C
ie.C,=—— (3.7.1)

2
w5
0- .

If 4=T (process is target centred) thép,, = C.

min(USL=# K= LSL,
C = 30 o
pmk 2
“(45)
g
C
Comi = ———— . (3.7.2)

And whenyu is equaltd, C,, isequal t€,, .

The indexC ,, does not directly relate to the percentage of cmmforming product,

p, If pis regarded as the most important quality aspedhefprocess, this is
definitely thewrong capability index to use. To illustrate this pomé consider the

following example involving€ , , C,, and C, given in Bothe's (2002) discussion

paper using classical statistics.
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Two Density Distributions A and B
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Figure 3.9: A change in process output from A to B

Consider a process (A) with an averagel2, standard deviation of

o =2 (distribution represented by solid line in figur®Band targeT =12. The lower

and upper specifications limits are respectiveiné 18.

c, = min[USL—,u H- LSLJ

30

(18-12 12- 6
3(2) ' 3(2)
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_ USL-LsL
m 6\/0'2 + (ILI_T)Z
_ 18-6
6,2 +(12-12°
_12
12
=1.00

CP

USL- p- LSL
3\/0 +(u-T) ’3\/0'2+(/J—T)2
18-12 12- 6
32 +(12-19° g 2+( 12 1P

. (6 6)
=min| —,—
6 6

=min

=min

=1.00

All the above indices indicate that the procegasscapable.

A modification is made to this process and the oughhanges to a new distribution B,
with the following parameters: an averggel5and a standard deviation of
0 =0.667 (distribution represented by broken line in figlB®). There are now
fewer non-conforming parts, but also fewer paredpced at the target value. Did

this change improve process capabilit¢?, , C,,, andC, , are re-calculated.

c, - min(USL—,u u- LSL)
30 30

_(18-15 15 6
=min ,
(3(0.667) 3(0.667}
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_ UsL-LSL
pm 6\/0-2"'(/1_-'-)2
_ 18-6

6,(0.667f +( 15 1¥

C

=0.65
. USL-u M- LSL
C ik = Min ,
a 3\/02+(/1—T)2 3\/02+(/1—T)2
o 18-15 15- 6
=min

3/(0.6675+(15- 1¥  J (0.667%( 15 )2

(3 9
=min| —— ,——
9.220 9.22

=0.325

The C,, index indicates that the process improved by jurgdrom 1.00 to 1.50.
However, theC  and C,, indices indicate that the process has worsened by
dropping from 1.00 to 0.65 and 0.325 respectivéhe indexC,, inflicts penalties

whenever the sample mean of a rating period devifaten the target]] , and also

from the mid-poinM .

Was the change helpful or harmful to the qualityeleof this process? The answer
depends on whether the historical perspective ofattan or the loss function
approach is used. Those companies concerned nvathlynaking parts and reducing

p would claim that B’s performance is better than.AThose whose primary concern

is making every part on target will believe thatBworse than A. It can now be
appreciated that process improvement must be drbsermore than the need to
improve an index number, otherwise management neaydsting time and money.
Most literature would simply suggest that managenmanst choose the ‘correct’

index for their application or process. Each indebs you something different and
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unless you know what they measure, you may endsiqguhe wrong index and

making the wrong decisions.

Boyles (1991) shows that for fixed the indexC is bounded above whentends

and

to 0 and, furthermore, thalC, <;———= and hence|u-T|<
(3|'U_T|) Com

whered :w. This inequality can be interpreted asCg, -value of 1 implies

that the process meam, lies within the middle third of the specificatianterval, and

in general, it lies within the middl§éC of the specification interval i.ed
pm

% o
Therefore, given &, index of 1.00, it becomes known thit —%<y< M +%
whereM :% . This interval is much smaller than the one @y equal to

1.00 which is equal tt —d <y <M +d.

Parlar and Wesolowsky (1999) notes that uf=T, then the three basic PCls

Co: C,y C,, are connected by the relationship

pk

WhenT =M and for fixed i, the indexC,, is bounded above whentends to 0

d 1 d
and thathmk <W 5 0r|,u T| <(1+Tpmk).

This inequality can be interpreted as follows:Cg ,-value of 1 implies that the

process meany, lies within the middle fourth of the specificatiorange

i.e.M —%<y<M +%. In general, the process mean, lies within the middle

1 of the specification range i.e- d , whenT =M .
1+3C i1+ :{:pmk)
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C,mk IS certainly worse thaiC , for being associated with a certain percentage of
non-conforming products, but again, one should aiwose this index ifp is the

main interest.C,,, (and usuallf, ) is much more sensitive than other capability

pmk
indices to movements in the process average rel&M . As seen in (3.7.2), when

U is equal td, C,, is equal t&€ . If 4 moves away from, however, C
decreases more rapidly than d@&g (although both are zero whemn is equal to one
of the specification limits). Conversely, whea is brought closer ®, C,,
increases much faster than dGgs. C,, reveals the most information about the

location of the process average and the least abeuydroportion non-conforming .

Vannman (1995) shows that among all the indicesgmied thus farC , is the most

sensitive to departures @f fromT . The ranking of the following four basic indices
discussed thus far in terms of sensitivity to deparof the process mean from the

target value, from the most sensitive to the leassitive are (1€, (2) C,,, (3)

C, and (4)C,.

A further interesting relationship among the ingdiggven in Kotz and Johnson (2002)

is derived as follows:

C
SinceC,, = E
“(45)
g
USL- LSL
- 60° Co
2 USL- LSL
H-T) ———
1+ 2
( o j 60
c, C.C
OCpp = C e = —22 = (3.7.3)
CP CP
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The question is: why do the results depend on winidax was used? The answer lies

in the fact that the indeg , inflicts penalties whenever the sample mean citiag

period deviates from the targetf,, and also from the mid-poiMt . The results
suggest that supplier 1's process is not targetregn This is evidenced by the

dramatic change in the index values fr@y, to C, andC_,.

The current chapter focused @p, C,, and C, , process capability indices, but

pmk
virtually any other normally based index could haeen used. The accuracy of
capability indices is dependent on proper undedstgnof the theory behind the

indices as well as an understanding of variatiah@mtring.
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CHAPTER 4

BAYESIAN ESTIMATION OF THE LOWER
PROCESS CAPABILITY INDEX G

4.1 INTRODUCTION

In this chapter, theoretical and simulation reswdte derived for the posterior

distribution of the process capability index, for two different but related prior

distributions. For the conventional prior the expeasterior moments of the index are
calculated. By using these moments, Pearson cumd &ornish-Fisher
approximations of the posterior distribution ardaited for a real problem. Gibbs
sampling is used in the case of the reference §tiity matching) prior to obtain the

unconditional posterior distribution Gf,. Finally it is shown that the probability

matching prior for the distribution function (a fttion of the index) is the same as the

probability matching prior of the index itself.

4.2 INDEX AND NOTATION

One of the commonly used process capability indiEes
(- u—t . _ _ T

Cu = mm(?,?oj with ¢, =USL= upper specification limit,

¢, =LSL= lower specification limit, & is the process mean andr is the process

standard deviation.

According to Bernardo and Irony (1996), is the normalised distance between the

process mean and its closest specification limit.

The definition ofC , includes, as special cases, those processes wiigrene limit

exists, by setting either, -~ — or ¢, -~ o, in which case it reduces to the

appropriate standardised measure. Thus if there ifower specification limit, we
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obtainC, :@ by simply letting/, — —co in the original definition. Similarly,
o

if there is no upper specification limig =('u;3;°) (see for example Boyles, 2002).

The next section shows how the exact posterior nmégn@nean, variance, third and

fourth central moments) are derived for the procagability indexC . By applying
these moments and Pearson curves or Cornish—Fgpansions, it will be shown in

section 4.4 that approximations of the exact pastetistribution of C can be

obtained. The Monte Carlo simulation procedure &stimating the posterior

distribution of C is dealt with in section 4.5. Section 4.6 deaithva difference

between two lower process capability indices. $@acii.7 investigates the probability

matching and the reference priors f0f . Gibbs sampling is discussed in section 4.8.

Section 4.9 looks at a probability matching prior the paramete’fzd)(’u;goj
o

while section 4.10 looks at an application, secohl looks at another application

and section 4.12 concludes.

4.3 EXACT POSTERIOR MOMENTS OF THE LOWER PROCESS
CAPABILITY INDEX Cy

As mentioned previously, capability analysis isigeed to monitor the proportion of
items which are expected to fall outside the ergimg specification to prevent an
excessive production of non-conforming output. Adaog to Bernardo and Irony
(1996) this is usually done at specified ratingiqus to obtain a random sample
Y, Y,, ... Y from the process. In this chapter, it will be assd thatY,(i=1.., n) are

independently identically normally distributed withean 1 and variance®. Since

both 1 and ¢ are unknown and no prior information is availalthee conventional

‘non—informative’ default prior

m(u,0?) 0o (4.3.1)
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will be specified for them in this section. In chep2, while using (4.3.1), it becomes

clear that the conditional posterior density @fis normal (see for example Zellner,

1971):

ulo®Y ~ N[Y’Tj (4.3.2)
and the posterior density for the variance comptmgnis given by
in-1)-
PO 1Y, %, .= Q0?2 expl-1 (n )50} (4.3.3)
an inverted gamma density, Whe_re=[\g, Y, ){]', Y :EZ\Kthe sample mean,
ni=
s :ilz (Y -Y)?, the sample variance and the normalizing constant
n-1=
2(n-1)

— 2
c=)(-Ds L (4.3.4)

2 r (=)

Equation (4.3.3) is an inverted gamma density effdim
— ﬁn —a-1 ﬁ
IG(X|a,B)=——X""expl
ap)={ o5/

with

(n-1)s

a:%(n—l) and 8= 5

Theorem 4.3.1

C,lo*,Y~N Y_E",i :
30 9n

Proof
The proof is given in Appendix A4.

Before stating the moments @, we will remind ourselves of the relationship

pl *
between moments for a general random varia¥leDenote the first four posterior

moments about the origin f&rby /., /', 1/, and ¢/, and the central moments by

M, 4y and i, , then:
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Theorem 4.3.2

E(X) =4/,

M=ty + (1)’

H's= ls+3popl + (1 )

H o= My + A s+ 6 Y py+ ()

Proof

The proof is given in Appendix A4.
The following two theorems can now be stated.

Theorem 4.3.2

Denote the first four posterior moments about thgimfor C, (conditional orv?) by

Uy U 1 5 and i/, therefore

Proof

The proof is given in Appendix A4.

Theorem 4.3.3

The " posterior moment o/ about the origin is given by

v 2 Y T@E((m+2r-1
(o (e )
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Proof

The proof is given in Appendix A4.

Theorem 4.3.4

Denote the first four posterior moments about thgim for C  (unconditional) by

m, m, m and n;and also denote the (unconditional) variance, thaind fourth

central moments of the process capability in@gxbym,, m, and m, therefore

. () [ 2
" { 3 j (?){(n 1)52} (4.3.5)
_ 1. 2(Y 0 (-1 T2(3)
m: 9n 9 (n- 1)§{ 2 rZ(?)} (4.3.6)
_(Y=t)' [ 2 r(s) | 2r*(3) (-3
27 {(n_l)g} r(—l) rz(n_lj 2 (4.3.7)
2
and
m =L JY-0)' 2 (n-1)- 2r2 (1)
27n° 2 (- 1< r2 (n—]_j
2
(Y- 1y)° )

_0h) 11 ar’(3) [(n-3)_ *(3)
+27(n 1)2(52){ (n=D(n+1)+ z(nz){ 3 rz(nzl)}} (4.3.8)

Proof

The proof is given in Appendix A4.
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4.4 APPROXIMATE POSTERIOR DISTRIBUTIONS OF THE LOWE
PROCESS CAPABILITY INDEX G

In this section Pearson curve and Cornish—Fisheroapmations of the posterior

distribution of C; are derived. For details of how to determine taeameters of a

Pearson curve, given the values of its momentsf@eexample Elderton (1953) or
Elderton and Johnson (1969). As will be shown |atetype | Pearson curve can be

used to approximate the posterior distributiorCaf for our data set.

The density of a type | curve is given by

c \" c "
f(Cpl):R(:HEplj (——p'j -a<C,<a

&,
where
M _M,
a &
M, = %kr—Z—r(r+2)\/ ;81 }
B(r+2)°+16¢ + 1)
M, = %{r—2+r(r +2)\/ ;31 ]
B(r+2) +16¢ +1)
r — 6(ﬂ2_/81_1)
(6+3131_2ﬂ2)
ata = 3 m [ Br+2y +16(r+ 1)
RY = j f(C,)dC,
. = BB +3)

4(45, - 38,)(25, - B,-6)’
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with

m,

:ﬂd:
b an[”zmg

3

where m'ym,, m and m, are defined in (4.3.5) — (4.3.8).

The Cornish—Fisher percentage points can be cééclia the following way:

and the

C — !
The standardised version of the capability indey is T=—" M

Jm

percentage point of levet of T is defined as, . With this definition it follows that a

Cornish—Fisher expansion (see Cornish and Fisi#&7()land Fisher and Cornish

(1960)) for the percentage poinyt of T is given by:

- 1 1 1
ta=2a+gfs(i—1)+2—4ﬁ4(i—35)—?653(2 2-52)

where z, is the corresponding percentage point of the st@hdormal distribution,

0 =t

r (Kz)r/Z

(r =3,4) andk, isther —th cumulant o€ . Also

K,=m,, k,=m, and k,= m—-3m,

The percentage point of level of C,, is then given by t,/m, +nf.

45 MONTE CARLO SIMULATION PROCEDURE FOR
ESTIMATING THE POSTERIORDISTRIBUTION OF G;

_ 2

By making use of the fact that/|o?,Y ~ N[Y,%j (in (4.3.2)) and from the

definition of the capability index, it follows that

(\?—e

Cylo®. Y~ N -

> ,i)(theorem 4.3.1).
O

(4.5.1)
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From (4.3.3) it follows that
~L(n-1)-
p(o? 1Y) = Qo) 2" exp|-4 (- 1)$ Io?|

which is an inverted gamma distribution and themadising constan€ is defined in
(4.3.4).

Standard routines are again used in the simulgtiocedure:
. By using the Matlab package, simulation @f can be obtained from (4.3.3) in the
following way:
(@ Simulate 7 from a x2, distribution, as a sum ofn-1)
squared independent standard normal random variates

_(n-n¢

r

(b) Calculate o where * indicates a simulated value

© o =Jo.

2. Givenog®, calculate the conditional posterior density fimct

p(C, |o*,Y) which is defined in equation 4.5.1.
3. Repeat steps (i)¢ times. For our examplé was taken as 10 000.
Using a Rao—Blackwell argument (see Gelfand andttf5miR91) a density

H— Ly

estimate of the unconditional posterior distribotiof C = can be

obtained by averaging(C,, |o?,Y) over the? repetitions.

4.6 DIFFERENCES BETWEEN TWO LOWER PROCESS
CAPABILITY INDICES

Consider two processes which are suspected ta difilg in the mean setting and
variance. For each process the posterior mean r@etsipn have the following

distributions:
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_0? g2
HIYG = N(Y ) and 2% -

for =12

n _
wherev, =(n -1) andv;§° =) (Y - ¥)?
=1

The standard routines are used to simulate eattteddwer capability index as:

1. By using the Matlab package, simulation@f can be obtained in the following

way:
(@ Simulate a)(j variate, as a sum af, squared independent

standard normal random variates.

2
% V - - -
b Calculate g % = 3 , where (*) indicates a simulated value.
1 2
l/I

2

— 0
2. By making use of the fact that | Y, ? ~ N(Y,—) , whereY, is data drawn
—_— n —_—

from process/suppligrsimulatez” and from the definition of the index, it

follows thaC, can be simulated as

TP Sy R | SR ) A [
‘5@“ %)q*+zJ;} SLY %Lh$z+zJ;J

where Z, ~ N(0,1)

Let d,=C, -G, be the difference between the two lower processatméfy

indices then:
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p

dy, =2 {(Y ﬂo),/)(vl -(Y,- 50)1/ X, +Z.\/7 é\/iJ
VoS,

d,=C,, —C, (,ul—ﬁ ] {,uz %o jand d,,can now be simulated as follows
: 3o,

3. Repeat steps (1-2) times fori=1,2

The distribution of

— 11X — 11 x2 11 1
d. [ x2. x>.Y~ N —z—/A— —z—/“z,———
12|)(|/1 Xu2_| {(Y 0)3 Vlslz (% 0)3 I/ZSZZ 9{ r1+ nsz

The following theorem can now be stated.

Theorem 4.6.1

/YV N /YV 1 1 1
Let  d X0 X0, Y ~ N (Y- f) (Y-t ) : _(_,L j for
12 1 2 _L 0 l% o) 282 9 rl rE
i=1,2
then

(ot v _ (%
(1) - I((Y (%) (G-I

;1)J

o () Vo T(2)

and

Vaf(duIY)——(i+—j }M v, (%) L (%= ézo) ) ()
n n) 9 1% rz(izl) v, S rz(%)

Proof

The proof is given in Appendix A4.

If n,=n,=nandv=(n-1), then

(1) = IF(S)((YJAJ) (%)]
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and

2 1] 2 () |( (G-’ (h=1y)°

Var(dl”p25+5{v_ r(3) }[ [T J

Theorem 4.6.2

For given )(VZl and)(f2 , denote the first four posterior moments aboutttigin for d,,

by w, 1/, 1/ ; and i/, and the central moments by, 1/, andy, , then:

— 1 /)(5 — 1 x
C=(Y -0 )= [ L — (Y, - )= | L
=Y 0)3 /52 (Y, 0)3 v s?
2111
H, aln n

_ _ _ 3

y _3(1+ 1]{(\@—50) /)(5; (Y- /)(5; J+(Y1—€o)3()(j)2
3T ql 4 T 2 2 3
9 n n 3 V.S 3 V,S 27(|/1312)E

_3(\71-€o)2()(j)(72-€0)()(é)2 3(Y- fo)o( )2 (=0 °(x7) (wo)ow
oV:s’)

30,5,)° sty v 270,5° ¥

11 1Y 2(1 1)U .o o~ Xext (=)(x2)
LE| | | S 2 ) (Y Ve 2
“ (nl+nzj+27[nfraj( D I ¥ TR VA J

L0 ), (=09 ()(Vl)z(Y )/ L6020 Y10 T IK)
81hs"y 81087y N 811,902 %)

3 _
2 (Y2_£0)4(XV22)2
81,s,' )

()(Vl) ()(VZ)
81(,s’ )2 (255 )2

+4(V1_£0)(V2_£0)3

Proof

The proof is given in Appendix A4.
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Theorem 4.6.3

Denote the first four posterior moments about thgio for d,, (unconditional on the

variance components or unconditional on the chasgu distribution) by

m, m, m and rpand also denote the (unconditional) variancedthind fourth
central moments of the difference in process cdipabmndices d,,=C, -C, by

m,, m and m, therefore

e =2 G () (e T(%)
R O =]

mZ:E(i-'—_j (Yl o) Vl_2r2(l/12+1) +(Y2_£20)2 V2_2r2(V22+1)
oln, n,) 9 v r*(3) | v.s r*(%)

o2 \ws?) r(y) | re(y) 2 ) ()| %) ’
_1(1, 1), 2 (1, 1) 1| _2r(%)
m=alnn) R m{” () }
+—(Y Re ( 1} 12 VZ—ZFZ(V22+1)
n n),s) rz(%)

L=t Jnw+2) T
2708 r

G- {vz(v2+2)+4r:(”z“) {_13(%_2)_”(”251)

270,8," ) 3

+2(71_£0)2(V2_£o)2 V. +4 2(Vliﬂ) 2(V2+1)
270,87 ),87) |

where

v, =(n,-1) andv, =(n,-1)

Proof

The proof is given in Appendix A4.

If n=n,=nandy,=v,=v=(n-1), then
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_22 r(”ﬂ){Zrz(”?)_(Z/—l)}x 0o _ (=10’
(vs’): (vs')

3
2

+£072—€o)2(2j L {I/— Zrz(vzﬂ)}

n)ws?)

£ {V(V +2),402) E(v -2)- rz(”?)}}

27vs’Y 3

+(?2—€0)4{|/(V+2)+4|'2(v2+1) }(V—Z)—rz(v;l)}}
27vs?y 3 r’(y) |3

+2(71_£0)2(72_£o)2 {V2+4r4("+1) 4|-2(v+1)v}
27s*)Vs’) ‘ ?

4.7 PROBABILITY MATCHING AND REFERENCE PRIORS FOR,C

The Bayesian paradigm becomes attractive in mapgstyof statistical problems —
especially in capability index problems but the ickoof an appropriate non—
informative prior distribution has been controvatsiCommon non—informative
priors in multi-parameter problems, such as Jeffrgyior, can have features that
have an unexpectedly dramatic effect on the pasteRecently Datta and Ghosh
(1995) derived the differential equation that aoprmust satisfy if the posterior

probability of a one-sided credibility interval fa parametric function and its
frequentist probability agree up @(n™) wheren is the sample size. They prove that

the agreement between the posterior probabilitythedrequentist probability holds
if and only if

m

> 2 (979} =0 (4.7.1)
= 08
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whererr(6) is the probability—matching prior for@ the vector of unknown

parameters.
Also
o 9 |
O, —{a—@t(é’),--,at@} (4.7.2)
and
ne=—y 06 __1, 5 o (4.7.3)

~Jo@F 0.

It is clear that'(8)F (8)n(6) =1 for all & where F™(8) is the inverse df(6), the

Fisher information matrix of@ per unit observation andl(6) the parameter of

interest. The following theorem can now be stated.

Theorem 4.7.1

Let {Y,i=1,...,3 Dbe independently normally distributed with parasnet
vectord =[u,0]'. Suppose the parameter of interest is the proocegmbility
indexC, :% =1(8) , then the probability matching prior f@,, is given by

(1, 0) = {1+ M}_Za*. (4.7.4)
20

whereg? >0 and - < /< o
Proof

The proof is given in Appendix A4.

The following corollary involves a transformatiaom o to o”.

Corollary 4.7.1.1

Let {Y,i=1,...,3 be independently normally distributed with paraenet
vectord =[u,0°'. Suppose the parameter of interest is the procegsbility
indexC,, :% =1(8) , then the probability matching prior f@,, is given by
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7 (1, 0%) = {1+M}_Za‘3. (4.7.5)

207

Proof

The proof is given in Appendix A4.

Corollary 4.7.1.2
Let {Y,i=1,...,3 be independently normally distributed with paraenet

vectord =[u,0]'. Suppose the parameter of interest is the prooegmbility

indexC,, = ’U:;;O =t(6) , then the probability matching prior f@,, is also given by
212
" (u,0) :{1+M} . (4.7.6)
20
Proof

The proof is given in Appendix A4.

As mentioned earlier, the Jeffreys’ prior is notvays suitable for multi-parameter
problems. In recognition of this problem Berger @winardo (1992), propose the
reference prior approach to the development of mdormative priors, the key

feature of which was a possible dependence ofdfezance prior on specification of
parameters of interest and nuisance parametetbidrsection the reference prior of
Berger and Bernardo (1992) is derived for the pseceapability index and the
solution depends on the ordering of the parametedshow the parameter vector is
divided into sub—vectors. In spite of these diffi@s, there is growing evidence,
mainly through examples that reference priors mlevisensible” answers from a
Bayesian point of view and some more limited evatethat frequentist properties of
inference from reference posteriors are asymptbtiCeeasonable”. It will also be

examined whether the reference priors satisfy thbability—matching criterion.

The following theorem can now be stated.
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Theorem 4.7.2

For the process capability ind€x =

ﬂ;o’ the reference prior relative to the

ordered parameterisatiq, o?) is given by

(4, 0%) = 0‘3{1+M} : 4.7.7)
20
Proof

The proof is given in Appendix A4.

Corollary 4.7.2

The reference prior is also a probability matchanigr. This follows from (4.7.5) and
(4.7.7). Mukerjee and Dey (1993), on the other haletived priors ensuring up to
o(n™) frequentist validity of the posterior quantilefstoe parameter of interest. If the
reference prior and the probability matching prpoduce the same results, they
suggest higher order asymptotics to obtain theapjate prior.

4.8 GIBBS SAMPLING

For the reference (probability matching) prior difetcapability index, the joint
posterior density ofs and o’ is given by

“5(-p?lo*

1
Liniqy Ao 2
5(-1) (n 1)52/02( n j e %

e2 |
2 ) J2mr

g

_1

— 2] 2

Sl =t ?
20

p(u,a?|Y) O (o%)
(4.8.1)

Technical difficulties arising in the calculatiorf the marginal posterior densities
needed for Bayesian inference in the case of neéerand probability matching priors
have long served as an impediment to the wideri@gmn of the Bayesian

framework to data analysis. The reason for thihas the integration operation plays

a fundamental role in Bayesian statistics.

Recently, due to work of Gelfand and Smith (1993¢/fandet al. (1990), Carlinet
al. (1992), and Gelfandt al. (1992), the Gibbs sampler has been shown to lsefalu

tool for applied Bayesian inference in a broad etgriof statistical problems. The
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typical objective of the sampler is to collect dfistently large number of parameter
realisations from conditional posterior densitiesorder to obtain accurate estimates

of the marginal posterior densities.

For the sake of convenience, def)e=t(0) .

In the (t(8),0°) parameterisation the conditional densities arerglyy

1 —g(\?—Sat(Q)H{O Pio?

P& |0*,Y) O{1+2¢(O)} %e —00 < (@) < (4.8.2)
and
p(0? |(8)) 0 (07) 2Pt gz s (4.8.3)

The Gibbs—sampler can now be implemented. Thetiter@rocess starts by using

2(0)

arbitrary starting values®®,t°(8), to calculate the first iteration using (4.8.2)dan

(4.8.3). As burn in period we used 5000 iteratiokfser k iterations, in which the
conditional densities are updated at each iteratioe Gibbs—sampler generates the

valueso?™ t®(8). Giveno?, calculate the conditional posterior density fimrct

p(t(@)|o?Y) as defined in (4.8.2). The process is repeatedtimes. The
convergence of the algorithm is discussed in Gdlfamd Smith (1991). The problem

in this chapter was done witk=50 and/=1000C. Using a Rao-Blackwell

argument as discussed in Van der Merwe and Chik¢2004) a density estimate of

the unconditional posterior distribution ty) =C :% can be obtained.

It is less expensive to use successive valueshb<sampling procedure. Gelman and
Rubin (1992), however, warned *“that particularly ridg the first tentative
examination of a new problem, it can be argued thanhitoring the evolutionary
behaviour of several runs of the chain startingnfi@ wide range of interval values is

necessary”.
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4.9 PROBABILITY MATCHING PRIOR FOR A SPECIAL
FUNCTION

A parameter that is often of interest in capabilityex theory i® = CD(LEOJ :
o

Bernardo and Ilrony (1996) use the conventional informative prior
m(u,0?) 0o~ but mentions on page 15 of their article that tpigor is not

necessarily the most appropriate “default” priordo This section will therefore

derive the probability matching prior for. The following theorem can now be stated.

Theorem 4.9.1
Let {Y,i=1,...,3 Dbe independently normally distributed with parasnet

vectord =[u,0]'. Suppose the parameter of interestis dJ(LEOj where @ is
o

the distribution function of the standard normastdbution, then the probability

matching prior ford is given by

20

™ (u,0%) = {1+M}_za‘3 (4.9.1)

Here, (4.9.1) is exactly the same as the probglwiatching prior forC , (4.7.5).

pl?

4.10 APPLICATION ONE

To illustrate how to calculate process capabilitylex(C,) using the Bayesian

techniques discussed, we refer to the Aircraft datample in chapter 2.

The definition ofC , includes, as special cases, those processes wigrene limit

exists, in which case it reduces to the appropriste sided standardized measure.
Thus if there is no upper specification limit, wbtain C, :ngo) by simply

letting ¢, — o in the original definition.
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Results

The non-informative prior is used in the Pearsanisve (Monte Carlo simulation),
and the Rao—Blackwell as well as the Gibbs—samptiathods are used in the case of
the reference prior (the same as the probabilitichiag prior in Corollary 4.7.1.1).

Figures 4.1 and 4.2 illustrate the posterior distiibns ofC, for the data set given in

Table 4.1. The graphs do not differ much becaustheflarge data set used. The
histogram results are also shown in Figures 4.is further clear that the Pearson

curve approximation is quite good. Under Jeffreyw'®r the meanC is 2.54. A
95% credibility interval forC , is (2.04, 3.06). Under the reference prior (whicthe
same as the probability matching prior), the mé&p is 2.63. A 95% credibility

interval forC  is (2.11, 3.11).

Figures 4.3 and 4.4 illustrate the posterior distibn of C, for the first 20

observations given in Table 4.1. Because of thdlemaumber of observations used
the posterior distributions in figures 4.3 and hdve a larger variance when
compared to the corresponding figures 4.1 and#h@.Jeffrey’s prior gives rise to a
mean C, of 2.94 with a 95% credibility interval foC, of (2.02, 3.94). The

reference prior (which is the same as the prolghiiiatching prior) gives rise to a
meanC,, of 3.15 and a 95% credibility interval f@,, of (2.21, 4.11).

From the results it is clear that the differentopsi give different estimates. The
probability matching (reference) prior is recommexhdbecause it is designed to
produce posterior credible intervals which are gswtically identical to their
frequentist counterparts.
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Figure 4.1: Histogram and Pearson’'s type 1 curve tbe process capability
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Figure 4.2: Distribution curves for the process aapity indexC

134



0.5 .

0.7k .

0.6 .

f(Cpk)
]
in

0.3 .

0.2F .

0.1 F .

1 1.5 2 2.5 3 3.5 4 4.5 a
Cpk
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4.11 APPLICATION TWO

M—LSL

In this chapterC, = 3
o

is used in defense of the Bayesian approach. Some

applications require an upper limit rather tharowadr limit. In a similar way t€,,

the moments for the difference between two upp@alodity indices of the form
c :USL—,u

pu

could be derived without much extra effort. They&sian results

L1 —USL

derived, will still hold in the case d,, sinceC, = —( jwhich is now of the

same form a€ , except for the negative sign.

The following is taken from actual flathess measwert data obtained from industrial
processes. The data sets passed a goodnesseadtffot normality and are collected
from stable processes. The summary statistics padifations are given in table
4.2.

In this example, we consider three samples fromahminum part. The null

hypothesis for this case is

d12
Ho:ld, |=0
d23

hered; =C,, -C,, i<j=2.3

Table 4.2: Summary data from flatness measurements

[ n VI S USL apq

1 20 0.00045 0.00012 0.001 1.619
2 20 0.00045 0.00009 0.001 2.061
3 20 0.00073 0.00010 0.001 0.946

Source Hubele, Berrado and Gel (2005)

Ten thousand simulations of eadth for i<j=2,3 are performed. Pair-wise

comparisons listed in table 4.3 below indicate thatcapability index of sample 3 is

136



significantly different from the capability indicesf samples 1 and 2, whereas the

indices from samples 1 and 2 are comparable. Zerwi included in the last two

intervals.

Table 4.3: Summary of pair-wise tests

Statistic 95% credibility | Test Conclusion
interval

d., (-1.3422;0.3123) | fail to reject H,

dy, (0.0336;1.2200) | reject H,

d;, (0.4251;1.8754) | reject H,

Hubele, Berrado and Gel (2005) came to a similackssion using the same data set
but using a Wald test for comparing multiple capgbindices. Their results are
summarised in table 4.4 below.

Table 4.4: Summary of pair-wise tests using Wadtl te

Samples Statistic X7(0.05) Test Conclusion
Compared W

1&2 1.07 3.84 fail to reject H,
1&3 4.56 3.84 reject H,

2 &3 8.89 3.84 reject H,

Plots of the histograms and Pearson’s Type 1 digtan curves fod,,,d,, and d,,

are done in figures 4.5 through to 4.7.
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This indexC , is recommended for quality features with a unretepecification of

USL. Linearity, flatness, circularity and cylinditie are examples of such quality

features.

4.12 CONCLUSION

Bayesian inference has a number of advantagesll Bdyesian analysis provides a
natural way of taking into account all sources ntertainty in the estimation of the

parameters. In this chapter uncertainty about rine value of the process capability
index is incorporated into the analysis through dheice of a non informative prior

distribution. The probability matching (referengejor is recommended because it is
designed to produce posterior credible intervalgchviare asymptotically identical to

their frequentist counterparts.
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Appendix A4

Proof of theorem 4.3.1
_ 2
By making use of the fact that|o?,Y ~ N(Y,%j (equation (4.3.2))

Proof:

Proof of theorem 4.3.2

E(X) = u', by definition.
E(X-p')? = B(X* =2 X'+ (1))
o = E(X?) = 2E(X)u '+ (u,)°
== 2 Y + (W)’
== ()
Ou =ty + (1)
E(X - 4)° = B =3Xu + 3XW )’ - W)
My =E(X?) =3E(X*) '+ 3(X) W 1) - (uy))
= =3+ 3 (W - L))
= (=3 o+ 3w Y - (W ))
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= Uy 3+ 2 )
=1 =3+ () )+ 2y Y since fy =yt Wy Y
= W= 3= 3 + 20
= =3 = ()
O [ o= py+3up'y+ (W)

E(X - ') = E(X* =4 X3+ 6 X2 ()2 = 4 X )+ (1))
Hy = E(X) =4EOC), + BEOR) W)~ 4B )+ ('
= U Al O ) A ) )
= U A O A ) W)
= W=l gl 6 ) =3 )

but 4/,=p,+3u '+ W) and u =+ ()

O Mo = 1 = M+ Bups '+ (W V) + 6@,+ @ P )W Y -3¢,
=l Al =120, Y - Ay Y+ G, @ F B Y- 3, S
= = Al = By Y - ()

O f 4=y + A s+ 6 )+ (U )*

Proof of Theorem 4.3.2

_ 2

Since u|o?,Y ~ N[Y,%], the posterior density o€ :% conditionally on

2

, : Y - , , :
o is normal with mean?K0 and varlancel—. Denote the first four posterior

O9n

moments about the origin fa€ ; (conditionally ono?) by u', ', i, and ¢/, and
the central moments by, 1, and 4, , then

Y-,
= . A4.1
Hi=— (A4.1)

o=+ (1)°
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:i+—(v _KO)Z
on 90

1{5&_€>} | (A4.2)

9|n o’

W o= s+ 3,00+ (1)’

— — 3
Cosal Yol (Y1,
on 3w | v

RIEARNCEA
| v

:(7‘£0){i+(\7—€o)2} (A4.3)

and

U = My AU+ 6(/1'1)2/12"' (/1'1)4
2 v 2 V. 4
L] vord o] 2%t
9n 30 On K9

:(21 j+6(v—£o) +(Y—€0)

n? 8Ino? 8v*
(1), 2(Y=4,) (Y-t
om? ) m| T

:i{%(\?—eo)z{ o (V'EE)ZH (A4.4)
27/ n no Ko
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Proof of Theorem 4.3.3

Since the inverse gamma distribution is given by
IG(x|a/3)—— expc-5/)
with
yal B _
expf A Xx=1

and therefore

e =t

jo r()

E(0)" 1% = E{0f " 1¥ = df of X of exp (¥ ™) 4 07 o

(n 2r-1)-1

—cj (0%) 2 exp[-1 (- DS /az} w2

1 _ 3(n-1)
_c G+ +12))1 andwithC:{(n 1)52} 1
(1n-<)? atmer D 2

{(n 1)52} 2
3 2 FE(n+2r-1))

) (x(-pg)" ()
_ 1 FrE(n+2r-1))
( (n-1)g’)? 20 T()

(2 Yr@En+2r-1)
((n-pg (%)

Proof of Theorem 4.3.4

By substituting forr :%,1,2 and 2 in equations (A4.1) to (A4.4) after integrgtout

o and using the relationships between moments abeuirigin and central moments,
equations (4.3.5) to (4.3.8) will be obtained dbofes:

Let Z :Y_EO
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Y-,

mllegz( 30_)
:EO.Z(Z)
(V=) 1
=3 E(U)
but
w2 Y TEMn+2r-1)
E{(o) " 1% _((n—]_)szj r(=)
1 Sy o2 Prema-y (2 yr()
r_E E(od) 2| % _((n—l)SZJ r(nT—l) ((n 1)§] r( 1)_
Therefore

22 T(3) (2
! 3 1) (h-1¢

which proves the result in equation (4.3.5).

_1 ()L e
9n 32 (n—1)82 3(n+1)
2
(- a) (n- nf 2 0 (o
(n- né r(=)
(Y €0)2 r(n+1)
(n— 1)5,2
(Y €0)2 (n-1)
(n— 1)5,2 2
(Y zo)z {w
&
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which proves the result in equation (4.3.6).
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which proves the result in equation (4.3.7).
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Proof of theorem 4.6.1

Using theorem 4.3.3 and=3
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Proof of Theorem 4.6.2
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Proof of Theorem 4.6.3
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The fourth moment
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where

v, =(n,-1) andv, =(n,-1)

Proof of Theorem 4.7.1

The Fisher Information matrix of =[,0]" per unit observation can be derived as

follows:

The likelihood function is defined as

L(u,0) :Lex —
' o2 20°

and
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ou o
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2 _ 2
0 ﬁnlz_ :—1. Therefore —E _6 fnzL =i2.
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The Fisher Information matrix is then given by
og? 0
F(uo)=F(@@) = =diaglc ™, 2072 and
(1,0) =F(6) 0 ZU_ZJ ol |
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FNuo)= 1 , |=diag o*,=0°
o 2
2
Consider
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——=— and = —
ou 30 do 3 o

and therefore

Drt(g):[w M}:[i _éo_'“}:i[l éo_”}_
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7(6) =——2 K
2 |1+ (o= 1)
\ 207
ng=—2LEF O -1, ne.

JO(OF 90,9

where for a prior7r(€) to be a probability—matching prior, the differehquation

>

m
a=1

{ﬂa(é') 9} =0

must be satisfied.
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In what follows, it will be clear that if we set

@) = {1+ o ‘é’)z}_za—-z
20

then this will be the case, because
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which proves the theorem
2172
nM(y,g):{h%} o2

Proof of Corollary 4.7.1.1
From theorem (4.7.1)

' (u,0) = {1+ M}_ZJ_Z
20

let

X=0 y=0°

then
y=x
0, —)?] 2 _ldx
2 (u,y) 011+ Lo H=
(1) { Py } dy
1 1
)(:yE %:lyZ
dy 2

”M(,U,Y)D%{l+ (Lo —H) }Zy-z
ruorfti| o
20

7 (1.0%) = {1+—“ . é’)z} o

g

is therefore a probability matching prior.

Proof of Corollary 4.7.1.2
From theorem (4.7.1)
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20°
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_ 2
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20

n,(6) =

For a prior77(6) to be a probability—-matching prior, the differahgquation

m

0
;E{Uﬁr(@ K19} =0

must be satisfied.
In what follows it will be clear that if we set

n(g):{w“"_é’z}
20

then this will be the case, because
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Therefore
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0 ) 0
;E{H(é)ﬂ(@} _a_y{ 9 g +a_}_ e 1, B

=0+0=0.

1
— N2 )2
m (u,0) = {1+(£02—'§[)} is therefore a probability matching prior.
o

Proof of Theorem 4.7.2

_Hly _ _H— 1
C_ = =t(@) ODu=3ct@+¢, ando=
pl 30 () H @+, ETC)

Define Az—a('u’a) :F’J 3(@)}
o0(t(9),0) 0 1

by

F(t(8).0) = AF(1,0)A

36 0

{a(e) J 0 2070 1
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Hence the Fisher information matrix under the reapeetrisation(t(8),0) is given
o? 0 ][30 3 (9)}

Following the notations in Berger and Bernardo @98nd Bernardo (1998), the

functions h;(j =1,2) which are needed to calculate the reference forothe group

ordering (t(6),o0) can be obtained frork (t(6),0) as follows:
From the section above, let

21 22

F=AF(u,0)A= [ s flzj

therefore
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Now
het o=t Lt —lo-0 1OV 1E) 810y "+ 18- 8w tQ)
— 2T 'u f22 120 217 9,[2@)0__24_20__2‘ ‘ Qz@b’_2+ %_2 ‘
18077 18 .
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Therefore the reference prior relative to the cedeparameterisatiorft(8),o) is
given by
p((8), o) = p(1(8)) plo] 18)

p(t(8),o0) ={1 +%t2(g)} o~ which is the same as before.
Therefore the reference prior relative to the cedeparameterisatiorft(8),0) is
given by
o, 17
i (t(8),0) D{1+§t2(g)} o™

In the (1, 0) parameterisation this corresponds to
let
X=t0 y=u

then
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i (u,0)0 {1+%M} 20‘2.

which proves the theorem. See also Bernardo (1988gs 60 — 61 for a similar
proof).

Proof of Theorem 4.9.1
_ ,u_fo)_ e 1 i
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Since
o> 0
FYO=F*uo)=| 1 ,|=diago®jo|
0 —-o
2
(See proof of Theorem 4.7.1) it follows that
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which means that

(@) =——Z—andy, @)= L)
13 () 1+3(%5°)

Since 77,(8) and 1n,(8) are exactly the same as the corresponding fursction

Theorem 4.7.1, the probability matching priors @y = ,U?";o and o= CD(LgOJ
o

are similar and is given by
2172
™ (u,0) :{l+—(£°_’g) } o’
20
or from corollary 4.7.1.1

7 (1, 0%) = {14.@}_20—3.

20
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CHAPTER 5

A PROCESS CAPABILITY INDEX FOR
AVERAGES OF OBSERVATIONS FROM NEW
BATCHES IN THE CASE OF THE BALANCED

RANDOM EFFECTS MODEL WITH TWO
VARIANCE COMPONENTS

5.1 INTRODUCTION

Capability analysis is used in many facets of indailsprocesses. In this chapter, a

process capability indeéPpll) is developed for the average of observations fnem

or unknown batches in the case of a balanced ramdi@eis model. Using a Bayesian
approach theoretical and simulation results arevelrfor the index under two
different but related prior distributions. For tbenventional prior (obtained from the
Jeffreys’ rule), the exact posterior moments of thdex are calculated. These
moments are used to obtain a Pearson curve apmbammto the posterior
distribution for a real problem. The posterior dimition can also be obtained by
using Monte Carlo simulation. A weighted Monte ©arhethod is used for the

probability matching (reference) prior to obtaine thunconditional posterior

distribution ofP,*.

Data arising from multiple sources of variabilispiery common in practice. Virtually
all industrial processes exhibit between-bathwell as within-batch, components of
variation. In some cases the between-batch (or detwsubgroup) component is
viewed as part of the common-cause-system for theegs. It seems worthwhile to
develop a process capability index in more gersgtings. To do so, it is necessary
to employ a statistical model which adequately heschultiple sources of variability.

The variance component model is suitable for ekt
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This chapter investigates a version of the procapsbility or performance index for

the balanced random effects model from a Bayesandwork. The index is denoted

by Pp,1 and can be used for the average of observatimm fiew or unknown

batches. The term capability index will be use@aeneric term.

The next section briefly introduces and definesltiveer process performance index.
In section 3, a Bayesian analysis of the randoracesf model is considered. The

conventional prior is discussed and used to depesterior distributions of some

parameters. Section 4 formally defines the loweafgoeance index I(-“pll) which is

based on the random effects model. The exact pastmoments of the index are
calculated. In section 5, the probability matchemyd reference priors f@gll, are
derived. In section 6, estimation procedures inagigosterior moments which are
used to obtain a Pearson curve approximation toptisterior distribution d’r’pll.

Monte Carlo simulation procedures are explained déstimating the posterior

distribution of Pp|1 and a related index for the conventional prionwdighted Monte

Carlo method is used for the probability matchingfgrence) prior to obtain the

unconditional posterior distribution a,g,l. An illustrative example is provided in

section 7.

5.2 DEFINITIONS AND NOTATIONS

The lower process performance index is defined as:
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where

L =mean of future observation for a new or unknowrthat
o,” =within group variance

0,7 =between groups variance

0,” =between groups variance

|, =lower specification limit

J =batch (package) size

Ppl1 follows from the fact that the expected value led sample mean of a new or

2
. . , .0,
unknown batch iz and its variance |5J1—+0'22.

Approximations of the exact posterior distributioh Ppll can be obtained. Current
knowledge indicates that a posterior analysis ligg torm of Ppll does not exist. For

notational convenience, the letterend J will now be used to indicate number of

groups (batch) and subgroup size respectively.

The next sections will, therefore, look at the aade component model and derive
the exact posterior moments (mean, variance, #midl fourth central moments) for

the lower process performance index.

5.3 THE VARIANCE COMPONENT MODEL

The variance component model with two variance aamepts is of the form:

Y, =+t for 1=1,2.-- ] and j=4,2,--J.

(5.3.2)
Equation (5.3.1) can be written as:
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Yi =UTE for i=12:--] and 1=1,2,--J.
(5.3.2)

where 1 = p+r,

andY; is the j" response from thé" batch

(5.3.3) & ~ N(0,0,°)independently of, ~ N(0,0,%)

The single fixed effecis denotes the overall mean and the random effed¢notes

the deviation from this mean, specific to batch & represents the within

group/batch variation; is known and denotes th¢" response value in thé"

batch.

The model (5.3.2) explains the sampling variatisnwathin group (lot) variation,
while model (5.3.3) explains process parameter etwéen group variation and
(5.3.1) explains both sources of variation, sangplrariation and process parameter

(between groups) variation.

Some important results of the of the variance camepbmodel are summarised in the
theorem 5.3.1

Theorem 5.3.1

. Y” |,LI,012,0'22~ N(/J1012+022)

. Yi|uo0202 ~ N2 "2% +J02 )= N, % o’ +0.2)

11 \=(,|,ual 0, ~N(,UJ “+doy %)

_ J — I J
where Y, :%ZY , the I" batch (group) mean and = %ZZ ¢ is the overall
=1

i=1 j=1
sample mean
Proof

The proof is given in Appendix A5.
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The variance component model is used when thetwariaf group means is more
than we expect when using a simple within groupaveye model. Process parameters

are known to vary slightly, even when the process istatistical control, introducing
extra variationr,”; e.g. Kiln (brick oven) temperatures may vary gsx parameters

(quality measures) in brick manufacture.

5.3.1 POSTERIOR DISTRIBUTION OF THE MEAN AND
VARIANCE COMPONENTS

Consider model (5.3.1) again:
=pu+y+g fori=1,2,-- 1 andj=12,-J.

where g ~ N(0,a,”)independently of, ~N(0,0,°)

The non-informative joint prior for the variancengponent model as defined by Box
and Tiao (1973), page 251, viz.:

1
02,020 5.3.4
p(u,0,°,0,%) oA 02+ 107 ( )

The prior may easily be obtained by applying JgHteule. Jeffreys’ rule states that

the prior distribution for a set of parametersaken to be proportional to the square

root of the determinant of the Fisher informatioatrix. By combining the prior with

the likelihood, the joint posterior distribution gf 0,> and g,> can be obtained.

Theorem 5.3.2

p(ulY,o,0,°) = . expe- L WY S Y.y ) (5.3.5
\/277(012"'3022) 2 (0, +30,")
1J
ie. u|Y,02,072~ N(Y. JCARRIZDN

1J

and the joint posterior distribution of the variaraomponentsr,®, g, is

p(af,afl\_()D[(af)_z(vl+2)(af+ 30,3 2" ex (— LGP £ 1. })J (5.3.6)

a’ (@ +J ;")
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whereg? >0 0.>0 o,>0ando},=0’+J0;
| is the number of groups/batches
Jis the number of observations within each group

v,=10-1) w,=1-1

I _
vlml:ZZ(Y Y)? is residual sum of squares

. =
v,m, = JZ(Y_— Y)? is between groups sum of squares.

i=1
Proof

The proofs are given in Appendix A5.

Theorem 5.3.3
E(m)=0; andE(m) = (o7 + J0,?).

Proof
The proofs are given in Appendix A5.

The posterior distribution for,? andg;,?, each one proportional to an inverse gamma
distribution, would be independent of each othkthe restrictiono,,” > o,? did not
apply. The joint posterior distribution far,> and o,,> would be the product of these

two distributions.

L 1v Lw,+2) 1. v
rﬂq&q;uQDQJSZ‘”em&;{i?»x«m%z @@65{2®PJ
1

2
01,

V. 1%
0’0, Y~ IG(UfIEl:very)>< IG(alzzlf:vzm;)

@Ma@—ﬁj “exph/)

i.e.theinverted gamma density with positive raetersy  andg.

i.e. the inverted gamma density with positive patersa and 5.
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However, the above mentioned restrictions do ap@brertheless, using a two-step
rejection sampling procedure (as discussed in @edib) it is straight forward to

generate samples from the joint distribution.

By using the Jeffreys’ prior (5.3.4) the exact posir moments (mean, variance, third
and fourth central moments) for the lower procem$gomance index are defined and
derived in section 5.4. A probability matching pras well as the reference prior for
the index is also derived.

5.4 POSTERIOR DISTRIBUTION OF THE LOWER PROCESS
PERFORMANCE INDEX Ii-’p|

The lower process performance indet%l]() is defined in (5.2.1) section 5.2.

To illustrate how and when this index (5.2.1) isedisconsider a factory that
manufactures medical tablets in very small batcheshis instance a small batch is
likely to be a weekly or monthly intake of tabldts an individual patient. The

interest is in whether the patient gets, on aver#ige required dosage of the drug
from the batch in the specified time, given thathepatient must get an average

dosage of at leadt. The question is, therefore, whether the processapable of

producing to this specification.

The above mentioned index is contrasted with tHeviing index:

P = ( /’1_ IO j = ﬂ_l 0
pl 30 1
total 3( 0-12 + 0-22)2
which is not dependent od, the subgroup size. The index assesses whether the
process is capable of producing each tablet (measnt) to specification as opposed
to the mean of a group tablets from the batch. fbHewing theorem can easily be

proved.
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Theorem 5.4.1
The lower process performance index (5.2.1) giVem vYariance components, is

normally distributed, i.e.

Pp|l|X,0.12’0.22~ N Y--_l() 1 ’gi fOI’ a.” |,J (
o (07 +30) )
J
5.4.1)
Proof:

The proof is given in Appendix A5.

5.4.1 EXACT POSTERIOR MOMENTS OF THE LOWER THE
LOWER PERFORMANCE INDEX I%

Denote the first four posterior moments about thigim for Pp,l(conditionally

ong?,0,”) by (', 1,1/ , andy/, the central moments by, toand g, .

Theorem 5.4.2

— } prm—

, o (Y=1)J2 1 (Y -1)%d
o =
3(0-122)2 12

= 1 =
,U' :(Y.._Io)‘]2 3 +(Y"_ 0)2‘] )
S P
(o) (02)
_ v _1\2
ﬂ'4:i i2+(Y_IO)2\] 22+(Y.. IO) Z‘J ’
27]12 10" 3(0,2)

ando,,’ =0+ J0,’.
Proof:

The proof is given in Appendix A5.
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The r™ posterior moment Osz (in the case of Jeffreys’ prior) is given in Boxdan
012

Tiao (1973) as

r ‘ I'(VZHjPr Fo o < 2 M
E(lj_(Zj 2 I v+ 2rmy
Tz ) \vam, r(‘@jpr{ﬁ " <mz}
2 271 rr!L
where F . is an F-distribution with v, and v, degrees of freedom

ando,,’ =0 +J0,’.

Using the results above, the unconditional momehtait the originM,,M,, M ;,M
and moments about the me&h ,M,,M,,M, can be calculated. The probabilities

from the F-distribution can be found using the Mhatpackage (see section 5.7).

5.5 THE PROBABILITY MATCHING AND REFERENCE PRIORS
FOR THE LOWER PROCESS CAPABILITY INDEX'R

The Bayesian paradigm emerges as an attractiveagpin many types of statistical
problems — especially in capability index problelmsa the choice of an appropriate
non-informative prior distribution has been conttmsial. Common non-informative
priors in multi-parameter problems, such as Je$frgyior, can have features that

have an unexpectedly dramatic effect on the pasteri

5.5.1 THE PROBABILITY MATCHING PRIOR FOR THE
LOWER PROCESS CAPABILITY INDEX B,

As mentioned in section 4.7, Datta and Ghosh (1888yed the differential equation
that a prior must satisfy if the posterior probipibf a one-sided credibility interval

for a parametric function and its frequentist ptubty agree up toO(n‘l)_

Theorem 5.5.1
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The probability-matching priors for thﬂa1 index in the case of the balanced random
effects model defined in (5.3.1) are:

L
H _ _3 J _I 2 2
L m@=m (07 07 00 (07+0,) 2[1+ z(a(”—y);)]
1 2

. -2 |
ii. 7,(6) = m (102,02 002 (0 +30,7) 2| 1+ 2—)

L (-1 )2 2
iii. 77,(0) =m,(u,0,°,0,°) 0 (012"' Jazz) 2| 1+ 2(02 + JOU 2)
1 2

Proof

The proof is given in Appendix A5.

T, (u,0,°,0,) is of the same form as the reference prior (setose5.5.2).

Theorem 5.5.2
The probability-matching prior

g
3 -1, ]°
]7;1(/,[,0'22,0-12)D0-1_2(0-12+ JJZZ) 2{1+ %J
1 2

leads to a proper posterior.

Proof

The proof is given in Appendix A5.

5.5.2 THE REFERENCE PRIOR FOR THE LOWER PROCESS
PERFORMANCE INDEX Ii’p|

As mentioned in section 4.7, the Jeffreys’ and pholity matching priors are but two
methods to obtain useful information regarding ndofmative priors. The Jeffreys’
prior is not always suitable for multi-parameteolgems. In recognition of this

problem Berger and Bernado (1992) proposes theerafe prior approach to the
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development of non-informative priors, the key feat of which is a possible
dependence of the reference prior on specificatibrparameters of interest and

nuisance parameters. In this section the referpnoe of Berger and Bernado (1992)

is derived for the process capability indé%ﬂ().

As is the case of the Jeffreys’ prior, the refeeepdor method is derived from the
Fisher information matrix. Note that the referenmeors depend on the group
ordering of the parameters. Berger and Bernado2)199ggests that multiple groups,
ordered in terms of inferential importance, arewaéid, with the reference prior being
determined through a succession of analyses fointipied conditional problems.

They particularly recommend the reference prioredasn having each parameter in
its own group, i.e., having each conditional refieee prior be one dimensional.

Notations such a{s,u, 022,012} will be used to specify the groups and importaoice
parameters{ U, 022,012} means that there are three groups, withbeing the most

important ando,” the least important.

As in section 4.7, there will also be an examoratio see whether the reference

priors satisfy the probability-matching criterich7.1).
The following theorem can now be stated.

Theorem 5.5.3

For the lower process performance indéﬁgpl, the reference prior relative to the
ordered parameterisatic{r)u, 022,012} is given by:
: 2 -y |
05,000 %02+ 30,7) 2|1+ ——L 02 ©
p(1,0,7,0,° )0 o, ( 1 2) { 2(012+J0'22)

which is the same as theorem 5.5.1(i).
Proof

The proof is given in Appendix A5.
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Corollary 5.5.3.1

The reference prior relative to the ordered parerimtion{ U, 012,022} is the same

as the reference prior relative to the orderedrpatarisatiorﬁ MU, 022,012} :

Proof

The proof is given in Appendix A5.

5.6 PROCEDURES FOR ESTIMATING THE PROCESS
PERFORMANCE INDEX Ii’p|

5.6.1 PEARSON CURVE APPROXIMATION

As mentioned in the case of Jeffreys’ prip(ry,azz,af)Dal‘z(af+ JO’ZZ)_l the

exact posterior moments can be calculated. A Pearsove approximation of the

posterior distribution oPpll can then be drawn. A type | Pearson curve carsbd to

approximate the posterior distribution Bgll for our data set. Monte Carlo simulation

methods can also be used to graph the index.

5.6.2 MONTE CARLO SIMULATION

In the case of Jeffreys’ prior, simulation of tpesterior of g,> ando,’can be
achieved through the following standard Monte Caitaulation routines. By using

the Matlab package, simulation of> and &,”can be obtained in the following way:

} Draw 7 from a x°, distribution. 7 = lef whereZ, ~ N(0,)
i=1
(i=1,2,-- v,) and independently of each other.

il Let==
T vym
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. o, where the * indicates a simulated value.

r
Vo
iv.  Draw u from a x’, distribution.u=>" 272
Va
i=1
1_0,
V. Let ==—12 where o, =0+ I,
u v,m
: . _V
vi. g, = 2T
u
e 2* 2* 2* . . e
vi If g, >0 (o, was simulated in stefii))

% 1 * * -
calculates,’ 23(0122 -o/") from the expressiong,,” =g, +Jo,”.

where the following expressions still hold

lJ
y,m, = ZZ(Y - Y)? is the residual sum of squares,

v,m,=J (Y—T{)z is between groups sums of squares.
i=1
It must be mentioned that even thougtf and g,,> will always be

positive, the value for,” can be negative. If a negative value tof
is obtained, disregard this value as well as theesponding value for

o, and start again.

vii. ~ The simulation ofy involves substituting each of the values” and

* s . . . = 2*+ 2%
o, into the normal distributionu|Y,0,%,0,° ~ N(y_,%

and then drawing a value far. The resulting set of values

)

(022*,012* ,,u*) is then substituted int®," to simulate

Repeat steps i-viii untif permissible values are obtained. For our examplejas

179



taken as 10 000. The resulting set of valtﬁgg is plotted in a histogram, and the

fitted Pearson curve represents the unconditioostigpior distributiorp( P;)ll Y).

A second method, the Rao-Blackwell method, can d&eoused to obtain the

unconditional posterior distributign( P;)ll | Y).

l. Simulate a pair of variance componer(utsf*,azz*) as discussed above and

substitute them in the conditional posterior disttion p(P,'|Y,0,”,0,”)

which is normally distributed with mean

Y-l
1

3( 0.12* + 30-22* jZ
J

E(Ppll |X!0-12* ;0-22* ):

and variance
Var(P,'|Y,0,* 0,7 )= %
Il. Draw p(P'|Y,0,”,0,%)
lIl. Repeat | and II? times, Using a Rao—Blackwell argument (see Gelfand
Smith 1991), a density estimate of the unconditiguuesterior distribution of
P, can be obtained by averagimfP,"|Y,0,%,0,) over the? repetitions.

Since the two methods are for all practical purpadentical, only the first method is

illustrated in section 5.7.

5.6.3 THE WEIGHTED MONTE CARLO METHOD-
SAMPLING-IMPORTANCE RE-SAMPLING

This section describes how to apply a weighted Mogarlo (WMC) method to

simulate Pp|1 using the probability matching prior. This methedespecially suitable

for computing credibility intervals.
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Let

) = -1 |°
@ 0o ?*loc?+Jo?) 2|1+ — 0o 5.6.1
(@) 00,° (0 +30,) 2o 307 (5.6.1)
and
a8 Do (072+30,2)". (5.6.2)

According to Smith and Gelfand (1992), Guttman &wehzefricke (2003) and Skare
et al. (2003), the? independent draws &'’ = (¢ ,07"",07""), as discussed in
section 5.6.2, fo =1to 7 ; are a weighted sample from the posterior distidiou

based omz, , where the weights are

_ @) 1qE")
S @) iqE")

(") and q(@"”) denote the realistic prior density and impliedoprilensity
defined in (5.6.1) and (5.6.2). For the algorittorbe efficient, it is important thag
is a good approximation 1, . This means tha) should not have too light tails when

compared taz, . For further details see Skatal (2003) and Li (2007).

To simulate using the results from the probabilitgtching prior we associate with

each lower performance index vaRg™”

1 (1) 2 2
* (N \ A \] _I
(012(0 +3022w) 2{“ 2( %) J 0)2*(/)
o + 3070
W, = 1

4

: 1 0 _1ye |2
S

2(07 + 30,70
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a. Sort theP,"” values calculated in section 5.6.2 in ascendingroso

that

1%(1) 1%(2) 1%(10000)
Pp| SF’pI <--- < Pp|

b. Compute the weighted functiow, associated with theth ordered
P,

c. Add the weights from left to right (from the firsh) until you get

A
D" w, =0.025. Write down the corresponding ordered valug"

=1

and denote it &," , ,,;,- Add the weights from right to left (from the

7
last back) until you gez w, =0.02E. Write down the corresponding

(=ky
ordered value P,"? and denote it a8, ;4. The 95% interval
is Ppll*(0.025) - Ppll* (0.975)"

Simulation results for the variance component psecperformance inde>Pp|1 as

discussed in this chapter will now be compared Withfollowing index simulated as

o {y’*—LSLJZ U1,
Pl 3o . L
total 3( 0-12 + 0-22 )2

which is independent of J, the subgroup size.

Simulation results using the probability matchingf¢rence) prior will be considered.

5.7 AN APPLICATION

The data in Table 5.1 represents the amount odrtain drug in a tablet. Packages (5
in all) with tablets are sampled to determine whetthe patient gets on average the
required dosage of the drug from the batches ipexiBed time, given that each
patient must get an average dosage of at leas850.

182



Table 5.1: Amount of a certain drug per tablet

Batch Measurements

1 379 357 390 376 376
2 363 367 382 381 359
3 401 402 407 402 396
4 402 387 392 395 394
5 415 405 396 390 395

The lower specification limit isl,=350. The above limit is selected solely for

illustrative purposes. In practice, fixed in advarenits are often determined from

medical or regulatory considerations. See also Wi (1998).

In table 5.2 posterior moments af,,” are given for the data in table 5.1 and where

2 _ 2 2
o, =0/ °+J0,.

Table 5 2: Expected values—e]%, moments about the origin
012

1 2

N
N w

.0291352208 0.0009606939

o

.0000349856 0.0000013842

m
/N
Bq =
N
~—
o

Table 5.3: Moments about the origin and about tle@am

r 1 2 3 4
M’ 0.833C 0.807¢€ 0.8732 1.036C
) 0.113€ 0.0111 0.0392
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Figure 5.1: Process performance index Pearson’'stypcurve and histogram of

simulated P,* values

A density estimate of the unconditional postedistribution of P;, using Pearson’s

type | curve for the non-informative Jeffreys’ pris given in Figure 5.1. Further
discussions on the Pearson’s Type | curve are fauiMén der Merwe and Chikobvu

(2004). The simulatedP;, values for the same prior are plotted as a hiatagn the

same figure.
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Figure 5.2 shows a histogram of the simulagdvalues.

16F —_ 4

14} .

0.8 ] .

PiPpl)

0.5

0.4

0.2

-1 -0.5 1] 0.5 1 1.5 2
Ppl

Figure 5.2: Histogram of simulated®, values

Table 5.4: Posterior mean, variance and 95% intéfeaP, and Prfl using the non-

informative Jeffery’s prior

Index Mean Variance 95% Interval
Pp|1 0.8341 0.1139 (0.2161; 1.5396)
P 0.7107 0.0596 (0.2082; 1.1653)

The corresponding 95% interval in the case of tiedgbility-matching prior foerl1

is (0.2129; 1.5270).

Some features of these results worth noting are:

* The indices are all less than one suggesting hlegbrtiocess is not capable.

. Pp|1 gives mean values that are higher when compar&j to
* The variance oPPll is larger than the variande,
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Appendix A5

Proof of theorem 5.3.1

| EIY, 14,0707 1=Hu+r1+5 |1h0/7,0,]
=Elpu|p o, 0,71+ Hr |4 o), 0,1+ HE | 140150,
= u+0+0
=/

varly, |4, 07,0,°] =Vafu+ 1+ |y 07 0,7
=Varlr | 4, 0-12’ 022] +Vai & | 14 012’ 022]
= 0.22 +0.12

hence Yl|u.0,0,°~ Nu,o’+0,)

Il. If wedefine Y=

B |107,0,71= B~ |1 0y 0)]

Ju Jr Zi‘g"
:E[Tlﬂ!alz’azz]-i-E[Tll:u'alz’ 022]+ E[ j_J |I[40'12, 0-21

J
S e, 114.07.07)
= Elul .07, 0+ BT L0 0, ]

Z'L[.

J
Y

VarY | 4, 07,0,%] = Vaf ]3 |40, 0]
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S (u+r +e)

=Var[-2 ; | i, 07,0,

J
D&
=1

-Var[—"ma az]+Var[—'|/.za o, + Va2~

oo,

J
D Var(g | u,0%,0,°)

=Var[u|u, 02, 0,71+Valr |y o? o,1+H=

JZ
Ja
2
2022+J—1
J .
>3
— ‘ Yi
. E[Y |p07,0,7]= B= fJ |40y, 0,]
| J
ZZ(lu+r+
= f[-=2 5 |1, 0.%,0,7]

| L J
N 225
=1 |M 0-12’ 0-22] + H i=l j=

—E[ Blwo? of+H 'U %

I J

]
1

oo,

SEGInot07) XY EE 1400

— E[ﬂlﬂ, 0_12’0.22] +[ i=1 I ] +[ i=1 j=1 IJ

:IU+O+O
=y
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YO,

VarlY | 4,07, 0= Val =2 |1 07,0,
1 J
2D (W +5)
=Val == |47 o]
| | J
) r &
1Ju Z ' i=1; ]

= Var[_ | /'1'0—12 ’0—22 ]+Var[% | /’17 012’ 0—22] +Var[T | ILI’ 012’ 022]

1J

| | J
Yvar( | po?,07) 22 Var(g | 1o7,0y0)

—_ 2 2 i=1 i=1 j=1
=Varlu|u, o,°,0,7] +[- Iz 14 BE ]
log.? o2
|
2 2
_9% [0,
| 1J
2 2
_0o, +Jo,
1J

Proof of theorem 5.3.2
Consider model (5.3.1) again:

Y, =u+y+g fori=12,--| andj=12;-J.

where g ~ N(0,a,”)independently of, ~N(0,0,°)

The non-informative joint prior for the variancengponent model as defined by Box

and Tiao (1973), page 251, viz.:

1
0’ (0," +30,")

p(u,07,0,°) 0

The posterior joint distribution ofr and g,*,0,” can be worked out, but first observe

the result below.

VR D NVER S WO S B,

|
izl j=1 i=1j=1

Therefore
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DDAV EITEED IO D SN I () S
=1 j=1 _imj=1 - 1J(Y —p)
= + + (A5.3.2)
(012 + 022) 012 (012"' Jazz) (012"' ‘]Uzz)

Let
:[Xl,XZ,'" %!1 ﬁf ..... |Y1:" |JY]

Posterior0 likelihood x prior

p(m.07.0,71Y) D|'||'|f(YIu0 0,°) {u.07.07)

1 J
T o

= 2 __r|: j=
(0 0. * exptL ¢ )

1
o (0,°+30,)

Using result (A5.3.2), the expression in squarekets can be split into three

Lion iy 1 54 et IJ(Y 1)?
0 2 2+JJ 2y 2 ex il =l +_i=L
( 1 ) ( 1 2 ) p( 2 1 0_12 (0_12+J0_22) (0_ + JO_ )}
r | J S | B
- 2 —_v)\2 _
~E1-n+) -Ea-pelen 1 Z::z:( i~ Y) JZ(Y' ) 1J(Y - p)?
= (022 02+ 30,5 T  expe - 22 + L A
! ! 2 2! 0.2 (02+30,%) (0}2+309)
1 1 2 1 2
: | J S | )
A P ot 1 ZZ} =Y JE(Y- ) 13 (Y - p)?
2 2 J i=1 ..
=| @) (@7 +30,) " ex P o’ * (02+J0,?) +(02+ Jo 2)}
1 1 2 1 2

where v, = I(J-1) v,=1-1

=| (g2 +J0)} )_Zlexp( L l‘](Y M)

2 (07 +30,?)
1 J .
IRV2Y.
(0.2)_%(V1+2)(0_2+J0_ 2)_%(V2+2) ex (_ 1 f;;-( I Y) + J;(Y Y) })
1 1 2 p 2 L 0_12 (0_1 + JO'Z )
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The function inside the square brackets just abeben regarded as a function of,
is proportional to the conditional distribution afnormal distribution for which the

mean isY.. and variance(ll%)

p(ulY,0?,0,))0] (07 + Jo, )2 ex (1M

202 +30,7)

(o +Jo, ))

ie ulY,070,°~ N(Y 3

The function inside the curled brackets on thetrigind side is therefore proportional

to the marginal joint distribution of the variancemponents,®, g’ .

25U 250 +2 1557= ER
(a,) (0" +J0,) exp(_E U o + ).

l

NS, ) 1 Z_;ZI( Yy JZ(Y Y
p(a,07" 1Y) =] (0) 77 (0, + 30) 7 x5 o ci+ioh)
2 2 —S+2) ~25+2) 1 Msm o vm
p(al.021Y)=| (6) 2 “(a7+d0,) 2" expt 2 Cor "o isT )})]
2 2 2 ) 1 l/1rT].l. X 2 __
p(a.0,21Y)=| (6.) 2" " expt- 252D (0:2+ 30,3 2 exp! 2 (0_ +M )})J
2 2 — 2‘1'”l SULIN 2 -={
(0,022 1Y) =| (@) 7 expt-Z 23 x(057 + 30,9 expl- (U 2 JUZ )})j

v 14
p(012,0'22|X): IG(O—lzlzl;Vlnl)x IGo,+ \}722|32;|/2m?)

Proof of theorem 5.3.3
We now prove thaE(m) =0, and E(m,)=(0; + Jo,).

First
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1
=

I|
=

1
N
NN

Jo2+10.2 —2I02)
AR X )

o1 (J -1)

, sincev, =1(J -1)

/'\ /—\A/—_\\
<

S

+

|_\

|_‘

N
N——

E(m)= y =0’
1

_012V1_ 2

E(m)= =0y
1

We now prove that

E(nl) :(012 + Jazz)
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2

=3y E((Y-m-(-n))
=, E((Y 6)> +(Y-6)2 -2(Y- 9)(Y—9))

=33 (EC-p + BY-p)7 -2 Y- Y-10)

i=1

=33 (Var(Y | n.02,07)+ Va(Y | uof o ) -2 ColMu ot o2 Nu o io 2)

iy

| 2 2 2 2 2
_ Jz((al +JJ02 ), (0, +UJaz ) _,(0, +UJ022> j

i=1

_ J(I(afﬂazz) @ +30)) _2I(012+J022) j
J 1J 1J

= (I (7 +3o ) +(07+30,)) -2(0 2+ o) )

= (I (07+30,)-(0,/>+30),) )

=(0?+30,7)(1-1)

= (0> +30,%)v, sincev, =(1-1)

2 2
E(m)= (0, +Jo, ), = (02 + 3o 2).
I/2
Proof of theorem 5.4.1
Since ulY,o?, 0,7 ~ N(Y %)

and
JR— 2 2
U=1y Y, 02,07~ N(Y..- |0,(01’|L—sz))

it follows that
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H=ly

3( (o—lf)j
J

Therefore

lY,072,0,°~ N

NI

Proof of theorem 5.4.2

Since

it follows that

i, = (Y B lo) — (Y_ lo)‘]2

1 1 17
o) 30
J
o1 (Y =1)23
- + 2 = 4. 0 ,
H o= H (:ul) al 9(0122)

M=+ 3:“2/1‘1-" (/1'1)3

= 1 = 3
(Y —15)J? + (Y- Io)3 J?

1

B 1
=0+3 (g—l). 3(0122)5

3

27(0’122)72
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prm— 1 prm—
_(Y-1)J° 3 (Y-p°J
27 2\ 2\s
(o) (0.
and
U = My A+ 6(/1'1)2/12"' (/1'1)4
Y- 1 (Y- P

=3( )+ 0s D S L LT
o(0,2): 81(a,,’)
11 = 2 (Y -1)2J
=—1=+(Y = 1)%d +2e 0
27 |2 ( O)

2

O, 3(0’122)2

Proof of theorem 5.5.1

The probability matching prior is derived from thésher information matrix. To
obtain the Fisher information matrix, the negatfethe expected values of the
second derivatives (with respect to the parametérthe log—likelihood) must be

calculated.

The Fisher information matrix on:[,u,af,azz] per unit observation can be

derived as follows:

The likelihood function is defined as

= IR A %
Lo o) (01 2 orPrao ) 22 P expr 2 g STy 22 VAT,
2 (01°+309%) (01743029 o7

and

VPRY:
KnL(,u,alz,azzﬁ):/,:—ﬂ( r(alz)—%(vzﬂ)/, n(012+ .}722)—1 WO-p)” 1 vomp  vgm

2 20?+309%) 201%+3029) 2042

Now

(3]
[
S

1l 1 ) 1NM-w 1 vm  lvm
2 2 2 2 2 2\2 2 2\2 2\ 2
0, 20° 20/ +Jo,) 20, +J0,) 20,+J0,) 20,)
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0%/ W 1 +E v,+1) I\](?_,u)z _ v,m, __vim
(002)?* 2 (02)° 2, +3o,%)? (0,+30,)° (0,430,)° @3¢

Where

v 2 2 J12"'\]022 _ 2 _ 2 2
Y. |/Ja01 0y ~ N(/LT)’ E(ni])_a-l and K '11)—01 + 4,
Therefore

(0 Y 1 1 v+ WEN-u?  vEMm)  vEm)
(00°)?) 2@ 20,+30,)* (0,+30,)° (0,%30,)° (©@))°

(0-12 + J 022)

e 0 J__ v 1 1 (,+) | N 1J W0l +3o)) vo!
(00,%)? 2 (0°)? 2(0/°+30,%)? (0,430,)° (0,%430,)° (@,5°
e 0 Y__ v, 1 1 (v,+] N 1 N v, Nz
(00,%)? 2 (07?7 2(0/°+30,%)? (0,430,)% (0,430,)% (0,)°
e 0 \_ v, v 1 v, N 1 N )
00?)?) (@5 2(@5° (0,+30,)° (0,430,)? 20, *d0,)°
_E 0 \_ v v 1 LWt 1 (,tD)
00°)?) (@5 2 (@)% (0,+30,)? 2(0,+30,)?
0 \_v, 1 1 (v,+))
-E 90.2)2 _E 2 2+_2 2 N2
(00;°) (@) (0,7+30,)

Further
a I 1 1I2Y -2 1 v,mJ
==V, +1)—; ~t - 2( - /Jz 2t 22m2 22
do, 2 (0°+3d0,) 20, +30,)) 20, +J0),)

0% P (,+Y) WP -w®  vmF
(00,°)? 2 (0°+30,)* (0,°+30,)° (0,+30,)°

0% \_J*  (v,+1) _IE( -’ _ v,Em)F
(00,%)? 2 (02+30,%)?% (0,°+30,)° (0,+30,)°

s ’ |33M ) o\ 2
07l :J_ v, +1) 1J V(0 +J0,")d
(00,°)? ) 2 (o2+J30,%)? (0,°+J0,)° (0,+ 30,33
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A T S (7% J? V,J°

- +
(00,%)? 2 (02+30,)? (0,°+30,)% (0,+30,3°

0% \_ It I (,+])
(00,°)?) (02+30,)? 2 (0,°+30,)°

%0 |_ J(v,+])
(00.22)2 2(0.12+J0.22)2'

Also

o _ (Y -p)
op  (07+30,7)
And

0°( -1J

opf (07 +30,)

Therefore

2 _ 2
E a_i -E % therefore-E 0!; = > e 2
o) (67 +30,) o) \(07+30,)

Also
% —13(Y - ) 020 \_-IDEN -pu)
2 7. - 22andE 2 | 2 PN
oo} (07 +30)) oo} ) (0 +30,)
Therefore
2
_E 0/ _|=0
0o,
Similarly
9% —133(Y - ) 020\ —IZE(Y —p) _
2 2 nzzandE 2 | 2 N2
awaz (01 +JO'2) aluaaz (01 +‘]02)
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2
_E 662 -0
0o,

Further

o0 Iu+) _ NAY-6° _ vmJ
00,7007 207+107) (07+30,)° (©0,+10,)°

00 \_ I, *D) _WPE(Y-6)_ v,E(m)]
00,007 ) 2007 +30)° (©07+30)° (0,+30,)°

(0-12 + ‘] 022)

2
( o/ ] _ J,+1) . 1J _Y (0, +30,°)d

00,002) 2(02+30c2)? (02+30)® (04 30,)2
o0 \_ dw,*) A
00226012 2(012 + ‘]0-22) ? (012+ ‘]Uzz) ? (012+ Jazz)
_E( o/ j:_ I+, I+
00,00 2(0/2+30,)* (0,+J0,)7

S T W [ (255
00,00, ) 2(07+J0,%)?

To summarise the results derived so far and subist, =1(J -1), v,=1-1:

0%/ 1J J? (v, +1)

J?l

The Fisher information matrix is then given by
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0 Y v, 1 1 (v,+¥1) _1@-1 |
-E =1 += 2 = +
(002)?%) 2 (02° 20, °+3o,%)? 20,)° 20,+30,)?
2
-E ot 5 |=0, -E
ouoo,
14 _ Jwv,+y Ji
-E 242 |~ 2 ™2 2 22
00,700, 20,°+J0,)° 2(0,°+30,9) _

-E = -E 62£ = =
0 ) (07430 ) 0077 ) 20 +30,7 20,7+ 30,9

0%/
oo,

|



2 2 2
_E 0 l; _E 0/ : _E 0/ :
ou ouoo, oo,
0%/ 0%/ Gl
F(u,072,0,°)=F(@)=|-E -E| —— | -E
07,07 )=F€) [m@@{] (@gﬁJ [&Q%qJ
2 2
awez) Flaatoar) “oo)
oo, 00,00, (00))
1J
0 0
(012+J022)
1J° 1J
F(u,07,0,°)=F(@)= —_— _—
(/'l 1 2 ) (_) 2(0_12 +J0.22)2 2(0.12+ \]0-22)2
1J I (J —1)+ I
2(0-12 + ‘]0-22)2 2(0-12)2 2(0-12+ JJ22)2

And the inverse of the Fisher information matrixgigen by

1J 0 0
?u—n+ | ) 13
2(02)  2(0,°+J0,%)? Ao+ Ig.2)2
Fi(uo20,°)=F*0)= 0 (@) 20, > ) 2(0,°+J0y)
[H H|
B W
0 2(02+30,°)? 2(0,+ Jo,?)?
H H|

The determinantH| is equal to
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|H| — IJ 2 I (J -
2(0,° +30,°)" | 2(0,°)°

1, |

1232
20,°+ 30’22)2}_ 40,+ 3o ,%)*

1232 {u—n+ |

4072 +30,2)

1232 <¥J—n}

407 +0,7)

F_l(g) = F_l(:u' 0221012) =

(@)’

(0—12 + ‘] 0-22)

1J

1
(012)2 (012+ Jazz) ? (012+ ‘]0-23 2}

0 0
2{ (‘] - 1)(012 + ‘-]0—22 )2 + (012)2} _2(0—12)2
132(J -1) 13(3-1)
~2(0,’)’ 2(0,°)°
1J(J-1) 1J-1)

The interest of this study lies in the probabilityatching prior for Ppll ), the lower

process performance index.

Letd =[u, 0,%,0,°] . The capability index is

1
—_ — 2
Pp|l =t(Q) — /’I I0 - = (/’I lO)‘] -
3 o2+J0,% \? 3(012+Jazz)72
J
Therefore
1 3 1
MO _ I WO -(u-l)I? o) ~(u-I)’
ou 3( 2 2 % 0022 2 2 g 6012 2 2 g
o’ +Jo, ) 6(01 +Jo, ) 6(01 +Jo, )
As mentioned
1 3 1
@ :[at@ at(6) at@}: 3 ~(0-1)3%  ~(0-15)3>
| ou 90, 9oy 3(02 +Jo 2)2 6(02+ Jo 2)2 6(0 2+ Jo 2)2
1 2 1 2 1 2
1
PSR . {1 ~(u-1)) (1)
I\ 1 2 2 2 2
3(012+J022)5 2(01 *Jo, ) 2(01 +Jo, )
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Further

1
TOF @=L ST
= 2 012+J022 2(012+J022)
2 2
3(01 +Jop )2
2 2
(01”+J02%) 0 0
1J
13-1) | [ ~ 1J
0 2(01%)? 201%+309)?  2(012+309%)?
H] H]
o 2
0 2(01%+105%)? 2(01%+ 02?2
il [H]
: [ 2 2 ~(u-lo)|oP+Io P
1, J2 (1°+Jo2%)
"W(Q)F (8 0
Dt(,) (,) 1 1 13
3( 012+J022) 2
1
[ 2 2 —(ﬂ—lo)(0’12+J022) |
OV~ L o) ()= J (01°+Jo9%) —(#-10)Jd
OH@OF “@Om@)=7 5 211542
9 “+Joo )[ 1 g do“+Joo )
~(u-lo)
6 012+J022

J

(012 + Jazz) + (:U_lo)2
9(012 + Jaf)

.JJ 2.

0 (@)F (&0 =

|

|

J(u- Io)2
18l (0'12 +Ja'22)

|

1
=+
ol

, -1 %: i J(/J_lo)z
{o@F @D {gﬁ 18 (07 +307)

A P -y |
{o(@F@n(©) 3|;(1+ 20 +307)

Define as before
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0'(8)(E)F(6)

n() = T OF @00 =19 18 n(9]

where

0(&F (8 = J% l[(afuo—;) ~(u-1,) (a2 +307) o]
3(0;2 +30,2)? N 1J

and

(0.©@F @00} = {1+ s _"’)zz)J

SI% (02 +30
giving
1 1
2 2\2
P L0 o | P 7 S
1\= 1 2 2
3132 2(0l +Jo, )

1 1
riz(é’)=_(9_|°)(0121+J022)23|3 e W) Zand/73(6?):0
3132 2(0," +30,) '

For a prior7(6) to be a probability-matching prior, the differetequation

M=

{n, @)@} =0

1

Q
1l

B

26,
{01(9)"(9)} {02(9)77(9)} {/73(9)77(9)} -0

must be satisfied.
The priors

i 3 -1y )
L m@ = o0 o7 o) 1 ST
1 2

will also be a probability matching prior since

In this case

9
a{m O, (0)}
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1 1
2,35-2)2 o 3
=i (Jl o2 ) 3|5 1+ J('u_|0)2 01_2(012+J022) A
O 1 2((712+J022 2(
3132
~ - -1
:i 0’12(012+J022) » I(p—1,)?
ou I%J% 2(012+J022)
_a 01‘2(012+J022)_1 2(02+ 30 2)+ I(u—1)* N
ou 1297 2(0 +30,)
_9 01‘2(012+\]022)_1 2(0,2+30,)
op 1293 2(a2+30,)+ I(u=1)’
:i 01_2 2
0L | |35 2(07 +30,2)+ I(u—1,)°
_2 _
= 1%(2[2(012+J022)+ I@=1Y] 1)}
12J2
_o” ((—1)2[2(02+Jaz)+3(,u—| )2]'2 23 (-1 ))}
1 1 1 2 0 0
122
23 (u-1,)0,? -2
= 2O (o 20+ 307) + 31
1232
23 (u-1,)0,” 2
1 1 2
|2]2 (2(0’12+JO'22)+J(,U—|0)2)
=12 _
Wb a0 2
122 Lo =)
2(012+30’22)
-2 2 _2
_J(ﬂl_lol)al (0‘12+J0'22)_ 1+ ‘](él_lo) _
12]2 2(0'l +Jo, )
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Further

O @ ©)

do,
~(u-lo)|oP+3c2)2 1 2 )2 3 12
:62 0 11 2) 312 1 J%Imz af%mﬁﬂa£)2k Mgb)z
002 l 372 2o +Jdoo 2((71 +Jop
2( 2 2\ 1

9 |~u-la(oi+30) e Iy

00’ |%‘]% 2(012+J022)
0 _(/J_Io)al_2 (0-12 ""]0—22)_l 2(012+ ‘]Jzz) +J(u- |0)2 ;

00,’ |%J% 2(012 +‘]022)
8 |~u-)at (oo ) 2(0/+30;)

00, 293 2(0 + 30,7 )+ I -1,y
0 | lap 1
- 2 11 _1\2

60'2 |2]2 (0_12_'_‘]0.22)_'_\](/1 Io)

2

:{_(/J—|O)012 9 > _(012 +JUZZ)+_‘] (/J_lo)2 }l}
[2]2 L 2

— _(/J_lo)a-l_2 _ 2 2 \](:u_lo)z *
oo g }

i} -2 -2
| Iu-1)e? (o +30)) Lo Iy
2(0f-+J05ﬂ

Also

0
0712{03(@)@@}
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Therefore
> 3 OB =l na)+ 3 oot m 8} +5 S {nka nga)

| =)oy (a +J0’) 14 J(u—1,)? h +
; o e

- 1 2 2
| 2 5 (01 +Jo,

J(u-l)o; (a +Ja) 14 J(u=1,)? ’ +0=0
2(012+J022)

1
2

Nl

12J
! 12
i 7Tb(g) = ﬂb(e’ J22’0-12) O 01_2(012"' ‘]022) 21+ %
2(01 +Jo, )
will also be a probability matching prior since

9
a{ﬂl ©)m,()}

1 1

ou 3132 2(0’12+3022)

1

d |312g,2
= 1 =0

0| 352

Further

0
@{/72 ()7, (6)}

0 |-(u-1,)3 2007
1

31)2
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_i ( 1 n 2 ) 3| 2 1+ 'J(/'l IO) 0.1—2 (0.12 +J0.22) 2 1+ ‘J(lz'l IO)
2(0l +Jo,

1
-(u-1)(a+3c}) : -1)? )? -
Gl G /) 3|2£1+ ) I°)2] 0_2(012+J022)2[1+
2 2
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Also

0
2 {n@m©)}
1
:i 0 0—‘2(0-2+J0-2)_; 1+ ‘J(:u_lo)2 % — 0 {C}:O
oo | M ’ 2(012+J022) ao;”

i 7(0) =m0, 070 (02 + 30, (1+ ZJ(N—"o)z)T

will also be such a prior because

0
—{n.(O)m.(9)}
ou
1 _} }
oZ+Jo?)2 1 Z1) )2 1 1y )2
=i (1—12)3|2 1+ —J(’ij o) > -(012+JO'22) 2| 1+ J(é’ lo) _
OU| 452 2(02 +30) 2(07 + 10,7
1
2
:ai 3l T =0
ENE
Further
0
P AGLAG)
2
1 _1 1
—(1/— 2 2\; 1 Y 5 B VIR
= 62 w IO)(011+J02 )23I5 1+ —J(f IO)—Z .(012+J022)2 1+ —J(ﬁl Io)z
60'2 3IJE 2(01 +J0'2 ) 2(0’1 +J0’2 )
1
0 |-(u-1)312| _
902 1 =0
2 31J2
Also
0
P LA GLAC)
1
1
) - J(u-1)2 )
= 0.(c*+J0.?) 2| 1+ 0 = =0
6012 ( ! 2 ) ( 2(0-12+J0.22) 60.12{q
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Proof of theorem 5.5.2
Posterior(l likelihoodx prior.

For the probability matching priom(y,azz,aﬂ\_(), the posterior distribution is
given by

1 13- Y) v,m 1
2 (a +Jo, ) 012 (012+ Jo,?%)

L, )
p.(1.02,07 1Y) = Qo)) " (a7+ 0, 2" exp>

1
_3 —1.)2 2
af(afﬂaf){“ 2(2(”—33)} -

C is a normalizing constant .

Therefore

1 1
St —w* 1 ym V,m,
,0,2,0%|Y) < Clo,? M g2y 35722 aype = My 2 _
p. (1.0, ,071Y) ) (0, 2) p¢ 2 5o (012+J022)})

Further

) _1(V1+2) _E(V2+4) 1 |‘] (/'{ Y ) v rnz
Cl (@® 2 "(o7+30,) 2" exp= . d
j_w( 1 ) ( 1 2 ) pE > ( o2 +J0, ) 0'12 (0'12+ JO’ZZ)}) H

1
1 1 E —}(V1+2) —}(\/2+4) 1 V. v nr]z
=C(2m)2{—= (o> + Jo.? 0.%) 2 g2+ Jo.2) 2 expl-= £ 2
@y {5 o+ 300 @i o 10 Pt e )

and

1
2\2 (o po 5 2(w+2) 3 1ym, v,m
C| = g’) 2" (0+Jd0)) 2" expl={+ o’
(Ujjoj‘o(l) (1 2) p(zlalz (J +JJ )})

1v1+v2+
1 r{"ljr(v +1jPr Fo <l 27
—C(Zﬂjz 2 2 oo m

L L)
J(vm)? (vwm)?

206



where F

Vo +1v

Proof of Theorem 5.5.3

The Fisher information matrix is then given by

is the F-distribution withv, +1 and v, degrees of freedom.

— M 5 0 0
(Ul +J02)
132 1J
F(u,0%,07%)= 0 — 5
(/'[ 2 1 ) 2(0.12 +J0.22)2 2(0.12+ J0.22)2
0 N 13 -1) |
2(0+30,)" 2(0,)" 20,°+30,)*

The interest lies in the Fisher information matiax t(6),v and g,>. This will be

2

: . . O . . . o
obtained in two stages. Substituting—=2-, the Fisher information matrix is given
o,

1

by
1J 0
o1+ Jv)
2 2y _ 132 1J
F(,u,02 ,Jl )_ 2(0_12)2(1+JV)2 2(0.12)2(1+ Jv )2
1J 1(J-1) N |
201+ Ivy® 207 20,7 )

We are interested in the Fisher Information mditwixt(8),

2

v, o’

We will first derive the Fisher information matfier y,v,o,?

wu ow o
oy ov 9o/
o(u,0,%,02) |00, 00,7 60’12 t oo
LetA=a’2’21=a2 02 022=00'12v
(/’llv’a-l) /’I v Jl O 0 1
0o dog’ 090/
ou av 0o’
|/:0——22 00o,? =vo?
0.12 2 1
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1 0 O
A'=0 g’ 0
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At this second stage the Fisher information mdbtixu, v andt(Q) will be derived.

Now
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The Fisher information matrix fai(8), v and g,*
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As mentioned earlier the reference prior dependsthen group ordering of the
parameters and it is determined through a successicanalysis for the implied
conditional problems. Berger and Bernado (1992)iqdarly recommended the
reference prior based on having each parametetsiown group, i.e. having each
conditional reference prior being one dimensional
Let

R R f, f, fo
F(t@),v,02)=AF(uv,g’)A=| f,, f, f,

f31 f32 f33

f22 f23

Therefore consider the sub-matﬁx=( j and its inverse
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The reference prior in the (t(8),v,0,*) parameterisation
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From the above it follows that
1 L
p(t(8)) O ¥ = (9t () + 2) 2
1 1
pv|t@) O kg =(1+ )

1
p(e[t@).v) DR =0,
Therefore the reference prior relative to the cedgarameterisatio(t(8),v,o,?) is

given by
p(t(8),v,0,*) = p(t(8)) PV (&) D(Uf\ (o) .v).

p(t(&).v,0.7) O (9 @)+ 2)'3 (1+ )" 0,2

The reference prior in the (1, 0,%,0,°) parameterisation

As defined

(o) =—H

3 o2+Jo,} |2
J

let
x=t(8) y,=u

then

1

2 2\3 _

o _10f+ 30}
oy, 3 J
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3
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which corresponds to the Probability Matching Prin(é) .

Proof of corollary 5.5.3.1

The reference prior in the group ordering (t(6),0,°,v)

The Fisher information matri¥ (t(6),0,°,v) =
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It follows that
p(t()) O ¢ = (9 (@) +2) 2
p(o| @) O =0,”

P]4E),07) D 1 = (1 W)™

Therefore the reference prior relative to the acedgoarameterisatioft(8),0,”,v) is
given by
p(K(8).v,07’) = p(t(©)) p(o| 1) pv| (8),0,7)

1
2

p(t(6),v,07) = (92 @)+ 2) 2 0;% (1+ Jv) "

The reference prior in the (1,0,?,0,?) parameterisation

The reference prior relative to the ordered parersgition (t(6),0,°,v) is given
by

p(t(&), 07 v) O (9 @)+ 2)'3 (1+ )" 0,2
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which is the same as before and
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which corresponds to the probability matching prn(é) .
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CHAPTER 6

A PROCESS CAPABILITY INDEX FOR
AVERAGES OF OBSERVATIONS FROM NEW
BATCHES IN THE CASE OF THE BALANCED

RANDOM EFFECTS MODEL WITH THREE
VARIANCE COMPONENTS

6.1 INTRODUCTION

The results from the previous chapter may be géseda In this chapter, an
extension from the two variance component to theetlvariance component model
will be discussed. The following development of theee variance component model
is broadly similar to that for two variance componhanodel. For notational

convenience, the letterk,J and K will now be used to indicate number of time-

periods, number of subgroups and subgroup sizectsply.

Data arising from multiple sources of variabilityeavery common in practice.
Virtually all industrial processes exhibit betwdemich as well as within-batch
components of variation. In some cases the betwawh (or between subgroup)
component is viewed as part of the common-caugessyfor the process. It seems
worthwhile to develop a process capability indexwen more general settings. In this
chapter we add a third variance component. Toajdtds necessary to employ a

statistical model which adequately handles multgaerces of variability.

A version of the process capability or performanudex for the balanced random

effects model with three variance components fronBayesian framework is

scrutinised again. The index is denoted ;F%,l and can be used for average of

observations for a given time-period.
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6.2 DEFINITIONS AND NOTATIONS

The lower process performance index for the thragamce component model is

defined as:
-1
P = H : (6.2.1
3 o +Ko’ +IKo? |2
JK
where

L =mean of future observation for a new or unknowrhvat
2 — . .

o,” =residual variance

0,7 =within groups variance

0,” =between groups variance

|, =lower specification limit

J =batch (package) size

K =number of sub-samples per batch (package)

To illustrate how and when the index (6.2.1) wil bsed, consider a factory which
manufactures chronic medication in the form of mabiablets in very small batches.
A small batch in this instance is likely to be aekiy intake of tablets for an
individual patient. Monthly samples af =8 packages say, of the tablet are sampled
and various properties of the tablet are then cafgd in the laboratory by analysing
K =5tablets say, per package. Packages with tabletsarpled for a period of

| =15 months. The interest is in whether the patiens get average the required
dosage of the drug from the batches in the spedifire, given that each patient must
get an average dosage of at léasthe question therefore is whether the process is

capable of producing to this specification ovema anonthfuture period (see section
6.9).
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As introduced above, the variation observed cowssiply be explained by several
components such as &#etweeh months (month-to-month) component, @aithin”
months (package- to-package) component anes@ual component. These sources
of variation should be incorporated in a suitabtaded.

Approximations of the exact posterior distributioﬁ\?Pp,1 can be obtained. Current

knowledge indicates that a posterior analysista fiorm of capability index does not

exist.

The above mentioned index will be contrasted vhthfbllowing indices:

i P11=(/J_Ioj — H=ly
P 3, :
total 3(0-12 + 0-22 + 0—32)2

which is independent of,J and K. This index assesses whether the process is

capable of producing each future tablet to speatifin.

i p iz ,u_lo

"3 pl 1
3( o’ +Kao,”+ Ka‘fj2
K

which assesses whether the process is capable oou@ng a future batcho

specification
i PY = it
3 ol +Kol +IKa? |2
IJK

which assesses whether the process is capableodfigng to specification over a

future period of | months.

iv. ,P} = # =l - |= #lo — | with g = p+r,.
o G, 0P| | 4 oK)
JK J JK
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which is independentr,” and assesses whether the process is capabledoicprg to

specification in a specific month, say thé"Ionth or a month similar to the 1.0

month.

In the next sections we will therefore look at theee variance component model.

The posterior distributions of the mean and vagasomponents are derived in

section 6.4. In section 6.5, the posterior dsiibn of 3Ppllconditional on the
variance components is derived. The probability-etmaty prior for 3Ppll will be

derived in section 6.6. Sections 6.7 and 6.8 dé&al the estimation of the indices. We

conclude with an application in section 6.9.

6.3 THE VARIANCE COMPONENT MODEL

The variance component model with three variancepaments is of the form:

Y =p+r+g+g i=l.,1, j=1.,3 and k=1.,K (6.3.1)
where Y, are the observationsy/ is a common location parameter,c, and g,
are three different kinds of random effects. Wehfer assume that the random effects
(r.c;,&, ) are all independent and that

r~N(,0;), ¢ ~N(@Oo;) and g ~ N (0o?)
and the parameter&?,02,0%) are the variance components. This model explains

each data point as being additively influenced tmee¢ random effectsrgsidual,
batches (packageshdgroups) The variance of each data point therefore cansist

three components corresponding to each of theslmnaeffects.

The effects for our earlier example consisredidual, packageand monthseffects

and are then denoted &, ,¢;, ). Some important results of the variance component

model are summarised in theorem 6.3.1.

Theorem 6.3.1

2 2 2 2 2 2
. Yy lwo”,0,7057 ~ N,o " +o,7+0y)
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_ 0.2 KJ +KJ +J
Il Yij_|,u,012,022,032~N(/J,J32+022+?1)= N, ~)

K
W Y |u,02,07207%~ N0, +U‘]22+i2) N, JKo,? +‘;<K0— +07° ’
V. Y |molo2ol N(,u,afz TJZ U:()_ ML +IJ|T<0' +oiy
V. Y 16,1020, ~N(0+;022+012) N@+r KU to) )
Proof

The proofs are very simple and similar to thosehapter 5 and only proofs to 1l and

V are given in Appendix A6.

6.4 POSTERIOR DISTRIBUTION OF THE MEAN AND THE
VARIANCE COMPONENTS

Consider the model in (6.2.1) again. The followihgorems can now be stated.

Theorem 6.4.1

For the non-informative joint prior (see Box andd (1973)):
p(ﬂ’012’0122101232) o 0-_12(0'%"' Ko g)_ 1(0 12+ Ko §+ JKo i)_ ‘
The joint posterior distribution of;?,0,>and g can be worked out as

—(%u1+2) *(V2+2)

p(of, 0.0 1Y) D@ 2 expes {1”‘1})><(a +KoD) 7 expeaf 2™ gx

2 (a +K02)
f(v3+2) ms
2 2 2 4 3
(02 +Kao,?+IKa,?) exp(- 2{( T TKoE T IKG, )})
and
-1 1JK = _ )2
p(1Y.0%,0,%,07) 0| 07+ Ko+ o7 expe 2y Yo 2

2 (07 +Ko? +IKo?)

. = U+KU +JKO’
e pIY = NGy =)

where
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um =23 (% - YO v = K S (Y - Y0 vm = kY (Y -V

i=1 j=1k=1 i=1 j=1

I:Xll glz """ YK]
v=13(K-1), v,=13-1), v=1-1,

Proof
The proof is given in Appendix A6.

The posterior distribution forg?,0,,> and o,/ would be independent, each
proportional to an inverted gamma distributiorthié restrictiono,,;” > o,,” > o/ did
not apply. The joint posterior distribution far?,o,,” and g,,;7 would be the product
of the three distributions.

07,010, 1Y ~ 16 7| 2w )% 16(0 [+ Ko J1%2w m)x 160 7+ Ko 2+ Ik 32w )

However the restrictions do apply. Nevertheless)gua three-step rejection sampling
procedure (as will be discussed) it is straightvnd to generate samples from the

joint distribution.

Theorem 6.4.2
: E(m):alz . E(mz):0-122:(0-12+ Ko ;)
N .E(m) =0, =(0+ Ko/ + Ko ).

Proof
The proofs are very simple and similar to thosehapter 5 and only 1l is given in
Appendix A6.

The following theorem gives the posterior distribot of 4 =pu+r (i =1...,1)

givenY and the variance componeuafs g7 and o; .
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Theorem 6.4.3
U giveng;, oZand g? is normally distributed with mean

KoY, (0P+KgH) S

E(u |07,0;7,0.%Y) =
(Hloy,02.05.7) (0 +Ko,/)+IKa? (o7+Ko,)+ Ko’

and variance

(07 +Ka,?) UK a? +0,”+Ko,?
(07 +Ko,”+IKo?) IIK

Proof
The proof is given in Appendix A6 (See van der Memand Hugo (2007) for a similar
proof).

6.5 POSTERIOR DISTRIBUTION OF THE LOWER PROCESS
PERFORMANCE INDEX 3P1p| WITH THREE VARIANCE
COMPONENTS

Theorem 6.5.1

The posterior distribution of, P} given the variance components is

<

P Y, 020,750~ N Sl ,i for alli, j,k (6.5.1

1
- 9]
3( ol +Kol+ JKa‘fj2

JK

Proof
The proof is given in Appendix AG6.

The unconditional posterior distribution QIP;, can be obtained by using Monte Carlo

simulation.
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6.6 THE PROBABILITY MATCHING PRIOR FOR THE LOWER
PROCESS CAPABILITY INDEXsP"

Theorem 6.6.1

The probability-matching prior for tig@;l Index for the balanced random effects

model defined in (6.2.1) is:
1

2 2

_ R 2 2
(@) = n(u,02,0,2,02) 0072 (024 Kal) (o4 Ko 2+ IKg ) 2|1 U0 (9K)
2 Jiz+K02+JKa3)

Proof

The proof is given in Appendix A6.

6.7 MONTE CARLO SIMULATION PROCEDURE FOR
ESTIMATING THE POSTERIOR DISTRIBUTION OBP',

Simulation of the posterior of,*,0,” and g’ can be achieved through the following
standard simulation routines. By using the Matlabkage, simulation of,?,o,* and

o,’ can be obtained in the following way:

IX. Draw 7 from a y, -distribution
X. Let 1. o
T vm
Xi. o’ = Vl;ni where the * indicates a simulated value.
xii. ~ Drawu from a y, -distribution
xii. Let 1= % whereo,,’ =g+ 0.}

u v,m
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xiv. g, =

*>g” (07 was simulated in stefiii ) )

xv. If o,
2* — 1 2* _ 2* - 2* — 2* 2*
Calculater, _3(012 o, ) from the expressiom,” =0, +Jo, .

If 0,” <o/ ignore the values oy, ,0,” and start again.

xvi. ~ Draw [ from a y, -distribution

1 o,?

xvii. Let == whereo,,; =0 +Ko,+IKo;
V3
.V
xviii.  g,,; =3?m3

xix. Ifo,? >0 >0% (07 was simulated in stegiii) and o,” was

simulated in steffiv) ))

2* 2* 2*
0,, —lo] +Ko :
23 ~10 2 ] from the expression

Calculateg,” = K

x _ L 2* 2% 2%
0,; =0, +Ko, +JKo; .

if o, <o, ignore the values of 0,”,0,”,07 and start

again.

= 2 4 24 2
By making use of the fact that/|Y,o7,07,07% ~ N{y___,al KEZK JK%} and

from the definition of the performance index (6)2.k follows that 3le can be
simulated.

Giveno?, 07,03, the conditional posterior density functige(, P, | Y,0,%,0,°,05°)is

calculated which is defined in (6.5.1). Repeatst@xi) ¢ times. For our example
was taken as 10000. Using a Rao—Blackwell argurf@@elfand and Smith, 1991), a

density estimate of the unconditional posteriotriiation of (6.2.1), can be obtained

by averagingp(;P; | Y,0,%,0,°,0,%) over the? repetitions.

Simulation results for the variance component pecgerformance indeggP,}I as

discussed in this article will now be compared wité following indices simulated as
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By making use of the fact that
#1Y,07,03,0;~ N[ By |07, 05,0 20, Vary | Yo lob0 )
where

JKUj? N (07 +Ka)?) $ and

E(u |07,0;7,0,%,Y) =
(Hloy,02.05.7) (0 +Ko,/)+IKa? (o2+Ko,)+ Ko’

(07 +Ko,?) UK a? +0,”+Ko,?
(07 +Ko,”+IKo?) 1IK

and from the definition of the indegP,F‘)’I can also be simulated.

. U=
3P;\)/| - ° 1
3 40-12* + Ka—zz* 2

JK

Simulation results using the probability matchimgppwill be considered next.

6.8 THE WEIGHTED MONTE CARLO METHOD -SAMPLING-
IMPORTANCE RE-SAMPLING

This section describes how to apply a weighted Eogarlo (WMC) method to

simulategP;I using the probability matching prior. This methedespecially suitable

for computing credibility intervals.

Let
1
-1 - J020K) PP
m6) 007 (07 +Ka?) (07 + Koz + IKa2) 2| e W0 1K) (6.8.1)
2(af+Ka§+JKa§)
and
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A(8) 0 0,%(07 + Ko2) o2+ Ko 2+ IKa ) (6.8.2)

According to Smith and Gelfand (1992), Guttman &fehzefricke (2003) and Skare
et al. (2003), the 7 independent draws 6f° =(u",0%" 07" ,0Z2"), as
discussed in section 6.7, far=1to?7 ; is a weighted sample from the posterior

distribution based omr, where the weights are

mg*")/a@"")

)y —

7
> @) 1qd"")
=1

m@") and q(8"”) denote the realistic prior density and impliedoprilensity
defined in (6.8.1) and (6.8.2). For the algorittorbe efficient, it is important that the
posterior resulting frong is a good approximation to the one obtained framThis
means that the posterior obtained fraqm should not have too light tails when
compared with the posterior from. For further details see Skageal (2003) and Li

(2007).

To simulate using the results from the probabifitgtching prior we associate with

each lower performance index vaji;""”

N~

(D -1y (3K)
4¢?wukagquK¢ga)
W,: 1

_1
2|1+

077 (g2 + Ko ) (020 + KA +IKA! )

(D107 (k)
2(012*(//) +Ka§*(z) +JKJ§*(Z) )

A
2

1+

Z/:J{W) (of( " +Ko2" )_1(021*“’ +KaZ + IKA )
=1

d. Sort the,P;"” values calculated in ascending order so that

1 %(1) *(2) *(10000)
3Pp| = 3F':al| S0 S 3%
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e. Compute the weighted functiow, associated with theth ordered
PN,

f. Add the weights from left to right (from the firsh) until you get
ky
D" w, =0.025. Write down the corresponding ordered valye, "
=1

and denote it &," , ,,;,- Add the weights from right to left (from the

7
last back) until you gez w, =0.02E. Write down the corresponding

1=k,

ordered value ,P,"? and denote it a¥ ;4. The 95% interval

- 1* *
IS3PpI (0.025) 3P;15| (0.975*

6.9 APPLICATION

In a process to manufacture chronic medication,iouar properties of the

manufactured tablet have to be monitored. Montlaingles of J=8 packages of the
tablet are sampled and various physical propedigabe tablet are replicated in the
laboratory by analysing K=5 tablets per packages data in Table 6.1 represents the
amount of drug in a tablet (the percentage of theyder tablet). Packages with
tablets sampled for the first I=15 months startdauary of a particular year are
selected as review data to determine whether ttienpayets on average the required
dosage of the drug from the batches in a specified, given that each patient must

get an average dosage of at ldgst 20.

Table 6.1: Drug data arising from multiple souradsvariability

Day Packagg Average| Day Packagg Average| Day Packagg Average
Package Package Package
Dosage Dosage Dosage

1 1 23.3000 | 6 1 24.7900 | 11 1 24. 4700

1 2 23.0600 | 6 2 24. 6500 | 11 2 23. 4200

1 3 23.4800 | 6 3 24. 7500 | 11 3 23. 6100

1 4 22.2200 | 6 4 24.9400 | 11 4 22.9100

1 5 22.1600 | 6 5 24.7700 | 11 5 22. 8600

235



o o1 o0 o1 o0 o0 o1 o0 h~ MDA DM DM DM DB DA O WOW WO W W W ODNDDNDDDNDDMDNDMNDNDDDDDNDDNNPERE PR

0 N O 0o~ WON P 00N O O B~ WON P OO N O OO B WODNPFP O NO OO B WODNPFP 0N

22.
23.
22.
24.
24.
25.
25.
24.
25.
24.
24.
25.
24.
24.
24.
24.
24.
24.
24.
23.
24.
23.
23.
23.
22.
22.
23.
23.
23.
23.
22.
23.
23.
23.
22.

9400
6900
0200
9100
6800
0900
3900
5600
3800
8200
9000
2900
1900
9000
7000
6900
6500
8500
5000
8600
1200
2000
3600
6400
8500
7200
3300
4800
4300
0700
6900
6000
4900
4600
7400

© © © © © © O ©O©W W W 00 0 W W 0 0O N N N N N N N N o o o

e e e e
O O O O © © O O

00 N O O~ WON P 00N O O B~ WON P OO N O OO B WODNPFP O NO OO B WODNPFP 0N

25.
24.
24.
24.
23.
23.
23.
23.
23.
23.
23.
25.
23.
23.
23.
23.
23.
23.
24.
22.
22.
22.
23.
24.
22.
23.
23.
23.
23.
22.
22.
22.
22.
22.
22.

1700
6700
5100
5200
4400
8800
1300
6400
5800
5000
7100
0900
7100
6800
6700
6700
9800
9400
1300
1900
8400
9500
2500
6000
6500
7700
3700
9900
5300
3700
9300
3100
8600
0000
8100

11
11
11
12
12
12
12
12
12
12
12
13
13
13
13
13
13
13
13
14
14
14
14
14
14
14
14
15
15
15
15
15
15
15
15

0 N O 0o~ WN P 00N O O B WN P 0O N O OO D WODNPFP O NO OO B WODNPFP 0N

23.
23.
22.
22.
23.
23.
23.
23.
23.
23.
23.
24.
25.
24.
25.
24.
24.
25.
24.
25.
24.
25.
25.
25.
24.
25.
23.
25.
24.
25.
25.
25.
24.
24,
25.

5700
6100
3700
2200
5900
6800
2300
9300
9800
6900
4600
5800
2700
5200
6200
7300
8000
0000
5300
3100
8400
2900
3800
4000
6000
1400
9400
4800
6500
0000
7100
2800
3800
3500
4300

236




In additiony,m =390.672(. The above data and limit is selected solely for

illustrative purposes. In practice, fixed in advarenits are often determined from

medical or regulatory considerations.

As introduced above, the variation observed cowssiply be explained by several
components such as a “between” months (month-todmpa@omponent, a “within”

month (package-to-package) component aresaual component.

(g’ 1Y) ! -

0.65 0.7y 0.75 0.8 0.85 (IR= 0.95 1 1.05

a’lY
Figure 6.1: Histogram of simulated variance compane
A plot of the posterior distribution of,” |Y is symmetrical or fairly symmetrical.

The reason for this is the large number of degrees freedom

v, = 1J(K -1) = 480associated with the residual variance.
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p(a;’ 1Y) .l TH ]

0.65 0.7 0.75 0.e 0.e5 09 0.95 1 1.05

o’ Y

Figure 6.2: Histogram of simulated variance compane

A plot of the posterior distribution ofr,” |Y is also fairly symmetrical. The reason
for this is again the large number of degrees eédomv, = |(J —1) = 105associated

with the residual variance.

, |
p(oy” |Y) sl |
1 L .
nat ] -
06} -
04t -
02t .
D ’7 R 1 1
o 05 1 15 2 25 3 35 4 45 £

g |Y

Figure 6.3: Histogram of simulated variance compane
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The posterior distribution ofr,” |Y on the other hand is quite skewed. The between

months variation is much larger than the within thervariation.

1.4

P(; Fﬁ) 19 — |

08 —

06| —

0.4 —

02F —

3P
Figure 6.4: Histogram of simulated index

The mean of the indeg<PplI is 1.5499 showing that the process is capable.

PG R . e

1 .
0.4 0.5 0.6 0.7 0.3 0.9 1 1.1 1.2 1.3 1.4

Pll

37 pl

Figure 6.5: Histogram of simulated index
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The mean of the indegd:’,},1 is 1.0385 showing that the process is capable.

The results of the indices are summarised in thie taclow.

Table 6.2: Posterior mean, variance and 95% intéfea the indices using the non-
informative Jeffery’s prior

Index Mean Variance 95% Interval

3p;| 1.5499 0.0925 (0.9861;2.1634)
3p;|1 1.0385 0.0126 (0.7936;1.2307)
3p;|11 1.3642 0.0471 (0.9304;1.7672)
3p;|V 6.0029 1.3873 (3.8192;8.3787)
3P;\>/| 5.8081 0.1059 (5.1653;6.4356)

The corresponding 95% interval in the case of tiedability-matching prior for3Pp|l

is (0.9800;2.1654).

Some features of these results worth noting are:
« The mean of the indices are greater than 1 suggeshiat the process is

capable.

« The mean of the indiced’” and ;P are much greater than 1 suggesting that
the process is very capable when a patient talketatilets for longer periods.
In fact the data suggest that the process is super.

» The variance of the indengll is small when compared to the variances of the

other indices.

It has been suggested that some advanced patiexytsrequire a slightly higher
dosage of the drug. The question therefore is venethe process is capable of

producing to specification under these same madettengs and fof, =21, 22 and

23.
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l, =21.
Table 6.3: Posterior mean, variance and 95% intéfea the Indices using the non-

informative Jeffery’s prior

Index Mean Variance 95% Interval

3p;| 1.1584 0.0548 (0.7208;1.6302)
3p;|1 0.7762 0.0086 (0.5744;0.9359)
3p;|11 1.0196 0.0288 (0.6777;1.3368)
3p;|V 4.4864 0.8218 (2.7918;6.3136)
3Pr\>/l 3.8008 0.0583 (3.3201,;4.2691)

The corresponding 95% interval in the case of tiedability-matching prior for3Pp|1

is (0.7199;1.6318).

Some features of these results worth noting are:
« The mean of the indicegP,™ is less than 1 suggesting that the process is not

capable of producing the individual tablets to #peation but the other
indices are greater than 1 suggesting that theepsots capable once the

tablets are analysed at least as a batch.

« The variance of the indice®,"* and ,P,"** are smaller when compared to the

variances of the other indices.

l, =22,
Table 6.4: Posterior mean, variance and 95% intéfea the Indices using the non-

informative Jeffery’s prior

Index Mean Variance 95% Interval
3p;| 0.7669 0.0280 (0.4470;1.004)
3p;|1 0.5138 0.0057 (0.3533;0.6469)

piit 0.6750 0.0158 (0.4196;0.9129)
3% pl
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3p;Y 2.9700 0.4203 (1.7314;4.2619)
3Pp\>/l 1.7935 0.0315 (1.4390;2.1314)

The corresponding 95% interval in the case of tiedability-matching prior for3Pp|l

is (0.4465;1.1015).

Some features of these results worth noting are:
« The mean of the indices?,”, ,P,"and ,P,""are less than 1 suggesting that
the process is not capable but the other indicegeeater than 1 suggesting

that the process is capable. The process is capabkethe tablets are taken

over longer periods.

« The variance of the indiceg,"* and ,P,*"* are smaller when compared to the

variances of the other indices.

l, =23.
Table 6.5: Posterior mean, variance and 95% intéfea the indices using the non-

informative Jeffery’s prior

Index Mean Variance 95% Interval

3p;| 0.3753 0.0122 (0.1636;0.5922)
3p;|1 0.2515 0.0039 (0.1243;0.3668)
Py 0.3304 0.0081 (0.1525;0.5000)
3p§f 1.4536 0.1827 (0.6338;2.2937)
3P;\>/| -0.2138 0.0254 (-0.5347; 0.0851)

The corresponding 95% interval in the case of tibability-matching prior for,P,'

is (0.1631; 0.5931).

Some features of these results worth noting are:
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* The mean of all the indices excep?pllv are less than 1 suggesting that the

process is not capable. The process is capabletbadablets are taken over
longer periods of | months

« The variance of the indiceg,"* and ,P,*"* are smaller when compared to the
variances of the other indices.

» The indexSPplv which was been giving the second highest figulealaing
now suddenly becomes the lowest and even negdtie.is because once we
know the month, the third variance component fali|y and the index is

computed using a smaller variance and becomessessitive to departures

from the mean.
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Appendix A6

Proof of theorem 6.3.1
1.

If we define Y=Lkl
’ KJ

N >,

ELY. | 407,07,041= B — | 401,00 ]

J K
Zz(ﬂ”i +G +‘9|jk)

= E[ j=1 k=1 I | U, 0_12’ 0_22’ 0_32]
KJ KJr
= E[K—\-]LI | ILI’ 012’ 0-22’0-32] + E[K_JI | /'l' 0121 0-221 032] +
2 2 2 2 R 2 2 2
K ((:lj |/’Il0-1 !0-2 10-3 ) Zz(é‘”k |ILI,0-1 ,0-2 ,0-3 )
E j=1 + j=1 k=1 1
[ KJ I+8 KJ :
J
ZE(CIJ |,U,0'12,0'22,0'32)
:E[,U|,U101210221032]+E['f | 14 J1210221032] +[ = J ]
J
ZZE(‘gﬁk |u,072,0,%,05)
[ =L k=1 1
[ = ]
=u+0+0+0= ,u

J K
— 2. 2. Y
VIY 110707, 01 = M2 |07 00
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J K
22 (UG +C +8,)

=V[== K luo?,0,,.0y]

JKu JKr,
_V[ JK |:U’ 0121 022’ 032] +V[W | H, 0121 0221 032] +

J J K

KZ(CU‘ |p0.%,0,°,05) ZZ(ﬂk \u,0.0,°,0)

\V; j=1 + j=1 k=1
[ 3K 1+M 3K ]

=V[ulpo7,0,°01+VIr | 10,0 0,°50]+

J J K
ZV(CU |/,I,012,022,U32) ZZV ijk ,U Jl 'JZ 'U )
[ j—l ] +[ j—l k=1 J Kz ]

JZ

2 2 2 2 2 2 2
Jo, JKJ1 52,95 O _KJo;"+Ka,"+0,

—O+J +
J? J2K2 ) XK JK

E[Y 16, 1,02,0,7]= E[%w, rolo)]

SY(@+1 +¢, +e,)

=T 16.1,02,0,
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—E[@w,., o7, 2]+E[—'|ar.,al,a 2+

J J K
KY (¢ 16.5.07.07) XY (& 6,070, )
E j=1 + j=1 k=1
[ KJ I8 KJ
J
2 E@G16.1.07.0,%)
=E[616.1,07,0,°1+E[5 |6,5,07,0,71+[ > 3 ]
J K
> Eley 16.1.07,0,2)
4[d=Lk=1
[ 3 ]
=6+r,+0+0
=0+,

iz ijk

VIY 16, 1,020 =M 16, 1,020/

JK
J K
22 (8+1+¢ +5,)
B — 16,1, 07,0,7]
VL2 16.1,07, 014V 161,070+
J ) 5 J K 5
KZ(C.,"Hn'f'Jl 05°) Z(jkl .07 0,7)
V2 [V ]

JK JK
=V[66,1,07,0,°1+V[r |6,1,07,0,7]+
J J K
ZV(CH |9’ r’JlZ'JZZ) zzv(ﬁjk |9!r 1012 1022)

[j=l ]+[ j=1 k=1 J2K2 ]

J2

2 2
=0+0+ JJJZZ + ‘\]inlz

J K
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— KJZZ +012
JK

Proof of theorem 6.4.1

The non-informative joint prior:
P(u,0,°,0,,",0,5) 0 p(U) PO ,0 15,0 1)
=cx (02,015, O1p9)
0o (o2 +Ko)) o+ KoZ+IKo)) ™
The joint posterior distribution off andg,?,0,?and g7 can be worked out.

The posterior is computed as follows:

Let Y =[Y;; ¥ip Yag Wil

Posterior0 likelihood x prior

p(£.07 0,0l Y) O |'||'lﬂ f(Ye |10 077 ,08) {07 0.7 0129
I

-13K ZZZ( ijk - )?

=l (02 +0,2+07) % exp- 1{"1' =L 1

2° (0 +0,°+05) } ol(ol+Kol)(oH+ Ko+ IKo)

1 1 1
-V -V, -=(v3+1)
Do, 2 (02+Ko)?) 2 (02+Ko, +IKo)) 2~ "x

1rr; wmo VM, o WKCY -
exp( 2 2 2 2 2 2 2
2" o’ (Jl +Ko?) (0f+Ko,+IKo) (04 Ko, +IKo )

} %

1
ol (o7 +Kal)(ol+Koi+IKo))

Tn+2) o2 NI 2*2) o 5 Lws+3)
(02+Ko2) 2 (o2 +Koi+ IKa) 2" Ix

0 (a7) 2

exp{_g{ KG.-9 , vm ., vm +w]}
g

ol +Ko+JIKo. ol+Kol+IKo. ol+Ko?
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This is the joint posterior of all the parameters.

1 UK -4
,02,0,2,0,2|Y + Ko 2+ JKo ?)2 expl— Y...
p(/,[ 0,01, 10y | ) (0;+ Ko 3) XDGZ (07 +Ka? + IKa?)

)

1y, +2) 1,+2)

1
-Lws+2)
(oZ+ K02+JK0'32) 27

—_ 3rnS + VZrnZ +V1rr].
p( 2 a +Kol+IKa? o2+ Ko} 2

(07 +Kao3) ?

(a7) *

The function inside the curled brackets on thetrigind side is therefore proportional
to the marginal joint distribution of the variancemponents,®,,?,0,”.

The joint posterior distribution of the variancergmonents is given by

1+ 2)( (V3+2)

p(02.0,2,0,2 V)0 (@32 02+ ko2 2P (0 2+ Ko 2+ IKo ) 2
1 12 123 1 l 2

exp 21 Vs, s M vm
2| 2 +Ko?+JIKg? o?+Ko? o?
1 2 1 1 2 1

-(Ev+2) —%+2)
-2 1 %
(02 2 exp { 1”‘1}) (07 +Ka,) 7 exp-—{—2t_3x
p(02 o 2J 2|Y)= 2 2 (01 +K02
1 1Y12 Y123 | L —5(v3+2) rng
o’2+Ko2+JKo?) 2?2 exp= 3
(0, ) 3) p( > (01 +Ko, + Ko )})

ie.
p(012,0122,01232|\_(): IG(012|V—21;V1m])>< IG(o [+ K0'22|V—22;I/ M)x 1o 2+ Ko 2+ Jk 3?|V—;;|/ Jm),
where

IG(x|a,8)—— “expA )
i.e. the inverted gamma density with positive patrsa and 5.
The function inside the square brackets just abeven regarded as a function of,

is proportional to the conditional distribution afnormal distribution for which the

mean is:
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E(u|Y.07,0},02) =y
and variance:

2 2 2
o, +Ko; +IKo;

Var(u|Y,0f,03,03) = K

ol + Ko’ +IKa?
[JK

e u|Y~ NS , )

Proof of theorem 6.4.2
IIl. We showthatE (m) = (o> + Ko,” + JKo,?)

[
v;m, = JK> (Y. - Y.)?
i=1

E(um) = KX B Y.- Y)Y

i=1

E(wm) = IKY & (Y- -(Y-p)

E(vim) = K B (Y.~ + (X =2(X =4 Y1)

i=1

E(vim) = Y[ B4+ BOY -4 =2 € X Y-10F) |

L | Var \=(. ,0.2,0°,0.7 +Varf(... 02,0202
E(Vsms):‘JKz (Yi. |u, 0, =2 5) ( |,L; 0,7,057)
=1 -2Cov(Y..|u,07 02,07 Y. |\ U020, 0;)

I L( (07 +Ko,)+IKo,?) N (07+Kao,>+ Ko ) s (0 2+ Ko >+ JKo )
(vsmy) = Zl: IK 1JK 1IK

(0" +Kg," +IKay) | (0, +Ko,"+IKa ) _p! (0 +Ko 2+ JKaaz)j

E = JK
(vam) ( K 1K 1K

1
~
HqN
+
N§|\)
+
[
)
N
<
w
@,
=]
(@]
(9]
<
w
1
T
=
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(o +Ko,+IKo)v
E(”&)— 1 2V 3
3

S = (012 + K022 + JKJSZ).

Proof of theorem 6.4.3
We want to derive the posterior distribution gf=+r (i =1...,1) givenY and

the variance components?,o; and ¢?. To do this we derive the posterior

distribution of 4 given y,0?, oZ,0% andY which is normally distributed.

=p+r+g+g i=L...1, j=1..,J and k=1.,.K

where

~N@©0?), ¢ ~N@Qo?) and g ~ N(00?)

Therefore

u+r ~N(u,0,7) or simply g~ Nu,07) since g =u+

The posterior distribution ofz |Y, u,0,?,0,° is now calculated as follows

P |Y, 1,07 ,0,%) 0 |'l H FO 14) Hi4)

SR 1 (Y - #)° 1(4 - ,U)z
DD ] expt 202 +00) )) XpE e
ZJ:ZK:( ijk_l'll)z 2
sexpe s T expe - A
2 (0 +0,) 2 0,
Y'k_ i ? 2
=ex —l ;kzzl( '1 H (:u| —H)
=exp 2 2 2
21 (o, +0y) [op
but
ZZ(ijk _M)ZZZZ((YK ?)"'(?_H))z
=3 3 (4 =Y+ (Y- )P+ 20 - (Y-4)
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:iZK:( ik _?)2 +ii(7_H)2+Zii(M ‘?)(?‘A’)

=202 (% = Y)*+ IKY = 4)*+0
=3 > (%~ Y7+ IV -4

Therefore

Yik -Y)? vl 2 2
220 T -wr, -n)

j=1 1
(@’+0,?)  (0/+Ko)) o,

2

P44 1Y, 11,02,0,2,0,7) 0 ex -%

We omit all factors that involv&; but do not depend op;.

Therefore:

: 020 exd <L) IKOL=A) |, (U =)’
P oo ex{ 2{(0'12+K022) oy
_ . N
K =p)* | (H=p)* _ IKY +H=2XH) ™+ 1= 2u )
(012 + KO’ZZ) 032 (0'12+ KUZZ) 032

2

JK N 1
(0-12+K0-22) g,

= =2
BYRY Y/ S S A S

2
=1 ( S, U
(c2+Ko) o0 (0+Ko) o/

= =2
12 + K0'22) + JK032 + K022)y+ J\i(”a; . JY

)-2u (%

LH

2

(o
=4’
(0.12 + K0'22)0'32
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1

2 2 2
(Jl + KJZ )03

(07 +Ko,+IKo?)

1

2 P
(0, tKa,)o,

(07 +Ka,” +IKo?)

1

2 2 2
(Jl + KJZ )03

(07 +Ko,?+IKo?)

2

=2 (

— =2
(0 +KoAp+IKY ol | IKY 4
(012 + KUZZ) + JKU32 (012 + KJZZ) 032

g’ +Ka,)u+JIKY g’
(07 +Ko,?)+ Ko,

e 2
(0" +Ka,")p+IKY o
(07 +Kao,?)+IKo,

=21 )+

— =" 2
I, [ (02 Ko+ IKY o,
o, (02+Ka,)+IKo?

e ((012 + Kazz),u"' JK?..J
' (07 +Kao,?)+IKa;

2
2
3 )] +other terms

not involving ;.

If we drop all terms which do not involvey in the expression for

p(u Y, u,07,0,°,07) we get

u-(

pr— 2
12 + Kazz)ﬂ+ JKYi..U32)

(07 +Ko,?)+IKo

p(M |X’/’[!0-1210-22,0-32)|:| exp -

N

This is proportional to a normal distribution withean (

2 2 2
. o°-+Ko,)o
and variance (2 L = )95 >
(0" +Ko,”+IKo?)

(o’ +Ko,2)u+ JKUf?

(012 + K022)032
(07 +Kao,”+IKo?)

2=

(012 + Kazz)ﬂ+ JKa;Y
(07 +Ko,?)+IKa,

)

) (012 + K0-22)0-32

ie. u|Y,uo’0,°07~N

Y (02 +Ko ) +IKo 2

(02+ Ko+ IKo?)
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We will now derive the posterior distribution of = ¢+r. (1 =1...,1) givenY and
the variance components’, o> and oZ. To do this we firstly appeal to the derived

posterior distribution of4 given y, o7, o7,0; andY which is normal with mean

KoY . (6i+Kou
(07 +Ko,)+IKa,? (07°+Ko,)+IKo,/

E(4 |1 0f,07,04,Y) =

and variance

(012 + Kazz)asz
(07 +Kao,”+IKo?)

Var(y | p,07,02,0%,Y) =

| = 24 24 2
Since u|Y,07,03,0% ~ N{Y_,,Ul KZZK JKo?

}, it follows that 4 given o7,

o?and g2 will be normal with mean

KoY, . (6" +Kg))

\E( and
(0’ +Ko )+ IKo? (o2+Ko,)+IKo?

E(u |o?,0%,02,Y) =

variance

Var(y |Y,07,0%,03)= E{Var(y | Y. ;,0t.0} 03} + Var{ Ew | Yu,07,0% 0%}

Var(,u. |Y o2 o2 0.2): E;, (0'12+K0'22)0'32 +Var JKU’;? . (0.12 + KUZZ)/J
i 1Lt ,Us,Usg (0-12+K0'22+JK0'23) 4 (0-12+ K0'22)+JK0-32 (0.12+ K0_22>+ JKU

(o +Ko)o? (07 +Ko,)?) 0% +Ko? + JKo?
- 1 2 3 + 1 2 1 2 3
(07 +Kao,?+IKo?) ((af+ Ko,?+ Ko Zgj 1K

__ (0 +Kg))ay® (0" +Ka,’)’
(07 +Kao,>+IKo?) | UK(g/+ Ko, + IKo?)

__ (o°+Kg,) o2+ (02 +Ko,)
(02 +Ko2+IKo?) | ° 1IJK

__ (6’+Kg)) UKa? +0”+Ko)?
(07 +Kao,?+IKa?) IIK
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Proof of theorem 6.5.1

since

o +Ko?+IKo?

|

Ul |Y,0%,0%,0%~ N
o2 +Ko? +JKo? )2
S

Hbo L 1Y.0%,0%,05- N
3(0f+K022+JK0§j2

JK

U=l 2 2 2
—\Y,07,0;,0;~ N

(0225 |
JK

1 2 2 2
3Ppl |X’0—1’0—2’0—3~ N

Proof of theorem 6.6.1

The integrated likelihood function is given by

‘lVl ‘1"2
L(u,07,05,0;1Y)0(0)) 2" (0/+ Koj) 27 (o /+ Ko j+
|
IKY (v, — 1)
expl -1 26 Lo VM vm
2| of+Koi+IKo? ol+Ko: o}
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IIK
Y-, 1
} )
o} +Ko? + JKo? |2 |
JK
Y. -, 1
2 2 2 % 9l
o, + Ko; + JKo;
JK

1.
— |sinced? + Koi+ JKol=0,
9l
1
~Lws+)
JKo ) 27 x

2
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2D 2 N TP 2 —5va+1)
O(0?) 2 (o7 +Ko?) 2° (ol +KoZ+IKa)) 27 x

1 K. -py Vym, LM vm
2| 07 +KoZ+IKo: ol+Kol+JIKo. o+ Kol of

The Fisher information matrix is obtained by diéfetiating logL (1, 07,07%,05|Y)

twice with respect to the unknown parameters akihgaminus the expected values.

The Fisher information matrix is given as:

I:ll F12 F13 I:14

F, F, F F
F(ILI, 0_12,0_22,0_5) - FZl F22 F23 I:24
31 32 33 34

F, F, F, F

where

1y, -1, L+
L(u,02,02,0%|Y) 0 (02) 2" (02+ Ko) 2 (0 2+ Ko 2+ IKa ) 2 x

1 KK - pp Z v,m, vV
eXP\ =5 = (Yz 4) 27— 3T3 Gt ot 1”;1
2| o7 +Ko,+IKo; o/+Ko,+IKo, o/+Ko, o;

-1y, -1, A+
InL(k,02,02,02Y) = 0In[(07) 2"(07+ Ko ) 2*(0 2+ Ko 2+ Ko § 2
_1 IIK(Y.. _/J)2 + Vs, + v.m, + v,m

exp
2| o7 +KoZ+IKo; ol+Kol+IKo. o+ Kol of

]

(v;+1)

Y, :_V_21|n(0—12)—ﬁ|n(af+ Ko?) - In(c}+Ko?+JIKo?)

N

CL K-t vmy o vmvim
2| o7 +KoZ+IKo: ol+Koi+IKo! ol+Ko: o?

A _ IK(Y.-p)
ou o’ +Kao.+IKo?

o WUK(Y.-@)° 1IK
ou ol +KoZ+JIKo? ol+Kol+IKo?

2
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sincev, =1 -1

O ___ CatDIK (00 (DK
oL’ ol +KoZ+IKo?

o> ol+Koi+IKo?

Further
o _ v, v, (v, +1) L1 UK(Y.-py
do,> 207 202+Kol) 20i+Koi+IKo)) 2(0—12 +KoZ+ JKJ§)2
L1 VM, L1 ovm lvim
2(af+Ka§+JK0§)2 2(0'12+ Ka'zz)2 2(012)2
7’ v, v, N v, +1) (1 IK(Y. - )
(00,%)* 2(012)2 2(0{+Ko3)? 2(0/+Ko;+IKo;)* 2(012+K022+JK0'§)3
_ Vsm, _2 vm _2vim

2
2 (012 +Ko) + JKa‘j)3 2 (0’12+ K022)3 2(012)3

and we knovE(m) =07, E(m) = (0 + Ko,?) and E(m) = (0, + Ko,? + JKo ).

Therefore
_E( 9% j__ v v, (v, +1) L1 DKEQY. -py
(00,)* 2(0’12)2 2(0{+Ko3)* 2(0/+Ko;+IKo;)* 2(0'12+K022+JK0'§)3
N vsE(m) L V.E(m) _v.EHm)
2

(0’12 +Ko) + JKJ§)3 (012+ K022)3 (01)3

L1 K (07 +Ko?+IKa?)

0 \_ vy v, (v, +1)
—E 90-2)2 - 22_2 21K 22_2 2t Ko 2+ Ko D2 2 ) 5 2\3
0a;) 2(07) 200:+Koy)" 2(0,+Ko,+IKo5)" 215K (of + Ko? + IKo?)

+ V3(0-12 + K0-22 + JKO—SZ) + I/2(0-12 + KJZZ) + Vla-l

(af +Ko?+ JKJ§)3 (012+ K0'22)3 (012)3

2

v, vV, v, (v;+1)

0%t v
-E - 1 + + -
((5012)2] 2(012)2 (012)2 2(0; +Kay)? (af+K022)2 2(0,"+ Koy + IKoy)*

(v, +1)
2(02 +Ko? +JKJ32)2

+
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_E( o N\ v v, (v3+1)
(00;°)° 2(012)2 2(012+K022)2 2(012+K022+JK032)2

0t \_ vy v, (v, +1)
- 22 |~ 2t 2t 2

007)°) 2(a7) 2(07+Kai) 2ol+Koi+IKo))

2

_E(a—fZ =F, :l < >+ < 2t s+ 1) 2

(90;) 2\(a2) (07+Kal) (of+Koi+IKo))
Further
o0 _ Ky Kus+D) . BKAY.-@)? Kv,m,
00, 207 +K03) 20{+Ka;+IKa3) 2(g2+Koi+IKa?)  2(or+Koi+ Kol
N Kv,m,

2(0’12 + Kazz)2

0%/ =0+ K*, + K?(v;+1) _ |JK3(?.. -1)? Kv,m,
(007)? 2(02+Ko)? 20 +Koi+IKo))? (012 +KoZ+ JKJ§)3 (012+ Ko+ JKJ§)3
K?v,m,
(af + K0'22)3

_E( 9% j_ KV, K +1) . DKCEN.-@)? | KWE(m)

N2 |79 2 22 2 2 2 2 3 :
(00,7) 200, +K0,)" 20,+Ko,+IK03)" (g2 +Koj +IKo?)  (of+Koi+IKol)
2
2 23
(Jl + Kaz)
) [ 0% ]:_ Kv, _ KAu+)  MK(07+KoT+IKOD) K, (07+Ko +IKa)
00,)") 20 +Ka3)* 207+Koj+IKoS)* 13K (02 +Ko?+IKo2)  (o2+ Ko+ Kol

N K%, (af + Kazz)

(012 + Kazz)3

_ ( 9% J__ K, KA+ K? .\ K2, L K,
(00,7)*)  2(07+Koj)* 2(0/+Ko;+IKoy)*? (0’12+K022+JK0'32)2 (012+K022+JK032)2 (o2+ KUZZ)2
_ [ 0%¢ )__ Kv, ., KW _ K2(v, +1) .\ K2(v,+1)
00,°)?)  2(07+Ko3)*? (af+Ka§)2 2(0,°+ Ko, + IKay)* (012+K(722+JK032)2
_ % \_ K, N K?(v,+1)
(00,2)* ) 2(07+Kao2)? 20 +Ko+IKo)?
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-E 0—2( =FE :K_2 VZ (V3+1)
00,)?) ® 2 |(0F+Ko})? (02+Ko +IKo)?

Further

0 _gio-_ KWt | | (IK)* (Y... - ) . JKv,m,
00y’ 207 +Ka;+IKo3)  2(g? +Ko?2+IKoZ)  2(02+ Ko?+ Ko
0% (KVPwr)  I(K)P Y-y (K)vm

(6032)2 2(0? +Ko?+ IKo?)? (012 +Ko?+ JKJ§)3 (0’12+ KoZ+ JKU§)3

el i () wrn TOK)EY-pf | (9K Em)
(aqff 2(0; + Ko, +IKa3)*? (0f+K0§+JK093 (Jf+K0§+JK033
S (IK)* (v, +1) . (IK)*(0f +KaZ+IKa?) (IK) vy(of+ Koi+ IKo))
(002)" | 2007 +KaZ+IKI5)’ 1K (02 +Ko? + IKa?) (02+Ko2+ Ko’
T O (K) @wa*D (IK)* L (K,
(aa;f 2(0; + Ko, +IKa)*? (0f+K0'§+JK032)2 (012+K0'22+JK032)2
el | ORYwr) L (K e (K) e+
(0032)2 " 2(0f +Kaj + IKa?)? (07 +Ka} + JK0§)2 2(0; + Ko + IKay)’
Also
a IIK(Y...— 1) o ) UKE(Y.-4)
0,[160’2__ 2 2 2\? D_Em =R =Fa= 2 2 22_O
1 (01+K05+JKOJ HOOy (0i+K05+JKJJ
a0 IIKAY. - ) o ) UKEN.-p)
0[160'2__ 5 5 \2 D_EW =R;=Fy= 5 5 22_0
2 (0i+K05+JKJJ 2 (01+K05+JKOJ
o 1KA(Y.- ) or 2K2E(Y.-4)
0 2" 2 2\2 D_EW Fia=Fa 2 2 22_O
1T, (01+K05+JKOJ HOT, (0i+K05+JKJJ
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Further

92 Kv, . K (v, +1) CKA(Y. - )’

=0+
do’do; 2(07+Ko2)? 207+KoZ+IKo))? (0-12+K0-22+JK0-§)3

Kv,m, _ Ky,m,
(012 +Ko? + JK0'§)3 (012+ KJ§)3

_E( 9% j__ Kv, K (v, +1) . IKZE(Y..— p)?
00700? 2(02+Kod)? 202 +Kol+IKo))? (012 + K022+JK032)3
Ky,E(m,) +_KvE(m)
(012 +Kol + JKJQ?)3 (0’12 + K022)3

(e Y. Ky, K (v, +1) . UK (02 + Ko+ IKo?)
00700, 2(07+Ko3)?® 2(0/+Ko;+IKoj)? IJK(Jf+K0’§+JKJ§)3
. K, (0’12 +Kol+ JKJ32) N sz(af+ KJS)
(02 +Ko?+ JK02)3 (02+ K02)3
1 2 3 1 2
0% ) _ Kv, K (v, +1) K
-E 2~ 2 |~ 2 ™2 2 2 a2t 2
do;do, 2(0,+Koj)® 2(0,+Ko,+IKo,) (0—12 +Ko? + JK0—32)
+ Ky, N Kv,

(012 +Kos+ JKU§)2 (0’12+ Kazz)2

_ ( 0%/ j__ Kv, . Kvy, K (v, +1) .\ K, +1)
0070072 2(07 +Ko3) (af+Ka§)2 200, +Ko;+IKoj) (012+K022+JKJ§)2

e\ Ky, K (v, +1)
00700, ) 207 +Ko?) 20 +Koi+IKo))

0 \_-. _. _K v, (v,+1)
-E 7m s | = F=— 2 2 2 2
d07d0. 2 | (0} +Ko2) (oi+Koi+IKo))
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O oros K@D 1K)y
00,00, 207 +Kal+IKa?)? (012+K0'22+JK0'§)3

B JKy,m,
(012 +KoZ+ JKJ§)3

_E( o/ j__ IK (v, +1) . | (IK)* E(Y.. - )
00120032 2(0'12+K0-22+\]K0-§)2 (0'12+K0'22+\]K0'§)3

IKv;E(m)
(012 +Kol + \]K0'32)3

_E( Y j"‘ K@+ ] (IK)* (0F +Ka? + IKa?)
007005 ) 207 +Ka7+IKa3)® 13K (0? +Ko? + IKoZ)’
JKv, (Uf +Koj + JKU§)
+

(0’12 +Kol + JKJ32)3

o/ _ IK (v, +1) IK(V,+1) _ IKE,+1)
-E 2A 2 |- e T =" 2 2 e’ 2 = 2 2 212
0o, 00, 2(0, +Ko;+IKo3)) (012 +Ko?+ JKO-;) 2(0; + Ko, + IKoy)
Also
% _ IK(+D)  KAY.-m)?  IKvm,

00,007 2(02+Ko2+JIKo?d)? (012 +Ko?+ JK0§)S (0’12+ Ko?Z+ JKU§)3

_E( 9% ]: o IKAnD) | WPKCE(Y.-p)? | IKWE(m)
00,700 2(07 +Ko; +IKay)°? (012+KU§+JKJ§)3 (o2+Ko2+ \]Kasr")3
—E( 0%/ j: B IK2(v, +1) .\ IJ2K3(012+ K022+JK032) N JK %/3(af+ Ko 2+ JKJ,f)
00,00 )  2(07+Ko;+IKo)® K (07 +Ka} + JKO’§)3 (02+KoZ+ JKO’§)3
_E( 9%/ jz Eop oo K@D o IKEE+) L IKEE+D)
00,007 ) * ® 2(02+Koi+IKo)d)? (02 +Ka2+ JK032)2 2(0% + Ka? + Ko 2)?

The inverse of the Fisher information matrix iseqvby

F' F12 Fi13 Fu4
F21 F22 F23 F24
F31 F 32 F 33 F 34
F41 F 42 F 43 F 44

F (07,0509 =F(0)=
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o; + Ko’ +IKa?
(v, +1)IK

whereF* =

F12 F21=0.F13:F3l:0.F 14:F 4]:Q
2 1 V,(V,+1)J*K* .
|H [ 4(07 +Ko2) (02 + Ko2+ IKaD)®

28 = -1 JZK3V2(V3+1) -
|H |4(07 +Ko3) (07 +Ka;+ IKa)? ’
F24:O:F42.
e VKA +Y) { W o, v }
4[H (@2 +KoZ+IKa?)? | (09?2 (07+Ka))?
34 _ —Vl(V3+1)JK2 — 4.
4|H | (07)(0} + Ko + IKa3)? '
a4 _ V1K2 V, (Vs +1)
Fo = 212 2 22+ 2 2 2
4[H| (@) | (07 +KaD)? (02+Koi+IKa)
and
H vy, V,+1)JI°K*

8(07) (07 +KaP) (0 +Kaj+ Ko )

We are interested in the probability matching prior (3Plp|). the lower process

performance index.

Letd=[u,0,,0,°,0,°] . The capability index is

1
ool (ael)(K);
3Tpl 1 1
3 o? + Ko+ IKo} )2 3(af+Ka§+JKU§)2
JK
Therefore
1 1
ot(e) _ (IK)z ot@) - —(u-1)(IK)2

1

Ou 3(0? +Ka? + IKo2)?

3

2 —
90, 6(a7 + Ko+ IKa3)?
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13 3
O) | ~(u=1)I K :

2 3
a0, 6(07 +Ka? + IKa?)?

e ~(u-1)(IK)

2 3
o, 6(a7 +Ka? +IKo3)?

and

As mentioned

LG at(gz) at(gz) at(gz)}:
ou dog°- 0o, 0J0,
(3K)? ~(u-1)(3K)? —(u-1,)32K?2 ~(u-1))(IK)z

1

3(af +Ka3 +IKal)2  6(of+ Ko+ JKo—g)2 6(c 2+ Ko 2+ JKo—g)i g0 >+ Ko 2+ JKo 33

(JK)% [ —(u-1y) (U1K ~(u-1,)(IK)

o7 3(a7 +Ka + JKaz)z ' 2(af +Ka3 +IKa3) 2(oi+ Ko+ IKa3) 2o+ Ko+ IKa )
1 2 3

Further
1 2., 2 2 2
eF kg=— X2 oGO g o WDIK) v V2
-7 11 (e | o2 +Ka2+IKa2| 4H|(02)2 (0P+Kad) 2
24K o2+ IKo2)2 171802 3 AR AN
17197 3
thlH | = vV, (v, +1)JI°K*
Wlt| |_8 2\2 (g2 + K)o 2+ Ko 2+ JK 2)2
(07) (07 +Koy) (o, +Ko, + Ko,

1 (02+K02+JK02) 2 2 2\2
eF e = 2 177727703) o oK) 203 TKopHKag)
T e JoprkoBeiad]  (g1)a%K?2

3(01 +K02+JK03)2
1 02 +Ko2+IKo2 21 Ko2 2
O (H)F_l(H) _ (IK)2 1 2 3 0_(/1"0)(0'1 +tKo5+IKo3)
RS 1 (V3+1)IK (va+1) IK)
3 012+Ka§+JKa§)2
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0(@)F ()08 = .

(IK) 012+K05+JK032, —(,U—|0)(0'f+K0’§+JKU§
(012+Ka§+JKa32) (va+1)IK (31 IK)

() (012+K0§+J'<032)+—(u—lo)(af+Ka§+JKa§)x ~(u-10)(IK)
9(012+Ka§+JKa§) (v3+1)IK (v3+1)(JK) 2(012+Ka§+3|<a32)
_ (3K) (‘712+K‘7§+JK‘7§)+ (4-10)%(IK)
9( f+Ka§+JKa§) (v3+1)JK 2(3+1( JK)
_1) 1 (4-10)%(3K)
9| (v3+) 2(V3+1)(012+Ka§+JKa§)
| s (#10)*(IK)
9(v3+1) 18(V3+1£012+Ka§+.]Kcr§)
1, (uo?(K) incel =
=15 - sincel =y, +1
18I (01 +Ko5+IKog
1
1 (u-10)2(3K) ?
T(OF (Om(O) =5 |1+ 5 2
3] 2 2(01 +K02+JK03)

Define as before

|

' (6)(O)E (@
n0)=—2GOF O __1,0 @ 1@ nio
JO@OF ©)0,6)
where
1 2., 2 2
e e = — )2 1{(”1“”2”‘(”3) ~(u-lo)(of +KaF+IK Y
= (v3+1)JIK (v3+1) IK)
3 012+Ka§+JKU§)2
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301 +K02+JK03)2

sincel =y, +1
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1
= 1 uH0(K) |
0@ F ()08 =—| 1+ > % 5
3] 2 2(0l +K02+JKU3)
giving
(0'12 +Ko? + JKJ§)
1
_ (3K)2 (19K)
qofsroraad]e g e (H102(K) :
—| 1+
3] 2 2(012+Ka%+JKU§)
1 Kl
7.(8) = (9K)> 3|% (0'12 +Ko} + JKO'§) . (k-10)2(K) 2
n=r- 1
3(0'%+K0’§+JKO’§)§ (|JK) 2(012+KU§+JKU§)
1 1
~ (af + KJ§+JKJ§)Z (u-10)2(3K) 2
nl(g) - 1 1+ 2 2 2
(UK)E 2(01+K02+JKJ3)
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: (3K)2 (19K)
et 1 (e |
1 +
3| P 2(012+Ka§+JKcr§)
1
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1
1 =
,74(6)=—(,u—Io)(af+K0'§+JKa§)2[l+ (-10)2(K) J 2

(lJK)% 2(0'%+K0’%+JKO’§)

For a prior71(6) to be a probability-matching prior, the differetequation

>0 {n,@me)} =0

1

a4,
{/71(6’)77(6’)} {02(9)77(6’)}

0
o {03(9)77(6’)} {/74(6’)77(6’)} =0
must be satisfied.
The probability matching prior is
1
2
m(8) = n(w,02,0,2,02) 0072 (02+Kal) (024 Kao? +JKUZ) 2|30 10(K)
2(0:‘L2+KJ§+JKU?2))
since
1 L 1
o2 +Ko2+IKo 2|2 Ry 2 _ 1 N2 2
% ( 17772 : 3) (1+ (2“ '0)2(JK) 2} xgl—2(012+Kg§) 1(012+Ka§+JKa§ 2[1+ (2'“ '0)2(JK) 2} +0+ 0
(IJK)E 2((71 +K(72+JK(73 2((71 +K(72+JK(73
1 1 1

2 2 A ) 1 .
—(,u—Io)(a +Ko5+IKo )2( 12 2 -1 = 12 :
o L0208y W) (K) xal‘z(a12+Ka§) (012+Ka%+JKa§) 2| 10 (H0)"(K)

2 1 2 2 2 2 2 2
003 (IJK)E L 2((71 +Ka5 +JKU3) 2| oy +KO’2+JKU3)

-1 -1
o9) 1 xa_2(02+|<02) L o IO)xa 2( +Ka§)

(1K) (oK)

0+0+0+ 0= 0,
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CHAPTER 7

SUMMARY, CONCLUSIONS AND FURTHER
RESEARCH

7.1 SUMMARY

Process capability indices have been extensivatyied by frequentists. This thesis
illustrated the flexibility and unique featurestbé Bayesian approach for the analysis
of process capability indices. Posterior distribag and credibility intervals for the
indices are obtained through Monte Carlo simulaioahere independent samples are
obtained from joint posterior distributions. Norfdmmative and probability-matching
priors were derived for single and multiple vari@amomponents. Some specific
processes may be well described by a single vaiaomponent but for others, more
complicated structures may be required. It is #s# Df the statistician to find an
appropriate model describing the process datarat Aad to base conclusions on that
model. In this thesis situations involving one, taral three variance components

were used to describe production processes.

7.2 CONCLUSIONS

Bayesian inference has a number of advantages.va@hance component model
provides a natural way of taking into account alurges of uncertainty in the
estimation of the process capability indices. Utaiety about the true values of
parameters for the process capability indices amdrporated into the analysis
through the choice of a non-informative prior disition. The probability-matching
and reference priors were recommended because ateydesigned to produce
posterior credibility intervals which are asymptatly identical to their frequentist

counterparts.
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The non-informative priors yield near exact fredisgrinferences for all the process
capability indices used. The means of indices usiagesian simulation techniques
were compared to their more commonly used fregsergstimates. From the
simulation results it is clear that the probabiliyatching and reference priors work
quite well. It seems, therefore, that the frequstmiroperties of Bayesian inferences of
capability indices based on the probability matghamd reference priors work well.
Berger and Sun (2008) came to similar conclusiaisgumany statistical functions

including the reciprocal of the coefficient of \ation.

The added advantage of the Bayesian approachtjdritva the posterior distributions
(represented by histograms) of the capability ieglicone is in a position to obtain
guantiles, credible regions and can also perfotmeranferential tasks. In some of the

cases, the exact distributions of the indices weréesed.

For the conventional prior the exact posterior motsieof the indices can be
calculated. By using these moments, Pearson cumd &ornish-Fisher
approximations of the posterior distribution areéanted. Gibbs sampling can also be

used to obtain the unconditional posterior distidgiuof indices.

Bayesian simulation techniques were used to sdieesupplier selection problem
using process capability indices and informatiomiclv would not otherwise be
available to a frequentist, was made availabldéform of posterior distributions of
the indices and probabilities of suppliers beingkesd first to last were computed.

7.3 BAYESIAN SIMULATION OF OTHER INDICES AND FURTHR
RESEARCH

In chapters 4, 5 and 6 the simple case of the I@r@cess capability index only was

M- LSL

investigated. In chapter 4, for instance, the in@gx= is used in defense of

the Bayesian approach. This form of the index isvemient and easy to work with

from a Bayesian point of view. Some applicatiorguree an upper limit rather than a
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lower limit. In a similar way t€ _ , the reference and probability-matching priors for

pl?

the upper capability indeg , = USBLJ_’U could be derived without much extra effort.

The Bayesian results derived, will still hold inethcase of C,, since

C,.= —('L’_USLJ which is now of the same form @g except for the negative sign.
3o

The indexC,, is extended to two variance components in chaptand to three

variance components in chapter 6. The two and these&ance component upper
process capability indices could be defined sinyilgfor example, the upper process

capability indices for the two variance componegecare specified as:

P, = USL-u _ and Ppulz USL-u :

3(012 + 022)E 3 o’ +Jo,” 2

J
Notice also that for the symmetric case
c, = USL- LSL
60
ZE(USL—,UJr U- LSL)
2\ 3o I

Therefore

1
Cp = E(Cpu + Cpl)
if the process is centred within the specificatiange. Therefore the Bayesian results

derived thus far would also apply to an index ligg. The result could also be

extended to the two and three variance componeiten of chapters 5 and 6 without

much extra effort.

Again notice also that , is made up of the two indices nam@ly, andC .

Cpk:min(USL_ﬂ,’u_ I‘SLJ:min(C .C,)). The posterior distribution of this
30 Ky e

form of index is easy to simulate from a Bayesiampbut is not so easy to derive
algebraically. The simulation results can also B&emded to the two and three

variance component indices of chapters 5 and Gowitmuch extra effort.
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The lower process capability index can be viewed bsck that can be used to build

the other indices.

Although the analysis ended up only on three randeffects (three variance
components), the methods can be extended and @ppliore complex designs and

unbalanced data sets.

However, the reference and probability-matchingnsriderived foC ;, will not be
easily derived forC , and other indices. Work still needs to be done feoBayesian

point of view to try and develop probability-matei and/or reference priors for
indices where the denominator of the index is iforan such as in the following

index:

_ USL-LSL
" oo +a-TF

In this thesis an important assumption of normakgs made about the data. More

C

work still needs to be done when this assumptiamalaited. It would be interesting to
work on the indices from a Bayesian point of viewen the data is assumed to be
non-symmetrical, or follows a distribution which mt normal such as the t-

distribution or double exponential.
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